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ABSTRACT. In this paper, we are concerned with entropy solution of hyperbolic-
parabolic mixed type equations. Although we can define its trace on the
boundary 052, the Dirichlet boundary value condition may be overdetermined.
The main feature which distinguishes this paper from other related works lies
in the fact that the stability of weak solution is established based on the partial
boundary value condition for a more general case where the convection term
b is dependent on u, x and t. We also show that in some special cases, the
stability of weak solution can be proved without any boundary condition.
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1. Introduction

Consider the hyperbolic-parabolic mixed type equation [1, 2]:

(1.1) % = div(a(u, z,t)Vu) + div(b(u, z,t)), (z,t) € Qr = x (0,T),
with the initial condition
(1.2) u(z,0) = up(x), x €,
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where b = {b;}, and Q C RY is an open bounded domain with a C? smooth
boundary 0f). Throughout the paper, we denote

Au,x,t) = / a(s,z,t)ds,
0
and assume that
(1.3) a(-,x,t) > 0.

Condition (1.3) implies that the equation may be degenerate in the interior of €.
How to establish the well-posedness theory of equation (1.1) has been an interesting
and long-standing problem. The history can be traced back to the Fichera-Oleinik
theory on the second order equations with the nonnegative characteristic form [3,
4, 5, 6]. Let us briefly review the Fichera-Oleinik theory. For a linear degenerate
elliptic equation [3, 6]:

N+1

pass 0?u ou ~ N1
TS — +
(1.4) Tgﬂa (x) 2.0z, + T)Ezl br(z)axr +e(x)u=f(z), 1€ QCRYT,

the symmetric matrix (a"*(z)) has nonnegative characteristic values. To study the
well-posedness problem, one may give a partial boundary condition [2]. Specifically,
let {ns} be the unit inner normal vector of 9 and denote

Yy = {x c o0 : a“nyns =0, (b —a;’)n, < O} ,

Ya = {sc c o0 : angn,. > 0} .

Throughout this paper, when we mention the double indices r and s, it always
means from 1 to N 4 1, and the double indices ¢ and j means from 1 to N. To
ensure the well-posedness of solutions to equation (1.4), according to the Fichera-
Oleinik theory, we can find a suitable boundary value condition as

(15) U|ZZUZS :g(x)

In particular, if the matrix (a"*(z)) is positive definite, condition (1.5) actually is
the Dirichlet boundary condition. However, in view of equation (1.1), it is non-
linear and may be degenerate, including the extreme case of a(u,z,t) = 0, so the
Fichera-Oleinik theory becomes invalid, and the corresponding problem becomes
much complicated. In the case of a(u,z,t) = 0, equation (1.1) actually reduces to
a first-order hyperbolic equation, and it is well-known that a smooth solution is
constant along the maximal segment of the characteristic line in Qp. When this
segment intersects both {0} x © and 09, the Dirichlet boundary condition

(1.6) u(z,t) =0, (z,t) € 02 x (0,T),

is overdetermined if condition (1.6) is fulfilled in the sense of the trace. Thus,
instead of the usual homogeneous boundary condition (1.6), we may conjecture
that only a partial boundary condition

(1.7) u(z,t) =0, (z,t) e X, x(0,T),
should be imposed, where 3, C 0(1 is a relatively open subset. In the previous works

[7, 8], Zhan etc studied equation (1.1) where the convection term b is independent
of x and ¢. Much earlier, Wu-Zhao [9, 10] had considered an interesting case on a
special kind of domain in RY.
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In this paper, we consider equation (1.1) with a more general convection term
and will present an explicit formula of X, by proposing a novel theoretical idea,
and establish the stability of weak solutions according to classifications of boundary
value conditions. In the past decades continuous attention has been devoted to the
well-posedness and stability of equation (1.1) with boundary value condition (1.6)
in a weaker sense than the traditional trace. One can refer to Chen-DiBenedetto
[11], Clendenen et al [12], Carrillo [13], Bendahmane-Karlsen [14], Andreianov et
al [15], Karlsen-Ulusoy [16], Li-Wang [17], Mascia et al [18], Michel-Vovelle [19],
Hao-Zhu [20] and references therein.

The rest of the paper is organized as follows. In Section 2, we present the
definition of entropy solution of equation (1.1) and summarize our main results. In
Section 3, we consider the existence of weak solution of an associated regularized
problem. In Section 4, we prove the stability of entropy solution of equation (1.1)
without any boundary value condition. Section 5 is dedicated to the stability of
entropy solution of equation (1.1) with a partial boundary value condition. At the
end of the paper, an appendix on entropy solution is provided.

