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Optimal rate of convergence in stratified Boussinesq system
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ABSTRACT. We study the vortex patch problem for 2d—stratified Navier-Stokes
system. We aim at extending several results obtained in [1, 12, 20] for stan-
dard Euler and Navier-Stokes systems. We shall deal with smooth initial
patches and establish global strong estimates uniformly with respect to the
viscosity in the spirit of [28, 89]. This allows to prove the convergence of the
viscous solutions towards the inviscid one. In the setting of a Rankine vortex,
we show that the rate of convergence for the vortices is optimal in LP space

1
and is given by (ut) 27 . This generalizes the result of [1] obtained for L? space.
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1. Introduction

This paper is mainly motivated by the analysis of the initial value problem for
the stratified Navier-Stokes system. This system of partial differential equations
governs the evolution of a viscous incompressible fluid like the atmosphere and the
ocean where one should take into account the friction forces and the stratification
under the Boussinesq approximation, see [35]. The state of the fluid is described
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by a triplet (v,,py, p,) where v, (t,z) denotes the velocity field which is assumed
to be incompressible and the thermodynamical variables p,, (¢, z) and p, (¢, z) which
are two scalar functions representing respectively the pressure and the density. The
equations being solved take the form

vy + vy, - Vo, — pAv, + Vp, = puéa if (t,x) € Ry x R2,

Opu + v, -V, —kAp, =0 if (t,x) € Ry x R2,

divv, =0,

(’U;H p,u)\t:O = (U;Ou p?l,)

The two coefficients p, k stand respectively for the kinematic viscosity and molecular
diffusivity and & = (0,1). For a better understanding of the system (B, ) it
is more convenient to write it using the vorticity-density formulation. Thus the
vorticity w £ 91v% — O,v! and the density satisfy the equivalent system,

(Bruw)

Owwy, + vy, - Vwy, — pAw, = 01p, if (t,z) € Ry x R?,
Opu+vu -V, —kAp, =0 if (t,7) € Ry x R?,

vy = VJ-A_lwu,

(puawu>\t20 = (p?mwg)'

It is clear that (B,,.) coincides with the classical incompressible Navier-Stokes
system when the initial density pg is identically constant. For a general review
on the mathematical theory of the Navier-Stokes system we refer for instance to
[3, 32]. We notice that the system (VD, ) is the subject of intensive research
activities especially in the last decades. A lot of results have been obtained and
we shall restrict the discussion to some of them. When the coefficients p and
K are strictly positive, it was proved in [7, 19] that the system (B, ) admits a
unique global solution for arbitrarily large data. For g > 0,x = 0 the global well-
posedness problem was solved independently by Chae [8] and Hou and Li [29] for
smooth initial data in Sobolev spaces H®,s > 2. Those results were improved
by Abidi and Hmidi in [2] for (v°,p°) € Bo*ol’1 N L? x BY . Later, Danchin and
Paicu investigated in [15] the global well-posedness for any initial data (v°, p°) in
L? x L?. The opposite case 1t = 0 and x > 0 is also well-explored. Actually, Chae
proved in [8] the global well-posedness for (v°,p) € H® x H® for s > 2 which

was later improved by Hmidi and Keraani in [22] for critical Besov spaces, that is,

241 — 2
(9, p%) € B;j X Bpfr” NL", r > 2. The global existence in the framework of

Yudovich solutions was accomplished in [14] by Danchin and Paicu for (v°, p°) €
L?x L*N Bgol’l and w® € L™ N L* with r > 2. For other connected topics we refer
the reader to [22, 24, 25, 27, 30, 34, 38].

The main focus of the current paper is twofold. In the first part, we study the
persistence regularity of the vortex patches for (B, ) for £ = 1, denoted simply
by (B,). In the second part we shall deal with the strong convergence towards the
limit system when the viscosity p goes to zero. The limit system is nothing but the
stratified Euler equations,

Oww+v-Vo+Vp=péy if(t,x)€ R,y x R?
Op+v-Vp—Ap=0 if (t,2) € Ry x R?

dive =0,

(Uv p)|t:0 = (an pO)

Before giving more details about our main contribution we shall review some aspects
of the vortex patch problem for the viscous/inviscid incompressible fluid. Recall

(VDyu.x)

(Bo)
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first the classical Navier-Stokes equations,
Ov+v-Vuo—pAv+Vp=0 if (t,z) € Ry x R?
(NS,) dive = 0,
V=g = 0°.
Notice that the incompressible Euler system (E), denoted sometimes by (NSp), is
given by

Ow+v-Vo+Vp=0 if (t,z) € Ry x R?,
(E) dive =0,

U\t:O = 1}0.
We point out that the global existence of classical solutions for Euler system is
based on the structure of the vorticity which is transported by the flow, that is,

Oyw +v-Vw = 0.

This provides an infinite family of conservation laws and in particular we get for
all p € [1, xq]

(1.1) lo(®)ll e = [l

We mention that the conservation laws (1.1) served as a suitable framework for
Yudovich [37] to relax the classical hyperbolic theory and show that (NS,) and (E)
are globally well-posed whenever w® € L' N L®. In this pattern, the velocity is no
longer in the Lipschitz class but belongs to the log —Lipschitz space, denoted by
LL'. Tt is known that with this regularity the associated flow ¥ is continuous with
respect to (t,2)—variables and the vorticity can be recovered from its initial value
according to the formula,

(1.2) w(t,(t,z)) = w(2).

In particular, when the initial vorticity w® = 1q, is a vortex patch with Qg being
a regular bounded domain, then the advected vorticity remains a vortex patch
relative to a domain Q; £ W(t, Q) which is homeomorphic to Q. It is important
to emphasize that the regularity persistence of the boundary does not follow from
the general theory of Yudovich because the flow is not in general better than ce ™
where a depends on w’. This problem was solved by Chemin who proved in [10]
that when the initial boundary is C'*¢ then the boundary of the patch keeps this
regularity through the time. Broadly speaking, Chemin’s strategy is entirely based
on the control of Lipschitz norm of the velocity by means of logarithmic estimate
of [|wllce(x) with C*(X) is an anisotropic Hélder space associated to an adequate
family of vector fields that capture the conormal regularity of the velocity (see
section 3.1).

The study for the viscous case was initiated by Danchin in [12] who proved
that if w® = 1g,, such that the domain Qg is C1*¢ then the velocity vy, is Lipschitz
uniformly with respect to the viscosity pu. He also showed that the transported
vorticity by the viscous flow V¥, remains in the class Ot Ve < e. Note that
contrary to the Holderian regularity, there is no loss of regularity in the Besov

IThe space LL is the set of bounded functions u such that
o _lu@-uw)

llullLr ; o
0<|z—y|<1 |z — vyl ng
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spaces Bj ., Vp < co. For the borderline case p = oo Hmidi showed in [20] that
this loss of regularity is artificial and his proof is mainly related to some smoothing
effects for the transport-diffusion equation using Lagrangian coordinates. There is
a large literature dealing with this subject and some connected topics and for more
details we refer the reader to the papers [5, 16, 17, 18, 20] and the references
therein.

It could be interesting to extend some of the foregoing results to the stratified
Navier-Stokes system (B,). The investigation of this system with initial vorticity
of patch type has been started recently in [28] for u = 0. It was proved that if the
boundary of the initial patch is smooth enough then the velocity is Lipschitz for
any positive time and the transported domain €); preserves its initial regularity. In
addition, the vorticity can be decomposed into a singular part which is a vortex
patch term and a regular part, which is deeply related to the smoothing effect for
density, i.e. w(t) = 1g, + p(t). Later, the second author studied in [39] the same
system but the usual dissipation operator —A is replaced by the critical fractional
Laplacian (—A)%. He obtained sharper results compared to the incompressible
Euler equations [10, 28] and describes the asymptotic behavior of the solutions for
large time.

