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On the energy-critical fractional Schrodinger equation in the
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radial case
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ABSTRACT. We consider the Cauchy problem for the energy-critical nonlinear

Schrédinger equation with fractional Laplacian (fNLS) in the radial case. We
obtain global well-posedness and scattering in the energy space in the defo-
cusing case, and in the focusing case with energy below the ground state. The
main feature of the present work is the nonlocality of the operator. This does
not allow us to use standard computations for the rigidity part of the theo-
rem. Instead we develop a commutator argument which has its own interest
for problems with nonlocal operators.
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In this paper, we study the Cauchy problem for the nonlinear Schrodinger
equation with fractional Laplacian for N > 2:

i0yu + D?%u + pilul "y = 0 (z,t) e RN xR
u|t:0 = ug € HO‘(RN),

where a € (53—=,1), D?** is the Fourier multiplier of symbol |¢|>* with D =

2N-1>

V—=A, u € {—1,1}. Here u = 1 corresponds to the defocusing case, and pu = —1
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corresponds to the focusing case. When o = 1, (1.1) is the well-known energy-
critical nonlinear Schrédinger equation which has been extensively studied, and we
refer the readers to [27] for a survey of the study. When 0 < o < 1, (1.1) is a
nonlocal model known as nonlinear fractional Schréodinger equation which has also
attracted much attentions recently (see [12, 15, 14, 4,5, 13,6, 7,17, 1, 25]). The
fractional Schrodinger equation is a fundamental equation of fractional quantum
mechanics, which was derived by Laskin [22, 23] as a result of extending the
Feynman path integral, from the Brownian-like to Lévy-like quantum mechanical
paths. The purpose of this paper is to prove some analogue global well-posedness
and scattering for (1.1) in the radial case.

Under the flow of the equation (1.1), the following quantities (mass and energy)
are conserved:

M) = [ Ju(e. )
RN
1 1%
E,(u) = —|DYu|? + ——|u|P3dx.
o) = [ gD + Ll

We write Ey(u) = Eyi(u). Moreover, the equation (1.1) preserves the radial
symmetry, and also has the following scaling invariance: for A > 0

u(x, t) — A N u(Az, \2*t),  wup(x) — A N up(Ax).

Thus, (1.1) is H“-critical, since the scaling transform leaves H“-norm invariant.

There are remarkable differences between the defocusing and focusing cases. In
the focusing case, the flow has more kinds of dynamical behavior. An important role
is played by the ground state W, namely the unique non-negative radial solution
to the fractional elliptic equation

(1.2) D2W — |W|¥3= W = 0.

We have W, € H®, and so W, is a stationary solution to (1.1) when y = —1. See
section 3 for more properties of W, . The main result of this paper is

THEOREM 1.1. Assume o € (75,1) and

200 < N < 4a.

Let W,, be as above. Assume ug € HO‘, ug radial. Then

(1) Defocusing case (u=1): (1.1) is globally well-posed, and scattering holds.
(2) Focusing case (n = —1): if E_(ug) < E_(Wy) and || D%uqll2 < ||D*Wa]|2,
then (1.1) is globally well-posed, and scattering holds.

REMARK 1. Notice that the cases N = 2 and N = 3 which are relevant for the
Schrodinger equation are covered depending on the values of a. Indeed, one can
take N = 2 with a € (3,1) and N = 3 with o € (3,1). These restrictions on the
exponents for the powers of the laplacian come from the nonlocality of the operator
and the arguments to handle the concentration-compactness argument. Indeed, the
nonlocal character of the operator does not allow to have “exact” expressions but
only estimates. At the moment, we do not know how to remove these assumptions.

Now we discuss the ideas of proof. We follow closely the Kenig-Merle’s concen-
tration compactness/rigidity method [19]. There are several different ingredients:
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(1) Radial Strichartz estimates. When o < 1, we know that the classical
Strichartz estimates in non-radial case has loss of regularity. However, in
the radial case, it was known that when a € (%, 1) one has generalized
estimates which has no loss of derivatives, see [16]. In contrast to [19],
radial symmetry for (1.1) plays crucial role in many aspects.

(2) The results from the study of the fractional elliptic equation. The frac-
tional elliptic equation has been extensively studied recently. In the fo-
cusing case, we will apply the results for (1.2) which was obtained in [24],
[3].

