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ABSTRACT. In this paper, we are concerned with small perturbation of the
nonlinear partial differential equation

5

— 1—6(81@1 + 8ugtuzrs)

Ut = Usz

under periodic boundary conditions. Using an abstract infinite dimensional
KAM theorem, we obtain the existence of many two-dimensional invariant
tori and thus many time quasi-periodic solutions for the above equation under
sufficiently small Hamiltonian perturbation.
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1. Introduction and main results

With regard to the Hamiltonian partial differential equation (HPDE)

w = Aw + F(w),

where Aw is linear Hamiltonian vector-field with d := ordA > 0, F(w) is nonlinear
Hamiltonian vector-field with § := ordF, and it is analytic in the neighborhood of

1991 Mathematics Subject Classification. Primary O175; Secondary 37K55, 35Q55.
Key words and phrases. quasi-periodic solution, KAM theory, normal form.

Supported

by NNSFC (11401041)(11601036), the University Science and Technology

Foundation of Shandong Province Education Department (J14LI54) and Binzhou University

(BZXYL1406)

(©2018 International Press

183

183
186



184 WENYAN CUI, LUFANG MI*, JUMEI ZHANG AND LI YIN

the origin w = 0. When § < 0, the vector-field F' is called bounded perturbation.
When 6 > 0, the vector-field F' is called unbounded perturbation.

After Kuksin and Wayne [9, 20] established the earliest KAM theorem for
PDEs with bounded perturbation, many authors paid attention to the existence of
KAM tori for HPDEs with bounded perturbation, and plenty of achievements were
obtained. We can’t list all the papers in this field, here we list only two survey
papers [6, 10].

However, fewer results of KAM theory for HPDEs with unbounded perturbation
are obtained. The first KAM theorem for unbounded perturbation was established
by Kuksin [7, 8]. In [8], Kuksin proved the persistence of the finite-gap solutions
alongside the hierarchy of KdV equation with periodic boundary conditions under
the condition 0 < § < d — 1. Recently, KAM theory for unbounded perturbation
has been extended to the limiting case 0 < § = d—1. A new estimate for the small-
denominators equation with critical unbounded variable coefficient is obtained by
Liu and Yuan [13]. Using the new estimate, they established a KAM theorem for
infinite dimensional Hamiltonian systems with 0 < § < d — 1 in [14]. The readers
can refer to [2, 15, 1, 17, 18, 21] for more results about unbounded perturbation.

For a long time the fifth order partial differential equations have been paid
close attention in physics. For example, in 1987, Fuchssteiner etc. [4] discussed
the hereditariness of recursion operators for some fifth order nonlinear partial dif-
ferential equations. In 2001, Verhoeven and Muserre [19] extended the N-soliton
solutions of the Kaup-Kupershmidt equation on a nonzero background decreasing
as (z + %)*2. In 2005, Das & Popowicz [3] studied the properties of a nonlinearly
dispersive integrable system of fifth order and its associated hierarchy in which the
systems are related to the Kaup-Kupershmidt and the Sawada-Kotera equations
under appropriate Miura transformation.

The problem that we address in this paper is the existence of a family of quasi-
periodic solutions for small perturbation of another fifth order equation

(1.1) U = Usp — ~— (8u2, + SUplprz)

16
subject to periodic boundary conditions
(1.2) u(t,z +2m) = u(t, z), —0o < t < o0,

which is a approximation of the FG equation [12] !

Uy = Use — ~— (8u2, + Stplpry + 16Ul ULy + AU Uy + duuy, — utuy).

16

Many researchers focused on the existence of the quasi-periodic solutions of
the HPDEs with higher order frequency. For example, Kappeler and Pé&schel [11]
considered the second KdV equation

Oy = 0%u — 10ud>u — 200, ud?u + 30ud,u

under small perturbations and proved the existence of a Cantorian branch of KAM
tori and many time quasi-periodic solutions. A natural question is that whether
the system (1.1) possesses quasi-periodic solutions under small Hamiltonian per-
turbation. In this paper, we will answer this question.

