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Asymptotic stability of harmonic maps between 2D

hyperbolic spaces under the wave map equation. II. Small

energy case
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ABSTRACT. In this paper, we prove that the small energy harmonic maps from
H? to H? are asymptotically stable under the wave map equation in the sub-
critical perturbation class. This result may be seen as an example supporting
the soliton resolution conjecture for geometric wave equations without equi-
variant assumptions on the initial data. In this paper, we construct Tao’s
caloric gauge in the case when nontrivial harmonic map occurs. With the “dy-
namic separation” the master equation of the heat tension field appears as a
semilinear magnetic wave equation. By the endpoint and weighted Strichartz
estimates for magnetic wave equations obtained by the first author [38], the
asymptotic stability follows by a bootstrap argument.
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1. Introduction

Let (M, h) and (N, g) be two Riemannian manifolds without boundary. A wave
map is a map from the Lorentz manifold R x M into NV,

u:Rx M — N,

which is locally a critical point for the functional
(1.1) F(u) :/ (—(@u,@tu)u*g + h7{Dy,u, Oy, u), . )dtdvolh.
Rx M “a

Here h;jdxz'dz? is the metric tension under a local coordinate (z!,...,2™) for M.
In a coordinate free expression, the integrand in the functional F(u) is the energy
density of v under the Lorentz metric of R x M,

n=—dt®dt+ h;jde’ @ dz’.

Given a local coordinate (y!,...,y") for N, the Euler-Lagrange equation for (1.1) is
given by

(1.2) O + 1T, () Do Opu? = 0,

where 0 = —87 + Ay is the D’Alembertian on R x M, ffj (u) are the Christoffel
symbols at the point u(¢,z) € N. In this paper, we consider the case M = H?2,
N = H2.

The wave map equation on a flat spacetime, which is sometimes known as
the nonlinear o-model, arises as a model problem in general relativity and particle
physics, see for instance [39]. The wave map equation on curved spacetime is related
to the wave map-Einstein system and the Kerr Ernst potential, see [1, 17, 13].
We remark that the case where the background manifold is the hyperbolic space
is of particular interest. Indeed, the anti-de Sitter space (AdSn), which is the
exact solution of Einstein’s field equation for an empty universe with a negative
cosmological constant, is asymptotically hyperbolic.

There exist plenty of works on the Cauchy problem, the long dynamics and
blow up for wave maps on R!*™. We first recall the non-exhaustive lists of results
on equivariant maps. The critical well-posedness theory was initially considered by
Christodoulou, Tahvildar-Zadeh [7] for radial wave maps and Shatah, Tahvildar-
Zadeh [47] for equivariant wave maps. The global well-posedness result of [7] was
recently improved to scattering by Chiodaroli, Krieger, Luhrmann [6]. The bub-
bling theorem of wave maps was proved by Struwe [51]. The explicit construction
of blow up solutions behaving as a perturbation of the rescaling harmonic map was
achieved by Krieger, Schlag, Tataru [29], Raphael, Rodnianski [41], and Rodnian-
ski, Sterbenz [43] for the S? target in the equivariant class. And the ill-posedness
theory was studied in D’Ancona, Georgiev [10] and Tao [52].

Without equivariant assumptions on the initial data the sharp subcritical well-
posedness theory was developed by Klainerman, Machedon [22, 23] and Klainer-
man, Selberg [25]. The small data critical case was started by Tataru [57] in the
critical Besov space, and then completed by Tao [53, 54] for wave maps from R!*4
to S™ in the critical Sobolev space. The small data theory in critical Sobolev space
for general targets was considered by Krieger [27, 26|, Klainerman, Rodnianski
[24], Shatah, Struwe [44], Nahmod, Stefanov, Uhlenbeck [40], and Tataru [59].
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The dynamic behavior for wave maps on R**2 with general data was obtained
by Krieger, Schlag [28] for the H? targets, Sterbenz, Tataru [49, 48] for compact
Riemann manifolds and initial data below the threshold, and Tao [55] for the H"
targets. In fact, Sterbenz, Tataru [49, 48] proved that for any initial data with
energy less than that of the minimal energy nontrivial harmonic map evolves to a
global and scattering solution.

The works on the wave map equations on curved spacetime were relatively less.
The existence and orbital stability of equivariant time periodic wave maps from
R x S? to S? were proved by Shatah, Tahvildar-Zadeh [46], see Shahshahani [51]
for an generalization of S?. The critical small data Cauchy problem for wave maps
on small asymptotically flat perturbations of R* to compact Riemann manifolds
was studied by Lawrie [30]. The soliton resolution and asymptotic stability of
harmonic maps under wave maps on H? to S? or H? in the l-equivariant case were
established by Lawrie, Oh, Shahshahani [31, 32, 34, 35|, see also [33] for critical
global well-posedness for wave maps from R x H¢ to compact Riemann manifolds
with d > 4.

In this paper, we study the asymptotic stability of harmonic maps to (1.1). The
motivation is the so called soliton resolution conjecture in dispersive PDEs which
claims that every global bounded solution splits into the superposition of divergent
solitons with a radiation part plus an asymptotically vanishing remainder term as
t — oo. The version for wave maps and hyperbolic Yang-Mills has been verified by
Cote [9] and Jia, Kenig [19] for equivariant maps along a time sequence, see also
[20, 21] for exotic-ball wave maps and [42] for wormholes. Recently Duyckaerts,
Jia, Kenig, Merle [11] obtained the universal blow up profile for type II blow up
solutions to wave maps v : R x R2 — S? with initial data of energy slightly above
the ground state. For wave maps from R x H? to H?, Lawrie, Oh, Shahshahani
[33, 34] raised the following soliton resolution conjecture,

Conjecture 1.1 Consider the Cauchy problem for wave map u : R x H? — H?
with finite energy initial data (ug,u1). Suppose that outside some compact subset
K of H? for some harmonic map @ : H? — H? we have

ug(z) = Q(x), for x € HA\K.

Then the unique solution (u(t),d;u(t)) to the wave map scatters to (Q(x),0) as
t — o0.

In this paper, we consider the easiest case of Conjecture 1.1, i.e., when the
initial data is a small perturbation of harmonic maps with small energy. In order
to state our main result, we introduce the notion of admissible harmonic maps.

DEFINITION 1.1. Let D = {z : |2| < 1} with the hyperbolic metric be the
Poincare disk. We say the harmonic map @ : D — D is admissible if Q(D)
is a compact subset of D covered by a geodesic ball centered at 0 of radius Ry,
[VEdQ|| L2 < oo for k = 0,1,2, and there exists some ¢ > 0 such that e¢"|dQ| € L™,
where r is the distance between x € D and the origin point in D.

For any given admissible harmonic map @, we define the space HX x HX~1 by
(2.8). Our main theorem is as follows.

THEOREM 1.2. Fiz any Ry > 0. Assume the given admissible harmonic map
Q in Definition 1.1 satisfies

L3) (4@l < s e 1dQllLz < 1, IV2dQl| + [ VAQllx < pu.
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And assume that the initial data (ug,u;) € H3 x H2 to (1.2) with ug : H? — H?,
uy(x) € Tyo(yN for each x € H? satisfy

(1.4) | (w0, u1) — (Q,0) ||tz xer < po-

Then if 1 > 0 and ps > 0 are sufficiently small depending only on Ry, (1.2) has
a global solution (u(t), dyu(t)) which converges to the harmonic map Q : H> — H?
ast — o0, i.e.,

lim sup dpe (u(t, z), Q(x)) = 0.

t—00 s eH2

The initial data considered in this paper are perturbations of harmonic maps
in the H2 norm. If one considers perturbations in the energy critical norm H', the
Sk v.s. Nj norm constructed by Tataru [57] and Tao [54] should be built for the
hyperbolic background.

Remark 1.1 Notice that the limit harmonic map coincides with the unperturbed
harmonic map in Theorem 1.1. The reason for this coincidence is that the H2 x H!
norm assume the initial data coincide with @ at the infinity, then the uniqueness
of harmonic maps with prescribed boundary map shows the limit harmonic map is
exactly the unperturbed one.

Remark 1.2(Examples for the admissible harmonic maps)

Denote D = {z : |z| < 1} to be the Poincare disk. Then any holomorphic map
f D — D is a harmonic map. If we assume that f(z) can be analytically extended
into a larger disk than the unit disk, then u;f : D — D satisfies all the conditions
in Definition 1.1 and Theorem 1.1 if 0 < u; < 1. Hence the harmonic maps
involved in Theorem 1.1 are relatively rich. See [Appendix,[37]] for the proof of
these facts. It is important to see in theses examples that the dependence of p; on
Ry is neglectable.

Remark 1.3(Examples for the perturbations of admissible harmonic maps) Since
we have global coordinates for H? given by (2.1), the perturbation in the sense of
(1.4) is nothing but perturbations of R?-valued functions.

Since we are dealing with non-equivariant data where the linearization method
seems to be hard to apply, we use the caloric gauge technique introduced by Tao
[66] to prove Theorem 1.1. The caloric gauge of Tao was applied to solve the
global regularity of wave maps from R?*! to H" in the heat-wave project. We
briefly recall the main idea of the caloric gauge. Given a solution to the wave map
u(t,r) : R**2 — H", suppose that u(s,t,z) solves the heat flow equation with
initial data u(t, )

Du(s, t,x) = 327, Vidiu
(s, t,x) [s=o= u(t, ).

Since there exists no nontrivial finite energy harmonic map from R? to H"”, one can
expect that the corresponding heat flow u(s,t,x) converges to a fixed point @ as
s — oo. For any given orthonormal frame at the point ), one can pullback the
orthonormal frame parallel with respect to s along the heat flow to obtain the frame
at u(s,t,x), particularly u(t,z) when s = 0. Then rewriting (1.2) under the con-
structed frame will give us a scalar system for the differential fields and connection
coefficients. Despite the fact that the caloric gauge can be viewed as a nonlin-
ear Littlewood-Paley decomposition, the essential advantage of the caloric gauge is
that it removes some troublesome frequency interactions, which is of fundamental
importance for critical problems in low dimensions.
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Generally the caloric gauge was used in the case where no harmonic map oc-
curs, for instance energy critical geometric wave equations with energy below the
threshold. In our case nontrivial harmonic exists no mater how small the data one
considers. However, as observed in our work [37], the caloric gauge is still extraor-
dinarily powerful. In fact, denoting the solution of the heat flow with initial data
u(0, ) by U(s, ), it is known that U(s, x) converges to some harmonic map Q(z)
as s — 00. And one can expect that the solution wu(t,z) of (1.2) also converges to
the same harmonic map Q(x) as t — co. This heuristic idea combined with the
caloric gauge reduces the convergence of solutions to (1.2) to proving the decay of
the heat tension filed.

There are three main ingredients in our proof. The first is to guarantee that all
the heat flows initiated from wu(t,z) for different ¢ converge to the same harmonic
map. This enables us to construct the caloric gauge. The second is to derive the
master equation for the heat tension field, which finally reduces to a linear wave
equation with a small magnetic potential. The third is to design a suitable closed
bootstrap program. All these ingredients are used to overcome the difficulty that
no integrability with respect to t is available for the energy density because the
harmonic maps prevent the energy from decaying to zero as t — oo.

The key for the first ingredient is using the decay of 0;u along the heat flow.
In order to construct the caloric gauge, one has to prove the heat flow initiated
from wu(t,x) converges to the same harmonic map independent of ¢. If one only
considers ¢t as a smooth parameter, i.e., in the homotopy class, the corresponding
limit harmonic map yielded by the heat flow initiated from w(t,z) can be different
when ¢ varies. Indeed, there exist a family of harmonic maps {Q} which depend
smoothly with respect to A € (0,1). Therefore the heat flow with initial data Qy
remains to be @), which changes according to the variation of A. This tells us the
structure of (1.2) should be considered. The essential observation is dyu decays
fast along the heat flow as s — oo. By a monotonous property observed initially
by Hartman [14] and the decay estimates of the heat semigroup, we can prove
the distance between the heat flows initiated from w(t;) and u(t2) goes to zero as
s — 00. Therefore the limit harmonic map for the heat flow generated from u(z,t)
are all the same for different ¢t. Similar idea works for the Landau-Lifshitz flow, see
our paper [37]. And we remark that this part can be adapted to energy critical
wave maps form R x H? to H? since essentially we only use the L2 norm of d;u in
the arguments which is bounded by the energy.

Different from the usual papers on the asymptotic stability, we will not use the
linearization arguments involving spectrum analysis of the linearized operator and
modulation equations. But the master equation appears naturally as a semilinear
wave equation with a small magnetic potential. Indeed, the main equation we
need to consider is the nonlinear wave equation for the heat tension filed. The
point is that although the nonlinear part of this equation is not controllable, one
can separate part of them to be a magnetic potential with a remainder likely to
be controllable. This is why we need the Strichartz estimates for magnetic wave
equations.

The second ingredient is to control the remained terms in the nonlinear part
of the master equation after we separate the magnetic potential away. In fact, the
terms involving one order derivatives of the heat tension filed can not be controlled
only by Strichartz estimates, even if we are working in the subcritical regularity. In
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this paper, the one order derivative terms are controlled by the weighted Strichartz
estimates and the exotic Strichartz estimates owned only by hyperbolic backgrounds
compared with the flat case. These estimates were obtained in the first author’s
work [38].

The third ingredient is to close the bootstrap, by which the global spacetime
norm bounds of the heat tension field follows. The caloric gauge yields the gauged
equation for the corresponding differential fields ¢, ¢, connection coeflicients A, ;
and the heat tension filed. It has been discovered in Tao [55] that the key field one
needs to study is the heat tension field which satisfies a semilinear wave equation.
And for the small data Cauchy problem of wave maps on R x H*, Lawrie, Oh,
Shahshahani [33] shows in order to close the bootstrap arguments it suffices to
firstly proving a global spacetime bound for the heat tension filed ¢s. In our case,
since the energy will not decay, one has to get rid of the inhomogeneous terms which
involve only the differential fields ¢, in the master equation. Furthermore, these
troublesome terms involving only ¢, are much more serious in the study of the
equation of wave map tension filed. This difficulty is overcome by using identities
from intrinsic geometry to gain some cancelation and adding a space-time bound
for |Opu| on the basis of the bootstrap arguments of [33, 55].

This paper is organized as follows. In Section 2, we recall some notations and
notions and prove an equivalence between the intrinsic and extrinsic Sobolev norms
in some sense. In Section 3, we construct the caloric gauge and obtain the estimates
of the connection coefficients. In Section 4, we we derive the master equation.
In Section 5, we first recall the non-endpoint and endpoint Strichartz estimates,
Morawetz inequality, and weighted Strichartz estimates for the linear magnetic wave
equation. Then we close the bootstrap and deduce the global spacetime bounds for
the heat tension field. In Section 6, we finish the proof of Theorem 1.1. In Section
7, we prove some remaining claims in the previous sections.

We denote the constants by C'(M) and they can change from line to line. Small
constants are usually denoted by § and it may vary in different lemmas. A < B
means there exists some constant C' such that A < CB.

2. Preliminaries

Some standard preliminaries on the geometric notions of the hyperbolic spaces,
Sobolev embedding inequalities and an equivalence relationship for the intrinsic
and extrinsic formulations of the Sobolev spaces are recalled first. As a corollary
we prove the local well-posedness for initial data (ug,u1) in the H® x H? regularity
and a conditional global well-posedness proposition. In addition, the smoothing
effect of heat semigroup is recalled.

