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ABSTRACT. We consider the nonlinear heat equation u;y = Au + |u|%u with
a > 0, either on RN, N > 1, or on a bounded domain with Dirichlet boundary
conditions. We prove that in the Sobolev subcritical case (N — 2)a < 4,

for every p € R, if the initial value ug satisfies ug(z) = plz — xo\_% in a
neighborhood of some zp € € and is bounded outside that neighborhood,
then there exist infinitely many solutions of the heat equation with the initial
condition ©(0) = wug. The proof uses a fixed-point argument to construct

perturbations of self-similar solutions with initial value u|xz — x0|7% on RY,

Moreover, if p > po for a certain po(N,a) > 0, and ug > 0, then there
is no nonnegative local solution of the heat equation with the initial condition
u(0) = ug, but there are infinitely many sign-changing solutions.
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1. Introduction

In this paper we study the local well-posedness for the nonlinear heat equation

{ut = Au+ |u|*u
u(0,-) = uo(-)

where u = u(t,z), t > 0, x € Q where 2 is a domain in RY (possibly 2 = RY), and
a > 0. In the case where  # R, we impose Dirichlet boundary conditions. There
is already a vast literature devoted to this topic, and it is well known that this
problem is locally well-posed in various function spaces, for example in Cy(£2), in
Q) forp>1,p> %, and in certain Sobolev and Besov spaces of both positive
and negative order. On the other hand, this problem is not locally well-posed in
LP(Q) if > £ and 1 < p < 2. We refer the reader to the book [19] as a general
reference to this subject.

The present paper is concerned with the situation where the problem (1.1)
is not locally well posed. For example, regular initial values can yield multiple
solutions which are continuous into LP(2), 1 <p < %, see [10, 1, 23, 16]. Also,
it was observed in [26, 28, 2, 9, 19, 14, 15, 8], for these same values of p, that
there are nonnegative ug € LP(Q) for which there is no local-in-time nonnegative
solution. This phenomenon has been taken as evidence of non-local-well-posedness.
Indeed, in all the spaces where (1.1) is locally well-posed, nonnegative initial values
yield nonnegative solutions. Thus if there is a nonnegative initial value for which
there is no nonnegative solution, one might think that there is no solution at all.
Our recent paper [3] shows this to be incorrect. More precisely, in the case 2 = RY
and 0 < o < 125, then for the initial value uo(z) = plz|~ % with > 0 sufficiently
large, there is no local nonnegative solution of (1.1), but there exist nonetheless
infinitely many global solutions of (1.1) which change sign. In other words, local
well-posedness fails, not because of nonexistence, but because of nonuniqueness.

The purpose of this paper is to extend the results of [3] to a much broader
context. In this previous work, the initial values studied are all homogeneous,
of the form ug(x) = plz|~%, and the resulting solutions are all self-similar. In
particular, these initial values are not in any space LP(R”). Here, we consider
initial values, both on RY and on a bounded domain 2, which exhibit a point
singularity of the same form ug(z) = plz — zo|~= near some point zo € €, but
which have a general behavior away from zy. For a wide class of such initial values,
we prove that there are infinitely many local solutions of (1.1). In some of these
cases, the initial value is nonnegative and there is no local nonnegative solution
of (1.1). In the case o > %, this includes initial values that belong to L?(€) for all
1<p< %

In order to state our nonuniqueness results, we introduce some notation. Given
a domain Q C R, we denote by (e'29);>q the heat semigroup on Cy(f), the
completion of C°(2) in L>®(Q), and by Gq(t, z,y) the associated heat kernel. In
the particular case Q = RN, we let (e*®=V);5o = (e!®);>0 and Gyv (t,z,y) =

(1.1)

lz—y|?

G(t,z,y) = (4mt)"Te 1 . Note that e’22 can be extended to L' () + L>(9),
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and to measurable functions ug : Q — [0, 00) by setting

etAay, /thxyuo( ) dy

for x € Q. In the latter case, the right-hand side is the integral of a nonnegative,
measurable function, and therefore well defined, finite or infinite. We also denote by
Ch.u(RY) the Banach space of uniformly continuous, bounded functions RY — R,
equipped with the sup norm.

As consequences of the main results proved in the body of the paper, we have
the following two results, respectively on RY and on a bounded domain €.

THEOREM 1.1. Let 0 < oo < 25, 1 € R and suppose ug € LS (RY \ {0}) is
such that
(i) uo(z) = plz|~% in a neighborhood of 0.
(i) up(z) — 0.
|| —o0
It follows that there exists a sequence (u™)m>1 of distinct sign-changing solutions
of (1.1), u™ € C((0,T™),Co(RN)), with T™ > 0, and the initial condition is
satisfied in the sense that u™(t) — ug in LY (RN \ {0}) for all 1 < p < .
Furthermore, if a > %, these solutions satisfy the integral equation

(1.2) u(t) = e®ug + /0 =98 u(s)|%u(s) ds

where the integral is convergent in L"(RN) 4+ L®(RN) for all 1 < r < &2 and
each term is in C((0,T™), Co(RN)). Moreover, u™ —e‘®ug € C([0,T™), L"(RN) +
L (RN)) for all v > 1 such that 5~ B2 In addition, if up € C(RV\{0})
then u™ € C([0,T™), L™ (RYN) + L= (RYN)) for the same values of r.

Moreover, there exists pg > 0 such that if @ > po and ug > 0, then equa-
tion (1.1) has no local nonnnegative solution.

THEOREM 1.2. Let 0 < a < N 5, w €R, let Q C RY be a bounded, smooth
domain and xo € Q. Suppose ug € LS (Q\ {xo}) is such that
(i) uo(z) = plz — zo| =% for |z — xo| < 8, where § > 0.
(i) wo € L2 (2N {]z — zo| > 6}).
It follows that there exists a sequence (W™ )m>1 of distinct, sign-changing solutions

of

= Au+ |u|*u
(1.3) U\BQ = 0
u(0) = ug

where ™ € C((0,T™),Co(Q)), with T™ > 0, and the initial condition is satisfied
in the sense that u™(t) — ug in L (Q\ {|z — zo| < €}) for all e > 0.
Furthermore, if o > %, these solutions satisfy the integral equation

t
(1.4) u(t) = ety + / e(t=9)22y(s)|%u(s) ds
0

where the integral is convergent in L™(Q)) for all 1 <r < 22 and each term is in

C((0,7™),Co(R?)). Moreover, u™ € C([0,T™),L"(Q)) for all 1 <r < &2
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In addition, there exists pg > 0 such that if u > po and ug > 0, then equa-
tion (1.1) has no local nonnnegative solution.

The basic method used to prove the above theorems is a perturbation argument.
We consider a self-similar solution U with initial value ,u|:r|*§, known to exist, and
look for a solution u(t, z) of the form

u(t,z) = U(x)U(t,z) + w(t, z),

where VU is a cut-off function. The purpose of the function ¥ is to ensure that, in
the case where Q # RY | u and w satisfy the same (Dirichlet) boundary conditions.
The integral equation satisfied by the unknown function w is then solved by using
a fixed point argument. The difficulty is that the equation satisfied by w contains
some terms that are highly singular at (¢,z) = (0,0). The metric space in which
the fixed point argument is carried out is made up of functions which vanish with
sufficiently high order at (0, 0), so as to balance the singular terms in the equation.
The delicate point in the construction of this set is that it must at the same time
be stable by the iteration process.

This method has some limitations and the results we obtain are not as strong
as what we would like or what we think is true. First, the nature of the fixed-
point argument requires that wug(x) = u|x|_% in a neighborhood of 0. On the
other hand, we expect that Theorems 1.1 and 1.2 would be true as stated, but with
that condition replaced by the requirement that ug — p| - |~a € L>(€2). Second,
Theorem 1.1 does not give a nonuniqueness result in L"(RY) for » > 1 such that
% <r< % (see Remark 5.2 for details). However, in the case of a bounded
domain (Theorem 1.2), the solutions u™ are all in C([0,7™),L"(Q2)) for 1 < r <
e This is a genuine nonuniqueness result in L7 ().

The results of the current paper as well as [3] call for a reevaluation of the
notion of nonexistence of local solutions. For all the nonnegative initial values for
which no nonnegative local solution exists, the possibility remains that these initial
values give rise to sign-changing solutions. To our knowledge, there is no example
of an initial value for which it is known that there is no local solution of (1.1)
or (1.4), sign-changing or not.

We mention here some recent papers which are related to this work. Under
appropriate restrictions on « and pu, in [7], the authors prove the existence of
nonnegative solutions, some global, some non-global, which have the homogeneous
initial value u|x|_%, but which are not self-similar. The more general equation
uy = Au+ f(u) is investigated in [14] and in [15]. For  being the whole space or
a bounded domain, a full characterisation of the nonnegative functions f for which
the equation has a local solution bounded in L?(2) for all nonnegative initial data
up € L1(R) is stablished in [15].

The rest of the paper is organized as follows. In Section 2 we give some con-
ditions under which a nonnegative initial value does not give rise to any local non-
negative solution of either (1.1) or (1.4). See in particular Corollaries 2.5 and 2.7.
Section 4 presents the main technical achievement of this article, i.e. the fixed
point argument that proves the existence of solutions which are perturbations of a
singular solution known already to exist.

