Dynamics of PDE, Vol.16, No.3, 225-251, 2019

Asymptotic stability of viscous shock profiles for the 1D
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ABSTRACT. This paper is concerned with the time-asymptotic behavior of
strong solutions to an initial-boundary value problem of the compressible
Navier-Stokes-Korteweg system on the half line RT. The asymptotic profile of
the problem is shown to be a shifted viscous shock profile, which is suitably
away from the boundary. Moreover, we prove that if the initial data around
the shifted viscous shock profile and the strength of the shifted viscous shock
profile are sufficiently small, then the problem has a unique global strong so-
lution, which tends to the shifted viscous shock profile as time goes to infinity.
The analysis is based on the elementary L2-energy method and the key point
is to deal with the boundary estimates.
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1. Introduction

In this study, we consider the following one-dimensional compressible Navier-
Stokes-Korteweg system on the half line RT = [0, +00) in the Lagrangian coordi-
nates (see [5, 7]):

v — Uy = 0, (z,t) € RT x RT,
1.1 Uy —Vpy  HVZ
(L.1) ut"’p(v)z:,u(v)z‘f‘ﬁ( 25 +2U6>z7 (mvt)ER'i_XRJ"

with the initial and boundary conditions:

(v,u)(z,0) = (vo,uo)(x), x>0,
(1.2) w(0,t) =0, v,(0,¢)=0, t>0,
(v,u)(400,t) = (vy,uy), t>0.

Here the unknown functions are the specific volume v(t, z) > 0, the velocity u(t, x)
and the pressure p = p(v(t,z)) of the fluids. The constants ;> 0 and £ > 0 are
the viscosity coefficient and the capillary coefficient, respectively, and vy > 0, uy
are given constants. The boundary conditions «(0,¢) = 0 and v,(0,¢) = 0 means
that the wall x = 0 is impermeable and there is no change of the specific volume
at the boundary x = 0, respectively.

Throughout this paper, we assume that the pressure p(v) is a positive smooth
function for v > 0 satisfying

(1.3) p'(v) <0, p'(v)>0, Vv>0,
and the initial data ug(z) and vg(x) satisfy
(1.4) UQ(O) = O7 1}0$(0) =0

as compatibility conditions.

The compressible Navier-Stokes-Korteweg system can be used to describe the
motion of the compressible isothermal viscous fluids with internal capillarity, see the
pioneering works by Van der Waals [45], Korteweg [25] and Dunn and Serrin [11]
for the derivations on the compressible Navier-Stokes-Korteweg system. Notice that
when k = 0, the system (1.1) is reduced to the compressible Navier-Stokes system.

There have been extensive studies on the mathematical aspects of the compress-
ible Navier-Stokes-Korteweg system. For the initial value problem, Hattori and Li
[16, 17] proved the local existence and global existence of smooth solutions around
constant states in the Sobolev space H*(R") with s > 44 & and n = 2,3. Since
then, many authors studied the global existence and large-time behavior of strong
solutions in the Sobolev space framework, cf. [3, 4, 8, 9, 18, 30, 42, 43, 48, 49|
and the references therein. Danchin and Desjardins [10] and Haspot [14, 15] ob-
tained the global existence and uniqueness of strong solutions in Besov space. Bian,
Yao and Zhu [2] studied the capillarity limit of the compressible fluid models of
Korteweg type to the Navier-Stokes equations. Li and Yong [33] discussed zero
Mach number limit of the compressible Navier-Stokes-Korteweg equations. Con-
cerning the global existence of weak solutions to the initial value problem of the
Korteweg system, the readers are referred to [10, 13] for small initial data in the
whole space R?, [1] for large initial data in a periodic domain T¢ with d = 2 or 3,
and [12, 13] for large initial data in the whole space R.

For the initial-boundary value problem, fewer results have been obtained so
far. Kotschote [26, 27] proved the local well-posedness of strong solutions to the
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compressible Korteweg system in a bounded domain of R™ with n > 1. Later,
the global existence and exponential decay of strong solutions to the Korteweg
system in a bounded domain of R™ (n > 1) were obtained in [28]. Tsyganov [44]
discussed the global existence and time-asymptotic behavior of weak solutions for
an isothermal system on the interval [0,1]. The time-asymptotic profiles in both
[28] and [44] are non-constant stationary solutions.

In the one-dimensional case, the time-asymptotic nonlinear stability of some
elementary waves (such as rarefaction wave, viscous shock wave and viscous contact
discontinuity, etc.) to the initial value problem of the compressible Navier-Stokes-
Korteweg system has been studied in [5, 6, 7, 34]. However, to the best of our
knowledge, there is no result on the larger-time behavior of solutions for the initial-
boundary value problem of the compressible Korteweg system toward these wave-
like profiles. The main purpose of this paper is devoted to this problem and as a
first step to this goal, we will show the large-time behavior of strong solutions of
the impermeable wall problem (1.1)-(1.2) toward the viscous shock profiles. More
precisely, we shall prove that the asymptotic profile of (1.1)-(1.2) is a viscous shock
profile, which is suitably away from the boundary, and if the initial data is a small
perturbation of the shifted viscous shock profile and the strength of the shifted
viscous shock profile is sufficiently small, then the problem (1.1)-(1.2) has a unique
global (in time) strong solution, which tends toward the shifted viscous shock profile
as time goes to infinity. The precise statement of our main result can be found in
Theorem 2.1 below.

The asymptotic nonlinear stability of viscous shock profiles for various equa-
tions from fluid mechanics in the half space RT with boundary effect has been
investigated by many authors. Liu and Yu [31] first studied the stability of the
viscous shock profile for the Burgers equation with a Dirichlet boundary condi-
tion. Then such a result was extended by Liu and Nishihara [32] to the generalized
Burgers equation. For the case of system, Matsumura and Mei [38] considered
the stability of viscous shock wave to the p-system with viscosity and a Dirichlet
boundary condition. Matsumura [35] gave, in 2001, a classification of the large-
time behavior of the solutions in terms of the far-field state and boundary data.
Kawashima, Nishibata and Zhu [22] investigated the asymptotic stability of the
stationary solution to an outflow problem of the compressible Navier-Stokes equa-
tions in the half space. Huang, Matsumura and Shi [20] obtained the nonlinear
stability of viscous shock wave for an inflow problem of the isentropic compressible
Navier-Stokes equations. The stability of a supposition of two viscous shock waves
for an initial-boundary value problem of the full compressible Navier-Stokes system
was shown by Huang and Matsumura [21]. For the other results on the asymptotic
stability of solutions with boundary effect, we refer to [19, 23, 24, 36, 37, 40, 41]
and the references therein.

