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Global regularity of logarithmically supercritical MHD
system with improved logarithmic powers
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ABSTRACT. The magnetohydrodynamics system consists of a coupling of the
Navier-Stokes equations and Maxwell’s equation from electromagnetism. We
extend the work of [2] on the Navier-Stokes equations to the magnetohydrody-
namics system to prove its global well-posedness with logarithmically super-
critical dissipation and diffusion with the logarithmic power that is improved
in contrast to the previous work of [14]. The main difficulty is that the method
in [2] relies heavily on the symmetry within the Navier-Stokes equation, which
is lacking in the magnetohydrodynamics system due to the non-linear terms
that are mixed with both velocity and magnetic fields; this difficulty may be
overcome by somehow taking advantage of the symmetry within the energy
formulation of the magnetohydrodynamics system appropriately.
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1. Introduction and Statement of Main Results

The Navier-Stokes equations (NSE) of fluid mechanics is a system of the
lowing equations:
0
(1.1a) 8—?+(u-V)u+V7r—uAu:0,

(1.1b) Vou=0, u(x0)=2uy(r),
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where u: X x Ry — R 7 : X x Ry — R, for d € N such that d > 2 and X equals
either R? or T¢ = [0, 27]%, represent the velocity and pressure fields respectively, ug
denotes the initial data, and v > 0 the viscosity coefficient. For brevity, hereafter

.0 . . .
let us write Tl 0y and / f for an integral over R? or T¢ when no confusion arises.

Moreover, the magnetohydrodynamics (MHD) system consists of a coupling of the
NSE with the Maxwell’s equations from the electromagnetism as follows:

(1.2a) Ou+ (u-Viu+ Vit —vAu = (b- V)b,
(1.2b) O+ (u-V)b—nAb= (b-V)u,
(1.2¢) V-u=V-b=0, (u,b)(x,0)= (ug,bo)(),

where b : X x R, +— R? represents the magnetic field, (ug,bg) denotes the initial
data, and 77 > 0 the magnetic diffusivity.

Let us point out that the MHD system (1.2a)-(1.2c) at b = 0 recovers the NSE
(1.1a)-(1.1b) and thus the discussion hereafter shall formally focus on the MHD
system, with immediate implications on the NSE by considering zero magnetic field.
Moreover, for generality, let us consider the following fractional MHD system, the
case in which o = 8 = 2 recovers the system (1.2a)-(1.2¢):

(1.3a) O+ (u-Viu+ Vr +vA% = (b- V)b,
(1.3b) Ab+ (u- V)b +nA’b = (b- V)u,
(1.3¢c) V-ou=V-b=0, (u,b)(x,0)= (ug,bp)(x),

where A" = (—=A)%,r € R, is defined through Fourier transform with a symbol of
|€|". For simplicity hereafter we assume v = n = 1; this detail may be fixed with
just more care in estimates.

Let us take L?(X)-inner products with (u,b) in (1.3a), (1.3b) respectively and
sum to deduce the well-known uniform bound on the kinetic energy and cumulative
kinetic energy dissipation and diffusion as follows:

T
(1.4) tsupT](HUH%? +Ibl1Z2)(t) +/O IA%ullZ2 + [[ABl[72d7 < [luol72 + [lbollZ2,
where T' > 0 is such that the solution exists over [0, T]. One of the most fundamental
properties of the solutions to such systems of nonlinear partial differential equations
that we seek to determine is the global existence of the unique solution with finite
kinetic energy. It is worth mentioning here that the proof of the global regularity
of the solution for the MHD system (1.2a)-(1.2c) may be arguably more difficult
than that of the NSE (1.1a)-(1.1b) because once the former proof is accomplished,
one may consider the initial data (ug,bp) with by = 0 to immediately deduce by
uniqueness the global smooth solution to the NSE (1.1a)-(1.1b). In this regard, one
of the most general results known in the literature states that if
(1.5) a>1+% px142

2 2
then the global existence of the unique smooth solution to the system (1.3a)-(1.3c)
follows (see e.g. [13]). Although improving these lower bounds on the powers
of the fractional dissipativity and diffusivity has presented us with an formidable
challenge, based on his own previous work in [10], Tao in [11] showed that we
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d
may at least break this threshold of 1+ 3 for the system (1.3a)-(1.3¢) at b = 0

logarithmically. The intuition explained by Tao concerning this new phenomenon
of the global regularity of the solutions to the logarithmically supercritical equations
is as follows: typically by obtaining the bound such as

(1.6) Al FOFH < AWBWOIF O

for some Hilbert space H and A(t), B(t) both being non-negative mappings, one
may deduce its bound by Gronwall’s inequality if A(t) is locally integrable, B(t) is
uniformly bounded and f(0) € H. It is well-known from elementary ODE theory
that one cannot possibly hope to deduce a similar result if the power of || f(t)||m on
the right hand side of (1.6) is bigger than two, even by an arbitrarily small amount.
However, although such an exponential worsening is not allowed in order to claim
a global bound of f in H, a logarithmic worsening is in fact allowed; that is,

Al fO)IE < A®B@F@)1F ne + IF0)IF)
still leads to the desired global bound of f in H under the same conditions of A(t)

being locally integrable, B(t) being uniformly bounded, and f(0) € H. With such
heuristics in mind, Tao in [11] proved specifically that for the following system of