In Sections 5 and 6 we apply the result of Section 4 in the case where the
known singular solution is in fact a self-similar solution. This gives perturbed
solutions, respectively on RY (see Theorem 5.1) and on a bounded domain € (see
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Theorem 6.1). Combining these two results with the results in [3], we obtain
Theorems 1.1 and 1.2, respectively. Finally, we collect in Appendices A and B a
few results concerning the regularity of solutions of the heat equation in a form
which we need for this paper. In Appendix C, first on RN and then on a sufficiently
smooth bounded domain, we prove that a certain class of solutions of integral
equation (1.4) are also solutions of the initial value problem (1.1) and give some
precise information about their regularity.

2. Nonexistence of positive solutions

We consider the nonlinear heat equation (1.1) on a domain Q C R, with initial
values which are measurable functions ug : € — R. This includes the possibility
that ug & Li,.(Q).

DEFINITION 2.1. Let © be a domain of RY, o > 0, and let uy be a measurable
function @ — R. Given T > 0, a regular solution of (1.1) on (0,7") with Dirichlet
boundary conditions is a function u € C((0,T"), Co(€2)) which is a classical solution
of (1.1) on (0,T), and such that there exists a sequence t,, | 0 such that u(¢,) — uo
almost everywhere as n — oo.

In the case where uy > 0, we also consider solutions of (1.1) that may be
singular at positive times.

DEFINITION 2.2. Let  be a domain of RY, a > 0, and let 1y be measurable
2 — [0,00). Given T > 0, a nonnegative integral solution of (1.1) on (0,7") with
Dirichlet boundary conditions is a measurable function w : (0,7) x Q — [0,00)
which satisfies

(21)  u(t,z) = /Q Gt 2, y)uo(y) dy + / /Q Galt — 5,2, 5)(Julu)(s, y) dy ds

a.e. on (0,T) x Q. (The integrands in the right-hand side of (2.1) are nonnegative,
measurable functions, so the integrals are well defined, possibly infinite.)

REMARK 2.3. Here are some comments on the above definitions.

(i) If u is a regular solution of (1.1) on (0,7) in the sense of Definition 2.1, and
if w > 0, then u need not be an integral solution in the sense of Definition 2.2.
Indeed, assuming o < %, we construct a positive solution of (1.1) with ug = 0
in the sense of Definition 2.1, which is not a solution of (2.1) with ug = 0.
To do this, we recall that if a < %, then the initial value problem (1.1) is
locally well posed in the space of bounded measures. In particular, there
exists a positive local solution u for uy = d,, where 0, is the Dirac measure
at 2 € §2, which is a solution of the integral equation (2.1) with up = d,,. On
the other hand, u(t,z) — 0 for all x # ¢ as t — 0, so that the initial value
in the sense of Definition 2.1 is u(0) = 0, but u is not a solution of (2.1) with
Uy = 0.

(ii) Nonnegative integral solutions of (1.1) on (0,7 in the sense of Definition 2.2
may have a singularity (in space) for all ¢ € (0,T), so they need not be
regular solutions in the sense of Definition 2.1. For instance, if a > ﬁ, then
u(t,z) = (2(N—2— %))é |z|~% is a nonnegative integral solution the sense
of Definition 2.2. See [3, Lemma 7.1].

We recall the following result, which is a special case of [28, Theorem 1].
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PROPOSITION 2.4. Let Q be a domain of RN, a > 0, ug a measurable function
Q — [0,00), and T > 0. If there exists a nonnegative integral solution of (1.1) on
(0, T) with Dirichlet boundary conditions (in the sense of Definition 2.2), then

(2.2) sup (ozt)éHetA“uOHLoo <1
0<t<T

PROOF. It follows from (2.1) that ug € L{ (), for if not, u(t,x) would be
infinite for every (¢,z) € (0,7) x 2. In particular, ug defines a Borel measure on (2.
If © is a bounded, smooth domain, then the result follows from Theorem 1 in [28].
Even though the result in [28] is stated for a bounded, smooth domain, the same

proof is valid for an arbitrary domain. O

COROLLARY 2.5. Let Q be a domain RN, o > 0, and ug a measurable function
Q — [0,00). Suppose

(2.3) lim sup(at) = e ug | L > 1.
t10

(i) There does not exist any nonnegative integral solution of (1.1) with Dirich-
let boundary conditions on any interval (0,T) with T > 0, in the sense of
Definition 2.2.

(ii) There does not exist any nonnegative reqular solution of (1.1) with Dirich-
let boundary conditions on any interval (0,T) with T > 0, in the sense of
Definition 2.1.

(iii) If uf = min{ug,n} € L=() for n > 0, and if Tmax(ul) > 0 is the mazimal
existence time of the corresponding solution of (1.1) with Dirichlet boundary
conditions, then Tyax(ul) — 0 as n — oo.

PROOF. Property (i) is an immediate consequence of Proposition 2.4.

We next prove Property (ii). Suppose there exist T > 0 and a nonnegative
regular solution u on (0,7, in the sense of Definition 2.1. Let 0 < § < % Since u
is a classical solution on (6,5 + Z), we have

t

u(t + ) = etBay(s) + / =80y (s 4 6)[u(s + 6) ds
0

forall0 <t < %, and it follows from Proposition 2.4 that

(2.4) sup (at)éHetA”u(é)HLoo <1.
o<t<Z

Wefix0<t < % and we let § = ¢,, where (¢,,)n>1 is the sequence in Definition 2.1.

Inequality (2.4) implies that

(at)= [ Galt,z,y)ulty,y)dy < 1.
Q

Letting n — oo and applying Fatou’s lemma, we deduce (since u(t,) — ug almost
everywhere) that

(at) /S2 G, y)uo(y) dy < 1.

Since ¢ € (0, £) is arbitrary, this contradicts (2.3). Hence (ii) is established.
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We finally prove Property (iii). We claim that, given any T > 0, there exists
ng > 1 such that

(2.5) 0335T<at>%||em“u3||m >1

for all m > ng. Assuming the claim, we deduce from Proposition 2.4 that Tpax (uf) <
T for all n > ng. Since T' > 0 is arbitrary, Property (iii) follows. To prove the
claim (2.5), assume by contradiction that there exists a sequence ny — oo such
that

sup (at)= [[e! A uf || < 1.
o<t<T

Since ug* — up almost everywhere, we deduce from Fatou’s lemma that

sup (at)c%HetA“uOHLm <1,
0<t<T

which contradicts (2.3). Hence (iii) is established. O

The following proposition, derived from a comparison property of [24], gives
a sufficient condition, independent of the domain , for inequality (2.3) of Corol-
lary 2.5 to hold.

PROPOSITION 2.6. Let vy be measurable RN — [0,00), and suppose vy €
L*{|z| > p}) + L= ({|z| > p}) for some p > 0 and

(2.6) lim Sup(c)zt)é / G(t,0,y)vo(y) dy > 1.
t10 RN

Let Q be a domain in RN with {|z| < p} C Q (possibly Q = RY ), and let ug be
measurable Q@ — [0,00). If ug > vo almost everywhere on {|z| < p}, then (2.3)
holds.

PROOF. We first claim that if 0 < p < R and ¢ : RY — [0, 00) is measurable
and supported in {|z| < p}, then
_ _w2N?¢t
(2.7) e'2Pr(pp,) > e 107ty on B,

for all t > 0. Indeed, it follows from [24, Theorem 2] that

T—y 2
Gpnlt,z,y) > e 3 G, (£0,0) = (4t) ¥ G(t,,y)Gp,_, (£,0,0)
for all z,y € B,. Furthermore, it follows from [24, Lemma 9] that

N x2N2¢

GBr_,(t,0,0) > (47t) " 2e 4(F-p%,
Therefore,
_ _m2NZ2¢
Gpp(t,z,y) 2 e *@=n?G(t, z,y)

for all z,y € B,, which implies (2.7).
Let now vy be as in the statement, and let R > p be such that B C €. Let

_ Jvolz) fxl<p
wo(@) = {0 |z| > p

and Wy = woq. Since vo € L*({[z| > p}) + L>°({|z| > p}), we may write
(2.8) Vg = wo + Y1 + Y2
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where ¢, € L'(RY), ¢ € L>°(RY) and 11 = ¢»» = 0 on B,. Next, we have

_lwl? _ 02

(2.9) (4rt) ¥ 245, (0) = / () dy < o % .

{lyl>p}
Furthermore,

_ w2 _ w2
(4t) ¥ '3 455(0) = /{ ) dy < /{ ey

ly|>p ly|>p

(2.10) L

N 02
= % / e ay < ce B
{ly>%}

and we deduce from (2.9) and (2.10) that

(2.11) (at) % (|e"241(0)] + [ ¥2(0)]) 0.

Next, we deduce from (2.7) (with ¢ = wp) that

_ _x2N2%¢
e 107 (at)w e Pwp(0) < (at) = e®Prigy(0) < (at)= e 2o (0).

Applying (2.8), we deduce that

n2N2¢

(at) 7 et 2@y(0) > e 3707 (at) = ey (0) — (at) = (|e 241 (0)] + |24 (0)]).
and (2.3) follows from (2.6) and (2.11). O

COROLLARY 2.7. Let a,v, 0 > 0. Suppose at least one of the following three
conditions is true:

(2.12) v>N, p>0,
2
(2.13) 7>E,M>Q
2.14 _2 2 LA -2y
(214) T=2 o > [aFled] RO

Let Q be a domain of RN, 29 € Q, 0 < § < d(,09), and uy a measurable function
Q—[0,00). If

(2.15) ug(x) > ple — x|~ for |x —xo| <6

then there is no local nonnegative solution of (1.1). More precisely, Properties (i),
(i) and (iii) of Corollary 2.5 hold.