2. Entropy Solution and Main Results

(-5,

For small n > 0, let

Sy(s) = /0 S hy(T)dr and h,(s) =

ESHIN )

Clearly, hy(s) € C(R), and we have
hy(s) 20, [ shy(s) <1, [ Syls) [ 1,

and

. - . ’ _
%g% S, (s) = sgns, Tlg% 58, (s) = 0.

DEFINITION 2.1. A function v € BV (Qr) N L>(Qr) is said to be an entropy
solution of equation (1.1) with the initial condition (1.2), provided that

1. There exist g* € L?(Qr) (i = 1,2, -+, N) such that for any ¢(z,t) € C}(Q7)
there holds

//Tw(x,t)gi(x,t)dxdt_ //Tw(x,t)m(%dxdt,

where

-

vVa(u,x,t)(u,z,t) = /0 \/a(ﬂﬁ + (1 —=7)u,x,t)dr,

which is called the composite mean value of \/a(u,z,t). Here, u™ and u™ are the
approximate limits of the BV function .
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2. If ¢ € C3(Qr) and ¢ > 0, for k € R and for any small 7 > 0 there holds

//T{ u—k)pr — By (u, 2,8, k)pa,

+ A, (u, . t, k) Ap — ZS’;(u— k)| g"|? o|dadt

+// / g, (8, 2,t)S, (s — k)dspy, dxdt
T Jk
(2.1) —|—// / biz, Sy (s — k)dspdzdt > 0,

T Jk

where
i “ abz (87 x, t)
By (u,z,t k) = /k TS”(S — k)ds,
Ay(u,z,t k) = / a(s,z,t)S, (s — k)ds,
k

forie {1,2,---,N}, and

u—k
I,(u—k) :/ S, (s)ds.
0
3. The initial value is satisfied in the sense of

(2.2) hm/|uxt—u0()|dx—0

There are a number of applications of entropy solutions in linear and nonlinear
degenerate hyperbolic systems [21, 22]. A justification on Definition 2.1 is given
in the Appendix.

Let us summarize our main results as follows.

THEOREM 2.2. Suppose that A(r,z,t) € C3, bi(r,x,t) € C?, ug(x) € L>=(Q),
and there is a constant 61 > 0 such that

N+1

(2.3) a(r,x,t) — 6 Z (az, (r,x,1))* > 0.

s=1
Then equation (1.1) with the initial condition (1.2) has an entropy solution in the
sense of Definition 2.1, provided that

(2.4) a(0,z,t) =0, (z,t) € Qr
fori=1,2,---  N.

THEOREM 2.3. Suppose that A(s,x,t) is a C*(R x Q) function and b;(s,z,t)
is a CY(R x Qr) function. Suppose that there exists a constant 62 > 0 such that
(2.5) ‘\/a(u,x,t) —Va(u,y,7)

where C'= C (||u|| g, |||, T). If u(z,t) and v(x,t) are two solutions of equation
(1.1) with the different initial values uo(x) and vo(x) respectively, and with the
same homogeneous boundary condition

(2.6) u(z,t) =v(z,t) =0, (x,t) € 02 x (0,T),

§C|"E7y|2+62,
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then we have
2.7) /Q u(zt) — v t) | do < c/ﬂ | o () — vo(x) | da,

where ¢ is a positive constant.

Apparently, there are many types of the function a(u, z,t) satisfying condition
(2.5). Here we give a simple example of a(u, z,t) satisfying condition (2.5):

a(u,z,t) = [f(u,t)a:2+52]2,

where f(s,t) is a smooth nonnegative function. Moreover, if f(0,¢) = 0, then
a(u, z,t) satisfies both conditions (2.4) and (2.5).

However, since the equation may be strongly degenerate, the usual Dirichlet
homogeneous value condition (2.6) may be overdetermined. As we had conjectured,
in such a case only a partial boundary value condition (1.7) might be imposed. In
the following theorem, our aim is to depict the geometric characteristic of X,
to establish the stability of weak solutions based on the partial boundary value
condition (1.7).

THEOREM 2.4. Suppose that A(s,x,t) is a C*(R x Q) function and b;(s,z,t)
is a C*(Rx Q) function. Suppose that condition (2.5) holds and there exist smooth
functions ca(z) and cp,(x) >0 (i € {1,2,--- ,N}) such that

(2.8) |[A(u, z,t) — A(v, x,t)| < calz)|lu—v],

(2.9) |bi (w, x,t) — b; (v, z, )| < cp, (x)|u —v].