Here in order to find the proper Hamiltonian function we have to omit some higher order
term.
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To set the stage we introduce for any integer N > % the phase space

A ={ue L(T,R) :a(0) = 0, [[ullk = > |iPNa()* < oo}
JEeZ\{0}

of real valued functions on T = R/27Z, where

ijz

2
u(y) = /0 u(x)e_j(x)dzr,e;(x) = \/%e

We endow 7" with the Poisson structure proposed by Gardner

OF 4 9G
7 Ou(x) do Ou(z)

where F and G are differentiable functions on ¥ with L2-gradients in 7 .
Then the equation (1.1) can be written in the form

0 e ()

with Hamiltonian

(1.4) H(u) = /T <;ufm + 152ui> dz.

In (1.1), the order of nonlinearity § = 3 and the linear operator order d = 5
satisfy 0 < 0 < d—1. So the perturbation belongs to the noncritical unbounded case.
We will apply the KAM theory in [11] to prove the existence of KAM tori. The main
work is to transform the Hamiltonian into its normal form up to order four to extract
parameters. In this process, the first plague we meet is the difficulty of establishing
the regularity of the vector field resulting from the higher order frequency after
transformation. Fortunately, we conquer it by careful computation and analysis
using some inequations. The second plague is to check the condition (3.6). Because
of the complexity of higher order frequency, the matrixes of transformation A, B
in (3.8) become very complex. To obtain the conclusion of (3.6), we find a proper
matrix T" to reduce A into a simple form. Even so, we only obtain the 2-dimensional
invariant tori. In the past, there are many researchers to prove the existence of 2-
dimensional tori. For example, Liang [16] discussed 1D Schrodinger equations with
the nonlinearity |u|?’u under the periodic boundary conditions, and obtained the
persistence of many 2-dimensional invariant tori for the index set J = {41, jo} with
J2 > /pj1 > 0. Gao and Liu [5] considered the nonlinear wave equation

{FvG}:

utt—um—l—mu—l—u5=0

under Dirichlet boundary conditions, and gave the existence of many 2-dimensional
invariant tori for the index set J = {ny,ns} with ny = 1,75 > 10. It needs to notice
that the results above are about systems with bounded perturbation. Similar to
above papers, we obtain the following theorem.

THEOREM 1.1. Consider the nonlinear equation

5 0K
1. - x T T4 2 xWrxx .
(1.5) Uy = Us 16 (8uy,, + 8uztyyy) + € 5

subject to the periodic boundary condition (1.2), where K is real analytic in a
complex neighbourhood U of the origin in j%% which is the complexification of
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AN and satisfies the reqularity condition

0K
—:U%%%,

< 1.
ou

N

ou

0K
—— = su
Ou ||y s 0

Then, for any given index set J = {j1 < jo} C Z\ {0}, there exists an g9 > 0
depending only on J,N and U, such that for 0 < € < g¢, there exist

(1) a nonempty Cantor set 11, C II with meas(IT\II.) — 0 as € — 0 , where II
is a compact subset of R? with positive Lebesgue measure,

(2) a Lipschitz family of real analytic torus embeddings

T x Il — S, 0 N,

where yﬁué =T2 x R? x 6?\]+% X é?w%, @VJF% 1s the Hilbert space of all complex-
valued sequences with norm (2.2),
(3) a Lipschitz map ¢ : 1. — R?,
such that for each (0,€) € T? x Il., the curve u(t) = ®(0 + ¢(£)t, &) is a quasi-
periodic solution of equation (1.5) winding around the invariant ®(T? x {£}).
Moreover, each embedding is real analytic on D(s/2) = {|S¢| < s/2}, and

sup @ lip «
|®— ®0||T,N+%,D(s/2)xns * M”(I) - ‘I’0||T,N+%7D(S/2)XHE ~a’

£ « li
| — wlf? + MIqﬁ —wlp <,
where
P : T? x II — T? x {0} X {0} X {0}7 (9035) = (90707070)

is the trivial embedding for each £&. « is a parameter which depends on €. c is
positive constant which depends on the same parameters as vy, where v comes from
the KAM theorem 4.1.