PROOF. By space-translation invariance of the equation, we may assume xy =
0. Applying Corollary 2.5 and Proposition 2.6, we need only show that vg(xz) =
plx| ™7 satisfies (2.6). This is immediate if v > N, since vy € Li () in this case.
Therefore, we now suppose

a>%and%§’y<N.
By scaling invariance
e"u9(0) = pt 2 [e2] - |77)(0)
so that
(at) = e Sug(0) = pa=t="3[e2] - |77 (0).
Therefore, if % <7y < N, then

1
(at) @ e B ug(0) 0%
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so that (2.6) holds. Furthermore, if (2.14) is satisfied, then
(at) ' 209(0) = paw[eB] - |72](0) > 1
so that (2.6) holds. O

REMARK 2.8. Here are some comments on the above results.

(i) Initial values of the form (2.15) have been used in [14] to prove nonexistence
of nonnegative local solutions. (See the proofs of Lemma 4.1 and Theorem 4.1
in [14].)

(ii) The conditions (2.12), (2.13) and (2.14) only depend on the space dimension
N and on « > 0. In particular, the conditions under which (2.15) implies the
nonexistence of local nonnegative solutions of (1.1) are independent of the
domain 2 and of zg € Q.

(iii) Suppose vg satisfies (2.6) and let p > 1, p > % If 1 € LP(RY), then

(2.16) lim sup(ozt)éem(vo +)(0) > 1.
t10

Indeed, since p > &2 the estimate |||~ < f%Hz/JHLp (and a density
argument if p = ¥2) implies that ¢ [|e'24)|[p~ — 0 as t — 0.

(iv) The assumption (2.6) in Lemma 2.6 means that vg is sufficiently singular at
x = 0. It does not mean, however, that vo(x) — oo as |x| — 0. Indeed, it can
be that vy satisfies (2.6) and vo(z) = 0 for some x arbitrarily close to 0. Here is
such an example. Let o > 0, v > 0, ¢ > 0 be such that (2.13) or (2.14) holds,
and let wo(z) = plz|~7. It follows (see the proof of Corollary 2.7) that wy
satisfies (2.6). Fix p > 1, p > &2 Consider now a sequence (a;);>1 C (0, 00)
such that a; | 0, and let (b;);>1 satisfy b; > a; > bj41 for all j > 1. Setting

0 =wo Y 1, <la|<b,}

j=1

it is clear that if we choose the sequence (b;);>1 so that b; — a; is sufficiently
small, then § € LP(RN). If vy = wg — 6, then vy > 0 and it follows from
Property (iii) above that vg satisfies (2.6).

(v) The case of condition (2.13) in Corollary 2.7 has already been given in the
proof of Theorem 15.3 in [19], see in particular formula (15.30).

3. Self-similar solutions

We recall that a self-similar solution of (1.1) is a solution of the form

(3.1) u(t, x) ztféf(\i/ﬁ7

where f : RY — R is the profile of the self-similar solution u given by (3.1). In
order for u given by (3.1) to be a classical solution of (1.1) for ¢ > 0, the profile f
must be of class C? and satisfy the elliptic equation

(3.2) Af+%$'Vf+éf+|f‘af:0.

A radially symmetric regular self-similar solution of (1.1) is a self-similar solution
with a profile f which is of class C? and radially symmetric. We write, by abuse
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of notation, f(r) = f(x) where r = |z|, so that f : [0,00) — R is of class C?%, and
satisfies the following initial value ODE problem,

N-1 r 1

(33) 7100+ (B4 D) P+ )+ ) =0

(3-4) f0)=a, f(0)=0

for some a € R. If u is a radially symmetric regular self-similar solution of (1.1),
then there exists 1 € R such that r= f(r) — p as r — oo (see [10, Theorem 5]) so
that f € L"(RY) for all » > 1, r > 22 Moreover, u has the initial value p|z|~=
in the sense that u(t,z) — plz|~= as t | 0, uniformly on {|z| > ¢} for every ¢ > 0.
See [10, page 170]. It is known that if a < 4_ and p € R, then for the initial

value p|z|~% there are infinitely many global, self-similar solutions of (1.1). More
precisely, the following holds.

PROPOSITION 3.1 ([3, 10, 27, 29]). Let N > 1 and 0 < o < 25 (0 < v < 00
if N=1,2). Given any p € R, there exists mg > 0 such that for all m > myg there
exist at least two different, radially symmetric regular self-similar solutions U of
(1.1) with initial value ug = plz|~= in the sense that

N
(3.5) U(t) o o in LY({|z| > €}) for alle >0 and 1 < ¢ < 00,q > i,

and also that

(3.6) U(t) — ug in LP(RN) + LY(RY) forall1§p<%<q§oo

t10
if @ > 5, and whose profiles have ezactly m zeros. These solutions are such that
U e Cl(( ,00), L"(RN)) and AU, |U|*U € C((0,00), L"(RN)) for all 1 < r < oo,
Na
r> 5

Furthermore, if a > %, the solutions satisfy the integral equation

(3.7) U(t) = pet™| - |"= +/0 e=IRU(s)|*U (s) ds

where the integral is norm convergent in L™ (RYN) for all v > 1, r > and

Na
2at1)’
each term is in C((0,00), L"(RN)) for all r > & > 1. Moreover the map t —

U(t) — et®ug is in C([0,00), L"(RN)) for all r > 1 such that 5255 +1) <r<fo

PROOF. The case u # 0 follows from [3, Theorems 1.1 and 1.4], and the case
= 0 follows from [10, 27, 29], see [3, Remark 1.2 (iv)]. In the case a > %, the
convergence of the integral term of (1.2) in L"(RY) for all » > 1 such that » > 1
such that 5 5 +1) < r < 82 follows from the estimate (2.29) in [3]. Furthermore,
using formula (3.1) and the commutation relationship of the heat semigroup with
space dilations (see e.g. [4, formula (3.1)]), one can verify the following identity

! —s o A_L * Ny s— o
/0 [t (U () U (5)) | e ds = ¢35 / B DA f ) e ds.
1

The factor t2r & converges to 0 as t — 0 if and only ifr < % We claim that the
integral is convergent for all r > 1 with r > ( 7y Indeed, leC=DA(f1*f)]

1712 /]

Lr <
» < oo because r >

%, so we need only study the integrability at
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infinity. We fix any 1 < ¢ < r such that 2(2’7&) < qg< %, and we estimate
N N
leC=DAF e < (s = 1) "2 fl| 3 e, s0 that

o0 o0
/ s—%+é—1||e(s—1)A(|f|af)Hers < C||f||’zj(£+1> / s PTE s < oo,
2 2
which completes the proof. ([l

4. Perturbations of singular solutions

In this section, we establish a perturbation result for solutions of (1.1) with
singular initial values. More precisely, we start with a known solution U of (1.1)
which is classical for ¢ > 0 and develops a singularity as (t,2) — (0,0). For some
domain  C R, which may be smaller than the domain where U is defined but
contains 0, we look for solutions u of (1.3) of the the form

(4.1) u(t,z) = U(x)U(t, z) + w(t, x),

where VU is a smooth function on €, identically 1 near 0, and w is bounded. Such a
solution u captures the initial singularity of U near 0, modified by some bounded
function w(0, z).

Our motivating example is the case where U is a radially symmetric regular

self-similar solution, i.e a solution of (1.1) (on RY) of form U(t,z) = t_éf(%)

with f € C2([0,00)). It is well known that |f(r)] + (14 7)|f(r)] < C(1 +r2)~=
for all » > 0 (see [10, Proposition 3.1]), which implies

20 C
(4.2) Ut 2)|* + VU, z)[*+2 <

~ W S Cmin{t_l, |(E|_2}.

More generally, we consider a domain @ C RN, § > 0, T > 0, A; > 0, and a
function U : (0,T) x 2 — R which satisfies

(4.3) Uis C?*inzand C'int

(4.4) U, — AU = |U|*U in (0,T) x Q

(4.5) |U(t,2)|* < Ay min{t™!, 2|72} in (0,T) x Q
(4.6) [VU(t,2)|* < Ay in (0,T) x (2N {|z] > §}).

If w satisfies (4.1), then the equation for w is

(4.7) wy — Aw = Mw

where

(4.8) Mw =2VU - V¥ + UAY + |VU + w|*(YU + w) — Y|U|*U.

The corresponding integral equation is given by

t
(4.9) w(t) = etPowy + / elt=982 Muy(s) ds
0

where wy is a prescribed initial value. If indeed w is a solution of equation (4.9),
it necessarily vanishes on 9 (if it is nonempty) for ¢ > 0, and so in order for u to
vanish on 0f2, we would need to require that ¥ vanish on 9. It turns out that
such a condition on W is not needed for the construction of solutions w.

To solve equation (4.9), it is natural to use a contraction mapping argument. A
quick look at (4.8) shows that the term 2VU - V¥ 4+ UAWV is easily controlled since
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we suppose that ¥ = 1 in a neighborhood of 0. On the other hand, assuming that
w is bounded and that U is singular at (¢,z) = (0,0), the remaining term behaves
like |U|*w near (t,x) = (0,0). The singularity allowed by (4.2) corresponds to the
“critical case” and can be treated by the method used in [5, Theorem 6.1]. Unfor-
tunately, this method only works for small data, and in particular for perturbations
of small self-similar solutions.

