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ABSTRACT. In this paper, we consider the Cauchy problem of the two-dimensional

regularized incompressible magnetohydrodynamics equations. The main objec-
tive of this paper is to establish the global regularity of classical solutions of the
magnetohydrodynamics equations with the minimal dissipation. Consequently,
our results significantly improve the previous works.
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1. Introduction and main results

Whether or not the smooth solutions of the classical two-dimensional (2
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D)

incompressible magnetohydrodynamics (MHD) equations with only velocity dissi-
pation or with only magnetic diffusion develop finite time singularities is an ex-
tremely difficult problem and remains open. The main difficulty arising here is a
strong impact of the higher modes to the leading order dynamics through the non-
linearity which a priori may destroy the regularity of a solution and thus lead to
the formation of singularities. To bypass this difficulty, considerable models have
been proposed in order to capture the leading dynamics of the flow on the one
hand and somehow suppress the higher modes on the other hand, see for example
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[7, 13, 15, 14, 27, 24, 45, 46]. In this paper, we are interested in studying the
Cauchy problem of the following 2D regularized MHD equations

2
1
Ov+ (u-V)v+ (—A) % + ZvjVuj + V(p + §|b|2) =(b-V)b,

j=1
b+ (u-V)b+ (—A)P°b=(b-V)u,
v=u+ (—A)Tu,
Vu=V-v=V-0=0,

v(x,0) = vo(z), b(x,0) =bo(z), x€R?

(1.1)

where v = (v1, va) denotes the velocity vector, b = (b1, by) the magnetic field,
u = (uy, ug) the ”filtered” velocity and p the scalar "filtered” pressure, respectively,

€[0,2], 8 €[0,2] and v € [0, 2] are real parameters. vo(z) and by(x) are the
given initial data satisfying V - vy = V - by = 0. The fractional Laplacian operator
(=A)? is defined through the Fourier transform, namely

(ZA)7F(€) = €17 f(©),

where
£ 1 —ix:
f(& = )2 /Rze ff(x)dl‘.

For simplicity, we use the notation A := (fA)%. We remark the convention that by
a = 0 we mean that there is no dissipation in (1.1),, and similarly 8 = 0 represents
that there is no dissipation in (1.1),. Moreover, v = 0 represents that the system
(1.1) without regularizing, namely, v = 2u. Recently in the literature great atten-
tion has been devoted to the study of fractional Laplace-type problems, not only
for pure mathematical generalization, but also for various applications in different
fields. In fact, the application background of fractional problems can be founded in
fractional quantum mechanics [21], probability [2], overdriven detonations in gases
[8], anomalous diffusion in semiconductor growth [31], physics and chemistry [26]
and so on.

Let us briefly discuss the rich history concerning the system (1.1). When v = 0,
(1.1) reduces to the 2D generalized magnetohydrodynamics (GMHD) system, which
describes the motion of electrically conducting fluids and has broad applications in
applied sciences such as astrophysics, geophysics and plasma physics (see, e.g., [10]).
Besides their wide physical applicability, the GMHD equations are also of great
interest in mathematics. As a coupled system, the GMHD equations contain much
richer structures than the Navier-Stokes-type equations. The GMHD equations
are not merely a combination of two parallel Navier-Stokes type equations but an
interactive and integrated system. These distinctive features make analytic studies
a great challenge but offer new opportunities. Since the work [32], the mathematical
analysis (specially the global regularity problem) of the 2D GMHD equations has
attracted considerable interests in the last few years and progress has been made
(see [6, 4, 5, 11, 16, 22, 23, 28, 30, 34, 33, 41, 37, 29, 43] with no intention to
be complete). We remark that the latest global regularity results of the 2D GMHD
equations can be summarized as

(1)0&>0,ﬂ=1, (2)05:O7ﬂ>17 (3)0‘:275207 (4) a+ﬁ:27ﬁ<17
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see [6, 11, 16] for details (one also refers to [1, 41, 43] for logarithmic type result).

Now we would like to review some very related works about the system (1.1)
with v = 1, which is the so-called classical regularized GMHD equations (so-called
Leray-alpha model). This system was obtained from variational principles by mod-
ifying the Hamiltonian associated with the standard MHD equations (see [14]).
Linshiz-Titi [24] introduced the system (1.1) with « = 3 = = 1 and proved that
the the corresponding system admits a unique global smooth solution both in 2D
case and 3D case. Later, Fan and Ozawa [12] established the global existence of
smooth solution for the classical 2D regularized GMHD equations witha =0, § =1
or o = 1, 8 = 0, which was further extended logarithmically by [18]. Recently, Zhao
and Zhu [44] proved the global regularity result for another special case a« = 3 = %
in 2D case. Very recently, Yamazaki [39] further examined the general case, namely,
a4+ =1 with a, 8 € (0, 1) and obtained the global regularity for this general case.
The author [42] considered the 3D case and proved the global regularity under the
assumption o + 3 > % and % <a< % For the endpoint case a = %, 6 =0, we
refer to [36, 38].

The aim of this paper is to gain further understanding of the global regularity
problem for the 2D regularized system (1.1) with only velocity dissipation or with
only magnetic diffusion. We present two main results in hope that they may shed
light on the eventual resolution of the global regularity problem of the classical 2D
incompressible MHD equations with only velocity dissipation or with only magnetic
diffusion, namely (1.1) witha =1, f=~v=0o0r =1, a =~ = 0. More precisely,
the first result concerns (1.1) with no velocity dissipation, which can be stated as
follows.

THEOREM 1.1. Consider (1.1) with « = 0, namely,

2
1
Ov+ (u- Vo + > 0V, + v(p + 5|b|2) = (b- V)b,

j=1
ob+ (u- V)b + (=A)’b = (b- V)u,
v=u+ (—A)Tu,
Viu=V-v=V-b=0,

v(x,0) = vo(z), b(z,0) =bo(zx), x€R%

Assume that vg € H2(R?), by € HPT17B(R2) with p > max{2, 1 + B} and V - vy =
V:-by=0. If B and v satisfy

(1.3) 8> 1—% with 7y € [0, 2],
then the system (1.2) admits a unique global regular solution (v, b) such that for
any giwen T > 0,

v e L2([0,T]; H*(R?), be L¥([0,T]; H*=F(R?) N L2([0, T); HP*(R?)).

REMARK 1.1. As stated above, Fan and Ozawa [12] established the global
regularity for the system (1.1) with a = 0, 8 = v = 1, which was further extended
logarithmically by [18]. We remark that under the assumption o = 0,y = 1,
the requirement § > % actually would ensure the global regularity. Consequently,
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Theorem 1.1 significantly improves the previous works [12, 18, 39, 44] and answers
an interesting problem remarked in [39, Remark 1.2].

The following theorem concerns (1.1) with no magnetic diffusion.

THEOREM 1.2. Consider (1.1) with 8 = 0 and the logarithmic dissipation in
velocity equation, namely,

2
o+ (u- Vv + (—A)* L% + ;vjVuj + V(p + %|b|2) = (b- V)b,
Ob+ (u-V)b= (b V)u,

v=u+(—A) Ly,

Vu=V-v=V-b=0,

v(z,0) = vo(z), b(z,0)=bo(z), x€R?

where the operator L is defined by

— 1
Lu(§) = —=v(&
© 9(&) ©
for some non-decreasing symmetric function g(t) > 1 defined on 7 > 0. Let vg €
HO(R?), by € HPT1=(R2) with a > o/ and p > max{2, 1 +a’} as well as V -vy =
V-by=0. If a4+~ =2 with « € (0, 2] and g satisfies the following growth condition

o0 dr
(15) | i =

then the system (1.4) admits a unique global regular solution (v, b) such that for
any given T >0

v e L®([0,T); H?(R?)) N L2([0, T); HPT* (R?)), be L®([0,T); HT1~*(R?)).

REMARK 1.2. We point out that the global regularity of the system (1.1) with
3 =0, @ =~ =1 was proved by Fan and Ozawa [12], which was further extended
logarithmically by [18, Theorem 1.1]. Consequently, Theorem 1.2 improves the
results of [12, Theorem 1.1] and [18, Theorem 1.1].

REMARK 1.3. We should remark that the typical examples satisfying the con-
dition (1.5) are as follows

NG

9(&) = [In(e + 1€])] *;
9(€) = [In(e + [¢)] * [ In(e + In(e + [¢]))] *;
g(&) = [ln(e + |§m T [ln(e +1In(e + |€])) In(e + In(e + In(e + |§|)))] %.

The next main result concerned with the endpoint case, namely, (1.1) with
a = =0 and 7= 2, can be stated as follows.
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THEOREM 1.3. Consider (1.1) with « = 8 =0 and v = 2, namely

2
v+ (u- Vv + ;vjVuj + V(p + %|b|2) =(b-V)b,
b+ (u-V)b=(b-V)u,

v=1u+ (—A)?L%u,

V-u=V.-v=V-b=0,

v(x,0) = vo(x), b(x,0) =Dbo(x), 2z ¢cR?

where the operator L is defined by

(1.6)

Lo(€) = —

for some non-decreasing symmetric function g(t) > 1 defined on 7 > 0. Assume
that vy € H(R?), by € HPT(R?) with p > 2 and V -vo = V - by = 0. If g satisfies
the following growth condition

°° dr
1.7 / T,
.7 e TVInTg(T)
then the corresponding system (1.6) admits a unique global regular solution (v, b)
such that for any given T > 0,

ve L([0,T]; H?(R?)), be L>=([0,T]; H T (R?)).

REMARK 1.4. We also remark that the typical examples satisfying the condition
(1.7) are

9(&) = [In(e + [¢)] %
9(&) = [In(e + [€)] In(e + In(e + [¢]));

9(€) = [In(e + [€))] * In(e + In(e + [£])) In(e + In(e + In(e + [£]))).