2. The normal form

In this section, we will normalize the Hamiltonian up to order four. To this
end, we need some preparations.
Writting

(2.1) ult,x) = 705 (D)e; (),
J#0
where 7; = /|j|. The coordinates are taken from the Hilbert space (3 L1 of all
2

complex-valued sequences (g;) ;-0 with

(2.2) lallZrss = D 1P gl? < 00, g = g5
370
Now (1.3) can be written as
.. oHd 1, j>1,
(2.3) a5 = 10’j@’ g5 = { —1, j<—1

with the Hamiltonian

4 H0 =l -

> dklvymngiaa = A+ G,
j+k+1=0
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and the corresponding symplectic structure is
(2.5) —i» dg; Adgj.
Jj=1
The associated Hamilton vector field with Hamiltonian H(q) is given by
OH 0
Xp—ioy Y 2 0
570 91-3 945

LEMMA 2.1. The Hamiltonian vector field Xq is real analytic as a map from
K?\H-% into Z?V_% or each N > L. Moreover, [Xcllv—s = O(||q|\?\,+%).

PROOF. Since
5

G(q) =— E JEIYjvena; aeqr,
1227 ithri=0
hence,
oG 5 5
il RS S P PO E kl — — % lilvig..

heti—j
Defining w = (w;); = (I71vl¢;1)j. ¢ = (g;), then g; = (w * w);, consequently
g=wx*w. For g €3, wehave w € (3,_;. Hence we have

2

lgllv—1 = llw*wly—1 < CllwllX 1 < Cllall3 1

and therefore

10,GlIx—5 < Cllgln-1 < Cllglly -
The proof is completed. O

LEMMA 2.2. Suppose ai,as, by, bs are nonzero integers, and %, % are fractions

in lowest terms. Then if Z—ll + Z—z 18 a integer, we have a1 = as.

Proor. If Z—‘l + 2—2 equals the integer m, we obtain

a2b1 + albg = maias.

Obviously, a1|aibe, then aj|asb;. Meanwhile, Z—ll is a fraction in lowest terms, then
a1]as. Similarly, we have as|a;. Consequently, a; = as. O

LEMMA 2.3. Suppose j,l, k are nonzero integers with j + k +1 = 0. Then

(2.6) GO 415 + K = 55kl(52 + 12 + 1) # 0,
and

1
(2.7) 2P+l > 5max{fJ&ZQ}.

PROOF. If j+ k41 =0, then k = —j — [, and
PAHE P =5+ — (G +1)° = =551 —105%1% — 105213 — 551
= 57kl (5% + 12 + 41) # 0.

Meanwhile, we know

max{j?, 1*},

1 1 1
PHPGZ S+ 0D 2
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1

1
j2+l2—s—jl:k2+lz+kl25(12+k2)+2(l+k:)22 k2,

N =

namely,

1
PP +l> 3 max{j?, k%, 1°}.

LEMMA 2.4. Suppose j,l,m,n € Z\ {0}, and define
A ={(j,l,m,n) € Z*\ {0}j +1+m+n=0},
Ay ={(.l,m,n) € Alj+1,j+m,j+n#0}.
Then if (4,1, m,n) € Ay, we have
(m2 +n?+mn)(5° +1° + m® +n’)
(7 + )21
Proor. If (j,I,m,n) € Ay, then n = —j — — m, and

5 .
2 5 max{|jl, [I], Im], [n]}.

j5+ls+m5+n5:j5+l5+m5f(j+l+m)5
=5+ 0 +m)F+n)(G*+ 1 +m®+jm+ jl+Im)

= g(j + DG +m)G+n)(G2+12+m?+n?) #£0.