We are now ready to state the first main result, dealing with the global well-
posedness for the system (B,) under a vortex patch initial data. More precisely,
we have:

THEOREM 1.1. Let Qo be a simply connected bounded domain such that its
boundary 9 is C'+< with 0 < & < 1. Let f) = 1o, and pf € L' N L™ then the
following assertions hold.

(i) The system (B,) admits a unique global solution (v,,p,) such that
(Vs Pp) € Lige(Ry; Lip) x L. (Ry; L' N L™).

More precisely, there exists Cy = C(e,€Q0) > 0 such that, for all p €]0,1[ and for
all t € Ry we have

(1.3) V0 (8)][ e < CoeCotlos™ (D),

(ii) The boundary of the transported domain 2, (t) = W, (t,0) is C**< for
every t > 0 uniformly on p, where ¥, denotes the viscous flow associated
tov,.

Let us give a bunch of comments about Theorem 1.1 in the following few
remarks.

REMARK 1.2. Compared to the incompressible Navier-Stokes system, we see
that a Lipschitz norm of the velocity has a logarithmic growth for large time. This
is due to the logarithmic factor in the growth of the vorticity, namely we have:

lw ()| < Colog®(1 +1).

REMARK 1.3. When the viscosity p is identically zero, we obtain the same
result as in [28] for the stratified Euler system (By), that is to say:

(1.4) Vo (t)| e < CoeCotlos”(1+t),

Now we shall briefly outline the ideas of the proof which is done in the spirit
of the pioneering work of Chemin [10]. In order to get a bound for the quantity
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Vv, (t)|| s we first show that the co-normal regularity of the vorticity Oxw, is
controlled in C¢71, with 0 < ¢ < 1. We then take advantage of the logarithmic
estimate to derive the Lipschitz norm of the velocity, with X is a family of selected
vector fields which satisfies the transport equation,

X +v,- VX =X-Vuy,.

As it was pointed in [12, 20] the situation in the viscous case is more delicate than
the inviscid one due to the Laplacian operator which does not commute with the
family X. Actually, the evolution of the directional derivative dxw,, is governed by
an inhomogeneous transport-diffusion equation,

(1.5) (O + vy -V — pA)Oxw, = —plA, Xlw, + 0x01pu,

where [A, X] denotes the commutator between A and X. Thus the difficulties
reduce to understanding the terms [A, X]w, and dx01p, which apparently need
more regularity to be well-defined than what is initially prescribed. To circumvent
the problem for the first term we shall use the formalism developed in [12, 20] for
2d—incompressible Navier-Stokes system. However, to deal with the second term
we find more convenient to diagonalize the system written in the vorticity-density
formulation and introduce the coupled function I',, 21— ww, — "A! pu in the
spirit of [26]. This function satisfies the following transport-diffusion equation,

T, 4w, -V, — pAT, = [01A™ v, - V]p, & H,.
By applying the directional derivative 0x to the last equation we find
(8t + vy - VvV — ,U,A)(?Xru = 7,LL[A,X}FH + 8xH/L.

At a formal level, and this will be justified rigorously as we shall see in the proofs,
we see that H, is of order zero with respect to p, according to the smoothing
effect of the singular operator 9; A~!. Thus instead of manipulating dx;p,, in the
equation (1.5) which consumes two derivatives we need just to understand dx H,
which exhibits a good behavior on p, as it was revealed in [28].

The second part of this paper is devoted to the inviscid limit problem which
is in fact well-explored for the classical Navier-Stokes system (NS,). We mention
that for smooth initial data the convergence towards Euler equations holds true
and the rate of convergence in the energy space L? is bounded by ut, see [4] for
initial data vg € H* with s > 4. In [9], Chemin proved a strong convergence in L?
for Yudovich’s initial data and obtained that the rate is controlled by (,ut)%e_a
which degenerating in time. To obtain a better result, Constantin and Wu [11] had
to work under vortex patch structure and they obtained (ut)2. Afterwards, Abidi
and Danchin [1] improved this result and showed that the rate of convergence is
exactly (ut)% which is proved to be optimal for the Rankine vortex.

Our second main result reads as follows.

i

THEOREM 1.4. Let (vu, pu), (v,p), (wy, pu) and (w, p) be the solutions of (B,,),
(Bo), (VD,) and (VDy) respectively with the same initial data such that ) =

WO = 1g,, where Qo is a C**¢ simply connected bounded domain. Then for all
t>0,u €]0,1] and p € [2, +0oo[ we have:
. tlog? (2+t 141
(1) [lu(®) = v(®)l o+ llu(t) — p(D)l|r < Coe ™™ 7 ut) 225,
.. (Cotlog?(1+t) 1
(ii) flwu(t) = w(®)llze < Coe®” (ut)2»



240 H. MEDDOUR AND M. ZERGUINE

REMARK 1.5. When p, and p° are constants and p = 2 we get the result of
Abidi and Danchin [1].

The proof of Theorem 1.4 will be done using the approach of [1] by combining
some classical ingredients like LP—estimates, real interpolation results and some
smoothing effects for the density and the vorticity.

The last result is dedicated to prove that (,ut)ﬁ is optimal for vortices in the
case of Rankine initial data.

THEOREM 1.6. We assume that pz and p° being constants and wg =Wl =1p
with D the unit disc. Then there exist two positive constants C1 and Cs independent
on w and t, such that for ut <1, and p € [2,+oo[ we have:

Cr(ut) % < [l () = w(®)| o < Colput)
with Cy and Cs depending on p.

Note that the approach that we shall propose here is different from [1] which
is specific for p = 2. The proof of Abidi and Danchin uses the explicit form of
Fourier transform of the Rankine vortex given through Bessel function combined
with its asymptotic behavior. Nevertheless, these tools are useless for p # 2 and the
alternative is to make the computations in the physical variable using the explicit
structure of the heat kernel.

For the reader’s convenience, we provide a brief outline of this article. Section
2, starts with few important results about the Littlewood-Paley decomposition,
para-differential calculus and some functional spaces. Moreover, we state some
useful technical lemmas, in particular two smoothing effects estimates for transport-
diffusion equations governing respectively the density and the vorticity evolution.
Section 3, mainly treats the general version of Theorem 1.1. Section 4 is divided
into two parts. The first one is dedicated to the upper bound rate of convergence.
The second part deals with the optimality of the rate of convergence between the
vortices. We end this paper with an appendix where we give the proof of some
technical propositions.

2. Tools

Before proceeding, we specify some of the notations we will constantly use
during this work. We denote by C' a positive constant which may be different in
each occurrence but it does not depend on the initial data. We shall sometimes
alternatively use the notation X <Y for an inequality of type X < CY with C
independent of X and Y. The notation Cy means a constant depend on the involved
norms of the initial data.

2.1. Littlewood-Paley theory. Our results mostly rely on Fourier analysis
methods based on a nonhomogeneous dyadic partition of unity with respect to the
Fourier variable. The so-called Littlewood-Paley decomposition enjoying particu-
larly "nice” properties. These properties are the basis for introducing the important
scales of Besov and Holder spaces and for their study.

Let x € 2(R?) be a reference cut-off function, monotonically decaying along
rays and so that

ll

<

¢ll

1
2
¢h<1
1.

