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ABSTRACT. We prove reducibility of a class of quasi-periodically forced linear
equations of the form

Otu — Oz o (1 + a(wt, z))u+ Q(wt)u =0 z €T:=R/27Z,

where u = u(t,x), a is a small, C*° function, Q is a pseudo differential op-
erator of order —1, provided that w € R” satisfies appropriate non-resonance
conditions. Such PDEs arise by linearizing the Degasperis-Procesi (DP) equa-
tion at a small amplitude quasi-periodic function. Our work provides a first
fundamental step in developing a KAM theory for perturbations of the DP
equation on the circle. Following [3], our approach is based on two main
points: first a reduction in orders based on an Egorov type theorem then a
KAM diagonalization scheme. In both steps the key difficulties arise from the
asymptotically linear dispersion law. In view of the application to the nonlinear
context we prove sharp tame bounds on the diagonalizing change of variables.
We remark that the strategy and the techniques proposed are applicable for
proving reducibility of more general classes of linear pseudo differential first
order operators.
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1. Introduction

The problem of reducibility and stability of Sobolev norms for quasi-periodically
forced linear operators on the circle is a classical one, and it has received new
attention in the past few years. Informally speaking, given a linear operator, say
Xy, H*(T,R) — H* #(T,R) (where u € R, T := R/27Z) depending on time in
a quasi-periodic way, we say that it is reducible if there exists a bounded change
of variables depending quasi-periodically on time (say mapping H* — H?* for all
times), which conjugates the linear PDE 0;u = X, u to the constant coefficient one

O = Dyv, D, = diag;cz{d;}, dj € C.

The notion of reducibility has been first introduced for ODEs (see for instance [34],
[22], [32], [1] and reference therein). In the PDEs context this problem has been
studied in a perturbative regime, both on compact and non-compact domains. The
reducibility of linear operators entails relevant dynamical consequences such as the
control on the growth of Sobolev norms for the solutions of the associated Cauchy
problem.

The subject has been studied by many authors: we mention, among others, [13],
[6], [21], [31], [8], [40], [43]. For more details we refer for instance to [5] (and
reference therein).

A strong motivation for the development of reducibility theory comes from KAM
theory for nonlinear PDEs. Actually, reducibility is a key ingredient in the con-
struction of quasi-periodic solutions via quadratic schemes, such as Nash-Moser al-
gorithms. Indeed, the main issue is to invert the linearized PDE at a quasi-periodic
approximate solution, see [17]. This reduces the problem to the study of a quasi-
periodically forced linear PDE such as the ones described above. We point out that
in this context a sharp quantitative control on the reducing changes of variables is
fundamental. Regarding KAM theory for PDEs, we mention [35],[50],[37],[12] for
equations on the circle, [28],[24],[29],(48],[23] for PDEs on T™. These works all
deal with equations possessing bounded nonlinearities. Regarding unbounded cases
we mention [36], [38], [10] for semilinear PDEs and for the quasilinear case [3],
[4],[27), [30], [11], [42], [2].

The main issues in all these problems are related to the geometry/dimension of the
domain, the dispersion of the PDE and the number of derivatives appearing in the
nonlinearities. In particular the dispersionless case, i.e. the case of (asymptotically)
equally spaced spectral gaps, often exhibits unstable behaviors and explosion of
Sobolev norms (see [39]). In this paper we discuss operators of this type, proving
reducibility and stability for a class of quasi-periodically forced first order linear
operators on the circle. In view of possible applications to KAM theory we chose
to consider a class of linear operators related to the Degasperis-Procesi equation.
However, both the strategy and the techniques are general and, we believe, can be
applied to wider classes of first order operators.

The Degasperis-Procesi (DP) equation
(1.1) Up — Ugpt + Upgy — Ay — UWlppr — SUgUpy + duty, = 0

was singled out in [20] by applying a test of asymptotic integrability to a family of
third order dispersive PDEs. Later Degasperis-Holm-Hone [19] proved its complete
integrability by providing a Lax pair and a bi-Hamiltonian structure for this system.
Recently, the first and the second authors, together with Pasquali, [26] investigated
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the structure of the infinitely many constants of motion given by the Lax pair
and deduced some dynamical properties such as the stability of the origin of every
Sobolev spaces H®, s > 2, and the integrability of the Birkhoff normal form at any
step.

Constantin and Lannes showed in [16] that the Degasperis-Procesi equation, as
well as the Camassa-Holm equation, can be regarded as a model for nonlinear
shallow water dynamics and it captures stronger nonlinear effects than the classical
Korteweg de Vries equation: for example, it exhibits wave-breaking phenomena and
it shows peakon-like solutions. Unlike the Camassa-Holm equation, the DP system
exhibits also shock waves.

Since its discovery, lots of works have been written on this equation, mostly on
the construction of very special exact solutions such as traveling waves and peaked
solitons. We wish to stress that in general the existence of a Lax pair, in the infinite
dimensional context, does not directly imply the possibility to construct Birkhoff (or
action-angle) variables or even simpler structure, such as finite dimensional invariant
tori (the so-called finite gap solutions for KAV and NLS on the circle). For results
on the spectral theory of the DP equation we refer to [14, 15],[33]. In conclusion
the problem of KAM theory for the DP equation is, at the best of our knowledge,
still open. This is one of the main motivations for proving this reducibility result.
Before introducing our classes of operators let us briefly describe the structure of
the DP equation and in particular its linearized at a quasi-periodic function.

The equation (1.1) can be formulated as a Hamiltonian PDE w; = J V2 H (u),
where V2 H is the L2-gradient of the Hamiltonian

’LL2 ’LL3

on the real phase space

(1.3) HA(T) = {u € H'(T,R) : /

11‘udsr:: 0}

endowed with the non-degenerate symplectic form

(1.4)  Qu,v) := /T(Jflu) vdr, Yu,v € Hy(T), J:= (1 — 0pz) (4 — 02z) 0.
The Poisson bracket induced by  between two functions F, G: H}(T) — R is
(1.5) {F(u),G(u)} :=QUXp, Xg) = /TVF(U) JVG(u)dx,

where Xr and X¢g are the vector fields associated to the Hamiltonians F' and G,
respectively.

Let v € N* :=N\ {0}, L >0, v € (0,1). Consider w € Oy where

(1.6) Op = {w e [L,20]" : |w- ¢ > é%, (e Z”}, (€) := max{|¢|, 1}

and a quasi-periodic function wu(t, x) with zero average in x, small-amplitude and
frequency w,

(1.7) u(t,z) = eJ(wt, x), e 1,
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where ¢ — J(gp, ) belongs to C>°(T*"! R). Linearizing equation (1.1) at u one
obtains

vy = Xy(wt)v, Xy(wt) = Xy (wt,T) := J o (14 a(wt, x)),
a(p,x) = a(J; ¢, )
with a(p, z) € C°°(T**, R) Lipschitz in w and J. In particular one has

(1.8)

llall zs v+ vy < €llTN ms(rvtr my s Vs
Note that that J in (1.4) can be written as
(1.9) J =0, +3A0,, A= (1 —0p)t,
hence the operator X, (wt) in (1.8) has the form
(1.10) X (wt) = (1 + a(wt, )0z + ax(wt, ) + 3(1 — Opz) ' 0s o (1 4 a(wt, x))

and it is a pseudo-differential operator of order one, moreover X, (wt) is a Hamil-
tonian vector field w.r.t. the DP symplectic form (1.4).

In the paper [25], together with Montalto, we proved that transport operators of
the form (1+a(wt, x))d,, with (w, 1) € R”T! diophantine, are reducible by a change
of variables which has very sharp tame estimates in terms of the Sobolev norm of
the function a. Here we prove the same result for the more general class (1.10). We
have to deal with two main issues:

e the operator (1.10) is not purely transport;
e we wish to diagonalize with a change of variables which is symplectic w.r.t.
(1.4).
As in [25], the main difficulties, which turn out to be particularly delicate in our
context, consist in giving sharp estimates of the change of variables; in order to do
this, we need to introduce a number of technical tools, for instance a quantitative
version of Egorov’s theorem.
We prove the following reducibility result.

THEOREM 1. Fiz vy € (0,1), consider X, (wt) in (1.10) withw € Oq (see (1.6)),
assume that ||J3|| = (rvi1 m) < 1 for some s > 1 large enough and || < eo(y) for some
eo(y) > 0 (recall (1.7), (1.6)). Then there exists a Cantor set Os C Oy such that
for allw € O there exists a quasi-periodic in time family of bounded symplectic
maps U(wt) : H*(T,R) — H*(T,R), which reduces (1.8) to a diagonal constant co-
efficients operator with purely imaginary spectrum. Moreover the Lebesque measure
of Op \ O goes to 0 as v — 0.

From Theorem 1 we deduce the following dynamical consequence.

COROLLARY 2. Consider the Cauchy problem

" 8{& - Xw(Wt)u’
(1.11) u(0,2) = uo(x) € H*(T,R),

with s > 1. If the Hypotheses of Theorem 1 are fulfilled then the solution of (1.11)
exists, is unique, and satisfies

(1.12) iuﬂg [lu(t, ')HHS('JT,JR) < C(S)HUOHHS('JT,R)a
€

for some c(s) > 0.
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We remark that (1.12) means that the Sobolev norms of the solutions of (1.11)
do not increase in time. This is due to the quasi-periodic dependence on time of the
perturbation. One could consider also problems with more general time dependence.
However one expects to give at best an upper bound on the growth of the norms
(see [7]).

We shall deduce Theorem 1 from Theorem 1.4 below. We first need to introduce
some notations.

Functional space. Passing to the Fourier representation
ulp, ) =D uj(p)ed™ = Y ugy T,

(1.13) jEZ (€LY JEL

uj (‘P) =U—j (‘P)a Ugj = U—p,—j
we define the Sobolev space
(L14) 1 = {ulp,2) € MR ul2i= Y0 JuglAe ) < oo}

LeZr ,jeZ\{0}

where (£, j) := max{1, |¢|, ||}, |¢| := >_,|¢:]. We denote by B(r) the ball of
radius r centered at the origin of H?.
Pseudo differential operators. Following [11] and [41] we give the following

Definitions.

DEFINITION 1.1. A linear operator A is called pseudo differential of order < m
if its action on any H*(T) with s > m is given by

AZujeijm = Za(x,j)ujeijm ,
JEL JEZ
where a(x, j), called the symbol of A, is the restriction to T X Z of a complex valued
Junction a(x, &) which is C* smooth on T x R, 2mw-periodic in x and satisfies

(1.15) 10007 a(z,€)] < Capl@)™ ", Ya,BeN.

We denote by A[-] = Op(a)[] the pseudo operator with symbol a := a(x,j). We call
OPS™ the class of the pseudo differential operator of order less or equal to m and
OPS~>:=(,,OPS™. We define the class S™ as the set of symbols which satisfy
(1.15).

We will consider mainly operator acting on H*(T) with a quasi-periodic time
dependence. In the case of pseudo differential operators this corresponds® to con-
sider symbols a(p, z, &) with ¢ € T”. Clearly these operators can be thought as
acting on H*(T*T1).

DEFINITION 1.2. Let a(p,z,§) € S™ and set A= Op(a) € OPS™,

(116) Al = max sup 9Fa:, - 16
We will use also the notation |alm.s.o = |Alm.s.a-

lsince w is diophantine we can replace the time variable with angles ¢ € T”. The time

dependence is recovered by setting ¢ = wt.
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Note that the norm | - |, 5.« is non-decreasing in s and «. Moreover given a
symbol a(p, x) independent of £, the norm of the associated multiplication operator
Op(a) is just the H® norm of the function a. If on the contrary the symbol a(&)
depends only on &, then the norm of the corresponding Fourier multipliers Op(a(§))
is just controlled by a constant.

Linear operators. Let A: TV — L(L*(T)), ¢ — A(p), be a p-dependent
family of linear operators acting on L?(T). We consider A as an operator acting on

H*(T"*1) by setting
(Au)(p, z) = (A(p)u(p, -))(x).
This action is represented in Fourier coordinates as

Au(p, x Z AJ (p)e ijz

7.3/ EL

_ Z Z A;/(é . €/> Ui ei(f~ap+jm)'

(€LY JEL U ELY ,j'EL

(1.17)

Note that for the pseudo differential operators defined above the norm (1.16) pro-
vides a quantitative control of the action on H*(T"*!). Conversely, given a Topliz
in time operator A, namely such that its matrix coefficients (with respect to the
Fourier basis) satisfy
(1.18) A= A1) Vg en Ll e,
we can associate it a time dependent family of operators acting on H*(T) by setting
Alh= Y AJ (O)hjr eIt ? Vh e H*(T).
3./ ELLETY
For m =1,...,v we define the operators 0,,, A(¢) as
Op, Al ulpa) = D D7 i(E =€) A (€= ) ugy P,

LeT” 0’ er”,
JEL  j'er

(1.19)

We say that A is a real operator if it maps real valued functions in real valued
functions. For the matrix coefficients this means that

W — AT
A (6) = A5 (—0).
Lipschitz norm. Fix v € N* and let O be a compact subset of R”. For a function

u: O — E, where (E,|-||g) is a Banach space, we define the sup-norm and the
lip-seminorm of u as

,O
lullE® = llullz™ —supHU( )z,
(]‘20) H Hl’Lp H Hl’LpO . H'LL((.()l)—'LL(U)Q)HE
= . sup .
w1,w2€0, |w1 - w2|
w1 #wa

If E is finite dimensional, for any v > 0 we introduce the weighted Lipschitz norm:
0. N lip,O
(1.21) lull g™ = lullg™™ + yllul g™

If F is a scale of Banach spaces, say £ = H?, for v > 0 we introduce the weighted
Lipschitz norms

su lip,©O
(1.22) [l 79 = [ull3PC + yllulls2y, Vs> [v/2)+ 3
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where we denoted by [r] the integer part of € R. Similarly if A = Op(a(w, ¢, z,£))
belonging to OPS™ is a family of pseudo differential operators with symbols de-
pending in a Lipschitz way on some parameter w € O C R”, we set

[A[7:S o = sup [Alp s 0t
weO

(123) |Op(a’(wla</)ax7§) - a(w2,<ﬂ,x,§))|m,sfl,a
+7 sup .

w1,wa€O |w1 - w2|

Hamiltonian linear operators. In the paper we shall deal with operators which
are Hamiltonian according to the following Definition.

DEFINITION 1.3. We say that a linear map is symplectic if it preserves the 2-
form Q in (1.4); similarly we say that a linear operator M is Hamiltonian if Mu
is a linear Hamiltonian vector field w.r.t. Q in (1.4). This means that each J~*M
is real symmetric. Similarly, we call a family of maps ¢ — A(p) symplectic if for
each fized ¢ A(p) is symplectic, same for the Hamiltonians. We shall say that an
operator of the form w - 0, + M () is Hamiltonian if M(p) is Hamiltonian.

Notation. We use the notation A <; B to denote A < C(s)B where C(s) is a
constant depending on some real number s.

For w € Oy (see (1.6)) we consider (in order to keep the parallel with (1.10)) a
quasi-periodic function €J € C°°(T**! R) such that, by possibly rescaling e,

~17,0
(1.24) HJH;YMZ <1, so:=[v/2]+3

for some p > 0 sufficiently large. We consider classes of linear Hamiltonian operators
of the form

(1.25) Ly=Ly(T)=w-0p—Jo(1+alp )+ Qp),
where a = a(p, z) = a(J; p, ) € C°(TT1,R) and
(1.26) Q:=0p(@)[], a=aF¢,z,8=qlpz€es

is Hamiltonian. We assume that a, g depend on the small quasi-periodic function
eJ € O°(T", R) (with J as in (1.24)), as well as on w € Oy in a Lipschitz way
and, for all s > sy we require that (recall (1.23))

(1.27) lall7€° + 1g[275 o < ellTN755

—1,5,a — s+ogp?
for some a¢ > 0. If J1, T2 € C°(T"T1 R) satisfy (1.24) we assume
(1.28) [Ar2alp + [A124] 1,50 <p €]|T1 = T2[lp+o0;
for any p < so+ pu— o9 (1 > 09), where we set Ajsa := a(J1; ¢, z) —a(Ja; @, ) and
similarly for Ajaq.

With this formulation our purpose is to diagonalize (in both space and time)
the linear operator (1.25) with changes of variables H*(T"™!) — H*(T**'). Since
L, is Topliz in time (see (1.18)), it turns out that these transformations can be
seen as a family of quasi-periodically time dependent maps acting on H*(T).

Theorem 1 is a consequence of the following result.
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THEOREM 1.4 (Reducibility). Let v € (0,1) and consider L, in (1.25) with
w € Oy satisfying (1.26)-(1.27) with ey~5/? < 1. Then there exists a sequence

- 4+ .
(1.29) dj:dj(J) ::mjm-i-Tj, jeZ\ {0}, r; €R, rj=—-r_;

with m = m(w,J) € R, r; =r;(w,T) well defined and Lipschitz for w € Oy with
Im — 1170 sup; () |r;|"*" % < Ce,

such that the following holds:
(1) for w in the set Os = Ooo(T) := Q1 N Qo, where (1> 2046 )

(1.30) =013 :={weOp:|lw-—mj|>279)"7, VjeZ\{0}, LeZ"}
Qo= 0(3) :={w e Op:|w-£+d; —di| >2932(0)77,

v‘]’kez\{o}’ ZGZU’ (]’k7€)#(]’-j’0)}5
there exists a linear, symplectic, bounded transformation

P: Oy x H® — H?

(1.31)

with bounded inverse ®~1 such that for all w € Ou
(1.32) L, =w-0,—D,, D, := diag;_(id;) ;

(73) the following tame estimates hold

3/2

) ] o P a1 [ P B
(1.34) |00\ O] <Cy LV,
for some constants o,C > 0 depending on T,v;
(i) the map ® is Tdpliz in time and via (1.18) induces a bounded transforma-

tion of the phase space H*(T,R) depending quasi-periodically on time.

Let us briefly discuss how to deduce Theorem 1 from Theorem 1.4. Consider the
equation

(1.35) Opu = Xy (wt)u

with X, (wt) in (1.10). The operator associated to (1.35) acting on quasi-periodic
function is £, = w - 0, — X, () which has the form (1.25) with Q(¢) = 0.

Under the action of the transformation v = ®(wt)u of the phase space H*(T,R)
depending quasi-periodically on time the equation (1.35) is transformed into the
linear equation

(1.36) O = Dy, D, = ®(wt) X, (W) (wt) + O(wt)d P (wt).
The operator associated to (1.36) is ®L,®~! given in (1.32).

Let us makes some comments on the statement of our main result.

e If we consider a C'*® Hamiltonian perturbation of the DP equation, say
adding to the Hamiltonian (1.2) a term like [} f(u)dz, where the den-
sity f € C*(R,R), then the operator obtained by linearizing at a quasi-
periodic function has the same form of the operator £, in (1.25).
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e Along the reducibility procedure in order to deal with small divisor prob-
lems, we use that w belongs to the intersection of the sets (1.30), (1.31).
We point out that the diophantine constants appearing in the first order
Melnikov conditions (1.30) and the second order ones (1.31) consist of dif-
ferent powers of a small constant 7. This fact is crucial in view of the
measure estimates of the sets (1.30) and (1.31), in particular for the proof
of Lemma 5.3.

Different scalings in v for non-resonance conditions are typical in problems
with (asymptotically) linear dispersion such as the Klein-Gordon equation,
see [47], [9].

As said above, the linear operator £, depends on a smooth function J in a
Lipschitz way. This dependence is preserved by the reducibility procedure. We
start by stating approximate reducibility result, which in turns implies a control of
Sobolev norms for long but finite times for all the operators £, (J) with J in a small
ball.

THEOREM 1.5 (Almost reducibility). Under the hypotheses of Theorem 1.4,
consider 31, To in C°(T*TL R) and assume that L,(31), L,(T2) as in (1.25) satisfy
(1.27)-(1.28). Assume moreover that (1.24) holds for 31, Jo and

(1.37) sup (91 = Jallug e < CpN =D
weOy

for N sufficiently large, 0 < p < v3/2/2. Then the following holds. For any w €
O (T1) there exists a linear, symplectic, bounded transformation ® n with bounded
inverse @' (satisfying (1.33)) such that

BNL, (TN =w -9, — DN + RWN),

(1.38)
DM = DN (3,) = diag; (i d" (32)).

Here dg-N) (J2) has the form (1.29) for some m™N) = mN)(3y) and T§-N) = T§N)(72)
satisfying the bounds
(1.39) [m™ (32) = m(@0)| + ()15 (32) = 70| S e (19 = Tall sy + N7")
for some k > 1 and C > 0.

The remainder R™N) = Joa®™) 4+ QW) with o) € C°(T*+1 R), QW) Tépliz
in time, bounded on H®, QW) (p): H*(T) — H*tY(T), satisfying
la|70=00) < eCN="||32 | 1550,
1Q™M |y < eCNT"([[o]ls + 1Tzl s+ullvlls), Vv € H.
The maps ®n, &' satisfy bounds like (1.33).

REMARK 1.1. In order to prove the above theorem the main point is to show
the inclusion O (J1) C QgN) N QgN), where

(1.40)

2 —
QA = 0 (33) i—fw € O+ w0 —m™ j > 222

(1.41) Vj € Z\{0}, |¢| < N},

92(~3/2 —
O = oM (3,) :={w e O : |W'€+d§'N) A %,

(1.42) Vj, k€ Z\{0}, [(]| < N, (6,5, k) # (0,5,7)}
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One can deduce the following dynamical consequence.