Furthermore, it is easy to see that
1
(2.8) 37+ +m®+n?) > |,
and
2 2 Lo 15 1 2 1. 2
(2.9) m+n +mn2§m +§n +mn=§(m+n) 25(]+l).
In what follows, we will prove that

(2.10) G+DE+m)(G+n)| > %max{ljl, 1], [m], nl}-

Without loss of generality, we assume that |j| = max{|j|,|l|,|m],|n|}. (2.10) can
be divided into two cases to prove.
Casel. There are three components have the same sign, then
3l = 1t + |m[ +[nl,
so we have
G+DG+m)G+n)l =G +DU+n)U+m)|[ = [ +m)(l+n)|

2U + |n| + |m| _ |5l

2 27

Case2. There are two components have the same sign, suppose | and j have
the same sign, then we have

>

G+DG+m)G+m) = L+ 1> 1] > 2]

In view of (2.8) (2.9) and (2.10), we can get
(m? +n? +mn)(G° +1° + m® +n®)
(+ D32t

) .
2 5 max{|l, [I], Im], [n]}.
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LEMMA 2.5. There exists a real analytic symplectic coordinate transformation ®
defined in a neighborhood of the origin of 6?\[+l, which transforms the Hamiltonian
2

(2.4) into its normal form up to order four. That is
(2.11) Hob=A-B+P
with
5 A 2|12 5 ) 4
== S Er——laPlal® + — > ilgl
2 2 J VARR)
327 = + 1%+ 4l 487 porrd
(2.12) 105 PIn—3 = Olllaly 4 1)-

PROOF. (1) The first step is to eliminate the three order term G of q.
Let the transformation ®; = X}mg be the time-1 map of the flow of the Hamil-
tonian vector field X s, and then

Hy=Ho® =HoXps
1 1
=A+{A,F3}+G+ / (1—=t{{A, F?}, F3} o Xbadt + | {G,F?} o Xkadt.
0 0

To solve {A, F?} + G = 0, we make the ansatz
F = " Fhugaa,

7.k 170
then from (2.6) and (2.7), it is justified to define F'3 by setting
s [ BN jk41=0k1£0,
Ikl 0, otherwise.
Hence
1
Hy=A +/ t{G,F3} o Xt dt
0
1 5, 1[0 2 317 3 ¢
:A+§{G,F }+5 (1—t){{G,F°}, F°} o Xpadt
0
1
:A+§{GaF3}+Pla
where
1! 5
Pi= [ (1= G F*), P} o Xpudi = O(¢),
0
1 -5 (5 +1)%kl
—{G F‘3 = — 5 5 1 m’In4j mYn-
S1G F = o HH;M ec S Brapeepest 10 LARLY AL LT

JH+150

Moreover the j—th element of gradient 9,F® explicitly reads

OF?
q_. Z (F(S—j)kl + Fl?(—j)l + Fl?l(—j)) qrdr-
d=j k+l=j

Then from (2.7), we get the estimate
‘ oF3
8q_j

5
< E Yevilarl|als
2V}
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therefore we obtain
||aqF3||N+§ = O(HQH?\H-%)

(2) The second step is to normalize the four order term 1{G, F*}.
1{G, F3} can be written as

Gy =-B-Q,

where
5 G+ 1% . 2112 5 4y 14
= = jlllg;Plal* + — > i*la]
2 2 ]2 J 4 Jio
37rj#j + 1244l 87rj7£0
_ 5 5 (J +0)2%l
Q— 64 m2+n2+mn7]7l7m7anQlQan-
(,l,m,n)EA;
Then

—A-B-Q+P.
Notice that
J+l 01j°1°
3 ¥|y g Plal® = 3 [aﬂmqmqlﬁ S/ A ST

2 2 2 2
ok + 12441 Py JEH1Z A+l

and
> 0 PlgiPlal®> =0
J#l
where 0j; = 007, then we have
5 O’jlj3l?’ 4
= 95= 14l ‘qz ZJ lg;1°
9 2 2 | J J
37r#lj + 1244 [iewrd

It remains to eliminate ) by another coordinate transformation ®, = X}M.
Then

Hy=H,0®y = H; 0 X},

1
:A+{AJﬂ}—l3—Q%i/(1—tM{AJﬂ}Jﬂ}oX§dt
0

1
+/{7B7QFﬂoXﬁﬁ+HoXh.
0

Defining
Z lmnq] qQ1dmAn
7, l,m,n#0

with coeflicients

5 G+D*519 %Y m Yn .

iF4 = 647 (m2+n2+mn)(j>+15+m>+nd)’ (]7 l;m, n) = Al’
jlmn .
0, otherwise,

we see that

{A3F4} =Q.
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Then we have
1
Hy, =A - B +/ (1—t){{A, F*}, F*} o Xt dt
0
1
+/ {-B-Q,F*}oXktudt+ PioXyps =A—B+P
0
with
B 1 1
P= / (1 —t){{A, F*}, F*} o X}, dt +/ {-B—Q,F"} o Xkudt + Py o X .
0 0