REMARK 1.5. The requirements p > max{2, 1 + #} in Theorem 1.1 and p >
max{2, 1+a} in Theorem 1.2 guarantee the initial data belonging to the lipschitzian
class. As a matter of fact, this requirements can be weakened. In order to avoid
the tedious computations, we just work on these functional spaces.

REMARK 1.6. Using the techniques and arguments of this paper, it is not hard
to derive the global regularity of the system (1.1) with a+ 5+~ = 2. We would like
to leave it to the interested readers. However, it seems to be an interesting problem
whether or not the global regularity result of the system (1.1) with a4+ 5+ v < 2
and < 1— 7.

Finally, inspired by the proof of Theorem 1.1, we are able to show the global
regularity for the following 2D regularized MHD equations [24]

O+ (u- Vo + Y (p + %|b|2) — (b- V)b,
ob+ (u-V)b+ (=A)’b = (b- V)u,

v =u— Au,
Vu=V.-v=V-0=0,
v(x,0) = vo(z), b(x,0) =bo(x), z &R
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More precisely, we have the following result.

THEOREM 1.4. Assume that vo € H2(R?) and by € HPH1=B(R2) with p >
max{2, 1 + 8} and V-vg =V -by = 0. If 8 > 3, then the system (1.8) admits a
unique global reqular solution (v, b) such that for any given T > 0,

ve L([0,T]; H?(R?)), be L¥([0,T); H**=#(R?)) N L2([0,T); H*+(R?)).

REMARK 1.7. The global regularity result of the system (1.8) with 5 = 1 was
established in [45, Theorem 1.2]. Very recently, this global regularity result in
the logarithmically supercritical regime was extended by KC and Yamazaki in [19,
Theorem 1.1]. Clearly, Theorem 1.4 can be regarded as a significant improvement
of [45, Theorem 1.2] and [19, Theorem 1.1]. As the proof of Theorem 1.4 can be
performed via the similar arguments adopted in proving Theorem 1.1 with suitable
modifications, we only sketch its proof in Appendix A.

Now we give some rough ideas on our proof of Theorem 1.1 and Theorem 1.2.
The proof is not straightforward and demands new techniques. We describe the
main difficulties and explain the techniques to overcome them. The key to the
global regularity is the global a priori bounds. We begin with Theorem 1.1.

Case 1: ﬂ>1—% with v € (0, 1]

The following basic global L2-energy is immediate due to the special structure
of (1.2)

t
(1.9) lu(®) Il + [1b()]72 +/O IA%b(7)[[Z2 dT < C(vo, bo),

which serves as a preparation for higher regularity estimates. The next step is to
derive the global H'-bound, but direct energy estimates do not appear to easily
yield this bound. One of the difficulties comes from the nonlinear term in the
velocity equation. Moreover, there is no dissipation in the velocity equation and the
dissipation in the magnetic equation is not strong enough (only 5 < 1). To overcome
these difficulties, we first make use of the bound (1.9) to show the following optimal
regularity for b

T
(1.10) sup |[APTYT1b(t)]2, +/ |AZPTY=1b(1) |22 dT < C(T, w0, bo).
t€[0,T] 0

Next, if one tries to obtain more regularity for b, then the higher regularity for u or
v will be needed. To this end, we appeal to the vorticity w := V+ - v = 9105 — Javy
equation

(1.11) Ow+ (u-Vw=V*+V .- (b@b).

More precisely, combining the estimates for w and b, we derive by using (1.10) that

T
(1.12)  sup ([[o(t)[n +||A2”+ﬁb(t)\liz)+/ [A*Y20b(7)132 dr < C(T, v, bo),
te[o, T 0

T
(1.13) sup [|b(t)]| L= +/ IVb(7)|[7 o dr < C(T, w0, bo).
te[o, T 0
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At this moment, the estimate for b in (1.13) is enough to obtain the higher regularity.
Consequently, it suffices to derive more regularity estimate for u or v. Due to
the nonlinear term in the velocity equation, it is natural to take advantage of the
vorticity equation (1.11). But the obstacle is to control the two-order derivatives of
b. To achieve this goal, we first rewrite the equation (1.2), dueto V.-u=V-b=0

(1.14) b+ APb=V - (bRu—udb).

Applying the space-time estimate (see Lemma B.2) to (1.14), it allows us to show
the following crucial inequality (see (2.23) for details)

(1.15) #7527 1y o < C(T w0, b0) + C(T' w0, bo) w3, 1o
Unfortunately, at present we have no estimate for ||wl| rirqa- In order to overcome

this difficulty and to close (1.15), we deduce from the vorticity equation (1.11) that
(see (2.26) for details)

(1.16) lw(®)l|zge s < C(T,v0,b0) + C(T, vo, b0)||A25+2776bH%,

where € € (0, min{26 — 1, 26+ 2y —2}) and ¢ € (ﬁ, 00). Combining (1.15)

and (1.16) yields

(1.17) [APPH27=b] 11 o < C(T, w0, bo).

As ( and ~ satisfy (1.3), we can take ¢ large enough to get from (1.17) that
V20| 3 o < C(T, 00, bo),

which along with the vorticity equation (1.11) implies

(1.18) sup ||lw(t)||pe < C(T,vp,bp).
telo, T

Actually, the above estimate (1.18) is a key component to obtain the higher regu-
larity.

Case 2: ﬂ>1—% with vy € (1, 2]

We remark that the proof for Case 2 can be performed as that of Case 1, but
some different techniques and observations are required. In this case, basic global
L?-energy (1.9) is still valid. Moreover, we can also show that the optimal regularity
for b, namely, (1.10) holds true. Our next step is to derive (1.12), namely,

T
(1.19) sup ](Hv(t)llip + AP+ 0(1)]122) +/ IA*Y2%b(7) |12 dr < (T, v0, bo).
tel0, T 0

With the observation 2y 4 23 > 3 due to # > 1 — 3 with v € (1, 2], this implies
that the regularity for b of (1.19) is good enough. More precisely, we have at least

||v2bHL%L°° < C(T’ Vo, bo),
Consequently, this along with the vorticity equation (1.11) leads to
(1.20) sup Jw(t)|| L~ < C(T, v, bo).
¢

)
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Finally, the estimates (1.13) and (1.18) or ((1.19) and (1.20)) will allow us to
propagate all the higher regularities for (v, b). This ends the proof of Theorem 1.1.

We now explain the proof of Theorem 1.2. We first have the following basic
global L?-energy
2

2l ol [

The regularity for w in (1.21) seems to be good, which is quite important to derive
the higher regularity of the solution. Our next target is to show the estimate for
b. This is not trivial as there is no dissipation in b-equation. Actually, by direct
computations, we may conclude

d
5V () +H(t) < O+ [[Vulpee + [|Aull2)V (),

2
UHH dr < C(vg, bo).

where
V(1) = [1b(t)l[7 + 6|5 + IVO®)I[72 + o@)72,  H(E) = | LA0()]Z--
In order to handle the two terms ||Vu| r~ and ||Aul/rz2, we take fully exploit of the

Littlewood-Paley technique, which allows us to deduce

vy + HE gc(1+Hg§?2A)u‘ >92[(6+V(t))2‘<ﬁl2>] In (e +V(t))

dt L2
x (e+ V().
Using (1.21) and the condition (1.5), we end up with
T
sup V(t) +/ H(t)dr < C(T,vg,bo).
t€[0, T] 0

However, the regularity for b here is still not enough. To gain higher regularity, we
go through the process by improving the regularity for v to improve the regularity
for b. More precisely, the boundedness of V(t) allows us to show (see Lemma 3.3
for details)

(1.22) sup |[AYTVB(1)|| 22 < C(T,vo,b0), Yv <.
tel0,T]

The bound (1.22) plays an important role in deriving the following estimate
T
sup |Aw(0)[Ex + [ AR Lo(r)|s dr < O(T.un,bo),
tel0, T] 0
which further implies (see Lemma 3.4 for details)

(1.23) sup [|[Vb(t)||n= < C(T, vo, bg).
te(0, T

Consequently, by (1.23), there holds (see Lemma 3.5 for details)
T
sup [jw(t)|32 —I—/ |A“Lw(T)|]32 dr < C(T,vo,bo)-
te[0, T 0

Finally, with the above estimates at our disposal, we can propagate all the higher
regularities and thus complete the proof of Theorem 1.2.
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The rest of the paper is organized as follows. In Section 2 we carry out the proof
of Theorem 1.1. Section 3 is devoted to the proof of Theorem 1.2 and Theorem 1.3.
We sketch the proof of Theorem 1.4 in Appendix A, while in Appendix B, we present
some useful lemmas of this paper.

2. The proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. Before the proof, we will
state a notation. For a quasi-Banach space X and for any 0 < T" < oo, we use
standard notation LP(0,7;X) or L%(X) for the quasi-Banach space of Bochner
measurable functions f from (0,7") to X endowed with the norm

1

T P
(/ IIf(-,t)Ilﬁgdt> , 1<p<oo,
Hf||L§(x) = 0

sup Hf('vt)HXv b = oo.
0<t<T

In this paper, we shall use the convention that C' denotes a generic constant, whose
value may change from line to line. We shall write C'(A1, A2, -+, Ag) as the constant
C depends on the quantities A1, Ag, -+, A\x. We also denote W = T if there exist two
constants C7 < C5 such that C1T < ¥ < (57,

We state that the existence and uniqueness of local smooth solutions can be
performed through the standard approach (see for example [9, 25]). Thus, in order
to complete the proof of Theorem 1.1, it is sufficient to establish a priori estimates
that hold for any fixed T" > 0.