COROLLARY 1.6. Under the Hypotheses of Theorem 1.5 consider the Cauchy
problem

(1.43) { ou=Jo (1+a(J;p,2))u— Q(T;9)u,

u(0,2) = ug(x) € H*(T,R), s > 1.

Consider 31 as in Theorem 1.5 and w € Ou(J1) (which is given in Theorem 1.4).
Then for any J in the ball (1.37), (1.43) admits a unique solution which satisfies
(1.44) sup  lu(t, ) g erry < e(s)||uoll ms(T,R)

te[—=Tn,TN]
for some c(s) > 0 and some Ty > e 1 N*. Finally, if 3 = J; the bound (1.44) holds
for all times.

Another interesting consequence is the following quantitative lemma, important
in view of application to KAM for nonlinear PDEs.

COROLLARY 1.7 (Parameter dependence). Consider J;,J € C°(T"*1 R)
satisfying (1.24) and (1.37). Fiz v1 = v and v := (v3/? — p)?/3, so that we can
apply Theorem 1.4 to L,(Jx) with v ~ vi. Now for any w € O (T1) one has
(1.45) i, 31) = mlw, 32)| < (|31 = Fallsgio + N5,

sup(j)|rj(w, J1) = rj(w, T2)| < ey (131 = Tzllsp4o + N7F)
J

1.1. Strategy of the proof. In [3] Baldi-Berti-Montalto developed a strategy
for the reducibility of a quasi-periodically forced linear operators, as a fundamental
step in constructing quasi-periodic solutions for nonlinear PDEs, via a Nash-Moser/
KAM scheme. Indeed, the main point in the Nash-Moser scheme is to obtain
tame estimates on high Sobolev norms of the inverse of the linearized operator
at a sequence of quasi-periodic approximate solutions. Given a diagonal operator,
its inverse can be bounded in any Sobolev norm by giving lower bounds on the
eigenvalues. Therefore, if an operator is reducible, the estimates on the inverse
follow from corresponding tame bounds on the diagonalizing changes of variables,
see for instance (1.33). Note that in order to use (1.33) in a Nash-Moser scheme,
the crucial point is that the s-Sobolev norm of @ is controlled by the (s+ o)-Sobolev
norm J where o is fixed or at least o = o(s) with o < s.

The main idea in the reducibility procedure of [3] is to perform two steps.

The first step consists in applying a quasi-periodically depending on time change of
coordinates which conjugates £, to an operator £, which is the sum of a diagonal
unbounded part and a bounded, possibly smoothing, remainder. This is called
the regularization procedure and, in fact, reduces the reducibility issue to a
semilinear case. Such argument has been applied also in different contexts (see
(44], [45).

The second step consists in performing a KAM-like scheme which completes the
diagonalization of L.

Step one. The operator L, differs from the transport operator considered in [25]
by a regularizing pseudo differential operator. Then, in order to make the coefficient
of the leading order constant one can apply a map

(1.46) Tau(p, x) = u(p, x + Bp, ).
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If we choose (8 correctly, this map conjugates £, to constant coefficients plus a
bounded remainder. Such a map however is clearly not symplectic. In order to find
the symplectic equivalent of this transformation we study the flow of the hyperbolic
PDE

T . o T u pp— 6
i) 0,0 () = (JOO)W (W), b=

Uy = u,

which is generated by the Hamiltonian

S(r,p,u) = /b(’?’, o, r)uldz.

By construction if the flow of (1.47) is well defined then it is symplectic.
First, in Proposition 3.1 we show that U7 is the composition of

.AT'U: = (1 + Tﬂx) ’U,((p, T+ 7-6(<Pa .I))

with a pseudo differential operator ©7 plus a remainder. ©7 is one smoothing in
the z-variable, while the remainder is p-smoothing in the x variable for some very
large p.

REMARK 1.2. We point out that the strategy used in Proposition 3.1 for con-
structing the symplectic version of the torus diffeomorphism is applicable for more
general symplectic structure, provided that J is pseudo differential.

Next, we study how the map U™ conjugates L,,; this is the content of Proposition
3.5. Egorov’s theorem ensures that the main order of the conjugated operator
UL, (UT) "L is

at(p,2) = —(w - 9,0)(p, x + Bl )+

where = + B(w, x) is the inverse of the diffeomorphism of the torus z — x + 3(p, z).
The function [ is chosen as the solution of a quasi-periodic transport equation
a4 (¢, ) = const. This equation has been treated in [25] and the Corollary 3.6 in
[25] gives the right 8 with estimates.

The map U7 is the flow of a hyperbolic PDE, hence the Egorov theorem guarantees
that the operator U™ £, (¥7)~! is again pseudo differential and that its leading order
is constant. The fact that U7 is symplectic also ensures that the zero order terms
vanish and the non-constant coefficients terms are one smoothing in the z-variables.
In order to have sufficiently good bounds on the symbol of the transformed operator,
we provide a quantitative version of the Egorov theorem (see Theorem 3.4 in Section
3). As before, the idea is to express such operator as a pseudo-differential term
(whose symbol we can be bounded in a very precise way) plus a remainder which
is p-smoothing in the x-variable for some very large p.

The Egorov theorem regards the conjugation of a pseudo differential operator Py =
Op(pg) € OPS™ by the flow of a linear pseudo differential vector field Xu = Op(x)u
of order d with d € (0,1]. Tt is well known that the transformed operator P(7) =
Op(p(7)) € OPS™ satisfies the Heisenberg equation

(1.48) 0,P=[X,P], P(0)=P,

(see (3.49)) and that the symbol p(7) satisfies O-p = {x, p}a, where {-, -} are the
Moyal brackets. The proof consists in making the ansatz that the new symbol p
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can be written as sum of decreasing symbols p = )., p; (see (3.50)) and solving
the Heisenberg equation order by order. This gives a set of triangular ODEs for the
symbols p; (see (3.51)). The r.h.s of (1.48) is of order m 4+ d — 1, hence if d < 1 the
leading order symbol p,,(7) = pp. The remaining terms are easily computable by
iteration. A detailed discussion of the case d = 1/2 can be found in [11] and [2].
If d = 1 then the equation for p,, is a Hamilton equation with Hamiltonian y, hence
Pm(T) is given by pg transported by the flow of the Hamiltonian x (see (3.55)).
Comnsequently the symbols p;, ¢ < m, are given by ODE of the same kind but with
forcing terms. We need to control the norms |p;|; s, with the norm [po|m. s+oy.a+0s
with o1 4+ 02 < s. This requires some careful analysis (see Lemma 3.3).

Before stating the main regularization theorem let us briefly describe our class
of remainders i.e. operators which are sufficiently smoothing in the z-variable that
they can be ignored in the pseudo-differential reduction, and are diagonalized in
the KAM scheme. We call such remainders £, ), (for some p > 3, p > sy). Roughly
speaking we require that an operator R in £,, is tame as a bounded operator on
H?® and p-regularizing in space; moreover its derivatives in ¢ of order b < p — 2
are tame and (p — b)-regularizing in space. This definition is made quantitative by
introducing constants MY, (s, b), see Definition 2.8 in Section 2.

The most important features of this class are that it is closed for conjugation by
maps 73 as in (1.46) and that any R in £,, is modulo-tame and hence can be
diagonalized by a KAM procedure.

THEOREM 1.8 (Regularization). Let p > 3 and consider L,, in (1.25). There
exist p1 > po > 0 such that, if condition (1.24) is satisfied with @ = uy then the
following holds for all p < so + p1 — po.

There exists a constant m(w) which depend in a Lipschitz way w.r.t. w € Oy,
satisfying

(1.49) |m — 1|79 < C,

such that for all w in the set Q1(T) (see (1.30)) there exists a real bounded linear
operator &1 = ®1(w) : Q1 x H® — H® such that

(1.50) Ll i=0L,0'=w-0, —mJ+R.
The constant m depends on J and for w € Q1(T1) N Q1 (T2) one has
(1.51) |Asom| < €l|T1 = Tallsotpuns

where A1om :=m(J1) —m(Tz). The remainder in (1.50) has the form R = Op(r)+
R where r € S™1, R belongs to £,, (see Def. 2.8) and

,Q —1~117,O
(1.52) 7[00+ ML (5,0) <sa ey TS, 0SD<p-2,
|A12T|71,p,a + MAlzR(pa b) Sp,a 5’771”31 - jQHSOﬂL,ul 0 S b >p— 3.

Moreover if u = u(w) depends on w € Qy in a Lipschitz way then

+ —1~n7,O R
(1.53) 123 ul| 2% <o [l 7 + ey TN lull2™

Finally ®,, ®;' are symplectic (according to Def. 1.3).
Step two. We apply a KAM algorithm which diagonalizes £ in (1.50). As in
the first step, an important point is to implement such algorithm by requiring

only a smallness condition on a low norm of the remainder of the regularization
procedure. Hence in order to achieve estimates on high Sobolev norms for the
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changes of variables it is not sufficient that the non- diagonal terms are bounded. To
this purpose, following [2], we work in the class of modulo tame operators (see Def.
(2.6)), more precisely we need that R in (1.50) is modulo tame and one smoothing
in the z-variable together with its derivatives in times up to some sufficiently large
order, this follows from our definition of £,, and properties of pseudo-differential
operators, see Lemma A.4. Our strategy is mostly parallel to [2], hence we give
only a sketch of the proof for completeness.

THEOREM 1.9 (Diagonalization). Fiz S > sg. Assume that w — J(w) is a
Lipschitz function defined on Oy, satisfying (1.24) with p > py where py = pq (V)
is given in Theorem 1.8. Then there exists 69 € (0,1), Ng > 0, Cy > 0, such that,
if
(1.54) NEoery™3 < 4,
then the following holds.

(1) (Eigenvalues). For all w € Oy there exists a sequence
~ 4+ 5 .
(1.55) dj(w) =dj(w,I(w)) := m(w)]m +r(w), Jj#O0,
with m in (1.49). Furthermore, for all j # 0
3
(1.56) sup(j)|r;|7*:9 < Cé, rp=—r_j
J
for some C > 0. All the eigenvalues id; are purely imaginary.
(77) (Congugacy). For all w in the set O 1= Q1(T) N Q2(T) (see (1.30), (1.31))
there is a real, bounded, invertible, linear operator ®o(w): H® — H*, with bounded
inverse ®; *(w), that conjugates LF in (1.50) to constant coefficients, namely
Loo(w) := Ba(w) o L 0 @5 (w) = w - Dy + D(w),
D(w) := diag; 4o {id;(w)}.
The transformations ®g, @;1 are symplectic, tame and they satisfy for so < s < S

3/2 _ _ ~17,O 3/2 0
1(@5" = DAIT % <o (v + ey 213170 ) IRl

(1.57)

(1.58)
+ey 32RO,

with h = h(w). Moreover, for w € Ox(J1) N O (T2) we have the following bound

for some o > 0:

(1.59) sup(j)|A1ar;] < ey H1T1 = Tallseto-
J

It remains to prove measure estimates for the Cantor set Oy, = 21 N Qs. In
Section 5 we prove the following.

THEOREM 1.10 (Measure estimates). Let O be the set of parameters in
(1.30)-(1.31). For some constant C > 0 one has that

(1.60) 100\ Ons| < CL .

We discuss the key ideas to prove the above result. Recalling (1.30)-(1.31) we may
write

(1.61) Oy \ Oy = U (REjk U ng)

LeZ” 5, keZ\{0}
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where
Ryjp = {weOy:|w-l+ d; — di| < 2'73/2 (O~7Y,

(1.62) _ _
Qrj ={we Oy :|w-L+mj| <2v()"7}

where d; are given in (1.55). Since, by (1.6) and v > +*/2, Ry, = 0 for j = k, in
the sequel we assume that j # k.
The strategy of the proof of Theorem 1.10 is the following.

(7) Since the union in (1.61) runs over infinite numbers of indices ¢, j, k, we first
need some relation between them which is given in Lemma 5.1. Note that, since the
dispersion law j +— j(1 + j2)71(4 + j2) is asymptotically linear, for fixed £ there are
infinitely many non-empty bad sets ¢ to be considered. It is well known that if
the dispersion law grows as j%, d > 1 as j — oo then, thanks to good separation
properties of the linear frequencies, there are only a finite number of sets to be
considered for any fixed ¢ € Z”. This is the key difficulty to deal with.

(74) We provide the estimates of each “bad” set in (1.62) when ¢ € Z", j, k € Z\ {0}.
This is done in Lemma 5.2.

(73i) We deal with the problem of the summability in j, k. We show (in Lemma 5.3)
that, if |k|, 7] > |¢|, then the sets Ry;i are included in sets of type Qg j—x, which
depends only on the difference j — k and so are finite for fixed ¢.

2. Functional Setting

In this Section we introduce some notations, definitions and technical tools
which will be used along the paper. In particular we introduce rigorously the spaces
and the classes of operators on which we work.

We refer to the Appendix A in [25] for technical lemmata on the tameness
properties of the Lipschitz and Sobolev norms in (1.14),(1.22).

Linear Tame operators. We recall some definitions, see for instance [2].

DEFINITION 2.1 (0-Tame operators). Given o > 0 we say that a linear op-
erator A is o-tame w.r.t. a non-decreasing sequence {Ma(o,s)}5_,, (with possibly
S =+4o0) if:

1) JAulls < Malo, Mullsoro +Malo, so)llullero  ue H,

forany so < s < S. We callM (0, 8) a TAME CONSTANT for the operator A. When
the index o is not relevant we write M (o, s) = Ma(s).

DEFINITION 2.2 (Lip-o-Tame operators). Let 0 > 0 and A = A(w) be a
linear operator defined for w € O C R”. Let us define
Aw) — AW)

jw — ']

(2.2) Ay A= , w,w €0.
Then A is Lip-o-tame w.r.t. a non-decreasing sequence {Ma (o, s) f:SD if the fol-
lowing estimate holds
sup [[Aulls,y sup [[(Aw,wA)[s-1
(23) weO wHw’
Ss 971}(0', s)ullso+o + m’};(ga s)ullst+o, u € H?,

We call M) (0, s) a LIP-TAME CONSTANT of the operator A. When the index o is
not relevant we write My (o, s) = M (s).
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Modulo-tame operators and majorant norms. The modulo-tame operators
are introduced in Section 2.2 of [11]. Note that we are interested only in the Lip-
schitz variation of the operators respect to the parameters of the problem whereas
in [11] the authors need to control also higher order derivatives.

DEFINITION 2.3. Let uw € H®, s > 0, we define the majorant function
ulp,w) = ) Jugle o).
ez jez
Note that ||ulls = ||lus-

DEFINITION 2.4 (Majorant operator). Let A € L(H?®) and recall its matriz
representation (1.17). We define the majorant matriz A as the matriz with entries

i — i ol v
(A)j (0 :=I[(A); (O 4,j €2, tel”
We consider the majorant operator norms

(2.4) IM]l ey o= sup || Mulls.
lulls<1

We have a partial ordering relation in the set of the infinite dimensional matrices,
ie. if

M 2N & |M] (O] < INJ (O] V5,5', ¢ = [|M] s < [ Nllees

[ Mulls < [[Mulls < [N ulls.

Since we are working on a majorant norm we have the continuity of the pro-

jections on monomial subspace, in particular we define the following functor acting
on the matrices

g’ il <
M = {MJ () iffel . K, Hll( =1-1lg.
otherwise
Finally we define for by € N
(2.6) (D)™ M)T(£) = (0)> M (0).

If A= A(w) is an operator depending on a parameter w, we control the Lipschitz
variation, see formula 2.2. In the sequel let 1 > v > +%/2 > 0 be fixed constants.

DEFINITION 2.5 (Lip-o-modulo tame). Let o > 0. A linear operator A :=
A(w), w € O C RY, is Lip-o-modulo-tame with respect to an increasing sequence

3/2
{Sﬁ&’y (s)}S_,. if the majorant operators A, A, A are Lip-o-tame w.r.t. these

Ss=so

constants, i.e. they satisfy the following weighted tame estimates: for all s > s
and for any u € H?,

sup |Aulls, sup 72| AywrAulls
(2.7) weo whw'EO

3/2 3/2
<MET (0, 50)[ull s+ MET (0, 8) s 40

. 3/2 . .
where the functions s — Sﬁ&’y (0,8) > 0 are non-decreasing in s. The constant

3/2

Sﬁ&’y (0,5) is called the MODULO-TAME CONSTANT of the operator A. When the
3/2 3/2

index o is not relevant we write Sﬁ&’y (0,8) = Sﬁ&’y (s).
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DEFINITION 2.6. We say that A is Lip-—1-modulo tame if (D,)'/2A(D,)'/? is
Lip-0-modulo tame. We denote

3/2 3/2
(2.8) m&'y (s) = m531>1/2A<DI>1/2 (0, s),
: 3/2 3/2
mey (s;a) = m§51>a<Dz>l/2A<DI>l/2 (0,8), a=>0.

In the following we shall systematically use —1 modulo-tame operators. We
refer the reader to Appendix A.1 for the properties of Tame and Modulo-tame
operators.

Pseudo differential operators properties. We now collect some classical results
about pseudo differential operators introduced in Def. 1.1 adapted to our setting.

Composition of pseudo differential operators. One of the fundamental proper-
ties of pseudo differential operators is the following: given two pseudo differential
operators Op(a) € OPS™ and Op(b) € OPS™ | for some m,m’ € R, the composi-
tion Op(a) o Op(b) is a pseudo differential operator of order m + m’. In particular

(2.9) Op(a) o Op(b) = Op(a#b),
where the symbol of the composition is given by
(210)  (a#b)(x,€) =D a(z, &+ )bV = > an—i(§ + j)b; (e
JeZ k,jEZ
Here the * denotes the Fourier transform of the symbols a(z, &) and b(x,€) in the
variable . The symbol a#b has the following asymptotic expansion: for any N > 1
one can write
N1y
(a#b)(xa g) = Z —,8?0:($, g)agb(xa g) =+ TN(.I, g)a N € Sm+m 7Na
= nlin
(2.11) "= . L
_ 1 - \N N NONb( ijz g,
() = =g L (1= N L
DEFINITION 2.7. Let N €N, 0< k < N, a € S™ and b € S™, we define (see
(2.11))
L

(212)  a#bi=

N—-1
(8?0:)(8’;()), CL#<Nb = Z G#kb, CL#ZNb =TN.

k=0

Adjoint operator. Let A := Op(a) € OPS™. Then its L2-adjoint A* is a pseudo
differential operator such that

(2.13) A =0p(a’),  a'(m,6) =3 a;(E— j)evr.
JEZ
Parameter family of pseudo differential operators. We shall deal also with
pseudo differential operators depending on parameters ¢ € T":

(Au)(p,7) = > alp,,j)ue’™, a(p,z,j) € 5™
Jez
The symbol a(p, z,&) is C* smooth also in the variable . We still denote A :=
A(¢) = Op(a(p,-)) = Op(a). For the symbols of the composition operator with
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Op(b(ep, 7, €)) and the L*-adjoint we have the following formulas
(a#tb) (. 2,€) = Y _alp,x,&+ §)blp, j,€) 7"

JEL
= S a0, = G &+ b, 4,€) eI,
(2.14) iea
E/ V
a*(p, @, &) =Y alg, j, 6 —j) e = Y a(l,§,§ — j)eltetio).
JEL LeZv jEL

Classes of Smoothing Remainders. The KAM scheme performed in Section 4
is based on an abstract reducibility algorithm which works in the space of modulo-
tame operators. In order to control the majorant norm (2.4) of the remainder of the
regularization procedure it is useful to introduce a class of linear “tame” smoothing
operators.

DEFINITION 2.8. Fiz sg > (v+1)/2 and p, S € N with sg < p < S with possibly
S =+o0. Fiz p € N, with p > 3 and consider any subset O of R”. We denote by
Lop =L, p(0) = £,,(0) the set of the linear operators A = A(w): H¥(T* ') —
H* (T, w € O with the following properties:
e the operator A is Lipschitz in w,
e the operators 85/1, [GEA, D), for all® = (by,...,b,) € N” with 0 < [b| < p—2
have the following properties, for any so < s < S, with possibly S = +o00:

(i) for any mi,mq € R, my,mg >0 and my +mg = p — |‘5| one has that the

operator <Dx>m185A<Dx>m2 is Lip-0-tame according to Def. 2.2 and we
set
(2.15) mgbA( p+ |6|a §) 1= sup m’y D,)™1 98 A(D,)™> (0, 5);
my+my=p—|b]|
ml,mgzo

(ii) for any mi,mo € R, my,ma >0 and my +ms = p — |‘5| — 1 one has that
the operator (D)™ (02 A, 9,](Dy)™* is Lip-0-tame according to Def. 2.2

and we set
y 2 o y
(2.16) SﬁabA o] (—p+1|b|+1,5):= sup 9ﬁ<DI>m1 105 A,0,)(Ds )2 (0, 5).

my+ma=p—|b|—1
mi,m2>0

We define for 0 <b<p—2

MZ(S’b) - Oing)ib max(i)ﬁgbA( p+ |6|5 S)a
(2.17) <[Fl<
. .

mabAa]( p—|—|b|—|—1,s)).