In the following we need to establish the regularity of the vector field Xps .
From Lemma 2.4, we know

‘ (m? +n? +mn)(5° +1° + m® +n’)

5
> = il |1 )
(]+l)2jl = 2ma‘X{‘J‘7‘ |a|m|a|n|}

Hence

1 ViV YmVn
16 max{|jl, [I],|m], |n]}

|Fj4lmn| <

Moreover, the j—th element of gradient 9, F* explicitly reads

8F4 4 4 4 4
B > (F(—j)lmn T B jymn T Fim(—jyn T Fzmn(—j)) UGmn-
-J l+m+n=j

Thus, we get the estimate

1 1
< Y1YmYnli | gm|gn| =
V0755 ) ey 1677,

Tj,

’ OF*
aq_]‘

where 7; stands for the sum

Z ’Yl’Ym’Yn‘quq"lanl'
l+m+n=j

Defining w = (w;); = (vlg;l);, r = (rj);, then r; = (w * w * w),;, consequently

=Wk Wk W. Forq€€%+l,wehavew6€?v. Hence we have
2

7l = llw s w s+ wlly < Clwly < Cllglly ;-

and therefore
10, [543 < Clirlln < Clllly -
Namely,
10, |y 3 = Ollalljs 1)-

Let & = @1 0§y, then ® transforms the Hamiltonian function (2.4) into (2.11).
The proof of Lemma 2.5 is completed. (]
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3. The proof of Theorem 1.1
From the transformation ® in Lemma 2.5, we get the new Hamiltonian
H.=Hy+cKob=A—B+P+cKo®
of equation (1.5), where A is real analytic in the neighbourhood V' of the origin in
02 N1 K o ® satisfies
| Xkosllny1v = D2 Xk 0@ yp1y < C.
We introduce symplectic polar and real coordinates (p,y, z, Z) by setting
(31) W { Gy =V F e aj, = Va F e, b=1,2,
4 = 2j,4-j = Z%j, JEL.=Z\J,
where
(3.2) £=(4,%) e ICR?,
and here II is a compact subset of R? with positive Lebesgue measure. Then

1 _ 1 5
A= 5 Z 5,30 (0 + yp) + B} Z 0;3°2jz),

1<b<2 FEZ,

ety t2 S TS e
Y1)(§2 y2 - - — Qb T Yb)2j%j
Ji 75 + 1o A2, TR g "

JELx

_5 M(
327

00535 5 . . _
+ Z 2i;/2+3] ZjZj %5 2 ) +967r< Z o (& +un)* + 234(Zj2j)2>-

J,J' €Ly 1<b<2 JELx
Thus the new Hamiltonian, still denoted by H, up to a constant depending on &,
is given by
H=N+P= Z erbwbyb—FZO’ijZij—I—Q—FP—FEKO‘I)
1<b<2 JEL.

with symplectic structure

Z o, dyy Adpp — 1 Z o;dz; A dzj,

1<b<2 JEZL.
where
1, 5 5 i 38
(3‘3) Wy = *jg - -5_0j ]lilfb - Jkiék
2 A8 v 167 ISkZ#bSQ I+ G+ drdv
1. 5 0,535
(34) Qj = *]5 — Z .ij.ﬁfbv
2 167 | Sep, 7T Ib +0d

©|

zajlojzj%jg O-Jbgjjg-]
S5 Y1y2 + 2 E = Wb
“ 32 (J%ﬂ%ﬂuz L, PR &

JELx

0;055°5"° 5 4 s U
D i gnypama I | Y| 2 aw D 0tE)? ).

3,3 €2 1<b<2 JEL
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Now consider the phase space domain
(3.5) D(s,r) : S| < s, |yl <72 |zl yss + [Zllvgs <7

We will adopt a lot of notations and definitions from [11], which including the
phase space, weighted norm for the Hamilton vector field, etc.. More definitions
are presented in Appendix.