Keeping in mind the fact that when o = v = 0 and 8 > 1, the corresponding
system admits a unique global regular solution [6, 1, 41, 16]. As a result, it suffices
to consider the case § <1 (thus v > 0) in this section.

Case 1: 6>17% with v € (0, 1]

In this case, we should keep in mind that § > % Now we present the basic
L?-energy estimate as follows.

LEMMA 2.1. Assume (vo, bo) salisfies the assumptions stated in Theorem 1.1.
Then the corresponding solution (v,b) of (1.2) admits the following bound for any
tel0, T)

t
(2.1) lu(®)llZ2 + A w72 + 1)1 +/0 IA%b() ][22 dr < C(vo, bo).

PROOF. Taking the inner product of (1.2); with u and the inner product of
(1.2)2 with b, using the divergence free property and summing them up, we have

(2.2) 5 7 (lu@)llZ2 + A ()22 + 1()]172) + |A7]|72 = 0,

where we have used the following cancelations

(2.3) /Rz(b~Vb)~ud:c+/ (b-Vu) - bdx =0,

R2
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(2.4) /RQ(u~VU)~udx+/RQ(i:vjVuj)~ud:E—0.
j=1

Integrating (2.2) in time yields the desired (2.1). This ends the proof of Lemma
2.1. (|

Next we will derive the following regularity estimate for b.

LEMMA 2.2. Assume (vo, bo) salisfies the assumptions stated in Theorem 1.1.
If 3 > 1 — 3 with v € (0, 1], then the corresponding solution (v,b) of (1.2) admits
the following bound

T
@5) s (AR [ A dr < O .o,
te[0, T
In particular, due to 3> 1— 3, it holds from (2.5) that
(2.6) / 6(7)]13. dT < C(T, o, bo).
0

PrOOF. Applying APt7~1 to the second equation of (1.2) and multiplying it
by APt7=1p yield

(2.7) DA 2 + AP, = gy +

2 dt
where

Jy = / APFYYD V) - AP b de, = —/ APy - OB - AP d,
R2 R2
By V- b =0, Sobolev embedding inequalities and (B.2), we deduce

Ji=[ APV (bou) AP b de
Rz

<C[AY (ub)|| 2| A%+ 1] 2
<C(IA ul 2|6l Lo + [|ul[Lro HA”bIIL%)IIA%“_lem

+y— 1
<C||uHHw||b||2”+” 1 [P St ) A V[
(28—1)pg—2 YpPo+2
+ ||UHHW ”bH (2B+~—1)po ||A25+’Y—1b||£22ﬁ+vfl>po HA2B+’Y—1bHL2
2(28+v—1) 2(28+y—1)pg

(2.8) IIAQ[”” POlITe + Cllull 77 BllZe + Cllull gy ™" IBlI72,

where pg > 2 satisfies
1-v 1 238-1
—_— — < .
2 Po 2
We remark that as § and v > 0 satisfy (1.3), the above pg actually would work.

Thanks to V- u = 0, it also yields

Jo= | APV (u@b) - AP bdx
]RQ
<C||A”(ub)||Lz\\Azﬂ“*bllw

2(28 2(28+vy—1)pg

28+~v—1)
||A26+’Y_1bHL + Cllull 7 1Ibl[Ze + Cllall g 70 [1b][7e-
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Inserting the above estimates into (2.7) implies
(2.9)
d 1 2 2 1702 g eSS e 2
— — 2 —2 = -
AT + AP < C(lull 777 ull gy 777 )bl
Recalling (2.1), one deduces from (2.9) that

T
sup [|A710(1)] 12 +/ IAZP+7=2b(7) |22 dr < O(T, vo, bo).
te[0, T 0

We thus end the proof of Lemma 2.2. O

With the help of Lemma 2.2, we continue to improve the regularity of b.

LEMMA 2.3. Assume (vo, bo) satisfies the assumptions stated in Theorem 1.1.
If > 1— 3 with v € (0, 1], then the corresponding solution (v,b) of (1.2) admits
the following bound

T
(2.10) sup (Jo(®)[[F: + [A*FFb(1)]12:) +/ IA*7+2%0(7) |22 dr < C(T, vo, bo)-
te[o,T) 0
In particular, we have
T
(2.11) sup |[b(¢)[| L~ +/ IV6(7)[[ 2o dT < C(T, w0, bo).-
telo, T) 0

PROOF. Applying V+ := (=0, 01)T to the first equation of (1.2), we show that
the vorticity w := V- v = 01v9 — 0oy satisfies

(2.12) Ohw+ (u-Vw=VV-(b@b).
It follows from (2.12) that
1d
5@”‘4&“%2 < CIVEV - (0 @b)[| 2 |w]l 22
< C[b]| e [|AD| L2 [|w] 2
e A2v+28; T
< C|pllp= 10l 37 [JATT200]| 727 [lwll 2
1
(2.13) < EHAZWH%HQLQ + CA+[blI7) (1 + [[wll72)-

Applying A?78 to the second equation of (1.2) and multiplying it by A?Y*5b, one
has
1d

2.14
( ) 2dt

AP F0p(8) (|72 + [A*7F2Pb) 72 = T3 + Ja,
where

Jy = / APHB(b V) - AP Pode, T = — / AP (- Vb) - AP P,
R2 R2
By the argument adopted in dealing with (2.8), it leads to

Js= | ATV (b@u) A Phdx
R2

<C[ A7 (ub) | 2 [|A*7 200 2
<CIA | 2 lbllpoe + llull oo IIA”“b”LL)||A2”+25b||m
PO

0
—2
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(28—-1)pg—2 (29+1)po+2

<C(IV]| 21l o + [z 1Bl 27777 [[AZYF2p| 50F70 )| AP F2Pp)| e
24(/3+’Y)1102
(215) < ||A2’Y+2ﬁbHL + Obl e llwll72 + Cllull 777" 1Bl 7,

Jy=— / APV - (u@b) - AP Fbda
RrR2

<C||A2”“(ub)l\L2IIAz”“ﬁbII >
4(B+v)ro

(2.16) ||A2’y+2ﬂb”L2 + OBl lwlZs + Cllull 7" [[b]1Z--

Putting (2.15) and (2.16) into (2.14) gives
(2. 17)

4(B+v)po

S I3 + ST, < bl ol + CllulFE 7 ol

which along with (2.13) further leads to

d
(Ao + [w(®)lIZ2) + [IA7F27bl[Z2 <C(L+ [BlIZ<) (1 + [|w][Z2)

4(B+v)po

(2.18) + Cllull 777 [Iblf72-
Thanks to (2.6), we deduce by applying the Gronwall inequality to (2.18) that
(2.19)

T
) SSPT](I\Vv(t)II%z + [AT*0(1)]122) +/O IA2722b(7) |72 d7 < C(T, o, bo),
€10,

where we have used the simple fact ||w]|z2 = ||[Vv]|z2. In order to obtain the estimate
of ||v(t)|| 2, we take the L?-inner product of (1.2); with v to get

2
2= — --.d/b.b-d
LNl /RQ(;vgw]) R M ORTE

< O Vul|z2l[v]| 24 + ClIbl L [IVb] 22 [[o]] 2
< O|[Vollzz (vl 2 [ Vol z2) + Clbl[ G2y es 0]l 2
< C(IVollze + bl 320) 0]l 2

which yields

d
(2.20) 0@z < C(IVollZz + [1blF2040)-
Thanks to (2.19), we obtain
(2.21) sup [Jv(t)||L2 < C(T,vo,bo).
tel0,T]
The desired estimate (2.10) follows by combining (2.19) and (2.21). This completes
the proof of Lemma 2.3. O

Now we are in the position to show the following crucial bound which allows us
to derive the higher regularity of (v, b).



GLOBAL REGULARITY OF 2D REGULARIZED MHD EQUATIONS 197

LEMMA 2.4. Assume (vg, bo) satisfies the assumptions stated in Theorem 1.1.
If 3> 1— 3 with v € (0, 1], then the corresponding solution (v,b) of (1.2) admits
the followmg bound

sup _[lw(t)|[ L < C(T,vo, bo).
tel0, T

PRrOOF. We rewrite the equation (1.2), as follows
b+ APb=V. -(bQu—u®b).
Applying A7t to both sides of the above equation, we have
(2.22) AT+ APPAD Y = APV . (b@u —u®b).
Applying Lemma B.2 to (2.22), it yields that for any € € (0, 28 — 1) and for any
¢ € (zp=1= )
[AZFHF277D) L1 o = AP AR D] s
< C(T,v0,b0) + C| A" (ub) || £ o
< C(T,v0,bo) + Cllul| Lo 24 [|A* 10| 13 120

+ ClIbllpge Lo A1l 1y 1o

(253 12 R 2342 22;{4—21)(“—1
< C(T, w0, bo) + CllvllLge s 1] 1377 5 [AZE || 2o

+ C[bll g L lwll L2 Lo
< SIAPPFT D] 1 o O(T, 0,b0) + C(Ts w0, bo) [l o
which leads to
(223) AP 1 < O, 0,b) 4+ C(T, v, bo) ol o

In order to close the above inequality, we multiply (2.12) by |w|?"?w and integrate
it over whole space to deduce

1d -
—lw®lt. < CIVEV - (0@ b)llnaflwlfs’

< O]l o= | Abl|za [l

<CHb||L°°||bHLq e A26+27— €b||2ﬂ+2” .