2.1. The global coordinates and definitions of the function spaces.
The covariant derivative in T'IV is denoted by V, the covariant derivative induced
by w in w*(T'N) is denoted by V. We denote the Riemann curvature tension of N
by R. The components of Riemann metric are denoted by h;; for M and g;; for
N respectively. The Christoffel symbols on M and N are denoted by I’fj and ffj
respectively.

We recall some facts on hyperbolic spaces. Let R'*2 be the Minkowski space
with Minkowski metric —(dz®)? + (dx')? 4 (dz?)?. Define a bilinear form on R*2 x
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R1+2
[z,y] = 2" — 2'y' — 2%y”.
The hyperbolic space H? is defined by
H? = {z € R*™ : [2,2] = 1 and 2° > 0},
with a Riemannian metric being the pullback of the Minkowski metric by the in-

clusion map ¢+ : H? — R'*2. By Iwasawa decomposition we have a global system of
coordinates. Indeed, the diffeomorphism ¥ : R x R — H? is given by

(2.1) (21, 29) = (coshzy + e~ "2|z1|?/2, sinhay + e~ 72 |21]?/2, e~ *221).
The Riemannian metric with respect to this coordinate system is given by
e 22 (dxy)? 4 (dao)?.

The corresponding Christoffel symbols are
(2.2) F%,z = F%,l = F%,z = F%,l =0; F%,l = -1 Fil = e 2
For any (t,x) and u : [0,7] x H? — H?, we define an orthonormal frame at u(t, x)
by

0
= e

where (u!, u?) denotes the coordinate of u given by (2.1). Throughout this paper
we will use coordinates (2.1) for both the target manifold N = H? and the
starting manifold M = H?. Recall also the identity for Riemannian curvature
on N = H?

(24)  R(X,Y)Z=VxVyZ-VyVxZ - VixyZ=(X,2)Y —(Y,Z) X.
We have a useful identity for X,Y,Z € u*(TN)
(2.5) V,R(X,Y)Z)=R(X,V;Y)Z+R(V,X,Y)Z+R(X,Y)V,Z.

For simplicity, denote (X AY)Z =(X,Z2)Y — (Y, Z) X.
Let H*(H?;R) be the usual Sobolev space for scalar functions defined on man-
ifolds. We also recall the norm of H*:

k
1FI7e =D IV FIZ2
=1

u2 t,x a .
(2.3) Ou(u(t,2)) = 7 5 Os(ult, )

where V! f is the covariant derivative. For maps u : H? — H?, we define the intrinsic
Sobolev semi-norm $* by

k
2 im1 g 12
= V' du|dvoly,.
[lu]gw izgl /Hz | u|“dvol;

The map v : H?> — H? is associated with a vector-valued function u : H? — R?
by (2.1). Indeed, the vector (u'(x),u?(z)) is defined by W (u!(x),u?(x)) = u(x) for
any v € H? . Let Q : H2 — H? be an admissible harmonic map in Definition 1.1.
Then the extrinsic Sobolev space is defined by

(2.6) Hlé ={u:u' — Q' (2),u* — Q*(x) € H*(H*R)},

where (Q'(z),Q%*(z)) € R? is the corresponding components of Q(z) under the
coordinate (2.1). Denote the set of smooth maps which coincide with @ outside of
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some compact subset of M = H? by D. Let Hg be the completion of D under the
metric given by

(2.7) disty, o (u, w) = Z”“J W || g (2 )

where u,w € H’é. Since C°(H?;R) is dense in H*(H?;R) (see Hebey [16]), Hé
coincides with Hlé And for simplicity, we write H® without confusions. If u is a
map from R x H? to H?, we define the space HX x H&~1 by

2
(2.8) HNxH<'=<u: Z [u? — Q|| e (ezr)y + |0 [ -1 e,y < 00
j=1

The distance in H* x Hk=1 is given by

(2.9)  distppen g (u, w) ZHuJ —w’ (2)|| gr + ||’ — Bpw? || i1

2.2. Sobolev embedding and Equivalence lemma. The Fourier trans-
form on hyperbolic spaces takes proper functions defined on H? to functions de-
fined on R x S!, see Helgason [15] for details. The operator (—A)? is defined by
the Fourier multiplier A — (i + A2)2. We now recall the Sobolev inequalities of
functions in H*.

LEMMA 2.1. If f € C°(H%;R), then for 1 <p <oo,p<qg<o0,0<6 <1,
l<r<2,r<l<oo, a>1, the following inequalities hold

(2.10) 1712 S IV £

(2.11) 1flle S IV A1 115" when = — 2 =1
p 2 q
1 1 1

(2.12) 11l S MV E L when =~ — o =

(2.13) 1= S |05 7|, whena>1

(2.14) 191l ~ | )21

For the proof, we refer to Bray [5] for (2.11), Ionescu, Pausader, Staffilani [18]
for (2.12), Hebey [16] for (2.13), see also Lawrie, Oh, Shahshahani [33]. (2.14) is
obtained in [50].

We also recall the diamagnetic inequality which sometimes refers to Kato’s
inequality (see [33]) and a more generalized Sobolev inequality (see [Proposition

2.2,[2])).

LEMMA 2.2. (a) If T is a tension field defined on H?, then in the distribution
sense, one has the diamagnetic inequality

(2.15) VT < VT,

(b) Let 1 < p,q < o0 and 01,02 € R such that o1 — o3 > n/p—n/q > 0. Then for
all f € C°(H™;R)

I(=2)7 fllze S N(=2)7 fllze-
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REMARK 2.3. Lemma 2.1 and (2.15) have several useful corollaries, for instance
for f € H?

(2.16) £l S IVl
(2.17) 1£llzz S 1V FlLs-

The intrinsic and extrinsic formulations are equivalent in the following sense,
see [Section 2, [37]].

LEMMA 2.4. Suppose that Q is an admissible harmonic map in Definition 1.1.
Ifu e Hlé then for k=2,3

(2.18) [ullas, ~ llullse,

in the sense that there exist continuous functions P, Q such that
(2.19) ullas, < Pllullgr)C(Ro, [[ulls2)

(2.20) [ullgr < Ql[ullay )C(Ro, [lullmz,)-

Lemma 2.4 and its proof imply the following corollary, by which we can view
Theorem 1.1 as a small data problem in the intrinsic sense. The proof of Corollary
2.5 is presented in Section 7.

COROLLARY 2.5. If (ug,u1) belongs to H® x H? satisfying (1.4) then for 0 <
1 <1,0<pp <1

(2.21) [Vduolr2 + [[Vur 22 + [|dul[ 22 + [lur]|2 < C(Ro)pz + C(Ro) .
LEMMA 2.6. We have the decay estimates for heat equations on H?:

(2.22) e fllree S e Fs™H | flles

(2.23) le*22 fllpa S e 7| fl 2

(2.24) les2s iz S 577 1S lley,

(2.25) le*®a2 (= Ap2)* fllpg < s~ % fl s

where 1 <r <p<oo,a€0,1],1 <g<oo0,0<dk1.

PROOF. (2.22) and (2.24) are known in the literature, see [37, 8]. (2.23) is
a corollary of the spectral gap of i for —Apz. The s~ part of (2.25) follows by
interpolation between the three estimates of [Lemma 2.11,[33]]. Thus it suffices to
prove (2.25) for s large. The case of (2.25) when « = 0 follows by directly estimating
the heat kernel given in [4]. Since one has e*2(—=A)*f = e22e22(—=A)*f, by
applying the exponential decay LP — LP estimate to the first e2® and the s~
decay of LP — (—A)®LP for the second ez proved just now, we obtain the full
(2.25). O

The R? version of the following lemma was proved in [Lemma 2.5,[56]]. We
remark that the same arguments work in the H? case, because the proof in [56]
only uses the decay estimate (2.24) and the self-ajointness of e!®#2 which are also
satisfied by e!®u2.

LEMMA 2.7. For f € L2 defined on H?, one has

oo
| e e ds S 1.
0

Without confusion, we will always use A instead of Apyz.
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2.3. The Local and conditional global well-posedness. We quickly sketch
the local well-posedness and conditional global well-posedness for (1.2). The local
well-posedness of (1.2) for (ug,u;) € H® x H? is standard by fixed point argument.
Thus we present the following lemma with a rough proof.

LEMMA 2.8. For any initial data (ug,u;) € H3 x H2, there exists T > 0

depending only on ||(ug,u1)||msxmz such that (1.2) has a unique local solution
(u, 0pu) € C([0,T); H3 x H?).

PROOF. In the coordinates (2.1), (1.2) can be written as the following semilin-
ear wave equation
— AUk +f’?,87“167“j _ gt uTout
ot? ot ot m Qg Jxd
Notice that H® and H? are embedded to L™ as illustrated in Remark 9.1, we
can prove the local well-posedness of (2.26) by the standard contradiction mapping
argument in the complete metric space H2 x H? with the metric given by

(2.26)

2 2
dist(u, w) = Z [ —— Z |0 — Dy || 2.

j=1 j=1
Moreover we can obtain the blow-up criterion: T, > 0 is the lifespan of (2.26) if
and only if
(2.27) T | u(t, 2), Duu(t, 1))l s = o0
O

The conditional global well-posedness is given by the following proposition. We
remark that in the flat case M = R%, 1 < d < 3, Theorem 7.1 of Shatah, Struwe
[45] gave a local theory for Cauchy problem in H? x H*.

PROPOSITION 2.9. Let (ug,u;) € H® x H? be the initial data of (1.2), T, is
the maximal lifespan determined by Lemma 2.8. If the solution (u,dyu) satisfies
uniformly for all ¢ € [0, T%)

(2.28) IVdul|rz + [|dullzz + IVOpul[zz + [|0pullrz < Cy,
for some C > 0 independent of ¢t € [0,T}) then T, = cc.

PROOF. By the local well-posedness in Lemma 2.8, it suffices to obtain a uni-
form bound for ||(u,dyu)||msxmz with respect to t € [0,7]. By Lemma 2.4, it
suffices to prove the intrinsic norms are uniformly bounded up to order three. We
first point out a useful inequality which can be verified by integration by parts

(229)  [V?dulli; < IVr(@)lZz + ldulfe + [VdulZs ldullZs + C(llul3s),
where 7(u) denotes the tension field which in the local coordinates is written as
— k Pa" Ou' % i
) = (Au T D B ayk’

Thus (2.29), Gagliardo-Nirenberg inequality and Young inequality further yield
(2.30) IV2dullZ, < P(lullde) + VT (u)lz:,
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where P(z) is some polynomial. Define

1 1
Es(u,0pu) = 3 /H2 |V7(u)|2dv01h + i/Hz |V28tu‘2dvo1h.

Then integration by parts yields

d 3
%Eg(u, Opu) = / h* ViVt (u), ViT(u))dvoly
H2
+ / W W7 (Vi V 0pu — T5V 0y, ViV 00u — TV 04u) dvoly,.
H?2
Furthermore we have

/H PR (ViVV 00— T3V, ViV 0 — T Vi) dvoly

= /H K hiT (VY V1 0pu — TV e0u, ViV 0pu — TV 0yu) dvoly,

4 /H O(|Vd,u| [V20;u] )dvol, + O( /H \du| [Beu] |V Oyu] |V20yu] dvoly,)
+ /H O(|Vou| |[V?0pu| )dvoly, + /H O(|dul?|8yu)? |V28yu| ) dvoly,

+/ O(|8,5u|2 |Vdu| ‘VQ&gu’ )dvolh
HQ

Since u solves (1.2), Vi 0yu = 7(u). Then by integration by parts the leading term
can be expanded as

/ K hiT (VY ;V,10pu, ViV ;0u — TV e dyu) dvoly,
H?2
= / hhiT (V7 (u), ViV;0u — T} Vidyu) dvoly
H?2
= ,/ R (VT (u), VeV,T(u)) dvoly, +/ O(|V7(u)||du| |0yul |7 (u)|)dvol,
H2

H?2

+/ O(|IVT(w)| |V?ul |dul |0;u| ) dvoly, +/ O(|VT(u)||0pul |du|2)dvoh1
H‘Z

H2

+/ O(|Vr(u)| |Voyul |du\2)dvolh+/ O(|V7(w)| |dyul |dul*)dvoly,
H?

H?2

+/ O(|VOul| [V7(u)] )dvoly,.
H=2

Thus we conclude
d

aEg(u,atu)

< lldull s |10vull L 1V el s || V20| 1 + VOl 2 || V2 0rui|

+ (V20| 15 lldullZs 10ullZs + [V dul g 197 [|V20ru| 5

+ V7 (W) 2 1V | o ldull s 1 Orull o + V7 ()| 2 [Vl s ([l
+ V7@l 2 NullF e [0l s + (V7 @) 2 [0ul g 17 ()] e | dull g

IV 100l g dullZy + IV ()5 [Vl + 97 () g3 ]| V20ra] -
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Hence Young’s inequality, Sobolev embedding and (2.29), (2.30) give

%Eg(u, Opu) < CE3(u, 0ru) + C.

where C' depends only on C} in (2.28). Thus Gronwall shows
Es(u, 0pu) < e“t(Es(ug,uy) + C).
If T, < oo this contradicts with (2.27). O
2.4. Geometric identities related to Gauges. Let {ei(t,x),ea(t,x)} be
an orthonormal frame for u*(TH?). Let ¢o = (¥1,%?) for a« = 0,1,2 be the
components of 0 ;u in the frame {e1, ez}, i.e.,
¢ = (Oau,e;) .

For given R2-valued function ¢ defined on [0,7] x H?, associate ¢ with a tangent
filed e¢ on u*(TN) by

2
(2.31) ¢ oep=> ¢e;,

j=1

The map u induces a covariant derivative on the trivial boundle ([0,7] x H?, R?)
defined by

Da¢ = aa(b + [Aa]¢a

where the coefficient matrix is defined by

[Aa]{? = <vo¢€ja ek) -

J

It is easy to check the torsion free identity

(2.32) Da¢p = Dp¢a;

and the commutator identity

(2.33)  €[Da, Dgld = e(0aAp — 03An)d + €[An, Ao = R(u)(Oau, dgu)(ed).
In the two dimensional case, (2.33) can be further simplified to

(2.34) e[Dy, Dglp = e(0aAp — 03A0)d = R(u)(0nu, dgu)(ep).

Remark 2.1 Sometimes in the same line, we will use both the intrinsic quantities
such as R(0yu, dsu) and frame dependent quantities such as ¢;. This will not cause
trouble by remembering the correspondence (2.31). And we define a matrix valued
function a A b by

(2.35) (aAb)e=(a,c)b— (b,c)a,

where a, b, ¢ are vectors on R?. It is easy to see (2.35) coincide with (2.4) by letting
X =aje; +ages, Y =bie; +boes, Z = creq + caes. Hence (2.34) can be written as

(2'36) [DOU D5]¢ = (¢a A ¢ﬁ)¢

LEMMA 2.10. With the notions and notations given above, (1.2) can be written
as

(2.37) Dy — h9 D¢y + h Ty, = 0
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PROOF. In the intrinsic formulation, (1.2) can be written as

V0w — (Vziaz].u —uy(V o2 aij )) KU = .