In the following we check the assumption A, B, and C of the KAM Theorem
4.1 in Appendix.

Regarding €2 as an infinite dimensional column vector with its index j € Z,,
from (3.4), we know

Q;(6) = 9, +9,(6),
where Q; = 3;° is independent of £. Furthermore, from (3.4), we get
5 b d®| 5 811 1 (3]s
Q;ir < b < —— max{[71?|1], [72/3[7]}-
SLEST=PI e = 1an Pk Pl

7€Z*

Thus,
5
li li
Q125 1 = sup 53| | < - max{[j1]? 52*} = M.

jer. T = 12r
It means that assumption A is fulfilled with d = 5,0 = 3 and

5 .
My = oo max{[ja]?, [52[*}

In view of (3.3), we know that & + w is an affine transformation from IT to R2.
Noting that
5

w=w——A
167 &
where
4
.5 Ji 71.72
o = ( J}) ) A= T 3 J211+12+Juz ¢ = ( &1 >
- - ) - 'S T )
.]2 0']12‘7127]2 0']2 ]2 52
Ji+is+iige 3

then we get that

7193 (1 — 42)* (JF + 53 + 4j1J2)
(4T + 75 + Jij2)?

Therefore, the real map £ — w is a lipeomorphism between IT and its image. This

implies that the first part of assumption B is fulfilled with positive Ms and L only

depend on the set J.
In what follows, we will check the second part of assumption B. Writting

detAzaj1j2 750

0=0Q- —B¢,
167r B
where (2 is an infinite dimensional column vector and its j—th element ; = % 3,
. 3.3 . +3.3
95117 TioJ2]

B is a —oo x 2 matrix with its j—row B; = ( ), and regarding k

Ji+i% 40130 d3+5% 4525
and [ as two-dimensional and infinite dimensional row vector respectively, we have
to check for every k = (ki,kq) € Z? and 1 < |I| < 2 with [ € Z*,

(3.6) meas{& € IT : (k,w(&)) + ([,Q2(§)) =0} =0.
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Let
8(8) = (k,w(&)) + (1,Q2(E))
_ 5 5
= () + (0, 0) + (k, — = A8) + (, 1o~ BE).
For the condition (3.6) we have to check that

(3.7) (k, &) + (1,Q) # 0 or kKA+1B # 0.
Suppose that
(3.8) kA+1B =0,

and multiply the matrix T = diag(o;, - j% 0j, ) from the right-hand side of (3.8)

and we can obtain

(3.9) kA+ 1B =0,
where
n Ji
A= 3 JT+i3+ide
J2 J2 ’
Ji+is+iide 3
-3 -3

5 A - j j
B=(Bj)jenng, Bi=(—5—— 5—5——).
TIERNT 23 = 2 4 1g G J2 4 jag

Using a series of elementary transformation, we get

. -3
. . .o 7 J

A-1— 9(57 +J§2+]1]22)2 ?23 _j§+j§1+j1j2
o 2 B j i
J1J2(jr — J2)? (U7 + j3 + 441J2) ji%ﬂ%irjm g

By simple calculation, we have

BjAT! = (bj1, b)),
where
. b _ 38— 52)(GR 4 3 + 1) (53 + 2jaj + ad + 21i2)
(3 0) 91 — ) ) .. ) 5] .. B B -2 ) 4 . 9
G107 + 3%+ 713)(d5 + 5% + 527) (51 — J2) (57 + 75 + 4d1J2)
0 b 30°G =300+ 3+ 1) (G + 21 + ad + 2152)
(3.11) J2 7T T2 22 5 V(2 4 A2 4 o) (4 V(24 2+ 47 d0)
G251 + 3% 4 13) (53 + 3% + j23) (1 = J2) T + J3 + 4jrje)
Therefore, if I; = £1 or I; = £2, bj1,2bj; is not integer; if I[; = 1,15 = %1, or
l; = £1,1; = F1, we will prove bj; & bjs; is not integer too. In fact, assuming
bj1 = Z—ll,bj/l = % the fractions in lowest terms. If % + Z—z is a integer, from

Lemma 2.2, we obtain that a; = as. This is contradictory to (3.10).