(3) Localization of virial identity. In the rigidity argument, we use the local-
ization of virial identity. Due to the nonlocal nature of | D|?®, we need to
deal with some commutator estimates.

The main difference between (1.1) and Schrodinger equation is the nonlocal prop-
erty of the fractional Laplacian. In our proof, this nonlocal property makes only
slight difference from the Kenig-Merle’s argument in the concentration-compactness
part (Thus we omit most of the details). However, it makes big difference in the
space-time a-priori estimates, e.g. localization of virial estimates in the rigidity
part. We do not know any other monotonicity, such as Morawetz estimates. To our
best knowledge, this paper is the first one which generalizes Kenig-Merle’s argument
to the nonlocal setting.

2. The Cauchy problem and the variational estimates

2.1. The Cauchy problem. In this section, we review the local theory and
small data global theory for the Cauchy problem (1.1) with radial symmetry. It
has no difference between defocusing and focusing cases. The key ingredient is the
radial Strichartz estimates obtained in [16].

LEMMA 2.1 (Proposition 3.9 [16]). Suppose N > 2, a > 1/2 and w,uo, F' are
spherically symmetric in space and satisfy
i0u+ D*u=F (z,t)eRY xR
u|t:0 = Ug-.
Then for v € R it holds
(2.1) lellpgry + el oy S lvoll g + 1F 1 a2,
if the following conditions hold:
(1) (g,7) and (q,7) both satisfy the following conditions:
1 1.1 1
2.2 2 < <00, - < (N—-=)z—-);
(2.2 <gr<ont < (V- (G- 1)
(2) ¢ < q and the “gap” condition:
20 N N 20 N N
o =s ==
q T 2 q T 2
REMARK 2. The conditions in (1) can be relaxed to the following
1.1 1 4N — 2)

23)  2=ar<ecSWN-DG-D @0 # R

On the boundary line % = (N —3)(5 — 1), [16] first proved it for ¢ > r, and was

later improved to other pairs independently by [18] and [8].
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DEFINITION 2.1. For N > 2, we say that a pair of exponents (g,7) is «-
admissible if (g, r) verifies
2 N
(2.4) —+—=

N
q r 2’

2<q,r < o0.

By Lemma 2.1, we see that if a € (%, 1), then we have a full set of
a-admissible Strichartz estimates which has no loss of derivatives. With these
Strichartz estimates, we can proceed as the classical theory of Schrédinger equa-
tion. Let I C R be an interval, and we define S, (I), W, (I) norm by

lelson =Wl aguge s and vlwen = Ioll spre snpuizp

Note that (Q(Jffvj;s), 211\\[,(2]1153)) is a-admissible pairs. By Sobolev embedding, we

have that if N > 2q,

lvlls.y < ClID*|lw, (1)-

DEFINITION 2.2. Let tg € I. We say that u € C(I; H*(RN)) N {Du € W, (I)}
is a solution of the (1.1) if

t
ulsy =up, and u(t) =P g 4 / D |y 5w gy
to

DEFINITION 2.3. Let vy € HY, v(z,t) = ¢'*P* vy and let {t,} be a sequence,
with limy, o0 t, =t € [—00, +00]. We say that u(z,t) is a non-linear profile associ-
ated with (vo, {¢,,}) if there exists an interval I, with ¢ € I (if t = +o0, I = [a, +00)
or (—o0, a]) such that u is a solution of (CP) in I and

i flu(=t0) = o= ta) 7o = 0.

With the Strichartz estimates, we can obtain the following results for (1.1) by
standard arguments (for example, see [9]).

THEOREM 2.2. (1) Assume N > 2, a € (52-5,1), 20 < N < 6a and ug €
H*RN), ug radial, |uollge < A. Then 36 = §(A) s.t. if He“DmuOHSQ([) <
8, 0 € I, there exists a unique solution to (1.1) on I such that uw € C(I; HO‘),
supyer [|u(t)] go + ([ DYullw, 1y £ C(A) and ||ul|s, 1y < 26. Moreover, we have

e Local existence: there exists a mazimal open interval I = (=T_(ug), T (uo))
where the solution u is defined.

e Small data global existence: if A< 1, then I = (—00,+00).

o DY € LIL"(I' x RYN) for any a-admissible pair (q,r), where I' C I is a
closed interval with finite length.