If u(x,t) and v(z,t) are two solutions of equation (1.1) with the different initial
values up(x) and vo(x) respectively, and with the same homogeneous boundary con-
dition

(2.10) u(z,t) =v(z,t) =0, (x,t) € X, x (0,T),

then the stability (2.7) is true, where the partial boundary is given by
N

(2.11) ¥, = {xeaﬂ:cA(x)Ad+Z(|a$i|+cbi(:E)) >0},
i=1

where d = dist(x,00) is the distance function from the boundary.

The following theorem is regarding the stability of entropy solution of equation
(1.1) without any boundary value condition.

THEOREM 2.5. Suppose that A(s,x,t) is a C*(RxQr) function and b;(s,x,t) is
a CY(Rx Qr) function. Suppose that condition (2.5) holds and there ezists another
constant 63 > 0 such that

(212) ‘ami(.’x7t)‘ < Cdag(m)v |A(7.L,£L'7t) - A(vaat” < Cd(l’),
and
(2.13) [b;(-, 2, t) < cd(x).

If u(x,t) and v(xz,t) are two solutions of equation (1.1) with the different initial
values ug(z) and vo(x) € L>(Q) respectively, but without any boundary value con-
dition, then the stability (2.7) is true.
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REMARK 2.6. In [8], we once studied the stability of entropy solution under the
partial boundary condition for the hyperbolic-parabolic mixed type equation with
the convection term b independent of x and ¢, but the obtained stability (formula
(22), [8]) looks relatively stronger and complicated. In this paper we extend the
method used in [8] and propose a novel analytical idea to prove the stability of
entropy solution of equation (1.1) without any boundary value condition. As we
have seen, the present formula (2.7) appears neat and succinct.

3. Existence of Weak Solution

For the sake of convenience, we denote by I', the set of all jump points of
u € BV(Qr) [1, 23]. Let v represent the normal of T, at X = (z,t), and u™(X)
and u~ (X) be the approximate limits of u at X € I, with respect to (v, Y —X) >0
and (v,Y — X) < 0, respectively. For the continuous functions p(u,z,t) and u €
BV (Qr), we define

1
By, 1) = / plrut + (1= r)u™,z, £)dr,
0

which is called the composite mean value of p. If f(s) € C1(R) and u € BV(Qr),
then f(u) € BV (Qr) and

Ofw) Ou 9. NN41
al’l b 9 b

axl ) 9 ?

= f'(w)

where xn 1 = t.
LEMMA 3.1. Let u be a solution of equation (1.1). Then we have
(3.1) a(r,r,t) =0, 7€ l(ut(x,t),u (x,t) a.e onTy,

where I(«, B) denotes the closed interval with endpoints « and 3, and (3.1) is true
in the sense of the Hausdorff measure Hy(T,).

This lemma can be proved in an analogous manner as shown in [8], so we omit
details here. The following lemma plays a crucial role in the proof of Theorem 2.2.

LEMMA 3.2. [24] Assume that Q C RY is an open bounded set and fi, f €
Li(Q), as k — oo, fr — f weakly in L1(Q) (1 < g < 00). Then we have

. q q
A inf i 70 o) 21 f L) -

We start with the existence of weak solution of a related regularized problem:

ou 0 ou 0b;(u, x,t)
(3.2) 5 ox, (a(um,t)axi) +eAu+ ~or, (x,t) € Qr,

with the initial-boundary conditions
(33) u(xa 0) - uOs(x)a x €,
(3.4) u(z,t) = 0, (x,t) €90 x(0,T),

where ug(z) is a mollified function of ug. We know that there exists a classical
solution u. € C*(Q7) (N C3*(Qr) satisfying

(3.5) e 1< wo =< c,

provided that both a(u,z,t) and b;(u,z,t) satisfy the assumptions described in
Theorem 2.2. For details, one can refer to [1] or Chapter 8 of [2].
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LEMMA 3.3. [9] Let u. be the solution of equation (3.2) with the initial-boundary
conditions (3.3)-(3.4). If the assumptions given in Theorem 2.2 hold, then we have

(3.6) 8/2 Ll(ﬂ)) ,

where the constants ¢; (i = 1,2) are independent of €, and n is the outer normal
vector of ).

du- u.

ot

do < c1+co <|vu5L1(Q) +

LEMMA 3.4. Let u. be the solution of the problem (3.2)-(3.4). If the assump-
tions given in Theorem 2.2 hold, then we have

(3.7) |graduc |1 (o) < c,

where ¢ is independent of €, and

@2
ot

2
Ou,
1 8:EZ

|gradu|* =

Lemma 3.4 can be proved in a similar manner as shown in [8].
Now, we are ready to prove Theorem 2.2.