To sum up, (3.7) holds for all k € Z* and 1 < |I| < 2. Thus the second part of
the assumption B is satisfied.

It remains to check assumption C. It is easy to see that the Hamiltonian vector
field of the perturbation P = Q 4+ P + ¢K o ® defines a map

Xp:D(s,r) x I — F2 ¢,
where 5”2C is the phase space .}t which defined in (4.3) with m =2,p=N + =
‘We use the notation ¢ Xp for Xp evaluated at &, and likewise in analogous cabeb

For each ¢, the vector field i¢ Xp, considered as a map from a subset of Y;C to
YP{Q’C, is of the order p — (p — 2) = 2, which strictly smaller than d — 1 = 4.
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Moreover, it is easy to see that i¢ X p is real analytic on D(s,r) for each £ € II, and
1 X p is uniformly Lipschitz on II for each w € D(s,r). Namely, the assumption C
is satisfied.

Now we consider sup norm and Lipschitz semi-norm of the perturbation P on
D(s,r) x II, where the parameter domain

M={¢cR:[g| <rii}.

Obviously, we have

(3.12) 1 X6l p—2,D(s,my <11 = O(r?).
Moreover, P is at least five order of ¢, we get

(3.13) X Bllr.p—2.0(s.m) x11 = O((rT1)° - 77%) = O(rt).
For ¢ = T%, we know

(3.14) | Xekod|lrp—2,D(s,r)xm1 = O(r11).
From (3.12), (3.13) and (3.14), we have
HXP||7‘,p72,D(S,’I”)><H = O(Tﬁ)
Since Xp is real analytic in &, we have

i
||XP||’I“I,I[))72,D(S,’I")><H = O(T

18 _16
.y 11

We choose
7.1
)
where v is taken from the KAM Theorem 4.1. Set M := M; + M>, which only
depends on the index set J. It’s obvious that when r is small enough,

a=r

« li 18
”XP”T,prD(S,T)XH + MHXPHTZ—Q,D(S,T)XH =0(r11) = 0(e) < av,

which is just the smallness condition (4.5) in KAM Theorem 4.1. Therefore, the
conclusion of Theorem 1.1 follows from Theorem 4.1 in Appendix.

4. Appendix:The KAM Theorem

Consider a small perturbation H = N + P of an infinite dimensional Hamil-
tonian in the parameter dependent normal form

(4.1) N= Y wi@y+ > %z
1<j<m JEN.
on a phase space
I =T" X R™ x £5 x 025 (x,y,2,7%)
with symplectic structure
Z dx; A dyj + Zdzj A dz;,
1<j<m j>1

where
2 ={zeP(N,R):|z|? = Z 21257 < oo},
j=1
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where p > 0. The tangential frequencies w = (w1, ws, -+ ,wy,) and normal frequen-
cies Q = (Q1,9s,---) are real analytic in the space coordinates and Lipschitz in
the parameters. The Hamiltonian N depends on parameters

cell cR™,

where II is a compact Cantor set of R™ of positive Lebesgue measure. Moreover,
for each ¢ € II, its Hamiltonian vector field

Xp = (05, Py)1<0<m: —(05, Puy )1<b<m, (0 P, ) jez,, —1(05 Py, ) jez. )T
defines near Ty := T™ x {y = 0} x {z = 0} x {Z =0} a real analytic map
Xp : ypm — yqrn7
where )
p—d=d.
To give the KAM theorem we need to introduce some domains and norms. For
s, > 0, we introduce the complex Tp—neighborhoods

(4.2) D(s,r) = {[Sz| < s} x {ly| <} x {ll=l, + 2, <7}
(43) C (Cm X (Cm X 612))((: X 6127)@ == ypf:lc’
and weighted norm for W = (X,Y, 7, Z) € S
Yl Izl | 11Z]
Wl =X+ 5 + =+ =,
r r r
where | - | denotes the sup-norm for complex vectors. Furthermore, for a map