The present paper is motivated by the works [38] and [7]. We first use the ideas
of [38] to identify the asymptotic profile for the original problem (1.1)-(1.2), which is
a shifted viscous shock profile. Then by employing an energy method similar to [7],
we show the time-asymptotic stability of this profile provided that the strength of
the shifted viscous shock profile and the initial perturbation are sufficiently small.
The main result of this paper can be viewed as an extension of [38] to the case
of compressible fluid with capillarity effect. In the present paper, the smallness
conditions of the strength of the viscous shock profile and the initial perturbation
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are mainly used to control the possible growth of solutions caused by the highly
nonlinearity of the system and the boundary terms. Notice that the nonlinear
stability of viscous shock wave for the Cauchy problem of 1D compressible Navier-
Stokes-Korteweg system was also obtained under these smallness conditions [7].
However, for the 1D compressible Navier-Stokes system, there are some asymptotic
stability results of viscous shock profile with large strength of shock profile [39,
47, 50], or certain class of large initial data [46]. Thus it is interesting to use the
techniques in [39, 46, 47, 50| to remove the smallness condition of the strength of
the viscous shock profile or the initial perturbation of the present paper, which is
left for the future study.

Compared with the case of [38], there are two additional difficulties in our
analysis. The first one is to control the boundary terms caused by the Korte-
weg tensor and the estimates of the unknown functions ., and ¢,.., such as
\fot(%)h:odﬂ and \fg(%)\mzodﬂ We control these boundary terms by
making use of the estimates of A(t) (see (3.22)), the first equation of system (3.3)
and the a priori assumption (3.13) repeatedly (see the proof of (3.17)-(3.21) for
details). The second difficulty is to estimate the highly nonlinear term F' in (3.4).
Since F' contains some nonlinear terms arising from the Korteweg tensor, such

as KV (o5 — %), %W and 2F(V')? (3 — %) (see (3.4) for details), it is
more complicated than the counterpart of the compressible Navier-Stokes equations
[38]. We deal with the nonlinear term F' by some delicate energy-type estimates.

The layout of this paper is as follows. In Sections 2, we first go over the existence
and properties of viscous shock profiles to system (1.1) in the whole space R. Then
we identify the appropriate asymptotic profile for the original problem (1.1)-(1.2)
and state our main result. In Section 3, we reformulate the original problem, and
then perform the a priori estimates to the reformulated system. The proof of our
main result is given at the end of this section.

Notations: Throughout this paper, C' denotes some generic constant which
may vary in different estimates. If the dependence needs to be explicitly pointed
out, the notation C(-,---,-) or C;i(-,---,-)(i € N) is used. For function spaces,
LP(RT) (1 < p < +00) denotes the standard Lebesgue space with the norm

I fllze ) = </0 |f(z)[P d:c) ’

HY(RT) is the usual [-th order Sobolev space with its norm

2

l
||f|z:<Z||32f2> with ||| £ | [|z2cz+)-
=0

2. Preliminaries and main result

In this section, we shall present our main result on the time-asymptotic behavior
of solutions to the initial-boundary value problem (1.1)-(1.2). More precisely, we
first go over the existence and properties of viscous shock profiles to system (1.1)
in the whole space R, and then identify the appropriate asymptotic profile for the
initial-boundary value problem (1.1)-(1.2). Finally, we give the main result of this
paper at the end of this section.
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2.1. Viscous shock profiles. Viscous shock profiles are the traveling wave
solutions of system (1.1) in the whole space R of the form:

(2.1) (v,u)(z,t) = (V,U)(E), &=z~ st,
which satisfies
—SVg — Ug = 0,

(2:2) Ue —Vee | 5V
_SU§+p(V)5—,u<V>£+I€ Vo +TW 5

with the boundary conditions

(2.3) (V,U)() — (vx,ux), as & — oo,

where s is the wave speed, ¢ is the traveling wave variable and v > 0,u4 are given
constants.
Integrating (2.2) with respect to & once, we obtain

sV+U=a,
2.4 2
(2.4) u%—%& 5V
1% e 2V6

where a1, as are constants satisfying

=—sU +p(V) + aa,

a; = Svy +uy =sv_ +u_,
25) {

ag = suy —p(vy) = su_ —p(v-),
which shows that s and vy, uy satisfy the Rankine-Hugoniot condition for system
(L.1):
s(vy —v_) = (u— —uy),
(2:6) { (v —v-) = ( +)
s(uy —u-) = p(vy) — p(v-).

Moreover, (2.6) can be reduced to

$2 — plv_) — p(v+)
(2.7) = 7@4_ Y

In this paper, we only consider the case s > 0, i.e., the 2-shock wave, and the results
for the case s < 0 follow similarly. The Lax entropy condition for the 2-shock (cf.
[29]) is

(28) VI3 = los) < 5 < Mafv-) = P,
then it follows from (1.3), (2.5); and (2.7) that
(2.9) 0<v- <wvg, ugp <u_.

We assume that u— = 0 throughout this paper. Then for any given (v, u4)
with v4 > 0 and uy < 0, the constants v_ (0 < v_ < vy) and s > 0 can be uniquely
determined by the Rankine-Hugoniot condition (2.6).

The existence and properties of the traveling wave solutions to system (1.1) are
summarized in the following theorem.
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PrOPOSITION 2.1. ([7]) Let (1.3) and (2.9) hold. If
8

2.2 10
i —( Ui —6>vi(p’(v+)+82) > 0,

K (o

then there exists a monotone viscous shock profile (V,U)(z — st) to system (1.1),
which is unique up to a shift and satisfies Ve > 0, Ug < 0, and

V(€) = v-| < Coemtltl,|U(€) —u-| < Coem ¥, ve <0,

(2 10) |V(§) - U+| < C5B_C1‘£" |U(§) - u+| < 056_01|£|7 v§ > 07

d* d*
—V —U€)| < Co?e alfl, veeRVE>1
‘dfk (6) + ‘dgk (5)’ — € ’ f € ) -
where 0 := vy — v_, and ¢1,C are two positive constants depending only on

vy, v_, S, and k.

2.2. Asymptotic profile for the original problem. For the initial-boundary
value problem (1.1)-(1.2), there exists an initial boundary layer (u(x,t) — U(z —
5))|(@,6)=(0,0) = u— — U(0) = =U(0) since U(0) is always less than u_ = 0. Con-
sequently, the solutions of the original problem (1.1)-(1.2) may not converge to a
shifted viscous shock profile (V,U)(z — st + «) with the shift «, which is deter-
mined by the initial data and the viscous shock profile. Borrowing the arguments
of [38], we consider the solution of the original problem (1.1)-(1.2) in a neighbor-
hood of (V,U)(x — st + a — ), where « is a shift to be determined later, and
B > 1 is a constant such that the initial boundary layer around the shifted wave
[(u(z,t) = Ulz = st = B)|(,.1=(0,0) = |(u— = U(=B)| = [U(=B)| < 1. In the follow-
ing, let us determine the shift « for some given constant g > 1.