= o
A1
N|—=

if
1 if
if

o< =
IN
IV =IA
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Define (€) 2 x(§) — x(€). We obviously check that ¢ > 0 and

supp ¢ C C £ {§€R2 5 <lelh <1y

Then we have the following elementary properties, see for example [3, 10].

PROPOSITION 2.1. Let x and ¢ be as above. Then the following assertions are
hold.

(1) Decompositon of the unity:
VEER?, x(O+D 9279 =1.

q>0
(2) Almost orthogonality in the sense of £%:
1
VEER?, - <y? 2(27%) < 1
EeR?, D <x (£)+q§w( 6 <

The Littlewood-Paley or cut-off operators are defined as follows.
DEFINITION 2.2. For every u € 8'(R?), setting

A_ju = x(D)u, Au=p2D)u ifgeN, Sus Z Aju  forqg>0.
j<q—1

Some properties of A, and S, are listed in the following proposition.

PROPOSITION 2.3. Let u,v € 8'(R?) we have
(i) p—q|>2= A,Au=0,
(i) |p—q| > 4= Ay(Sp—1ul,v) =0,
(i) Ay, Sq: LP — LP uniformly with respect to ¢ and p.
)

(iv
u = Z Agu.
qg>—1
Likewise the homogeneous operators A and S are defined by

(2.1) VeeZ Ay;=¢(2'Du, S;= Y A

J<q—-1
Now, we will recall the definition of the Besov spaces.

DEFINITION 2.4. For (s,p,7) € R x [1,+00]?. The inhomogeneous Besov space
B; .. (resp. the homogeneous Besov space Bj ) is the set of all tempered distribu-

tions u € 8" (resp. u € Sllp) such that
lullg; 2 <2qSHAqu||Lp>ZT < .
(resp. Jlullg, 2 (271 AqulL»)

We have denoted by P the set of polynomials.

@) < oo).

REMARK 2.5. We notice that:
(1) If s € Ry \N, the Hélder space noted by C* coincides with B,
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(2) (C*, || |lc=) is a Banach space coincides with the usual Holder space C*
with equivalent norms,
(2.2 Jullor S lullg + sup B4 <y,
Tz#Yy |J) - y‘

(3) If s € N, the obtained space is so-called Holder-Zygmund space and still
denoted by BS, .

2.2. Paradifferential calculus. The well-known Bony’s decomposition [6]
enables us to split formally the product of two tempered distributions u and v into
three pieces. In what follows, we shall adopt the following definition for paraproduct
and remainder:

DEFINITION 2.6. For a given u,v € §" we have
wv = Tyv + Tyu + Z(u,v),
with
T,v= Z Sq—1ulgv,  R(u,v) = ZAquﬁqv and Ay =Ap 1+ A+ A1
q q
The mixed space-time spaces are stated as follows.

DEFINITION 2.7. Let T > 0 and (s, 3,p,7) € R x [1,00]®. We define the spaces

L?B;T and E?B;}T respectively by:

By, 2 {u H10,7) = 85 ull oy = [ (21 Agullis),,

Léi < OO}7
178, 2 {ui10,7) > S'llullzep, = (27180l 1510),. < o0

The relationship between these spaces is given by the following embeddings. Let
€ > 0, then

(2.3) LyB;, < LyBy, < LpBy s ifr >,
LByte — LBs, — L4B;, if >

Accordingly, we have the following interpolation result.

COROLLARY 2.8. Let T > 0, s1 < s < s9 and ¢ € (0,1) such that s =
¢s1+ (1 —()sa. Then we have

(2.4 lullzy s, < Cllulls

1-¢
L5

oy

The following Bernstein inequalities describe a bound on the derivatives of a
function in the LY—norm in terms of the value of the function in the L%—norm,
under the assumption that the Fourier transform of the function is compactly sup-
ported. For more details we refer [3, 10].

LEMMA 2.9. There exists a constant C > 0 such that for 1 < a < b < o0, for
every function u and every ¢ € NU{—1}, we have

(i)

sup 0% Squll < 21042 (=1 15 ) 1o,
|| =k
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(i)
CR2 | Agull e < sup 0% Agullze < CF27 A ul|o.
la|=k
A noteworthy consequence of Bernstein inequality (i) is the following embed-
ding:
B, , — Bjr whenever p > p,
with L1 L1
’§<s—2(f—:) or E:s—2<f—:) and 7 <.
p D p P
2.3. Useful results. This paragraph is reserved to some useful properties
freely used throughout this article. The most results concerning the system (VD,,)
rely strongly on a priori estimates in Besov spaces for the transport-diffusion equa-
tion:
dia+v-Va— plAa=f
TD
(TD,) { Qe d
We start by the persistence of Besov regularity for (TD,), whose proof may be
found for example in [3].

PROPOSITION 2.10. Let (s,7,p) €] —1,1[x[1,00]? and v be a smooth divergence
free vector-field. We assume that a® € BS . and f € L} _(R,; By ). Then for every

p,r loc

smooth solution a of (TD,) and t > 0 we have

t
la(®)l5;, < CeSV® (||a°||B;,,. +f e-CV<T>||f<r>B;,,.dr),
0
with .
V(t) = / IVo(r) | dr
0

and C' a constant which depends only on s and not on the viscosity. For the limit
case
s=—-l,r=o0c0andp€[l,o0] or s=1,r=1andpée]l, ]

the above estimate remains true despite we change V (t) by Z(t) = [vllzips |- In

addition if a = curl v, then the above estimate holds true for all s € [1,400].

Next, we state the maximal smoothing effect result for (TD,) in mixed time-
space spaces, whose proof was developped in [21].

PROPOSITION 2.11. Let s €]—1,1[, (p1,p2,7) € [1,4+00]® and v be a divergence
free vector field belonging to Li. .(Ry;Lip). Then for every smooth solution a of

(TD,) we have
1 1
25) wlall. 2 <CeVOU+ ) ()]s,

P1,P2

+ W/, ,,): VEERS.

t - P1,P2

The asymptotic behavior in LP —norm with p € [2, oc] of every (wy,, p,,) solution
of (VD,) is given by the following proposition. To be precise we have:

PROPOSITION 2.12. Let (w,, p,) be a smooth solution of (VD,,) such that py €
L*NLP and wy € L?> N LP with p € [2,00]. Then fort >0,

_2
lwn@)llze + IV pullzire < Colog® 7 (1+¢).
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REMARK 2.13. This property has been recently accomplished by [28] for Strat-
ified Euler equations (B,,), with 1 = 0. We point out that the proof of such estimate
remains available in our case with minor modifications due to the laplacien term,
which has a good sign.

We end this paragraph by the Calderén-Zygmund estimate which constitutes
a deep statement of harmonic analysis.

PROPOSITION 2.14. Let p €]1,00] and v be a divergence-free vector field which
its vorticity w € LP. Then Vv € LP and

p2
(2.6) IVelle < e

lwllze,
with ¢ being a universal constant.

3. Smooth vortex patch problem

In this section we will give a detailed proof for the first main result stated in
Theorem 1.1. We will inspire the general ideas from Chemin’s result, we then follow
the argument performed more recently by [28, 39] for Stratified Euler system. For
this aim, we will state the general framework study of the vortex patch problem.

3.1. Vortex patch tool box. Before entering into details of the proof of
the Theorem 1.1, we will state few important ingredients concerning the study of
vortex patch problem. We will start with the concept of an admissible family of
vector fields and some related properties, from which we will derive the notion of
anisotropic Holder space. At the end, we state the so-called stationnary logarithmic
estimate which is the key step to prove that the velocity is a Lipschitz function.