Our solution to this difficulty is to use a contraction mapping argument in a
class of functions w that are sufficiently small as (¢, 2z) — (0,0) so as to balance the
singularity of |U|®. The major problem is then to find a class of functions w that
have this behavior near 0, and which at the same time is preserved by the operator
associated with the contraction mapping argument. To achieve this, we consider a
class of functions of the form {w € L*((0,T) x Q); |w| < O}, where the bounded
function © tends to 0 as a power of ¢ as t — 0, on some neighborhood of z = 0. As
a consequence of this method, wy must vanish in a neighborhood of the origin.

Our main result in this section is the following.

THEOREM 4.1. Let Q be a domain of RY , possibly @ = RN, and § > 0. Suppose
(4.10) {lz| <} C Q
and let U satisfy (4.3)—(4.6). Let
(4.11) T e C?RMNW2RY), 0<¥ <1, U(z)=1 on {|z|<d}
and let
(4.12) wo € L2(Q), wo(x) =0 a.e. on {|z| < d}.

It follows that there exist T > 0 and w € L™ ((0,T) x Q) such that the following
properties hold.
(i) Mw € L*>®((0,T) x Q) where Mw is defined by (4.8).
(ii) w is a solution of equation (4.9). Moreover, w is the unique solution of (4.9)
in the class £ defined by (4.47) below, where © is given by (4.26), m satis-
fies (4.43), and T satisfies (4.44), (4.45) and (4.46).
(iii) [Jw(t) — et®2wpl|pe < Ct for0 <t < T.

REMARK 4.2. For the purposes of Theorem 4.1, the right-hand side of equa-
tion (4.9) is interpreted as

(4.13) /QGQ(t,x,y)wo(y) dy—!—A /QGQ(t—s,m,y)Mw(s,y) dy ds.

The above integrals are well defined for all (t,z) € (0,T) x €, see Appendix A.
The reason for this particular formulation is to avoid having to impose regularity
conditions on 2.

For the proof of Theorem 4.1 we will use several lemmas. We first introduce
auxiliary functions that will be crucial in the fixed-point argument.

LEMMA 4.3. Let 8 € C*°(R,R) be nondecreasing and satisfy

(4.14) {ﬂg:? Sié
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let 6 >0, and set a; = 277§ for j > 0. The sequence (x;);>0 C C°(RY) defined
by

(4.15) X (x) = 9(@).

satisfies the following properties.

(i) ||X3HL<>o <1 forallj>0.
(i) |z[72x;(z) < a;*x;(2) for z € RN and all j > 0.
a2,
(111) 6 X] S X]+1 + 2%67% forr all] Z O and a/ll t 2 0‘
a2
() eA(17x5) < 05 X1 + a5 °2F ™5 forall § >0 and all t > 0.

PROOF. Property (i) is immediate, as well as Property (ii) (since x,(x) = 0 if
|z] < a;). Next, recall that, given t,v > 0

y 2
(4.16) (47rt)*%/ — 45 dy V%ﬂ*%/ e*‘ylzdy =7,
RN RN

To prove (iii), note that

_N _lwi?
(4.17) emxj(x) = (4mt)™ 2 /RN e” 2t yj(r —y) dy.
We claim that if |y| < a;41, then

(4.18) Xi (@ —y) < xjpa(z) for all z € RN,

Indeed, since 6 is nondecreasing,

(4.19) Xi(x—y):9(|x;y|)§0(|x|+|y|)gg(M)

J aj aj

If |z| < ajt1, then ‘IH‘”“ < 1, so that by (4.19), x;j(z —y) = 0; and so (4.18)
holds. If |z| > a;, then Xg+1( x) =1, so that (4.18) holds. If a; 1 < |z] < aj, then
ol +ayr _ 20| _ o]

Q; - Q; aj41
so that by (4.19) x;(z —y) < H(GLIJI) = xj+1(z). This proves (4.18). We deduce
from (4.18) and (4.16) with v = 1 that

1y12

(4.20) (47rt)7% / e” it yi(r —y)dy < xj+1(z).
{lyl<aj+1}

Moreover, it follows from (i) and (4.16) with v = 2 that

2
ly|2 aj+1

2 2
(4.21) /{I | }e_TXj(x —y)dy <e s /RN e~ dy = (8mt) ¥ e 5
Yy|>a;4+1

Property (iii) follows from (4.17), (4.20) and (4.21), then Property (iv) follows
from (ii) and (iii). O

We next establish an estimate for the nonhomogeneous heat equation with a
right-hand side given in terms of the functions x;.
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LEMMA 4.4. Let m > 2 be an integer, 6 > 0, and let the sequence (x;);j>0 be
defined by (4.15). Set

(4.22) h(s,z) = (Jz| 2 +1 i (1+s)s me2

for s >0 and x € RN . It follows that h € C([0, 00), L>*(RY)) and

m

/Oe(t_smh(s)d <t3(1+a;2) <t2 Z )

2
N m+1 A4l 1 t
22 (1 (14t 2 Yem s 2(— 7)75
+m22 (1+a,7)(1+ Je + m + m+ 2

(4.23)

o

for allt > 0.

PRrROOF. The first property is immediate. Next, given 1 < 7 < m and 0 <
s < t, we deduce from Lemma 4.3 (iii) and (iv), and the inequalities a,, < a; and
am41 < ajy1, that

a2,
I (12] 72+ 1)x] < (1 + ap2) (xjar +2F e 50)

It follows that

2
“m41

t .
/O s TN 2+ D)yl ds < 5 (14 ap2) (g1 +2Fe 50
a2

2T e )

(4.24)

BN E=
< (U (% x5 + (
for j < m. Furthermore,

t m—2 t 1 t m
(4.25) /e@*S)A(Hs)s = ds = /(1+s)s T ds_2( + )ﬁ.
0

0 m  m+2
Estimate (4.23) follows from (4.22), (4.24), (4.25), and the property xm+1 <1 O

We now estimate Mw for functions w that are controlled in terms of the x;’s

LEMMA 4.5. Let Q be a domain of RY, possibly Q@ = RY, and let 6, U and U
satisfy the hypotheses of Theorem 4.1 (i.e., (4.10), (4.11), and (4.3)~(4.6)). Given
K >0 andm > 2, set

(4.26) ot z) = (1% + 317y ) K
=1

for . € RN and t > 0, where the sequence (x;);>o0 is defined by (4.15), and let

(4.27) 0<T<-.

e

Ifw e L™((0,T)xQ) and |w| < ©, then Mw defined by (4.8) belongs to L>°((0,T) x
Q). Moreover,

(4.28) IMw| < A(1 + K*“THh
and, if z € L*((0,T) x Q) and |z| < O, then

h

(4.29) IMuw — Mz| < A1+ K““)’B‘
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where h is defined by (4.22), and the constant A is independent of T, m, K, w and
z.

REMARK 4.6. As indicated just before the statement of Theorem 4.1, the func-
tion ©, here given by (4.26), is used to define the function space for the fixed
point argument. See also formula (4.47) below. As such, © has two key properties.
The first of these is that ©(¢, z) can balance any negative power of ¢ in the region
|z| < 627™ provided m is chosen sufficiently large. Indeed, O(¢,z) = Kt% fort >0
and |z| < §27™. The second key property is that ©(0,z) > K if |x| > §, so that if
wo € L*°(0) vanishes in a neighborhood of 0, then ©(0, z) > wy if § is chosen suffi-
ciently small and K is chosen sufficiently large. Indeed, ©(t,2) = K Y1, tz > K
for t > 0 and |z| > .

PROOF OF LEMMA 4.5. Tt follows from (4.26), (4.15) and (4.27) that if t < T,
then

i 1 -tz
(4.30) 1O omryy < Z iz = 77 < 2K.

Moreover, we deduce from (4.22) that
(4.31) o(t) < Kh.
We note that by (4.5), (4.6) and the fact that V¥ vanishes for |z| < ¢ (by (4.11))

(4.32) 2VU - VU + UAD| < AT (2 4+ 6~ 3)(|VE| + |AT)).
Next
) 19U + w|*(VU + w) — |U[U]|

< WU + w|*(YU + w) — [YU|*VU | + (1 — ) ¥|U[*+.

We estimate the first term on the right-hand side of (4.33) by using the elementary
inequalities ||z1]|%21 — |22|%22] < (a + 1)(|z1]® + |22]%)|21 — 22| and |21 + 22]* <
2%(|z1|* + |22]%); and we estimate the second term by using the fact that, by (4.5),
|U|**! is bounded on the support of 1 — ¥® uniformly in . We obtain

(4.34) (WU + w|* (WU +w) — [YU|*QU| < 2T (o + 1)(|U|* + [w]|*)|w]

2(|1+1)

(4.35) (1— ) W|U[e < A= 6~ (1 — vy,

Therefore, by (4.8), (4.32), (4.33), (4.34) and (4.35), there exists a constant A,
independent of ¢,z and w such that

(4.36) Muw| < Ap((1 = U)W + VU] + [AT]) + A ([U]* + |w]|®)]w].