First, it follows from (1.1); and (2.2); that

(2.11) (v=V),=(u-0U) (V,U)=V,U)(x — st +a—pB).

x )

Integrating (2.11) with respect to ¢t and x over [0,¢] x R and using the boundary
condition (1.2)s, we have
(2.12)

/Ooo[v(x,t)—V(x—st+a—ﬁ)]dx = /Ow[vo(x)—V(x—&—a—ﬁ)]dx—i—/ot U(—st+a—p3)dr.
Moreover, due to conservation of mass principle, we can suppose that

(2.13) /Ooo[v(x,t) —V(r—st+a—p)]de—0, ast— occ.

Then we set

(2.14) I(a) = /Ooo[vo(x) —V(z+a-—p)de + /OOO U(—sT+a— p)dr.

We see from (2.12) and (2.13) that the shift o must satisfies I(«) = 0. Further,
differentiating (2.14) with respect to «, we have

I'la) = —/OOOV'(:E—i—a—ﬁ)]dx—i—/oooU'(—ST—l—a—B)dT

(2.15) = v +V(ia-p)+ %U(a —fB)=—vy + é(sv_ +u_)=v_ —uvg,
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where we have used (2.4); and the assumption that u_ = 0. Integrating (2.15) with
respect to a over [0, o] yields

Ila) = I(0) + (v- —vy)a
(2.16) = /0 [vo(z) = V(z — B)]dz + /0 U(—st — p)dt + (v— — vy )a.

Since I(a) = 0, the shift o = a(f) is determined explicitly by

1 [/Ooo[vo(x)V(:rﬂ)]dx+/Ooo U(Stﬂ)dt} _

UV — V-
Then we deduce from (2.13), (2.14) and I(«) = 0 that

/oo[v(x,t)—V(x—st—l—a—ﬁ)]dx = I(a)—/OOU(—ST—i—a—B)dT
0 t

(2.17) o=

(2.18) = —/ U(-sT+a—0)dr =0, t— o0,
t
which, together with (2.12) implies that
(2.19) / [o(z) — V(2 + a — B)]dz = —/ Ul—st+a— B)dr.
0 0

By integrating the equation:

Vgpa 51)% Via 5V9L,2
(u—=U)+ (pv) =p(V))2 = pt (v - V)I +r <_v5 Tos Ty 2Vﬁ>z

with respect to t and z over RT x R*, and using the assumption:
/ [u(z,t) —U(x —st+a—B)]de — 0, ast— oo,
0
we have
| o) = UG +a=pldo+ [ p(o0.0) - plV(-st+a - 5)]de
0 0
—,u/oo uz (0,t)  U'(=st+a—p) dt
o 00,0  V(cstra—p)
® [vg2(0,8)  V"(—st — 5(V/(—st — B))?
(2.20) +H/ ver(0,8)  V(=st+a-f) 5V'(=st+a-B))]
o Lv(0,86)5  Vi(=st+a-—-08) 2 VOS(—st+a—7p)
Here we expect that v(0,t), u,(0,t) = v:(0,t) and v,,(0,t) can be controlled by the
effects of boundary, viscosity and capillarity such that (2.20) holds with the same
shift « defined by (2.17). This is possible because v(0,t) is not specified.
Thus, by the above heuristical analysis, we expect the asymptotic profile for

the original problem (1.1)-(1.2) is the shifted traveling wave (V,U)(z — st + a — f3)
with the shift & = a(8) < 1 and the constant 3 > 1.

2.3. Main result. To state our main result, we suppose that for some con-
stant 8 > 0,

(2.21) vo(z)=V(z—p) € H*(RT)NLYRY), wo(y)-U(y—pB) € H'(RT)NL(RT).
Set

©2) @U@ == [ (w6 -V~ - U5,
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and assume that
(2.23) (Do, Uo)(z) € L*(RY).
Then our main result is stated as follows.

THEOREM 2.1. Assume that vy > 0, uy < 0and 8 > 0 are constants. Let (1.4),
(2.21)-(2.23) and the conditions listed in Proposition 2.1 hold, and (V, U)(z — st) be
the viscous shock profile obtained in Proposition 2.1. Then there exists two small
positive constants §y and g such that if 0 < 6 := vy —v_ <y and

(2.24) [ ®oll3 + | Toll2 + B~ < eo,

then the initial-boundary value problem (1.1)-(1.2) admits a unique global solution

(u,v)(t, x) satisfying

(z,t)
t

v V(z—st+a—p)eC([0,00; H*(RT)) N L* ([0, 00; H*(RT)),
u(z, 1)

(2.25) Ulz — st +a— ) € C (0,00 H\RY)) 1 L2 ([0, 00; HX(R™))

where o = a(f) is the shift determined by (2.17). Moreover, the following asymp-
totic behavior of solutions holds:
(2.26) lim sup |(v,u)(x,t) — (V,U)(x — st+a— B)| =0.
L=00 peR+
3. Proof of Theorem 2.1
This section is devoted to proving Theorem 2.1. We begin with a reformulation

of the original problem (1.1)-(1.2).

3.1. Reformulation of the original problem. First, we define the pertur-
bation functions (¢, ¥)(t, x) as follows:
(3.1)

)t == [ 0.0) = Vi = st+a=B)ul.t) - Uly—st-+a—5)dy
for (z,t) € RT x RT. Then, we have
(32) (Uvu)(xﬂt) = (¢m(m7t) + V((E —st+a-— B)v "/}z(x7t) + U(l‘ —st+a-— ﬁ))

Substituting (3.2) into (1.1), using (2.2) and integrating the system in z over
[, +00), we obtain

3 3 d)t - 1/130 = Oa U/
( ) ) 7/}25 +p/(v)¢m - %Qbmm + /iq:;mz +:u ngz = Fv
where
B ) (et | pU' G2
- F=—{p(v) =p(V) =p'(V)¢a} - — 7= + =77

1 1 5k 2, + 2¢..V' Bk 1 1
N otz B ATl A VA VA
+KrV <V5 U5)+ 5 e + 2(V) 76 " 58 )
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The initial data of system (3.3) satisfy

boe) = deo == [ ) = V- pldr+ [Vl +a-5) - iy )y
- ¢ww+/wvw+afm Viy - B)ldy
_ +/ooov’y+o 8)dédy
- (Do(a:)—F/O /jv’(yw—ﬁ)dyda

(3.5) = ®o(x) + /Oa[v+ —V(x+6—p)]do
and

ola) = wmﬁ:—/mmdm—U@+a—5n@
- f/WMMwfU@—MMw+/wW@+a—@fU@—ﬂﬂ@

(3.6) = Wy(z) + /Oa[u+ ~U(z+6—-p)] df

where the functions (®g, Ug)(x) are defined in (2.22).
Next, using (3.1), (3.2) and (2.18), we have
(3.7)

daﬂ=—AmMuﬂ—Vw—ﬁ+a—mh@=[mUPW+a—mdﬂ=AW,
and

(3.8)
P2(0,1) = u(0,8)—U(=st+a—08) =u_—U(=st+a—p) = —U(—st+a—p£) = A'(t).