Expanding V,;0;u and u.(V;0;) by the frame {e;}?_; yields

ij ij 9 2 k g

h]Vﬁ%u—hJuAVé%axﬂ::EjhﬂhJVAQ%meﬁq)—thJ@u

= b7 (9P e, + [AiTep) — Tf jh7dLer = eh™ (Dig;) — D'} ;1 gy,
And V;0;u is expanded as

2

Vidu=7 Vi({Buer) er) = (Oedhep + [Aolf dhe,) = € (Dodo) -

Hence (2.37) follows. O

3. Caloric Gauge

Denote the space C([0,7]; H® x H?) by Xr. The caloric gauge was first intro-
duced by Tao [56] for the wave maps from R?*! to H". We give the definition of
the caloric gauge in our setting.

DEFINITION 3.1. Let u(t,z) : [0,7] x H? — H? be a solution of (1.2) in Xr.
Suppose that the heat flow initiated from wug converges to a harmonic map @ :
H? — H?. Then for a given orthonormal frame Z(z) = {Z;(Q(z))}?_, which spans
the tangent space T(Q(w)]l-]l2 for any xz € H?2, by saying a caloric gauge we mean a
tuple consisting of a map @ : RT x [0,7] x H? — H? and an orthonormal frame

Q £ {Q;(u(s, t,x))}3_; such that

Osu = 7(w)
(3.1) Vs€2; =0
lim QJ = Ej

where the convergence of frames is defined by
lim (s, t,2) = Q(x)
lim (Qi(s, 2, 2),0;(u(s, t, 7)) = (Z:(Q(2)), ©;(Q(2)))

The remaining part of this section is devoted to the existence of the caloric
gauge.

(3.2)

3.1. Warming up for the heat flows. In this subsection, we prove the esti-
mates needed for the existence of the caloric gauge and the bounds for connection
coefficients.

The equation of the heat flow is given by

Osu = 7(u)
(3.3) { u(0,z) = v(x)

The energy density e is defined by
1
e(u) = §|du|2.

The following lemma is due to Li, Tam [36]. (3.6), (3.7) are proved in [37].
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LEMMA 3.2. Given initial data v : H?> — H? with bounded energy density,
suppose that T(v) € LP for some p > 2 and the image of H? under the map v is
contained in a compact subset of H2. Then the heat flow equation (3.3) has a global
solution u. Moreover for some K,C > 0, we have

(3.4) (0s — A)|dul* + 2|Vdu|* < K|dul?
(3.5) (0s — A)|0sul® +2|Vosu* <0
(3.6) (0s — A)|Osul <0
(3.7) (05 — A)(|dule=%) < 0.

Consider the heat flow from H? to H? with a parameter
0.7 = (@)
(3.8) { (s, t,x) [s=o= u(t, )

We will give two types of estimates of V*0,%, V*0,u in the following. One is
the decay of || V¥ | 2 as s — oo which can be easily proved via energy arguments.
The other is the global boundedness of ||0, [z away from s = 0 and the decay of
[ V#8051 Lo as s — oo, both of which need additional efforts. And we will prove the
decay estimates with respect to s for [0¢t]| Lo A 2, which is the key integrability
gain to compensate the loss of decay of d,u. We start with the estimate of ||du||r~
which is the cornerstone for all other estimates. '

REMARK 3.3. The following inequality which can be verified by Moser iteration
is known in the heat flow literature: If v is a nonnegative function satisfying

O — Av <0,
then for t > 1,

t
v(z,t) < / / v(y, s)dvolyds.
t—1J B(z,1)

Introduce the norm:
Ju(t, )| 2 =[Vdulcgo,m;z2) + IVOullcqom:L2)
(3.9) + lldullc(o,ry;z2) + 10wl o,m);L2)-

Trivial applications of Remark 3.3, (3.7) and the non-increasing of the energy along
the heat flow give the bounds for [|du||z. See also [37] for another proof.

LEMMA 3.4. Let (u,0pu) solve (1.2) in X (see (3.9) ) with ||u||xp < M. Ifw is
the solution to (3.8) with initial data u(t,x), then we have uniformly fort € [0,T],
s €[l,00)

(3.10) [du(s, t, 2)| oo S lldult, )]z
The decay of [|[V*0,ii| 12 follows from an energy argument and the bound of

the energy density provided by (3.10).

LEMMA 3.5. Let (u,0u) € Xr with ||u||x, < M, then for some universal
constant 6 > 0 the solution u(s,t,x) to heat flow (3.8) satisfies

(3.11) 05t (s,t,2) |2 S e MC(M), for s >0
(3.12) IVOsu(s,t,z)||r2 < e " MC(M), for s > 2
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(3.13) / IVO(s, t, @) |2ads < MC(M).
i :

for allt € [0,T). The constant C(M) grows polynomially as M grows.
PRrOOF. First we notice that (3.5), (2.22) and maximum principle yield

(3.14) 1035, 1, )22 S e 0,0, 1, | 2

(3.15) [05t(s,t,@)||Le S s le T 0su(0,t, )|z

We introduce three energy functionals:

& (W) = %/H \Vi|*dz, E(u) = %/H 10,11 dvoly, Es(u) = %/H |V, 1> dvoly,.

By integration by parts and (3.8), we have

d. - ~ 2
@gl(u) = _/Hz |7(w)|”dvoly,.

Thus the energy is decreasing with respect to s and
S
(3.16) Izl + [ 0.l < Efu).
0
The non-positive sectional curvature assumption with integration by parts yields
IVdu(s)ll72 < lIT(a(s)I72 + lldilZ
Hence by (3.16), (3.8) we conclude

(3.17) 15 +/O 105172 ds < fluollFs-

Again by (3.8) and integration by parts, one has
d

L &@) = / (V,0,1, 05)dvoly, = / (V7 (@), Oit)dvol,
ds H2 H2

(3.18) < - / (VO (@), V,t)dvoly, + C / |dui|? |0, * dvoly,.
H2 H2

Integrating (3.18) with respect to s in (s1,s2) for any 1 < s; < so, we infer from
(3.15) and (3.16) that

(3.19)
Eai(s2)) ~ Ea(isr)) + [ Ea((s))ds S |} [ 0T ds S Mt

s1
Then by (3.14) we have for 1 < s < 51 < s and any t € [0, 7]
s2
(3.20) / IV Os(r, , 2)|2adr S M2e.
s1

Integration by parts and (3.8) yield
d .,
@ gy Gits))
< —/ (|V285ﬂ|2 + C|du| |Vl |05u)? + C |du| |Vl |95]*) dvol,
]H[Z

+C / (Ida* |0l |Vaya| + C |Vl |dul |0,a] |Vl + Cld,al’|dul*)dvoly,
H2
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(3.21)
4 c/ (1Vo.a2|dal® + C\dal? |V20,a] |0, )dvol,.
H?2
By Holder, (3.20), (3.15), we see for 1 < s < 81 < s9 and any t € [0,T]
82
/ / \da| |V8,1i| |05t *dvol,ds
s1 H?2
~12 ~ ~
< ||85u||L§Lg°([S1,sz]><H2) ”du”LgOLg([shsz]><]HI2)”vaSu”Lng([shsz]tz)
< Miem0s,

Similarly we have from (3.20), (3.15), (3.10) that for 1 < s < s1 < sy and any
tel0,T]

s2
/ / |du|® |V 0si| 05| dvolyds
S1 H2
~13 ~ ~
SNl oo sy, 501 xm2) IV 05Ul 212 (15, a1 2y 19Tl L2 12 (54 0] 2
< MPSe=%1,
And similarly we obtain for 1 < s < s1 < sg and all ¢ € [0, 7]
s2
/ / |Vdul| |du| |0su| |V Osu|dvolyds
S1 H2
f, ||da||Lg°Lg°”asﬂHLngo”vmj“LgOLg”vasaHLng
S M4€_581,

where the integrand domains are [s1, so] x H2. The remaining three terms in (3.21)
are easier to bound. In fact, Sobolev embedding, (3.15) and (3.17) show

EP)
/ /H ) V| |0,[*dvolyds < [|051]|7 2 poe | V| oo < MOe™
S1
Similarly we obtain
EP)
/ /H ) |dii|*| V@ *dvolyds < ||V, 72 2 ][] poe < M*e™
S1

The last remaining term in (3.21) is absorbed by the negative term on the left.
Indeed, for sufficiently small n > 0

S2
/ / |dut|? | V28, |9s7] dvolyds
S1 H2

SNV L o oy oy + 71 Nl e e 1931720
S| V20l +n7 MO,
(3.17) implies that there exists so € (1,2) such that
(3.22) /H 2 IVA,ul?(s0, t, z)dvoly, < M>.
Hence applying (2.10) and Gronwall inequality to (3.21), we have for s > s

/ |Va,u|* (s, t, x)dvol,
H2
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56_5(‘9_80)/ |V85ﬂ|2(30,t,$)dvolh+MC(M)/ e 060 dr
H2

S0
(3.23) S MOM) (75670 e (s - 5))
Since sy € (1,2), we have verified (3.12) for s > 2. (3.13) follows directly from
(3.12), (3.17) and integrating (3.18) with respect to s. O

We then prove the pointwise decay of |VOsu| with respect to s. First we need the
Bochner formula for high derivatives of w along the heat flow. The proof of following
four lemmas is direct calculations with the Bochner technique. Considering that
the proof is quite standard, we state the results without detailed calculations.

LEMMA 3.6. Let u be a solution to heat flow equation. Then |VOsul|? satisfies
0,|Vosil* — AIVa I + 2| V20| < Vol + 04| |dal* Vo,
(3.24) + |V |dul® + |8.u| |Vdul |V o, |d) .
LEMMA 3.7. Let w be a solution to heat flow equation, then we have
d,|Vdu|* — AlVdal* +2|V2da|” S [Vdul® + |dul*|Vda|®
(3.25) + |du)? + |du)* |Vdal .
LEMMA 3.8. Let u be a solution to heat flow equation. Then |[VOyul|* satisfies
(3.26) (05 — A)|0,a|* = —2|Voul? — R(w)(Va, dya, Vi, ) < 0.
0,|Voal* — AIVaal +2|v2oa| < Vol + |0l |dal* |V o,al
(3.27) + |du|* |8,a| VO] + |dal |8,4] |[Vdau| |V o] + |Vo,a)®|du|*.
LEMMA 3.9. Let uw be a solution to heat flow equation, then
05|V, 0,u|° — AIV0511)° + 2|V V05t < Vst + |Vda| |0, | V05t |01
(3.28)
+ |V 0stt| VO, |0, |dit| + |V Oyl |0st1| | Vst |dtt] + |V, 0s11) | dal.

We have previously seen that the bound of ||dul|p~ is useful for bounding
[IVOstt||z. In order to bound ||VOsu| =, it is convenient if one has a bound for
(IVdir|| e firstly.

LeMMA 3.10. If (u(t, z), yu(t,x)) is a solution to (1.2) with |u(t,z)||x, < M.
Then for s > 2

(3.29) Vdil|pe S MC(M).
PRrOOF. The proof of (3.29) is also based on Remark 3.3. One can rewrite
(3.25) by Young inequality in the following form
0,|Vdi|? — A|Vdul* + 2|V2da|” < ¢ (1 + |da|2) \Vdul® + |duf? + |dal.

Since for s > 1, ||dii||z < M, |05tz < M, let r(s,t,x) = |Vda|® + M2 + M8,
then we have
6ST—ATSC(M2+1)T.

C(MQH)ST. For s > 2, it is obvious that v satisfies

dsv — Av < 0.

Let v=1¢"
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By Remark 3.3, we deduce for d(z,y) <1, s> 2

v(s,t,x)ﬁ/ 1/3( 1)1)(7'715,y)d7'dvoly.
s— x,

Thus by |Ju|lg2 < M and (3.17), we conclude
\Vdu|* (s, t,2) < MC(M).
Hence (3.29) follows. O
Now we prove the decay of ||VOsul|re as s — oo.

LEMMA 3.11. If (u,0wu) is a solution to (1.2) in Xp with ||u(t,z)||x, < M.
Then for some universal constant 6 > 0

(3.30) Vst Lo S MC(M)e™®*, for s > 1.
PrOOF. By (3.15), for s > 1

(3.31) 105l e S e M.

We can rewrite (3.24) by Young inequality as

(3.32)
8,V > — AV < (14 |du?)|Vosul? + |dul®|0.al® + |dul*|Vdu|®|0.a)°.

Let g(s,t,z) = |du|®|0su* + |du|*|Vdu|?|0su|?, then by Lemma 3.4, Lemma 3.5
and (3.31), g(s,t,x) < C(M)Me% for s > 1. Let f(s,t,x) = |VOul* (s, t,2) +
1C(M)Me=%, then
Osf—Af<C(M*+1) f.
Then o = e~ CM°+1s ¢ gatisfies
950 — Av < 0.
Applying Remark 3.3 to © as before implies

\vasm?(s,t,x)%c,*(M)Me*éSg / / V84t (7, t,y)|*dvolydr +C (M) Me™%.
s—1 JH?2

Therefore, (3.30) follows from

(3.33) / V84t (7, t,y)*dvolydr < MC(M)e%,
s—1 JH?2

which arises from (3.12). O

We move to the decay for |0,u| with respect to s.

LEMMA 3.12. If (u,0wu) is a solution to (1.2) in Xp with ||u(t,z)||x, < M.
Then

(3.34) 0wl < MC(M)e™%, for s >0
(3.35) 10| Lo S MC(M)e™%%, for s > 1
(3.36) / |VO||32ds < MC(M),

0 x

(3.37) IVl e < MC(M)e™®, for s > 1.
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PROOF. The maximum principle and (2.22) imply
(3.38) |0vi(s,t,2) |7 < 5% 020, t, )75 -
Moreover further calculations with (3.26) show
(0s — A)|0u| < 0.
Thus maximum principle and (2.23) give
(3.39) l0c(s, t, o)Lz < e ) 0pullz < M.
Therefore, (3.34) and (3.35) follow from (3.38) and (3.39) respectively. Second, we

prove (3.36) by energy arguments. Introduce the energy functionals

Es(u) = %/H |0, *dvoly, Es(u) = /H |V | *dvoly,.

Then integration by parts gives
d ~ ~ ~ -
(3.40) Do i)+ & @) < / (@[ 7| 2dvoly.
ds H2
Integrating this formula with respect to s in [0.x) with x > 1 shows

K 1 K
/ IV 0ill2. ds < [1i(r)]12: + / 10,02, [[dit|2.ds + € (@) M / 25
0 ’ - 0 1

where we have used (3.34), (3.35) and Holder. By Sobolev embedding and letting
K — 00, we obtain

(3.41) / Va3, ds < M* + M2,
;

Finally, the proof of (3.37) follows by the same arguments as (3.30) illustrated in
Lemma 3.11. (]

LEMMA 3.13. Let (u,0yu) be a solution to (1.2) in Xr with ||u(t, x)||x, < M.
Then

(3.42) ’ sV,0,u

‘ S MC(M) for s € [0,1].
Lol
Moreover, for s € [1,00) and some 0 < § < 1
(3.43) V0t oo pe S € MC(M).

PROOF. It is easy to see |V,0,u| < |Vd,u| + |h"V;V,d;u| + |0, |d@i|?, then
(3.44) |V, 8501| < | V20,0 + |0pa| |dal* + |Vl -
Integration by parts gives

d ~12

75 IVl

< —/ |V28t6|2dvolh +/ |V ol |0yul |dal |0su| dvoly

H2 H2

(3.45)

+ / |V28,a||da|* |957] dvoly, + / V8, *dvoly, + / V&, u|?|du|* dvoly.