Assume now that the set O and the operator A depend on i = i(w), and are well
defined for w € Oy C Q. for all i satisfying (1.24). We consider i; = i1(w),
1o = ia(w) and for w € O(i1) N O(iz) we define

We require the following:
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e The operators 8E,A12A, [8EA12A, 0z, for 0 < |‘5| < p — 3, have the following
properties, for any so < s < S, with possibly S = +o00:

(iii) for any mi,me € R, my,ma >0 and my +mg = p — |‘5| — 1 one has that
the operator <Dx>m18§’,A12A<Dx>m2 is bounded on HP into itself. More
precisely there is a positive constant ‘ﬁBEAle(—p + |b| + 1,p) such that,
for any h € HP, we have

(2.19) sup [(D2)™ 08 A1 A(Dy) ™ h| SmaEAle(_p+|g|+1’p)Hh’HZD;
mi+ma—=p—[B|—1
my,mz >0

(iv) for any mi,ms € R, my, mg > 0 and my+ms = p—|‘5|—2 one has that the
operator (Dg)™ [3E,A12A, Ox[(Dy)™2 is bounded on HP into itself. More
precisely there is a positive constant m[aE,Ale,ax] (—p+|b|+2,p) such that
for any h € HP one has

sup (D)™ [02 A12A, 9:) (D)™ bl <

mi+ma=p—|b|—2

(2.20) s 1 >0
(ﬁ[aEAle,BI](_p + |6| + 2ap)HhH;D

We define for0 <b <p—3

M ,b) := max max(‘ﬁ; —p+ 6_|_1, ,
(2 21) AmA(p ) 0§|E|§b avAle( P | | p)

mag[Ale,az](—P + || + 2,p)),
By construction one has that M (s, b1) < M (s,b2) if b1 < by < p—2 and
Ma,,a(p,b1) < Ma,,a(p,b2) if b1 <bs < p—3.

For the properties of the classes of operators we introduced above, we refer to
Appendix B.1.

3. Regularization procedure

The aim of this section is to prove Theorem 1.8.

3.1. Flow of hyperbolic pseudo differential PDEs. First we analyze the
structure of the flow map that we use to conjugate the operator (1.25) to a diagonal
operator plus a smoothing term.

We study the flow U7 of the vector field generated by the Hamiltonian

1 By, x)
3.1 S(r,p,u) = = | b(r, @, x)u’dx b(t,p,x) i= ——1T 1~
B Srew=; [brne) (rpvs) o= o
and [ is some smooth function. We first need to show that U7 is well defined as
map on H* (see Proposition 3.1). Then we study the structure of 7L, (¥7)~!, see
Proposition 3.5.
The flow associated to the Hamiltonian (3.1) is given by

(3.2) 0,9 (u) = (J o b)¥7 (u), U0y = u,
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where b(7, ¢, x) is defined in (3.1) with 8 € C°°(T**!) to be determined.
In the following proposition we prove that the flow of (3.2) U7 = C”™ o A7, where
AT is the operator

A"h(p,x) := (1 + 78:(p, )10, x + TB(0, T)), peT”, zeT,
(AT h(p,y) = (L+ By (. 0. 9) g,y + BT 0,y)), o €TV, y €T,

where 3(7;x,€) is such that

(3.3)

zoy=a+1h(p,x) & y—r=y+0(r,e2), 70,1,

and C7 is the sum of a pseudo differential operator of order —1 with a smoothing
remainder belonging to the class £, , forany p € N, p > 3, s < p < po(p) provided
that [ satisfies an appropriate p-smallness condition (see (3.6)).

First we define

B
14706,

(3.4) A= (1—0u) Y, X:=0,0b b:

We remark that the torus diffeomorphism A™ satisfies

(3.5) 0, AT = XAT, A =1

We refer to the Appendix B.2 for some properties of the operator A" in (3.3).
ProrosITION 3.1. Let O C RY be a compact set. Fix p > 3, S > s¢ large

enough and consider a function 3 := B(w,JI(w)) € C°(TY), Lipschitz in w € O

and in the variable 3. There exist o1 = o1(p) > 0, ¢ = d(p) > 0, 01 > ¢ and
1>6=904(p,S) >0 such that if

(3.6) 18125, <36,

so+o1
then, for any ¢ € T", the equation (3.2) has a unique solution W7 (p)[u] in the space
C°([0,1], H) N C*([0,1], H:™Y), Vsp <s<S.

Moreover, for any so < p < so+ 01— &, one has V™ = A" o C™ where A™ is defined
in (3.3) and

(3.7) CT =0T+ R(g), O = Op(l+0(r,p1,E))
with (recall (1.16)), for any s > so,
(3-8) 017 s s 18125, 18129]1p.aSpa [A128]pte,

and R7 () € £,,(0) (see Def. 2.8) with, for s < s < S,
M’jy?,f (Sa b) Ss,a,p ||5||Z+(?71, 0<b<p-—2,

Ma,r- (P, ) <pp |A120]p10r, 0<D<p—3.

PROOF. Let us reformulate the problem (3.2) as U7 = A” o C7 where C7 :=
(A7)~ o UT satisfies the following system

(3.10) 0,C"u=L"C"u, C = u,

(3.9)

where L™ = Op(l(T, ¢, x, £)) is a pseudo differential operator of order —1 of the form

(3.11) L7 == A7 (300, 0 b(r) ) (A) " = —(I—Ai)‘i)_l oA og(r, ¢, x) 0850 B(p,x)
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where (recall (3.4))
g(r.,x) = 3(1+ B2(p,2)), R :=O0p(fole, )+ fi()i&),

32 3 1+ Bf.) 1
(3.12) folp,2) =37 + 280 — " 0ua ( i @2) :
iean) = =50+ 300 ()

Analysis of L”. The following estimates hold

I9ll2C < L+ IBITANBILT -

(3.13) ol + 1A1I7C + | fo + fri€)T 5 <s 18IS,
|A12glp + |A12follp + |A12f1llp <p [|A1208]p+3-

By the fact that L7 in (3.11) is one smoothing in space, the problem (3.10) is locally
well-posed in H*(T,). By the composition Lemma B.4 we have that I — AR =
I— (Op(r) + R) with (see (3.13))

(314) |T|’Ylsa—50¢P H6H5+UQ5 M’Y (S b) —S,p H6H5+UQ’ OSbSP_Za

(3-15)  [Awer|-1p.a <pap 1Bllptos Manr(P:b) <pp [1Bllptos, 0<b<p—3

for some op > 0. By Lemma B.6, Lemma B.4 and (3.14) we have that (I—AR)~! =
I+ Op(7)+ R, Aogod, o =O0p(d) + Q, with bounds on the symbols and the
tame constants similar to (3.14), (3.15) with possibly larger 0. Then

L™ =1+ Op(F) + R) o (Op(d) + Q,) "™ P4 Op(1) + R,

where
(316) |l|’ylsa >s,anp ||6Hs+crl’ |A12l|71,p,a Sp,p HA126||;D+&1;
(3.17) M, (5,5) <o 181752, 0SB < p—2,

Ma,r, ([0, 0) <p,p |A128]p4s,, 0 <b < p—3,
for some constant 61 = 1(p). Note that in principle we get a slightly different
constant in each inequality, we are just taking the biggest of them for simplicity.

Approximate solution of (3.10). Now we look for an approximate solution
07 = Op(1 + I9(7, ¢, x,§)) for the system (3.10). In order to do that we look for a
symbol ¥ = P71 _4(7, ¢, x,€) such that

09 =1+ 1#9+ 577, 90, p,2,£) = 0.
We solve it recursively as follows:
0:9_1 =1, 0 =Tk, l<k<p-1
(3.18) ! Ot =T <h=p
§_1(0’¢5x7§) = 0’ ﬁ_k(o’w’x7§) - 0’

where
k—1
(319) r_p = Zl#k—l—jﬁ—j S S_k.

j=1



REDUCIBILITY FOR A CLASS OF WEAKLY DISPERSIVE LINEAR OPERATORS 45

Hence we have

(3.20) I_1(1) = /Tl(s) ds, I_p(1) = /T r_j(s)ds.

By recursion we have that i i

(3.21) 10—k o Ssiak 1810546, (IB1 5Tk 15" 1<k<p—1,
(3.22) |A120 k- pa <pak 1Bl ks 18128 prks1,

and so we get (3.8). We write C7 = ©7 4+ R7, where R” is an operator which
satisfies the equation

(3.23) O,RT=L"R" +Q", with R’ =0,

where
p—1

(3.24) Q" :=0p(q(7)) + R,07, q(r):=> l#>, 1404 €5
k=1

and by Lemma B.2

(3.25) MY, o (5:5) <o 181222, 18125,

with &9 := d2(p) > 1. By Lemma B.3, the operator Q™ belongs to £, ,(0) and we
have the following bounds

(3.26) M- (5,0) < 18173, Masqr(0,b) < [A12B]ps,-

Note that these bounds hold uniformly for 7 € [0,1]. Now we have to prove that
R" is belongs to the class £, (see Def. 2.8). By this fact we will deduce that C”
and its derivatives are tame on H*®(T"*1).

Estimates for the remainder R™. We prove the bounds (3.9), i.e. we show that
R™ belongs to £, ,(0) in Def. 2.8 for 7 € [0, 1]. We use the integral formulation for
the problem (3.23), namely

(3.27) RT = /T(Lth +QYdt
0

We start by showing that R” satisfies item (i) of Definition 2.8 with b = 0.
Let my,mso € R, my,me > 0 and my; + ms = p. We check that the operator
(D)™ R™(D,)™2 is Lip-0-tame according to Definition 2.2. We have

(Da)™ B (D)™ = / (D)™ LHD,) ™ (D)™ RYD,)™ d

(3.28) :
+/ (D)™ Q" (Dy) ™ d.
0
y (3.26) we have, for sp < s < S, that
(3.29) H/ )™ QD)™ udt|| 70 <o 18122, lullso + 181255, lells,

for 7 € [0, 1], u € H®. Moreover, by recalling the definition of L! in (3.16), by using
the fact that R, in (3.17) is in the class £, , and using the estimates (3.16) on the
symbol [ we claim that

(3.30) H/ )™ LHD) ™ wdt |79 <o 18113, lullso + 181325, lulls:
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Indeed the bound for Op(l) are trivial. In order to treat the remainder R, we note
that

<Dx>mlRp<Dx>7ml = <Dx>mlRp<Dx>p7ml (Dz)~*
and (Dg)"™ R,(Dg)?~"™" is Lip-0-tame, since R, € £, p, moreover (D) " € £, .
Then by Lemma A.1 our claim follows. By using bounds (3.29) and (3.30) with
s = sp one obtains

sup [[(Dy)™ RT (D)™ u|,°
7€[0,1]
(3.31)

<o 18125, S I(Dz)™ RT(Da)™2ul| 3 + 1| Bllso+52 1l o

hence, by (3.26) and for § in (3.6) small enough, one gets
(3.32) zl[gpl]H<Dx>mlRT<Dx>mQUHZ;) <o 181375, lelso,

for any uw € H®. Now for any so < s < S, by (3.29), (3.30), the smallness of 3 in
(3.6) and estimate (3.32), we have

sup (D2)™ R™(Da)™ul| 70 <, 181,55, lulls + 1811735, lllso-
7€|0,

This means that

(333) sup m}y{‘r(_pa ) —=S8,p H6H5+02
7€[0,1]

For b € N¥ with |b| = b < p — 2, we consider 8}:’,1{7 and we show that the operator
(Dy)™ 0% RT(Dy)™ is Lip-O-tame for any my, ma € R, m1, mp > 0 and my+mg =
p —b. We prove that

(334) m’Y mlabR-r< o)™ ( ) >s,p HﬁHS—i—Ug’ mi +mg = p—b,

for some &3 := 73(p) > &2 > 0, by induction on 0 < b < p—1. Forb =0
the bound follows by (3.33). Assume now that (3.34) holds for any b such that
0<b<b<p—2 Weshow (3.34) for b=b + 1. By (3.27) we have

DM ERDY™ = Y COBiLID) [ (D@ 0% (R D)™
b1+b2—b
+ / (D)™ (B5Q")(Dy) ™2 dt.
0
By (3.26) we know that, for any ¢ € [0,1], the operator (D)™ (85Qt)<Dx>m2 is
Lip-0-tame. We write
D)™ (9% L)% (RY) (D,)™ =
(3.35) . (@ )*"( )<7n >b“ t —m—|b1| ma+|b1| abs (ot m
= (D))" (05 L7){(Dy) " 7Dy ™ TP (RY) (Do) ™.

We study the case |b| < b — 1. By the inductive hypothesis we have that the
operator <Dgc>ml"'|b1|8I(’:2 (RY){(D,)™2 is Lip-0-tame since m; + [b1| + ma = p — |ba],
hence the bound (3.34) holds for b = |ba|. By reasoning as for the proof of the
bound (3.30) we have

(3:36) (D)™ (9 L)(Da) ™ Pl 29 < 18175, lullso + 1811725, lluls
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foru € H®, sp < s <S. By (3.36), the inductive hypothesis on 83:2 R™ and (3.26)
we get

Y
(337) m(DI)ml (BilLf)Biz(Rt)(Dx)"L?( ) ) —S8,p ||6||s+cm

Note also that By Lemma A.6, bounds (3.17) and (3.16) we have that (3.36) holds
for by = 0. Hence

. (3 .
sup (D)™ 95 R (D) ™2ul| 7€ < ||6||5+gg s (D)™ 8 R™ (Dx) ™2l 3,7
7€|0, TE

(3.38) + 1811355, S [(Dz)™ 0% R (D)™ ul| 7€

+ 18177, Nellso + 181275, lulls-
Hence using (3.38) for s = sp and the smallness of § in (3.6) we get

(3.39) sup (D2) ™ L RT(Da) ™ ull ;0 <. 1811375, 1l so-

Then using again (3.39) one obtains the bound for any sp < s < S

sup My, (—p +b,s) :=
7€[0,1]

o ¥
(3.40) = Tzl[gp” ml+s7;212p:p bzm L)™18 BT (D)™ ( 5) <s.p ||6||S+U‘g
’ ml,mgzo
[5]<b

The estimates for Mg~ ,1(s) and M g5 p- 5 (s) follow by the same arguments. We
£ RT,0,
have obtained the estimate for M}, (s,b) in (3.9). The estimate on the Lipschitz

variation with respect to the variable ¢ (3.9) follows by by Leibnitz rule and by (3.9)
for R7, (3.16), (3.26) as in the previous cases. We proved (3.9) with o9y =63. O

COROLLARY 3.2. Fiz n € N. There exists 0 = o(p) such that, if ||6||SD+U <1
then the flow U7 (p) of (3.2) satisfies for s € [sg,S],

7

(3.41) sup 07wl + sup (@7) 7 <, (llulls + 16173 el ) -
T€[0,1] T€[0,1]
s?p]II( = D79 + s?p 1((®7)* = Dul| 7€ <,
T€[0

<o 18153 lullssr + 18125 Hullsot1-
For any |a| < n, mi,ma € R such that my +ms = |a|, for any s > so there
exist ,u* = us(|al, ml,mz) ox = ox(|la),m1,ma) and 6 = §(ma,s) such that if
||ﬂ||50+#* <4, and ||6||’Y+U* <1 for p+ o.« < 8o+ px, then one has

sup [[(Dz) ™™ 027 (9)(Da) "2l 1 sy ms [l 7€ + 18175 lull €
7€[0,1]
s?p] (D)™™ 05 A12V7 (0) (D) ™" ttllp <p,omi,ma [|llpl| A12B]lp+u.
7€[0,1

formy +mg = |a| + 1.

PROOF. The estimates on U7 follow by using Lemmata B.7, B.8 and the result
of Proposition 3.1. In order to prove the bounds (3.41) for the adjoint (¥U7)* it is
sufficient to reformulate Proposition 3.1 in terms of (U7)*. O
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2. Quantitative Egorov analysis. The system (3.2) is an hyperbolic PDE,
thus we shall use a version of Egorov Theorem to study how pseudo differential
operators change under the flow W”. This is the content of Theorem 3.4 which
provides precise estimates for the transformed operators.

Notation. Consider an integer n € N. To simplify the notation for now on we shall
write, 2* the sum over indexes ki, k2, k3 € N such that ky < n, k1 + ks + ks =n
and kl + k2 Z 1.

We need the following lemma.

LEMMA 3.3. Let O be a compact subset of RY. Let A be the operator defined
forw e S™ as

(3.42) Aw = w(f(z),9(2)§), flx)=a+P(z), g(x):= 1+ b))

for some smooth function B such that |\6H250+2 < 1. Then A is bounded, namely
Awe S™ a

(343) |Aw|mg,a < |w|m s, + Z|w|m k1,a+ko Hﬁ”z;ﬁsoJrQ

fors > 0. For s = sq it is convenient to consider the rougher estimate | Aw|)%;< o <
|w|m ,80,+S0 *
Proor. It follows directly by Lemma A.7 in Appendix A. O
THEOREM 3.4 (Egorov). Fix p > 3, p > sp, m € R with p+m > 0. Let
w(x, &) € S™ with w = w(w,J(w)), Lipschitz in w € O C RY, O compact, and in

the variable 3. Let A be the flow of the system (3.5). There exist o1 := o1(m, p)
and § := d(m, p) such that, if

(3.44) 181255, <

then A”Op(w)(A™)~! = Op(q(z, €))+ R where g € S™ and R € £, ,(0). Moreover,
one has that the following estimates hold:
(345) |Q|m s, _m S,04,p |w|m s,a+o1 =+ Z|w|m k1,a+kotoq Hﬁ”ngrgl

(346) |A12q|m,p,a Sm,p,a,p |w|m,p+1,a+01”A126Hp+l + |A12w|m,p,a+ol

*
+ Z|w|m,k17a+k2+01 ||6||k3+01 HA126H50+1
p+1

*
+ Z|A12w|m,k17k2+a+01 ||6||k3+01 :
P

Furthermore for any 0 <b < p—2and so <s<S

(3.47) M7 (5 b) <s.m.p |w|m stpor T Z|w|m ki, kotor Hﬂ”kg-]—gl
s+p
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and for any 0 <b < p—3,
MAIQR(pa ) Sm,p,p |w|m p+p, 01HA125H;D+01 + |A12w|m s+p,01

+ Z|w|m,k17k2+01 HﬂHkSJFUl HA126H50+01
(3.48) ptp

*
+ Z|A12w|m,k17k2+01 HﬁHkS‘f’Ul'
p+p

PROOF. The operator P(7) := A"Op(w)(A7) ™! satisfies the Heisenberg equa-
tion

(3.49) P(0) = Op(w).