Moreover, it follows from v, (0,¢) = 0 that
0= Ux|w:0 = ¢wx|x:0 + V/(J? —st+a— ﬁ)lwzo = ¢maz(07t) + V/(_St +a— 6)7

consequently,

$22(0,1)
(3.9) - éU’(—st ba—pB) = S%A”(t),

where we have used (2.2); and (3.8). We assume that ¢(0) = A(0), o, = A’(0)
and ¢oze = S%A”(O) as compatible conditions.

In what follows, we seek the solutions of the initial-boundary value problem
(3.4)-(3.9) in the following function space:
(3.10)

—V'(=st+a—-p8)= —é(sV’)(—st +a—0)

¢(t,x) € C(0,T; H*(R)), da(t, x) € L*(0,T; H*(R)),
XM(O,T) — ((b’ 1/1)(t,:z:) 1/1(1571’) € C(OaT; H2(R))a¢z(t7x) € LQ(O,T; H2(R))a
S {le@lls + lv@)2} < M,

where 0 < T < 0o, and M is some positive constant.
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For the problem (3.3)-(3.9), we have the following theorem, which leads to
Theorem 2.1 immediately.

THEOREM 3.1. Suppose that the conditions of Theorem 2.1 hold, then there
exists positive constants &g, €1 and Cy which are independent of the time ¢ and the
initial data ¢, 1o such that if 0 < 6 := vy —v_ < 8 and ||go||3 + [|[¢oll2+ 87! < ey,
then the initial-boundary value problem (3.4)-(3.9) has a unique global solution
(¢, 0)(t,x) € Xy[0,00) with M = 2/Co([[¢o]12 + Wbo]2 + e=<1B). Moreover, it
holds that

t
(3.11) ||¢(t)||§+\\w(t)||§+/0 (62 ()13 + %2 (r)lI3) dr < Co(lléoll3+Ivoll3+e~7)

for any ¢ € [0, +00), and
(3.12) lim sup |(¢s, %) (2,t)| = 0.

L0 peRr+
Notice that the initial conditions in Theorems 3.1 and 2.1 are different. The
following lemma state the relation between them.

LEMMA 3.1. Suppose that the condition (2.21) holds. Then we have

(i) The shift @ — 0 if ||®g|l2 — 0 and 8 — oo;
(ii) [[¢olls + [[toll2 = O if | @ol|3 + || ¥ol[2 — 0 and B — oo.

Since the proof of Lemma 3.1 (i) and (ii) are almost the same as those of Lemma
2.1 and Lemma 3.2 in [38] respectively, we omit the details here for brevity.

Theorem 3.1 will be obtained by combining the following local existence and a
priori estimates.

PROPOSITION 3.1 (Local existence). Under the assumptions of Theorem 3.1,
suppose that ||¢o||3+||%o]l2 < M, then there exists a positive constant ¢y depending
only on M such that the initial-boundary value problem (3.4)-(3.9) admits a unique
solution (¢, ¢)(z,t) € Xan(0,t0).

PROPOSITION 3.2 (A priori estimates). Suppose that (¢, 9)(z,t) € Xp(0,7T) is
a solution of the initial-boundary value problem (3.4)-(3.9) obtained in Proposition
3.1 for some positive constants T"and M. Then there exists three positive constants
0o < 1, e1 < 1 and Cy which are independent of T" such that if 0 < § < §y and

(3.13) N(T) == sup {llo(t)lls + [¥@)ll2} < e
te[0,T]

with the constant & satisfying 0 < ¢ < €1, the solution (¢, ) of the problem (3.4)-
(3.9) satisfies the estimates (3.11) for all ¢ € [0, 7.

Proposition 3.1 can be proved by using the dual argument and iteration tech-
nique, which is similar to that of Theorem 1.1 in [16], the details are omitted here.
The proof of Proposition 3.2 is more subtle and will be given in the next subsection.

3.2. A priori estimates. Due to Lemma 3.1 (i) and the assumptions in The-
orem 3.1 and Proposition 3.2, without loss of generality, we assume that |a| <
1,8 > 1 and N(¢t) < 1 hereafter.

Let (¢,4)(x,t) € Xp(0,T) be a solution of the initial-boundary value problem
(3.4)-(3.9) for some positive constants 7" and M. Then we have from Proposition
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2.1, the Sobolev inequality || f||z=~ < ||f|l1 for f(x) € H', and the smallness of
€1 > 0 that

(314) o(r,1) = Vo, t) + 6u(r,t) < v+ 601 < Svr, V(1) € [0,7] x B,

and

(815) v(a,) = V(wt) + dale,t) 2 v — llos(t)1 2 5, V(@,t) € [0,7) x R*.
We first give the following boundary estimates.

LEMMA 3.2 (Boundary estimates). Under the assumptions of Proposition 3.2,
there exists a positive constant C' > 0 which is independent of «, 8 and T such that
the following boundary estimates:

(3.16) t
¥ \ [ @lmotr

t t
+ ‘/0 (¢x¢mw)|w:0d7— + ‘/0 (djwtwmw”w:OdT

/ot {pfzz%i"’} =0 /Ot {%]

t
/(z/}td)a::r)lm:()d’T Sce_clﬁ
0
0 vd

t t
: 77/0 62220 (7)]1” dTJFOn/O |G (T)]|? dT + Cpe= 7,

t t
+ ‘A (¢-L¢I)|.L:Od7- + ’A (wtww”a::OdT

(¢9)|z=0dr
0

< Cem ¥,

dr
=0

dr‘ +

[l

dT’ +

=0

(3.17) +

dr

=0

t
(3.18) < Cet / Gumas ()| dr + Cete 318,
0

(3.19)

t

(’lptz ¢rrr) |:p:0d7'
0

<n / | bsea ()2 dr + C, / e (7)|3dlr,

t
(321) ‘/0 (wxxwwcx) ‘w:OdT < C/o ||¢x1(7’)”% dT+O€7€1ﬁ

hold for all 0 < ¢t < T, where ¢; > 0 is constant defined in Proposition 2.1, 7 is a
small positive constant and C), is a positive constant depending on 7.