H2 H2 H2
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By Sobolev embedding, we obtain
d 12 2 2 12 14 2
IVl < CIIVOl3a (1 + 10,7~ + il ) + [Vl 12 9sit]} -
Thus we get
s v o~ o~
IVo|2: < [Va(0,t,2)|2: + el VDI / e ISV |||t (1002 dr,
0

where V(s) = Cs + C||dul|2< + C||0st||3 . By Lemma 2.7 and Lemma 3.2

1 1
(3.46) / | dii|2 ds +/ 1042 ds < M2.
0 0
Hence we conclude for s € [0, 1],
(3.47) IV.a]|5. < |[VOa(0,t,2)|32 4+ MCAD MO (M).
With (3.45), we further deduce that
1
(3.48) / V20| ,ds S MC(M).
0

Integration by parts shows,

= (Iv2aal, s)

< —s/HQ (V30,a|* dvolydt + Hv%m“ig + 5)10sill oo | VD4l o | | s || V20
80l o | VOl o |l o V20T, + s |l s VO Lo V0]
+ sl dll o VO |95 oo [ V200, + 5 |l V5], | V2051
+ 5 ||dtl| 7 IVl s | V20| L + 5100l o |V il 2 105 o | V200 o
+ 5| Vit o 1971 o || V2000 o i e+ s N1t || V2000
Then Gronwall with (3.17), (3.46) yields for all s € [0, 1]

(3.49) |V20,a7, s + / / IV30,a|* rdvolydr < MC(M).
* 0 HZ2
Thus by (3.49), (3.48), (3.47), and (3.44), we conclude
(3.50) ‘ s3V,0,1 < MC(M).
Lee[0,1]L2

(3.43) follows by the same path as Lemma 3.11 with the help of (3.28). The essential
ingredient is to prove for s; > 2

s1+1
(3.51) / V20, 72ds S MC(M)e

S1

The remaining proof is devoted to verifying (3.51). By (2.10) and (3.45), we obtain
forany 0 < c < 1

d ~ ~ -
— Va3, + c/ |V, ti|*dvoly, + c/ |V28tu‘2dvolh
ds H2 H2

< / |V 0| |01 || |0st| dvoly, + / V20,1 |da|* |9s1| dvol,
H?2 H2
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(3.52) + /H ) V8,4 |du)|*dvoly, + % /H ] |V, 1> dvoly.
By Lemma 3.3 and (3.15), we have for s > 1

(3.53) il oo < [|dullrz < M

(3.54) 10:ll 0 S €050, D12 S ™" M.

Then by Sobolev embedding and Gronwall inequality, for s > 1

IVOl7, S e IVau(l, ¢, )|l + e*“/ e Vo) 7 di
1

(3.55) +e e / e ||V da(k, t)|| 12 [|0stu(k, )||5  di
: 2

Hence (3.41), (3.17), (3.54) and (3.55) give for s € [0, 00)
(3.56) IVo]|7. < MC(M),

where (3.56) when s € [0, 1] follows by (3.47). Integrating (3.40) with respect to s
in [s1,s2] for 1 < 51 < 89 < 00 yields

s2

s2
357 [ 1903 2ds < (03 (s2) ~ 103 () + [ 043, aal - ds.

S1 S1

By (3.34), Lemma 3.4,

(3.58) / IVO]|72ds S MC(M)e,

s1

Thus in any interval [s.,s. + 1] there exists s € [s, s« + 1] such that
(3.59) [Voa(s0)||3. ds S MC(M)e 5.
Fix s, > 1, applying Gronwall to (3.52) in [s0, a] with a € [s0, s, + 2] gives

~ e _ 2 —ea [ s ~
Vo7 (a,t) < e || Vou(s?, t, )|, +e /e IVaa(s)||7. ds
z z 50 *

a
(3.60) veren [ e vaus)} 103} ds.
sg: x x
Thus by (3.34), Lemma 3.4, (3.59) and the fact that a at leat ranges over all
[s« + 1, 8. + 2], we have for s > 2,

(3.61) Vo7, < MC(M)e™®.

Integrating (3.52) with respect to s again in [s1, s1 + 1], we obtain (3.51) by (3.61)
and (3.34), Lemma 3.3. Finally using maximum principle and Remark 3.3 as
Lemma 3.11, we get (3.43) from (3.55), (3.61), (3.44) and Lemma 3.11. O

In the remaining part of this subsection, we consider the short time behaviors
of the differential fields under the heat flow. Since the energy of the solution to the
heat flow in our case will not decay to zero, we can not expect that it behaves as a
solution to the linear heat equation in the large time scale. However, one can still
expect that the solution to the heat flow is almost governed by the linear equation
in the short time scale. We summarize these useful estimates in the following
proposition.
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PROPOSITION 3.14. Let u : [0,7] x H? — H? be a solution to (1.2) satisfying
||(Vdu, vatU)HLzXL? + H(du, atu) ||L2><L2 g M.

If u: RT x [0,7] x H?* — H? is the solution to (3.8) with initial data u(t,x), then
for any n > 0, it holds uniformly for (s,t) € (0,1) x [0, 7] that

52 |Vdiil] o + 52 | VOl o + 5| VO] oo + 5710570 o
+ 5% (VO + |

s%vzas'ﬁH + 8|Vl oo + 8" dil]| e < MC(M).
L2, e v

PRrROOF. Since ||Vdullpz < M shown by (3.17), Sobolev embedding implies
|dul[» < M for any p € (2,00). Then (3.7) and (2.24) yield s"||du| = < M for
any n > 0 and all (t,s) € [0,T] x (0,1). By (3.25), one has

0. |Vdu| — A|Vda| < K |Vda| + |dul|® |Vda| + |du| + |dal*.
Furthermore we obtain
(as _ A) (eszeffoS Hda("')HigodT |Vdﬂ|> S eszef fos Hda("')”igod"' <|dﬂ| + |d17|4> .

Then maximum principle implies for s € [0, 2]

||Vdﬂ($)||L;c S HGA% —zK e fo ||dw(T) ||L00d7— ‘Vd | ||LoC

n ||/j N Hdum)uL;odﬁﬂdm N |dﬁ|4>(7)dTHL;o-
By the smoothing effeit of the heat semigroup, we obtain for s € [0, 1]
IVai(s) | €5V g + [ 14l ()] e + )],
Then Lemma 2.6 and Lemma 3.2 show forzs € (0,1)
V(s < s~ VAT + [ 72}y + ], )ar

2

Therefore by Sobolev inequality we conclude

194 (e <573 swp (19l +u(o)l.)

+s72 sup |||Vl (s)] 2

s€[0,1]
Thus by (3.17), we obtain for s € [0, 1]
(3.62) s7]||Vdal (5)| oo < MC(M).

By (3.21) we have

3 (seyfi)

< &(a(s) — / 5| V20, dvol, + / s<|dﬂ||V85ﬂ|\8sﬂ|2) dvol,
H2 HZ2
+ / s (|Vdﬂ| \dal| |9s11] |V O, + 951 |dal* + \V656|2|dﬂ|2> dvoly
H2

(3.63) +/ s(|dal® |0sa| [Vosa| + |du|? | V20, |0s| ) dvoly,.
H2
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The terms in the right hand side can be bounded by Sobolev and Holder as follows

/H s1dil [Vo,] |0, dvoly, < s*|dii] . [ VO, 5% 0.7
/H sldal* |0, [Voildvoly < s ||z Vs 3 9. s
/H 5[ Vdi| |di] 0. [V0sii| dvoly, < ||Vt . | V0S| o |t 4 |05 1
[ sloulla avol, < 0.3, s 4l

/ o[V oL@ dii|2dvoly < |[VO,al|2, s ||dl . .
2 z b
The highest order term can be absorbed by the negative term, indeed we have

/ s|dul® V20, 05| dvol, < ’V 0s u| dvoly +C/ s|0s1)%|dw)| *dvoly,
H?2

C

< — 20 ’V28 u| dvoly + C'||0s u||L2 5 Hdu||LOC .

Recall the fact |du| (s) < e?®|du| when s € [0,1], |0su| (s) < e2*|7(u)]|, the terms
involved above are bounded by smoothing effect

~ 1 ~
(3.64) slldal] . + 511105 12 < lldull7z + |7 ()]s
Thus integrating (3.63) with respect to s in [0, s] with (3.62) gives for s € [0, 1]

(3.65) s€s(u / /st’V 0 u‘ dvolyds </ IV O, u||L2 ds'.
Therefore by (3.13), we conclude for s € [0, 1]
(3.66) /H s|VLdvoly < MC(M).
By (3.24), we deduce
D, |VO,11| — A|VOa| < |VO,u||dul® + |0.al |dul® + |0.a] |Vdal |dal .

s ~ 2
Then as above considering the equation of e Jo 4 (I g0 d7 |[VOsu|, we obtain by
maximum principle that

IVOsu(s)| e

57 2||V0, U( )z +/ 10l |dal (7)o + 1105l [Val |dal (7). dr.

x

Hence (3.62) and (3.66) give

11940 (5)]| e <5~ "M + ( sup s, ulLocduan) [t ar

s€[0,1] 5

+ ( sup sVdullLoollduHLoo>/s 77 || dill o dr

s€(0,1] s

e T N (R e
2
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Consequently, we have by Lemma 2.7,
(3.67) V05l ()] e < MC(M)s™".
By Lemma 3.8, one deduces
D |VO,ti| — A|VOa| < K |Vo| + |Voal| |du|* + |0, dul|*
+ |da|® |9,a| + |du| |9ya |Vl .

El ~ 2
Considering the equation of e Jo (Hd“(T)”L%" ~K)dr |Vd,u|, we have by maximum
principle that

S

IVl <5490l + [ (s =) Hidal o) ()] zdr

5

2

+ [ a0 (94 (7)1 + 0.l 1da? - dr
2
1 ~ ~ ~113 s 1
<s 4Vl + s (10l 4 ) [ (- R
x 86[071] x £ %
+ swp (39l ) [ ol Nl e dr
s€[0,1] v 3 v v
+ sup (sl - s* ||asa||Lw)/ 7 idr.
s€1[0,1] v v B

Hence we deduce by Lemma 2.7

(3.68) 1900l ()| e < MC(M)s™ .
The bounds for |V,9,u| follows by the same arguments as (3.62) with help of Lemma
3.13 and (3.28). O

We summarize the long time and short time behaviors as a proposition.
PROPOSITION 3.15. Let u : [0,7] x H? — H? be a solution to (1.2) satisfying
||(Vdu, V@tu)HszLz + H(du, Btu) ||L2><L2 < M,

If u: RT x [0,7] x H?* — H? is the solution to (3.8) with initial data u(t,x), then
for any n > 0, it holds uniformly for ¢ € [0, 7] that

1| oo 1 ooy e + IV 100y oo + [V o 1 + IV e 12
+ s |Vd|
+ 5% |Va,al|

Lefo1)Les + ||65S |05 |

Ler2 + s |Vt3sm||Lgc[o,1]Lg°

~ 1 ~
Lo[0,1]Lee T l|s |V33u”|L§C[071]L30 + ||52€5S |3su|||LgoLgo

1 ~ 1 ~ ~
+ {152 [VOstul| Lo o,122 + 152 [Vi0stl|| Loojo, 1122 + Hsndu||L§0(0,1)Lgo

3655|Vtasﬂ| HLgOL;o

% [V,

s2eds |V8t17\HLNLOO + Hse‘ss |V3517|HL2¢Lgo + |
s €T : ‘

$2e%°V,0,u < MC(M).

1 5s ~
|L?°Li + ’ e ‘vasu|HLg°L§ * ‘ ’LgoLg
LEMMA 3.16. If (u, Opu) solves (1.2) and ||u(t, z)||x, < M, then we have
(3.69) HVQdﬂHLfE < max(s~2,1)MC(M)

(3.70) [|V3di|, .. <max(s™", 1)MC(M)
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(3.71) se?'*|| V28, 2 < MC(M)
(3.72) 529 V20, e < MC(M)

PrOOF. The Bochner formula for |V2dﬂ|2 is as follows
0,|V2du|? — A|V2du|* + 2|V3du|? < |V2dul?(|dul? + 1) + |Vdu|?|Vdu||d]
(3.73)
+ |du|?|Vdu||V2du| + |Vdu|| V2 du)?.
Interpolation by parts and 7(@) = 0su give
(3.74) IV2dil[;. < IV0sils + IVdil, + 11VdilZ lldull?
Then Proposition 3.15 yields (3.69). (3.73) shows |V2du| satisfies
(3.75)

0s|V3du| — A|V2du| < |V2du|(|da)? + 1) + |Vda|?|du| + |du|®|Vda| + |Vdu||V2dal.

Let f = |V2di|e~ Jo (I4alioe +IVdulLoe+1)dr - Then for s € [0,1], by Duhamel prin-
ciple and smoothing effect, Lemma 2.7,

(3.76)
s s 19| g y -
1 (s )lege € 572 1F (5 @) e + / (s =) 2 |[[Vdal*|da] + |dul*| V|| 2 dr.

A

2
Then (3.70) when s € [0, 1] follows by Lemma 2.7 and Proposition 3.15. (3.69) gives
[V2di]| L2 < MC(M) for all s > 1. Meanwhile Proposition 3.15 shows ||Vd|| .~ +

|dii|| L= < MC(M) when s > 1. Then if let Z & e~ C1(M)s(e=Ci(M)s|\72q7)| +
Cy(M)), then (0s — A)Z < 0. Applying Remark 3.3 to Z gives

3.77 V2di(s, z)||2 « < V2du(r, 2)||32dr + MC(M).
x 1 Lz

Then (3.70) when s > 1 follows by (3.74), (3.33) and Proposition 3.15. The Bochner
formula for |V28sﬂ|2 is as follows

0,|V20,a|” — A|V2o.a]” + 2|VPa.al’ S [V20,ul>(|duf® + 1) + |0.al?| V20,1 |Vl
+ |0, |dat| [V 05| | V205t + |V20stu|?|dui]| 07| + | V2 dar||d| |0s| | V2 05|

(3.78)

+ |V 01| | V2041 |du| |Vdau| + |Vosu||V20sul|du|| Vdu| + |V du||[ Vsl

Then one has
d
dS H2

< / 2s|V20,a|" — 25°|V30,a|” + 52| V20,a|”|da| *dvoly,
HZ2

5*|V20,1) dvol,

+ / s%|V2da||di|| 05| V2 Ost| + 52|V su||V20sul|du| | Vdau|dvoly,
H2

+/ %10, |du| |V Osu| | V20s1| + 82| V20,ul?|dii||0su|dvoly,
H2

+ / 520,11 V20,u| |V dii|+52 | V2 0,2 Vda|dvoly,
H2
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+ / s2|V8, || V20,||da||V dii| dvoly, + / $*| V20, @] dvoly,.
H?2 H?2

Integrating the above formula in s € [s1,7] with any 0 < s; < 7 < 2, by Sobolev
embedding, Gagliardo-Nirenberg and Young inequality, we obtain

/72‘V28Sﬂ|2(r,t)dvolh—/ sﬂvzasﬂ’Q(sl,t)dVOIh
H?2 H2
5/ / s|V20,1]” — 82| V20,a|” + [|da|% < 14 53| V?0ya| dvoluds
+/ / $*|da|?|0,ul?|V2da|” + s*|Vaul?|dal? |V di 2 dvolyds
s1 JH?2
+/ / s%|0su)?|du|?|Vosu|* + s?|du|?|0sul*dvol,ds
S1 H2
+ / / s3|Vdu|?|05ul* + s*|Vdu|*dvol,ds
S1 H2

+/ / s%|Vosu|?|du|? |V di|* dvoly,ds.
s1 JH?2
Thus letting s1 — 0, for 7 € (0,2), we deduce from (3.65), (3.70) and Proposition
3.15 that
1s920,l2 < MC(M),

from which (3.71) when s € (0,1) follows. Integrating (3.78) with respect to x
in H2, one obtains by (2.10) and Proposition 3.15 especially the L° bounds for
|du| 4+ |Vdu| that for s > 1 and any 0 < ¢ < 1

p ) R - N _ 1 _
- HV26SuHig n chzasuHii < ||8Su||Lgo||V85u||L§HV283uHLg + - HV265UHi§
(3.79)
+ HasaHLgHVQaSaHLg + Vsl

- ~ ~2
V2aSuHL§ + ‘|V288“HL3 10571 -
Meanwhile integrating (3.63) with respect to s in (s’,00), we obtain from the ex-

ponential decay of |0su| 4+ |Vsu| in Proposition 3.15 that for s’ > 1

(3.80) / V20, 2 dr < e~ MC (M),

’

Hence Gronwall inequality gives if choosing 0 < ¢ < § then for s > 1 one has
HV2836(3)H2L§ <e MC(M)+e /S eCT||V28sﬂH%%dT +e /S eTe T dr
(3.81) SMC(M). 1 1
Applying Gronwall inequality to (3.79) again in (3, s), we deduce from (3.81) that
(3.82)
||V28517(s)“2Li < e EBMCO(M) + efcs/

s
2 2

S S
||V 0,2 2 dT+€7CS/ eTe T dr.
x

s

Thus (3.71) follows by (3.80). Finally (3.72) follows by (3.71) and applying Remark
3.3 to (3.78) as before. O



STABILITY OF HARMONIC MAPS FOR WM BETWEEN HYPERBOLIC PLANES 309

3.2. The existence of caloric gauge. As a preparation for the existence of
the caloric gauge, we prove that the heat flows initiated from wu(¢, ) with different
t converge to the same harmonic map as ug.