PrOOF OF THEOREM 2.2. In view of Lemma 3.2, by multiplying both sides of
equation (3.2) with wu,, it is easy to see that

(3.8) // a(ue, z,t)|Vu[2dzdt < c.

Then, /a(ue,x,t) g’;: is weakly compact in L?(Qr). By choosing a subsequence,
for convenience of notations, still denoted by +/a(u.,x, t)% , we are able to show
that

Ou,

a(us,x,t) a
X

— Va(u, t)aaa:»’ in L*(Qr),

i 7

where u satisfies Part (1) of Definition 2.1.
Let ¢ € C2(Qr), ¢ > 0, and {n;} be the inner normal vector of Q2. Multiplying
both sides of equation (3.2) by ¢S, (u. — k) and integrating it over Qr yields

// Oe 8 (e — k)dadt
//T di; ( o(ue, 7, t)g )wS (ue — k)dxdt

(3.9) e / / AuepS, (ue — k)dzdt + / / Oiluss,t) g — kydadt.

63%‘
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From (3.9), using integration by parts gives

// k)pidadt + // Ay (ug, x, t, k) Apdedt

Qr

Qr
—€ // | Vue |2 Sy (ue — k)pdxdt
T

+// / g, (8, 2,t)Sy (s — k)dsp,, dxdt
T Jk

— // a(ue, z,t) | Vue [* 8] (ue — k)pdzdt

+ // / ) biz, (ue, 2, 1)S, (s — k)dspdxdt = 0.
T Jk

By virtue of Lemma 3.2, we obtain

lim inf/ o, Sy (ue — k)a(ue, 1) gua (';us dxdt

e—0

(3.10) > Z/ Si(u—k) | g |? pdudt.

Letting € — 0 in (3.10), we arrive at (2.1). By virtue of Lemmas 3.3 and 3.4, the
proof of inequality (2.2) can be carried out in a closely similar manner as the one
given in [8, 1], so we omit it. O

4. Proof of Theorem 2.5

We once explored the stability of entropy solution under a partial boundary
condition for the hyperbolic-parabolic mixed type equation in the case where the
convection term b is independent of x and ¢, but the established stability (formula
(22), [8]) looks quite stronger and complicated. In this section, we develop the
method described in [8] and introduce a novel analytical idea to prove the stability
of entropy solution of equation (1.1) without any boundary value condition.

PROOF OF THEOREM 2.5. Let u(z,t) and v(x,t) be two entropy solutions of
equation (1.1) with the initial condition:

u(x,0) = ug(x) and v(x,0) = vo(x),

respectively, but without any boundary condition.
In view of Definition 2.1, for any ¢ € C3(Qr), we have

// / Ay, (8, 2,1)S) (s — k)dsp,, dxdt —/ Bf](u,x,t, k)ps,dxdt
Qr Qr

+ // / bix; (s,x,t)S;,(s — k)dspdxdt > 0,
Qr Jk

(u— k) + Ay(u,z,t, k) Ap — ZS’ )gi|2<p]dxdt
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and

// [ (v—=Dpr + Ay (v,y, 7, 1) Ap — ZS'U—ZHQ\Z ]dydT

+// / ay, (8,y,7)Sy(s — l)dsp,, dydr — // BZ](v,y,T,l)goyidydT
b Qr
// / iy (8,9, 7)S; (s — l)dspdydr > 0.
Qr

¢($, t7yv7—) = ¢($,t)jh($ - yat - T)7
with §(z,1) > 0, §(r,1) € C(Qr), and
n(@ =y, t — 1) = wn(t — T wp (s — i),

where
s

wn(s) = 7w (ﬁ) . w(s) € CX(R), w(s)>0

and w(s) satisfies

(o)
w(s)=0if | s|>1 and / w(s)ds = 1.
— 00
Moreover, for any given positive constant § there holds
(4.3) lim w), (s)s>T0 = 0.
h—0
We choose

k=v(y,7), | =ulz,t) and ¢ =(z,t,y,7)
n (4.1) and (4.2). Integrating it over Qr yields

//T//T{ u—v) (Y +¥r) + Ap(u, 2,1, 0) Ayth + Ay (v, y, 7, u) Ayt

+/ g, (8, 2,1)S) (s — v)dsiy, Jr/ ay, (8,y,7)Sy (s — u)dsiy,

— (By(u, 8,000, + By (v, y, 7, u)thy,)

v

+/ iz, (s, , t)S%(s —k)ds + / biy, (S, Y, T)S;?(s —1l)ds
k 1

N
(4.4) - ZS%(U —0) (| ¢"(u,z,t) > + | g' (v, y,7) |?) w}dxdtdydr > 0.