Note that (1 — ¥*)U + |VU| 4+ |AV| < 3||¥|lwe~ and vanishes on {|]z| < §}.
Therefore, we deduce from (4.15) that

(4.37) (1 = UV + |[VI| + |[AT| < 3]| P20 X0 < 3] ¥ |lwzox1 < 3| P20
Moreover, (4.30) and (4.31) imply

(4.38) lw]*T! < 19]|9%0 < (2K)*O < 2°K*T1p,

In addition, (4.5) implies
U] |U|a m im Lo il
KA1® Zt <tTME a2yt oy <A

Jj=1
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so that
(4.39) |U|*w| < |U|*O < KAih.
Estimate (4.28) follows from (4.36), (4.37), (4.38) and (4.39).
Next, given wy,ws € L ((0,T)x RY) with |w1 |, |ws| < ©, we deduce from (4.8)
that
Muwy — Muwg = |\IJU + ’LU1|a(\I/U + wl) — |\I/U + 1U2|a(\I/U + wg)
so that (for some constant As)
(Muwy — Mws| < A3([U|* + |wi|* + |w2|)wr — ws]
— A3(|U|a + ‘w1|a + |w2|a)@|w1éw2 |
Since |w;|*0© < [|0]$O < (2K)**h by (4.38) and |U|*© < KAk by (4.39),
estimate (4.29) follows from (4.40) by possibly choosing A larger still independent
of K (and using the inequality K + K1 < 2(1 + Ko*1), O

(4.40)

We now can prove Theorem 4.1 by using a fixed point argument.

PrROOF OF THEOREM 4.1. We set

(4.41) K = 2|wol| g~
and
(4.42) B=(1+K"")A,

where A is given by Lemma 4.5. We now choose an integer m > 2 sufficiently large
so that

4 K
4.4 — < —.
(4.43) m ~ 4B
Next, we fix T satisfying (4.27) sufficiently small so that
af 1 m
(4.44) 2% ¢ w < t¥ forall0<t<T
K
(4.45) T2(1+a;?) < B
N _9 m41 _”2n,+1 K m
(4.46) m22 (1+a, )1+t 2 J)e” & Sﬁﬂ forall 0 <t <T.
We let © be defined by (4.26) with K given by (4.41) and we define the set £ by
(4.47) E={weL=(0,T) x Q); lw| <6}
Given w, z € £ we set
w—z
dw.2) = | =57
(w,2) © L= ((0,T)xQ)

so that (£,d) is a complete metric space.
By (4.12), we have |wg| < ||wo|/z=X0, and we deduce from Lemma 4.3 (iii),
(4.41), and (4.44) that

K a% K K m
(4.48) Aol < S0 +2%e ) < T+t E

for all 0 < t < T. Moreover, it follows from (4.28) and (4.42) that
(4.49) [Mw| < Bh weé&
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and from (4.29) and (4.42) that
(4.50) |IMw — Mz| < Bd(w,z)h w,z€&

where h is defined by (4.22). In particular, we see that Mw € L*((0,T) x Q) for
all w e £. We define @ : £ — L>*((0,T) x Q) by

(4.51) O(w)(t) = 2wy + F(Muw)(t)
for w € &, where
FIO = [ 932 s)ds
0
for f € L*((0,T) x Q). It follows from (4.23) and (4.27) that

F0) < THL+ap2) (17 43017 )

A 4 m

8t —t2.
Jem TR 4

7n+ 1

+m2% (14 a;2)(1+172

Applying (4.45), (4.46), and (4.43) we deduce that
(4.52) | F(h )()|7—t*+—2t
It follows from (4.51), (4.48), (4.49), and (4.52) that

(4.53) |D(w)(1)] < Kt% + X1+ Zt X <O

where the last inequality follows from (4.26).
Similarly, applying (4.51), (4.50), and (4.52) we obtain

(4.54) B (w) — B(2)] < %(tl + jz_;tj‘zlxj)d(w,z) < %@d(w,z).

Estimate (4.53) implies that ® : £ — &, then (4.54) implies that ® is a strict
contraction. Thus ® has a unique fixed point w € &, which proves property (ii).
Since w € &, we have Mw € L>*((0,T) x Q) by (4.49), which proves property (i).
Property (iii) follows, see Lemma A.2. a

5. Perturbations of self-similar solutions
Consider the equation (1.1) set on RY. Theorem 4.1 yields the following result.

THEOREM 5.1. Let N > 1 and o > 0. Suppose U is a radially symmetric,
reqular self-similar solution of (1.1) on RN with initial value u\x|_%, for some
w € R, in the sense (3.5). Let ug € LY (RN \ {0}) N L>®({|z| > 1}) and suppose
that there exists § > 0 such that

(5.1) up(x) = plz| =%, |z| <6

It follows that there exist T > 0 and a solution u € C((0,T], Cy.(RY)) of (1.1) on
RN such that u(t) — ug ast — 0 in LY (RN \ {0}) for all 1 < p < co. Moreover,
the following properties hold.
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(i) u—U € L*®((0,T) x RY) and there exists a constant C such that
(5:2) lu(t) = U(t) = € (uo — | - |7 %) ||~ < Ct

forallO<t<T.
(ii) If a > %, then u is a solution of the integral equation

(5.3) u(t) = e®ug —|—/0 =8 u(s)|%u(s) ds

where the integral is convergent in L"(RN)+ L>(R™) for all1 <r < &2 and
each term is in C((0,T),Cy o (RY)). Moreover, the map t — u(t) — et®uq is
in C([0,T), L"(RN) + L=®(RYN)) for all 1 <r < &2,
(iii) If
(5.4) esssup |ug(z)| — 0
|z|>R R—o0
then u € C((0,T], Co(RN)).

REMARK 5.2. In part (i) of Theorem 5.1, if in addition vy € L"(RY) for

some r > 1 such that 2% < r < %, we expect that the solution u will be

2(a+1)
in C([0,T), L"(RY)), instead of C([0,T),L"(RY) + L>®(RY)) as stated. The ob-
stacle to proving this is that the function © in the proof of Theorem 4.1 (see

formula (4.26)) does not decay to 0 at infinity.

REMARK 5.3. Suppose Ul # U? are two radially symmetric, regular self-similar
solutions of (1.1) on RY with the same initial value p|z|~ =, where p € R, in the
sense (3.5). Suppose u!, u? are solutions of (1.1) on (0,7, which are perturbations
of the solutions U', U2, respectively, in the sense of Theorem 5.1, with the same

initial value ug. It follows that u!' # u?. More precisely,

(5.5) 1irﬁ(i)nfté lut(t,0) — u?(t,0)] > 0.

This is clear, since U, U? correspond to two profiles f!, f2 with f1(0) # £2(0).
(Otherwise, f! = f2, cf. equation (3.3)-(3.4).) Therefore, t=|UL(t,0) — U2(t,0)| =
|f1(0) — f2(0)| # 0. Since |ul(t,0) — UL(t,0)| is bounded by (5.2), the lower
estimate (5.5) follows.
PRrROOF OF THEOREM 5.1. Let
_2 0 ‘:U| <6
wo(z) = uo(x) — plz| "~ = 2
uo(z) — plz|~%  |z| > 6.
Applying Theorem 4.1 with Q@ = RY and ¥ = 1, it follows that there exist 7' > 0

and a function w € L>((0,7) x RY) such that Mw € L*((0,T) x RY), which is
a solution of (4.9). Note that, since ¥ =1 on RY we have

(5.6) Muw = |u|%u — |U|*U,
where
(5.7) u=U+w.

We claim that u is a classical solution of (1.1) on (0,7) x RY. To see this,
we first observe, as shown in Appendix B, that equation (4.9) implies that w €
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C((0,T),Cy u(RY)), and that, given any 0 < 7 < T,

t
(5.8) w(t +7) = ePw(r) + / A Muw(r + 5) ds
0

for 0 <t < T — 7. Since U is a classical solution of (1.1) on (0,00) x R we have
t
(5.9) Ut + 1) = 20 (r) + / =D (7 4 6)|PU (7 + ) ds
0

for all t > 0. Since |w|*w and |U|*U both belong to C([r, T], Ch,.u(RY)), we deduce
from (5.6), (5.7), (5.8) and (5.9) that u € C((0,T], Cp, »(RY)) satisfies

(5.10) u(t +7) = e u(r) + /0 A u(r + )| “u(r + ) ds

for all 0 < ¢t < T — 7. Applying Theorem C.1, we conclude that v is indeed a
classical solution of (1.1) on (0,7T) x RY. Moreover, ||w(t) — e®wq| =~ — 0 as
t | 0 by Theorem 4.1 (iii), and it follows (see Lemma A.1) that w(t) — wg in
LP (RN) for all 1 < p < co. Applying Proposition 3.1, we conclude that u(t) — ug
in LI (RY\ {0}), which proves the first part of Theorem 5.1.

Property (i) follows from Theorem 4.1 (iii), since u(t)—U (t)—e!® (ug—p|-| =) =
w(t) — etPwp.

Next, we prove Property (ii), so we assume « > % Since wg = ug — p - |*%,
it follows from equation (4.9), and (5.6)-(5.7) that

t
(5.11)  u(t) = U(t) + e ug — pe'®| - \_% +/ =8 (|u|u — |U|*U)(s) ds.
0

Note that |u|*u — |U|*U = Mw € L*®((0,T) x RY), so that the integral on the
right-hand side of (5.11) is in C([0,T], Cp, w(RY)) by Lemma B.3. We claim that

t t t
(5.12) / A (ju|*u — [U|*U)(s) :/ e Ry |y (s) —/ IR T U (s)
0 0 0
where the integrals in the right-hand side of (5.12) are convergent in L"(RY) +
L®RN) forall 1 < r < % Indeed, by Proposition 3.1, the second integral is
Na

convergent in LP(RY) for all p > 1, p > oty Moreover,

[ul*ul < C(UI* + [w]**1).