LEMMA 3.17. If (u,0wu) is a solution to (1.2) in Xr, then there exists a har-
monic map Q) such that as s — 00,

lim sup distyz (u(s, z,t), Q(x)) = 0.
§700 (3 +)EH2 % [0,T]

PRrROOF. The global existence of % is due to Lemma 3.2, the embedding H? —

L=, H' — LP for p € [2,00) and diamagnetic inequality. Then (3.5), maximum
principle and (2.22) show

(3.83) |05a(s, t,2) |3 < sl / 0,0(0, t, z)|*dvoly,.
2 2
Thus (3.8) yields
sup |0stu(s, t,x)| < 3—%e—§8/ |Byult, $)|2dvolh < Csle %,
H2

(z,t)€HZ % [0,T]

Therefore for any 1 < sy < s1 < oo it holds

s1
dyz (a(so, t,x), u(s1,t,2)) < / e~ 5%ds,
S0
which implies (s, t, ) converges to some map Q(t, ) uniformly on (¢, z) € [0, T] x
H?. By [Theorem 5.2,[36]], for any fixed ¢, Q(¢, ) is a harmonic map form H? — H?Z.

It suffices to verify Q(¢, x) is indeed independent of ¢. By (3.26), maximum principle
and (2.22),

(3.84) sup |9yi(s, t,2)> < s~ le % / 10,71(0, £, ) [2dvoly.
rEH? H2

As a consequence, for 0 < t; < to < T one has

to
digz (U(s, t1, ), U(s, ta, 2)) < / 04t(s, t, z)|dt < Cs2e %/3(ty — ty).
ty

Let s — oo, we get dyz(Q(t1,x), Q(t2,x)) = 0, thus finishing the proof. O

LEMMA 3.18. Let Q be an admissible harmonic map in Definition 1.1, and
w1, o be sufficiently small. If (u,Opu) is a solution to (1.2) in Xr, then u(s,t,x)
uniformly converges to @ as s — oo.

PROOF. By Lemma 3.17, it suffices to prove Q = Q. In the coordinate (2.1),
the harmonic map equation can be written as

S 0QP QT
(3.85) AQ! +h Ty g =0

L il 0QP0Q7T
(3.86) AQ"+ hIT,, 5 5a; =

Denote the heat flow initiated from wug by U(s,z), then by (2.10),
U (s,2) = Q' ()2 + [|UZ(s,2) — Q*(x) ]| 2
SIVU = QYlez + V(U2 = Q)| 2
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[Lemma 2.3,[37]] shows that for k =1,2,1=1,2,
IV'U*| 22 £ C(IUlg2, Ro, [|Qll62) [V~ dU || 2.

By energy arguments, one obtains ||VdU|| 2 < C(||Vduo||rz2, ||duo|r2) and the en-
ergy decreases along the heat flow, see (3.17). Thus we have by Sobolev embedding
and Corollary 2.5 that

U (s,2) = Q' ()22 + [|U*(s,2) — Q*()|[z2 + [|dU | 2
(3.87) < C(Ro)p2 + C(Ro)m
(3.88) U (s, 2) ||z + U (s, 2)[[ Lo < C(Ro).
Hence letting s — oo, we have for some constant C'(Ry)
(3.89) 1Q [ + Q%= < C, [VQ" L2 + IVQ? |2 < 111 C(Ro)

Multiplying the difference between (3.85) and (3.86) with —Q' 4+ Q!, we have by
integration by parts that

L _ Al ij (T — =\ 0QP 0Q1 L
v(@-@)| .= <hJ (F(@ - To(@) 355 +Q>

ol o~ (0Qr  aQr\ aQe -
(e (2 2) % g )

K3 1 7

=l = AQP [0Q1  AQT ~

+ <h1JF;q(Q) acxg <(';1-2 — ag) ,—Ql +Ql>-
K3 1 7
Thus using the explicit formula for f;q, by (3.87), (3.88), (3.89) we get
(12

[v(@-a)].

< (o=@l I (@-a)L) (S 15, ivert.)

Therefore, we conclude for some constant C'(Rp) which is independent of pq, o
provided 0 < pq, 0 <1

2 2
o)

L2

< (o) (e + o], ) (Z [v(e-@)
=1

Let p1, o be sufficiently small, (2.10) gives

2

-9

2
2]’

2 2 2
2|V (@ - @)+ e -@..
<t (S| (@ - @)+ o -2ff,)
1=1
Hence@:Q. ([

Now we are ready to prove the existence of the caloric gauge in Definition 3.1.
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PROPOSITION 3.19. Given any solution (u, Opu) of (1.2) in Xp with (ug,uq) €
H% X H2 For any fixed frame Z £ {Z,(Q(x)),Z2(Q(x))}, there exists a unique
Correspondmg caloric gauge defined in Definition 3.1.

PrOOF. We first show the existence part. Choose an arbitrary orthonormal
frame Ey(t,z) £ {e;(t,x)}?_, such that Ey(t,z) spans the tangent space Ty, ) H?
for each (t,z) € [0,7] x H?. The desired frame does exist, in fact we have a
global orthonormal frame for H? defined by (2.3). Then evolving (3.8) with initial
data u(t,x), we have from Lemma 3.18 that u(s, ¢, x) converges to @ uniformly for
(t,z) € [0,T] x H? as s — co. Meanwhile, we evolve Ej in s according to

Qi(s,t,x) =
(390) { ( ,t, ) s=0— €4 (t,l‘)

Denote the evolved frame as Es = {Q;(s,t,2)}2_,. We claim that there exists some
orthonormal frame E £ {e;(0c0,t,x)}?_; which spans T, H? for each (t,z) €
[0,T] x H? such that

(3.91) lim Q;(s,t,x) = e;(00,t, ).

§— 00

Indeed, by the definition of the convergence of frames given in (3.2) and the fact
u(s,t,x) converges to Q(z), it suffices to show for some scalar function ¢; : [0,77] x
H? — R

(3.92) lim (Q;(s,t,2),0;(u(s, t,z))) = ¢;(t, z).

By direct calculations,
|VS@i(ﬂ(S,t,.’E>)‘ S |88m .
then (3.83) and V4 Q = 0 imply that for s > 1
|05 (Q(s,t, @), 0:(u(s, t,x))) | < Me™°.

Hence (3.92) holds for some ¢;(¢,x), thus verifying (3.91). It remains to adjust
the initial frame Ey to make the limit frame E., coincide with the given frame
=. This can be achieved by the gauge transform invariance illustrated in Section
2.1. Indeed, since for any U : [0,7] x H? — SO(2), and the solution u(s,t, ) to
(3.8), one has V U (t,z)Q(s,t,x) = U(t,x)VQ(s,t,x), then the following gauge
symmetry holds

EO é {ei(tax)}?zl = EIO é {U(t7l’)ei(t7l’)}?=1
Es £ {Qi(satvx)}?:l = E/S £ {U(t7I)Qi(57t7x)}?:l .

Therefore choosing U (¢, z) such that U(t,z)Esx = E, where Eo, is the limit frame
obtained by (3.91), suffices for our purpose. The uniqueness of the gauge follows
from the identity
a
ds
where (®1) and (P3) are two caloric gauges satisfying (3.1). O

(D1 — P2, @1 — Do) =0,
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3.3. Expressions for the connection coefficients. The following lemma
gives the expressions for the connection coefficients matrix A, ; by differential fields.
The proof of Lemma 3.20 is almost the same as [Lemma 3.6,[37]], thus we omit it.

LEMMA 3.20. Suppose that Q(s,t,x) is the caloric gauge constructed in Propo-
sition 3.19, then we have for i =1,2

(3.93) hm[ i3 (s t,x) = (ViEk(a:),Ej(x»

(3.94) lim Ay(s,t,z) =

Particularly let =(x) = ©(Q(z)) in Proposition 3.19, denote AZ® the limit coefficient
matriz, i.e., [A;x’];“ = (V,Zx(Q(x)),Z;(Q(x))), then we have forz =1,2,5s>0,

(3.95)

A;(s,t,z)\/hi(z) = / VA (z)R(u(k)) (0su(k), Oiu(k))dk + \/WA;”
(3.96)

At(svtvx) :/ QSS/\(btd'%y

REMARK 3.21. For convenience, we rewrite (3.95) as A;(s,t,x) = AX(s,t,x) +
Ao (s, t,x), where A2 denotes the limit part, and A{°™ denotes the controllable
part, i.e.,

A" = / o5 N ¢;dE.
Similarly, we split ¢; into ¢; = ¢7° + ¢, where ¢ = f:o Osp;dr, and
¢° = ((0:Q(z), E1(Q(x))) , (3:Q(), Z2(Q())))".
4. Derivation of the master equation for the heat tension field

Recall that the heat tension filed ¢, satisfies

(4.1) bs = h"D;¢; — hiTk Dk
And we define the wave tension filed as Tao by
(4.2) W= Dy, — h'" D;¢; + RUTY Ok

In fact (4.1) is the gauged equation for the heat flow equation, and (4.2) is the
gauged equation for the wave map (1.2), see Lemma 2.7. The evolution of ¢s with
respect to t is given by the following lemma.

LEMMA 4.1. The heat tension field ¢s satisfies
DyDyps — h" D;Dj¢ps + hT; Dyps = 020 + h R(0s, 0;i) (9;1)
(4.3) + R(0u, 0su) (Osur) .
PROOF. By the torsion free identity and the commutator identity, we have
D.D;¢s = Dy Dsopy = DsDiopy + R(0pu, Osu) (Op)
(QITJr h¥ D; ij — Rk d)k) + R (0, 0su) (Op)
= 0,90 + h" D, D;¢; — hTE, Doy, + R(0ui, 0s0) (040)
= 0,90 + h D;D;¢s — hTE, Dps + h R (01, 01 (0;0) + R(y i, Os) (0y) -
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Thus (4.3) is verified. O
The evolution of 9J with respect to s is given by the following lemma.

LEMMA 4.2. Under orthogonal coordinates, the wave tension field Q0 satisfies
D20 =AW + 21" A;0,20 + h A; A0 + h'0; A, 20 — h¥'TF A28 + b (W A é4) ¢
+ 30" 0y A ;) V 1O
PROOF. In the following calculations, we always use the convention in Remark
2.1. By 90 = D¢y — ¢s, we have from commutator equality that
0,20 = Dy(Dyy — 6s) = DyDyby — Db + R(D,T, 04) (9,70)
Further applications of the torsion free identity and commutator identity show
DyDigs — Dsos
= DyDy (WY Di¢p; — hT5;61) — Dy (W Dipy — h9T %)
= hDyDyD;¢; — h'IT% DtDtm — (W9 DyDi¢; — KT} Dty
= h" Dy (D;Dj¢y + R(8yu, 0;1)(051)) — KT}, (D Dy e + R(Opi, Opth) (0y0) )
— (W9 D;D;jps — hT; Dy + W R0, 0;u) (0;0))
= h"DyD;Dj¢y — hT¥, Dy Dypy — W9 D;Djps + hT; Dyhs — W R0, 0510) (0;0)
+ WV, (R(Oyti, 0:1) (051)) — 9T T, R(04, Oy t) (04) -
The leading term can be written as
h9DyD;D;j¢; = h" D; Dy D;¢s + h'I (R(9si, O;t)e (D;by))
= hD;D;Dy¢y + b (R(0pi, 0;u)V ;0,u) + BV ; (R(9yt, 9;0) 94t -
Thus we conclude as
020 = h" D; D;j(Dypy — ¢s) — h9T5; Di(Digpy — bs) + b (R(Opi, 0:) V ;0 0)
+ W9V, (R(9yu, 0;u)05u) — R R(0s1, 0;u) (9;u) + h'V, (RO, 0;u) (0;))
— h9T ) R(0sti, Oti) (9ptt) + R(Dsii, 01) O
Using 20 = Dy¢y — ¢ and (2.5) yields
020 = A + 21" A;0,90 + h" A; ;20 + h"'0; 4,90 — hT; A28
+ {—h” (05 A D) i + h' (V10 N 8iﬂ)8ﬂ}
+ R0y A V1 0;0) 03t 4 B 0yt A 0;01) V105
+ (V00 A i) Ogti + A Oyt A O;0) V00
(4.4) + {h” (D A V;:0i0) 05t — hY'TE (0421 A O3, 0) 04 + (DT A Oy0) O} .