We construct an approximate solution of (3.49) by considering a pseudo differential
operator Op(q) with

{aTP(T) =[X,P(1)], X=0,0b=:0p(x),

m—+p—1
(3.50) 4= Y m k(9
k=0
such that (see (3.49) and note that x := bi& + by)
‘rm:bam; Tm,:b,m, m—
(3.51) Orqm = {b€, qm} Orqm—k = {0E, Gm—r} + Tm—k k1

where for k > 1 (recall (A.27)), denoting by w =w(h, k) :=k — h + 1,

k—1
1
Tm—k + = T{bx; mekJrl} - § meh#wx
h=0

k—1

1 1 W W m—Fk
= _€8£mek+l bz — hz:;) W(agquh)(axx) €s :

By Lemma B.4, or directly by interpolation, one has

(352) |Tm k|m ksa—zmm h|m hsa+w+2|qm h|m h,so, a+w”6”s+w+2)

h=0 h=0
k—1 k—1
|A12Tmfk|mfk,p,a S Z|A12Qm7h|mfh,p,a+w + Z|A12Qm7h|mfh,50,a+wHﬂHererQ
h=0 h=0
k—1
(3.53) + 3 |gm—nlm—n.p.atall A128llprara-
h=0

Hence we can solve (3.51) iteratively. Let us denote by v (x, ) the solution of
the characteristic system

. a(s) = ~bls, a(s)
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with initial condition v = (z,&). Then the first equation in (3.51) has the
solution

(3.55) (7,7, 6) = w(y™(2,€))
where
FYT)O(‘Tvg) = (f(Ta {E),fg(T, :E)), f(Ta :E) :::E—FTﬂ(ZE), g(Ta :E) = HT;@C(IE)

Hence by Lemma 3.3 we have

(356) |qm|m s 0 _s « |w|m s, + Z|w|m k1,a+k2 ||6||k'a+50+2

For any k > 1, the solution of (3.51) is

(3.57) G (7.2, €) = / Pt (000 (2, €)) di
0

We observe that

(3.58) A0z, €) = (f,§€)

with

1+ tﬂm(f(t,T, x))

(3.59) f(t, T,x):=x+70(x) + B(t, x4+ 70(x)), gt,7,z):=

1+ 78 (x)
Thus if Ar :=r(f, &) we have (recall that 7 € [0, 1])
,O 1 ,O
|qm*k|21—k,s,a SS [e% |ATm k|21 k,s,a
,O
|qm*k|217k750,a — |ATm k|m k,so,x < |Tm k|m k,so,a+so
and by Lemma 3.3 with A ~ A
(360) |Qm k|m k,s,a 5 o |Tm k|m k,s,c + Z|Tm k|m k.k1, a+k2||6||ka+so+2
S
We want to prove inductively, for K =0,....,m + p,
,O ,O ,O ,O
(3 61) |qm*k|21—k,s,a §5>0‘vp|w|21,570¢+2k + Z|w|z’b,k1,a+k2+k(50+2)||6||Zs+50+2+k’
o S

,O ,O
|qm*k |Zm—k,so,a Sa,ﬂ|w|zm,50,a+sg+k(50+2) :

For k = 0 this is proved in (3.56). Now assume that (3.61) holds, up to some
k—1>0. We use (3.52) to bound ¢,,,—. First we give a bound for 7,,_ in terms
of the norm of the symbol w. To shorten the formulas let us denote t := s¢ + 2.
By (3.52) and the inductive hypothesis (3.61) we get

(362) |Tm k|m k,s,« —5 o, p |w|m s,a+2k + Z|w|m ki, a+k2+ktH6Hkg+t+k
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Then by (3.60) and (3.62)

*
,O
|qm*k|217k,s,a Ss,a,k Z ( Z |’LU|m ni,a+not+ktt+ks |‘6Hng+t+k) H6|‘kg+t

s ni+nz+nz=ki+k

,O
=+ |w|m s,a+2k + Z|w|m ki, a+k2+ktH6H23+t+k
,O
+ Z|w|m kv satkaror 1B e

,O
5 a,k |w|m s,a+2k =+ Z|w|m k1, a+k2+ktH6H23+t+k’

that is the estimate (3.61). By (3.57) we have

(3.63) AtroGm-k(T,2,8) = / A12(Tmfk(”YO 0 (x ,€))) ds
0
and recalling (3.59)

| At2Gm il m—ts,a sl AOarm1) (A12f)lm—.s.0
(3.64) + | A(Oerm—k) (A12G ) k5.0
+ [ A(A 127 k) [k, s,0
The first two terms of the right hand side in (3.64) are bounded by (3.62) and

Lemma A.1 in Appendix A of [25]. For the last summand we proceed by induction
as above using (3.53). We obtain

|A12mek |m7k,p,a S |w|m,p+1,a+2k+lHA126H;D+1

*

+ Z|w|m,k1,a+k2+50+1+kt 181l ks+so+t-+k [[A128]] 50 +1

(3.65) e

+ |w|m,50+1,a+50+1+ktHA126H50+1 + |A12w|m,p,a+2k

*
+ Z|A12w|m,k1,kz+a+ktH5Hk3+50+t+k-
p

Then we have (3.45) and (3.46). Now we have (recall (3.50))
(3.66) P(r)=Q + R, Q =Op(q) e OPS™

and by the construction of @ we get that

(3.67) { Iag(f;)(f_) 0: X, R] + M,

where

m—+p—1

(3.68) M= —-Op (i{bx, Gopii}+ > qm_k#zm_kﬂﬂx) cOoPS .
k=0
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By Lemma B.2 we deduce that M € £, , and using (A.21) (recall also the Definition
(2.7)) we have for all s < s < S

(369> M’/Y\/[ (55 ) <s ;P |w|m ,s+p,01 + Z|w|m ki,ka+o1 |‘6Hkg+dl’
s+p

for b < p— 2, and

MAle(pa b) S;D |w|m,p+0170’1 HA126HP+01

*
+ HA126H50+01 Z|w|m,k17k2+01 HﬁHkS‘f’Ul
(3.70) pt+p

*
+ [Ar2wlinptoy,00 + Z|A12w|m,k1,kz+01 1B8llp+o1
p+p

forb < p—3 and some o1 > 0. If V(1) := R(7)A" then it solves 0,V = XV + MA"
and so

(3.71) /AT A TIMAds = R(t /AT A TIMAS (AT

By Lemma B.10 R™ € £,, for any 7 € [0,1]. By (B.42) we have that, for any
€ [0, 1], taking o1 possibly larger than before in order to fit the assumptions of
Lemma B.10,

(3.72) M- (s,b) <s M3 (s) + 181175, M (s0)-

s+o1
Then by Leibniz rule and Lemma B.9 we have by (3.70)
Ma,,r(8,0) <o M(p,b) | A1268], + M, (9, 0)[|[ A28l | Bllp-+o
+ Ma,m(P, 1) + Ma, m(p, D)l Bllp+o. -
We obtain (3.47) and (3.48) by using respectively (3.69) and (3.70). O
3.3. Conjugation of a class of first order operators. In this Section we
prove an important abstract conjugation Lemma which is needed to prove Theorem

1.8. We shall also recall a Moser-like theorem for first order linear operators (see
Proposition 3.6) which has been proved in [25].

A conjugation Lemma for a class of pseudo differential operators.
The following proposition describes the structure of an operator like £,, conjugated
by the flow of a system like (3.2).

PROPOSITION 3.5 (Conjugation). Let O be a compact subset of RY. Fiz p > 3,
a €N, p> sy and consider a linear operator

(3.73) L:=w-0,—Jo(m+a(p,x))+Q

where m = m(w) is a real constant, a = a(w,JI(w)) € C*°(T"*) is real valued,
both are Lipschitz in w € O and a is Lipschitz in the variable 3. Moreover Q =
Op(a(p, x,8)) + Q with Q € £, ,(0) and q = q(w, I(w)) € S~ satisfying

(374) |q|’ylsa —Sak1+k2HpHs+oga

(3.75) |A120]—1,p,a <pa k3 [[A12P]lptos (1 + [[Pllptos)-

Hereky, ko, k3, 09 > 0 are constants depending on q and p = p(w, J(w)) € C=°(T*T1),
s Lipschitz in w and in the variable J .
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There are o3 = 03(p) > g2 = d2(p) > 0 and . := d.(p) € (0,1) such that, if
(376) ||6Hso+crg + Ha'HS[)+U'g + k2HPHSQ+U'§ + ki + M’é(SO, b) < 5* )

the following holds for p < sg + 03 — 62. Consider ¥ := W' the flow at time one of
the system (3.2), where b is defined in (3.4). Then we have

(3.77) Li:=ULV ' =w -0, —Jo(m+ay(p,x))+ Oy

m+ay(p,x) = —(w- 9,0)(p,z + By, 7))
+(m+ale,x+ B(e, )1+ Bule, x + B, 2)))

with (3 the function such that 3:—|—6~(<p, x) is the inverse of the diffeomorphism of the
torus © — x + B(p,x). The operator Q4 := Op(q+(p, x,£)) + Q4, with

(3.78)

|q+| 1,s,« —5 a,p kl + k2||pHs+crg + H6||s+crg + HaHercrga
(3.79) |A1204]-1,p,0 <p,a,p K3([[A12P]lp+os + | A12P]lp+0s [Pl ptos)
+ HA126HP+03 + HA120’HP+U3

and O, € £, p(0) with, for so <s <S8,

Mg (5,b) <5, M(s,b) + 181125
(3.80) ’
+k1+k2HpHs+Ug+H0’Hs+og’ 0§b§p—2a

MA12@+ (p,b) <p,pMp 2Q(pa b) + k3|[A12P[p+os (1 + [Pl ptos)
+ 1A128]ptos + [|Ar2a][ptoy 0<b<p-3.
PROOF. Let U7 be the flow in (3.2). We can write U7 := A7 0 (O7 + R"), where
A" is defined in (3.3), and ©7, R™ given by Prop. 3.1 in (3.7). We define the map
= A" 0O7. We claim that setting R = (07)"!R"™ we have
ST i — W‘I’EO(W‘I’)*I _ \IJTEO(‘IJT)fl
— ATOTILY, BT+ RT) N (O7) (AT € 8,
and sup, ¢ (o 1] M- (s,b),5up,¢(9,1] Ma,, 57 (s,b) satisfy bounds (3.80) and (3.81).
We first study the conjugation of £° by W7. In order to prove our claim we just
have to note that R™ € £,11, by Lemma B.3, moreover, by formula (B.11) ,

[w-8,, R"] = w-8,R™ and [8,, R7] € £, ,. This means that [£°, R™] € £,,, so that
our claim follows by Lemmata B.1, B.3, B.6 and B.10 .

(3.81)

Conjugation by ©7. By Lemma B.6 we have (07)~! := I — Op(¥) + R, with
|19|’Ylsa—5ap|‘6”s+0m M’RYP(S, ) —=s,p H6H5+DQ’ OSbSP_Za
|A1219|71,p,a >pa HA126HZD+005 MAlsz (pa ) Spp HA126HP+DO 0<b<p-—3,

for 59 < s < & and for some 09 = 0¢p(p). Throughout the proof we shall denote by
0; an increasing sequence of constants, depending on p, which keeps track of the
loss of derivatives in our procedure. Moreover we shall omit writing the constraints
S0 <s <85, 0<b<p—-—2,0<Db < p—3 when we write the bounds for the
operators belonging to £,,. We wish to compute

©7B(07)"! = B+ [0p(¥), BJOp(1 — ) + [Op(?), BIR,



54 R. FEOLA, F. GIULIANI, AND M. PROCESI

for B=w" 0y, Jo(m+a),Op(q), Q.

Let us start by studying the commutator [Op(¢), B], our purpose is to write it as a
pseudo differential term plus a remainder in £, ,. We have (recalling the Definition
2.7 and formula (A.29))

(3.82) [Op(¥),w - 0,] = —Op(w - 0,0)
(3.83) [Op(9), J o (m + a)] = Op(V k< p1 (W(€)F#<pt1(m + a)))
+Op(9 *3p11 (W(E)F#(m +a))

+ 9 % <pr1 (@EFzp1 (m+a))
(3.84) (0p(9), Op(@)] = Op(9 *<p-1 ) + Op(9 21 ) -

Here w(f) is the symbol of the Fourier multiplier J = 0, + 3A0, , i.e. w(§) =
i+ 31 e One can directly verify that all the symbols above are in S™!, indeed
the commutator of two pseudo differential operators has as order the sum of the
orders minus one. By Lemma B.3 we verify that [Op(¥), Q], [Op(9), BJR, € £, for
all choices of B. By Lemma B.2 and (2.11) we have that the second summands in
(3.83) and (3.84) belong to £, ,. We have proved that

[Op(¥),B]=Op(rg)+ Rp, rB€S™', Rpe€g,,.
Using (3.8), (3.74) and (3.76), we have by (B.12)
(3.85) 175 s 0 Ssiaw 18125, + 181550, (a1 + kel 25, + llal23,).
Similarly, by (B.13) we have
(3.86) M, (s,0) <o 181235, + 111355, (k1 + kallpllZi5, + llal 155, +MY(s,b)).
Analogously by (B.14) and (B.15) we have

|A127B]-1,p,0 <p,a.p [1Bllp+o, (k3 (| A12P/p+0, + [|A12P]|s0+0, 1Pl p+0,)
+ HA125HP+01 =+ HA12GHP+01-
Similarly, by (B.13) we have
MAlzRB (pab) Sp,p HA126HP+01
(3.87) + 118l p+o, (k3 (1 A12P[lp101 + 1 A12P]l p10: 1Pl p+01)
+ [[Ar2a]pto, + M, 5(p,b)).
By Lemmata B.4, B.3 and B.1 we have that
[Op(9), BOp(1 —0) = Op(ip) + Rp, €S, RpeL,,,

and 7, Rp satisfy bounds like (3.85)-(3.87), with possibly a larger d;. Analogously,
by Lemmata B.3 and B.1, we have that [Op(6), BJR, € £, satisfies estimates like
(3.86), (3.87). We conclude that

07L%e7)~" = L%+ Op(ro) + Ro

where ro € S7!, Ry € £, and satisfy the bounds (3.85)-(3.87) with possibly larger
01.

Conjugation by A". We proved that
(3.88) WTLOWT)™t = ATLY(AT) ™ + ATOp(ro) (A7) + ATRo(A™)
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By an explicit computation one has that
A™Dy(AT) L =D, + J o (T,4Du3) + Op(r1) + Ra
where ;. € S Ry € £,,p are defined by
r1 = =3(i/(1+ €))# <p1 Trp(Dul),
Ri := =30p((i€/(1 + €))#>p-1Tr5(Dul)),
and, by (B.12),(B.14), (B.13), (B.15), satisfy the following bounds

Doa +ME, (5,0) <s.a,p 18125,
|A127"1| 1,p,a +MA12R1 (p, ) =p,a,p ||A125||p+02

1| "

Moreover
(389)  A(Jo(m+a)(AT) ' =Jo Zﬁ((l + B (m + a)) +R®
where

R® .— ((1 CAR)L 1) oAogod,o zﬁ(a + Bo)(m + a))
(3.90) + ((1 CAR)T 1) oAo(g—3)0dy0Tg ((1 + o) (m + a))
+ ((1 — AfR)fl) oAo(g—3)00,0 ’];.g((l + Bo)(m + a))
with g and % defined in (3.12). In particular R®) = Op(ry) + Ra, 72 € S71,
Ra € £, and satisfy the following bounds
|T2|’Yl saT M’Y ( b) <s.0 P ||6||S+D'§ + ||6||so+ag ||a’||s+33’
|Arar2|-1p.a + Ma,Ro (P b) <pap [A128]lp+os-
Then, by (3.88), we conclude
(3.91) WL W)L =D, —Jo(m+ay)+ Q.,
(3.92) Q. := ATOp(q + o) (A7) ™ + AT(Q+ Ro)(AT) !
+ Op(r1 +72) + R1 + Ro.
By Theorem 3.4 and Lemma B.10 we have
(3.93)  ATOp(q+r0)(A") ! = Op(rs) + Ra,  AT(Q+Ro)(A) ' =Ra
where 73 € S7! and R3, R4 € £,,. In order to bound rs we use (3.45) with
w = q+ 79 so that
(3.94) |w|’yl 8,0 <s,a,p K1+ k2||p||s+a4 + ||6||s+b4 + ||a’||s+04
Note that in the formula (3.45) (recall the notations used in formula (3.45) and the
fact that ki, ko, ks > 0 and k1 + k2 + k3 = s) we have by interpolation
01" ks actbason 18100, <s (R2llpI 25, + 18IS, + lal TR 1813 0
+[1Bllsos (k1 + Ko IplI3e o, + 18112550, + lall550,)-
Thus we get by (3.76)
73| s 0 + MR, (5,0) <s a0 K1 +kalpl 735, + 181335, + llal 235,
|A12T3|—1,;D,04 + MA12R3 (pa b) =p,o,p k3(HA12pHP+05 + HAlQpHSo-FDs HpH;D-i-Ds)
+ [[A128lp+o5 + [[Ar2a][p+os-
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Moreover by (3.76)

M’Y (5 b) <, P M (5 b) + H6||S+DG + H6H50+DG (k1 + k2HpHS+D()‘ + HG’HS+DG)
Ma,, R4 (P, D) <pp MA12Q(55 b) + [|A120]|s+06
+ 118llp+os (k3 (| Ar2pllp+os + [[A12pllp+06
By (3.92) and (3.93) Q. in (3.91) is

p”p*f*ﬁa) =+ HA120’HZD+DG'

Q. =0p(ay) + Qu, gy =71 +ra+73 O.:=Ri+Re+Ry+ Ry

In particular, by the discussion above we have that the bounds (3.79) hold with
o3 > 05 while bounds (3.80) and (3.81) hold with o3 > 9. This concludes the
proof. 1

Straightening theorem. By Proposition 3.5 the coefficient a4 of the transformed
operator £, = WLW ™! (see (3.77)) is given by (3.78). The aim of this section is
to find a function 3 (see (3.1)), or equivalently a flow ¥ of (3.2), such that a4 is a
constant, namely such that the following equation is solved (recall (3.3))

(3.95) w- 8,3 — (m+a)(1+ 3,) = constant.

This issue is tantamount to finding a change of coordinates that straightens the
1-order vector field

0 0
w - 95 (m+@(<ﬂa$))a—x-

This is the content of the following proposition. Actually this is a classical result
on vector fields on a torus ([46]), but for our purposes we need a version which
provides quantitative tame estimates on the Sobolev norms.

ProproOSITION 3.6. Let Og C R” be a compact set. Consider for w € Oy a
Lipschitz family of vector fields on TV +!

2 .
Xoim w5~ (mo+ ool )z, 3 <mo <3 lmal” < Mo < 1/2

(3.96) 3

ap € H*(T"T1 R) Vs > sp.

Moreover ao(z, p;w) = ag(x, ¢, I(w);w) and it is Lipschitz in the variable 3. There
exists 0, = 04(s1) > 0 and s1 > so + 27 + 4 such that, for any v > 0 if

(3.97) C(s1)y Hlaol| 190 :== 6 < 4,

then there exists a Lipschitz function meo(w) = Moo (w, J(w)) with 1/2 < mee < 2
and |moe — mol? < 8 with Yw € Q. such that in the set

2
(3.98) P2 =P2(@) = {we Oy [w-l—mu(w)j] > #

VEeZ, Ve Z\{O}}

the following holds. For all w € P2 one has |A1ameo| < 2|A1a{ag)| and there exists
a smooth map

(3.99) B PY X T SR, 879 <o v aol| 120 as Vs > 50
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s0 that W) : (¢, x) — (¢, + B (p, x)) is a diffeomorphism of TV and for all
w e Py

) 8 00)\ — %) [e’e) a
WXy = w4 (UO) 7 (w0 9,6 — (mo +a0) (1 +50))) -
oy ox
(3.100)
=w 9 m (w)g
T Oy N o
PROOF. We refer to Corollary 3.6 of [25] which is a generalization of Proposi-
tion 3.6 in the case z € T with d > 1. O

LEMMA 3.7. Under the assumption of Proposition 3.6, the function ) defined
in the Proposition 3.6 satisfies the following estimate on the variation of the variable
i(w): |A12B8 ||, < Oy Y| Ar2ao|lpto for some o >0 such that p+ o < si.

PROOF. We refer to Corollary 3.3 of [25]. O
3.4. Proof of Theorem 1.8. Consider the vector field
(3.101) w % — (14 a(z, <p;w))(%:

for w € Op given in (1.6). By taking p in (1.24) large enough and ¢ in (1.27) small
enough we have that the condition (3.97) is satisfied. Thus we apply Proposition 3.6
with ag ~» a in (3.101) and mg ~» 1. Then there exist a constant m(w) = Mmuo(w)
and a function 3(w) defined on the set P2 = Q; (see (3.98) and (1.30)) such that
(recall (3.100))

(3.102) 7;;1(“)-8@5— (1+a)(1+6})) =-m.

Let 8 be the function such that (¢, z) — (p,2 + B(p,z)) is the inverse diffeo-

morphism of (¢, z) — (¢, 2 + B(p,z)) and let U” be the flow of the Hamiltonian
PDE
p

T 1+ 718
Let us call ®; := W' and recall that ®; = ®;(w) is defined for w € Q;. We apply
Proposition 3.5 to £, in (1.25) and we get

(3.103) O L, P =D, —Jo(l+ay)+R,
where, by (3.78) and (3.102),

Uy = (J o b(T)) u, b(7) :=b(7, p, x)

as(p,2) =m—1
and R=0p(r)+ R, r=r(w)e S, Re £,p(€1). Hence we have
(3.104) O L, =D, —mJ+R.

By (1.27) one has that Proposition 3.6 implies (1.49), (1.51). By (1.27), (3.99) the
bound (3.79) reads as

Q —1~17,O _ ~ ~ o~
e[ 0 ey IR, 1Arer] o1 pa <p v A+ [T lpea)lIT1 = Fallps,

—1,s,a = s+6

for some & > 0, since k1 = 0, ko = ¢,p = J. Moreover by (3.80), since k3 = ¢, for
0<bp<p—2andsy<s<S§

(3.105) M (s,0) <5 ey '[9 7%
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and by (3.81), and Lemma 3.7, for 0 <b < p—3 and sy < s < S, we get
(3.106) My 2 (,0) <p ev (L + 1Tllpsa) 11 = Tzllprs-
The bound (1.53) follows by Corollary 3.2, in particular by (3.41), and (3.99).

4. Diagonalization

The aim of this section is to prove Theorem 1.9. We first provide an abstract
result for —1-modulo tame operators.

4.1. A KAM reducibility result for modulo-tame vector fields. We say
that a bounded linear operator B = B(¢) is Hamiltonian if B(y)u is a linear Hamil-
tonian vector field w.r.t. the symplectic form J. This means that the corresponding
Hamiltonian (u, J7'B(p)u) is a real quadratic function provided that u; = u_;
and ¢ € T”. In matrix elements this means that

(J7'B(p)] = (J7'B(p))l, (J7'B))(6) = (J7'B)ZL (~0)

or more explicitely:

(1) B (o) = -2 0Bl (0). B0 =B (-0,

This representation is convenient in the present setting because it keeps track of

the Hamiltonian structure and

B = %(u, J'B(p)u), G= %(u, J'G(p)u) = {B,G} = %(u, J7'B, Glu).

We introduce the following parameters
(4.2) T=2v+6, by:=67+6.

In order to prove the Theorem 1.9 we need to work in the class of Lip-—1-majorant
tame operators (see Definition 2.2) and the proof is based on an abstract reducibility
scheme for a class of tame operators.