DEFINITION 3.1. Let € €]0,1[. A family of vector fields X = (X))xea is said
to be admissible if and only if the following assertions hold.
e Regularity:
Vae A X, ,divX, € C°.

e Non-degeneray:

(3.1) I(X) £ inf sup |Xx(z)| > 0.
T€RT \eA

Setting

(3.2) 1 Xalles 2 1 Xalles + [|divXalce.

DEFINITION 3.2. Let X = (X))xea be an admissible family. The action of
each factor X on u € L™ is defined as the directional derivative of u along X, by
the formula,

aX)\’LL = le(uX)\) - udiVX)\.

The anisotropic Holder spaces, denoted by C¢(X) are defined below.

DEFINITION 3.3. Let € €]0, 1] and X be an admissible family of vector fields.
We say that v € C¢(X) if and only if:

e u € L™ and satisfies

VA €EA, Ox,u€ C', sup||O0x, ullc-—1 < +o0.
AEA



OPTIMAL RATE OF CONVERGENCE IN STRATIFIED BOUSSINESQ SYSTEM 245

e (C°(X) is a normed space with
1 < -
A
ullce(x) = === ||u]| Lo sup || Xx||ce + sup [|0x, u 571).
l[ullc=(x) %) l[ullL AGRH Mle AGRH xsulle

Now, let us take an initial family of vector-field X¢ = (Xo x)aea and define its
time evolution X; = (X; x)xea by

(3-3) Xea(z) 2 (Xoa¥)(t, U (8 ),

that is X; is the vector-field X transported by the flow ¥ associated to v. From
this definition the evolution family X, satisfies the following transport equation.

PROPOSITION 3.4. Let v be a Lipschitzian vector-field, U its flow and X; =
(Xia)ren is the family defined by (3.3). Then the following equation holds true.
{ (815 +v- V)Xt’/\ = axmv ’Lf (t7.’17) c R+ X R2

3.4
(34) X ajt=0 = Xo,a-

To prove the Theorem 1.1, we state the following stationnary logarithmic esti-
mate initially introduced by Chemin [10]. More precisely,

THEOREM 3.5. Let € €]0, 1] and X = (X\)aeca be a family of vector fields as
in Definition 3.1. Let v be a divergence-free vector field such that its vorticity w
belongs to L?> N C%(X). Then there exists a constant C' depending only on €, such
that

(35> HVUHLDC < C(Wle + ||W||L°°10g(€ + ”w”CE(X))>

o[l

We shall now make precise to the boundary regularity and the tangent space
used in the proof of Theorem 1.1.

DEFINITION 3.6. Let € > 0.
(1) A closed curve ¥ is said to be C**¢—regular if there exists f € C1T¢(R?)

such that ¥ is locally a zero set of f, i.e., there exists a neighborhood V'
of ¥ such that

(3.6) Y=fYHo}nV, Vf(x)#0 VYreV.
(2) A vector field X with C* —regularity is said to be tangent to ¥ if X-V fi5, =
0. The set of such vector fields will be denoted by 75;.

Given a compact curve X of the class C'7¢, 0 < ¢ < 1. The co-normal space
Cs, associated to ¥ is defined by

Cs 2 {ue L®(R?);VX € 75, (divX = 0) = div(Xu) € C°7'}.

The following Danchin’s result stated in [13], showing that C§ contains the char-
acteristic function of a bounded open domain surruonded by the curve ¥. More
generally we have:

PROPOSITION 3.7. Let Qg be a C'e—bounded domain, with 0 < € < 1 and
f € C5(R?), then we have:
leO S C%

According to the previous proposition, we strive to give a general version of
the Theorem 1.1 which allows to deal with more general structures than the vortex
patches. Thus we have:
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THEOREM 3.8. Let 0 < ¢ < 1, Xy be a family of admissible vector fields and
UIOL be a free-divergence vector field such that w° € L?> N C¢(Xy). Let pg € L'n

“w
L, then for p €]0,1] the system (B,) admits a unique global solution (v, p,) €
L3 (Ry; Lip) x L*°(Ry; L N L>°). More precisely:

(3.7) V0 (8)][ e < CoeCotlos™ (D).
Furthermore, we have:
o (Dl (x,) + 10,8 (8)]| 0= < Coexp{Cotloa™ 40},

PROOF. The most difficult point in the proof is to estimate suitably the quan-
tity w,, in C°(X;) norm. For this aim, we shall use the following coupled function
I, defined by I';, = (1 — p)w, — Lp,, with £ = 0;A~1. After few computations, we
obtain that I';, evolves the following inhomogenous transport-diffusion equation:

(3.8) (O +vy -V —pA), =[L,v,-Vpy.

To simplify the presentation in what follows, we temporarily drop the viscosity
parameter .

By virtue of (3.4) of the Proposition 3.4, one can check that the quantity dx, ,I'
satisfies the equation,

(3.9) (Or+v-V— uA)@Xt’AF = Xt,A{[ﬁv v V]P} - N[A7 Xt,A}F-

According to [12, 20], the commutator [A, X; 5] can be decomposed as the sum of
two terms in the following way:

PA, X T = F + uG,
with
F 2 2uTyx; OV + 2Ty, vrVX{ 5 + pTax; O + pTo,r AX] 5.
and
G 222(VX|,,0,VT) + Z(AX] ,0).

Here, we have used Enstein’s convention for the summation over the repeated in-
dices. Thus the equation (3.9) takes the following form,

(O +v-V —pA)ox, \I' = Xy \{[L,v- V]p} — (F + puG),
Applying Theorem 3.38 page 162 in [3], one gets
(3.10)
Joxu T e s < Ce¥® ([0, TOllce s + o, {[£,0 - Tlp} | zce s
+(U+ )| Fllpece-s + pIGliz 0 )
Recall from [3, 20] the following two inequalities
[Fl|Leece-s < Ol | Loepoo [[ Xal|Lgo e -

and
HG”Z,}CE*1 < C”F”Z%Bgo’w”XAHLgccs.
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Combining with (3.10), one finds
(3.11)

HaX)\FHL?Ost—l < CeCV(t) (HaXo,xFOHC’E*1 + HaXA{[‘C’U . v]p}HLthS—l
(U ) [T e I Xalgmce + Tl gy o IXnllzgece ).

e Estimate of |0x, ,I| From the definition of the function I' we have:

Ce—1"

(3'12) ||8X0,AFO| Ce—1 < ||8X0,AWO| Oe—1 + ||8X0,>\‘Cp0| Ce-1-
On the one hand, from Definition 3.3 we write
(313) HaXO,ka| Ce—1 5 Hw(]”CE(Xo)'

On the other hand, employing the fact C¢ is an algebra, then we obtain the general
result

(3.14) 0x,ullce—1 < ||div(uXy)|ce—1 + |Ju divXy]|ge-1
S uXalles + |lu divXa| Lo
S lullo<IXallos-
Consequently N
100, £6°]| ges S I Xoallo=[1£6°lc=

Concerning ||£p°]|c=, using the fact that £ is of order —1. Then Bernstein’s in-
equality yields for p > 2=,

(3.15) I£e°lc= < Hﬁpollm+Su§2q5||Aq£P°||Loo
qe

~

S L% nee + sup 29PN 0O 1
qeN

Furtheremore, £ have a non local structure, i.e.,

L[ (&—y)
Lp(t,x) = o /Rz ﬁp(tvy)d%

and so

ot < 5 [ 180y~ (e ote )0

r2 (T — Y|
Applying the convolution product properties and ||p(t)|p1qn=~ < % z1AL, We
obtain

(3.16) Lo~ < llp)llraLee

N T FATAVAS

Putting together (3.15) and (3.16). Then in view of A, : LP — LP is continuous
and LP = [L', L>°].1, we deduce

1£0°llce < Ip°llprmpe-

Therefore

(317) HaXO,A[’pO‘ Ce—1 < COHXO,)\HCE
More generally for ¢ > 0

(3.18) |05, Lo(B)]| oot < CollXeallcs,
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Inserting (3.13) and (3.17) in (3.12) to get
(3.19) 10x0, Tl e+ < Co(1+ [Xonllee)-

e Estimate of ||0x,{[£,v" VIp}lpice-1. To estimate this term we write again in
view of (3.14),

10x,{[£,v - Vo Lrce1 S ClliXiallppes

[E,sz]p‘

Lice
Then in accordance with the Proposition 4.4 stated in appendix, the last estimate
becomes

(3.20) 10x, {[£,v - VIp}lLice—1 < Coll XeallLgcet
¢ Estimate of ||T'||x~. By definition we have for x €]0, 1],
(3.21) IPllzzere < llwllpgoree + Lol Lz
Thanks to the Proposition 2.12 we have for ¢ > 0,

[w(t)||L= < Colog?(2+t).