Proof. First, we show that the boundary data (3.7): ¢(0,t) = [FU(-sT+
«a — ) dr satisfies that

dk
(3.22) ‘dtkA(t)‘ < Ce P15tk =0,1,2,3), || Allwsa < Ce P,

In fact, since | — s7 + a — 8| = s7 4+  — a because s > 0 and 8 > a, it follows from
Proposition 2.1 that

U(=st+a—B)| < Ce—ctl=smra—Bl < ge—a1(B-a)g—c1sT < Cp—c1Bg—crsT
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Consequently, we have
(3.23) |A(t)] < CePemcrst,

Similarly, differentiating A(t) with respect to ¢ and using Proposition 2.1, we can
also obtain that A’(t), A”(t) and A" (t) are all bounded by Ce~¢tFe~c15 thus the
inequalities in (3.22) hold.

Moreover, from the Sobolev inequality, we have

|"/}(07t)‘ < S;lng WJ(mvt)‘ < CN(T>7
(3.24) 920, 8)] + [42(0,7)] < sup (162 (2, )] + [¥a (2, t)]) < ON(T).

Now we should give the proofs of (3.16)-(3.21). For (3.16), since its proof is
almost the same as that in Lemma 4.1 of [38], we omit the details here. Next, we
focus on deducing (3.17)-(3.21), which are new boundary terms compared with the
the case of compressible Navier-Stokes system (see Lemma 4.1 in [38]). Firstly,
utilizing the boundary conditions (3.9), the estimates (3.22) and (3.24), we have

g (bxm’(/] i K "
/0 (p’(V)v5) I_odT‘ < C/o |h2zt| =0 dT§0/0 |A"(T)]|%(0, T)|dT
t
(3.25) < T)/ |A"(1)| dr < Ce™45,
0
and
t t t
[(#=)| al| < e[ wonsaonia<c [ oo s
t
(3.26) < CN(T)/ A (7)] dr < Ce18,
0

Moreover, making use of the relation ¢;, = ., (see (3.3)1), integration by parts,
Proposition 2.1 and (3.22)-(3.24), we obtain

oo |[ ()|
UGS [(% 5) (%> oo |
_ (d)md);)( <¢m ) < e 5 %zvvt(bm) xZOdT
S Cl60u(0.0620.0] + 612 0,0) 6, 0.0
+0 [ lomto. 100, + 0| [ (2220,) 0.r)tr
< 1A ONI0n(0.0] + 14O 6:(0.00) + € [ A" (7Y [ox 0,
+C ’ /O t (‘bj}mﬁ”t ¢m> (0,7)dr
<

t
CN(T)e % +C ’ / ( ¢j}“;”t ¢x> (0,7)dr
0
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and

(3.28) ‘/ (%”’t > (0,7) dr

0 W@(O, U + (0,7 dr
< 052/ |62 (0, 7) b2 (0, 7)| dr + / Do Oﬂfowjg(o T)dr‘- %(O,t) "
< C&N(T) /0 |A” (7)|dT + CN(T) ; <¢xsz“) w_odf‘
< O™ 4 Ce /0 t <¢””’;15/’> ).

Therefore, combining (3.27)-(3.28), and using the smallness of e, we show

t
(3.29) / <¢rzq5/’m> dr| < Ce P,
0 v =0
Similarly, we have
t
(wtd)rx) |x:0d7— = O 7. A// ) ‘
0

/0 (60, 7)A”(r)) — $(0,7) A" (1)]dr

82

(0, ) A" (t) — (0,0) A" (0 / 0(0,7) A" (r

(3.30)

IN

CN(T)e=4% + CN(T) / A" (7)|dr < Ce18.
0

Thus (3.17) follows from (3.25), (3.26), (3.29) and (3.30) immediately.
Next, we can derive from the equalities ¢y, (0,¢) = A" (1), ¥ (0,1) = A”(¢),
the Sobolev inequality, the Cauchy inequality and (3.22) that

¢ ¢mmm¢tmm ¢
/ () w < [ lpunto )14 i
0 v 2=0 0
t
< c / | baoe (T | baowe ()| F|A™ (1)] dr
(3.31) < /||¢zzm 2 dr + Ceze 598,
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and

IN

t
/0 (raa(0, 7| A" ()] dr

t
/0 (wtzqsa::rx) ‘z:OdT

IN

t
/0 |6na ()1 | bsoea(m) HA7(7)] dr

IN

t t
. / |bsea (T2 dr + C, / (I saa(m)|? + |A"(1)2) dr

(3.32)

IN

t t
UA ||¢mcmm(7—)”2 dT+CﬁA Hﬁbxzm(T)Hz dT"‘Cn@iclﬂ,

which imply (3.18) and (3.19), respectively. Similarly, using

t
t 1 1
< c / 6 ()1 |Gz (1) || nsee ()| Fdr
t t
(3.33) < / |Gxsaa(n)? dr +C, / | bea(r)|2lr,
and

t t t
‘/ (ww:cw:cxa:) |:c=0dT = ‘/ (quarx(btxx) |;c=0d7— < C/ W}acac (0, T)||AW(T)| dr
0 0 0

IN

t 1 1

c / e (P e () 147 ()] dir
t t

< c / [has (P2 dr + C / A" (7)) dr

t
(3.34) e / [ua(P)|2 dr + ™15,
0

we can show (3.20) and (3.21). This completes the proof of Lemma 3.2.
Once we have the estimates of boundary terms, we can continue a-priori esti-
mates. First, let us give the L?-estimates on (¢,)(x,t).