We investigate the reducibility of a Hamiltonian operator of the form

. i(4 + 42
(4.3) Mo =Dy + Py, Do =diag(i d;o)) , dg.o) =m (]7(1 - ]_]2 )> )

Here the functions d;o) are well defined and Lipschitz in the set O, |[m—1|7%° < Ce,
while Py is defined and Lipschitz in w belonging to the set ;. We fix

(4.4) a:= 67 +4, T =27+ 2,
we require that Py, (9,,)* Py are Lip- —1- modulo tame, with modulo-tame constants

denoted by 93?2;33/2 (s) and 93?2;33/2 (s,bg) respectively (recall Definitions 2.5, 2.6),
in the set 7. Moreover m and Py and the set 7 depend on J = J(w) and satisfy
the bounds

(4.5) |Arom| <Ki1[|T1 — Jollso 4o
(D) A1oPo(De) 2l eareo) (D) * A12(0,)* Po(Di) | a0y <
< K331 — T2lsoto 5
for some o, K1, Ko > 0, for all w € Q1(71) N Q1 (J2) with

3/2 3/2
(4.6) Kl,fmﬁsz (50),93?553 (50,b0) < Ko.
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We recall that || - || z(gs0) is the operatorial norm. We associate to the operator (4.3)
the Hamiltonian

1
Ho(n,u) :=w -+ 5 (u, J "Mou) L2, )-

PROPOSITION 4.1 (Iterative reduction). Let o > 0 be the loss of derivatives
n (4.5) and consider an operator of the form (4.3). For all s € [sg,S], there is
No := No(S,bg) > 0 such that, if
(4.7) Ng ol
(recall (4.4)) then, for all k > 0:

(S1), there exists a sequence of Hamiltonian operators

. -k
(4.8) My, = Dy, + Pk, Dy, := diagjez (o) (i dg ).

o (s0,bo)y 22 < 1,

with d;k) defined for w € Oy and

(k) — 400) (k) 0)._ (k) (k) _ _ (k)
(4.9) di’(w) =d;" +r; (w), r;7:=0,r"7€R, r=—r’
The operators Py, are defined for k > 1 in a set Qza/z = 923/2 (3) defined as

3/2 3/2

@

— DA (k—1) (k—1) i
O

VIl < Nev, ¥, € Z\AO}, G 0) # (23,0 }

3/ k
where Qgg = Q1 and N, 1= Né?’/2) . Moreover Py, and (9,)* Py are —1-modulo-
tame with modulo-tame constants respectively

(4.10)

3/2

3/2
(411) M (s) == (s), M
for all s € [sg,S]. Setting N_y = 1, we have

~3/2 ’Y 3/2

(s,b0) == ML (s,bp), k>0
(4.12) 0 (s) <A (s, 00) N2 L Y (5,00) < 5T (5, Bo) N
while for all k > 1

7 3/2
(4.13) (5" = d" ] < MET (50, BO)N 2.
(S2), For k > 1, there exists a linear symplectic change of variables Qp_1, defined
in QZ3/2 and such that

(4.14) My, = Q1w 0,9, ", + Qo1 My_1Q, .

The operators Wy, _1 := Qr_1—1 and <8¢>b“ V.1, are —1-modulo-tame with modulo-
tame constants satisfying, for all s € [sg, S],

(4.15) M7 () < 9 VAN N2 IET (s, bo)

3/2

ML (5,00) < 7B ANTL N o9E™ (5,b0)

(S3), Let J1(w), J2(w) such that Po(I1), Po(J2) satisfy (4.5). Then for all w €
Q71 (31) N Q2 (32) with v1,72 € [v*/2/2,273/2] we have

(4.16) [
(4.17) I

m>1/ A12Pr(Dy) /QHE(HSO) < KoN, 2|31 — Jallsotos

(D
(Do) (0,07 A1aPr (D) || £(s150) < KaNg—1]F1 — Jolsoto -
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Moreover for allk =1,...,n, for all j € S¢,
(418) ()| Aarf? = Aorf V] < 1(D2) 2 A1ePD) (oo
419) () || < Kal|31 — Tallsgso -

(
(S4), Let 31, Jo be like in (S3), and 0 < p < 7*/2/2. Then
(

/ ~
4.20) KoNI 31 = Jallsgso < p = m ‘O 1) SO TP(T,).

The Proposition 4.1 is proved by applying repeatedly the following KAM reduc-
tion procedure:

Fix any NV > 1 and consider any operator of the form
M =D(w) +P(p,w),  D(w) = diag(id;(w))jez
J(4+5%)
(1+52)°
Here the m,r; € R are well defined and Lipschitz for w € Oy with

d; = d;o) + 7y, d;o) =m(w)

: 3/
(421) [1—m® <Ce, ry=—ry, sup(f)|rs"”" % < 2B (50, bo)-

J

Assume that (recall (1.6), (1.30)) in a set O = O(J) € Q41(J) C Oy the operators
P, (0,)* P are Hamiltonian, real and —1-modulo tame with

(4.22) 332NN (5 1) < 1.

Assume finally that d; = d;(3), P(J), (9,)*P(J) are Lipschitz w.r.t. J namely for
all w € O(jl) n 0(72)

|Arem| < K1 |31 = Jzlsgto,  sup(j)|Aier;| <2 Kol|J1 — T2l[so+o
(4.23) L e

(D) A12(0,)"P(Dx) / llz(rs0) < K231 = J2l|so+0, a=0,bg

for some constants K; < Ky (recall K3 in (4.5)). Let us define C = CgYS/2’T’N’O) as

~3/2
(4.24) C:={we0: |w~€—|—dj—dj/|>Wa
V(L. 5,5") # (O,j,j), [l <N, j,j" € Z\{0}}.
In this way Qk+1 = ngk o N 2 ). For w € C let A(p) be defined as follows
y PI (¢
(4.25) A0 =0 cgj)— Zy o =N
A;:/(é) =0 otherwise.

LEMMA 4.2 (KAM step). The following holds:
(i) The operator A in (4.25) is a Hamiltonian, —1-modulo tame matriz with the
bounds

3/2
(4.26) omi

3/2

(s,0) < v 2N (5, a),

(D) ? Ao (0,)  A(DY || £ a0y <

(4.27) —3/2 n727+1 —3/2qmt,7%/? ~
Cy NP Ky + Koy 2T (s0,a)) 191 — T2l soto »
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for a =20,bg, for allw e C(J1)NC(Tz2) and for some o > 0.

(ii) The operator Q = et 1= 3, ., Ak—:c is well defined and invertible, moreover
VU =Q —1is a —1-modulo tame operator with the bounds

mﬁéfl/z (S, CL) < 293?&73/2 (S, CL) < 2V73/2N27'+19:n§;73/2 (5, a) ,
(D2} A12(0,) QD) 2| a0 <

— T — 3/2 ~ ~
< 2y73/2N? (K2 + Koy 3/2971357 (s0,a)) 131 = J2llsoto) -

for a = 0,b9 and for some o > 0. Finally = — Qz is a symplectic change of
variables generated by the time one flow of the Hamiltonian Sy = %(z, J1Az).

(#it) Set, for w € C (see (4.24)),
(4.28)  QW-9,97Y) + Q(D(w) + P(p,w)) Q" := My = D (w) + P*(p,w)

where DT (w) = diag(i d;L) is Hamiltonian, diagonal, independent of ¢ and defined
for all w € Oy with

3/2

. 3/2
d;L = d;o) + T;-L , T;-L =—rT,, sup(j)|rj — T;-L|'Y Qo < Sﬁgf (so),
J

J
(4.29)
sup(j)|Ara(r; — )| < Kal|J1 — Jallspto s Yw € C(31) NC(T2).
J
For w € C we have the bounds

(4.30) i (s) < Nl (s, bg) +
+ C(S)N2~r+1773/29n§;ys/2 (S)Sﬁgﬁ’ygm (SO) '
(4.31) i7" (5,00) < ML (5, bo)

3/2

3/2
+ N27-+1773/2C(S,b0) (mgj’y (S,bo)mgﬁ’y (50)+
3/ 3/
7 (50, b )omly™” 2(5)) .

Moreover for allw € C(J1) NC(T2)
AP |20y < N K ||J1 — Jallst0

3/2

(4.32) +C(s0) N>y 329 (59)
_ 3/2 ~ ~
x (Ko 7705 (s0)Kn ) 31 = Dall e

[A12(05)° P || sy < Ka||T1 = Tollsto
£ N2 7320 (50, bo) (93?2;73/2 (50, b0) K>
(4.33) + 957" (s0) (Kz + 32k (s, bo)Ko)
4 7—3/2N27+1§m§573/2 (50)9315373/2 (50, Do) X
% (K + 772 (50)Ko) ) 191 = Tl
for some o > 0. The action of Q on the Hamiltonian H is given by (see (4.28))

1
Hy = ettty = . n+ §(w, J M w).
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PROOF. Proof of (i): First we prove that A is a —1-modulo tame operator. By
(4.24), (4.25) (recall (2.5), (2.6))

(0p)" A =y 32N (9,)*P, fora =0, by,

while

(0,) A r A <Y 3ENT(D) A P + 4 3N?HHH,) P, for a = 0,bg
since

Aw,w/PJJ' (é)

i(w-£+d; —dj)
PO (@ =) (e~ D]+ A (d; — dy))

By Lemma A.5-(i) and (4.21), (4.22) we deduce (4.26). The bounds (4.27) come
from applying the Leibniz rule and by (4.23)

Ay AT (£) =

, APl (0 PI(O)||Arad; — Arad;s
s i) < P01 P O3, — Muady|
|(.¢J'€+dj—dj/| ((.«J'é—Fdj—dj/)
We remark that in the second summand (recall that K; < Kj)
|A12d; — Arady| lw(j) —w(@) | [Awer] + [Arary|
< |Ayam|
|(.¢J'€+dj—dj/| |(.«J'€+dj—dj/| |(.«J'€+dj—dj/|

(23).(45) » o
< Oy YS(KiNT™ 4+ NTKo)[|31 = J2|so+0

< Oy ENTTURG |31 = Fallsoto-

The estimate on the first summand follows from the estimates on ~A12m and the
fact that if |w(j) —w(j’)] > Cl¢| with C' > 1 then |w- £+ d; — dj/| > Clw(j) —w(j')]
with C' > 0; the estimate on the second summand comes from (4.21), (4.22). In
conclusion we get (recall (4.23) for the definition of Ks)
4D2) "2 A12(D) " A(D=) | c(210) <

< O(y 3PNy + 7 SN KM (50,@)) 31 = Talsoto
for all w € C(J1) NC(J2). The fact that A is Hamiltonian follows from (4.1) and
from the fact that d; is odd in j (recall (4.3)) and P is Hamiltonian.

Proof of (ii): By the boundedness of A, the bound on its modulo-tame constant
and the smallness condition (4.22) we have that Q is well defined and invertible.
The bounds are a consequence of Lemma A.5 (iv)-(v), the smallness condition (4.22)
and the estimates proved in statement ().

Proof of (i1i): We start by observing that
Dt +Pt=D+P-w- 9,4+ [A,D+P]

(4.35) Y adgjl)’“ D+P) - %}k_l(w - 0,A).
k>2 : E>2 ’

Again by definition, A solves the equation
w-0,A+[D, Al =IINP — [P]
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where [P] is the diagonal matrix with j-th eigenvalue 73; (0). Substituting in (4.35)
we get

(436) D + P+ =D+ [P +TEP+ Y adg:‘)k -3 %(Hw ).
k>1 ’ k>2 ’

By the reality condition (4.1) we get P?(0) = P7(0) = —PJ(0), which shows that
Pg (0) is real and odd in j. By Kirszbraun Theorem we extend 73; (0) to the whole

. 3/2
Op preserving the | - |7 norm. We set

df = dj+ (PJ(0)™ = ¥ 4 r; 4+ (PJ(0)™, v} i=r;+ (P (0)™

where (-)F** denotes the extension of the eigenvalue at Op, so that the bound (4.29)
follows, by Lemma A.5 - (i) and the bounds (4.23) on P and A;2P. Now for w € C

(4.37) PH=TIyP+) ad;—f‘)k(m -3 AN 11p - 1)),

! k!
k>1 k>2
By Lemma A.5-(iv) we have
2/2 3/2 3/2
M () < Cs) (O (o)) o5 (s)
RO (s0)) M (s)
which implies (4.30), by using also A.5(%ii). Finally

3/2 3/2
m‘éadA>kp<s,bo>s0<s,bo>’“(<m‘iﬁ (50))* 9" (s, bo)

(4.38)

3/2

(s0))

3/2 3/2 3/2 3/2
(R (s0)) R (0 (s Do) (s0) + T (0, bo) T (5))
3/2 - 3/2 3/2 3/2
k(= DERE (50) 20 ()9 (50, Do) (s0) )

which implies (4.31). In order to obtain the bounds (4.32) and (4.33) on Aj4, we just
apply Leibniz rule repeatedly in (4.37) and then procede as before. More precisely
we have? for all w € C(J1) NC(J)

App(ad(A)FP) = ad(A)F AP+ Y ad(A)ad(ArpA)ad(A)FP.

ki+ko=k—1

1/2 1/2 §,7%/2 .
Now we note that ||(Dg) " A(Dy) || c(as0) <M (s0) and that for any matri-
ces A, B we have

(D) *ad(A)B(D,)" | £ a0y <

< C(s0) (D) AIDY 2| ooy | (D) /2 B(D, )

< HE(HSO)
This implies that for all w € C(J1) N C(Jz2) (recall (4.23) for the definition of Ks)
3/2
(4.39)  [[{Da) 2 A1a(ad (A PY D)2 |2 irony < (Cs0)DET (0)) K
(4.40) + kC (50) (O (50))F 122087 (s0) (NTK2+

3/2 ~ ~
NG (50) ) 131 = Tallag o

2Recall the usual convention that a(Ajsb)c = a(J1)(A1zb)e(Ta).
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Now by definition
ad
APt =TIEALP + 3 Ap(PS2p) = 37 A (HNP P)),
E>1 k>2

so we use Lemma A.5- (%ii) in oder to bound the first summand and (4.39) in order
to bound the remaining ones. In the same way

A12(0,)" (ad(A)P) = ad(A)* A12(9,)" P
+ Z ad(A)klad(A12A)ad(A)k2 <8@>b0’P

ki1+ko=k—1

+ ) ad(A)*ad((0,)™ A)ad(A)F2 AP

ki+ko=k—1

+ ) ad(A)Mad(A(9,)™ A)ad(A)*P

ki+ko=k—1

+ > ad(A)*1ad((9,)™ A)ad(A)F2ad(A0A)ad(A)rs P
ki1+tkot+ks=k—2

+ > ad(A)F ad(Ar2.A)ad(A)F2ad((9,)™ A)ad(A)ke

ki+ko+k3=k—2

where the last two terms appear only if k£ > 2. We proceed as for (4.39) and obtain
the bound

(D22 A12(0,)™ (ad(A)*PY (D) || o110y <
(Cls0)M"" (50)) K
o+ RO (s0) (U™ (50)) 712057 (s0, b0) (N7 Kt
(s0))
+ RC(50) (A (50)) 5195 (50, bo) Ky
+ RO (s0) """ (50)) 13208 "” (s0) (NTK2+

3/2

+ 773/2N2T+1K mﬁ o

+ 773/2]\]2”11{09372573/2 (50, bo))

3/2

3/2 - 3/2
+ 2k(k — 1)C(s0) (O (50)) 7257 (50, 00)y /2" (s0)
_ . 3/2 S
(NTEy + 732N RS (50)) 191 — Tzl spso
from which one deduces the (4.33). O

4.2. Proofof Theorem 1.9. In this section we conclude the proof of Theorem
1.9. We first provide a preliminary result.

LEMMA 4.3. Consider p := so+bo+3, p = so and the operator L}, (see (1.50))
in Theorem 1.8 . We have that Py := R (with R in (1.50)) is —1-modulo-tame with
modulo-tame constants satisfying the (4.6) with

(4.41) o=p, K = Ky:=ey!

3

where py1 s given by Theorem 1.8.
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Moreover the constant m and the operator Py satisfy, for all w € Q1(T1) N Q1 (T2),
the bounds (4.5).

PrOOF. Recalling the form of R in Theorem 1.8 we have that Lemma A.4
implies that Py is —1-modulo tame with modulo tame constants satisfying (recalling
the Definition A.4 and the fact that v3/2 < )

#4372 #7372 - (A.9) .
(4.42) My (=1,8), M3 (=1,8,b0) <s BL(s,80 +bo) < Mp(s,p—2)

which implies

3/2 3/2 o
(4.43) MET" (s,bo) < Mp(s,b),  MBT" (s0,bg) < ey
Using (1.24), (1.52) one gets the (4.6) with the parameters fixed in (4.41). In the
same way, by Lemma A.4, (1.51), (1.52), (1.24) we get the (4.5). O

Proof of Theorem 1.9. We want to apply Proposition 4.1 to the operator
L} in (1.50) (see also Theorem 1.8). It is convenient to remark that £} gives
the dynamics of a quadratic time-dependent Hamiltonian. Passing to the extended
phase space, L], corresponds to the Hamiltonian

1
H:=Hmu) =w-n+ 5(% J " Mou) r2(r, ) My = Do + Po

where

1+ 52
By Lemma 4.3 we have that m and Py satisfy (4.5), (4.6) with the choice of pa-
rameters in (4.41). Then the smallness assumption (4.7) follows by the smallness
condition on ¢ in (1.54) provided that Ny in formula (1.54) is chosen as in Propo-
sition 4.1. We can conclude that Proposition 4.1 applies to £ in (1.50).
By (4.13) we have that the sequence (df)keN in (4.9) is Cauchy, hence the limit
d3° = dg_o) +73° exists and, also by (4.9), r3° satisfies (1.56).
Now we claim that (recall (1.30)-(1.31) and (4.10))

3/2
(4.45) OxC )9 .
k>0

o (4 + 52
(4.44) Dy = diag(id\") ez 0y, A\ =m (M> , Po:=R.

Indeed we have for |[¢| < Ny,

jw b db —db| > |w €+ d = d| — |k — S — |k

3/2

(413) 245/2  MGT (s0,bo) . 7/
@ Ne, {07

since 93?%’73/2 (50,b0) <¥3/2Ny ™ and (/)™ < NJ < N2, due to (4.4). We conclude

that O C QZI; Thus the sequence (U)gen (recall item (S2)j in Prop. 4.1) is
well defined on O.

We define

O =Qpo---0Q.
We claim that there exists ®o, := limg_oc P in the topology induced by the
operatorial norm. First we note that, by using (4.15) and (4.7), for any k we
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have

k

3/2 3/2 3/2
My (s) <D [l () [[ s (s0)

(4.46) =0 7

k

3/2 3/2
<2y oy (s)gc(1+j£§§km&;j (5)).

By Lemmata A.5 and A.4 we have

3/2 3/2 3/2
MY, g, (5,D0) <s zmgzwm(s, bo) <s zmgz (s,bg)
3/2 3/2
+ MG (s0,b0)  max MG (s, bo)

.....

Thus by
k+m

3/ 3/
1(@spm — PR)AIT O < ST [I(@; — @5 )Al|7 O
=k
and by (4.42) we have that (recall (4.7) and (4.4))

3/2 T —a _—
MY, g, (5:00) < C(s0,00)MF, (5, p — 2) N N2y~ %2

(1.52),(4.43) (s
< C(s0,b0)ey |3|750 Ny 2D

hence (®y)ren is a Cauchy sequence in L(H®) and for @, the estimate (1.58) holds.
The operators @ are close to the identity, hence the same is true for ¢, and by
Neumann series it is invertible. One can prove that for ® ! the estimate (1.58)

holds.
Let us prove the (1.59). We first show that, for any n € N one has
(4.47) ()i (31) = rj(32)] < ey 7T = Tallsgio + e IONE,

with N,, defined in Prop. 4.1. This would implies the thesis. For & = n+ 1 one can

estimates

~ ~ ~ k)~ k)~ k)~ k)~ ~
175(31) — 5 (32)| < i (30) — P @)+ 17 (@0) = 1P @) + 1P (32) = 75(32)]

j
by using (4.13), (4.19), with Ky ~ ey~! to get the (4.47).

5. Measure estimates and conclusions

Here we conclude the proof of Theorem 1.4 by showing that Theorem 1.10 holds.

We first need some preliminary results. Let us define

N L
1 =
6.1 (i) = 1L,
and remark that if j # k (both non-zero)
1— jk

(2) ) - w®)l =l - H[1+3 > 2li—Hl.

T+ 20+ 1)
Recall that 7 > 2v + 1 is fixed in (1.6).
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LEMMA 5.1. If Ryj # 0, then |¢] > Cy|w(j) — w(k)| for some constant Cy > 0.
If Quj # 0 then || > Cslj| for some constant Ca > 0.

PROOF. Since |wl||¢| > |w - ¢|, our first claim follows, setting C; := (8|w|)™!,
provided that we prove

8- 1] > () — w(b)
If Ryji # 0, then there exist w such that

(5.3) |dj(w) — di(w)] < 29%%(0) 7 + 2w - €]
Moreover, recall (1.49) and (1.56), we get

(5:4)  |dj(w) — di(w)] = Im[lw(j) — w(k)| = |rj(w)] = |re(w)] = %Iw(j) —w(k)|.
Thus, for € small enough
bl 2 282 (5~ et ) o) — ()] 2 Fhols) —wlh)
3 (07 w(j) —w(k)| 4
and this proves the first claim on Ryj. If [mj| > 2|w - ¢| then by (1.6)

w4+ mj| = |m[|j| —|w- €] 220w €] = |w-{] = |w- £ Z ()7
Hence if Qg # 0 we have [j| < 2|w - £||m|~! < C5'|¢], where Cy := |m|(4]w|)~".
This concludes the proof. O

By (1.62), we have to bound the measure of the sublevels of the function w —
¢(w) defined by

dr(w) =w- -+ d;j(w) — di(w)
(5.5) =w - L+ im(w)(w(j) —w(k)) + (rj — i) (w),
pg(w) ==w - L+ m(w)j.