e Blowup criterion: If T (uo) < 400, then |[ulls, (0,7 (u))) = +00. A
similar statement holds in the negative time direction.

e Scattering: If Ty (ug) = +oo and u does not blow up forward in time, then
u scatters forward in time, that is, there exists a unique uy € H* such
that

(2.5) lim [u(t) — P uy || oy = 0.

t——+o0

A similar statement holds in the negative time direction.
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(2) For any u,. € H®, there exists a solution u to (1.1) such that (2.5) holds. As
a consequence, for any (vo, {tn}), there always exists a non-linear profile associated
to (vo, {tn}) with a mazimal interval of existence.

Next, we need a perturbation theorem. It follows in a very similar way as
Theorem 2.14 in [19] (see [20] for a correct proof), see also [26]. Since for « €
(21\1[\/_71, 1), we have generalized inhomogeneous Strichartz estimate given by Lemma
2.1, the proof is with slight change and we omit the details,

THEOREM 2.3 (Stability). Assume N > 2, a € (55=,1), 2a < N < 6. Let

I=10,L), L < +oo, and let @ be defined on I x RN such that
(2.6) @l oo prorxmrmy < Ay llls, oy < M, [[D%llw, 1) < o0
for some constants A and M, and U verifies in the sense of integral equation
ity + D>+ p|i| T i = e
for some function e. Let ug € H® be such that |u(0) — @(0)| gu < A’. Then
Jeg = eo(M, A, A') s.t. if 0 <e < ego and

(2.7) 67" @0) ~5O)lls.n <& 107l a5 <=

then, there exists a unique solution u on I x RN to (1.1) with initial data g
satisfying
lulls.ry < C(A, A% M), sup [Jut) — a(t)]| g < C(A, A", M).
te

2.2. Some variational estimates in the focusing case. In the focusing
case, the ground state plays an important role. Consider the fractional elliptic
equation
(2.8) D2W — |W|¥3= W = 0.

By the work of Lieb [24], it was known that: if 0 < o < N/2, then (2.8) has a

solution in H¢
N—2«a

W(z) = C1(N, a) (W)

for some C7,Cs > 0. It arises in the study of the best constant for Hardy-
Littlewood-Sobolev inequalities. The classification of positive regular solutions for
(2.8) was studied in [3]. We also have the following characterization of W (see [24],
[11]): W attains the best constant Cy in the Sobolev embedding inequality:

(2.9 Jull, . < Owl|D"ul 2
Moreover, if 0 # u € H® verifies HuHLNriNM = Cn||D*u|| 12, then u = Wy, 5000 1=

€00 XV 722y (X (2 — a0)) for some O € [—, 7], Ao > 0, 29 € RV,
W is a stationary solution to (1.1) when p = —1. By the equation (2.8), we
x o\ (N—2«a)/N
have [[DeW|? = [|W[*". Also, (2.9) yields C% [|DW|* = (f W ) ,

N—2«

so that C2, [ [DeW|? = (f |DaW|2) ¥ Hence,

o 2 1 7@ 1 o 2
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With the variational properties, we can follow Kenig-Merle’s argument with
slight change to prove the following lemma. We omit the proof.

LEMMA 2.10. (1) Assume o € (52, 1), |[D%ul| 12 < |[D*W || 12, and E_(u) <

(1 —30)E_(W) for some &y > 0. Then, there exists § = §(5g, N) > 0 such that

(2.11) /|Do‘u|2 < (1—3)/|D“W|2

and
(2.12) /|Do‘u|2 — 23/|Dau|2.

(2) Assume o € (525,1). Let u be a solution of (1.1) with mazimal interval
I, | D*uql|r2 < ||D*W|| 12, and E_(ug) < (1 — 6o)E_(W) for some o9 > 0. Then,

there exists § = §(89, N) > 0 such that for t € T

(2.13) [10mutor <@ -3 [ 1pmwee
(2.14) / Deu(t) — [u()® > 5 / Du(t)?

(2.15) E_(u(?)) :/|Do‘u(t)|2 :/|Do‘u0|2
with comparability constants which depend only on dg.

3. Profile decomposition and concentration-compactness alternative

A profile decomposition has been developped in [4] for the L2-critical nonlocal
Schrodinger equation. However, in our case, this is not enough. As in [21] and
[19], one has the following theorem.