Since
@ _atl N a

(5.13) UG = s = = 28,
for all s > 0, —2t2 + & > 1 and w € L>®((0,7) x RY), we see that the
first integral is convergent in LP(RY) + L>®(RY). Now if p is as above and 1 <
r < %, we have LP(RY) — L"(RY) + L*(RY), so that both integrals are
convergent in L"(RY) + L>(RY). This proves the claim (5.12). Equation (5.3)
follows from (5.11), (3.7) and (5.12), hence Property (ii) is established.

We finally prove Property (iii), so we assume (5.4). We use a comparison
argument. Let £ € C2°(RY) satisfy 0 < ¢ <1 and £(x) =1 for |z| < 1, and set

(5.14) D = [[Mw| L ((0,1)xrY)-
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It follows from (5.6)-(5.7) that (1 —&)|Mw| < C(1—=&)(JU|* + |w|*)|w]|. Since U is
bounded on the support of 1 — £, we deduce that

(5.15) (1 =HMuw = (1 = &)pw

for some p € L°°((0,T) x RY), and we let

(5.16) K = .

On the other hand, it follows from (5.4) that there exists zg € Co(R¥Y) such that
a.e. We let 2z € C([0,T], Co(RY)) be the solution of

{zt —Az=D¢+ Kz

(5.18) £0) = 2

so that z > 0, and z is smooth on (0,7T) x RY. Moreover, it follows from (5.14)
and (5.16) that

(5.19) DE+ Kz > [Mw|€+ (1 —€)pz.
Note also that both u and U are classical solutions of (1.1) on (0,7) x R, so that
wy — Aw = Mw on (0,T) x RY. Setting W = w — 2 and applying (5.18), (5.19),
and (5.15), we deduce that
Wy — AW — (1 = &)pW = —D¢ — Kz + EMw + (1 — &)[Mw — pW]
(5.20) < —(IMw| — Mw)é + (1 — &)[Mw — pw]
= —(IMuw| — Mw)€ <0,

Let now ¢(z) = exp(—+/1 + |z|?), so that Agp < 2¢. Multiplying (5.20) by oW T,
where W1 = max{W,0} is the positive part of W, and integrating by parts, we
obtain
1d
sii Lo s [ a-oopwy - [ ww.viow
th RN RN RN
<K [ owore [ wrvmw).v

(5.21) By

RN
1
:K/ @(W"")z—l-*/ (WH)2Ap
RN 2 RN

<) [ e

Note that all the above calculations are justified by the exponential decay of .
Moreover, it follows from (5.2) that ||w(t) — e*®wp|lp~ — 0 as t — 0. Since
wp € L=®(RY), we also have e/Awy — wq in L (RY), so that W (t) — wy — 2o in

loc
Llloc (RN). Since W € L*((0,T) x RN), we deduce that

/RN eWT)?— [ ol(wy —2)T]* = 0.

t—0 Jpn
This, together with inequality (5.21), implies that W+ = 0, so that w < z. A
similar calculation with W = —w — 2 shows that w > —z. Thus we see that
lw| < 2. Tt follows in particular that |w — et®wg| < z + e*®25 € C([0,T], Co(RM)).
Since w — e*®wy € C([0,T], Ch.u(RY)), we obtain w — e*®wy € C(]0,T], Co(RY)),
and Property (iii) easily follows. O
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PrROOF OF THEOREM 1.1. To show the existence of multiple solutions, apply
Theorem 5.1 to each of the infinitely many radially symmetric regular self-similar
solutions of (1.1) given by Proposition 3.1. The corresponding solutions are distinct
by Remark 5.3. Setting pp = 0 if a < £, and po = [as[ed] - |72](0)] if a > Z,
the fact that there is no local nonnegative solutions if ug > 0 and p > po follows
from Corollary 2.7. O

REMARK 5.4. We can let 4 = 0 in Theorem 1.1. In particular, if we let
up € L*(RY) which vanishes in a neighborhood of 0, then we obtain infinitely
many sign-changing solutions of (1.1) (which have a singularity as ¢ — 0). This
extends the nonuniqueness results of [10, 27], which correspond to ug = 0.

6. Sign-changing solutions on domains

Let © be a bounded, smooth domain of RY and assume 0 € Q. We consider
the equation (1.3) and we look for singular solutions that behave like perturbations
of self-similar solutions.

THEOREM 6.1. Let Q be a bounded, smooth domain of RN, N > 1, and let
a > 0. Suppose U is a radially symmetric, reqular self-similar solution of (1.1) on

RN with initial value u|x|_§, for some € R, in the sense (3.5). Suppose that
there exists § > 0 such that {|z| < §} C Q and let ug € L>®(QN{|z| > 0}) such that

(6.1) up(z) = plz| =%, |z| <6

It follows that there exist T > 0 and a solution u € C((0,T],Co(2)) of (1.3) such
that w(t) — up ast — 0 in LP(QN{|z| > e}) for alle > 0 and all p < co. Moreover,
the following properties hold.
(i) u—U € L*((0,T) x Q).
(ii)) If a > %, then w is a solution of the integral equation (1.4) where the in-
tegral is convergent in L"(Q)) for all 1 < r < &2 and each term is in

C((0,T),Co(%2)). Moreover, u(t) — ug ast — 0 in L"(Q) for all1 <r < &2

REMARK 6.2. Suppose U! # U? are two radially symmetric, regular self-similar
solutions of (1.1) on RN with the same initial value p|z|” &, where u € R, in the
sense (3.5). Suppose u!, u? are solutions of (1.1) on (0,7'), which are perturbations
of the solutions U', U2, respectively, in the sense of Theorem 6.1. It follows that
ul # u?. More precisely, estimate (5.5) holds. This follows from the argument of

Remark 5.3.

PROOF OF THEOREM 6.1. We let v > 0 be sufficiently small so that {|z| <
d+ v} C Q, we fix a function ¥ € C(Q) such that 0 < ¥ < 1, ¥(z) = 1 for
|z| <&, U(x) =0 for |z| > 0 + v, and we define wy € L () by

(6.2) wo(x) = u() — pla| > U(2).
We see in particular that
(6.3) wo(z) =0 if |z] <4

Applying Theorem 4.1, it follows that there exist 7' > 0 and and a function w €
L*>((0,T) x Q) such that Mw € L*>((0,T) x ), which is a solution of (4.9) with

(6.4) Muw = 2VU - VU + UAV + |u|*u — U|U|*U
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where
(6.5) u=YU +w.
Note that Mw € L((0,T) x Q) = LI((0,T), L1(2)), for every ¢ < 0o, so it follows

easily from equation (4.9) that w € C((0,T], Co(2)), w—et22wy € C([0,T], Co())
and that, given any 0 < 7 < T,

t
(6.6) w(t +7) = etPew(r) + / (=2 Mu (1 4 ) ds
0

for 0 <t < T — 7. Moreover, V = UU is C' in t, C? in z, vanishes on a compact
subset of §2, and satisfies the equation

Vi — AV = =2VU - VU — UAY + V|U|*U = —Mw + |u|u
on (0,00) x Q. It follows that

t
(6.7) V(t+7)=e?2V(r) + / et=3)89 (_ Muw + |u|®u) (T + 5) ds
0
for ¢ > 0. Summing (6.6) and (6.7), we deduce that u € C((0,T), Co(Q2)) satisfies
¢
(6.8) u(t 4 7) = e®2u(r) + / e(t=9)89 (|y|*u) (T + 5) ds
0

for 0 <t < T — 7. By standard regularity (see e.g. Theorem C.5), u is a classical
solution of (1.3) on (0,7) x Q. In addition, it follows from (6.2) and (6.5) that
(6.9) w(t) —ug = W(U(E) — p| - |7%) 4+ w(t) — 22wy + 2wy — wy.

We have ||w(t) — e!A2wg||p~ — 0 as t | 0 by Theorem 4.1 (iii). Moreover, wy €
L>(9), so that ||e?®2wy—wp||z» — 0ast | 0, forall p < co. Also, U(t)—pul-|~& — 0
as t | 0 uniformly on {|z| > €} for every e > 0, and this proves the first part of the
statement.

Next, we observe that by (6.5), u — U = (¥ — 1)U + w. Since 1 — ¥ vanishes
in a neighborhood of 0, it follows that (¥ — 1)U € L*°((0,00) x RY)). Moreover,
w € L*°((0,T) x RY), and Property (i) follows.

We now prove Property (ii), so we suppose « > % It follows in particular
(see Proposition 3.1) that U(t) — p|-|"= in LP(Q) as ¢ | 0, for all 1 < p <
Na - Therefore, we deduce from (6.9) that u(t) — wug likewise. Moreover, u €
C((0,T],Cp(£2)) is a solution of (1.3), so that

t
(6.10) u(t) = el =9y (e) —l—/ elt=)Bay|%y(s) ds
g
for all 0 < e <t < T. Since u(t) — ug in L(Q), we see that
(6.11) et=8)8ay(g) — etBay,
el0
in L*(Q). Let now 1 < r < % and let % <p< % be such that p > r.