LEMMA 3.3. Under the assumptions of Proposition 3.2, there exists a positive
constant C' > 0 which is independent of «, 8 and T such that for 0 <t < T,

6o O+ [ [Tt ar

(3.35) < C[||(¢0,¢0,¢0x)||2+€_clﬁ+(52"’5) / (B, o ) ()2

holds provided that € and § are suitably small.
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Proof. Multiplying (3.3); and (3.3)2 by ¢ and —ﬁﬁ), respectively, then adding
these equalities and integrating the resulting equation over [0, ] x RT, we have

o) o 505 o
/ / /“/}2 dde

L (ool [ ) o
+/€/ %”w dxdT—I—u// U% ddT—l-//

(3.36) / 1/1”” SNy = od7+/ VP|=odT

A(q;(’ 2(_% )da:+2[,,

where V) = V(z + o — ). In the following, let us estimate I;(i = 1,---,6) one
by one. The terms I, I3, I5 and I are the same as the those of the compressible
Navier-Stokes system [38]. For completeness, we give the estimates of these term
as follows. From Proposition 2.1, (3.14), (3.15), (3.16) and the Cauchy inequality,
it is easy to obtain

IN

t [e'e)
LI+ < © /0 /0 (Vatbthol + [Vadrots|)dadr

L[ s )Vey? e .
8/0/0 (V)2 d$d7+c/0/0 (Ve (7)|| oo (2 + ¢2) dwdr

L s (VVay? 2 [ [ g2
(337) < 8/0/0 W) dxdT+C’5/0/0 (V3 + ¢7) dadr

IN

and
(3.38) |Is] + |Is| < Ce™ 15,

The term Is and I are two difficult terms caused by the Korteweg tensor. For
I, note that

e | / [(M) ~ gvys oo

e[ (s Y

(3.39) = —r
0
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Moreover, using (3.3); and integration by parts, we have

/ / ww(é;vz d dT_ —K/ / ¢t¢zx d dT
¢t ¢tm¢x
+/£/ / V) dxdr
1/)x¢;c ! V U )
—K]/ / Vo )2 dxdr
¢t o ¢2 > (b%z
dT-i—I{/O 2p’(V)v dl’—/i/o 72]9/(‘/0)”8(&
2*5V’P”(V) 5k 1 LU + 1,
+§/O /0 d)mi(p’(V))QvE’ d:chJr?/O /0 ¢‘Tp’(V)v6 dxdr
C et (0 (V)VP),
] e de
which together with (3.39) yields
* 4 / b
I, = I — _ _ 70z
: / 2w (V) T g ¢
" Guat) R
_K/o P(V)vP |, Jm/o p’(V)v“’"I:OdT

K t [e'e) 2_Svlpll(v) QU/+’(/}1::E
5/ (% T S ) e

VIV 4+ p' (V)50 (V! + @)
/ LF (V)02 Ot T
VIV'05 + p' (V)50 (V! + )
e (0 (V)52 e
_ o (bgz > (bOa:

Similar as (3.37) and (3.38), we have
(341) |121| + |122| < Ceiclﬁ

Using Proposition 2.1, the Sobolev inequality, the Cauchy inequality, (3.14), (3.15)
and the a priori assumption (3.13), we get

t 00
Iz < C// IV, U () llpe 82 + 162(T) |2 [$2tsal) dodr
0 JO
t
< 052/ ¢ dedr + CN(T // (02 +32,) ddr
(3.42) < 52+5// (02 + v2,) dadr,
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and

t ) t )
Li < 1 / / V2 dadr + G, / / (V' 62y + 1) | 1 62, ) dardr
0 0 0 0

t [e%e} t [e%s}
(343) < 7 / / V'y? dzdr + C, (8% + ¢) / / $2,dxdr.
0 JO 0 JO

Here and hereafter, 7 is a small positive constant and C), is a positive constant
depending on 7. Similarly, we have

t o]
(3.44) Ls < C(6% +¢) / / (V2 + @2 + ¢2,) dzdr.
0 0

Hence it follows from (3.40)-(3.44) that

< ¢ /°° P // /2
L, < — 2 dx — z d dxd
2 _/-1/0 20 (V)or T HO 20 (Vo)v x+n Vip* dxdr
t [e%e)
Gas) Gt ee) [ [ wEests qbix T 42,) dedr + Ce™.
0o Jo

Finally, for I, we have from the proof of Proposition 2.1 in [7] that V' (z — st +
a—L£)>0and lim, 1 “//—/,/ = A4, where A1 € R are two constants. Consequently,
it follows from Proposition 2.1 that

(3.46) F=0(1) (|¢2] + 02| + [Weade| + [V G| + [V | + |V brsl) -

Furthermore, similar to the estimate of I, we have

t o]
|1y < C// |F||v| dedT
0 JO

t o)
< c / / (62] + [aadal + 1621 + V' Sol + VS0l + [V'uall] dedr
0 0
1 t o) Sp//(v)vsz ) t o) ) ) )
. — —— " dxd c(6 dxdr.
ans g [ [ EEEE dar o) [ [0 ot k) dode

Inserting (3.37), (3.41), (3.45) and (3.47) into (3.36), and using Proposition 2.1,
(3.14)-(3.15) and the smallness of 7, e and J, we have (3.35) immediately. Thus the
proof of Lemma 3.3 is completed.

The next lemma gives the estimate on ||¢,(t)]|.

LEMMA 3.4. Under the assumptions of Proposition 3.2, there exists a positive
constant C' > 0 which is independent of «, 8 and T such that for 0 < ¢t < T, it
holds that

¢ ()11 + t 62 (T)II} dr
o l

t
=C [H(asowo, $0)|2 + e 4 (6% +¢) / wm(T)nW}

provided that e and § are suitably small.
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Proof. Multiplying (3.3)3 by —¢., and integrating the resulting equation with
respect to z over [0, +00) yield

/00 _p/(v)d)i dl' — K ¢T’I"E¢T
0 0

Vo

(oo}

/ ey di — / B nbe i — g o — / Fo, da
0 0 V 0
(349) = SI7+18+19+110.

Here — [° %dm and — [¥ F¢,dx are two new terms compared with the case
of the compressible Navier-Stokes system [38], the others are the same as those of
[38]. First, from Proposition 2.1, (3.14)-(3.15) and integration by parts, we have

¢I£L"I) ¢’E

0 vd

_ _K/O“’(% 5) dx%/ %d 5,§/ ¢>M¢I+V)¢>x
/ %d C(6% +¢) /0 (43, + 02)dz

Moreover, using (3.3)1 and integration by parts, it is easy to obtain

—K

(3.50)>  rpes 2 -

o= [Tiwen—voulte =5 [ vordo [Tlwva. - iis
0 0
d oo
(3.51) = */ Vo, dr + wwx|m:0 +/ '(/}:%dx
Next, using Cauchy inequality and Proposition 2.1, one gets
_ m% __nd ¢2 /°°42
" / -9 dt 2 ade
¢x 2/ 2
52 <-£Z
(3.52) < 2dt/ dx + C9o ¢y dx,
and
(3.53) Iy < C4? / $2 da.
0

Finally, noting (3.46), we have
Lo = / |Fllés] dz < C / (62] + [ratal + |620] + V' Sa] + [V'ual) |l
0 0
(354) <C@ +e) / (62 + 02, + 02, )dx

0
Substituting (3.50)-(3.52) into (3.49), we get by the smallness of § and ¢ that

th/ qﬁiaz +/ - (V)2 d.r—l-li/ (b”dx

(3.55) < / Voo dx + Pty |omo — %é” +/0 Prda.
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Integrating (3.55) in ¢ over [0, ¢] gives

/¢Td +// ( ¢2+mz”ﬁ>dxd7

< € (I(boss vo)I? + 0(0) / 6a ()| dr
¢I¢ZL’1}

5

t
(3.56) + /0 Yibrlomo dr = |

dr,

=0

where we have used the fact that

/ Pouda < b / % 4o+ Ol (D)2
0

Thus (3.48) follows from (3.56), (3.16), (3.17), Lemma 3.3 and the smallness of &
and ¢ immediately. This completes the proof of Lemma 3.4.
Furthermore, we estimate ||, (¢)|| in the following lemma.