(2.24) < C(T, vo, bo)|| A2+~ Eb||2‘”2” ‘

w”Lq ’

where we further restrict € to satisfy € € (0, 26 + 2y — 2). Therefore, it is easy to
deduce from (2.24) that

(225) DOl e < Oy, bo) | A2+ T
Integrating (2.25) in time yields

(2.26) lo ()| 2a < O(T, 0, bo) + O(T, vo, bo) [A** 270 77 m
Combining (2.23) and (2.26), we derive

||A2,8+2A/7Eb”L%,Lq < C(T, vo,b0) + C(T',v0, bo) lwll L2 1.«
< C(Ta Vo, bO) + C(Tv Vo, bo)”WHL%OLq
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< C(T, w9, bo) + C(T, vo, bo) || A*PF27~ Dl QHM ’
%HAMHV bl Ly L + C(T, vo, bo),
which allows us to conclude
||A2’B+27_€b||L1TLq < C(T',vo, bo).
Keeping in mind that § > 1 — %, we may take ¢ suitably large such that
(2.27) IV2bll 1y e < C||bHL1TL°° + C AP 277D 1y o < C(T, o, bo).

Combing back to (2.24), we can deduce

1d _
Zlle®li, <CIVEV - (b@ b wlfy”

< OBl 1V20] o + [IV0] L= VBl o) ]| T4
which gives
d
Zlw®llze < OBl Vb Lo + [ Vbl 1o [ VD] £a)-

Letting p — oo, one has

d
(2.28) Zle®llz= < Clbll=[V?blls + [ VB]Z).

Making use of (2.11) and (2.27), we get by integrating (2.28) in time that
sup [Jw(t)||p= < C(T,vg,bo).
t€l0, T

We therefore complete the proof of Lemma 2.4.

Case 2 : ﬁ>1—% with v € (1, 2]

In this case, we first state that the case a« = § = 0, v = 2 will be considered in
Theorem 1.3. Therefore, it suffices to consider the case § > 1 — 3 with v € (1, 2).
Without loss of generality, we may assume § < % as 3 > % can be handled as that
of Case 1. We remark that in this case, we still have the estimate (2.1). Now we

will establish the following result as Lemma 2.2.

LEMMA 2.5. Assume (vo, by) satisfies the assumptions stated in Theorem 1.1.
If 3>1— 3 with v € (1, 2), then the corresponding solution (v,b) of (1.2) admits

the following bound
T
(2.29) P A7 10(1)]1 2 +/ [A2F7=1b(7) |72 dr < C(T, w0, bo).
te[o, T 0

In particular, due to 3 >1— 3, it holds from (2.29) that

T
(2.30) / (1972 + [b(r)|[2 ) dr < C(T, o, bo).
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PRrOOF. Recalling (2.7), we get

1d

S AP 4+ AP =y o+,

where
I :/ AP (b - V) - AP o de, T :f/ AP (- Vb)Y - AP b d,
R2 R2
It follows from (B.2) that
Jy <CIA (b - V)2 |APPT 10| 2
<C([A ullz2[[bll o + IVl 2 [IAT 1bII 2 )| AT 2

<CHAWIIL2IIbH”” A TS Gl o 1\\A25+7‘lbllm

B+y—1)

2(2
HA%+7 "l + ClIAul| 277 |Ib] Ze

According to (B.l)7 it leads to

Jy 7/ AP~ - Vb - AP Y da
R2
<C|APF = - Vb ||APF7 1bII

L1+5
<CO([|Vull Lo [|A7F7 10 +||Vb||L2||Aﬁ+7 1UII 3 )[APHT 1D 1

2p
L (+B8)p—2
<C(Jlull mv 1Bl 72 A>T+ ]| 22 +Hb||2’“” 1HA25+7 1bIIQ‘”” YAl z2)
X (AP e

2(284+v—1)

IIAQBJ” W3+ Ol + ATl )bl

where p and A satisfy
2—y Bl _1_ 1 (r—1p+2
max{ ——, — 0 < — <min{ —, , A=—"7""——¢€(0,1).
{ 2 2} p {2 ﬁ} 268+y—-1)p ® 1
We obtain by combining all the above estimates

2(28+v—1)

d _ Aol
@HABH o(0)]|72 + AP )17e < C(HUH P ATl 2T b7

Using (2.1), we deduce
T
sup A7 b(t)]|7 +/ 1?7510 (7) || dr < C(T, vo, bo),
te[0, T) 0

which is (2.29). This completes the proof of Lemma 2.5. O

Next, we will derive the following result as Lemma 2.3.

LEMMA 2.6. Assume (vo, by) satisfies the assumptions stated in Theorem 1.1.
If 3> 1— 3 with v € (1, 2), then the corresponding solution (v,b) of (1.2) admits
the following bound

T
(2.31) sup ([[o(t)]Fn +||A2”+Bb(t)\liz)+/ [A*7+25b(7)||72 d7 < C(T, o, bo).
te[o, T 0
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In particular, there holds

T
(2.32) s b0 + / IVB()[2m dr < C(T, vo, bo)-
0

telo, T

PROOF. Recalling (2.13), we have
1
033) 5@ < TN 4 O+ B + o)

We have from (2.14) that

(2.54) S LI [3a + AT 2b, = T+ s,
where
Jy= [ APTB(b-Vu) A2 Ppde,  Jy=— [ APTB(u-Vb) AP

R2 R2
Making use of (B.2), one deduces
I3 <C|[ AP (V)| 22 [|A*7 270 2
<Oz A% ull g2 + [[Vull 2 [A%70] 2 )IAZ+2%]| 12

<C([Vvllzz[1bllzoe + [|A ul| L2 HbIIE“’”) HA””%II2“’+”)I\A27+25bllm
||A27+2ﬂb”L + Clbll e lwliz2 + ClIA ] 73 oA 15117
For Jy, we have by (B.1) that
Jy=— /R A2 - Vb - A2 Pbda
<C|[A*7, w- V|| 2 [IA*T70)

1+5 LT— ﬁ
SC(IVull o IA0b]ze V0] 2 A2 ] 5)[[AZT278] 2
<C(llull 1D 2 |A*+2%0 7 + IIVbllm||A2”+1u|\L2)IIAM”bIIm

1 25
<IN + CIVBIIZ:lwlZa + Clull i’ 6],

where p and 6 satisfy

2—~ B 1 ! _ p+1
max{2, 2}<p<m1n{27 ﬁ}v 6_(ﬂ+7)p6(0’ 1)

Substituting the above two estimates back into (2.34) gives
3
S S I3 4 SN, < OBl + B el

0 251:7)2 ﬁ 2
+ C([A ul| ™ + llull g )10l
which along with (2.33) gives
d
AT bO)[ 72 + w(B)l[Z) + 1A

4(B+7)

_2
< O+ [BllT + IVBIIZ2) (1 + lwll72) + CUA ull 72777 + llull 727 1Bl
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Thanks to (2.1), (2.30) and the Gronwall inequality, we have that
(2.35)
T
sup ([Vo(®)[1Z: + 1A 7b(t)[172) +/ IA27+25b(7) |22 dr < C(T, vo, bo).
tel0,T] 0

Coming back to (2.20), we get

d
L o(e)lze < OOV + [bl32r+5).
Using (2.35), it leads to

sup |lv(t)||z2 < C(T,vo, bo).
t€l0, T

This completes the proof of Lemma 2.6. ]

Now let us to show the following crucial estimate.

LEMMA 2.7. Assume (vo, bo) salisfies the assumptions stated in Theorem 1.1.
If 8 >1— 3 with v € (1, 2), then the corresponding solution (v,b) of (1.2) admits
the following bound

sup _[lw(t)|[ L < C(T,vo, bo).
tel0, T

PrOOF. The proof is different from Lemma 2.4 due to the fact that we only
consider the case 3 < 1. Fortunately, the bound (2.31) allows us to conclude the
desired estimate. It follows from (2.12) that

d 2
— o < oo
o)z < IV208) 2
Direct computations yield due to 8 > 1 — Z with v € (1, 2)
IV2(00) || = < C([[0D]| 2 + [|A* 27 (0b)]| =)
< C(Ibll o= [Ibll 2 + 1b]l o= [|A*7+2]| 2).
Thanks to (2.31) and (2.32), it implies

/O [V2(bb)(7)|| oo dT < C(T, vo, bo).

Consequently, we have
sup |Jw(t)||p= < C(T, vy, bo).
t€l0, T

We thus complete the proof of Lemma 2.7. (]

With the above estimates of both Case 1 and Case 2 at our disposal, we are
now ready to prove Theorem 1.1.

PROOF OF THEOREM 1.1. Applying A® to (2.12) and multiplying it by A’w
yield
1d

236) LA, = —/ A u-V]wAswda:—l—/ AV - (b @ b)ASw.
th RQ RQ
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Applying A**T27F to (1.2), and multiplying it by A**27Pb, we get

1
§%||As+2_ﬁb(t)||%2 + || A2 :/ A28 V) - A2 B dy
R2

(2.37) — / A2 (- b)Y - A2 Phdg.
R2
Due to V- u = 0, we have by (B.3) that

/R2 A%, u- VwA wdr = /}R2 [A°0;, uslwA’wdx
< Oll[A°0;, wilwl| 2| A°w]| 2
< C(IIVullz= AW 22 + [|w]| oo [|A*F ul| 22 [|A°w]| 2
< C(IVullz= A w2 + [wllze [A*wllL2) [|A%w]| 22
(2.38) < C(llwllzz + lwllz=) 1AW 22,
where we have applied the facts due to v = u + (—A)Yu with v > 0
(2.39) [Vullpw < Cllwlzs + llollze),  IA+oullzs < 1A%, 0 <2y +1.