Note that the term ||Lp||pz e will be done exactly as in (3.16). Then in view of
the last estimate, (3.21) takes the form

(3.22) T2 poe < Colog®(2+1).
e Estimate of ||I'||7.5. . Applying the maximal smoothing effect (2.5) to the
equation (3.8), it happené

MHFHZngOM < CeVI(1 /‘t)(”FOHB&,,m +][[£v- v}pHL%Bgo m)‘

Using the fact L> — B, . and C° — B, for e > 0, it follows

HI0 gy e < CeV O+ ut) (T2 + [[[£,0- 9]y e ),
and, in turn, using once more the Proposition 4.4, we get
(3.23) Tz, < CeCV O+ ) (I +Co),
For ||T9)| L, applying the same argument as in (3.16), we deduce
TNz < flo®llzee + 1P | 2rz=
together with (3.23), it holds that for u €]0, 1]
(3.24) pill g g < Coe®V D (1+1)%.

Plugging (3.19), (3.20), (3.22), (3.24) in (3.11), then after few computations we
obtain for p €]0,1[

(325) [|0x,T| poges < Coe®V D (1 4 2)10g%(2 + 1) (1 + [ Xa | pgoce)-
But

)

|05, )| cemr < [|0x0 2 L) || geos + (|0, A TE) || s
combined with (3.16), (3.18) and (3.25) we get
(3.26)
10, 0®)]|ceer < Coe®VO(L+ %) 10g2(2 + ) (1 + [ Xall Lece) + Coll Xallzge o
< Coe®VO(L+ %) log(2 + ) (1 + [ Xa| psece).-
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The term HX/\HL;X’ c= may be bounded by taking advantage of (3.4) and the Propo-
sition 2.10, we thus have

t
(3.27) | Xiallos < oeCV(ﬂ(HXO,AHCE + / e—CV(T>||XT,Av(T)||CEdT).
0

According to [3, 10], the quantity ||0x, ,v||c- satisfies,
10x, svlles < C([10x, swlloe-r + ldivXeallce lw®)ll = + 1 Xeallce Vo)l ).
Plug the last estimate in (3.27) to obtain

t
(328) [ Xoallo- < ceCW(nXo,Ancsw A (R
0

H|divXe sl [l (T) ][ e + ||XT,A|ce||W(T)||Loo)>dT-

To conclude, it is enough to treat the term divX; x. To do this, we apply "div” to
(3.4) and using the fact divv = 0, we deduce that divX; ) evolves the equation
(O +v-V)divX, y = 0.
Again the Proposition 2.10 gives
(3.29) [|divXallce < CeCVO||divXoa|ce.
Combining (3.28) and (3.29), then (3.2) allows us to write

Xoaller < cecwﬂ(nxo,ucs(u||w||LgLoo>

t
+0 [ VO o, ol + Xralle Vel )ar )
0

Then, the Proposition 2.12 implies
_ t
IXealles < Coe®V® (10g2(2 +1)+ C/ eV (Jox, \w(T)lloe-
0

+||XT,A||ce|Vv<r>||m)df)7

Gronwall’s inequality asserts that
_ t
IXeallos < Coe®V® (108‘2(2 +1)+ C/ e_CV(T)”aXT,Aw(T)”CE1d7)7
0

combined with (3.26), it holds for ¢ > 0
e VOIXAllee < Co(L+6)(1+ %) log?(2 + 1)

t ~
+coc/ (1+7%)1log®(2+ 7)e” V|| X, )| Lo cedr.
0

Setting ¢ (t) = Co(1 + t)(1 + t2)log?(2 + t) and ¢o(t) = CoC(1 + t?)log?(2 + ),
then for ¢t > 0 the last estimate becomes

o~ t ~
e VDX, llce < hu(t) +/ b2 (m)e VX, || Lo cedr.
0
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Again Gronwall’s inequality gives

_CV ||Xt >\HCE <¢1 / ¢1 ¢)2 )ef ¢2(T d‘r dr.

After a few computations we shall have for ¢ > 0
HXM”CE < CoecotB 1og2(2+t)eCV(t)’
accordingly (3.26) becomes
HaXt,AW(t) et < C«Oecot?’ log2(2+t)€CV(t).
Putting together the last two estimates, we end up with
(3.30) 1 Xeallce + [10x, ,w(t)[|cemr < CoeCot 108" @+ LVE -y ¢ A,
On the other hand, according to the Definition 3.3, we recall that:

1 ~
. 1 t € = 7( oo X € t e— )
(3.31)  w®lle=(x,) %) lwllz i‘éﬁ” talle +§t€1§|\5xt‘xw()llc 1

The required estimate for w in C¢(X;) norm follows by showing that X; defined in
(3.3) is a non degenerate family, that is to say, I(X;) > 0 . For that purpose, we
derive X,y o U(t,z) £ Ox, , ¥(t, ) with respect to time and using the fact

5V (t,x) = v(t, U(t,x))
U(0,z) =z
it follows
{ ataXu,A\Il(tv z) = Vu(t, (¢, x))aXO,)\\I](t? )

8)(0)/\\1/(0,.’11) = X()’)\.
One deduce that this equation is a time reversibile. Thus Gronwall’s inequality
asserts that

[ Xoa(@)[F! < |0x,, 0 (t,x)[e" "

In accordance with (3.1) and (3.3), one has

(3.32) I(X,) > I(Xo)e™V® > 0.
Consequently, (3.30), (3.31) and (3.32) leading to

(3.33) ||W(t)HCE(Xt) < CoeCotS 10g2(2+t)€CV(t).