i=1

By a straightforward calculation, we deduce that

Ojn | Ojn _
o "o O
9gn | Ojn
Ox; * oyi 0
1o} 0 0
ou  ov_ 00

ot or ot
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and

op w09
83@1» 83}1 n 6.131‘]}“

fori=1,---,N, and

/ / / /Q / 0y, (0.9.7)8 (s — u)dsts, drdrdydr
- _// //Q / ay, (v, Y, 7)Sy(s — u)ds(djn), dxdtdydr

I T
- // /E/U ay, (v,Y,7)Sy(s — u)dsgjnn;dzdtdydr

- // // /U ay, (v,y,7) S, (s — w)dsu, $jndrdtdydr

QrJJar Ju

+/ / //Q / ", (0,9.7)S, (5 — u)ds, jndadtdydr

- _// //Q / . (0.9, 7)5} (s — u)dsuy, djadadtdydr
- +/ / / /Q / ” ay; (v, y,7)Sy(s — u)dsgn, jndrdtdydr.

It follows from (4.4) that

// // {Iﬁ(u - ’U)(’l/ft + wT) + An(u’ $7t7 /U)’L/}wlxl + AU(Uv Y, T, u)d}ylyl
Qr Qr

N
_ZS;(U’ - U) (l gi(u,x,t) |2 + ‘ gi(UayaT) |2) w
=1

v

"’/ Az, Sy (8 — v)dsdy, jn + / ay, Sn(s — u)dsdy, jn

—|—/ biz, (5, 2,t)S; (s — k)dsyp + / biy, (5,y,7)Sy (s — 1)dsyp
k 1

—I—/ Az, (s — v)dsPjna, —/ ay, Sy (8 — u)dsug, ¢jn

v u

(4.6) — (B;(u,x,t,v)%i + Bf](v,y, T, u)ty, ) }dxdtdydr > 0.
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For simplicity, we denote

I3 = // // [A) (2,8, 0) 0,2, + Ay(v, Yy, T, W)y, |dedtdydr,

i//QT //ng(uv) (| g'(u,2,) |2 + | g (v, y,7) |?) ¢dwdtdydr,

Is = // // /u g, Sy(s — v)dsdy, jndrdtdydr,

Is = // // / ay, S w)dsy, jpdrdtdydr,

I; = // // / g, Sp(s — v)ds@jpe, dxdtdydr,
// //Q / y, S w)dsuy, pjpdrdtdydr.

Specifically, by evaluating I3, it gives

//T //T[A’V](uv'ratvv)(¢mimijh + 20, jhe, + Bjne,,;)

+A, (v, Yy, T, u) Py, y, | drdtdydr

//T//T (2, t,0) (P2, 0 + Painas) — An(V, Y, T, w) b, ha,

—0p, Ay (U, 2, t,0) O ha, — O, Ap(V, Y, T, W) Qlha, |dedydtdr
4.7) = I3+ 13— I,

I3

where
—[31 = // // u z, t v ((b:mm]h + (b:z: jhz )
QT Qr
(v,y, T, )bz, jha, |dxdtdydr,
I3, = // // {/ (ou™ + (1 —o)u",z,t)S,(cu™ + (1 — o)u™ —v)do

/ / (8,4,7)Sy(s — ou™
out+(l—o)u—

—(1- a)u)dods} 3 dxdtdydr.

By evaluating —1I,, we get

J[ ] siw=0 (gt P +1 500 P) vdodtdyds
Qr Qr

/ /Q / / S ()90 | = | g (09,7) ) podidyds

+2 // / Sy (u — v)g' (u, z,t)g" (v, y, T)Ydedtdydr
T Qr
(48) = I41 —+ I42,

_[4
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where

fu = // / Splu—=0)(| ¢'(u,z, 1) | = | ¢'(v,y, 7) |)*dadtdydr,
Qr Qr

2//(02 /Q Sy (u—v)g' (u, z,t)g" (v, y, T)pdxdtdydr.

By (2.5), (3.1) and (4.3), a direct calculation gives

=
]
I

lim hm (132 + Iy9)

h—0

= 2}1}3{)// // v/ ay, (u, y, T)sgn(v — u)v/a(u, x, t)uy, ¢jpdedtdydr

2//T \/a(u,w,t))zi Va(u, z, t)sgn(v — u)u,, pddt,

// // / ay, (8,9, T (s — u)dsug, pjpdrdtdydr
T Qr Ju
// // / [ay, (8,y,7) — ay, (u,y, 7)|S; (s — u)dsug, pjndzdtdydr
T Qr Ju

(4.10) // // / ay, (u, y,7)S; (s — u)dsuy, ¢jndrdtdydr.