The simple proof of (2.39) will be given at the end of Appendix B. In view of (B.2),
it entails

/ ASVEV - (b @ D)ASw < C|ASVEV - (b @ D) || L2 || AW 12
R2
< ClIb]| oo [|A*F20] 2 [ A*w] 2
1 S S
(2.40) < AT + ClBlI T [|A%w] 7.
Noticing V - b = 0, it follows from (B.2) and (2.39) that

A2 (b - V) - A Phd
R2

< ClA*T272(b - Vu) | g2 [ A*F2b)| 2
< C([Vull oo |A*F272%b] 12 + bl 2o A7 0| 2) [ A=F2B]| 2

B s+2—23

< C(IVull o 101l 2 IAF2 75| 777+ [[b] e | A°wl|22) [ A= 2B]] 2

1
< SIATTPRIIE + Cll T [[A%w] 72

28
(2.41) +O(lwllz2 + lwllzo)[Ibll 7577 (1 + [[A*F2 78] 7).

Since V - u = 0, we also conclude

/ AST27B (- Vb) - A2 Phdy
R2

= / [AST270 - Vb - A2 Phda
R2
< CAF27, - Vb 2 A0 e
< C(IVull L= A7) 2 + [[Vbl| e A2 u 12 )| A2 770 2
(242) < O(l|wle + llwllz=)IA*F2720)1 22 + C|IVO] e [|A°w]| 12| A2 758 2.
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Summing up (2.36), (2.37), (2.38), (2.40), (2.41) and (2.42), it directly gives
d S S - S
N W@ Tz + 1A 7Fb()I1T2) + A2l 7e

(243) <O+ [wlZe + wllie + Vbl + ([ Z<) (W] 72 + [A*F277b] 7).

The estimates of Lemma 2.1-Lemma 2.4 (or Lemma 2.5-Lemma 2.7) allow us to
show

T
/0 (1 + [[wllfe + [wlZoe + Vbl Lo + 612 )(t) dt < C(T, 0, bo).
This together with the Gronwall inequality, we deduce from (2.43) that
T
sup ([A*w(t)[Z2 + [|A*F270(1)]122) +/ IA*F2b(t)[|72 dt < C(T, v, bo)-
0

t€l0, T

Consequently, this completes the proof of Theorem 1.1. O

3. The proof of Theorem 1.2 and Theorem 1.3

We remark that when v = 0 and a = 2, the corresponding system admits a
unique global regular solution, see [29, 37] for details. Consequently, it is sufficient
to consider the case a +v =2 with a € [0, 2).

The proof of Theorem 1.2

In this case, we should keep in mind that o ++v = 2 with o € (0, 2). Now we
begin with the basic energy estimate.

LEMMA 3.1. Assume (vo, bo) satisfies the assumptions stated in Theorem 1.2.
Then the corresponding solution (v,b) of (1.4) admits the following bound
t
lu(®)1Z2 + AT Lu(t)][Z2 + 16(t)]|7- +/0 ([A“Lu(r)[Z2 + AT L2u(T)|[72) dr
< C(”O» bO)

In particular, due to o+ = 2, there holds true

2 2

B Tl + I8 Lu®l: + O + [ | msu)]) dar < b,

PrOOF. The proof can be performed as that of Lemma 2.1. We thus omit the
details. (]

Our next goal is to derive the following key estimate.

LEMMA 3.2. Assume (vg, by) satisfies the assumptions stated in Theorem 1.2.
Then the corresponding solution (v,b) of (1.4) admits the following bound
(3.2)

T
SSPT](\\b(t)IILw FIVO@) |2 + [[o(2)] 22) +/ IA*Lu(r)|[72 dT < C(T'vo, bo).
telo, 0
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In particular, it holds
T
(3.3) /O (IVu(r)[[Z0e + [|Au(T)||72) dr < C(T', vo, bo).
PROOF. We recall the second equation of (1.4), namely,
(3.4) b+ (u-V)b=(b-V)u.
Multiplying (3.4) by |b]72b and integrating it over whole space, it implies
1d
5£I|b(f)\|qm < IVl o (1] Zq
which leads to
d
—||6(t)||e < o ||b]|La-
bt zo < Il
By letting ¢ — oo, we deduce
d
10l < ClIVulpelb] o,
which implies
d m m
(3.5) b < Cm)[Vul =Bz, ¥Vm € [2, co).
Applying V to (3.4), we get
(3.6) HVb+ (u-V)Vb=Vb-Vu+b-VVu—Vu- Vb
Taking the L2-inner product of (3.6) with Vb, one arrives at
d
VOOl < ClIVulle Vbl 72 + Cllbll o || Aull 2 [ V] 2
< C(IIVullz= + [|Aull22)([IVBII72 + [[BlI7 ),
which allows us to show
d
(3.7) ZIVOOIIZ: < C(IVullp= + [Aull2) (VO[22 + [1BZ-)-

Taking the L?-inner product of (1.4), with v, it gives that

2
el e A& = :_/ . ) - / . .
S lv@®3: + 1A Lol RZ(;W%) vdat [ (b-90) -vda

< C|Vul g~ [vll7z + Clbll e[ Vbl 2 [v]| 2
< ClIVullz=[[v]|Z2 + CllvllZz + ClI Vb7 + ClIbl|7 -

This allows us to deduce
d «
(3-8) allv(t)lliz + A% Lo|7: < C(1+ [[Vull)[|v]|72 + CIVBIF2 + Cl1b]1 G -

Taking m = 3 and m = 6 in (3.5), we then get by summing up (3.5), (3.7) and (3.8)
d

(3.9) 5V (O +H(t) < OO+ [[Vulpee + [|Aull2)V (),

where

V(1) = b2 + 16T + IVO(O)I72 + 072, H(E) := [|LA(E)]|7-.
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According to the assumptions on g (more precisely, g grows logarithmically), one
may conclude that for any fixed § > 0, there exists N = N(J) satisfying

g(r) < 57“6, Vr >N

with the constant C' = C(8). With this observation, one has for any § > 0

wculg = [ B aorac+ e ) de
jel<n o) 97(I€]) e1>ns) 92(1¢])

e 2
> d
- /|§|>N(6) [C|§\ } z (W) de

e e e e
A;[CK}|<>| ¢ /Q<N@ T

(3.10) > Col| A" %ul|3> — Collul2-,

where Cy and 670 depend only on d. Due to v = u + (—A)7L?u, we may deduce by
the argument used in proving (3.10) that

(3.11) A" w2 < Cllullz2 + | LA V] L2)
for any 1 < a+ 2y =24 v > 2. Invoking the high-low frequency technique gives
N-1
IVulle <AL Vulze + Y 1AVl e + Z 1AV ul| -,
1=0 I=N

where A; (I = —1,0, 1, ---) denote the frequency operator (see Appendix for details).
One obtains that by using the Bernstein inequality (see Lemma B.1)

A1 Vullpe < Cllul| 2,

o0 (o)
> AVl <CY 2% Al
I=N I=N
o0
=C ) 2CTIA AT |
I=N
< O2NC=r) || A1y 1o,
where 71 > 2. By the Bernstein inequality again and the Plancherel theorem, one
gets

N—1 N—-1
|mwwm<02ﬁ%mwm<c§mAMwm
=0 =0

<C§:Hw ~LE)|ElPa(e) | e

N €2

=0 3 |le 0D @),
1=0

< S 2o || €2

<C Y- 3| e A,
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N-—-1 A2 ‘

SCQQ(QN)( IZ:; 1)% PN

SCQQ(QN)\/NH

L2
2

Y
g*(A)
where we have used the fact that g is a non-decreasing function. Taking 2 < r; <
2 + v, we therefore obtain by summarizing the above three estimates

)

2

A2 -T (0%
1Vl L~ < Cllul|ze + Cf(QN)WHW“HLz 4 02N || LAY 2.
By the same argument, we have

A2
2 < 2 22N —
Az < Cllulze + Og*(2")WVA]| 5ol

a7 C2N =) LAYY|| 2.

It follows from (3.9) and (3.11) that
A2
g*(A

% V() + H(t) < OV(1) +Cg* @V

Taking N such

)uHL2V(t) F o2V HE Y (1),

2V x (e + V(t) TP
it yields

Ly + 1@

dt
A2
<C (1—|— HgQ(A)u‘

+CH () (e + V(D)?
A2
+ 1H(t) +Cle+V(t)).

2
Using the following fact

L2> e+ VE)T |\ /In (e + V(E)) (e + V(1)

L2

) e+ V(1) |\/In (e + V(1)) (e + V(1)

@[(e+ V1) T |\ /In (e + V(D) (e + V(1) > 1,

we thus have
A2

7@l

> [ (e+ V(t))izml—z) J\/In(e+ V(1))

2

As a result, one deduces from the above inequality that

e+V (t) d t A2
/ T T SC/ (1—&-H2u(7')’
e+V(0) TVInTg?(7201-2) 0 g*(A)

> dr
L2
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Making use of the following facts due to (1.5) and (3.1), respectively

/°° dr o %) /°° dr

= T — —_— =
e 7VInTg?(T I 20 -2) ! 201D 7VIn7g2(7)
and

T A2

/0 (1 + HQZ(A)U(T)HLQ) dr < O(T, ug, wo),
we have
sup V(¢ / H(t)dr < C(T,vg,bo),

te[0, T
which is nothing but (3.2). The desired (3.3) follows from (3.11). We therefore
finish the proof of Lemma 3.2. ]

Now we are going to improve the regularity of b, which will be used to derive
(3.13).