Recalling the facts that 20 is the gauged field for V,0,u — 7(u) and d,u = 7(u), we
have

—h" (051 A 0;00) 05t + W' (V0 A 9u)0stt = h** (V0,1 — 0511) A O5t) Ot
(4.5) =L (WA ¢;) bs.
Meanwhile, d,u = 7(u) also implies

K (D A V:0i0) 04T — hU'TE (0,1 A O3,0) Dy + (D5 A OyT) Oyl
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(4.6) = h" (9 A (T(u) — ds1)) Oy = 0.
Bianchi identity gives
RY 0y A V1 050) 05 4 B (V040 A i) Ogti = —h" (0yu A 0y) V00

(4.7) = W0y A O;u) V051l
By (4.5), (4.6) and (4.7), (4.4) can be further simplified as

D20 =AW + 21" A;0,290 + h A; A0 + h0; A;20 — h''T'F A, 20

+ (W A ¢;) ¢s + 3R (0 A O;) V405
O

LEMMA 4.3. Let Q be an admissible harmonic map in Definition 1.1. Fix the
frame Z in Remark 3.21 by taking Z(Q(z)) = O(Q(x)) given by (2.1). Recall the
definitions of AY® in Lemma 3.20. Then

(4.8) [AF1 S QI [VAT 6| S |dQ)|
(4.9) (W (947 = T5AY) | S Q.
PROOF. Recall the definition
0 0
ACN = (Vi01,0,),0; = @) T 9, = .
[ ]k ( k> > 1=¢€ B 2 By
Since A; is skew-symmetric, it suffices to consider the [4;]3 terms. Direct calculation
gives
0Q* o 0 oQ+ —1
AR = (V164,06 *(@) Vo — ) — Q@) 9% T
[ ]2 < 1Y2 > 61'1 < ﬁayQ ay1> axl k2
_e—Q%x)LQl
8%1 ’
and similarly we obtain
_ oQ* 02 OQ"
0012 _ Q*(x) Y 0 _ (ALl Q*(x)
[AF]T = 921’ ; [AS) = Ay = Dy

Thus one has
pe (a-[A»wr 1k [A?]%)
21 291 1 902 1 90)2 1 ,
8332 0x12  Oxy Ox Oxg Oxy  Oxa
Writing the harmonic map equation for @ in the coordinate (2.1) shows for [ = 1,2
2l q
8 Q h”Fl 8@ aQ
0x;2 ba 3;16 83@1

Let [ = 1 in the above equation, we have

2 82Q1 N 82Q1 B 8@1 Y 235 an 8@2 Qan 8@2
65612 65822 &TQ 81‘1 3951 31‘2 3562

which combined with (4.10) yields

hnrk 6 Ql

:07

1 2 1 2
(4.11) hii (aZAfo _ FZAZO) — (62362 8@ 8@ + aQ 8@ ) e_Qz(x)-

8x1 81‘1 31'2 812
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Writing the energy density in coordinates (2.1), we obtain
k k
ot i (225 0 90" 0
dz; Oy’ Oz Jyi

2 2

2 2
e, |0Q! 20z 4 20 0Q? Q! 2Gs 0Q? |
8.1‘1 8331 8.132 8.132
Thus (4.9) follows by (4.11) and Young inequality. (4.8) is much easier and follows
immediately by the same arguments. O

Now we separate the main term in the equation of ¢,. Recall the limit of A, ; ,
given in (3.93), (3.94), one can easily see the main term of (4.3) is a magnetic wave
equation. Precisely, we have the following lemma.

LEMMA 4.4. Fiz the frame E in Proposition 3.3 by letting Z;(x) = 60,;(Q(x)),
1 =1,2. Then the heat tension filed ¢ satisfies

(07 = D)y + W,

= —2A10ips — Ay Asps — Dy Avps + Osw + R(O4L, O5u) (D) + 20" AL Dips

AT AT G, + BAT AT G RTACT AT G, 4 (DA~ THAP)

B (9 N G 60+ R (8, A G5 67 I (00 A 67) 6577
where AS°, ASP™ are defined in Remark 3.21, and W is given by
(4.12)

W = =20 AZF0;p — KT AFAF o — b (p A §°) §7° — B (9, A7 — THATY).
Furthermore, —A + W is a self-adjoint operator in L?(H?;C?). And it is strictly
positive if 0 < p < 1.

PRrROOF. By (4.3), expanding D, ; as 0y, + A, implies

0 b5 — A,
= 24,0105 — Ay Avs — 0y Avps + WA Aips + B (8, A — T Ar) s
(4.13) + 21" A;0;p5 + 0.0 + hP'R(0411, 0;01) (0;11) + R0y, 0570) (0, 0).

By Remark 3.21, A, = A + A", ¢; = ¢° + ¢§°". Then fixing = to be
(01(Q),02(Q)), we have (4.13) reduces to

by — Ay — 207 A°0i0s — K AT AP Gy — b (¢ A §5°) ¢5° — W' (9; A — TE A s
= 24,015 — At Aids — 01 Args + 05w + (Gy A ds) by + ' AT 0,05 + BT ALT A ¢
+ huAZooAgongbs 4 hiiA;;ovnA;;onqss =+ hii (azAgon _ FicZAzon) ¢s + hii ((bs A (b(;o) (bgon

+ R (s A GT) G + B (s A G5T) G5

Then from the non-negativeness of the sectional curvature for the target N = H?
and the skew-symmetry of the connection matrix A2°, we have W is a nonneg-
ative symmetric operator in L?(H?;C?) by direct calculations, see Lemma 7.3
in Section 7. The self-adjointness of W follows from Kato’s perturbation theo-
rem. In fact, there exists a self-adjoint realization denote by ((Acor), D(Acor)) of
(A,C(H?,C?)). Tt is known that D(A.y) consists of functions f € L? whose

Laplacian Af in distribution sense belong to L?, see for instance [50]. Write W as
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W =V1+ V2V, then V; and V; are of exponential decay as d(x,0) — co by Lemma
4.3 and Definition 1.1. For any fixed € > 0, take R > 0 sufficiently large such that
Vi@)log <o IVa@lz, | <5

d(z,0)>R
then for any f € C°(H?, C?),
(4.14) [Vi(z)f + V2foL3(w :

,0)>

L el +elV il

For this R, the compactness of Sobolev embedding in bounded domains implies
there exists C'(g, R) such that

(@15) @S VeVl < ORI + el Al

Hence by (4.14) and (4.15), one has for any € > 0 there exists C'(g) such that
(4.16) Vi(@)f + V2Vl <CENfllpe +ellAfllpe-

Since C2°(H?,C?) is a core of A, Kato’s compact perturbation theorem shows
—A + W is self-adjoint in L? with domain D(A.q). O

5. Bootstrap for the heat tension filed

5.1. Strichartz estimates for wave equation with magnetic potential.
Theorem 5.2 and Remark 5.5 of Anker, Pierfelice [2] obtained the Strichartz esti-
mates for linear wave/Klein-Gordon equation: Let ((p,q), (p,q)) be a (0,5) admis-

sible couple, i.c.,
(=0 ot 5o ()

3/1 1 .3 /1
o>-|=—=),6>2=(=—-=].

=322 74 2 (2
If u solves 9?u — Au = g with initial data (fo, f1), then

~ o1 ~1 ~_ 1 ~5—1
T I L e I

~Y
LrL?

1

SRR

2| =

~ o4l
2=

LPLY L'l
where D = (—A — 1 + ?) for some x > 1.

Let p(z) = e~ ¥*9 . The endpoint and non-endpoint Strichartz estimates for
magnetic wave equations in the small potential case were obtained in the first
author’s work [Corollary. 1.1. Proposition 3.1 [38]]. We recall this for reader’s
convenience. Consider the magnetic wave equation on H?,

(5.1) { OPf = Af + Bo(x)f + 37, W' By(@)dif = F
f(O,x) = fO(x)78tf(O7x) = fl(x)
LEMMA 5.1 ([38]). Assume that By, By, By in (5.1) satisfy for some o > 0

2
(5.2) I1BollL2re-rer= + > IVRBillL2ne-rers < .
i=1
And assume that the Schrédinger operator H = —/A + By + h¥ B;0; is symmetric.
If 0 < py < 1, u solves (5.1), then for any 0 < 0 < o0, p € (2,6)

107V F iz + | 2], + 10 ez + 195 e

S IVHollpe + 12l + 1F a2
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Hence by Lemma 4.3, Lemma 4.4 and Lemma 5.1, we have:

ProroOSITION 5.2. Let W be defined above and 0 < 1 < 1, 0 < 0 € 0 K 1,
then we have the weighted and endpoint Strichartz estimates for the magnetic wave
equation: If f solves the equation

{ 2f —Af+Wf=F
f(0,2) = fo,0:f(0,2) = f1

then it holds for any p € (2,6), 0 < 0 < o
[IDEs| |, + 107V llzie + 100 e 1z + 19 ez + 10795 2
53 SIVls £ Il + 11l 2

REMARK 5.3. Forall o € R, p € (1,00), ||D? f||, is equivalent to [|[(=A)7/2f|,.
Tataru [58] shows for all p € (1,00), ||Af|, is equivalent to [|[V2f|l,+ |V fllp,+ 1 f]lp-

5.2. Setting of Bootstrap. We fix the constants p1,¢1, 0,0 to be
(5.4) O<pe<m<KeaKl], <ok 1.

Let L > 0 be sufficiently large say L = 100. Define w : R* — Rt and a : RT — R*
by

{sé when 0 < s <1
w(s) =

(s) si when 0 < s <1
s¥ when s > 1 ’ s

L when s > 1

PROPOSITION 5.4. Assume that A is the set of T' € [0,T,) such that for any
2<qg< 642y, pe(2,6) with some fixed 0 < v < 1,

1(du, Ovu) || poe 12 (0,71 xm2) T (VO Vdu) || pec 12 0 77 xm2)

(5.5) +0wull 12 L3 o,y xm2) < €1-
_1
[o@IDI 20|, o+ 10(5)06 e ez
(5.6) (s )WSHLWLHH MDEG||, o, <o

Then for all T € A we have
_1
Hw(s)|D| 30,05

Lo L2LY([0,T]xH2) H
(5.7) + ||W(3)at¢s||LgoLg°Lg([o,T]><H2) + [lw(s )V¢s||LooLooL2 ([0,7)x H2) = ef.

L=L2LE([0 T]><]HI2)

and for any r € (2,6 + 2v] it holds that

(58) H (du7 atu) ||Lf°L§([O,T]><H2) + ||(V8tu, Vdu)HLooLQ([O T]xH?2) < 8%
(59) ||atu||L2LT([O T xH2) < 81.
Moreover we have

ldull e L2 0,77 xm2) + 100ull Lo 12 0,7 xm2) + IV Lo 20,7y )

(5.10) + V0l e 2 (0 1y 2y + 10sull 2 g 0,y < €T
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The proof of Proposition 5.4 will be divided into several lemmas below. (5.7)
is proved in Proposition 5.11. (5.8), (5.9) and (5.10) are proved in Proposition 5.13
and Corollary 5.15 respectively.

The bootstrap programm we apply here is based on the design of [33, 55].
The essential refinement is we add a spacetime bound [|0yul[zz» to the primitive
bootstrap assumption. The most important original ingredient in this part is we use
the weighted Strichartz estimates in Section 5.1 to control the one order derivative
terms of ¢;.

PROPOSITION 5.5. Assume (5.5) holds, then we have for any 7 > 0

(5.11) [At]] e e <1

(5.12) ||h”6iAi(s)HL?oL;o < &y max(1,s77)
(5.13) VA9 Ai(5)| o oo < 1572

(5.14) VR Ai(8)|| o o < €1

PROOF. By the commutator identity and the facts |91 < e5®|0wul|, |9su| <
e*2|05ul, (5.11) is bounded by Lemma 2.7,

IN

o0
1 ol sl < s el ol

Su%] Hat“HLgHas“HLg <én

1Al e 1

IN

By the commutator identity,
VRO e < [ VA0 (61 6. e
= A N P N PRy N N P L PN e

Using the relation between the induced derivative D; ; and the covariant derivative
on u*(TN), one obtains [Vh"0,¢;| < |[VOu|+|VhAd;|+|VhiA;¢d;| and similarly
|01ps| < |Vi0su| 4+ |Aids|. Hence it suffices to prove

(5.15) / 1) [ V107 | o i + / 110 [V, | o i < 157

N

(5.16) / v hiiAiﬁthSsHL;ngod” + / [lv hiiAtQSinsHLgOLgod” Ses

For s € (0, 1], Proposition 3.15 and |du| < e**|du| give

(517)  [|dit] [VeDaill| e o + 110570 [yl || oo oo < 157357 429575570
For s > 1, we have by Proposition 3.15

(5.18) 118|905l e o + 110571 VO e o < 167,

Therefore (5.18) and (5.17) yield for all s € (0, 00)

|l |vta&ﬂ|HL;’°L;C + (1105l |vatm||L§°L;° <es 2
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Hence we obtain (5.15). (5.16) and (5.14) can be proved similarly. By (2.2) and

direct calculations similar to Lemma 4.3,

(5.19) W10, AF| < VdAQ| + |dQ).

And the same route as (5.13) shows for any 7 > 0

(5.20) |R0; AS"| < e157 1.

Thus (5.12) follows by (5.20), (5.19) O
LEMMA 5.6. Assume (5.5) and (5.6) hold, then we have

(5.21) HWW (h¥8; Ai(

|H < e max(s™t 1)
Lo L

ProoF. By Remark 3.21, it suffices to bound A*° and A" part separately.
Direct calculations as Lemma 4.3 and (2.2) yield the bound for the A* part is

Vhrr|0, (W70, A (5))| < [V2dQ| + [VdQ| + |dQ).
Thus (1.3) shows the A% part is bounded by
VAP0, (0, A2 ()| < 1.

By (2.2) and direct calculations,

(0, (h0,(65 A 65)(5)

< |V20,||du| + \/W\AiApH@SﬂHdm + |0su||V2da| + |VOsu||Vdal

+ VR A [V Ol | dii] + Ve Ayl 05] |V dii| + Vi A VOl | dil

+ Vherhit|9, A; ||V O, |dii| + VhPrhit| 9, A, |00 |V dii].
Thus the A" part follows by Lemma 3.16 and interpolation. O

PROPOSITION 5.7. Suppose that (5.5), (5.6) hold. Then we have for p € (2, 6)

(5.22) Ha ||8t¢sHL2LP Lo <el
(5.23) [la(s IVaSsHLszHLw <e.
Generally we have for 6 € [0, 2]

(524 o5} (=)l gz < 1
(5.25) Hw1(5)|D|8t¢sHLgoLm <el,

where wy(s) = s?*5 when s € [0,1] and wy(s) = s~ when s > 1.
Proor. By (7.13) and Duhamel principle we have
1 1 s S
[(=A)2¢s(s)ll 2z < H(*A)%?A(Zﬁs(?lngLg

S

(5.26) +| (*A)%6(57T)AhiiAi8i¢S(T)dTHLng

[NIFY

(5.27) + [ (=a)ETIAG(dr | -

2
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where G(T) = h” (81141) ¢s — h”l“’“ Ak¢s hiiAiAi(ﬁs + h” (Qbs A\ d)@) (;51 For (526),
the smoothing effect and (5.14) show

s 1o .
S%H/i (—A)fe(‘S )Ah“Aiai¢S(T)dTHLfL€
2

N

s%/ (s — T)ié’|hiiAi3i¢s(T)HL2L5dT

2

e

S

N

/§ (s—71)°% IVos(T)l 212 ||WA1'||L§>°L:°dT

2

S _1
. / (s = )2 [Vou(r)ll 2 T

2

e

A

5
Thus we conclude when s € [0, 1]
o / el AN 40,6, ()dr]

(5.28) <ér

V()] 12 .