QT QT u
Thus, we know

- // // / ay, (U, y, 7)sgn(s — u)dsug, ¢jpdadtdydr, asn— 0
T T u

= 9 //T//QT : Valu,y, ) (a(u,y, 7))y, se0(s — u)dsu,, ¢jndrdtdydr

- =2 // / Valu,z,t) (v a(u, z,t)) e sgn(v — u)dsu,, pdzdt, as h — 0
(4.11) = —lim lim (I32 + Iy2).

h—0n—0

—
~
e

N

Il

Notice that
%ig%An(u,x,tv) = Tllii%An(v,y,T,u)
= sgn(u—v)(A(u,z,t) — A(v,y,7)).
So it implies that
(4.12) %%(An(u,x,t,v)gbmijhxi — Ay (u,y, 7, 0)Ps, Jha,) = 0.
Meanwhile, we have
lim B! (w,z,tv) = sgn(u — ) (bi(u, z,t) — bi(v, 2,1)),

n—0

hmBn ('U, Yy, 7, U) = sgn(v - U) (bi(va Y, T) - b? (U, Y, T))a
n—0
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as 1 — 0, and

lim // // [B;(u,x,t, V), + B;(uy,T, w)thy, | dedtdydr
T T

n—0

B // . // sgu(u—v)biw,2,8) = biv, ¥, 7)ld, ndadtdydr
M // ) // . sgn(u — v)[bi(v,y, 7) = bi(v, 2, )| by, jrdwdtdydr,

as h — 0. Thus, we further get
lim lim // // [B;(u,x,t,v)wzi + Bf](v,y,T, w)hy, |dedtdydr
T T

h—0n—0

(4.13) = // sgn(u — v)[b;i(u, z,t) — b; (v, z,t)| ¢y, dxdt.
T
In view of (4.7)-(4.13), letting n — 0 and h — 0 in (4.12) leads to

// { | u(z,t) —v(x,t) | & +sgn(u —v)(A(u, z,t) — A(v, z,t))Ad
+ /u ag, (8, x,t)sgn(s — v)dso,, + /v ag, (s, x,t)sgn(s — u)dsoy,,
~sgnu ) 0w, 1) — bi(w,2,0) 6,

(4.14) bz, (v, 2, t)sgn(u — V)P + by, (u, x, t)sgn(v — u)¢}dxdt > 0.

We now choose ¢ in (4.14) as

¢(x, 1) = wx()n(t),
where 7(t) € C5°(0,T) and wy(z) € C3(Q) are defined as follows: for any given
small enough A > 0, let 0 < wy < 1 and wy|go = 0. If d(z) = dist(x, 9Q) > A, then

wy(z) = 1.
If 0 < d(x) < A, then

We denote
O ={x € Q,d(z,00) < A},

where A is a small enough positive constant. By the fact that |Vd| = 1, and
|Ad| < e,z € Qy,

then we have
/ sgn(u — v)(A(u, z,t) — A(v, 2, t)) Apdx
Q

|Vd> d—\
= 277(75)/QA |A(u,x,t)A(v,x,t)|( 2 + 2 Ad | dx

(4.15)

IN

Q”T(t)/ A, 2,8) — A(v, 2, 1)|| Ad]da.
Qx

Since
|A(uaxat) - A(’U,:L',t)| < Cd(x)a
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we get
2n(t
lim M/ |A(u, 2,t) — A(v, 2, 1)||Ad|dz
A—0 A Q\Qx
< ¢lim dx
A—0 O\Q
(4.16) = 0.
In view of a(-,x,t) € O and |ay,| < cd® (z), it follows that

ay, (s, x,t)sgn(s — v)dso,, dr

/ / Az, (8, z,t)sgn(s — v)dse,, dx
Qx

< )\Z/ﬂ / ag, (s, x,t)sgn(s — v)ds| dz
6 1
< e |u — v|dx
AJa,
(4.17) )
as A — 0.
Similarly, we can derive that
v
(4.18) lim / / ag, (8,2, t)sgn(s — u)dsd,,dx| = 0.
A—0 QJu
Due to the fact of |b;(-, z,t)| < cd(z), we find
(4.19) / sgn(u —v)(b;(u, x,t) — b;j(v, 2, 1)) by, dx| < cn(t)/ dx,
Q Qx

which goes to zero as A — 0.
It follows the inequality |b;s, (u,x,t) — biz, (v, z,t)| < clu — v]| that
(4.20)
iz, (v, 2, t)sgn(u — v)d — big, (u, z, t)sgn(u — v)opdx| < en(t) / |u — v|dx.
Q Q

Let A — 0 in (4.14). Making use of (4.15)-(4.20), we have

(4.21) // u(xz,t) — v(z, t) |77tdxdt—|—c// | u(z,t) —v(x,t) | n(t)dedt > 0.
T T

Let 0<s<7<T, and

s—t
n(t) = / ac(o)do and & < min{7,T — s},
T—1

where ag(t) is the kernel of mollifier with a.(t) =0 for t ¢ (—¢,¢).
As e — 0 in (4.21), we obtain

/Q lu(z, s) — v(z, s)|de < /Q |u(z, 7) — v(z, 7)|dx + C/T |u(z,t) — v(x,t)|dzdt.