LEMMA 3.3. Assume (vo, by) satisfies the assumptions stated in Theorem 1.2.
Then the corresponding solution (v,b) of (1.4) admits the following bound for any
O<v<y

(3.12) sup [|[A*b(t)]| 2 < C(T, o, bo)-
tel0,T]

PRrROOF. Applying A" to (3.4) and multiplying it by AT, we obtain

||A1+Vb( 22 :—/ [A1+V,u.V]b.A1+”bdx+/ AT (b Vu) - ATV d.
R2

2 dt R2

Thanks to V- u = 0, we get by (B.3) that

/ [A1+V,’LL . V]b . A1+Vbdl' _ / [A1+V6i7ui]bjA1+Vbj dx
R2 R

< C|I[A™ 05, wilbs | L2 | ATFb]| 2
< C(IVull Lo ATl 2 + [[b]| oo AT ]l 2)
x AT 2
< OVl g [|ATB]7-
+CIbll o< ([l g2 + LAV L2) [ATF7D] 2,
where we have used the following fact for any 0 < v < «y (see (3.11) for details)
[A* a2 < C(llullgz + [ LAV 2).
In view of (B.2) and the above fact, it yields
/R2 A (b V) - A b da < CIAM (b - V)| 2 | AT .2
< C(IIVull o ATl 22 + [[bl| oo AT u]l 2)
AT e
< OVl g [|ATFb] 2
+ Cllbllze ([full 22 + [[CA%V[| 2 )[|[ATFD]) 2.
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Consequently, we deduce
d 14 14 1%
ZIATTB@IE: < CIVul e [IATB]72 + Clblr (lull 2 + [LA]|L2) ATl 2.

By the Gronwall inequality, we conclude by using (3.3) and (3.2) that

sup HAlJer(t)”Lz < C(Ta ’U(),bo).
tel0, T

This ends the proof of Lemma 3.3. (]

The following lemma concerns the higher regularity of v.

LEMMA 3.4. Assume (vo, by) satisfies the assumptions stated in Theorem 1.2.
Then the corresponding solution (v,b) of (1.4) admits the following bound

T
(3.13) sup [[A%v(t)]| 2 —|—/ |A%* Lo(7)||22 dr < C(T,vo, bo).
tel0, T) 0
Moreover, we have
(3.14) sup ||Vo(t)||L~ < C(T,vg,bo).
tel0,T)

PROOF. Multiplying (1.1); by A%2®v and integrating it over R2, we get
1d 2
5 g IA v IZe + 1A% Loffe = - /R (D wveuy) - A% vda
j=1
+/ (b-Vb) - A**vdx
R2

—/ [AY u-V]v- A% dz.
R2

Thanks to (3.10), we have for any r3 < 2«
(3.15) A7l z2 < C([v]lz2 + [IA** Lol 2).
Taking 0 < § < min{l, o} and using (3.15), the first term can be bounded by

2
/ (Zvjvuj) A2 dz < C||A° (vVu)|| 12| A2 2
R2 V4
j=1
< C(IVullp=|A°] 2 + [A°Vul| 2 [lv]] =)
x [[A20=0y]| 2
a=3 el
< C([IVullpe + [Aullz2) vl 5 [[A%0] 72
x (|[vll L2 + |A** Lol 2)
1 (e}
< SN Lof|72 + CO+ [ VulFe + [|Aull72)
x (1+ [[A%]2,).

On the other hand, one may obtain
/ (b-Vb) - A**vdx < C||A*V(0b)|| L2 || A2 0| 12
R2

< ClIbll oo ATl 2 (vl L2 + [[A%* Lo]|2)
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1 83 v
< SIALollZe + ClBI < [|AT B 7
+ Cllbllpe ol L2 [ATB]| 2,

where v is given by (3.12). For the last term, due to V - u = 0, we have by (B.3)
that

—/ [AY, u-V]v- A% dx = —/ [A“0;, wiv; A%, dx
R? R2
< C|[[A%0;, wilvj || 2| A% 0] 2
< C(IIVullpe<[A%]| 2 + [[v]| ey ||AO‘+1U||L%)||AO‘U||L2
< C(lvllce + |ALo]|L2) |A** Lo]| 2| A% ]| 2
+ OVl [A%]|7
1 83 (03
< SIA*Lollze + C(IVulloe + [[vlze + A% Lo]Z2)
x [[A%][72,

where p; > 2 satisfies

— < <
2 P1 2
Combining all the above estimates implies that

l1-«a 1 a+2y—1

d [e3 (0%

1A v@) 7z + 1A% Lo 72

< COL+ [[Vulie + |AulZz + [AYLolT) (1 + [A%]72) + ClIblI e [IA0]12

+ C|Ibl| o [[v]] 22| AT 2
Thanks to (3.2), (3.3) and (3.12), we have by using the Gronwall inequality
T
sup |A0(t)[3x + [ A Lo(r) s dr < O, v0,bo)
tel0,T] 0

It follows from (3.6) and (3.15) that

LI9b0) i~ < CITull Wi + bl [l V0]
(3.16) < C|Vull= Vbl + ClIbll 2= (Jull 22 + [|A** L] £2) ][ Vb L~
Recalling (3.2) and (3.3), one deduces by the Gronwall inequality
su,pT] IVb(t)|| 1= < C(T,v0,bo).

telo

Consequently, the proof of Lemma 3.4 is completed. O

The following lemma concerns the L2-estimate of w.
LEMMA 3.5. Assume (vg, by) satisfies the assumptions stated in Theorem 1.2.
Then the corresponding solution (v,b) of (1.4) admits the following bound

T
(3.17) sup [lw(t)|7 +/ [A®Law(T)|72 dT < C(T, vo, bo).
te[0, T 0
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ProoFr. We first claim

(3.18) sup [JAb(t)||r2 < C(T, v, bp).
te(0, T

To this end, applying A to (3.4) and multiplying the resultant by Ab, it leads to

|| b(t)|7. = —/ [A,u-V]b-Abdx + | A(b-Vu)- Abdx
th R2 R2
< Cll[Au- V]b|2[|Abl 2 + CA(b - Vu)[|p2 || Ab|[ 22

< C([Vull L= [|Abl L2 + V]| oo [ Aul[ 2)[| Ab| .2
+ C([Vul oo [ Ab] £z + [|]| Lo [|A%u] £2) | AD]| 2,
which implies
d «
G180 L2 < CllVullz [[Abl[ L2 + C(IVO] oo + [Ibll oo ) ([full 22 + 1A% Lo]| 2).-

By means of (3.2), (3.3), (3.14) and the Gronwall inequality, we thus obtain

Sup ||Ab( )||L2 S C(T7 UOabO)a
tel0, T

which is (3.18). We remark that in this case, the vorticity w := V+ - v reads
(3.19) Ow~+ (u-Vw+A*L2% =VIV - (b b).
Taking the L? inner product of (3.19) with w yields

1d

5 I3 + 1A Lol < CIVAY - (b9 B) 2wl

< Cl[bll o= [|AD]| 22 f|w]l 2
The Gronwall inequality and (3.18) allow us to get

T
sup [w(t)|2 + / IA® Loo(r) |2 dr < C(T, v, bo).
te[0, T 0

Consequently, we complete the proof of Lemma 3.5. ]
With the above estimates at our disposal, we will prove Theorem 1.2.
PROOF OF THEOREM 1.2. Applying A® to (3.19) and multiplying it by A’w
yield

2

5 IO + 1A Lol = [ 1A%, u- Vi w s
R

+ [ AVEV - (b@b)ASw
RQ
Applying AS+2_", to (1.4), and multiplying it by A*+2~%h with o/ < a, one gets

ast2ey)2, :/ A2 (b ) - AT
th 7

- / [AST2 4. V)b AST2 b da.
R2

Thanks to (3.10), we get that
(320) A wlge < Olwllze + |AFLu]l 1), for 0 <o’ <a.
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Due to V-« = 0 and (B.3), it implies

/ A%, u- V]wA*wdx
R2

= / [A®0;, wi]wA°w dx
R2
< O|[[A%0;; wilw|[L2[[A°w]| 22
< O(IVullz= A% gz + lwlzr AT ul 2ns YAl
< C(IVull =A@z + (Jwllzz + ALl L2) [AF* Lol 2 ) [[A"w] 2

1 STx (03 S
< SIATLLIZ: + C(IVullre + [wlZe + (|4 Lo Z2) [A"w] 22,

where py > 2 satisfies
l—«a 1 a4+ 2y
< <

2 P2 2 ’
By means of (B.2) and (3.20), we get

/Rz AVEY - (b @ b)ASw < C|A VIV - (b @ b)|| 2 [|AST w]| 2
< Cbl| oo [| A2 Bl| 2 | AT w2
< CJbl L A2 Bl| 2 (lwll 2 + AT Lw]|12)
< SIALus + ol A2 b

+ Cllbl| Lo [[w]] L2 |A*T27 b 2.
Similarly, we can verify

/ A2 (b V) - AT b da
RQ

< C(Bll= A ul| 2 + [Vl oo A2 B 2) [ A2~ b 2
< C(bllz= A w2 + | Vul| o A2 Bl| 2) | A2~ D] 2
<C(

6] oe el L2 + (1Bl poe AT Leoll L2 + [Vl oo [|ATF27 b L2 ) AT ] 2

1 STx S —a/
< SN Lw|Ts + C([Vullze + [T A7 0] 17
+ ClIb] ool 2 | A2 Bl e
Using V- u = 0 and (B.3), it yields

ASF2= (4. Ub) - A2 b d
R2

_ /R ARG, A b do

< CIA27Y 0y, walby | 2 A2 b e

< CIbl| oo [|AT37 ]| o + (| V] oo [ AF27 D 2 )| A=F27 b
< C(Ibl| oo [|AT wl| 2 + [[Vul| oo [|ATF27 b 2) | A2 b 2

1 ST S 70(’
< A LwllTe + CIVulloe + 1D T ) AT |7

211
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+ Ol e ol 22 | A7 2.
Collecting all the above estimates, one derives
d S S 706, ST
SOl + A2 b(0)]72) + AT Loo] |72
< C(IIVullzes + [lwllZ> + IA“Lwl|Z2 + [BlI7 ) (AW T + A2 D]122)
- Cllbll o ol 2|14+l 2.
By (3.2), (3.3) and (3.17), we have

T
/0 (IVull g +llwllZz + A Lol|F2 + [[Bl|F~ + 1]l o l|w]| £2)(2) dt < C(T, v, bo),
which together with the Gronwall inequality entails

T
S[upT](IIASw(t)II%z + AT b()]22) +/ 1A Lo () [ dr < C(T', v, bo).-
telo, 0

Consequently, this completes the proof of Theorem 1.2. O

The proof of Theorem 1.3

The proof of Theorem 1.3 can be performed as that of Theorem 1.2. For the sake
of convenience, we sketch its proof as follows. First, we have

LEMMA 3.6. Assume (vo, bo) salisfies the assumptions stated in Theorem 1.3.
Then the corresponding solution (v,b) of (1.6) admits the following bound

(3:21) s + |70, + 10N < o, o)

Modifying the proof of Lemma 3.2, we will derive the following crucial estimate.