LEMMA 3.5. Under the assumptions of Proposition 3.2, there exists a positive
constant C' > 0 which is independent of «, 8 and T such that for 0 < ¢ < T, it
holds that

(W B ) O] + / ona (P2 dr

t
(3.57) < C (Ilqﬁoll% + [9ollf + 77 + (52+8)/0 [ poaa ()17 dT)

provided that € and ¢ are suitably small.

Proof. Multiplying (3.3)2 by —t.., and integrating the resulting equation in x
over [0, +00), we have

2 W2
th/wd—&-/ LAz

- / U2, do — ety lamo + / P (V)batbrs do
+f£/0 % dx+u/0 Ul%wm / Fipyy dz

1 o0
(3.58) 3 / Vo AT — Pythy|omo + J1 + J2 + J3 + Jy.
0

Here J> and J; are two terms caused by the Korteweg tensor, the others are the
same as those of the compressible Navier-Stokes system [38]. Now we control them
one by one. The Cauchy inequality implies that

(3.59) J1<n/ wmdx—i-C/ qbdx<n/ wmdx-l-C'/ #2 du,
and

(3.60) J3 < 77/ V2, d:c+C,,52/ H2da.
0 0
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Using (3.3)1, we get

o ¢zza:¢tz _ * % _ %
Jo = K dr = KJ/O [((bzz 5 )z ¢a:m( e )$] dx

= -3 dt dz — Koo~ 5

+ Jo1 + Jog

=0

with
A V/
Ty = 2 / &2, %”U de, Ty = 5r / Guatber 2T

It follows from Proposmon 2.1, the Sobolev inequality, the Cauchy inequality,
(3.14), (3.15) and the a priori assumption (3.13) that

Jn < C / b ()| | batbe] + U7 (8) | e B2 d
0

< C (190n ()2 + [ 60a (D1 9 (O a1
< C(0% + &)|[(bwas Poaas Yaa) (1),

and

Jaz < C(6% 4+ &)||(Buas Buas Vo) (1)

Thus, we have

(3.61) Jp< 24 / Per gy 500 2oy + O 4 )| (B Do V) D

2dt
Using (3.46), J4 can be controlled as follows:
0
<

o0 o0
0 / 2, de+ G, / FPdz
0

/ Y2, do + G, / e (D112 (62 + ¢2,)

HIV (O (87 + 622) + 00 ()7 67, do
(3.62) < eI + Cp(6% + ) (da, Yaa, Gaa) (1)

Inserting (3.59)-(3.62) into (3.58), and integrating the resulting inequality in ¢ over
[0,t], we have by the smallness of 1, and e that

1% ()17 + [l ()12 +/0 [toa (T)|I* dr

IN

t t
< 0[(wox,¢0m>2+ [ 6.1 ﬂwwue) [ Voear? tr
dr.

t
(363)  + /O (—z/ww wﬁ”) .

Then (3.57) can be obtained by (3.63), (3.16),(3.17), Lemma 3.4 and the smallness
of € and §. This completes the proof of Lemma 3.5.
t

Now, let us focus on the estimate of / | pee(T)|? dr.
0
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LEMMA 3.6. Under the assumptions of Proposition 3.2, there exists a positive
constant C' > 0 which is independent of «, 8 and T such that for 0 <t < T

t
(3.64) 16w (£)]I2 +/O ¢2e (T)[[FdT < C(llgol3 + lollF +e~7)

holds provided that € and § are suitably small.
Proof. Multiplying (3.3)2 by ¢uze and utilizing (3.3)1, we have

= (g¥artnn), = (7), G+ (7), Per () (V)br0)e
Use,,

Integrating (3.65) over [O t] x RT and using the Cauchy inequahty7 we obtain

2
4 Jo 0o

cn<¢omwom>n2+C||ww(t>|2+\ / Kydr|+ [ oDl dr

t e}
+/ / (|K2‘ + |K3|) dde,
0 JO

Ky = (L tunbon + vt +p’<V)¢m¢m)

IN

t
(366) + ‘/ wt¢zaz|w:0 dr
0

where

)
=0

2 =7y Past 2v2 V2
Here K; and K3 are new terms compared with the case of compressible Navier-
Stokes system [38], and K3 can be bounded by the method of [38]. Notice that
K1 has been dealt with in Lemma 3.2 before. Moreover, similar to the estimates of
Jo1, we have

t e’}
/ / |K2| drdr < C/ / [|Vx¢:cac1/}aca:|+|vl ix|+‘vx¢x¢xa¢|] dxdr
0 0
t
(3.67) < o / (G thas 62) (1) dr,
0
t [e'e]
/ / |Ks| dzdr < C / / (62] + lasdel + 16%0] + V' (b G02)]) | bras| dadr
0 0
t
(3.68) < C@+e) /O (G ams bros dans) (7)1 dr.

Combining (3.66)-(3.68), using (3.16)-(3.17) and the smallness of d,¢ yield (3.64)
at once. This finishes the proof of Lemma 3.6.
As a consequence of Lemmas 3.3-3.6, we have
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COROLLARY 3.1. Under the assumptions of Proposition 3.2, there exists a

positive constant C' > 0 which is independent of a, 8 and T such that for V¢ € [0,T7,
it holds that

t
le@)1I3 + e )]l +/0 (I6a (D13 + ¢ (1)T) dr
< Cllloll3 + lIollf +e~*7].

(3.69)

About the estimate of ||t (7)]|, we have

LEMMA 3.7. Under the assumptions of Proposition 3.2, there exists a positive
constant C' > 0 which is independent of «, 8 and T such that for 0 <t¢ < T,

| (Gmes ) ()17 + / [ has (7)1 dr
(3.70) 0

t
< C(|¢0||§+ ||¢o||§+€’“3+65/0 [ pwaa (7)1 dT)

holds provided that € and § are suitably small.