Now, we are in position to apply the logarithmic estimate (3.5). By virtue of (3.33),
the Proposition (2.12), the increasing of the function (0,00) 3 ¢ — (log(e + a/()
and the decreasing of (0,00) 3 ¢ — log(e + a/(¢), it holds

lw(®)llc=(x ))
Vot)||z= < Col log(2+1t) +log*(2+1t)1 —_—
IVob)lee < 0<0g( 1) +log*(2-+ 1) log (e 1 L

IN

Cy <1og(2 + 1) + t3log*(2 + t) + log®(2 + 1) /t ||VU(T)||Lood7').
Hence, the growth of the exponential function and Gronwall’s i(;lequality yield
(3.34) Vo (t)||z < CoeCotlos” 240,

combining this estimate with (3.33), we get

Hw(t) ”CE(Xt) < 0066xp Cot log2(2+t).
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To finalize, let us estimate dx, , W(t). First, we employ that dx, , ¥(t) = Xy 0 ¥(?)
for every A € A, then by virtue of (2.2) we thus have

[XeaoU(t)le: < [ Xeallee[VE@)[|ze
< 1 Xallo=e€V® vA €A,

Here we have used the classical estimate e =V ®) < ||[VU*L(¢)[| 1 < eV (). Hence,
(3.34) ensures that

(3.35) X0 U(t)] e < Coe™® Cotlog? (2+1)
this concludes the proof. 0

3.2. Proof of Theorem 1.1. The proof of the Theorem 1.1 requires two prin-
cipal steps:

(1) The velocity vector fields is a Lipschitz function globally in time, which
immediately follows from Theorem 3.8.
(2) The persistence of Holderian regularity in time of the transported patch,
i.e., 08 is a simple curve with C'*¢—regularity given by the following
scheme:
(2.i) Fabricate an initial admissible family Xo = (Xo,x)xef0,1}, Which en-
ables us to show that 1g, € C°(X) and parametrize its boundary
09 by a simple curve.
(2.ii) The regularity of evolution family X; = (X; x)re{o,1} and the bound-
ary (9Qt7 with Qt = \Il(t, QO)
(2.i) Since 9Qq is a curve of the class C1*<. Consequently, (1) of the Definition
3.6 ensures the existence of a local chart (fy, V), with Vj is a neighborhood of 9
such that
{ fo € C1TE(R?), Vfo(x)#0 onV
9 = fo ' ({0}) N Va,
On the other hand, let y € Z(R?),0 < x <1 and
supp x C Vo, x(x)=1 VoW,

where Wy is a small neighborhood of 9€y such that W, € V. Next, define for
every z € R? the family Xy = (Xo,x)req0,13 by:

(336) Xoyo(.%‘) = vao(.’lf) and Xo)l(l‘) = (1 — X(x)) ( (1) ) .

It is worthwhile to examine the admissibility of the family Xo = (Xox)xeqo0,1}-
First, we obviously check that Xo = (Xo,x)xe{o,1} is non-degenerate, and that each
component X, and its divergence are in C¢(R?), then according to Definition 3.1,
we conclude that Xo = (Xo,x)re{o,1} is an admissible family.

Second, Xo = (Xo,A)xref0,1} is a tangential family (see, (2)-Definition 3.6) with
respect to ¥ = 09y, i.e.,

XO’,\ S ‘%7 Ve {0, 1}
Indeed, for the component X g, clearly we have:

Xo,0(z) - Vfo(z) =V fo(z) - Vo(z) =0, Va € I,
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while for the component X ;, using the fact x = 1 on Wy, we immediately obtain

Xoa(@)-Violx) = (1—-x(x))01fo(x)
0.

(2.ii) For every A € {0,1} and = € R?, we set X;\(z) = (9x,,7¥)(t, ¥~ 1(t,2)).
Using the same argument as in (3.29), (3.30) and (3.32), we infer that (X;) still
remains non-degenerate for every ¢ > 0, and that each X; ) still has components
and divergence in C*°. This means that X; = (X x)xefo0,1} is an admissible family
for all t > 0.

Now, we will parametrize the boundary 9€y. To do this, let zg € 9 and define
the curve 4° by the following ordinary differential equation

957" (o) = X0,0(2°(0))
7°(0) = @o.

By classical arguments we can see that 4° belongs to C'*¢(R, R?). A natural way

to define the evolution parametrization of 92, is to set for every ¢ > 0,

(t,0) £ 9(t,7%(0)).
Clearly that (¢, ) is the transported of 4% by the flow . By applying the criterion
differentiation with respect to o, we readily get

80’7(7“70-) = (aXo,o\Il) (t7 70(0))'
On the other hand, 0x, ,¥ = X o0 ¥, thus we have from estimate 3.35 of the The-
orem 3.8 that dx, .1 € LS. (Ry; C%), accordingly v(t) belongs to L3, (Ry; C1Fe).

loc loc

This tells us the regularity persistence of the boundary 9€2; and so the proof of the
Theorem 1.1 is accomplished.

4. The rate convergence

4.1. General statement. In this paragraph we are interested in the rate
convergence between (v, p,) and (v, p), the solutions of (B,) and (By). To be
precise, we will provide a more general version of the Theorem 1.4. For this purpose,
we state the following auxiliary result1 which shows that any vortex patch with

smooth bounded domain belongs to Bp; 50-
PROPOSITION 4.1. Let Qg be a C'—bounded domain, with 0 < & < 1, then
L1
the function 1q, belongs to Bj o, with p € [2,00].

Proor. We follow the formalism performed in [33] with more details. Since
Qo is C'*¢—bounded domain, then in view of C17¢ < Lip we deduce that 1, €
L> N BV, with BV? is the Banach space of functions with bounded variation. By
means of the Proposition 4.5 stated in the appendix, we have

BV < Bi

2BV is the space of functions of bounded variations defined by

8
BV(R?) & {u €LY(R?):Vi=1,...,2, 3N € (//lb(R2,R2);/ uwsl dy = f/ pd\; Vo€ @(R2)}
r2 Oz R2

equipped with the norm
lullpv £ llull g1 + [Dul (R?),

where |Du|(R?) is the total variation of measure Du.
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In particular for ¢ € Z
[Ag1a,llz S 271ey BV,
combined with LP = [L', L*°]1, we deduce

NS PN PP L P Y VR P o

S 2701y lav (Lo, o

S [ N R

Here we have used the fact that Aq maps continuously L into it self. Thus we
obtain for ¢ € Z

9 A
277 |Aglay e < Cl1la,llL=nBV-
L1
Taking the supremum over ¢ € Z, we finally obtain that 1q, € By ]

Now, we state the general version of the Theorem 1.4. Roughly speaking we
have:

THEOREM 4.2. Let (v, p,) and (v, p) be the solutions of (B,) and (By) re-
spectively with (v9, %) and (v°, p%) their initial data. Let w), w° be their vor-
ticties with wﬂ € L® N Bpoo, W' € L' N L® and po,pg € L' N £P. Setting

II(t) = ||vy — vllzr + |lpp — PllLr, then we have the following rate of convergence.

() < CeC(t+Vu(t)+V(t))(H(O)—F(Ht)?Jr%(1+ut)(||w2||B +Hp2||Lp)) p € [2,00],

1
where
t t
V)= [ Vo limdr, VO = [ Vo)
The proof of the previous Theorem requires the following interpolation result.

PROPOSITION 4.3. Let (p,r,n) € [1,00]*%x] — 1,1[ and v, be a free divergence
vector field depicted by the Biot-Savart law v, = A‘lewu, i.e.,

1 [ -y
nta) = 3= [ Ly

Then the following estimate holds true.

147
2

| Av,,|

1-n
Lroe < CHWMHZIBZ.OC”w“HZ;)Bgt?