Consequently, by Gronwall’s inequality, the desired result follows by letting 7 —
0. O
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5. Proofs of Theorems 2.4 and 2.3

In this section, we show the stability of entropy solution of equation (1.1) with
a partial boundary value condition.

PROOF OF THEOREM 2.4. Let u(x,t) and v(x,t) be two entropy solutions of
equation (1.1) with the initial condition:

u(x,0) = up(x) and v(x,0) = vo(x),
respectively. We choose ¢ in (4.14) as
oz, t) = wx(z)n(t),

where wy () € C}(Q) and 7(t) € C§°(0,T) are the same as defined in the preceding
section. Then we have

/ / { e, 1) — ola,1) | ar(@) (6) + (0| Alu, 2, 1) — Ao, 2, 8)| Awn ()

+n(t) /u Az, (8,2, t)sgn(s — v)dswyz, + n(t) / Az, (8, z,t)sgn(s — u)dswyy,
fn(t)sgn(u - U)(bi(uv €, t) - bi(v7 Z, t))‘*’>\$i
(5.1) +biy, (v, 2z, t)sgn(u — v)P + by, (u, z, t)sgn(v — u)n(t)wx(x)}d;vdt > 0.

In Q) ={z € Q:d(z) < A}, we have

and
2 9 —
Awy(z) = —FWd\ 22—
By a straightforward calculation we deduce that

n(O)Au, z,t) — A(v, 2, )| Awx (2)n(t)
d(x) — A

< —2n(t)TAd|A(u,x,t) — A(v, x,t)]

5:2) < oA py i,
and

n(t) /u g, (8, x,t)sgn(s — v)dswyy,

+n(t) /U g, (S, 2, t)sgn(s — u)dswyy,

—n(t)sgn(u — v)(b;(u, z,t) — b; (v, 2, t) )W,

N

(53) < n(t) Zi:1(|aw¢)‘\+cbi(‘r))|uiv|'
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Substituting (5.2) and (5.3) into (5.1) leads to

// w(@, ) — (@, ) | wa (@) (£)dadt

n(t)
/ /Sh [ Ad+z |ag, | + b, (2)) TlU—v|dwdt

i=1

[ e, s nteyn @
—biz, (u, z, t)sgn(u — v)n(t)wy (x)]dzdt

> 0.

Denote

O\ = {J} e Oy CA(-T)Ad‘f' Z(laﬂh' + cp, (x)) > 0} :

i=1

Then, by (2.10) and (2.11), we have
lim/ / Ad+z 0w |+ o, (@) | " s — o] duat
A—0 = i A
0 =
;IL%/O A/nn cA(x)Ad—&—?Z;ﬂamJ—&—cbi(x))] i — v|dadt

//l Ad+Zl%l+0b<>>]|uvdzdt

=1

IN

(54) =

Let A — 0 in (5.1). It follows from (5.4) that

// zt—vzt|ntdazdt+c// u(z,t) —v(x,t) | n(t)dxdt > 0.

The rest discussion is closely analogous to what we do in the proof of Theorem 2.5,
and the inequality (2.7) can be obtained accordingly. 0

PROOF OF THEOREM 2.3. Similar to the proof of Theorem 2.4, inequality
(4.14) still holds. We then choose ¢ in (4.14) as

¢(x,t) = wx()n(t),

where wy (x) € C(2) and n(t) € C§°(0,T) are the same as defined in the preceding
section.
By the fact |Vd| = 1, we denote

= {2z € Q,d(z,00) < A} and |Ad| <ec.
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Using the homogeneous boundary value condition (2.6), we have

lim / sgn(u — v)(A(u, x,t) — A(v, z, 1)) Addx
A—0 0
. |Vd> d—\

IN

lim QL(t)/ |A(u, z,t) — A(v, z, t)||Ad|dx
A=0 A Jo,

2n(t
lim cm / |u — v|dx
A=0 A Jq,

_ 277(75)/89 lu— v]ds
(55 = o

Since a(-,z,t) € C! and |a,,| < ¢, by using the homogeneous boundary condi-
tion we can derive that

IN

lim // Ay, (8,2, t)sgn(s — v)dse,,dx
A—0 QJo
u

= lim/ / ag, (8,2, t)sgn(s — v)dseg,,dx
A—0 Q)\ v

dx

IA

/ az, (s, x,t)sgn(s — v)ds

v

1 X
lim —
Al—%)\;/m

< c/ lu —v|d%
[5}9]
(5.6) = 0.