Similarly we have for (5.27) that

(s = 7)7Z|G(1) || p2ppdr

S

e
m\m\

e

S 1 .. 3 s
<s / (s = 1) HA0AN e o 01l + 53 / A2l o e 6ol 2 ppdr
s x s

2

ot [T (WA g+ W0 e ) 164520

Thus by Proposition 5.5 and Proposition 3.15, we have for all s € [0, 1]
(5.29) (5.27) < ‘

1
st l6u() e
s

For s > 1, we also have by Duhamel principle
Sl [CVEENOT [y
< 801320 D) g + 5% [ A ETIG M
where G4 is the inhomogeneous term. The liznear term is bounded by
sH(=8) 2326, ()l oy < 57T 00(5) |2 e

By Proposition 5.5 and smoothlng effect, the first term in G1 is bounded as

LH/ e(S—T)AhiiAiai(bs(T)dTHL%LZ
< / (s—1)" %675(577')Hngs(T)HL?LgH\/ﬁAiHL?LgOdT
2

< 615L/ e DT (s *T)_%|}TLV¢S(T)||L2LPC”'
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The other terms in G; can be estimated similarly, thus we obtain for s > 1
(5.30)

st[-arto) s on sy
Combing (5.26), (5.27), with (5.30) gives corresponding estimates in (5.23) for

V¢s. It suffices to prove the remaining estimates in (5.23) for 9;¢s. Denote the
inhomogeneous term in (7.15) by G35, then Duhamel principle gives

< a1 s 165 (5)l 2z

L2LY Leo(s>1) Lee(s>1)

0010z < 523010,z + 7] [ Ay
The first term of G3 is bounded by
16 040 28, spupr < 51 [ IVITDAN o [90
This is acceptable by Proposition 5.5. The second term in Gy is bounded as

%/ €221 4,0,0,6,(7)|| . A

(M

N[

<s

/ e Vi, (VATaow, )|, dr + st / AR DA DGyt
5 o

(5.31)

£ T4+1]1.

I is bounded by the smoothing effect, boundedness of Riesz transform and Propo-
sition 5.5

T<st [ [(-A)2e2CD (VhiA;0;6,)

Iz rpdr

[NIEY

<ot [ o) HIVITA g 0063 e

2

S
gs%[, (s =) Fer|D0s | g

2

11 is estimated as the first term of G35 above. The third term of Gz is bounded as

3
s4

HeA(é ™) i (8 0 A i) ¢5’|L%L§d7—

W\

e

<s

/ |26~ Vi, (VAT Aigy) |

LQL‘“
(5.32) +s1 / |20, A;0;0s]| 2, p T

The remaining arguments are almost the same as I and /7. And the rest nine terms
in G5 can be estimated as above as well. Hence the desired estimates in (5.22) for
Orps when s € (0, 1] is verified. It suffices to prove (5.22) for 9;¢s when s > 1. The
proof for this part is exactly close to the estimates of V¢, when s > 1 and that
of I,II. (5.25) follows by the same arguments as (5.22) by applying smoothing
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effect of the heat semigroup. By interpolation, in order to verify (5.24), it suffices
to prove

(5.33) w1 (8)(=A)sl e p2rp < 1
By (7.13), Duhamel principle and the smoothing effect we have

1 34 S
|(=2)6s() ez < 57" 2193 llzez

+/ (s — 7)7%676(57T)(Hv(hiiAiai‘bs)”LfLi + VGl L2pz)dr

s

2

Then by Lemma 5.6, Proposition 5.5, (5.23), (5.5), (5.6), one obtains
w1 ()(=A) sl Loe 2p < €1 w1 (5) V6 HLwL?Lp Teén
Thus (5.24) follows by Remark 5.3. O
LEMMA 5.8. Assume that (5.5), (5.6) hold, then for q € (2,6 + 27]
(5.34) 106(3)| e 220 < 1
(5.35) ||At||LgL;° < €%

PRrROOF. First notice that ¢; satisfies (05 —A)|¢¢| < 0, thus for any fixed (¢, s, x)
one has the pointwise estimate

|0¢(s,t, )] < [¢4(0, £, 2)| = [Deu(t, x)].
Hence (5.34) follows by (5.5). From commutator identity we have

o0
(5.36) ||At||L,}L;c < /0 HatUHLfL;o||8su||L§L;od5'
Sobolev inequality implies for p, slightly less than 6
(5.37) [@sllzee < NIDI2 bs |l zee -
And since |0t satisfies (95 — A)|0yu] < 0, then
_ osn .S
(5.38) pe(s)|pee S s™H/Pre™® le()zz--
By (5.38), (5.37) and (5.6),
(5. 39
Vi s 1 1
||¢>t Mrzreellos(s)llepee S [ 87277 ¢t(§)”L§L£*52 [1D12 ¢s(s)|| L2z~ ds.
0
(5. 40
/ 16¢() 2o l9s ()20 S /1 s~ |gu(> 5 )z 2= [11DI2 s (5)l| L2 p- ds.
1
Thus (5.35) is obtained by (5.5) and (5.6). O

LEMMA 5.9. Assume that (5.5) and (5.6) hold, then for p € (2,6 + 2v] with
0 <y <1, ¢ satisfies

(5.41) lw($)ID1oe(s) oo p2rn < €1

(5.42) Hw (S)A"bf(s)HLgoLng <e
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ProOOF. By Duhamel principle and (7.14)
A0y < sHI (A2 F200 ) o

1

#ol 2060y

where G denotes the inhomogeneous terms. By smoothing effect and Proposition
5.5, the first term in G is bounded by

% / H AR A ald)tHL%P

‘/5 8—7' |’v¢t”L2LP||FA HLOQLoo

o

[N

<s

IA

gls%/s (s = 1) H|Vul| s oir

2
The large time estimates follow by the same route. Similar estimates for the rest
terms in G and (5.34) yield (5.41). By Duhamel principle and smoothing effect, we
have

S
_1 _§5s _1 _ —
[Adt2rr S s %e 62Hv¢t”L3L§+/ (s—7) 2% T)||Vg||L§L£dT~

2

Then Lemma 5.6, Proposition 5.5, (5.41), (5.5), (5.6) give
[ws ($)Adellpeerzrr S €1+ €1Hw%(5)vg¢t ©L2LY

Thus (5.42) follows by Remark 5.3. O

LEMMA 5.10. Suppose that (5.5) and (5.6) hold, then the wave map tension
field satisfies

4 [ste)] ., <
(5.43) s290(s) Leoriza <ef
(5.44) ||VQH(3)||L30L§L§ <ei
5.45 ( N H <2
(5.45) stawes), <4
(5.46) ()02 | e 112 < 22

PRrROOF. Recall the equation for 20 evolving along s:
0520 = AT + 21" A;0,20 + W' A; A28 + h'0; A; 90 — hTE A0 + h¥ (2 A ¢) s
(5.47)
+ 3R"(0u A 0;u) V051,
Since 23(0, s, 2)=0 for all (s,x) € R* x H?, Duhamel principle gives

(—A)*20(s, t, x) = /Ose<ST>A(A)kG2(T)dT,

where G5 denotes the inhomogeneous term.
Step One. In this step, we consider short time behavior, and all the integrand
domain of L is restricted in s € [0, 1]. By (5.14), (5.12),

S S
/0 | A A, s g/o | A Ao 1200 e < 7|20

LELiL;
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/0 |0 4,20, i g/o R0, A o 128 gl < 53 2057

LeLiLy
By Proposition 3.15,
(5.48)

/ | (Qﬂ/\@)(ﬁi”L%deﬂﬁ/ ||hii¢i¢i”LooLoo||m||L%L?dl€SsgﬁHgnsié
0 I 0 K *

By (5.41), (5.14) and Proposition 3.15,

LeLiLy

S
/ |h* (B¢t A O51) Vi04ti| 1, » dis
0 t~x
§/0 ldull oo 1o IV Oet]| 12 o 1| O] 2 6 dic

VhiA;py

S S
< [ 1 g9l g0 g+ [ e

1
< s2¢7.

r2r6 ||3tﬂ||Lngd“
t—x

By the smoothing effect and the boundedness of Riesz transform, we have

/ He(sf’””)AhiiAiaiﬂﬂ‘
0

dk
LyL2

- /s He(s_,.;)Ahiiai (Alﬂn)‘
0

JRCECR

1 1
< s%f“ﬂﬁs‘f

s + / He(“”‘“)Ah”aiAiQﬂ‘ dr
0 L;L2

LiL2

IN

\/ﬁAﬂUHL}Lidn + /0 [n70: 4,20, i

Lerir:
Hence we conclude (5.43) for s € [0,1] by choosing €1 sufficiently small. In order
to prove (5.44), we use the following Duhamel principle instead to apply (5.43),

S

(—2)*2(s) = (—A)*eF 2(3) +/S (—2)2el=DAGy(r)dr.

2

Then (5.44) follows by (5.43) and the smoothing effect. Again by Duhamel principle
and the smoothing effect,

I -2) 5 iz < 1(-2) W2+ [ (s-7)Ee 7 (=8)* Gar) 2.

s

2

Thus Lemma 5.6, Proposition 5.5, (5.5), (5.6), Remark 5.3 and Lemma 5.9 give
(5.45) for s € [0,1]. For s € [0,1], (5.46) now arises from (5.43)-(5.45).

Step Two. We prove (5.43)-(5.45) for s > 1. This can be easily obtained by the
same arguments as above with the help of s~ decay in the long time case.

Step Three. We prove the large time behavior. The Duhamel principle we use is

also
S

(~)"W(s) = (~A) W) + [ (-A) el M2 Ga(ryar.

s

2

Let s > 1, applying smoothing effect we obtain

—S s ’ —(s—7
SR8 gz < sPe ), st [ eI Ga0) g
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Then by Hausdorfl-Young and (5.43)-(5.45), for s > 1

(5.49) 20| 12 < s~

Similarly, we have for s € [1, 00)

(5.50) V205352 + 1AL 0 < 35"

Thus the longtime part of (5.46) now results from (5.49), (5.50). O
LEMMA 5.11. Suppose that (5.5) and (5.6) hold, then for 0 < v < 1

1
(5.51) s w(s)HLgoLngw + w()20(8) | o 22 < €1
(5.52) ||W(S)at¢t(5)||LgoLng+v <er
(553) ||8tAt(S)||L§°L§L2+’Y <e;.

PRrROOF. (5.52) is a direct corollary of (5.51). In fact, the definition of the wave
map tension field gives

D¢y = ¢ + 20(s).

Hence 0;¢; is bounded by |¢s| + |Arde| + 20|, then (5.52) follows by (5.6), (5.51),
(5.34) and (5.11). (5.51) follows by the same arguments as (5.46). The only differ-
ence is to use

|| (9e A Bi) Vz‘atﬁHL?Li*” < IV prar 106 o 12t ldil] oo 1240,

where the term ||at77||L§°L;2+4” ||dﬂHL;>oL;2+4W is bounded by Soboelv embedding and
Proposition 3.15. It remains to prove (5.53). By the definition of D; and A;, we
have

10, 44(s)] < / 1006) |65l + / 0| || dr

S S

s/ |Dt¢t|\¢s\dm+/ |At||¢s|dm+/ 10ue] |5 i,

By 20 = D¢y — ¢s and Holder,

] T

o oo
650 < [ ol 0@l e+ [ 10000 om0 16z 000 e
S S

3
L%Lz+—y

Since [[¢s || o+2r < H|D|%¢SHL§ for p € (4,6), then (5.54) is acceptable by Propo-
sition 3.15 and Proposition 5.7. Again by Hoélder and Sobolev embedding, for

1,1 _ 1
m+4_3+’y

/ 10065 |0 dr

o0
S/ 1050¢ll 12 pa |0t ]| oo 1 e
S

L§L2+W
o0

< [ 100 314 V0T .
S

Since |0s¢¢| < |0:s| + |Args|, this is also acceptable by Proposition 3.15, Proposi-
tion 5.7, (5.35), and (5.11). Thus (5.53) follows. O
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PROPOSITION 5.12. Suppose that (5.5) and (5.6) hold. Then we have for p €
(2,6)

Jw@)1DI* a0,

A einito.]

L LZLE([0,T]xH? L L2 L2 ([0,T]xH2)
(5.55) + [[w($)0e@sl oo oe 12 (0,17 xm2) T W)V sl oo oo 12 (0,170 12) < ef.

Proof By Lemma 4.4 and Proposition 5.2, we obtain for any p € (2,6)

W($)10185 | e 3 + () [Vl e 12 +(5)|IV1 70

L2LE
+w)||DIF0es| |, + @)l Vel
(556) S w(s)l|0bs(0,5,2) 2 +w(s)| V(0 5,2l 12 + w(Gall sz

where G4 denotes the inhomogeneous term. First, the ¢5(0, s, x) term is acceptable
by Proposition 3.15, pus < 1 and

|vt,m¢s(0a3ax)| S |Vt,wasU| + Vv h'y’y|A’YH68U|7

where Ul(s,x) is the heat flow initiated from ug. Second, the three terms involved
with A; are bounded by

() ADebsll rre < 1Ay 1w ()10l 1o
w(s)|| At A s ||L,}Lg < ||At||L}Lgo ||At||Lg°Lgow(3)||¢s HL?"L%
(IO Asell 32 < 1OA 2 308 04 2 s

where 1 + ﬁ = 1, and k € (2,6). They are admissible by (5.11), (5.35) and

(5.53). The 0:u term is bounded by

()R, 0.0) (D40) | 2 . < 194l 3 oo 90l o2 0() 16l 2 11
where + + ﬁ =1,and k € (2,6). The 9,20 term is bounded by (5.46). The A"
terms should be dealt with separately. We present the estimates for these terms as
a lemma.

LEMMA 5.13 (Continuation of Proof of Proposition 5.12). Under the assump-
tion of Proposition 5.12, we have

(5.57) w(s)Hh“AfonaﬂbsHL%Li < slw(s)Hp”V¢5||L?Lg + 2
(5.58) w(s)”h”Af‘mAfoqbsHL%Li <é?
(5.59) o5) [HE AT A < €3
(5.60) w(s)Hh”@iAf‘mqﬁsHL%Li <e?
(5.61) w(s)Hh”I‘ZAi‘quSHL%L% < €2,

PROOF. Expanding ¢; as ¢f° + [ Os¢idr yields

(5.62) Ao = /OO bi \ psdrk = /OO </DO Os¢i(T)dT + (bfo) N ¢s(K)dE.
Hence we get ( ( |

) A0y
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<w(s)

R ( / 7° N ¢s(Kk)dRK)Dips

L2

B oo oo
+ w(s)||h* (/ os(k) A (/ 8Sq’)i(7‘)d7’) dli) ;s
s " LyL3
2 B, + By
The B; term is bounded by
[ee]
By S Volgarz | [ o o0 VAT ()|
s LiLge

< WPV slyz s oo VAT

By G

(5:63)  Sw@le Vs e VIR [a(IVos(9)ll sz

)

Lge

where we have used the Sobolev embedding in the last step. Hence Proposition 5.7
gives an acceptable bound,

By < Cnerw(s)llp” Vsl 22
The Bs term is bounded by

Bo Sw)V0ulliprs [ 10:00)lszrz (/ ||v¢s<r>||Lngch)dm

S
Meanwhile, Sobolev embedding and Proposition 5.7 give when 7 € (0, 1)

2/5
+—3-9/20

3/5
1965 (M)l < (751906 z0s ) (749205 a1 )

< €17,719/207

and when 7 € [1, c0)
3/5 2/5
IV6suzre < (P10 izss) (FHIT20u(0) ) 72 <err
Similarly we deduce by Sobolev embedding || f| L~ < |||D|%f||L5 that

[6s(T) 20 < £177%, when 7 € (0,1); ls(T)ll 2 < e17E, when 7 € [1,00).