PRrROOF. To prove this estimate, let N € N be a parameter that will be chosen
judiciously later. The fact Av, = Vqu, interpolation in frequency and Bernstein
inequality enable us to write

(4.1)
[Avyllprr < Z HAqVLWu”LZLP + Z ||Aquwu||L;fLP
g<N q>N
< Z 2q(1*n)2anAqw#||LtTLp + Z 211(*1*77)2q(2+77)||Aqwu||L:Lzp
q<N >N
< 2N(1777)||wu| Trpn. 2*N(1+n)|\w#| frp2tn-
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Now, we choose N such that
2N(1in)”wuHZ;B;’Y ~ 27N ||wu||LTBQ+"a
whence
lwull gy pzen
(4.2) 22N ~ “wﬂnf{Bp,m
Ly By o

Inserting (4.2) in (4.1), we obtain the desired estimate and so the proof is completed.
(]

Proor or THE THEOREM 4.2. We set U = v, —v,0 = p, —p and P =
pu — p- We intend to estimate the quantity ||U||z» + ||©]|z». To do this, making
few computations we discover that U and © evolve the nonlinear equations,

U + (v, - VU — plAv, + VP =0Oey — (U -V)v  (t,x) € Ry x R?,
(B.) 00+ (v, -V)O-AO =-U-Vp (t,z) € Ry x R2,
" divU =0,
U|t:0 = Uy, @|t:0 = Op.

e Estimate of ||U(t)||z». Multiply the first equation in (Eﬂ) by U|U|P~2, and
integrating by parts over the space variables R?, then in view of dive,, = dive = 0,
it follows

pdt” ML < /Rz\VP'U|U|”_2!d$+u/R2!Avu~U|U\P—2]dx

+/RQ |(U-V)o-UUP~?|dx + /]R |©es - UU P~ |da.
Holder’s inequality yields
v O < IVPOU U@L + pll Ao Ol IU @)1
HIVoll= [T @I, + 10| 2e U @)IE

pdt

so, integrating in time over [0, ], we obtain

t t
(43) U] S\WNm+1JWPvWMM+ﬂAHAwwmmm

+AHWﬁWWWWWmW+AH@ﬂMMT

Concerning the term ||V P|| r», applying the ”div” operator to the first equation of
(Bu), one finds after easy algebraic computations

—AP =div(U - V(v, +v)) + 920,
then we have
—VP =VA~'div(U - V(v, +v)) + VAT!9,0.
The boundedness of Riesz transform on LP, p €]1, oo into it self leading to

IVPlle S U Le (IVopullze + [Vollze) + [©]lLs-
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Inserting the above estimate into (4.3), we deduce that

44) U@l < IIUoHLp+/0 1T (IVOu(D) e + Vo (7)) dr

¢ t
+u/0 ||Avu(7)||LpdT+/O 1©(T)|| Lrdr.

e Estimate of |[©| 17,. Multiply the second equation in (E#) by ©|©P~2, and
integrating by parts over R%. Then by virtue of divv, = dive = 0, it happens

1d _ _
L1, + -1 [ [VewPlewrde< [ U@ Vol s,
p dt R2 R2
owing to Holder’s inequality, we shall have
1d _ _
];ﬁll@(t)l\ip +(@—-1) /RQ IVO)2O(t) [P~ 2dz < U)o | Vo) || = O(t) |7
Since the second term of the left-hand side has a non-negative sign, one obtains

d
Z10®lze SNV @ Le IV o(E) |-

Integrating in time over [0, t], we get

t
(4.5) 9®)r < 11O0 L +/0 UL IV ()] Loedr.
Putting together (4.4) and (4.5), we readily get

t
OO e +11O@Lr < HUollLv+||®o||Lp+A 1T () e (1Yo ()] oo
t
+||W(T)||Loo)d7+u/0 [Av, (7)o dr

+ / 10() | edr + / U ()| [V p(7) |

Since T1(t) £ [|U(t)||z» + |©(t)||Lr, then after few caculations we find that

() < H(OH/O L+ V()= + V()| + V()L )TL(7)dr

t
+u/ | Av,(7)|| Lo dT.
0
Using Gronwall’s inequality, we can write
(46)  m@) < Ot IO (1(0) 4 | Av 1)

We now turn to the estimate of the principal term y||Av,||z1z» which provides the
desired rate of convergence. Take in Proposition 4.3 n = % and r = 1 to obtain

1, L 1_1

(4.7) pllAvyllpipe < prllwgll” 20 flwull” s
tBpoo LB, &
1 I

For the term I, applying the Holder inequality in the time variable, we deduce that

1, 1
T< b33 flw, |27,

P
t Bp,oo
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Put r=00,5 = I%,pl = p, p2 = 00, Proposition 2.11 tell us

ol 3 <CO(Wl 4 + Vol 1 )
L; By

1
P
BP,OC

Hence )
T2

[N

1< O Out S ()l o+ IVl s )
Bf o Ly By oo
Concerning II, a new use of the Proposition 2.11 gives for r = 1,s = ;,pl D, p2 =

oo the following

lwull, avs < MO0+ ut)<||w2||

toPp,o0

v ) )
Vol

1
By
Accordingly, we infer

W=
|
S

1< OO B p) (L + 1Vl s )

By

Combining I and II, (4.7) becomes

1, 1 1_ 1
Hl Al S CH O T (1 pn T3 (Wl 3+ IVl 3 )

~ 1 1 1
By means of the embedding L%B;”l = L%B;”l < L} B} o, the last estimate takes
the form

1.1 1_1
Bz S CEV OG5 ()3 (el + 190l )
p,00 p1
together with (4.6), one obtains

) 5 OO (o) 4 ()b 0 )b (181
By
Il 3 )

tPp,1

For the term [[Vpl| 1z in the exponential, applying the Propositon 2.12 the last
estimate takes the form
(4.8)

1, 1 1_ 1
TI(t) < CeClHVa®+V (D) (H(0)+(Mt)z+2p(1+ut)z 25 (ngHB% +\|Vpu||~pr ))

To end the proof of our claim, let us estimate HVPMH 1 . Note that V maps
1B?

t p,1
. 141 z
continuously B, ;” into B

p,1»
gives for p > 1
4.9
(4.9) loull

1_
then the Proposition 2.11 combined with L — B, '
OV, (1) 0
pr%irl < Cev'r (1+t)”p#HB§;1
cv,
< YO 4 1) 1

Plugging (4.9) in (4.8), we find that
(4.10)

TI(t) < CeClHHVa®+V (D) (H(O) +(ut)3tEm (L4 pt)2 % (Hw#H s+ ||p2Lp)>.

Hence the proof of the Theorem 4.2 is accomplished. O
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4.2. Proof of Theorem 1.4. (i) Substituting (1.3) and (1.4) into (4.10) and
1
the fact 1o, € Bj o, it happens for p €]0, 1]

Cotlog? (14t)

I0(t) < Coe® (ut)> 2.
(ii) To estimate w, —w in LP—norm, using the definition of w, and w we shall have
lwp () —w@®llr < [V (0a(t) = v(@)]Lr
combined with BJ) ; < L” and Bernstein inequality leads to
(4.11) lwu(t) =w® e < out) = v@®)ll5; -

On the other hand, let N be a fixed number that will be chosen later. Again
Bernstein’s inequality leading to

[0, () = o)1,

(412) < 30 2B (0u(t) — (E)llee + Y 272 [8g9 (0 (t) ~ v(0) 0
q<N q>N
S 2Vlu(t) = 0@l + sup 27l (t) —w(O)le 3 278
92— >N
< 2V ou() = v@)lle + 277 [lwnlt) — w (@] 2

In the second line we have used the fact
[AgV(vu(t) —v)lr = |Ag(wu(t) —w@)Lr, Vg €N
Taking
|wp(t) —w@®I 1
B

oN(1+3) o
[0 () = v(t)]| v

~

Then (4.11) and (4.12) lead us

[0, (8) = v@®llBy, S llvu(t) —o(t WE o t) — w5
whence (4.11) yields

lou(t) = @@z < l[0a(t) — O it —W(f)H? ;
in accordance with the Theorem 1.4, it holds

lws(t) = w()[ < Coe ()75 (14 ut) Jw (£) = wtl 1

P,

Cotlog?(24t)

To finalize, let us estimate |w,(t) —w(t )|| . To do this, using the persistence of

Besov spaces explicitly formulated in the Propos1t10n 2.10, one gets

o) =l s < @l g+ el

IN

IN

Il s Vel

L
P,00 t p

CeCWVaO+V () <||w3||
Il ).