THEOREM 3.1. Let {vg,} € H® such that [ |D%vq,|*> < A with a € (5. 1).

Assume furthermore that

- H2a
He*'LtD UO7nHL2(N+2Q)/N72CY Z 5(N)

Then there exists a sequence {Vo;} € H®, a subsequence of {vo,} € H* and a
triple (Ajns Tjnytin) € RT x RN x R with the orthogonality condition as n — oo

forj #7'

A At [t ~ tinl | |Tin =@l
Ajn - Ajn A Ajn
such that
Vo1l o = @0(A) > 0.
If Vf(x, t) = eﬂ'tDmVOyj then, given eg > 0, there exists J = J(eo) and a sequence
{wy} € H* so that
! 1 T—Tjn —tj
Vo = V(R ) +wn
Z )\gﬁfl—2a)/2 I\, e,

Jj=1

and for large enough n

. 2
e P wnlls.®) < €0
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J
(3.1) /|D0‘V07n|2zz‘/|DO‘V0J-|2+/|DO‘wn|2+0(1), as n — oo
j=0

J
(3.2) Ei(Von) = Z Ei(VjE(—tjyn/)\in)) + Ei(w,)+o(l), as n— oo
§=0

PROOF. The original proof can be found in the work of Keraani [21]. Here we
follow the approach of Visan [27]. For a € (3,1) and N > 2, we have that

- 2
(3.3) [P fI 20vsne Sl e vy
L, Y7 (RxRN) e

holds for all radial f € H®.

LEMMA 3.4 (Refined Strichartz estimate). Let a € (sp—,1), N > 2, and

IN-T°
f € H*RY), we have
it D% L 2a 40
(3'5) HEMD fH 2(N+20) ,S supHe”D f| N+2a . Hf| N:2a
L, N2 mRxRN) " jez / L%(Rxm o (RN)?

where f; = P;f and Pj is a Littlewood-Paley projection around the frequency an-
nulus {& : [£] ~ 27}.

PRrROOF. First we consider the case when N > 6a. We have % <1. We
have

Do g 242
e fII 2vtea
L, Y72 (RxRW)

+2
//R . (Z|6”D2afj|2> dxdt
X N

JEL
_N+42a _N+42a
N (N—2a) e N I(N—2a)
// (Z|eltD2 f |2> (Z|eltD2 f |2> drdt
RxRN
JEZ kEZ

36 Y[ [ 10 e e
RxRN

i<k
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where we used the fact that % < 1 in the last step. By applying Holder
inequality, Bernstein inequality, and Strichartz estimate (3.3), we obtain

(3.6) S > P f;HLMHenD f;HNzﬁwza)
i<k -

ta:
. 2 _da .

HeltD O(.fk| N;S\?:rza) HeltD O‘ka 2(N+2a)

N—2a N

t,x t,x

< sup 7" fJHN S ase Z

,T

. 2
[P fjHLalmﬂenD kaLM

toa

. 2a
S sup HeltD fil o gfvawa) 22aj
JEZ LD 2a

200 .
HeltD fJH 2(N42a) 2N(NA420) HeltD ka 2(N+2a)
L, N—Za L, N2 48a?2 Lt,a: N
L 2a
SS_LGIIZ)HEMD fJ N2?Va+2a ZZQQJ|‘fJ|‘L2|‘fk|‘L2
J

2
t,x

<sup|\e“D fJHszW Zza“ N3l e e

tz

(3.7) S Stelgl\e”D s ﬁma) [FF
J E

tz

which complete the proof for the case N > 6a.
Now we turn to the case 2 < N < 6«. We have LQO‘) > 1 in this case. Set

2(N—2«a
N + 2«
[ } =m—1,
N — 2«
for some integer m > 3. Proceeding as before, we have
2(N+42a)
it D> —2a
€2 Il Savza)

L, Y72 (RxRN)