We have |ul®Tt < O(|U[**! + |w]|*t1), and |w|*T! is bounded in L°°(2), hence
in L™(Q). Moreover, |[|U|*"||Ls, hence [|U]|*TL||L-, is integrable on (0,7), see
formula (5.13). Therefore, one easily passes to the limit in (6.10) as ¢ | 0 and
obtain equation (1.4), where the integral is convergent in L"(Q2) for all 1 < r < 22,
Since the first two terms in (1.4) are in C((0,00),Co(£2)), so is the integral term.
This proves Property (ii). O
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PRrROOF OF THEOREM 1.2. Without loss of generality, we suppose o = 0. To
show the existence of multiple solutions, apply Theorem 6.1 to each of the infinitely
many radially symmetric regular self-similar solutions of (1.1) given by Proposi-
tion 3.1, with ug(z) = pC(z)|z|~a. The corresponding solutions are distinct by
Remark 6.2. Setting 110 = 0 if @ < 2, and o = [a=[e2]-]78)(0)] 7  if a > 2, the
fact that there is no local nonnegative solutions if ug > 0 and p > po follows from
Corollary 2.7. |

REMARK 6.3. If we apply Theorem 1.2 in the case u = 0, we obtain a nonunique-
ness result for equation (1.3) with initial values ug € L>°(€2). The only requirement
is that wo vanish on some open subset of Q. Unlike the results in [1] and [19,
Theorem 15.3 (ii)], we do not require radial symmetry or positivity.

Appendix A. The heat equation on a domain

We consider an open, connected subset 2 C RY. We recall that the heat semi-
group on ) with Dirichlet boundary conditions, (em)tzo is the strongly continuous
semigroup on L?({2) generated by the operator A with domain {u € H(Q); Au €
L2(2)}. We recall that e*2 is a contraction of LP(Q) for every 1 < p < co. See
e.g. [6, Theorem 1.3.3, p. 14]. The corresponding heat kernel Gq satisfies

(A1) Go € C((0,00) x Q x Q)

|z—y|?

(A.2) 0< Golt,z,y) <Kt 2e o

where K,0 > 0 are two constants independent of ¢,z. See e.g. [6], in particular
Theorem 5.2.1 p. 149 and Corollary 3.2.8 p. 89.

LEMMA A.1. Let ug € L>(Q) and let u(t) = e*®ug fort >0, in the sense that

u(t, ) = i Gal(t,z,y)uo(y) dy

It follows that u € C((0,00) x ). Moreover, if 1 < p < oo, then

(A.3) Hu(t) —’LL()HLp(B) ﬁo

for every bounded subset B C ).

PROOF. The property u € C((0,00) x ) follows easily from the continuity
property (A.1), the bound (A.2), and the dominated convergence theorem. Let
R > 0 be such that B C {|z| < R} and let

U1 = Uol{jgj<rt+1} U2 = U — U1

In particular, u; has compact support, hence u; € LP(Q2) for all 1 < p < co. Since
ug = U1 + uy, we see that
Ju(t) = wollr(m) < lle"ur — wrlLocs) + [le"uz — uz| Lo (m)

(A.4)
< [le"®ur — ur | poq) + el Lo m)

since up = 0 on B. Since u; € LP(2) and (e'?);>¢ is a strongly continuous semi-
group on LP(€2), it follows that |[e'®u; — u1||rr() — 0 as t — 0. Thus we need
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only show that [|e'®us|| ) — 0. This is immediate since by (A.2), we have for

every x € B
e ua(a)| < Kljugllr~t ¥ [ -
QN{|y|>R+1}

Since |z| < R and |y| > R+ 1 we have |x — y| > 1 so that

lz—y|?
ot

dy.

|z — N 1
2

\etAuQ(x)\§K||u0|\Looe_ﬁt_%/ e I —K||u0||Loo(27r5) -
RN

It follows that HetA’U,QHLoo(B) — 0, which completes the proof. O
LEMMA A.2. Let T >0, f € L>=((0,T) x Q) and set
(A.5) O(t,x) / / Gao(t —s,z,y)f(s,y)dyds

forall0 <t <T and x € Q. It follows that ®(t,x) is well defined for all0 <t < T
and x € Q as a Lebesgue integral on (0,t) x Q, and that ® € C((0,T) x Q). In
addition, there exists a constant C' such that ||®(t, )|~ < Ct for all 0 <t < T.

PROOF. Let 0 < t < T and z € Q. It follows from (A.1) that Gq(t —
s,x,y) f(s,y) is a measurable function of (s,y) € (0,t) x Q. Moreover, the Gaussian
bound (A.2) implies that

N _lz—y|?
(A.6) |Ga(t —s,2,9) f(s,y)| < K| fllpe(t —s)"2e 5.
Since
(A7) (t - s)—%/ e dy = (r6) ¥
RN

the right-hand side of (A.6) is clearly integrable on (0, ¢) x 2. Thus the integral (A.5)
is well defined. To show the continuity of @, fix (¢,z) € (0,T) x Q and let (¢,)n>1 C
(0,7) and (zp)n>1 C Q satisfy t, — t and z, — x as n — oo. Fix 0 < h < £, so
that there exists 7 > 0 such that

(A.8) T4+ h <ty t <7+ 2h.
‘We have
(A.9)

O(t,x) — D(tn, Tn) / / (Galt —s,x,y) — Galtn — s,2n,y)) f(s,y) dy ds

+/ /Gg(t—s,z,y)dyds

-/ " [ Goltn = s.00)55.0) du s

def

=L+ L+ 1.
Applying (A.6) and (A.7), we see that

ﬂ
2

(A10) |l < K| fll / [ =) ¥ dyds < 2l () ¥
Similarly,
(A1) Iy] < 2Kl (m6)

ﬂ
2
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Next, we show that Iy — 0 as n — oo by dominated convergence. Indeed, the
integrand converges pointwise to 0 by (A.1). Therefore, it suffices to show that the
integrand is bounded by a fixed function in L'((0,7) x ). Indeed, by (A.2)

lz—y|?

GQ(t - s,x,y) < K(t - 3)7%67 5(t—s) |
Since h <t — s < T, it follows that

_lz—y?

Gao(t —s,z,y) < Kh™>e ot
and, similarly,
len —y|?

Ga(tn — 8,Zn,Yy) < Kh™2e 5T
For n large, |z, —y[* > |z — y|*> — 1 for all y € RV, so that

lz—y|?

|Ga(t —s,z,y) — Ga(tn — 8, 2n,y))| < Ch™% e~ "mr

which shows that I; — 0 as n — oo. Together with (A.10) and (A.11), this implies
that

limsup |B(t, ) — D(tn, @0)| < AK]|f]| = (76) ¥ .

n—oo

The conclusion follows by letting h — 0. (I

Appendix B. The heat equation on RY
We let

m2
(B.1) K(t,m):(llmf)_%e_%, t>0,x cRY
so that G(t,z,y) = K(t,z — y).

LEMMA B.1. Let ug € L>®(RY) and set u(t) = e'®uq for t > 0. It follows that
u € C((0,00), O w(RM)).

PROOF. Note that u(t) = K(t,-) *ug. Since K € C((0,00), WHHRY)), we see
that u € C((0,00), WL>°(RY)). Hence the result, since WL (RY) — C, ,(RY).
(]

LEMMA B.2. The heat semigroup (etA)tZO is a Cy semigroup of contractions on
Cou(RY). In addition, (e'®);>0 is an analytic semigroup on Cy, w(RN). Moreover,
both statements are true if Cy, o(RY) is replaced by Co(RY).

PrROOF. We first prove that (etA)tZO is a Cp semigroup of contractions on
Cou(RN). Let ug € Cpo(RY) and set u(t) = e*®ug. By Lemma B.1 it suffices to
show that ||u(t) — ug||r~ — 0 as t — 0. Note that

u(t,x) —uo(x) = - K(t,x —y)uo(y) dy — uo(x) o K(t,x —y)dy
so that
Jut, 2) — uo ()] < / K(t, 2 — y)luoly) — uo(x)] dy
{lz—y|<d}

(B.2) n / K(t,z —y)uo(y) — uo(x)| dy
{lz—y|>d}

=1, + L.
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Let ¢ > 0. There exists § > 0 such that |ug(z) — uo(y)| < § for |z —y| < 4.
Therefore,

(B.3) L<<| K(ydy=-=.
2 Jpn 2
Next,
{ly|>8} t=0

Hence the result.
To prove analyticity on Cy, o (RY), we observe that by [30, Chapter IX, Sec-
tion 10], it suffices to show that

sup ||tAetA||£(beu(RN)) < oo0.
0<t<1

Since et®ug = K(t,-) x ug, we see that tAet®ug = (tAK(t,-)) x up. Therefore, it
suffices to prove that

sup [[tAK(t, )| < o0
0<t<1

which follows from elementary calculations.

Finally, since Co(RY) is a closed subspace of Cy, (RY), which is invariant
under the action of e*®, the corresponding statements for Co(RY) are an immediate
consequence. ([l

LEMMA B.3. Let T >0, f € L>=((0,T) x RY) and set

(B.5) O(t,x) = /0 - K(t—s,z—y)f(s,y)dyds

for all0 <t < T and x € RN. It follows that ® € C([0,T)],Cyw(RY)). Moreover,
gwen any T > 0,

(B.6) eTAD(t, 1) = /t K(r+t—s,z—y)f(s,y)dyds
0 JRN

PrOOF. We define

7$ =
0 reRN HT —t) <0

so that K € L'(R x RY) and

it o fit,x) zeRN 0<t<T
0 z RN H(T —1) <0

so that f € L°(R x RY). We may write

O(t,x) :/R x K(t—s,z—y)f(s,y)dyds

which means that ® = I?lf, where % is the convolution on R x RY. Since K € L*
and f € L, we have K*f € Cp, o(RxRN) C C(R, Cy(RN)). This proves the first
part of the result. Identity (B.6) easily follows from the above considerations and
the fact that if 7 > 0 and 0 < s < t, then K(7, ) x K(t—s, )= K(t+t—s,). O
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Appendix C. Regularity for the nonlinear heat equation
We begin with the case of the heat equation set on R¥.