1
P
By,
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The last two terms of the right-hand side stem from (4.9). Then thanks to (1.3)
and (1.4), we end up with

8C‘Ot log2 (24t)

o (8) =w(®)] 5 < Coe (ut) 7 (1 + pt).

p,00

This achieves the proof of the aimed estimate.

4.3. Optimality of the rate of convergence. In this paragraph we shall
1
give the proof of Theorem 1.6 by showing that (ut)2r is optimal in LP norm in the
case of a circular vortex patch and pg and p" are constant densities.

PROOF OF THEOREM 1.6. Since the initial data wﬁ = wY = 1p are radial then
this structure is preserved in the evolution and thus

vy - Vwy, v-Vw=0.
Therefore the equation of w, (resp. w) takes the following form
Owy — pAw, =0,  Ow = 0.

Recall that the solutions of the above equations are given by

(4.13) wy(t,z) = Ky *wg(:v), w(t,r) = (),
where K is the heat kernel defined by
1 =2
Kt(l‘) £ He 4t
and satisfies
Ki(x)dx = 1.
R2

On the other hand, setting W (t,z) = w,(t,z) —w(t, ). Then in view of (4.13), we
have

W(t.) = [ Kyulo = 0)[1o(0) = 1o(a)ldy.

For |z| < 1 we have

W(t,x) = / Ki(z —y)dy
{lyl>1}
1 lz—y|?
- e” At dy.
dmpt Jijy>1y

Introduce Z(t,x) = W(t,/ptx) and make the change of variables y = \/utz, one
gets

_lz—z)2

1
4.14 Z(t = — d <
(414) en =g [ e s

‘H
i
g-
ﬁ

Let pt <1, then
(4.15) W ()l e r2)

Y

W)l o (1 - az< |zl <1)

Y

1
»||Z p(_1 1.
(Lt)? |1 Z(t)|l, (T —1<]l< o)

Now, our task is to prove the following requirement,

.
(4.16) ||Z(t)HLP(ﬁ71§\w|§ﬁ) > Co(put)~2v.
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For this purpose, we plug the identity |z — z|> £ |z|2 + |2|2 — 2(x, 2) into (4.14),

Lo_l=2 T )
Z(t,x)=—e 2 e~ A T2\E
{lz1>2 7=}
By rotation invariance, the above equation becomes

27 “+o00
Z(t,x) = / / = drleleos 0y g
> ie_% : / e T3 zrlelcos O qpqp.
e s
Since cosf > 1 — % for 6 > 0, then we find
too z|2 I Tz 3
Z(t2)| > — e f+2</2 ei’"|"392d¢9)rdr
I e 0
+oo z
_ 4i e—i<x|—r>2(/2 e‘i?‘lxwzda)rdr.
™ \/% 0

Here, we have used Fubini’s theorem. For the second integral of the right-hand
side, using the change of variables a = 1/r[xz]6, we get

rlz| §
(4.17) |Z(t,z)| > —/r e (lzl=r)? / eiO‘Qdia rdr.
0 V||

. 1 1 ~ 1 3
Since r|z| > ﬁ(ﬁ — 1) N > 1, then we obtain that

Z(t,x ZC’/
Zan)zc [ z

But, vput =1 and hence

:\%
\Y

Sh
s

Z(t,z)| > C/m e w(lzl=r? gy,

Making the change of variables k = r — |z|, we readily get

2 _
lel

|Z(t,x)] > C e 17 dk.
%fm
However, % |z| <1 and \ﬁ — |x| > f This leads to
Z(t,x)| > 0/m e Mk > C > 0.
1
Therefore, for \/7 1< |z < f’ it follows

(4.18) |Z(t,z)| > C.
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Taking the LP—norm for (4.18) over the annulus \/% —1<z| < \/%, it holds

1 1 v
Z (L oy > 1<z < —
1ZO e (i -1<i0ic 1) 2 O'Z(\/R _Ix_\/mﬂ
9 :
SE)
(m
> C(ut) 2,

where .7 is the Lebesgue measure over R?. Hence,
_a
||Z(t)HLP(ﬁ—1g\x|§ﬁ) > Cr(put)” 2.

This leads to the desired estimate stated in (4.16). Combining the last estimate
with (4.15), we end up with

1
W ()| rr2y > Cr(pt)2e.
Now, the proof is completed. .

Appendix

This section cares with the detailed proof of two Propositions 4.4, 4.5 which
are used respectively during the proof of Theorem 3.8 and Proposition 4.1.

PROPOSITION 4.4. Let £ €]0,1[,p be a smooth function and v be a smooth
divergence-free vector field on R? with vorticity w. Assume thatv € L?,w € L>NL>®
and p € L> N LP, with p > % Then the following statement holds true,

Ii2.v-9)s

Ce S CY0~

PrOOF. Recall from [28] the following commutator estimate,
2
e S llvllezllollize + llwllzeazsllpllee,  p> 1_¢
Let us estimate the first term of the right-hand side of (4.19). To do this, we apply
the energy estimate for the velocity equation, we shall have

(4.19) ||[£,v-V]p|

t
o2z < oolzz + [ lo(r)lzadr
0
A new use of [28] gives

L+ 02 lp(®)]22 5 lIpollzrnzs
thus we obtain
[o(t)]lz2 < Co(1 +1)2.
Combining the last two estimates, we readily get
(4.20) lo@lz2llp(®)llz2 < Co.
An usual interpolation inequality between the Lebesgue spaces yields for p €

[2, +00[

2 1—2
(4.21) o)l e lp@IIZ2 llpoll "

Co(141)77.

N A
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Here we have used the maximum principle for the density equation. Putting to-
gether (4.20), (4.21) and Proposition 2.12, we finally get

|[£,v-V]p| Co—i—Co(l—i—t)*% log?(2 + t)
Co.

This completes the proof. 0

Ce

IN A

For the reader’s convenience we state the following classical result.
PROPOSITION 4.5. The following Sobolev embedding is hold.
BV — Bj ..
PROOF. According to [31, 36] the equivalent norm to B;r is defined for ¢ €
N*, 0 < s < {and (p,r) € [1,00]? by

. dh )’
lallsy, = ([ WlAL @l ) -
P RN |h|

Here the difference operators Afb are given by
Al =A, Af'=A,0Al VIieN,
where A, is defined for every u € S’(RY) and h € RN by
Anu(z) & u(x + h) — u(z).
From (2.1), we have for ¢ € Z and z € R?

Agu(w) =2 | F 021z — y))uly)dy,
R2
with .Z ~1¢ denotes the inverse Fourier of ¢. As p(0) = 0 then

Agule) =2 [ 77 p(21a = ) (uly) = ul))dy.

So, by making a change of variable z = 2¢(x — /), we obtain
Auta) = 2 [ F701( — ) uty) = uta))dy
= /]R2 F 1 o(2) (u(x — 2792) — u(x))dz
= /2 F () Apu(z)dz, h=-2".
Fubini’s theorem implies )
(1.22) 1Agulls < / @) Al ad

We recall from Theorem 13.48 page 415 in [31] the following result
|Apulr: < [h]|Dul(R?)
2742|| Dul(R?).

Consequently
[AnullLr <27z |[ull By
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Inserting the last estimate in (4.22), we get for g € Z

1Aqu(@)l 2 < 27ullsy /n@ T o(2)|2ldz.

By taking the supremum over ¢ € Z, we obtain the aimed estimate. ]
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