//RxRN (ZMM) f;|2> i dzdt

JEZ

_ N42a
1tD2°‘ mN=20) dxd
S LTz erar) T
< it D2 N 2a dxd
DY //H| i | FORET ddy

J1<j2 < <gm

D Y H|e“D2°‘fJI

J1<j2 < <jm

D™ £ [mevme L gt

where we use the fact % < 1. By applying Holder inequality, Bernstein
inequality, and Strichartz estimate (3.3), we obtain
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B8 Y [P e P f ]| aze
Lta:

jl<"'<jm

2(N+420) g

T 15, e Hne“D fill "z
=2 ta:
2(N+2a)
< itp* 24m (3 (N—20) ~Y) S
supHe fJH 2N 420) Z Jm —J1
Lta: 2 J1<jm
. 2a . 2c
e fiu 1P Fil|| aza
t,x
< it D32 N S me2
NS{UPHe fil 2N +20) Jm — N1
JEL Ly 31<jm
. 2a . 2
[€“P il 2avsza |7 f5, ] 20viae
L N—-4a L N
o t,x
. 2a y
Ssugl\ew fil Nﬁé‘m) (Jm—h) “pira
S

Ly J1<dm

H ztD2°‘f H it D%
il 20v+2a) A_LW N2 [|E meHLJ_lNHa

t,x

5sup|\eitD il Nﬁv‘iza) (dm=30)" 2220 2 N
JeL Liz " j1<jm
20 ) m—2 o
S sup e g T 2 (=) 29I

L2 2 j1<jm

(3.9) <Sup|\6”D f;HNﬁma) [

tz

which complete the proof for the case 2 < N < 6. Thus we complete the proof of
the lemma. O

Once the refined Strichartz is established, the profile decomposition follows
from standard techniques. See for instance [27].

d

4. Minimal energy non-scattering solution

We now assume 2o < N < 6. Denote Ay = 0o, A_ = E_(W). For each
0<a<A4, let

K~ (a) —{feHmd E_(f) <a, |D*fllz < [[D*W||2}
(OJ) :{f € rad : E+(f < CL},
S*(a) :=sup{||ulls.(r) | u(0) € K*(a), usol. to (1.1) with £},

Let
(4.1) E% :=sup{a > 0| S*(a) < 0o}

The small data scattering implies that EL > 0. We will prove Ef = Ay by
contradiction, and thus finish the proof of Theorem 1.1.
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Assume EF} < Ay, then we show the existence of a critical element which is
compact modulo invariant groups. We have

LEMMA 4.1 (Existence of critical element). Suppose EY < Ay, then there is a
radial solution uy to (1.1)+ with mazimal interval I+ satisfying

E(us) = EL,  [[D%u_l2 <[[D*Wl2, [luzlls, 1) = oo

LEMMA 4.2. Assume u4 is as in Lemma 4.1 and say that [|u+ || s(r.n(0,00)) = 00-
Then there exists A(t) € RT, for t € Iy N (0,00), such that

K = {v(z,t) : v(z,t) = %ui(—,t)}

has the property that K is compact in H>. A corresponding conclusion is reached
if 1wt |l sa (1n(—00.0)) = 00

The two lemmas above follow in the same way as in Kenig-Merle [19], by using
stability Theorem and the profile decomposition given in Theorem 3.1.

5. Rigidity Theorem

The main purpose of this section is to disprove the existence of critical element
that was constructed in the previous section under the assumption E} < Ay by
using the structure of the equation (1.1). We will rely on the virial identity.

LEMMA 5.1 (virial identity). Assume u is a smooth solution to (1.1). Then
d N
—%/zum -Vudx = 2a/ |Do‘u|2d;c-|- ﬂ/|u|p+2dgc.
dt p+2

The previous lemma is just a formal computation based on properties of the
Fourier transform (recall that the symbol of D2 is [£]%%).

Since the virial does not make sense in the energy space, we will use the local-
ization of virial estimates. In this sequel, we fix 1 € C§°(RY), ¢ radial, ¢ = 1 for
7] < 1,4 =0 for x| > 2. For R>1, let ¢p(z) = ¢(2/R), ¥r(z) = L - Vi(L). We
have

LEMMA 5.2. Assume u is solution to (1.1). Then
d [ _ o N
E%/wm/)R~Vudx :2a/|D u|21/)Rd:c+Z%/|u|p+21/)Rd:c
+R2 / Du[D* ) (z - Va)dz + % / |u[P 2 pda
p
+§RN/Dau[Da,q/)R]adx+§R/Dau[Da,J)R]adx,

where [D%, flg = D*(fg) — fD%g.
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PRrOOF. Using the equation (1.1), we get from direct computation that
%%/iumﬂm -Vaudx
:%/(DQ% + plulPu) (220 R - Vi + Ngt + ri)de
:§R/ D**u2x)p - Viadx + §R/,u|u|pu2x1/)R -Vudzx
+ §R/ D*u(dip i + Yra)dz + §R/,u|u|pu(N1/)Rﬂ + Yra)de