Therefore we conclude
(5.64) By < E%W(S)qubsHLt‘x’L%'

I IOpOSi(i()]l :)l l()gelhe V\/ith (563)3 (564) yields (y)!’;) Next we pI"O e (558)
H(")lder ylelds V
W(S)”h“ 4507"14; ¢s||[%[2 < ||\/ﬁAlcon||

L?L;TOW(S)”%HLng-

Using the expression A" = [ ¢; A podk, we obtain
7 s
o0 o0
|[vaiazn| s / Vhig A dsdr| g < il g ppo / [CAPPTL
L?ini s L?L? x s tHax

(5.65) S Vil e 22 ()@ (5)l] 2 |

1o

s
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Therefore Proposition 5.7 gives (5.58). Third, we verify (5.59). Holder yields
WS AF AT bl g e < IVREAFT| a0 IVARAT e pow ()]sl -
The term th“AfO"HLzL% has been estimated in (5.65). The ||[VA®A{"||Lec o

term is bounded by o

VAR AS | e < \

[ 1l ]

L

This is acceptable by Proposition 3.15 and Lemma 2.7. Forth, we prove (5.60).
Holder yields

()| @A™ G|y 1p < (1A OAL| g ()l s

The h%9; A; term is bounded by

[0,Ae .y, = H/ e AR

L2L4
e . [e%e]

< / [B0:6 | e oo 1061l 315 + / 0 e e [V 9l 2l
e ..

s/ (I e a0+ A Ais] e a0 ) 195l 2
S t x

+ / il e o 1V 20
S

Thus this is acceptable by Proposition 5.5 and interpolation between the ||Vdu||
bound and the ||Vdu| 2 bound in Proposition 3.15. Finally we notice that (5.61)
is a consequence of (5.65) and

w(s)|[RTEAT" 6sll 1 < 1AS" L, 20w ()1 all 1215

x

|
Proposition 5.7 with Proposition 5.12 yields

PROPOSITION 5.14. Assume that the solution to (1.2) satisfies (5.6) and (5.5),
then for any p € (2,6), 0 € [0, 2]

() Vil e e 12 + || ()| DIE

||w1(5)|D|8t¢SHLgOLfL£ + ||w9(8)(7A)9¢3||L§cL§Lg < 5?'

<&
LeL2LE

5.3. Close all the bootstrap.

LEMMA 5.15. Assume that the solution to (1.2) satisfies (5.6) and (5.5), then
for any p € (2,6 + 27]

(5.66) H(d%atU)HL;OLg([o,T]xH?) + [(VOu, Vdu)”LtooLg([o,T]xW) <&t

(5.67) 18]l 2 2 0,7y w2y < €T-
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PROOF. First we prove (5.67). By D¢y = D¢, As = 0, one has

‘ | 10.011as
0
Sobolev embedding gives
1006sll g0+ 164 oo < [|(=2) D10,

(5.68) [160(0., )] 21 <

< ||at¢sHL§L§L§; + HAtﬁbsHLiLfLQ-
L2L%

+[|=a)e,

6— 6—n’
Ly~ " Ly~ "

where £ = 1 — _L_ 0<pn<1,0<~< 1. Thus (5.67) follows by Proposition
6—n 642

5.14 and Proposition 5.5. Second, we prove (5.66). By Remark 3.21, ¢;(0,t,2) =
o7 +f0°o Os¢idrk. Since |du| < VA" |¢;|, VA" 2|2 < |dQ][L2 < 1, it suffices to
verify for any ¢,z € [0,T] x H?

/ VA0l 2 dr: < 3.
0

This is acceptable by Proposition 5.5, Proposition 5.14 and [V 0s¢;| < |[Vs| +
Vhit|A;||¢s|. Recalling (7.12) for the equation of ¢5 evolving along the heat flow,
we have by integration by parts,
d . d
D@2y = L (60.00) = 2Dt )
=2h" <DiDi¢s - Fi’fka¢sa ¢s> + <hl] (¢s A ¢i)¢ja ¢s>
= =21 (Digs, Digs) + (7 (65 A $1)¢5, b5 ) -

Hence [|0sul|p2 < e~ %% shows
7@l S [ B (Dion, Dio)as
0

(5.69) < / (Vos, Vos)ds +/ R (Aigs, Aips)ds +/ ||| ps|*ds.
0 0 0
The nonnegative sectional curvature property of N = H? with integration by parts
implies
~112 ~\ 112 ~112
IVdulz, S ll7(@)llgz + [ldullgs -
Hence (5.69) gives
(5.70)
< / (Vos, Vos)ds +/ |dai|?| ¢ |*ds +/ R (Aibs, Aids)ds + ||dﬂ(0,t,z)\|%§.
0 0 0

Since the |du| term has been estimated, by Proposition 5.14 , Proposition 5.5 and
(5.70),
IV ]| oo 12 0,7y xm2) < et

Finally we prove the desired estimates for |V;u|. Integration by parts yields,
d ~ d i ii
= IVoil . = —hi* (Dir, Digy) = 21" (DiDidy, Diss)

= 21" (D;Dybs, Dide) + 20" (s A &) by, Dihy)
= —2h" (Dy¢s, D Diyy) + 2 (Dyos, Dachy) + 207 (5 A bi) s, Dichy)



330 ZE LI, XIAO MA, AND LIFENG ZHAO

= —2(Dy¢s, K" DiD;y — KT Dyyy) + 20" ((ds A $i) e, Dichy) -
Recall (7.14), the parabolic equation of ¢; along heat flow, then

d ~ ii ii
s V0|72 = —2(Dips, D) +2h" (b5 A di)br, Diche)+2h" (D, (60 A b)) -
Hence we conclude,

[Vora(0, 8, )]

S / (095, Or9s) dr +/ (Aigs, Ags) dr

0 0

+ /0 165 2 |de]| oo l|Ortl| oo |V Ortt]| 2 dis +/0 10 2 [|dal|7 o [1Debsl 2 .

Thus by Proposition 3.15, Proposition 5.14 and Proposition 5.5, we have
IVO(0, 8, 2)||7 < &,

Therefore, we have proved all estimates in (5.66) and (5.67). O

We summarize what we have proved in the following corollary.

COROLLARY 5.16. Assume (—T7™*,T,) is the lifespan of solution to (1.2). And
let 1, po be sufficiently small, then we have

ldull e 13 0,71 xm2) + 10¢ull Lo 12 0,72 x82) + VAUl o 12 (0,71 x322)
+IVOull oo 12 0,7 xm2y + 10eull L2 16 (0,7, xm2) < et
Thus by Proposition 2.9, we have (u, dyu) is a global solution to (1.2).
6. Proof of Theorem 1.1
Finally, we prove Theorem 1.1 based on Proposition 5.14.

PROPOSITION 6.1. Let u be the solution to (1.2) in Xy o). Then as ¢ — oo,
u(t, x) converges to a harmonic map, namely

lim lim distye (u(t, 2), Q(x)) = 0,

t—o00 xeH?

where Q(x) : H? — H? is the unperturbed harmonic map.

Proor. For u(t,z), by Proposition 3.19, we have the corresponding heat flow
converges to some harmonic map uniformly for # € H?. Then by the definition of
the distance on complete manifolds, we have

(6.1) dist (ut,2), Qo)) < [ 10, .

For any T > 0, u > 0, since |9su| satisfies (9, — A)|9su| < 0, one has
(6.2)

/ 105u(s, t, )| o ds S/ e | (u(t, @) 2 ds S e /P Vdu(t,z)

% Iz B
/ \Iasﬂ(s,t,x)llLoodsS/ ||eSAH2T(u(t,x))||Lxds§/ s~ || Vdu(t,z)| . ds
0 v 0 z 0 v

(6.3) < 12| Vdu(t, )]
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Similarly, we have

T T
Osu(8,t,2)||; eds < el %)szasu —,t,x ds
L ~
Iz ‘ 7 2

Lge
T 1
Mm. "2
s/ (s—
L 2

iy
8Su(§7t,x)HLids

_1 r 1%
(6.4) < /ﬂ ‘gbs(g,t,w)‘%ds.
Therefore it suffices to prove for a fixed p > 0
(6.5) Jim [l ()]l s = 0.

Proposition 5.14 implies N%H%(#)HL?L% + u%H@tqbs(u)HL?M < oo, thus for any
€ > 0 there exists a Ty such that

(6.6) 6 0) 22 a7y oy + 10D ()] 11 (7 oy ey < -

Particularly, for any interval [a, a + 1] of length one with a > Tj, there exists some
ta € [a,a + 1] such that

(6.7) |65 (1s ta)ll s < €/2.
Then by fundamental theorem of calculus for any ¢’ € [a,a + 1]
t/
(6.8) 1640, )y = 16500t s | < / Ol s (1, D) .|t
Since (04104 (s, )l 2| < 0065 (11,1) ., by Holder, (6.8) and (6.6) show
16t ) s = 1600t s | < 190600t Dl 200 (= @)% < 102640, 21

Thus we have by (6.7) that for any ¢ € [a,a + 1],
HQSG(,th)HLi S €.

Since a is arbitrary chosen, we obtain (6.5). Therefore, Theorem 1.1 is proved, O

7. Proof of remaining lemmas and claims
We first collect some useful inequalities for the harmonic maps.

LEMMA 7.1. Suppose that Q is an admissible harmonic map in Theorem 1.1.
If 0 <y < 1, then

(7.1) IVdQllL> <
(7.2) IV2dQl| = < -

Proor. By integration by parts and the non-positive sectional curvature of
N = H?,

IVdQI7- < 14Q11Z + I7(Q)I7-
IV2dQIZ> S IVT(@)Z> + [VdQllZ: + [ VAQILaldQILs + [|dQIZ--

Hence by 7(Q) = 0, we have (7.1). And then (7.2) follows from (1.3), Gagliardo-
Nirenberg inequality and Sobolev embedding. O

Now we prove Corollary 2.1.
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LEMMA 7.2. Fiz Ry > 0, let 0 < uy, po < pu3 < 1, then the initial data (ug,uq)
in Theorem 1.1 satisfy

(7.3) [duoll2 + [[urllr2 + [[Vduo|[2 + [[Vurl[r2 < ps.
PRroor. First by (7.1), the harmonic map @ satisfies

(7.4) IVdQl| L2 + [|dQ]| L2 < p1.

By (1.4) and Sobolev embedding,

(7.5) lug — Q¥llz= < llug — Q|2 < pa.

Hence |u}| + [u3] < Ro + p2. Then choosing R = CRy + Cps in [Lemma 2.3,[37]],
we have

(7.6)  lduollze + [|Vduo| 2 < Ce¥ Ot (||V2uf | 12 + [ V2ug]172).
Again by [Lemma 2.3,[37]] and (7.4),

(7.7) IV2Q |2 < Ce¥ RO (|VdQ)| 12 + [|VdQ|72) < Ce*Fopy.
Therefore, (1.4), (7.7) and (7.6) give

(7.8) lduo|z2 + || Vduol|ze < Ce*CRFER (g + piy)

Let pq and po be sufficiently small depending on Ry, we obtain

(7.9) [duollz> + [[Vduo|[ 2 < ps.

LEMMA 7.3. Let W be the magnetic operator defined in Lemma 4.4 as
(7.10)

W = =21 AF0ip — K" AT A — D7 (0 A G7°) 67 — W (D, AT — TLATY),
Then W is symmetric with domain C>°(H?,C?). And —A + W is strictly positive
if w1 is sufficiently small.

PrROOF. Since we work with complex valued functions here, the wedge operator
A should be first extended to the complex number field by taking the inner product
in (2.35) to be the complex inner product. By the explicit formula for 'Y, and k%,
one has

(7.11) RTE AR = hHTE AP = AY.

It is easy to see by the non-positiveness and symmetry of the sectional curva-
ture that ¢ — —h" (p A ¢$°) $2° is a non-negative and symmetric operator on
L?(H?,C?). And by the skew-symmetry of A, ¢ —— —h" (o A A®) A is a
non-negative and symmetric symmetric operator on L?(H?,C?). We claim that

© — 2" A 00 + h(0; A — FfiAzo)
is a symmetric operator on L?(H?,C?) as well. Indeed, by the skew-symmetry of
A2, 0;A%°, integration by parts and (7.11),

(207 A0, + (9 A3° — THAY) f 9)

= (20" A0, f + WO, A7 f — A [ g)

= (WO AT f — AT f,g) — (2R 0, A% £, g) — (2h7 A f,0,9) + (2h*2 A £, g)
= (—h"0, A f + AT f.g) — (2" A £, Dig)
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= (f.h"0i A g — AT g) + (f, 2h" AT Dig)

= <f, 2hiiAf°(9¢g + h“&‘iA;-’og - A§°g> .
It remains to prove —A+W is positive. Since we have shown ¢ —— —h" (p A ¢5°) ¢7°
and ¢ — —h" (p A AS°) A2 are nonnegative, it suffices to prove for some ¢ > 0

(=Af 4+ 20" AZOf + W (0 AT —TEAR)f ) = 6(f, f)-
By the skew-symmetry of A2° and 9;AJ°, it reduces to
(—AF+ 20T AZO,f, £) = 6 (f, ).

Holder, (2.10) and (4.3) imply for some universal constant ¢ > 0

(A + 204708, £) = V115 = 2| VATAZ | IV 7101 £y
1 —

> S IVSI5+ 15 — 2| VRTAE| 191,071,
1

> S IVl + el flls = 2V £l 1l

Let pq be sufficiently small, then
(—Af +2h"AZ0f, f) = 6(f. f)

Recall the equation of the tension field ¢g:

LEMMA 7.4. The evolution of differential fields and the heat tension filed along
the heat flow are given by the following:

(7.12)  85¢5 = h"'D;Dips — W'Dy + h' (ds A 1)y

Osths — Ads = 20" A;0ips + h™ (0;A;) b5 — h''T Apps + ' A Aips
(T.13) 4+ A" (¢s A i) di

Osr — Ay = 20" A;0ipy + W' A Aiy + h"0; Aipy — W' T Ay
(T.14) 4+ B" (6 A i) i

0s0¢ps = NDyps + 21" (01 A;) Dibs + 20" A;0; 040 + B (8;0: A;) &

+ W (0;A;) Oy s — hiiFZ (0t Ak) s — h“rﬁAkatqﬁs + R (0, Ay) Aigs

+ B A; (04 A) ¢ + B A A0y s + B (Ordhs A ¢5) di + W™ (s N Dph;) s
(T.15) 4+ B (¢s A b:) Dy

PRrROOF. Recall that we use the orthogonal coordinates (2.1) throughout the
paper. Recall the equation of ¢g:

(7.16) ¢s = h"' Dig — h"'T};y..
Applying D to (7.16) yields
D¢y = h"' DD — h'T; Dyt = ' DiDids — h¥'T; Dy + h" (65 A ) &5
= A + 21" A;0ips + W7 (9:Ai) b5 — hUT Ars + D AiAips + b (65 N 61) .
The tension free identity and commutator identity give

D¢y = Didps = Dy (b Digp; — h'TE¢y.) = h" Dy D;; — h'TE Dy
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= h""D;D;¢y — KT E. Dy, + h' (Opu A Dyu) Ou.
Therefore the differential filed ¢; satisfies
D5ty — Ay = 207 A;0;1 + W7 A; Ay + R 01 Aiby — hITE Apdy + B (1 A 1) s
Applying 0, to (7.13) gives (7.15). O
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