Proof. Differentiating (3.3)2 with respect to x once, then multiplying the resulting
equation by —t,,, and integrating over [0,t] x RT, we get

1 o0
- / P2 dx + / / fqpm dxdr
2 Jo ‘
1 > 2 ¢ o ¢w:vw
= 5 ¢0m dr — wwthm‘mzo dr + kK 5 wwzwdl'dT
2 /o 0 o Jo v ©
t fe%e] t fe'e]
(3.71) —/ / ) T d{EdT-l-/ / Qqdxdr,
o Jo o Jo

where

Here x fot fOOO <M> Vawedrdr and fot fOOO F,1p00 dxdT are two new terms caused
xr

va)
by the Korteweg tensor, the others are similar as those of [38]. First, using (3.3);
and integration by parts, we have

L) s (55 s
_ ”/0 / [(¢mm ¢tm) ¢mm (bmm} dudr

—K d)x?(ﬁtm dT - li/ / [( 23;;x5x>t + > 23%2 t} dzdr
dr — K i w”dﬂc—l—n/ ¢O‘”””d

¢a:;vw
= —K / ¢ta:w 21)
0

/ %m

(3.72)

=0
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It follows from the Sobolev inequality and Proposition 2.1 that

// %m @

= C/ / ’¢$Iz U/+w$$)|dxd7—
t 1 1
< cﬁ/n@mwm%h+0/nmaawwmAﬂwwmmum
0 0
t t
< (06? wer(T)||? d waz(T)||? d
< An¢<ﬂn7+¢lw ()| dr

(3.73) —+czyj€ ([ () + [ braa (7)) i

On the other hand, since

Fo == (o) = (V) - 9 V)], — (222

() (4 ) ]
=O() (I(Va U")I62 + (62002 | + |62 0| + [arae] + [arae] + Vadatnal

+|bwrGatbaa| + (V" VIV (V) Ibe] + (V" (V)| Gaa| + [V bae|

+ |6raural +10%:] + 162:V']),

we obtain from the Cauchy inequality, the Sobolev inequality, Proposition 2.1 and
the a priori assumption (3.13) that

(3.74) ‘ / t / " Fothns dudr
/ / W2, dedr + C,, / / 2 dedr

//‘WMMM+C//) (V! U262+ [P0 + 6202,
H 2, 02| + |2, 02| + [VESIUZ | + |buabathaa> + (V" V'V (V)22
+H (V" (V) P baal? + |V brwal® + |Gzebwal® + |05, | + |2, V2| |dxdr

IN

IN

t t
< Tl/ ||¢m(r)||2dr+c,,(52+52)/ (0, baws boaw, Yawa) (7)|Pdr.
0 0

Similarly, it holds

t [e'e) t t
<w@‘AA|@mms¢éwvaM+@Anm¢m%mﬂwr

Putting (3.72)-(3.75) into (3.71), then (3.70) follows from Corollary 3.1, (3.16),
(3.18) and the smallness of §,e and 7. This completes the proof of Lemma 3.7.
t

Finally, we give the estimate of / |pzze(T)|]3 d7 in the following lemma, which

0
can be achieved by making use of the effect of the Korteweg tensor.
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LEMMA 3.8. Under the assumptions of Proposition 3.2, there exists a positive
constant C' > 0 which is independent of «, 8 and T such that for 0 < ¢t < T, it
holds

t
(3.76) 1Pz (t)® +/O 20 (T)IIF dr < C (ldoll3 + Iwoll3 +e™7)

provided that € and § are suitably small.

Proof. Differentiating (3.3)2 with respect to x once, then multiplying the resulting
equation by ¢, and integrating over [0,] x RT gives

1 [e'e) t oo 2 [e'e)
(3.77) = / Bo2 de+ / / —p (V) im+'“¢’f% dwdr — / Vo Prpoda
2/ V o Jo v 0

4
]./OO noo o t 00
= 5 - m:c:cdl'_/ ¢0m¢0mxd$+/ E Q;dxdr,
2 0 VO 0 0 o Jo o

where
(. H
=0
2
Qs =0 (VVabsbare + 0/ (V)80s — (5) trratiome + (f) P22,
and

Qs = — p/(V)¢mc¢xzz - p,/(v)v/¢z¢mxmm + (ﬁ)x Ve Porze + 5/€¢xmﬁ¢xzxmz%

1%
U’
— M < Vdg)x) Gozar + Foboran-

The estimates (3.18)-(3.21) imply that

(3.78) t t
<on /O |buman(F|? dr + C, ( /0 s (1) dT+e—mﬁ)

t o0
// Qodxdr
0 0
t t
e ( [ Wl 4t [ oramatnl? dT) |

Similar to (3.73)-(3.74), we have

t [e'e] t
(3.79) / / Qadwdr| < C / (s S Paaa) (T)]I? dr,
0 0 0
(3.80)
t e’} t e’} t
A [ Quanar| < / [ s dair s C, / (16(T)12 + hboa (1)) dr,
and
(3.81) “/ " esbunada| < - / TR de ot Ol ()P
o 4 /), V

Combining (3.77)-(3.81), and using Corollary 2.1, Lemma 3.7 and the smallness of
¢ and 7, we obtain (3.76). This completes the proof of Lemma 3.8.

Now let us give the proof of Proposition 3.2 in the following.
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Proof of Proposition 3.2. Proposition 3.2 follows from Corollary 3.1 and Lemmas
3.7-3.8 immediately.

3.3. Proof of Theorem 3.1. To complete the proof Theorem 3.1, we first
observe that the a priori assumption (3.13) can be closed by choosing ||¢ol|, ||¢ol1
and ! sufficiently small such that

et

4Cy°
Then based on Propositions 3.1 and 3.2, the standard continuation argument asserts
that there exists a unique global (in time) solution (¢, v)(t, z) € X ;(0,+00) to the

Boll3 + llvoll? +e*F <

initial-boundary value problem (3.4)-(3.9), where M = 2/Co([[do[|2 + [[¢o]|2 + e—<1B).
Moreover, we can derive from (3.11) and the system (3.3) that

+o00
LN [|¢m<t>||%+||wz<t>||%+jt(|¢z<t>||§+|wm<t>|%)

which implies that ||¢,(t)]]2 + ||vz(t)|li — 0 as t — +oo. Then by the Sobolev
inequality, we have

]dt<oo7

(3.83) 162 (D)L < 16212 [ dua(®)]IZ — 0 as t — +oo,
and
(3.84) e (B)l| e < [0 (®)]12 [tha(D]F = 0 as t — +oc.

Thus (3.12) is proved and the proof of Theorem 3.1 is completed.
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