=+ 1T+ 11T+ 1IV.
Obviously,

1V = N,u/|u|p+21/)Rd:c+u/1/~)R|u|p+2dx.
Using integration by part, we get
IIT =R / D**u(diprt + Ypi)dx
:N/|D“u|21/)Rd:c+§Rd/D“u[D“,wR]ﬂd:c
-|-/|Do‘u|21/~)Rd:c—|—§R/Do‘u[Do‘,J)R]ﬂdx.
Similarly,
11 :§R/,u|u|pu2x1/)R -Vaudr = /,u|u|p3:1/)R -V (|u|?)dz

2ulN 2 ~
[ hrsinte = 2 [l

Now we compute I. By Fourier transform, it is easy to check [D®, z-V] = aD®.
Then we have

I:§R2/Do‘u1/)R(x~VDaﬂ+aDaﬂ)d:c+§R2/Do‘u[Do‘,U)R](x~Vﬂ)d:c
:204/|Do‘u|21/)Rd:c—N/|Do‘u|21/)Rd:c

- / |Do‘u|21/~)Rd:c—|—§R2/Do‘u[Do‘,d)R](x -Va)dz.
Summing over the four terms, we complete the proof. O

Due to the nonlocal properties of the fractional Schrodinger equation, the lo-
calization of virial estimates is not very clean. There are many remainder terms.
However, all of them can be handled in the energy space. We have

LEMMA 5.3. Assume 0 < a <1,0<e<a and RZ1. Then
6.1) D%, wrlfllee Sloll, g oy + R0 e
(5.2) [[D%, ¥Rz -V fllL2 SID* 22,

(5.3)  |I[D* ¢rlz -V fllr2(ei<pi-o) SR=|D |2 + 91, 22 (s ie
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where g = F~(| f]).

The proof of the lemma will be given in the end of this section. Now we use it
to prove the main result of this section:

THEOREM 5.4. Assume that u(jf € H® is such that
Ex(uy) < Az, [[D%uq |2 < [ DW|2.

Let ug be the solution of (1.1)+ with ux(0) = ui, with mazimal interval of exis-
tence Iy. Assume that there exists A(t) > 0, for t € I+ N[0, 00), with the property

that
1 T

K= {’U(‘Taﬂ : ’U(‘Tat) = Wui(mat)}

is precompact in H*. Then we must have T, (up) = 00, ug = 0.

PRrROOF OF THEOREM 5.4. We only prove the focusing case, since the defocus-
ing case follows in a similar way. Assume I_ = (=T_, T} ). It suffices to prove this
theorem under the assumption that A\(t) > Ay for some Ay > 0 for all ¢, since the
general case follows similarly as in [19]. The proof splits in two cases.

Case 1. T (up) < +0

With the same proof as in [19], we have A\(t) — oo as ¢t T Ty (ug). We define

/luxt Pun(z)dz, te0,Ty).
Then we have

ypt) =— 21m/D20‘(u) - (z)de

:—2Im/DO‘ “(apr) —u- D 1/)R]d:c—21m/Do‘u - D*Yrde.

By the commutator estimates [|[D%*(fg) — fD%g|l2 < [|[D%¢gl2/lg]lco, @ € (0,1), w
get,

YR SIDull2|| D* (@) — @ - D*Yrll2 + |1Dull2||ull_24_|| D¢k 2

SID%ul3.
Next, we show: for all R > 0,
(5.4) / lu(z,t)|2dz — 0, ast — T (uo).
|z|<R

In fact, u(y, t) = A(t) =

/ lu(x,t)|*dx

|z|<R

(1) / lo(y, £) 2dy
[y|<RA(t)

—A(f) 2 / oy, £)[2dy + A(t) 2 / lo(y, 1) 2dy
ly|<eRA(t) eRA(t)<|y|<RA(t)