WU x Il — ¢, such as the Hamiltonian vector field Xp, we define the norms

||W||f~lff;an=( sup H||W(w,§)||r,m

w,§)eU x

[AecWIS

li ,q;U
”WHTI,I;;UXH = =

where AeeW =W — i W, and
lieW 7 g = sup [W(w, &)
welU

ecemezc  1€—Cl 7

q-

In a completely analogous manner, the Lipschitz semi-norm of the frequencies w is
defined as A

; w

R s

ecemezc €=l

and the Lipschitz semi-norm of Q: 10— 0% is defined as

. AecQ -
|Q‘11IZSH _ sup ” &¢ || J
T ecemezc 1€
for any real number ¢. Note that |Q|li%7n = |Q|li%7n, since Q = Q—Q is independent
of £.

Suppose the normal form N described above satisfies the following assumptions:
Assumption A: Frequency Asymptotics. There exist two real numbers d > 1 and
6 < d — 1 such that the following holds. First, the frequencies §2,, are real valued
functions of £ of the form
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where Q,, is independent of ¢ and of the form Q, = cnd+- -, where the dots stand
for an expansion in lower order terms in n. Second, the functions
2,(§)

§——5-,n=1
n
are uniformly Lipschitz on II, or equivalently, the map

Q: 10— 05, E— Q(ﬁ) = (Qn(f))nzl

is Lipschitz on II.

Assumption B: Nondegeneracy. The map ¢ — w(§) between II and its image is a
homeomorphism which is Lipschitz continuous in both directions. Moreover, for
every k € Z™ and | € Z*° with 1 < |I] <2 (here |I] = }_ 5, [l;]), the resonance set

(4.4) R = {€ € I (k,w(§)) + (1, Q(E)) = 0}

has Lebesgue measure zero.
Assumption C: Regularity. There is a neighbourhood U of T in .7 such that P
is defined on U x II, and its Hamiltonian vector field defines a map

Xp:UxIl — A,

where ¢ satisfies
p—qg<d-—1.
Moreover, i¢Xp is real analytic on U for each ¢ € II, and i, Xp is uniformly

Lipschitz on II for each w € U.
We introduce one more constant. By assumption A and B,

lwliP 4 QP < M < co.

Finally observe that if Xp satisfies assumption C, then it does so with the Ty-
neighbourhoods D(s,r) for all s > 0,7 > 0 sufficiently small.
Under the above conditions, we have the following KAM theorem.

THEOREM 4.1. Suppose N is a family of Hamiltonians of the form (4.1) defined
on a phase space /" and depending on parameters in 11 so that assumption A and
B are satisfied. Then there exists a positive constant v depending only on m,d,J,
the frequencies w and 2 and the real number s > 0 such that for every perturbed
Hamiltonian H = N + P that satisfies assumption C and the smallness condition

4,

su « 1i
(4.5) € = IXPl pgs.ryent + 37 IXPl g pgs vyt < @7

for somer >0 and 0 < a < 1, the following holds. There exist
(i) a Cantor set I1, C IT with meas(II \ I1,) — 0 (a — 0),
(i4) a Lipschitz family of real analytic torus embeddings ® : T™ x I, — ",
(iii) a Lipschitz map ¢ : 11, — R™,
such that for each & € 11, the map ® restricted to T™ x {£} is a real analytic
embedding of a rotational frequencies ¢(§) for the perturbed Hamiltonian H at .
In other words,

t— @0 +tp(£),€),teR

is a real analytic, quasi-periodic solution for the Hamiltonian i¢H for every 6 € T™

and & € I1,.
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Moreover, each embedding is real analytic on D(s/2) = {|Sz| < s/2}, and
[®— ‘I)O”il,l;D(s/z)xna + %H‘I’ - (I’0||£,I;,D(s/2)xna = %,
6= wli? + 1716 — Wl < ce
where

Dy : T x 11 — Ty, (z,€) — (,0,0,0)

is the trivial embedding for each &, and c is a posiltive constant which depends on
the same parameters as .

(1
2]
(3]
[4]

(5]
(6]

(13]
(14]
(15]
(16]
(17)

(18]

(19]
20]

21]

PrOOF. The proof can be found in [11]. O
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