THEOREM C.1. Let X be either Co(RN) or Cp o(RY). Let a > 0, ug € X,
T > 0, and suppose u € C([0,T),X) satisfies

u(t) = e®u te(t_s)Aus “u(s)ds
(C.1) (0 =bu+ [ fu(s)]*u(s) d

for all 0 < t < T. 1t follows that u € C*((0,7),X), Au € C((0,T),X), and
ug = Au+ |ul|®u for all 0 < t < T. In addition, Vu € C*((0,T),X), AVu €
C((0,T),X), and all space derivatives of u of order two are in C((0,T),X).

We use the following lemma.

LEMMA C.2. Let et be a Cy semigroup of contractions on a Banach space X,
which is also an analytic semigroup. Suppose f € C([0,T],X) and let

v(t) = /0 =94 (s)ds

for all0 < t < T. Given any 0 < v < 1, the map v : [0,T] — X is Holder
continuous of exponent .

Lemma C.2 is proved in a slightly different context in [25, Proposition 1.2]. For
completeness, we give the proof here. We use the following estimates which involve
the T" function

() :/ s7 e ds.
0
(See the proof of [13, Theorem 11.3] for (C.3), and [13, Theorem 12.1] for (C.4))

LeEMMA C.3. Let (e!4);>0 be a Cy semigroup of contractions on a Banach space
X. Let A >0, ~v€(0,1) and

1

(C.2) AN—A)T7f= Ty /OC s e AsesA £ ds
0

for f € X. It follows that

[ — I\ = A) o) € ot

(C.3) | < FED

for allt > 0. In addition, if (etA)tZO is an analytic semigroup, then there exists a
constant C' such that

(C.4) (A= A)7e " AP x) < Ot

for allt > 0.
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PRrROOF. Given f € X,
P = 1A= A)7f

_ / S'y—le—)\se(t—i-s)Af ds — / S’y—le—)\sesAf ds
0 0
o0 o0
= / (s — t)”’_le_)‘(s_t)eSAf ds — / ST le e A f ds
t 0

00 t
_ / [(5 . t)’yflef/\(sft) - SyflefAs]esAf ds — / s'yflef)\sesAf ds
t 0
=0L+ L.
Clearly,

t
1 1
ILlx < 1flx / SN < I fx
0

Since v < 1, (s — )7 le A7 > 577125 50 that

ILx < Ifllx / (s — )7 Le 260 _ 1-1=39) g
t

= Hf”X(/ (s —t)7 e At dsf/ TN ds)
t t
= Hf||X</ sT7 e ds _/ S-le—As ds)
0 ¢
' 1,-A 7
= Hfllx/ s e M ds < || fllx —-
0 Y

Hence (C.3) follows.
We now prove (C.4), so we assume in addition that (e'4);>o is an analytic
semigroup. In particular, (e’t(A’A))tZO is analytic, so that there exists C' such that
Lt C
(C.5) I = Aty < &
for all t > 0. Given f € X, it follows from (C.2) that
1 oo
A=A~ = 7/ s e A=A f s,
wA o) Jo
Replacing f by e **=4) f with t > 0, then applying A\] — A, we obtain
O B O O B
1 /oo
== sTYN = A))e sA=Ae=tA=A) £ 4g
- © Y
1 /°° _ _ _
=" sTY(A— A)eHIA=A) £ g,
T © O

Estimate (C.5) yields

C > 5T ct— s
A — A)Te A < / ds = / d
I3 = A)e Nxsta—% ) se®~ta=y /), 571%™

from which (C.4) easily follows. (I
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ProOF OoF LEMMA C.2. Given 0 <t<t+7<T,

v(t+71)—0o(t) = /H_T e(t+T_s)Af(s) ds — /t e(t_s)Af(s) ds

0 0

t T
=(e™ - I)/ =4 f(s) ds + / SAf(t+71—5)ds
0 0
=1 + Is.
Clearly,

2] < 7llfl| oo ((0,7),%)-
Moreover, given 0 < v < 1,

L=(A—D)I-A)7" /0 t([ — A=A f (s ds.

It follows from (C.3) and (C.4) that
277 ¢ _
100 < fogy | I = A7t (o) as

t
<cr [ 9 sl ds
0
< CTE | fllLes (0,1, %)-
This completes the proof. ([

LEMMA C.4. Let X be either Co(RY) or Cp o(RY). If f € X and Af € X,
then Vf € X and

(C.6) IV fllze < CUIfllzee + [1AS]Izoe).-
PRrROOF. We write
f=U-2)7f-Af).
By formula (C.2), this means
(C.7) f= / e e D(f — Af)ds
0
Therefore, we need only show that the map
(C.8) u— / e *Ve*Puds
0
is a bounded operator on X. This is clear, since
(C.9) Vestu = VK(s,-)*u
and the map s — VK(s,-) is continuous (0,00) — L'(RY) with the estimate
(C.10) IVE (s, )| < s~ 3r ¥ / el dz
RN
This completes the proof. ([
ProOOF OF THEOREM C.1. We let
u(t) = eug + v(t),

where

o(t) = /0 =98 u(s)[*u(s) ds.
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It follows from Lemma C.2 that v : [0,7] — X is Holder continuous. By analyticity
(Lemma B.2), t — e'®uq is Holder continuous [¢,7] — X for every 0 < & < T.
Hence so is u, and therefore also |u|*u. Furthermore, w(t) = u(t +¢) for 0 <t <
T — ¢ satisfies

(C.11) w(t) = e ®u(e) + /O et 2 w(s)|“w(s) ds.

Since |w|*w is Holder continuous [0,T — ¢] — X, it follows from [12, Chapter 9,
Theorem 1.27] that w € CY((0,T — ¢),X), Aw € C((0,T —¢),X), and w; =
Aw+ |w|*w for all 0 < t < T —e. Since 0 < ¢ < T is arbitrary, this proves the first
part of the theorem.

Next, it follows from Lemma C.4 that Vu € C((0,T), X), so that V(Ju|*u) €
C((0,T), X). Therefore, we may take the gradient of (C.11), and we obtain

t
(C.12) Vuw(t) = "> Vu(e) +/ DAY (Jw(s)|*w(s)) ds.

0
As above, we deduce using Lemma C.2 and analyticity that Vu is Hélder contin-
uous [e,T] — X for every 0 < ¢ < T. Hence so is V(|u|*u). Still as above, it
follows from [12, Chapter 9, Theorem 1.27] that Vu € C*((0,T),X) and AVu €
C((0,7),X). Applying again Lemma C.4, we deduce that every space derivative
of u of order two is in C((0,T), X). O

We now consider the case of the heat equation on a bounded, smooth domain.
The following result is standard (see e.g. [19, Theorem 15.2]), but we give here a
rather simple proof similar to the proof of Theorem C.1.

THEOREM C.5. Let Q C RY be a bounded domain with boundary of class C**
for some > 0, let X = Co(R), and (e'22);>¢ the heat semigroup on X. Let o > 0,
ug € X, T >0, and suppose u € C([0,T],X) satisfies

t
(C.13) u(t) = ety + / elt=3)8ay(s)|“u(s) ds

0
for all 0 < t < T. It follows that v € C*((0,T),X), Au € C((0,T),X), and
uy = Au+ |[u|*u for all 0 < t < T. In addition, given any w CC , it follows that
Vu € CH(0,T),C@)) and u € C((0,T),C*(@)).

PROOF. We recall that (e!29);> is an analytic semigroup on X, see [22, The-
orem 5]. Therefore, we can argue as in the proof of Theorem C.1, which establishes
the first part of the result. To prove the local regularity, we argue as follows. Re-
call that the domain of the Laplacian on Cy(f2) is Y = {u € X; Au € X}, which
we equip with the graph norm (so that Y is a Banach space). We also consider
Z = C(2) N L*°(Q) equipped with the sup norm. It follows from [22, Theorem 1]
that if w € Y, then Vu € Z and

(C.14) IVullze < Cllull o + |Au] o).

Next, we observe that u(t) € Y for all 0 < ¢t < T. Therefore, after possibly a
time translation, we may assume that ugp € Y and u € C1([0,T], X). We write
u(t) = w(t) + v(t) where w(t) = et®2ug and

(C.15) v(t) = /0 eyt — s)|%u(t — s) ds.
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Since u € C([0, 77, X), it follows easily that [u|*u € C*([0,T], X) and 4 (Ju|*u) =
(o + 1u a%‘. Therefore, we may differentiate (C.15) with respect to ¢, and we
obtain that

(C.16) V() = (a + 1)/0 ¢339 |yt — 8)[/ (¢ — s) ds.

It follows from Lemma C.2 that v’ : [0,T] — X is Holder continuous. Since ug € Y,
w: [0,7] — X is C', hence also Hélder continuous. Therefore, so is v/, so that
|u|“u’ is also Holder continuous. It now follows from [12, Chapter 9, Theorem 1.27]
that v' € C1((0,7),X) and Av' € C((0,T),X). By analyticity, the same is true
for w’, hence for u'. In particular, u € C1((0,T),Y), and we deduce from (C.14)
that Vu € C*((0,T), Z). Therefore, VAu = V(u; — |u|*u) € C((0,T), Z). Given
N < p < o0, we deduce that u € C((0,T), WP(Q2)) and Au € C((0,T), WHP()).
By local regularity (see e.g. [11, Theorem 17.1.3]), it follows that if w CC €, then
u € C((0,T), W3P(w)), hence u € C((0,T),C?(w)) since p > N. This completes
the proof. O
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