=1+ 1II.
By Hoélder and Sobolev, we have
TSN 0l? 2y (ERA0))* S (eR)*[DW]3,

v(A(t)y, t) so that
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while

11 S A1) (RA®) o] 0, as t — T (uo).

2N -
N=2a (Jz|=eRA(t))
Thus (5.4) follows.
Therefore, we have
[yr(0) = yr(T+(uo))| S T4 (uo)|| D*WI3,
which implies
yr(0) < Ty (uo)|| D*W 3.
Then letting R — 0o, we obtain that ug € L?(R"Y). Arguing as before,
lyr(t) — yr(T (uo))| < (T (uo) — t)[[ D*WIJ3.
So
lyr(6)] S (T4 (uo) — )| DW3.
Letting R — oo, we see that
[u(®)[3 < (T4 (uo) — t)[[ D*W3
and so by the conservation of the L? norm |ugl|2 = ||u(t)|2 — 0,t — T (ug). But
that v = 0 contradicting T' (ug) < +00.
Case 2. T (up) = +©
N—-2a

In this case we use the localized virial identity. Let u(y,t) = A(t) "z v(A(t)y, ),
then

/ D*u(y, t)2dy = / AN D o(A(t)y, £)dy
ly|>R(e) ly|>R(e)

:/ |D*v(z, t)|*dz
|2[>A(t) R(e)

_/ |D%v(z,t)|%dz
|z|= Ao R(e)

< e. (by the precompactness of K)

A

By similar arguments, we have for any ¢ > 0, there exists R(e) such that

t 2
65 [ (1wt + e i M
|z|>R(e)

|x|2a

)d:c<5

Let @ = F, !|Fu(&,t)|. By Plancherel theorem we know @ has the same compactness
as u. Thus we have: for each £ > 0, there exists R(¢) > 0 such that, for all
t € [0,00), we have

~ t 2
LICT
|$|2a

2N
—2a

Go) [ (1Dt a0l
2> R(e)
Next, we consider
Ig(t) = Re/ium/)R - Vudz.

By Cauchy-Schwarz inequality and integration by parts for fractional derivatives,
we have

[Ir(t)] SID'™(uzor)|l2 - [ D~V

N
SID%ullz - ID =272 (@ypp) 2 - [ D%ull2 S B* - [ D%uo 3.
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On the other hand, by Lemma 5.2 and Lemma 5.3, we have

(5.7) IR(t) :2a/|Dau|2d:c—2a/|u|%d:c

2N 2 2N -~
(5.8) —|—2a/(|DO‘u|2— |u|¥5 ) (g — 1)da — Wa/|u|m¢3d:c
(5.9) —|—2Re/Do‘u[Do‘,1/)R](3:~Vﬂ)d:c
(5.10) +dRe/Do‘u[D“,wR]adx+Re/Do‘u[D“,J)R]adx.

By the variational estimates, we have
(5.7) > Cs| D*uoll3-
If ug # 0, then fix 0 < ¢ < || D%ugl|3. For (5.8), by (5.5) we get that
(5.8) <e
for R sufficiently large. The term of (5.9) can be estimated as follows
(5.9)]

< / D*u[D*, yg|(x - Vu)dz| + | Du[D*, g](x - Vu)dx|

|z] SR || 2R =<
SIDull2[[[DY, ¥r](x - VU) || 2| <ri—<) + DU L2(|2|> r1-) [P, ¥R] (2 - V)2
SRTF|Dlla + | 2 + [Dull L2(j2| 2 R1-<) [ Dl 12

LN (|a| 2 RA-<)

where the last inequality follows from Lemma 3.5. Therefore, (5.9) < ¢ if R is
sufficiently large. The smallness of (5.10) can be obtained similarly. Thus

()] 2 / D% o).

Integrating in t, we get Ir(t) — Ir(0) 2 ¢ [ |D%uo|?, but we also have [Igr(t) —
Ir(0)| < R? [ |D*ug|?, which is a contradiction for ¢ large. Thus ug = 0 and the
theorem is proved. O

In the end, we give the proof of Lemma 5.3.