Note that ¢ also depends on ¢, j, k, 7.

By Lemma 5.1 it is sufficient to study the measure of the resonant sets Rgjx
defined in (1.62) for (¢,4,k) # (0,4,7). In particular we will prove the following
Lemma.

LEMMA 5.2. Let us define forn € (0,1) and 0 € N >0
Reji(n,0) :=={w € Oy : |w-l+dj —di| < 2n(€)"7},
Qej(n,0) :=={we Oy |w-l+mj| <2n(t)~7}.
Recalling that O € [~L, L], we have that |Rejx(n,0)| < CLY~Yn(0)=7. The same
holds for Qe;(n, o).

PRrROOF. We give the proof of Lemma 5.2 for the set Ry;j, (with ¢ # 0) which is
the most difficult case. X
Split w = sf 4+ v where £ :=£/|¢| and v - £ = 0. Let Ug(s) := ¢r(sl + v), defined in
(5.5). By using (1.49),(1.56) and Lemma 5.1 we have

[Wr(s1) = Wr(s2)| > |s1 — sal (|€] =[5 — Kl[m|"PO0 — (|r;| PO + |ry,|P:O0))
4]
. >0
(56) =

|s1 — s2]
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for € small enough (see (1.54)). As a consequence, the set Ay == {s: sl+v e Rk}
has Lebesgue measure

[ Agjiel < 2161714 (077 =8n()=7~".
The Lemma follows by Fubini’s theorem. O

LEMMA 5.3. There exists C > 0 such that setting 11 = v + 2 then, for all j, k
such that |j], |k| > c(0) v~/ one has Rejr(v*/%,7) C Qo j—1(v,71)-

PROOF. By (1.56), (1.49) we have (recall also (5.2)) that

2y _ C Ce
o TR A G e
- 2y Oy Cey < y3/2
— (O cfrmt o)™ T )T
for C big enough and since £(,/7) " < 1. O

Proof of Theorem 1.10. Let 7 > 2v + 4. We have

U Ryji| < Z | Reji| + Z | Rej-

tezy,j,keZ\{0} LeZ |1, k[ >C()TLy=(1/2) ez |j|,|k|<c(e)Tiy= (/2
On one hand we have that, using Lemmata 5.3 and 5.2,

> Rl <€ Y LT

tez”, j—k=h,|h|<C|]
|31 |k|>c(@) Ty~ A/

< CLufl,_Y Z <€>7(~rlfl) < C«Lufl,_y,

tezr
for some C' > C > 0. On the other hand
- 6™
D Rl <Oy S
12<Y/ Lezr ﬁ<€>
141, 1k| <c(e) Ty~ /),
l7—k[<C]e|
< CvLufl Z <€>7(~rf~rlfl) < C’}/Lyil.
tezr
The discussion above implies estimates (1.60). O

Proof of Theorem 1.4 (Reducibility). It is sufficient to set ® := ®5 0 P
where @4 (w) is the map given in Theorem 1.8 while ®3 in Theorem 1.9. The bound
(1.33) follows by (1.53) and (1.58). Theorem 1.10 provides the measure estimate
on the set O in (1.34). O

Proof of Theorem 1.5 (Almost Reducibility). Consider £,(J1), L., (J2)
under the hypotheses of Theorem 1.5. Theorems 1.8 and 1.9 applies to the op-
erator £, (J1) hence the results of Theorem 1.4 holds for w in the set ;(J1) (see
(1.30)). Recalling Remark 1.1 let us assume that (recall (1.41), (1.42))

(5.8) 0s(31) € OV M.

We show that the thesis follows. Indeed we can apply the iterative Lemma 5.2 in
Section 5 of [25] for n = 1,2,...,k < oo where the larger is N the larger is k.
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3\n
Actually k£ has to be chosen in such a way N = N where N,, = Né2) . Hence
L,(J2) can be conjugated to an operator of the form

Lo,(32) = w- dp —mMN T — Jo0a™ (3y; 0, z) + RN (3,)
where the constant m") and the real function a(") satisfy the bounds (1. 39) (1.40)
respectively. The linear operator R™Y) = Op(7) + R+ where 7 € S~1, RT € Lop

and satisfy the hypotheses of Proposition 4.1. For w € Qg )(Jz) one can iterate the
procedure of Prop. 4.1 with 1 <n < k < oo. It is important to note that the maps
Q-1 given in (S2),, are the identity plus ¥,,_; a —1-modulo-tame operator. By
(4.15) and (1.40) on @™ one has that

Q,_10Joa®) (g, )0 QL =Jo CL(N)(% z) + P

with P, satisfying the second bound in (1.40) for any n < k. In other words
these terms are already “small” and they are not to be taken into account in the
reducibility procedure. By the reasoning above one can prove (1.38) and (1.40). I
remains to show that (5.8) and the (1.39). First we have ©,(3;) C Q( )( J2) by
Remark 5.3 in [25]. To show the inclusion Q3(J;) C Qg )(Jg) we reason as follows.
We first note that, by Lemma 5.1, if |w(j) — w(k)| > C;'[¢| then Ryr(31) =
Ryji(J2) = 0 (recall (1.62)), so that our claim is trivial. Otherwise, if |w(j)—w(k)| <
Ce) < C7YN we claim that for all j,k € Z we have (recall (4.4))

(@) = d{™)(32) — (d; — di)(31)] <

5.9 . ~ o~ —2a ~
(5:9) <ey 'N( sué) 151 — Jallso4p + N > ) VYw € O (T1).
weo

We now prove that (5.9) implies that Q9(J1) C Q§N>(32). For all j # k, |{| < N,
w € Ox(T1), by (5.9) we have

jw- £+ dV (33) — N (32)]
(5.10) > [w- £+ d;(31) — di(31)
> 293/2(0)" T — ey INTE >

where we used (1.37).
Proof of (5.9). By (1.55) (recalling (5.1))

(@™ = d™M)(32) — (d; — di)(31)
(5.11) = (m™) (35) = m(31)) (@ (j) — w(k))
+(rN(32) = r5(30) + (Y (32) — r(30)).

| = 1@ — dM)(32) — (dj — di)(30)]
2> 232 — p)(O) T

Choose n € N such that N,_; = N. In this way we have that r(.N) (J2) coincides

with r( ") given in Proposition 4.1. We apply Proposition 4.1- (S4)n in order to
conclude that

(5.12) 0" (@) ),
since the smallness condition in (4.20) is satisfied by (1.37). Then by (4.45)

(5.12) .
Ty o ).

3/2

(5.13) <N m Yoy
7>0
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3/2

For all w € O (TJ1) C Q" (T1)N Q’Y *=#(3,), we deduce by Proposition 4.1-(S3),,

. T C 5 L)
(5.14) <>|T< )3 )_T§. Y3 < ey T2 = Fullsyto-

We have, by (4.13)
)i (30) — @0 < G) S a0 - @)

h>n

(5.15) (4.43)
<MET (s0,0) D N * < ey N,
h>n

Therefore Yw € O (31), Vj € Z we have (recall the choice of k above)
DI @2) = @01 < G) (1" @2) = 1§ @)+ Iy (30) = 7 @)1

(5-14),(5.15) e
< ey (191 = T1llso+o + N )-

By Corollary 3.3 in [25] we have
(5.16) |m™)(32) —m(31)|Se(1|T2 = Tullsgz + N )
with p = 47 + 259 + 4. recalling that
w(g) —wk)| < 17—k <Ol
we have proved (5.9) and (1.39), with x = min(3a/2, u). O

Proof of Corollary 1.6. Consider the system (1.43) and set z := ®yu with
@ given by Theorem 1.5. By (1.38), we have that the function z solves the problem

9z =DMz —-RWNz  2(0,2) = Dyug(z).

Since the operator A := D) — RM) iy symmetric hyperbolic, namely A + A* is
bounded on H*(T,R), we can use energy estimates for hyperbolic systems (see [49])
and the Gronwall Lemma to show that, as long as the function z exists,

l2(t, W r.my < luo ()7 (x.r) + CeN T /H Mire z.2)ds-

Here we used that J — J; sat1sﬁes (1.37) and the estimates (1.40). Thanks to the
bound (1.33) on the maps @3 and the smallness of J we get that

(5.17) luCt, Mzrerpy <s luoC) Iz rm) +C€N’“/O (s, e o myds-

By (5.17) and standard bootstrap argument one shows that the function u can be
extended on a time interval [Ty, Ty] with Ty > e N* and that (1.44) holds. In
the case that J = J; we consider the change of coordinates z := ®u in (1.32) given
by Theorem 1.4. Then the function z solves the equation 0,z = Dyz (see (1.32)).
Since the operator D, is diagonal with purely imaginary spectrum, one has that
)| 2(t, ~)||§IS(T7R) = 0, thus the H*-Sobolev norm does not increase for all time ¢.
Hence the thesis follows. O

Proof of Corollary 1.7. The estimate on m is proved in [25] (with k = 47 +
259 +4). In order to prove the estimate on r; we proceed as follows: we fix n so
that N = N, _1 as in the proof of Theorem 1.5, then by triangularity

175(32) = 1;(30)] < [rj(31) = @) + [ (32) = 1 @) + [y (32) = 7P (32)]
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the first and third summand are bounded in (5.15) (which holds on all Oy ), while
the second one in (5.14). O

Appendix A. Technical Lemmata

A.1. Tame and Modulo-tame operators. In the following we collects some
properties of operators which are “Lip-tame” or “Lip-modulo-tame” according to
Definitions 2.2 and 2.5.

LEMMA A.1 (Composition of Lip-Tame operators). Let A and B be re-
spectively Lip-o a-tame and Lip-opg-tame operators with tame constants respectively
M (04,5) and M (0B, s). Then the composition Ao B is a Lip-(o s+ 0g)-operator
with

(A1> m:};oB (UAJrBa S) < mz&(UA5 S)m’é (UB, SO+UA)+WIZ (UA, 50)93173 (UB, S+UA)'
The same holds for o-tame operators.

PrOOF. The proof follows by the definitions and by using triangle inequalities.
O

LEMMA A.2. Let A be a Lip-o-tame operator. Let u(w), w € O C R” be a
w-parameter family of Sobolev functions H?®, for s > so. Then

(A.2) [Au|] 7€ <o M) (0, 5)[[ull 3,7 + M4 (0, 50) [[ul| €.

PROOF. By definition (2.3) we have M 4(c, s) < M} (0, s) and |uls < [|ul|7°.
Then the thesis follows by the triangle inequalities

w — o [T AW)u(w) — AW )uw)lls < [[(Aww Auw)lls + [|AW) Au wrulls.
O

LEMMA A.3. Let A = Op(a(p,z, D)) € OPS® be a family of pseudo differential
operators which are Lipschitz in a parameter w € O C R”. If |A|g:go < 400 (recall
(1.23)) then A is a O-tame operator with

(A.3) M (0, 5) < C(s)|A|F -
PROOF. We refer to the proof of Lemma 2.21 of [11]. O

Given an operator A € £, , we define

mg:}mA(—l, S) = mZDz>l/26:}7ﬂA<Dz>l/2 (0, S),
M 14,00 LS =T g 10,102 (0 9)

the Lip-O-tame constant of the operators (Dg)'/2A(D,)!/2, (Dy)1/208 A(Dq)Y/?,
(Dg)'/2[05, A, 0:)(Dg)/?, for any m =1,...,v,0 < b; <b and we set
(A.4) B’ (s,b) := max max (Sﬁgbl A(—l, s),i)ﬁgbl [A,BI](_L s))

0<b; <b Ym Pm
m=1,..., v

We have the following result.
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LEMMA A.4. Let s > [v/2]+ 3, so €N, bg € N and recall (2.7), Def. 2.8 and
(2.8).
(1) Let A€ L, with p:= so+bo+3, p= so, then A is a —1-modulo tame operator.
Moreover

3/2 3/2
(A.5) My (s) < max Mo (=19),
3/2 3/2
(A.6) M (5,00) < max My o (<1,9).

an PP RAD Ple, D) A1at00)™ Do) cqe) <
< Bay,a(s0,bo)

where

(A.8) Bay,a(s0,b) := Ogﬁ”’éb max (ma:;lmAmA(_la 50), maz’;lm [A12A,8,] (-1, 50)) .
m=1,...,v

(7) If A := Op(a) with a = a(w,i(w)) in S™ with m < —1 depending on w € Oy C
RY in a Lipschitz way and on i in a Lipschitz way, then A is a —1-modulo tame
operator and bounds (A.5)-(A.7) hold.

Proor. Consider b € N and p € N with p > b+ 3. We claim that if A € £,
(see Def. 2.8) then one has

(AQ) B’};(Sa b) SP,S M’};(Sa p— 2)a BAle(pa b) SP,ZD MAle(pa pP— 3)

The fact that (D,)'/2A(D,)/? is Lip-0-tame follows by (2.15) sincep > 1. Indeed
(D,)~P*1 is bounded in z and for any h € H®

(D)2 (D) R < [(D2) ™+ ({Da)~ 2 A{Da) 2) ]|
<s M (=p, 9Ll + 9 (=p, s0) [A]| 77
By studying the tameness constant of the operators 8EA,[A, Ox), [85/1, 0] A124,

EA1A, [A12A,0,] and [05A124,8,] for 5 € N, [b| = b, following the same
reasoning above one gets the (A.9).

We have, by Cauchy-Schwarz,

1D AD) 2l < 3 (03 (3 G (€~ G eyl

tez” ez
JEL j'ez
. (=)o —J'| . . | 2
< 2s < n1/2 J o /20, .,
<> i) (§j<€_wqu_fﬁj> [(AY] (€= O)G) 2 ey
175/ ver”
JEL j'ez
<Y DY Cop) (D N — 31— )| (A)] (€ =€) [uery )
Ler” ez ez
JEL j' ez j' ez
<CY ey PO GG == ) )(A)] (0= )P
v'er” ez’

= JEL
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since

1
C= 3 Cy<oeo  Oy= 3 opmo—n

6OETY 5,5 €L ez jer
By the fact that for any 1 <m < v (recall (1.19))
Do EHTD UGN =5 Pl — 6,)01(A)] (€=

LeL” ,jEL
4372

- S0 3/2 - S
(Sﬁ 50 0 14,0, ]( 1a5))2<€/a]/>2 +2(9ng;f7)n[14)31](_1a50))2<€/a]/>2

and (¢ — ') < maxy=1, . o {lm — é;n> we obtain

3/2
(D) 2AD,) 202 <2 max (Mg o (<1, 50))% 2

.....

3/2
—|—2 mlax (mg;?n[A,ax](_l’S))2HUH§O

Following the same reasoning above, we conclude the same bound for the operator

(D)2 Ay A(D,) /2. Tt is sufficient to substitute A7 (¢—¢") with (A} ((—¢',w)—

A;/(é —¢,w"))/(w —w') in the computations above. By the fact that v3/2 < 1 we

deduce (A.5). The proofs of (A.6), (A.7) are analogous. The proof of item (i7)

follows using the above computations by noting that d,,, A and the commutator

[A, 0,] are still pseudo-differential operators of order —1. O
LEMMA A.5. Recall (2.5). The following holds.

(1)) If A X B and Ay A = Ay B for all w # o' € O, we may choose the
modulo-tame constants of A so that

3/2 3/2

mﬁ’y (s) < mﬁ’y (s).

(13) Let A be a —1 modulo-tame operator with modulo-tame constant Sﬁ&’yg/ (s).
Then the operator <Dx>1/2A<Dx>1/2 is majorant bounded H® — H*

3/2 . 3/2 3/2 N
(D) ? ADY 2| rrey < 200577 (s), JALO) <M (s0) () L

(iii) Suppose that (3,)®° A, by > 0, is —1 modulo-tame. Then the operator Iy A is
—1 modulo-tame with modulo-tame constant

(A.10) i

. B 3/2 3/2
HJ‘A ( ) S mln{N bom%é’zjwoA(S);m&’y (S)} .

(tw) Let A, B be two —1 modulo-tame operators with modulo-tame constants given by
m* 72/2( ), Sﬁﬁé’ygm (s). Then A+ B is —1 modulo-tame with modulo-tame constant

(A11) ML () <M () + M ().

The composed operator Ao B is —1 modulo-tame with modulo-tame constant
3/2 3/2 3/2 3/2

(A12)  MELT () < Cs) (M ()M (s0) + M (s0) MY (s))

Assume in addition that <8@>b0A, 0y >b“B are —1 modulo-tame operators with

(s) respectively, then (9,)* (AB)

3/2

/2
modulo-tame constants 9.71 bOA( s) and 9.71 boB
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is —1 modulo-tame with modulo-tame constant satisfying

3/2 3/2 3/2 3/2
M o (4 (8) < O, o) (M ey ()M (s0) + M, 4 (s0)MET ()
3/2 3/ 2/2
(A.13) + 0 (I (o) + MY (s0)ME L ()

Finally, for any k > 1 we have, setting L = ad®(A)B, ad(A)B := AB — BA:
3/2 3/2 3/2
My, (5) < Cls, o) [ (M (s0))FamEy L (s >
(A19) + k" (50) 1 (E0 L () (s0) + MET L (so)mE (5))

(s0)] -

-~ 3/2 3/2
+k(k = )G (s0)) 2% <s>m<51w<50>9n%”
The same bound holds if we set L = A*B

(v) Let ® :=1+ A and assume, for some by > 0, that A, (0,)™ A are Lip—1-modulo
tame and the smallness condition

(A.15) 8C(S, b)Y *(s0) <1, C(S,by) = max C(s,bo)

50<s<S8S

holds. Then the operator ® is invertible, A := &' —1 is —1 modulo-tame together
with (9,)* A with modulo-tame constants

3

(A16) a7 () < mmm( ),

3/ 3/2 3/2
(A.17) sm‘g ¢>boA(><m boA()+SC(S b)) >b0A(50)9ﬁA (s).

PrOOF. In the following we shall systematically use the fact that if B is an
operator with matrix coefficients > 1, then A < Ao B = Ao B = Ao B. Note that
(D,)'/? is a diagonal operator with positive eigenvalues.

(i) Assume that A < B i.e. |A7 (0)] < |BI (¢)| for all j, j', . Then, by (2.5),
(D)2 ADY P ulls < (D) A(DY P ulls < (D) > B(D,)"?ulls.

The same reasoning holds for <Dx>1/ 2AW,W/A<DI>1/ ?, so that the result follows.
(ii) The first bound is just a reformulation of the definition, indeed

3/2 3/2
sup [[(Da)2A(D)ulls < sup (MK (so)ulls + M5 (5)]ulls,)

lulls<1 lulls<1
3/2
< 2m%7 (s).
In order to prove the second bound we notice that setting

B (1) = (7)AJ(0) £=0 and j=j,
o otherwise,

we have B < <Dx>1/2A<Dx>1/2, same for A, . B. Fix any jj and consider the unit
vector u90) in H*0(T*') defined by w; ¢ = 0 if (4, £) # (jo,0) and wuj,.0 = {jo) ~*.
We have by (2.5)

) . . . 3/2
(G0)| A% (0)] = [ BuY s, < [[(Da)A(Da)2uli)| 5 < ME™ (s0).
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The same holds for 73/2<j0>|Aw,w/A§g (0)].
(iii) We femark that |A§/(€)| < N=bo(f)bo |A§/(€)| if [¢/] > N and the same holds for
| A, A% (£)]. Therefore we have

IyA = N72(0,)*TIjA = N7>(0,)™ A

and clearly Iy A < A and the result follows by (7). See also Lemma 2.27 of [11].
(iv) The computations involved in this proof are similar to the ones in Lemma 2.25
of [11]. For the first bound we just remark that

(Do) *(A+ BYD,)"? < (D)2 A(D)? + (D) B(D,)' 2,

and the same for the Lipschitz variation, so that (A.11) follows. Regarding the
second we note that

(D,)'?A o0 B(D,)'?

so that (A.12) follows. For the third bound we note that
O Y Al(6) BJ (£2)
J1,81+la=L
<Co) Y ()™ + ()™) AT (01) B, ()
J1,81+2=¢

and the same holds for A, Ao B and Ao A, ,/B. Hence by (A.18)

(A.18)

(D) (0, (Ao B)(D.)'/* = Cloo) ((Da) (0, A(D.)/* 0 (D)2 B(D,)?
+ (D)2 AD,) 0 (D,) 2(0,)™ BD.)?)

same for the Lipschitz variations. The result follows from the estimate on the
composition.
In order to prove (A.14) we note that

(D2)'*ad"(A)B(D,)"/? < ad® ((D2)?A(D)/?)) (D,) 7 B(D)?,
where ad(A)B := AB + BA, since ad*(A)B < ad”(A)B. Similarly
(0,0 (D) *ad" (A)B(D,)"* < ad® ((D.)'A(D))) (D) (05) B(D.) >
+ Y adt ((DI>1/24<DI>1/2)) ad((D,)"/?(92) A(D,)"?)

k1+ko=k—1,
k1,k22>0

ad® (<Dx>1/2A<Dx>l/2)) <Dx>1/2§<Dx>1/2 '
Completely analogous bounds can be proved for the Lipschitz variations, by recalling

that
A, wad(A)B = ad(A, . A)B(w) + ad(A(w')) Ay o B.
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The result follows, by induction, from the estimate on the composition. The esti-
mate (A.14) when C = A* o B follows in the same way using

(0)° (D) P (A)F 0 B(DL)'? < ((Du) P A(D,)?)* 0 (D) /?(8,)% B(D,) "/
Y (00 2an) )" (D)) AD) ) x

ki+ko=k—1

k

% (<DI>1/2A<DI>1/2)) 2 <Dx>1/2§<Dx>l/2
(v) follows by Neumann series, A = Zkzl(_l)k Ak and from (A.14) with L =
Ao B, B=1. O

A.2. Pseudo differential operators. First of all we note that the norm
(1.23) satisfies

s O O
(A19) Vs<s,a<ad = 100 < 1% 11080 <110

m<m' =]

m/sa—| |m/sa

In the following lemma we collect properties of pseudo differential operators which
will be used in the sequel. We remark that along the Nash-Moser iteration we
shall control the Lipschitz variation respect to the torus embedding ¢ := i(p) of
the terms of the linearized operator at i. Hence we consider pseudo differential
operators which depend on this variable.