LEMMA 3.7. Assume (vo, bo) salisfies the assumptions stated in Theorem 1.3.
Then the corresponding solution (v,b) of (1.6) admits the following bound

(3.22) sup ](Hb(t)l\Loo + VOBl L2 + [lo(B)[ 2 + [[VO(E) || L) < C(T', vo, bo)-
telo, T
Due to v =u+ (—A)2L2u, it holds true

(3.23) sup ||A*L2u(t)|| 2 < C(T, v, bo).
te[0, T)

ProOF. Following the arguments in deriving (3.9), it is not difficult to check
that
d
(3.24) 2V () < CU+ | Vullz= +[|Aull2)V (2),
where

V(t) = 1o 7 + 1617 + [VB(B)IZ2 + [ (t)]|72-
Moreover, one may also conclude that for some r; > 2

A2
IVall= < Cllullzz + Cg@¥)WN|| ||+ Ve ary| e,
g(A) lir
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A2
|Aul|2 < Cllullpe + Cg@NWVN||—=u|  + C2NCI || AT | e
g(A) iz

Making use of the following fact due to v = u + (=A)2L%u
2V AT ||z < O(|ful g2 + 277 [lv]l2),
it yields that

d .
ZV() < CV(E) + Cg(2Y) WH—UH £) + C2VCTIVE (1) V (1),
Taking N such

2V (e + V(t)Tm2 |

we have

C?tv() c( >g[(e+V(t))2<»~fz>] In (e + A(t)) (e + V(1)

It thus follows from the above inequality that
> dr

e+V(t) d
Loy iy <, (1 I,
+v(©0) 7vVInTg(T D )
By (1.7), we have
> dr /Oo dr
= /2(r — 2 [ ———
/e TVInTg(r 23 2 o : e2n=2 TVInTg(T)

Therefore, noticing the following fact due to (3.21)

/OT <1 + ng(\j)u(T)HLQ) dr < C(T, uo, wy),

we can verify that

(3.25) sup V(t) < C(T,vo,bo).
tel0,T)

L2

Coming back to (3.16), we can show
d
Vel < ClIVulp [VO] o + Clbll Lo IVt oo [ V]| £
< O(llullpz + [IA*£2u(t) || 22) ]| V]| Lo
+ ClIbl| o< (f[ullz2 + [A*L2u(t)]|£2) | V| o<,
which along with the Gronwall inequality and (3.25) gives

sup [|Vb(t)|[L < C(T, v, bo).
te(0, T

This concludes the proof of Lemma 3.7. O

The following lemma concerns the L?-estimate of w for some ¢ > 2.

LEMMA 3.8. Assume (vo, bo) satisfies the assumptions stated in Theorem 1.3.
Then the corresponding solution (v,b) of (1.6) admits the following bound for some
q>2

(3.26) sup [lw(?)]
t€l0, T

La S C(Ta Vo, bO)
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PROOF. For some 0 < 0 < 1, we claim

(3.27) sup |[A%TOb(t)|| L2 < C(T, v, bo).
tel0, T

Applying A%*% to (1.6), and multiplying it by A>*?b, we infer
1d

2dt|\A2+9b(t)||§2 :—/ A2 w - V)b - A2 bde + | A2F(b-Vu) - A>T dx

R2 R2
< OYIIA**, - VIbl| 2 [A* ]| 2 + CIA*T (b - V) | 2 | AZF0b) 2
< C(IVul L~ IA*F7bl| 2 + [ VD] Loe [|AZFul] 2) [|A 7B

+ C(IVull Lo [IA Bl 2 + [1Bl| o AT 22) [AZF70] 2,

which allows us to show
d
%HAQ—i_eb(t)”L? < C(Jlullg> + A L2u(t)| L2) [|A* 0| 2

+ C([Vbllzee + 1ol oo ) (lullz2 + IA*L2u(t) ] 2).
Thanks to (3.22) and (3.23), we thus obtain the desired estimate (3.27). Let us
recall the vorticity w := V=1 - v, which satisfies
(3.28) Ow+ (u-Vw=V*+V .- (b@b).
Taking the L? inner product of (3.28) with |w|? %w, it implies
SOl < CIVET - G b)llel
< Cbll o= [|8b] Lo flw ]| T2
< O]l bl 2o lwllFa
which leads to p
0@z < Cllb|l Lo 1] rr2-o-
Integrating it in time and using (3.27), we have for some ¢ > 2

sup |w(t)llze < C(T’vo,bo)-
te[0, T

)

Consequently, Lemma 3.8 is proved. ([l

With the above estimates at our disposal, we will prove Theorem 1.3.

PROOF OF THEOREM 1.3. Applying A® to (3.28) and multiplying it by A’w
yield
1d s 2 s s syv7-L s

——|Aw®)|72= | [A°, u-VwAwdx+ [ AV-V-(b@bAw.
2 dt R2 R2
Applying A**2 to (1.6), and multiplying it by A**2b, we infer

1d

2 dt

Using the same arguments used in proving Theorem 1.2, we may check

[AST20(1)||52 = / AST2(b - Vu) - A*T2bdx — / [AST2 w- V)b AST2bdx.
R2 R2

/ (A, w- VIwAw de < CI|[A8;, wilw] 2 ]| A%w]| 2
R2

< C(IVullp=lIAw] e + lwllor A ull 20 )| A%w]l 22
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< O Vul g~ [A°wl[72 + Cllw] oo | w72,

/ AVAY - (b @ DA W < CASVEY - (b @ b)| 2 | A%w]| 2
RQ

< ClIb]| = [|A*F20] L2 | AWl e,

/ AT2(b-Vu) - A2bdr < C(||b]|pe ||A*T3ul| g2 + |Vl o [[AS2D] £2) || AST2D]| 12
R2

< C(IbllpellA*wl Lz + [ Vul oo [|AF2b £2)[| A0 e,

/ A2 (u - Vb) - A FPbda < Of|[AF20;, wilbj || L2 | A*F20] 2
R2

< O([IbllLo=IA**2ull 2 + [ Vul| oo [|A°F20]| 12 )[| A*F2D]| 2
< O([IbllpeIA*wl 22 + [ Vull oo [|A*F20]| 12 ) [ A*F2B]| 2.
Summing up all the above estimates, it holds that
d S S
(8w @72 + AT Zb(@)]172)
< O(wllze + Vullze + bl =) (IA°w][72 + [[A*F2b]1Z2)
< O(wller + llullzz + [A*L%u] 2 + bl o= ) (|A°w]| 72 + [[A%F20]172).
In view of the Gronwall inequality, we obtain by using (3.23) and (3.26) that

sup (|A*w(t)[[72 + |A*T2b(1)[|72) < C(T, vo, o).
te[0, T

As a result, we finish the proof of Theorem 1.3. (]

Appendix A. The proof of Theorem 1.4
To begin with, the basic energy estimate reads as follows.

LEMMA A.1l. Assume (vg, bg) satisfies the assumptions stated in Theorem 1.4.
Then the corresponding solution (v,b) of (1.8) admits the following bound for any
tel0, T

t
(A1) lu(®)ll7z + [ Vu®)1Z: + bt +/0 IA%b(7) (122 dr < C(v0. bo)-

PROOF. Taking the inner product of (1.8); with w and the inner product of
(1.8)2 with b, one gets

5 7 (lu@®lZ2 + IVu@)liZe + [16()]1Z2) + 1A70]Z. = 0,
where we have used the cancelations (2.3)-(2.4) and the following crucial identity
/ (u- Vo) -udx =0.
R2

Actually, the above equality can be deduced as

/RQ(u.W).udx:/Rz(u.w).udx,/w(u‘vm).udx
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= —/ (u-VAu) - ude
R2
= —/ uiaialgujuj dx
R2
:/ uialzujaiuj dr
R2

:/ (u-Vu) - Audx
R2

where in the last line we have used the following crucial fact due to V- u = 0 (see
[35, (3.3)] for details)

/ (u-Vu) - Audr = 0.
RQ

Integrating in time yields the desired (A.1). a

According to the proof of Lemma 2.2 (letting v = 1), the following lemma holds
immediately.

LEMMA A.2. Assume (vg, by) satisfies the assumptions stated in Theorem 1.4.
Ifg > %, then the corresponding solution (v,b) of (1.8) admits the following bound

T
(A.2) sup [[A%b(1)]75 +/ |A*2b(7) |72 dr < C(T, vo, bo).
te[0, T 0

In this case, the vorticity w := V+ - v satisfies
(A.3) Ow+ (u-V)w=VV. (b ®b) + Viudv.

which is different from (2.12). Due to the presence of V1 u;d;v in the vorticity
equation (A.3), the following lemma cannot be obtained as that of Lemma 2.3.