PROOF OF LEMMA 5.3. First we show (5.1). Using Fourier transform, we have

~

| F([D*, ¥Rl )(E)] S (161 + &|* — [&|*)Pr() (&)
§=81+¢&2

s[lalaE@)l Il
£=&1+&2
Then we get
1D, ¥rl fll2 SIF (&1 [Dr(ED)]) - gl
SIFH e R E D ol g oo
+1F 1 W EODI 2 (< pr-ey 191, 25

< —Ex «
SNl e ooy + RCND
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where in the last inequality we used the fact that |F~'(|&|*|¢r(&))]= < C,

|F1(&|*|r(£1)])] < R~ and the Sobolev embedding.
Next, we prove (5.2). Direct computations show that

F(D* Yrla- VF)(E)
- / €1 — 162V Dr(E — &)V, - (E2F(€))dex

_/55 e —al&*VR(€) (&) + (& + &l — &) Tdr(E) - &2 (&).

Thus we get
|F(D, drlz - V) S / € ([Vr(&)] + [2¥r(&)] - &) - 1F(&)]
§=61+¢2
and then by Plancherel’s equality
(D%, ¢r]z - V fllp2 SID fllL2-
Finally, we prove (5.3). We have
F([D*, ¥Rz -V £)()

~

—al€a|*Pr(€1) (&) + (|61 + 2| — || *)apr(&1) - E2f(£2)

~/§—§1+§2,|§1|<<|§2|

+/ —a|&|*Pr(E1) F(E2) + i(|€1 + &a|* — || )avr(&1) - &2 (£2)
£=E1+E2,|€1| 2 €2

=F[M(f)] + FIR(f)].

As before, we have

IFIR(HIE)] < /g_ e 6112 (|0r(E)] + |lzdr(E)] - 16]) - | F(&)]

and then as (5.1) we get
[Rfll2 < llgll

To estimate M(f), we need to exploit a cancelation. Since |&| < |&], by
fundamental theorem of calculus we have

—Ex (03
L%(|m|zR1*€)+R D fllz>-

&1 + &2
[t&1 + &2l

1 1
1) o+ el =l = [ Zita+eld = [ o+ et
Recall that
FIM(f)] = / —aléa|*Pr(&1) &)+ / i(|€1+€2] 0~ |E2|) T R(E1)-E2 F(E2)
[&1]<] 2] [€1]<] €2 ]

dt - €.

Thus we get, using (5.11) for the second integral

~

FIM(f) = / —ol&al Tr(€) ()
[&1]<€2

|
1 L+ & - ~
o=l & x .
(5.12) +/|1|<<|£2|/0 alté + &l |t§1+§2|dt Srxr(&r) - E2f(&2)
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Denote & = (§5.1, -+ ,&s.n), s = 1,2, then the second term equals to
N

/§1|<<|§2|

7,k=1

t&1x + Eok

el i€k 0n(6) 2 f(E)

1
/ altéy + &[T
0

a—1 §1+§2 —~
/1|<<|§2 / altér+ &l [t& + & |d 521/’1%(51) (&2)

a1 a8 T ® VY Wy
+/1|<<|£2/0 oftts + &l Tk ® VYr(&1) - &2f (&)

Thus, we get

_ ! a—1 té.l +§2 . _ aN o 7
A= [ (] el e g & ol a)f(e)

i ' aflm . e = —
+/|£1|<<|52| /o aftr + &l |t§1+§2|dt &l &R (&) D [ (&)

—F[1) + FII1).

For I, by mean value formula, we have

1< / o?|&| e - [pr(&)] - [ F(&)
[€1]<]€2]

and then
2 < B fll2-

For II, we see

II = /K(x —y1, @ — 12)¥r(y1) D f(y2)dyrdys

where K is the kernel for the bilinear multiplier

K(ay) = [ ¢mmm(e, g)deides
with the symbol
&1 + &2

1
m(&1, &) = /0 altéy +§2|a71mdt' 1€2] 762 - 1ig, <) -

It is easy to see from direct computations that m satisfy the Coifman-Meyer con-
dition (see [10]), and then the kernel K is Calderén-Zygmund (see [10]) and
K (z —y1,0—y2)| S (lz = yi| + |z — 52) 2.
If [y1| ~ R, || S R'~*, then
|K(x —y1, @ —y2)] S R

Hence we estimate by Cauchy-Schwarz inequality,

1 ~ C
TP < 10 g [ 1910 s < o ID* 1.

Hence N(—e)
CRNO-<
Tz ol g ri-ey < gz

Thus we get since R is large
1| L2 (o) <ri-<) S B™/?| D™ f2.
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Therefore, the lemma is proved. O
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