LEMMA A.6. Fizm,m’,m"” € R. Leti be a torus embedding. Consider symbols

ai, A, ¢, 2,€) € 8™, b(i, A p,,€) € 5™, c(h g2, 8) € S, (N p,2,€) € S°
which depend on A € O and i € H® in a Lipschitz way. Set

A= Op(&()\, <Pv$a§))a B := Op(b()\a%%Q),
C:= Op(C()\, <Pv$a§))a D := Op(d()‘a</)v$a§))'

Then one has
() for any a € N, s > 59,

|AoB| <m.a

( )|A|m s a|B|m 50+a+|m|
+ Cls0)| AR, ol B

m,so, a|B m’,s+a+|m|,a

m+m’,s,«

(A.20)

One has also that, for any N > 1, the operator Ry := Op(ry) with ry defined in
(2.11) satisfies

1

,O

oy e Sne 7 (CONALS ain B son st ot
(S )|A|m 1,50, a+N|B|m ,s+2N+a+|m|, )
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|A12RN[i1 — i2]|’y’o

m~+m’—N,s,«
1 . . 16) o
<m,N,a N (C(S)|A12A[Zl — o) ;Yn s a+N|B|Z{/,so+2N+a+|m|,a+

(A.22) C(50)| Ar2Alir = i2] [ 7 i v Bl s 2N st . )
1 Lm0
+ ﬁ( ( )|A|m s a+N|A12B[’Ll - Z2]|;YTZ/,S()+2N+OL+|TTL|,OL
7,0
=+ C(SO)|A|m 150, a+N|A12B[ll - Z2]|Zﬂ,s+2N+a+|m|,a);
(#i) the adjoint operator C* := Op(c* (A, ¢, x,§)) in (2.13) satisfies

(A ) |C*|m” ,8,0 Sm |C|m” ,s+so+|m’ |, 0

i) consider the map ® := 1+ D, then there are constants C(sg,a),C(s,a) > 1
such that if

1
(A24) C(SOa )|D|O sota,a S 2

then, for all X, the map ® is invertible and ®~' € OPSY and for any s > sy one
has

(A25) |(I)71 - I|’Y 0 S C(S a>|D|O s+ao,a”

0,s,

PROOF. Item (i) and (¢ii) are proved respectively in Lemmata 2.13 and 2.17
of [11]. The estimates (A.20) and (A.21) are proved in Lemma 2.16 of [11]. The
bound (A.22) is obtained following the proof of Lemma 2.16 of [11] and exploiting
the Leibniz rule. O

REMARK A.1. When the domain of parameters O depends on the variable
¢ then we are interested in estimating the variation Aj2A = A(i1) — A(i2) on
O(i1) N O(iz) instead of the derivative d;. The bound (A.22) holds also for A5 by

replacing i1 — iy ~ 1.

Commutators. By formula (2.11) the commutator between two pseudo differential
operators

A :=0p(a(, ¢, x,8)), B:=Op(b(\, p,x,£)) with a € S™ and b € S™ | is a pseudo
differential operator such that

(A.26)  [A,B]:i=Oplaxb), axb(\p,a,¢) = (a#h—b#a)(\ ¢, z,9).

The symbols a x b (called the Moyal parenthesis of a and b) admits the expansion
(A.27)  axb=—i{a,b} +12(a,b), {a,b}=0cadyb— dpadeh € S"+™ 1,
where

(A.28)  ra(a,b) = [(a#b> - %&aaxb} - [(b#a> - %8@(%&} € gmEm =2,

Following Definition 2.7 we also set

N—-1

a *i b= afb — b#a, a*enb:= Za*kb,

(A.29) <

a*>N b:= CL#ZNb — b#ZN(Z.
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As a consequence, using bounds (A.20) and (A.21), one has

5,0
HA B” m m’ C( )|A|m s+2+|m/|+a a+1| |m/ ,s0+24a+|m|,a+1

(A.30) +C(s0)| A1

m+m’—1,s,«
m,so+2+|m’ |[+a+1,a+1 |B|m ,$+24a+|m|,a+1"

The last inequality is proved in Lemma 2.15 of [11].
We now give a lemma on symbols defined on T¢. Recalling Definition 1.1 and
(1.16) we define

(A31) Al = sup e [0 Awl(€) 5
¢eR? 0<|@|<a

we recall the notation

Haa“ a:=(a®,..., o).

LEMMA A.7. Let O be a compact subset of RY. Let p = py as in the previous
lemma, let A be the linear operator defined for all w = wy(z, &) € S™(TY), X € O,
as

Aw = w(f(z),9(x)€), f(x):=z+p(), gl@)=(0+Dp)", zeT! R’

such that HpH250+2 < 1. Then A is bounded, namely Aw € S™, with

(A32) |Aw|7n2a <Sm0¢ |w|msa+ E |w|m k1, a+k2Hkag+50+2
k1+kotks=s,
k1<s,k1,k2,k3>0,
kit+k2>1

PROOF. We adopt the notation |-|pys. instead of |-|5 ~ (see estimate (A.1) in
[25]) in order to avoid confusion with the norm of the symbols. We also denote
with D the s-th Fréchet derivative with respect to &.

We study

l)?l)S f, g§ Z Z Ckrjn X

Z(J1+"1) s

(A.33) X (DD w) DI f, . DI, DM gE, . D" rgE g, )
—
o times
where j := (j1,...,74r), n := (n1,...,nk—). In the following formulas we shall

denote g,...,g by ¢g*. For k =1 and r = 0 we get from the expression (A.33) (and
—

o times
estimating |g| e~ < 2)

(A.34) H(D?aw)[Dsgf,ga]Hm(W) <a |w|m,0,a+1|D2p|W5*1’°°
and for r =1

(A.35) |(DgDw)[D* £..6°] L 127s) <or [0l 1,0l Dploye-2.
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For k = s we have that j; = n; = 1 for all ¢ and we get from (A.33)

HZ(D§7T+OLDTU))[DJC) R Df’ Dg§7 R Dgﬁ’ ga]HL2(Td)

=0 r times s—r times

s

< Z|w|m,r,a+(sfr)|f|¥/vl,w |D2p|SL;T

(A.36) =0

<s Z |w|m,sl,a+p|D2p|pao <s |w|m,s,a
s1+p=s,
s1,p=>0

+ Z |w|m,sl,a+p|D2p|L°"-
s1+p=s,

51,p>0,51<s

It remains to estimate

Z Z Chrjn (DET"HD"w)[DI f,... DI f, D™ g€, ..., D™rg€, g°).

Z(JHrm) s
We call ¢ > 1 the number of indices j; that are > 2 and we rename these ones o;.
Then Y ,(0; +n;) = s — (k—€) = s — k + £. The L?*-norm of the term above can
be estimated by
s—1 k
SN wlmate-n| DFIELID floee . |D7 flp| D™ gl . .| D™ g
k=27r=0 ¢>1
s—1 k
<s Z Z Z|w|m,r,a+(k7r)|D0172D2p|L°" cee |DU'Z*2D2P|L°°><
k=27r=0 ¢>1
X | D™ D?*p|pee ... | D™ =T D2p| oo
1k
<s ZZ|w|mra+(k r)|D2p|k+E7T71|D2p|WS*2’€*“T’°°
r=0¢>1
k

Z|w|m,r,a+(kfr) |D2p|stk—1,ao
r=0

w
|

?r‘
»—nw

»

IA
»
>~
||
N

= Z |w|m,51,a+p|D2p|Ws3’°°-

s1+p+sz=s—1,
$>s1,p,53>0

Then by the last inequality, (A.34), (A.35), (A.36) we have (A.32) for |Aw|m,s,a-
For the Lipschitz variation we observe that
(A37) Axn(wA, f(A), g(A)€)) = A(Axyvw) + ADw[Ax x f] + A Dew[Ax xg €]

One follows exactly the strategy above but considering s — 1 derivatives instead
of s (recall (1.23)). This is important since in formula (A.37) we have one extra
derivative either in z or €. O

Appendix B. Pseudo differential calculus and the classes of remainders

B.1. Properties of the smoothing remainders. In the first step of our
reduction procedure in order to prove Theorem 3.4 we need to work with operators
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which are pseudo differential up to a remainder in the class £,. In the following we
shall study properties of such operators under composition, inversion etc...

The following Lemma guarantees that the class of operators in Def. 2.8 is closed
under composition.

LeMMA B.1. If A and B belong to £,,, for p > 3 (see Def. 2.8) , then
AoBe £,, and, for so <s < S,

(B1)  Mjp(s,0) <sp > (M}(s0,b1)M}(s,b2) + M (s,b1)Mp(s0,b2))
b1 +ba=b
for0<b<p—2, and
MAlz (AoB) (pv b)

B2 <, 3 (Mawaleb)Ma(p,ba) + Ma(p, b)Ma,, 5(p, b))
b1 +ba=b

for0<b<p-—3.
PROOF. We start by noting that 97 5 (—p, s) defined in (2.15) with A ~» Ao B

is controlled by the r.h.s. of (B.1). Let m1,ma € R, my,me > 0 and my + mg = p.
We can write

(D)™ Ao B(Dy)™* = (D)™ A(Dy)"™* (Dz) ™" (D)™ B(Dz) ™.

By hypothesis we know that A belongs to the class £,, hence by (7) of Definition
2.8 one has that (D,)™ A(D,)™? is a 0—tame operator. For the same reason
also (D)™ B(D,;)™ is a O—tame operator. Note also that, since p > 0, then
(Dy)=F : H(T*™1) — H*(T*!) is a 0—tame operator. Hence, using Lemma A.1
for any v € H® one has

[{Dz)™ Ao B(Dy)"*ul[s <s (Mal—p,s)Mp(=p,s0)

(B.3) +Ma(=p, s0)Mp(=p, s))l|ulls,
+Ma(=p, 50)MB(—p, 50)l|ulls,

where Ma(—p, s), Mp(—p, s) are defined in (2.15). Then we may set
Maon(—p,s) = C(s) (Ma(—p, )M (—p, 50) + Ma(—p, 50) M (~p, 5) ).
Reasoning as in (B.3) one can check that
Mo (—p. 5) < C(3) (M (=p. 8)Mh (—p, 50) + M (—p, 50)Mh (=, 5) ).
Let us study the operator 8}:’, (Ao B) for b € N and |b| < p — 2. We have
(B.4) B(AoB)= Y (95A4)(92B).
bi+by=b

We show that any summand in (B.4) satisfies item () of Def. (2.8). Let my, ma €R,
my,mo > 0 and my +mg =p — |‘5| We write

(D)™ (95 A) (0 B) (D)™ =
= (Da)™ (95 A)(D,)"(D,) " ~(D,.)" (9 B)(D,)™
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with y := p—|bj|—m1, w = p—|ba| —ms and note that —y —w =—p < 0. Moreover
mi1+vy = p— b1, and w+mg = p — |bs|. Hence the operators (D)™ A)(Dy)Y
and <Dx>w(8g2 b)(D,)™ are Lip-O-tame operator. Hence, using Lemma A.1 one has
m b1 bo m ,O

[{D2)™* (9 A)(9 B)(D)™* || 3% <

B. <M. (—p+ b -
(B5) < (o Bl M
+ I (=p + [b1], 50)MB(—p + [ba], 5)[ull s,

+ 904 (=p + [ba], 50)MB (—p + 2], s0) |l

(=p + [b2l, s0) [ulls,

for w € H®. We can conclude that Sﬁgs (AoB)(—p + |b], s) is controlled by the r.h.s.
of (B.1). Regarding the operator [A o %, 0,] we reason as follows. We prove that
(B.6) [Ao B,0;] = A[B, 0] + [A, 0, B.

satisfies item (i) of Definition (2.8). Let my, ma € R, my, mg > 0 and mq + mo =
p — 1. Moreover

(D)™ [A, 0,] B{D)™ = (Dy)"™ [A; 02)(D2)*(Da) ™" (D))" B{D2)™*,
with y = p—1—my, 2 = p—mgo. Hence by definition (see Def. (2.8)) we have that
the operators (D,)™ [A, 05](D4)¥ and (D,)? B(D,)™? are Lip-O—tame. Thus one
can conclude, as done above, that 94 5,15(—p + 1, s) is controlled by the r.h.s. of
(B.1). One can reason in the same way for the first summand in (B.6) and for the

operator [8}:’, (AB), 0;]. This proves (B.1).
Let us study the term
(B?) A12(A O B) = (A12A) B(jQ) + A(jl) (A12B)

By definition both (D, )™ A2 A(D,)™2, (D;)™ A19B(D,)™2 with mj +ms = p—1
are bounded operators on H® (see (2.21) and Def. 2.1). In order to prove (B.2)
one can bound the two summand in (B.7) by following the same procedure used to
prove (B.1). O

The next Lemma shows that, if p > 3, OPS™” C £,, (see Section 2 for the
definition of OPS™).

LEMMA B.2. Fiz p > 3 and consider a symbol a = a(w,I(w)) in S™° depending
onw e O CR” and on T in a Lipschitz way. One has that A := op(a(p, z,£)) € £,
(see 2.8) and

,O
(B.8) M}(s,b) Ssp |a|zp,s+p,05 May4(P,b) <p,p [A120]-pptp,0-

PROOF. Let my,ms € R, my,me > 0 and my + mo = p. We need to show
that (D, )™ A(D,)™2 satisfies item (i) of Definition 2.8. By definition it is the
composition of three pseudo differential operators hence, by Lemma A.3 and by
formula (A.20) of Lemma A.6 one has that

,O
9:n’gl[)lynlA(DI>M2 (Oa S) SS |<D$>mlA<D$>m2 g,s,O
,O
(Bg) <s |<Dac>ml |m1,s,0|a|zp)5+|ml|70|<Dx>m2 |m275+|m1|+lh0
,O
Ss |a|zp,5+|m1|70
This means that

,O
m’};(—p, S) <s |a|zp,s+p,0'
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: b _ b g v
Seconfily we consider the operator (9 0p(a(p,,§))) = 012(8@@(% x,€)) forb € N
and |b| < p — 2. Tt is pseudo differential and its symbol 92a(¢p, x, &) is such that
5 17,0
a0, < 1o
Following the same reasoning used in (B.9) (recall that m; + mg = p — |b|) one
obtains

m

abA(_p+ |6|5 ) =s |0J|
»

st = OO o0

The operator [A,0,] = Ad, — 0, A can be treated in the same way, discussing
each of the two summands separately, (we are not taking advantage of the pseudo
differential structure in order to control the order of the commutator), with m; +
mg =p—1,

m’g’DzyﬂlaxA(DI)mz (0, 5) <s |<Dx>mlaxA<Dx>m2 g:?o s |a’|7p s+p,0°

The same strategy holds for [85/1, 0] Hence one gets the first of (B.8). The sec-
ond bound in (B.8) can be obtained by noting that Aj2A = op(Aj2a)[-] and then
following almost word by word the discussion above. O

The next Lemma shows that £, , is closed under left and right multiplication
by operators in S°.

LEMMA B.3. Leta € S and B € £,,, then Op(a)o B,BoOp(a) € £,, and
satisfy the bounds

(BlO) I\’/ﬂgp(a)oB(S b) —=s,p |CL|0 ,s+p, OM%(SO’ ) =+ |CL|0 ,S0+p, OM% (Sa b)a
MA 5 (0p(a)oB) (2: D) <p.p |A120]1,p1p,0MB(P, ) + |alo,ptp,0Ma,, (P, b),

for all sp < s < S. Moreover if B € £,41, then 0,, B,[0,,B], m=1,...,v, are
in £, and satisfy the bounds
B.11) M, p(s,b), M p(s,b) <Mp(s,b+1), 0<b<p-2

Mo, ALB(P,b), Mo, AP, b) <Ma,p(P,b+1), 0<b<p-—3

for all so < s <S. Note that in (B.11) the constants in the right hand side control
the tameness constants of B as an element of £,11 p.

PRrROOF. We start by studying the Lip-O-tame norm of

mi ab. b mo mi ab. —m my ab: m
(D)™ 8 Op(a) 0 022 B{Dy)™* = (D2)™ 0! Op(a){Dy) ™™ o (Dy)™ 02 B{D.)™
with |b1| + [b2| = |b| and my + my = p — |b|. By Lemma A.3 and formula (A.20)

24
m(DIWl 9% Op(a)(Dy)~m1 (0,5) <s |a|0 ss+[B1]+m1,0 Ss |a|0 »5+p,0

3

hence by Lemma A.1 we have

= ,O
mZDIy'H BE(OP(G)BKDI)"‘? (—P+ |b|’ ) —S,p |CL|0 ,8+p, OM%(SO’ b) + |a|8l,so+p,0M’é (Sa b) .

Regarding
(Dy)™ [, Op(a) B){Dy)™ = (D)™ 35 ([0, Op(a)] B)(Dy)™
+ (D,)™ 3E(0p () [0, B))(D,)™
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we only need to consider the first summand as the second can be discussed exactly as
above. Recalling that by definition mj +ms = p—|b|—1 we write for [by|+|b2| = |b]
and m; 4+ mg = p — |B|

(D)™ 85[0, Op(a)|0B2 B(D,)™ =
= (D,)™ 35 [0,, Op(a)|(Dy)~™ (D)™ 188 B(D, )™
and the result follows by recalling that

24
Sn(Dz)mlaE:l [817Op(a)]<DI>*ml—l(0’ 5) s |a|0 ss+[B1[+m1,0 Ss |a|0 s1p,0°
The bounds (B.11) follows by the fact that 989, = 9 with [bo| = |b| + 1 and
M) (s,b) <M (s,b+1)if Ae Ly O

The next Lemma gives a canonical way to write the composition of two pseudo
differential operators as a pseudo differential operator plus a remainder in £, .
Of course Lemma A.6 says that such a composition is itself a pseudo differential
operator, so in principle one could take the remainder to be zero. The purpose of
this Lemma is to get better bounds with respect to (A.20), the price to pay is that
we do not control the symbol of the composition but only an approximation up to
a smoothing remainder of order —p.

LEMMA B.4 (Composition). Let a = a(w) € 8™, b = b(w) € S™ be defined
on some compact subset O C RY with m,m’ € R and consider any p > max{—(m+
m' +1),3}. Assume also that a and b depend in a Lipschitz way on the parameter
3. There exist an operator R, € £,, such that (recall Definition (2.7)) setting
N=m+m'+p>1

Op(a#b) = Op(c) + R,, c:=aftnbe gmAm’

where
,O ,O
(B 12) | |m+m/ s, —5 ,p,0,m,m! |CL|Z%S N— 1+a|b|21/750+N71,a
+ |a|m ,80,N— 1+a|b|m S+HN—1,a
s ,O
(B 13) M’Iy%p (Sa b) <s ,p;m,m/ |a’|;YTL ,s+p, N|b|21/,sg+2N+|m|,0

+ |a|m 180, N|b|m ,s+p+2N+|m|,0°

forall0<b<p—2and sy <s<S. Moreover one has
|A12C|m+m/,p,a Sp,a,p,m,m/ |A12a|m,p,N71+a|b|m/,p+N71,a

B.14
( ) +lalmp,N—14alA12blm prN—1,a

(B.15) May R, (P 1) Sppmam’ 18128 m+1,p4p,N [Vl pr2n+ im0
' + |alm.ptp,N D120 41, pr2N+|m),0-

or all 0 < b < p — 3 and where p is the constant given in Definition 2.8.
P g

PROOF. To shorten the notation we write ||-||s :=
formula (2.11) and by the tameness of the product, we have

£ € R, using

N—-1

1
10 e« < Z > Cop (108 alls 1022050 s, + 1108 all s, 1082050 5).
k=0 " B1+B2=03
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Thus, recalling (1.16), one gets

|C|m+m/ S, <s «

B1+k —m+31 02 gk —m’ 402
= z e (e 107 Fall) 7 mas 102050l e

1tk —m+p 2 gk —m’+5
+0£[1§D§(a|\3g alls, (€) ! Oggéaﬂag 9z 0][ (&) ?),

which implies (B.12). In the same way we obtain the bound (B.14) by using the
following fact

A12(0fa 0kb) = OF (A1za) O5b + Ofa 0 (A12b).
We remark that R, is the pseudo differential operator Ry considered in Lemma
A6 (recall N =m + m' + p). By Lemma B.2

(B.8)
MRP < s,p,m,m’ |Rp|fp,5+p,0

then by formula (A.21) of Lemma A.6 we get the bounds (B.13). The bounds
(B.15), follow in the same way. O

REMARK B.1. Note that if m +m’ < —p < —3 then by Lemma B.2 Op(a) o
Op(b) € £, .