LEMMA A.3. Assume (vg, bo) satisfies the assumptions stated in Theorem 1.4.
If 6 > %, then the corresponding solution (v,b) of (1.8) admits the following bound
T
(A4)  sup ([lo(®)ll7n + [A%7(8)]72) +/ IA**20b(7) |72 d7 < C(T, w0, bo).
telo, T) 0

PROOF. First, taking the L% inner product of (1.8), with v, it gives

5l = [ 0900
< Cllbllz= IVl L2 [[v]l 22
(A.5) < ClblFpes 0]l e,
where here and in what follows we have used
lbllz~ < Clolza, 6> 5.
Thanks to (A.2), we get from (A.5) that

(A.6) sup |[v(t)||Lz < C(T,vo,bp).
t€l0, T
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Keeping in mind the relation v = u — Au, we obtain

(A.7) sup Ju(t)||gz < C(T,vg,bo).
te[0, T)

Taking the L2-inner product of (A.3) with w yields

1d

§£||w(t)H%2=/ VAV-(b@bwdr+ | V%iudwwdr.
R2

R2

According to (2.13), one has
1
/]R? ViV (b@b)wdr < Z||A2+2ﬁb||%z + O+ b2 ) (1 + [|wl|22).
Moreover, it is obvious that

. V4iudwwdr < OVl pee || Vol g2 lwl| 2 < C|| Ve ||w]2s.
R
Whence, we derive

1d
A8 ——
(A8) 2dt
According to (2.17), we deduce

1
lw (7= < ZIAZ 22072 + CQ+ [[Vulle + [BI7<)(1 + [w][Z2)-

4(B+1)pg

5 1A ONTe + A2 < ClblEee wlZe + Cllull gy Bl 72,

A9 —
(A.9) 2dt
where pg > ﬁ Summing up (A.8) and (A.9) yields

d

(W@ + AP ) + [IAF27BlIT. <C(1+ [Vl

+ bl 72s) (1 + [lw]1Z2)-
Recalling the logarithmic Sobolev inequality (see also [20])
[Vl oo r2) < 0(1 + [lull 2wy + [ Aull 22y In (e + ||AQU||L2(R2)))7 0>2,

we have by taking o = 3 that

d
@(IIW(t)Hsz +{IAZFEB(1)[122) + 42002

< O(1+ [[Aul 2 + [[bl[F20) In (€ + [ A%u[72) (1 + [|wl|72)

< C(L+ [[Aullze + [[BlIF20) In (e + [[w]| 22 + [A**70][22) (1 + [[wllF2 + [|A*F7b][72).
Making use of (A.2), (A.7) and the Gronwall type inequality, we deduce that

T
(A.10)  sup (fw(t)ll7= + ||A2+ﬁb(t)||2m)+/ IA**20b(7) |72 d7 < C(T, w0, bo).
tel0, T) 0

Combining (A.6) and (A.10) leads to (A.4). Therefore, we conclude the proof of
Lemma A.3. O

With the above estimates in hand, we are now ready to prove Theorem 1.4.
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PROOF OF THEOREM 1.4. Applying (A?, A?*1=5) to ((1.8),, (1.8),) and mul-
tiplying them by (Afv, APFI=F b), respectively, we infer

1d

(A.11) 5

4
AP + AT 2b(0)]2) + AP B2 = 3 L

where

L, = —/ [A?; u- Vv Aode, Ly = / APV - (bR D)A® - APv,
R2 R2

Ly:= [ ATYP0-Vu) AP Pbde,  Ly:i=— [ APTYP(u-Vb)- AP P da.
R2 R?
According to V - u = 0 and (B.3), one obtains
L1 = / [Apai, Ui]'l)jAp’Uj dx
R2

< Cl[A?0, wilv | = [ APv;]| 2

< C(IVull = [ Al 2 + o]l o A [ o) | A ]| 2

< C(loll AP0l z2 + o]l 1A Zu] 12) [ A0 2
(A12) < Clloll g [A20]17:,

where we have used the following facts due to v = u — Au (see (2.39) for similar
proof)

IVullzs < Cllollan, 1A ullpe < CJAP0] 1o,
Using (B.2), it holds that
Ly < C|APV - (b @ b)|| 2 || APv]| 2
< Obll o= | AP 10 L2 | AP0 2
< Obll g2+ [|A7F] 22 [ AP ]| 2

1
(A.13) < SIAPbI + ClbllZ s [ AV Zz
Due to V - b = 0, we have by (B.2) that
Ly= [ APPYAV . (b@wu)- AP Phdx
R2

< Ol|APF2720 (ub) | 2 | AP0 2
< C(HUIILOOIIA””’wme + (bl A7 200 12) | AP0 e

< C(HuIILwIIbH e AP 27 oL HbIILwIIA”vlle)IIA”“bIILz
< HAp+1b”L2 + Clbll < [APv][72 + Cllull 2 2 117>
(A.14) < gI\APHbIIQH + ClIblI 3245 [|A7]1F + Cllvllﬁf%lllblliz-
Similarly, one concludes
Ly= /}R APTIAY (w@b) - AP Phdy

< CO||APF2720 (ub) | 2 || A7 2
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p+1

(A.15) IIA"“bIIm + OBl s 1AV ]2 + Cllvll 7 L I]1Z-

Inserting (A.12), (A.13), (A.14) and (A.15) into (A.11) yields

d _
a(IIA’”v(t)II%z AP0 72) + (1710 2
p+1)

(A.16) < Clvllay + vl 77 L 1611 Z7240) (IA70][72 + [[A7F 770 22).
Recalling (A.3), we find

T +1)
/0 (lo@ e + @] g7 A e MFr2+0) dt < C(T, vo, bo).

Applying the Gronwall inequality to (A.16), we finally obtain
T
sup ([[APo(t)[[Z2 + |47 70(1)]122) +/ IA*1b(8) 122 dt < C(T, vo, bo).
te[0,T] 0

Consequently, this ends the proof of Theorem 1.4. O

Appendix B. Several useful facts

We start with the Littlewood-Paley theory. We choose some smooth radial non
increasing function x with values in [0, 1] such that y € C§°(R™) is supported in
the ball B:= {¢ € R, [¢| < 3} and and with value 1 on {¢ € R", [¢| < 2}, then we

set (&) = x(5) — x(€). One easily verifies that ¢ € C§°(R™) is supported in the
annulus C := {¢ € R", 2 < [¢] < 8} and satisfies

)+ p27¢ =1, VEeR™
7>0
Let h = F~1(¢) and h = F~!(y), then we introduce the dyadic blocks A; of our
decomposition by setting

Aju=0, j<-2 A ju= (D= / Tyyu(z — y) dy;

Aju= (27 Dyu = 2" h(27y)u(z —y)dy, VjeN.
R"'L

We shall also use the following low-frequency cut-off:

Siju=x(27'D)yu = Z Apu = 23”/ h(2'y)u(z —y)dy, VjeN.

—1<k<j—1
The nonhomogeneous Besov spaces are defined through the dyadic decomposi-

tion.

DEFINITION B.1. Let s € R,(p,r) € [1,+00]?2. The nonhomogeneous Besov
space Bj . is defined as a space of f € S'(R") such that

By, ={f €S R");

B;r < OO}7
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where

(3 27 Iausl) . vr<oo,

j=z-1

/1

By = ,
sup 2°||A; fllze, YV r=oc.
j=—1

We now introduce the Bernstein’s inequalities, which are useful tools in deal-
ing with Fourier localized functions and these inequalities trade integrability for
derivatives. The following lemma provides Bernstein type inequalities for fractional
derivatives

LEMMA B.1 (see [3]). Assume 1 < a < b < co. If the integer j > —1, then it
holds

JARA £l < CL2FHME DA e, k2 0.
If the integer j > 0, then we have

1

Co 28| A fll e < [IAA; flle < C3 275G =D ||A fllpe, keR,

where n is the space dimension, and Cy, Cy and C3 are constants depending on k,a
and b only.

Let us recall the following space-time estimate, which plays a crucial role in
proving Theorem 1.1 (see [40, Lemma 3.1]).

LEMMA B.2. Consider the following transport-diffusion equation with o > 0
hf+Af=g,  [f(2,0)= folx).
For any 0 < € < 2« and for any 1 < p, q < oo, let both g and e~ At A22=< f belong
to L0, t; LP(R™)), then we have
||A2a_gf||LgL‘; <C(t, fo) +C)lgllLare-

where C(t, fo) = [|le= 2" A2a_gf0||Lng; and C(t) depends on t only.

The following Kato-Ponce type commutator estimate and the product type
estimate can be stated as follows (see [17] for example).

LEMMA B.3. Let s > 0. Assume that p,p1,ps € (1,00) and p2,py € [1,00]

satisfy
1 1 1 1 1
+

p P P2 D3 pa
Then there exists some constants C' such that

(B.1)  [I[A*, flgllze < C (1A Fllzer llgllzes + A gllzes [V flles)

B2) A (f9llee < CUAfllze gl + [[AgllLes [V fllzra) -

In some context, we also need the following variant version of (B.1), whose proof is
the same one as for (B.1)

(B-3) [IIA*'0:, flgller < C (IVFllzer [A* gllzor + 1A fllze2 gl zez) -
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We end up this appendix with the proof of (2.39).
The proof of (2.39). According to the Lemma B.1, we get that

e P
Vv
<||A_{——F%
—H T Ao +§ ]]I—l—A?v
< ATl 1~ + O s 14,9l

<ClA VY. + CZ W 18wl 1

< Cllwllgz + Cz m [wl| 0

< Cllwll gz + ||w||Loo),
where we have used v > 0 in the last line. This yields the first inequality of (2.39).
The second one is the direct consequence of Plancherel theorem
Aafl
I+ A%y

||AS+UU||L2 — s+1

L2

|£‘U ! As+1

<c H )

= ATl

< C|AMwllge,
where we have used the fact 0 < 1+ 27v in the third line.

L2

L2
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