Similarly, we have

(5.7) lim =0.

A—0

// ag, (s, x,t)sgn(s — u)dso,, dz
QJu

Using the inequality [b;(u, z,t) — b;(v,z,t)| < cJu — v|, we deduce that

lim ’/ sgn(u — v)(b;(u, z,t) — b; (v, 2,t)) P, dx
A—0 Q

.1
en(t) )1\13%) X 0. |u — v|dx

= cn(t)/ |u —v|d%
o0
(5.8) = 0.
It follows the inequality |b;s, (u,x,t) — bz, (v, z,t)] < clu — v| that
/ bix, (v, 2, t)sgn(u — v)d — biy, (u, x, t)sgn(u — v)pdr| < cn(t)/ |u—wvl|dx.
Q
Let A — 0 in (4.14). By (5.5)-(5.9), we obtain

// u(z,t) — v(z,t) |77td:cdt+c// u(z,t) — v(x,t) | n(t)dedt > 0.

IN

(5.9)
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The rest of the proof can be processed in a way analogous to the proof of Theorem
2.5, and the desired inequality (2.7) can be obtained accordingly. [

Appendix: entropy solution

At the end of this paper, we give a brief explanation of Definition 2.1.
Consider the regularized equation:

ou 0 ou 8b¢(u,x,t)
5 om, ( (u, t>6x,> + eAu 76% , (z,t) € Q.

Multiplying both sides of equation (5.10) by ¢S (u. — k) and integrating it over
Qr yields

Ou,
/QT ot ©Se(ue — k)dxdt

//ax< “e’xﬂg >w5< k)dxdt

te / AucpS. (ue — k)dadt + / / Oiltes T ) g (. — k)dwdt.
Qr T

8:61-

(5.10)

By integration by parts, we have

// — k)pidxdt + // c(ue, x,t, k) Apdxdt
T T
—// Bé(ug,x,t,k)apmidxdt—a/ Vue - VoSe(ue — k)dxdt
Qr Qr
—€ // | Ve |2 SL(ue — k)edadt
T
+// / Ay, (8, 2,t)S:(s — k)dsp,, dxdt
T

// a(uz,z,t) | Vue |* SL(ue — k)pdrdt

(5.11) + // / biz,SL(s — k)dspdxdt = 0.
rJk

Since

e—0

lim // a(ue,z,t) | Vue |2 S (ue — k)pddt

is difficult to be evaluated, by discarding the two terms from the left hand side of
(5.11):

(5.12) 7// a(ue, x,t) | Vue |? SL(ue — k)pdzdt,

—€ // | Vue |? S (ue — k)pdzdt,
T

and
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we have

// e — k) tdmdt—i—/@ A (ue, x,t, k) Apdadt
// ey, k), dxdtfg// Vs - VoS (s — k)dadt
// / (s,,t)S(s — k)dspy, dadt

+// /k biz; SL(s — k)dspdxdt

(5.13) > 0.
Let € — 0 in (5.13). Then we obtain

Il [|u ~klpr — IbsCus ) — bak, 2, )l
Qr

+A(u, x,t) — A(k, x,t) | Ap| dedt

+// / az, (8, ,t)sign(s — k)dsp,,dxdt
Qr Jk

(5.14) + // big; (u, x, t)sign(u — k)pdzdt > 0.
T

Inequality (5.14) is actually the classical entropy solution defined and used in
[1, 9, 10, 23] etc. However, since the term (5.12) is dropped, it becomes extremely
difficult to prove the uniqueness of weak solution by using the entropy inequality
(5.14).

We now make a change through multiplying both sides of (5.10) by ¢S, (u- —k)
rather than by @S¢ (us — k), where 7 is a small positive constant independent of e.
Note that

// a(ue,x,t) | Vue | Sy (ue — k)pdadt < c// a(ue, x,t) | Vue |* dedt < c.

Hence, we can employ Lemma 3.2 to obtain (3.10), and then Definition 2.1 follows
naturally. By virtue of (3.10), the uniqueness of entropy solution can be proved by
the Kruzkov’s method [7, 8].
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