LEMMA B.5. Fiz p > 3 and n € N, n < p. Let a € S™! depending in a

Lipschitz way on a parameter i. Then there exist a symbol ¢ € S~ and a
operator Rﬁ,n) € £, such that

(B.16) Op(a)® = Op(c!™) + R,

Moreover the following bounds hold

(n)|’Y

|C n,s,a

(B.17)

,O ,O n—1
Snysyayp |a|zl,s+(n71)(p—3),a+p73(|a|11,50+(n71)(p—3),a+p73) ’

(BIS) |A12C(n)|7n7p7a7p < |A12CL|,1 p+(n—1)(p—3), a+p*3|a|nzz+(n 1)(p—3),a+p—3’

n—1
(Blg) M;(")(S b) =s,p,b,n |CL| 1,s4+n(p—3)+p,p— 2(| | 1,s0+n(p—3)+p,p— 2) )

n—1
(B20) MA R(") (pa ) >p,n,b |A12CL|0 ,p+n(p—3)+p,p— 2(|CL| 1p+n(p—3)+p,p— 2) )
for all so < s < S and where p is the constant given in Definition 2.8.

ProoOF. We define ¢!) :=a € S~ and, for n > 2,
n—2

™ = atcppc™ Y, R{Y := Y "[Op(a)]*Op(a#tsp—oct"F 7).
k=0

By using Lemma B.4 we have that (B.17) is satisfied for n = 2. Now given (B.17)
for n we prove it for n + 1. For simplicity we write <,, s o=<. We have

,O
|0J#< (n)|’)’n 1,s,« S |a|zl,s,a+p73|c(n)|fn so+p—3,a

,O
+ |a|11750,a+p73|a(n)|’yn s+p—3,a

,0 n
< |a|zl,s+n(p73),a+p73(|a|fn so+n(p—3),a+p— 3) )
hence (B.17) is proved. Arguing as above one can prove (B.18).
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Now fix 2 < k € N and define 7 := a#zp,gc(kfl) € S7”. We apply repeatedly
(B.10) in oder to get

,0 - 0
M, (5.5) S (107 sy 00 ™ (1al7 sy My, (500)
,0
+|0J|’11750+p,0M’ép(rn7k)(Sab)) )
with Ry := (Op(a)*Op(r,_1)). Now by Lemma B.2 we have that for all k& > 2
,0
M%p(m)(s’ b) <spp |Tk|zp,s+p,0

Now by (A.21) with m = —1,m’ = =k + 1, N = p — 2 we have

(B.17)
,O ,O ,O ,O k—1
|Tk|zp,570 < |Tk|zpfk+2,s,0 < |a’|zl,s+k(p73),p72(|a’|’11750+k(p73),p72)
Then
M

Zzé") (5,0) <sp |a|Z’fS+n(p73)+p)p72(|a|j’fsf)+n(p73)+p)p72)"*l.
We follow the same strategy in order to study the operator
A12(Op(a)*Rym-w)) = kOp(a)* " Op(A12a) Rpn—r) + Op(a)* A1aR yn-r)
and we get (B.20). O

REMARK B.2. Note that if n > p > 3 and a € S™! then Op(a)” € £,,, by
Lemma B.2.

COROLLARY B.6. Let a € S~ and consider I — (Op(a) +T), where T € £,,,
(recall Def. 2.8) with p > 3. There exist a constant C(S, a, p) such that if

(B.21) C(S,a,p) (|G|Z’fp+(p,1)(p,2)+37p72 + M%(So, b)) <1,

where S is a fived constant appearing in the Def. 2.8, then I — (Op(a) + T) is
invertible and

(B.22) (I—(Op(a) +T))" ' =1+0p(c) + R,
where

,O ,O
(B.23) e 0 S0 10120 o o2 (5 ot

|Aroc| 1,50 < [A120] 1 py(p—2)(p—3),a4p—3

and R, € £, , with

,O
(B.24) My (s,0) < lal” oy (1) (p2)48.p2 T Mp(s,b), 0<Db<p-—2,

(B.25) May,r, (P, b) < [A12a| -1 py(p—1)(p—2)43,p—2FMa,7(p,b), 0<b < p-3,

forall so <s<S.
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PROOF. To shorten the notation we write [-[%:9 , = |*[m,s,o. We have by (B.21)
and Neumann series

(I (Op(a) + 7)™ =1+ (Op(a) +T)

n>1
p—1 o0
=1+ Z (Op(a)" + Z RE,")) + Z Op(a)
n=1 n=1 n>p
p—1
=1+ (Op(c(")) +RM + Rg’”) +> (Op(a)" + Rg’”)
n=1 n>p

where RS := (Op(a) + T)" — Op(a)” and ¢ and R{" are given by Lemma B.5
(and we are setting Rﬁ,l) = 0). We define the symbol ¢ and the operator R, in
(B.22) as

p—1 p—1
(B.26) c:= Z ), R, := Z(RE,") + RE,")) + Z RE,") + Z Op(a)
n=1 n=1

n>p n>p
By using (B.17) we get
p—1
el 100 Soap D011t (n—1)0=3).04p—3 (18] 1 so 1) (=3 0sp—3)
n=1

which implies the first of (B.23). The second one in (B.23) is obtained as above by
using (B.18). The bounds (B.24), (B.25) on R, in (B.26) can be proved similarly
by using Lemmata B.2, B.3, B.4 and B.5.
In order to bound the J variation we note

Ap(1 = (Op(a) + 1)) ™" =
— (1= (Op(a) + 7))~ (Op(A12a) + ApoT)(1 — (Op(a) + 1)),

and proceed as above. O

B.2. The torus diffeomorphism. In this Section we wish to study conjuga-
tion of elements of £, under the action of the map A" introduced in (3.5). We first
give some properties of A” defined in (3.3).

LEMMA B.7. Assume that § = f(w,J(w)) € H*(T" 1) fm’ some s > g, 18
Lipschitz in w € O C Q. and Lipschitz in the variable i. If HﬁHSmL# <1, for some
w > 1, then, for any s > so and uw € H® with v = u(w) depending in a Lipschitz
way on w € O, one has

B2r)  sw AR, sup (A7)l < o (Il2© + 18125 1))
TE

T€[0

sup [[(A™ = Dul[79, sup [[((A7)* —Dul[7° <,
(B.28) 7€[0,1] 7€[0,1]

<o (1813 Il2S + 1813 Il 2:°)

for some 0 = o(sg) > 0. The inverse map (A™)™! satisfies the same estimates but
with possibly larger o.
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PROOF. The bounds (B.27)-(B.28) in norm || - ||s follows by an explicit compu-
tation using the formula (3.3) and applying Lemma A.3 in Appendix A in [25]. If
8 = B(w) is a function of the parameters w € O, hence we need to study the term

(B.29) sup [(A”(w1) = A" (w2))ulls—1

w1Fwa |(.«J1 - w2|

in order to estimate the Lip-norm introduced in (1.22). We reason as follows. By
(3.3) we have for wy,ws € O

(AT (w1) = AT(wz))u = (L4 7B (wn)) [ulwr, = + Blwr)) — ulwr, = + B(w2))]
(B.30) (1 4+ 78 (w1) )[u (w1, z + B(w2)) — u(we, =+ 6((.«)2))]
+ TU(wl, T+ B(w2)) (B (w1) = Bz (w2))-
Using the estimates in Lemma A.3 in [25] and interpolation arguments we get
[u(ws, z + Blwr)) — u(wr, z + Bw2))ls—1 <s
<s [18(wr) = Bwa)lso llulls + 18(wr) = Blw2)[ls+llwllso

<o (18I, alalZ€ + N8I Tl Yeor = wal.

The term we have estimated above is the most critical one among the summand
n (B.30). The other estimates follow by the fact that u(w, ¢, x) and G(w, ¢, x) are
Lipschitz functions of w € O. One can reason in the same way to get the estimates
on the inverse map (A”)~! by recalling that it has the same form of A” (see (3.3))

and 8 = —A". O
LEMMA B.8. Fiz b € N. For any o € N, |a] < b, my,ma € R such that

m1 +me = |al, for any s > so there exists a constant p = p(|al, mi, me) and

0 =d(mq,s) such that if

(B31) H6H250+|m1|+2 < 5? H6H50+#

then one has

(B.32) sup (D2) ™™ 05 AT (9)( D)™ u| 2° <o pms,ma ulls + B2 llso-
7€|0,

The inverse map (A™)™! satisfies the same estimate.

PROOF. We prove the bound (B.32) for the || - || norm since one can obtain
the bound in the Lipschitz norm || - ||7°© using the same arguments (recall also the
reasoning used in (B.30)). We take h € C, so that 93 A" (p)h € C* for any
o] < b and we prove the bound (B.32) in this case. The thesis will follows by
density.

We argue by induction on . Given a € N” we write o/ < «a if o, < a, for any
n=1,...,vand o # a.
Let us check (B.32) for &« = 0. Let us define U7 := (D,)mA™(p)(Dy)~™ with

m = —mj = my. One has that W := I (where I is the identity operator). One can
check that U7 solves the problem (recall (3.5))
(B.33) 0V =XUT + GTUT

where G7 := [(D;)™,X] (D;)~™. Therefore by Duhamel principle one has

U7 = A" + AT/ (AH~IG'! dt.
0
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By Lemma A.6 and (A.30) one has that |G7|0.s5,0 <s ||B|ls+m+3, for s > so, hence
by estimate (B.27), Lemma A.3 we have

sup [[W7h[ls <s [|Blls + |BllstollPllso + [1Bllso+m+s s 7Rl

7€[0,1] T€(o,

+ (1Blls+mts + [1Blls+o) sup [[®7A[|s,

7€[0,1]

(B.34)

for some o > 0 given in Lemma B.7. For § in (B.31) small enough, then the (B.34)
for s = so implies that sup,cj 1) [[¥7hlls, <s, [|llso- Using this bound in (B.34)
one gets the (B.32).

Now assume that the bound (B.32) holds for any o’ < «a with |o| < b and
mi,ma € R with m; + mg = |&/|. We now prove the estimate (B.32) for the
operator (D)™™ 03 A" (p)(Dy)~™* for mi + ma = |a|. Differentiating the (3.5)
and using the Duhamel formula we get that

Iy A” (¢ / AT () (A ()L FLat,
(B.35) Flim= S Clon,az) 0, [(920)02 A (p)).
faztiza
For any mj + mg = |a| and any 7, s € [0, 1] we write
(D)™™ 0205 0)05* A" (9)(Dar) ™™
= (Dy) ™ 05(93b) (D)~ 12Dy 2021932 A (p) (D) 2.

Hence in order to estimate the operator (D)™ A™ (A'(¢)) 1 FL(D,)~™2 we need
to estimate, uniformly in 7, s € [0, 1] the term

(D27 A7 (A D™ ) ((D2) 7™ 0, (0310) (D) 4121 )
x (D) 1olage Al () (D2) 7).

For s > sg, by the inductive hypothesis one has

(B.38) 1(D2) =™ AT (A D™ Bl S 18]+ 1817 1o

(B.36)

(B.37)

(B.39) (Dg)™2~ 121022 A" (0)(Da) "™ hlls <spma [1Blls + 8175 llso-
provided that «; # 0. We estimate the second factor in (B.37). We first note that
—my —mg + 1+ |as] =14 |as]| —|a| <O0.

This implies that <Dx>*m18x(8glb)<Dx>*m2+|o‘2| belongs to OPS®, and in partic-
ular, using Lemma A.6 and (A.19), we obtain
(B.40) [(D2) ™™ 02 (022b)(D) ™™ 12 g o <oy s 10l T s 14

To obtain the bound (B.32) it is enough to use bounds (B.38), (B.39),(B.40), Lemma
A.3 and recall the smallness assumption (B.31). )
About the estimate for the inverse of A7, we note that 9. (A7)~ = (9, 0b) (A7)~

with b := ag and [|b||s < ||]ls+s for some & > 0. Then one can follow the same

arguments above with 9, o b instead of X and b instead of b. O
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LEMMA B.9. Let b € N and let p > 0 be the constant given in Def. 2.8. For
any |a] < b, mi,ma € R such that my + ma = |a| + 1, for any s > sg there exists
a constant 1 = p(|al, my,me), o = o(la),mi, ma) and 6 = §(s,m1) > 0 such that
if |Bllso+n <6 and ||Bllpre <1 then one has

(B.41) zt[gpul\<Dx>*m133A12AT(<ﬂ)<Dx> “ullp <somama ullpllA126]pu-

The operators A1a(AT)*, A1a(AT)~t satisfy the same estimate.

PRrROOF. The Lemma can be proved arguing as in the proof of Lemma B.8 using
(A7) = (14 75) L A 0

We have the following Lemma.

LEMMA B.10. Fiz p > 3, consider O C R” compact and let R € £,,(0) (see
Def. 2.8). Consider a function 3 such that 8 = f(w,i(w)) € H*(T*T1) for some
s > S0, assume that it is Lipschitz in w € O and i. Let A™ be the operator defined

n (3. 3) There exists ,u = ulp) > 1, 0 = o(p) and § > 0 small such that if
||5HSD+# < and HﬂHerg <1, then the operator M™ := A" R(AT)~! belongs to the

class £,. In particular one has, forsgp <s<S,

(B.42) M}, (5,b) < Mj(s,b) + 8170 Mp(s0,6),  b< p—2

(B43) MAIQMT (pa b) < MAlzR"' (pa b) + HA126HP+#M’]¥{T (pa b)a b < P — 3.

PROOF. We start by showing that M7 satisfies item (7) of Definition 2.8. Let
mi,mg € R, my, mo > 0 and my + me = p. We write

<Dx>ml M <Dx>m2 =
= (Dy)™ AT(Dy) "™ (Dy)™ R(Dy)™* (Dy) ™2 (A7) "H{Dy) 2.

Recall that by hypothesis the operator (D,)™ R(D,)™? is Lip-O-tame with con-
stants MM}, (—p, s) see (2.15). Lemma (B.8) implies the estimates

[(Da)™ AT (£)(Dz) ™™ ul| 2, (D) 72 (A" () ™ (D) ™| 79 <

Ss.p HUHS + HﬁHstHuHSm
for 7 € [0, 1], which implies that (D,)™* M7 (D,)™? is Lip-0—tame with constant
o
(BAY) M ape oyms (008) op M(—p, ) + [1BI7IMh (=, 50)-
Hence M7 is Lip-(—p)-tame with constant
M), (—p,s) = sup 9.71 )L M7 (Dy)ma (0, s).

mi1+mo=
my,mo >O

Fix b < p—2 and let my, ms € R, my, ms > 0 and my + mo = p —b. We note that

for any b € N with |b| = b

(B.45) BM= Y C(lbil, 3], [b3]) (95 AT R(O% (A7) ™),
bi+b2+b3=b

for some constants C(|by |, |bal, [b3|) > 0, hence we need to show that each summand
n (B.45) satisfies item (7) of Definition 2.8. We write

(D)™ (95 A7)0 R(O% (AT) " )(Dy) ™2 =

(B.46) . B B}
= (D)™ (9 AT)(D2) (Do) " (0% R)(Da)* (Do) % (9 (A7) ™H)(Dar)™,
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where y = —|bj| — m1, z = p — |ba| — |b1| — my. Since y + m; = —|by| and
—2z +mg = —|b3], hence by Lemma B.8 the operators
m b1 AT —z b_: T\—1 m
(D)™ (05 AT)(D2)¥, (D)™ *(0 (A7) )(Da)™,
satisfy bounds like (B.32). Moreover —y + z = p — |ba| and —y, z > 0, hence, by
the definition of the class £,,, we have that the operator (D,)~¥(9% R)(D,)* is

Lip-O-tame. Following the reasoning used to prove (B.44) one obtains

(B.AT) T ey (009) S MR (3, ) 4 1B 2 5,

Let us consider the operator [M7, 0,]. We write
(B.48) [MT,0,] = AT[R,0,](AT) ' + ATR[(A") ™, 0,] + [AT, 0] R(AT) !

for 7 € [0, 1]. We need to show that each summand in (B.48) satisfies item (4i) in
Definition (2.8). Let m1, mo € R, my,ma > 0 and m; + me = p — 1. We first note
that

(Da)™ AT[R, 0,)(AT) (D)™ =
= (Dg)™ A7(Dy) "™ (Da)™ [R, 0]( D)™ (D) =™ (A7) "1 (Da)™2,
hence, by applying Lemma B.8 to estimate the terms

(Do) ™" (AT)HDy)™, (Dy)™ (A7) (D)™™
and using the tameness of the operator (D)™ [R, 0;](Dy)™* (recall that R € £, )
one gets
(B.50) mEYDI>m1AT[R’BI](AT)*1<Dz>m2 (0,5) <s,p My (s,b) + HﬁH’sYSLM’Y (s0,D).

The term [A7, 9,]R(A7)~! in (B.48) is more delicate. Let my,mo € R, my,mg >0
and m; + mg = p — 1. We write

(B.51)  (Dy)™ [A”, 0:)(Dy) ™™ " H{Dy) ™ T R(Dy) ™2 (D) 2 (A7) TH(Dg)™2.
By Lemma B.8 we have that (D)2 (A7)~ '(D,)™ satisfies a bound like (B.32)
with & = 0. The operator (D, )™ T R(D,)™2(D,)™ T R(D,)™2 is Lip-0-tame since

R e £,, and m; +ms+1 = p. Moreover by an explicit computation (using formula
(3.3)) we get

(B.49)

Boaw
147108,
We claim that, for s > sp and uw € H®, one has

(B53)  [[(Da) ™ [A, 8:)(Du) ™™ ul| 2 <o 18155 ulls + 18125 1l so-

for some g > 0 depending only on s,p. The first summand in (B.52) satis-
fies the bound (B.53) thanks to Lemma A.6 for the estimate of (Dg)™ By, (1 +
7B:) " HD;)™™ and thanks Lemma B.8 to estimate (D)™ A7(D,)~™ . For the
second summand we reason as follow: we write

(D)™ 7B, AT, (D)~ 1 =
= (D)™ Bo(D2) ™™ ) (D)™ AT(Dy) ™ )02 D)

and we note that the operator 9, (D,)~! is bounded on H*. Hence the bound (B.53)
follows by applying Lemmata A.6 and B.8. By the discussion above one gets

(B54) My ar o miar)—1 Doy (05 8) s MR(5,) + [|8| 255 M ], (s, b).

(B.52) (A7, 0,] =7 A" + 7B, A78,
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One can study the tameness constant of the operator A”R[(A7)™!,d,] in (B.48) by
using the same arguments above.
We check now that M7 satisfies item (7ii) of Def. 2.8. Let my, ma € R, my, ma >0
and my +mg = p — |b| — 1. We write for b € N”, |b| = b
[PEATR(AT) ™, 0. = Y C(Jbi, b3, [ba]) x
(B.55) b1 +b3 +b3=5
x |(@5 A7)0 R)(95 (A7) ), 0.
and we note that
(05 A7) (0 R)(9E (A7) ™), 8] = (95 A7) (9% R), 0| (95.A) )
(B.56) (95 AT) (0 B[ (08 (A7) 1), 0
+ [(05 A7), 0. (95 R) (@5 (A7) ).
The most difficult term to study is the last summand in (B.56). We have that
(Da)™ (95 A7), 0, (98 R) (@5 (A7)~ )(Da)™ =
= (D)™ (95 A7), 0| (Da) (D) (0 R)(D.)* (D)~ (05 (A7) 1) (D)™,

with z = mg+|b3| and y = p—|ba| —|bz|—m2. Note that <Dx>7z(33:3 (AT)"H(D,)™=
satisfies bound like (B.32) with o = b3; moreover the operator <Dx>y(83:2 R)(D)?
is Lip-0O-tame since y + z = p — |b§| and R € £, ,. Note also that, since m; +mg =
p — |b] — 1, one has y = m + |by| + 1. We now study the tameness constant of

m b1 AT —my—|by|—1

(D)™ (98 A7), 0, (D)~ ~Bil-L,

By differentiating the (B.52) we get
@B57) ANl = D r@ ) AT +r(0F 4@ AN,

5,15y =5,
where g = 842 /(1 + 76;). We claim that

m b T —mq—|by|— O O
(B.58) [[(Da)™ [0 AT, 0,](Dy) ™™ 7P ) 29 < [l 18135+ 18175 ullso

for some g > 0 depending on s, p. We study the most difficult summand in (B.57).
We have

(D)™ (9 B.) (D5 AT)D (D)™™ 0= —
(B.59) = (D,)™ (8% B, ) (D)~ B 1+1v7

X <Dx>m1+|5‘1|7|5‘/1/| (ag/l/AT><Dx>7mlf|5‘l|ax <Dx>71-

The (B.58) follows for the term in (B.59) by using Lemmata A.6, B.8 and the fact
that 0, (D,)~! is bounded on H*. On the other summand in (B.57) one uses similar
arguments. By the discussion above one can check that

(B6O) M, s 58 ar o reary 1 (poyma (0 5) So.p MR (5,0) + (161175 M (50, b)-

The fact that the operator M satisfies items (7ii)-(iv) of Definition (2.8) can be
proved arguing as done above for items (7)-(i1). O
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