(1.7a) u+ (u-V)u+Vr+ Du=0,
(1.7b) V-u=0, /uzO7 u(r,0) 2 ug(z),
: : L ||+
where x € T4, D is a Fourier operator with a its symbol m such that m(k) > ¢ (i)
g

for all sufficiently large |k| and g : RT +— R™ is a nondecreasing function such that

(1.8) / h QL() _ oo,

if ug is smooth and compactly supported, then it admits a global smooth solution.
We note that Tao actually proved in case the spatial domain was R?, but made a
comment concerning possible generalizations to T¢ in Remark 2.1 [11]. Thereafter,
Wu in [14] extended this result to the MHD system using Besov space techniques
in case X = R?: specifically the global well-posedness was proven for the following
system

(1.9a) O+ (u-V)u+ Vr + Diu= (b- V)b,

(1.9b) Otb+ (u-V)b+ Dob = (b- V)u,

(1.9¢) Vou=V-b=0, (u,b)(z,0)= (ug,bo)(z),

in which Dy, Dy are both Fourier operators with symbols of mq,mo respectively

such that mq(§) > |§(|;) ,ma(§) > |£(Z), where «, 8 have the lower bounds of (1.5)

and gy > 1,90 > 1 agré both radiallygszymmetric7 nondecreasing functions that satisfy
o ds

40 | s e

To be complete, the results of [14] also allowed more flexibility within the sum
of the powers a + 8 > 2 + d; however, most importantly for our discussion, the
criticality of the MHD system can be best described by the lower bound on the
sum of a and [, and it remains unknown if this sum could be lowered even by an
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arbitrarily small amount (see also [12, 16] for the case of zero magnetic diffusion).
We also refer to [1, 3, 4, 9, 18] for the relevant study of logarithmically supercritical
dyadic model, Euler equations, Boussinesq system, wave equation, magnetic Bénard
problem respectively.

In addition, Tao in [11] gave a heuristic argument suggesting that the power
the function g in (1.8), namely 2, may be improved to 1. Very recently, this conjec-
ture was in fact proven in the work of [2] which employed a significantly different
approach from those of [11, 14| through constructing an appropriate shell model,
defining a shell solution, and proving a certain recursive inequality for the energy
and dissipation of the shell solution over large modes.

Before we state our main results, we wish to describe the symmetric property
of the solution to the NSE that has become indispensable in the study of the NSE
for decades and is missing in the case of the MHD system. E.g. in the important
work of [8], the authors apply a curl operator to the two-dimensional NSE, denote
the vorticity by w £ V x u, the Biot-Savart law operator by K so that Kw = u and
rewrite the [-th component of the Fourier decomposition of the non-linear term as

((/cﬁ)w)z:_ > (Tj;w”k> o

7,k j+k=l
1 itk kg
=—5 > (]-zwa‘wk + zjwkwj)
2 S\ G
1 1 1
B S O R P
PN RN A

Such a symmetric property has played a crucial role in various other fluid equa-
tions as well, e.g. in the process of Galerkin approximation for the surface quasi-
geostrophic equation in [6]. Here, the last equality used the obvious fact that
wjwy = wiw;; as clear as this observation is, it also allows one to immediately
realize that an analogous identity is impossible for (b- V)u or (u - V)b within the
MHD system (1.2a)-(1.2¢c) because in general uizb; # byuj, and the major obsta-
cle in extending the approach of [2] to the MHD system was that this symmetric
property was in fact used in many parts of the proof of [2] (see Remark 3.1, (3.28),
(3.29), (3.43), (3.44), (3.45)). We overcome this difficulty by discovering a symme-
try somehow within the energy formulation of the MHD system, despite the fact
that the MHD system itself really does not have the necessary symmetry property;
we believe that this symmetry within the energy formulation of the MHD system
has further potentials in future works as well.

THEOREM 1.1. Consider ford € N,d > 2, the system (1.9a)-(1.9c) in T¢ under

the additional condition that / u = b = 0. Suppose that the Fourier operators
Td Td
Dy, Dy of (1.9a), (1.9b) have Fourier symbols of my, ms respectively such that

ko K?
(L11) m®) 2 2y ™2 2 Ly

where the parameters o, 3 have the lower bounds described in (1.5), g1 : [0,00) +—
[1,00),92 : [0,00) — [1,00) are both nondecreasing functions such that x=%g1(x),
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2 Pgo(x) are nonincreasing and satisfy

o ds
(1.12) / e TaE) T

Then, given smooth and periodic initial data, the system (1.9a)-(1.9¢) has a unique
smooth solution for all time t > 0.

REMARK 1.2. (1) Comparing (1.10) and (1.12), we see that Theorem 1.1

improves the previous results of [13, 14], and as the MHD system at

b = 0 recovers the NSE, Theorem 1.1 also extends the work of [2]. Further

flexibility between the parameters «, 8 may be possible as in the case of

[14]; we choose not to pursue this direction due to complex interactions

of the Fourier modes within the non-linear terms in the proof of Theorem

1.1, while we do point out that the necessary changes must be made prior

to the equations (3.63), (3.64), (3.65), (3.66). For generalizations to the
case of R?, we refer to Remark 2.9 [2].

(2) We mention one relevant open problem. In [17], the d-dimensional Boussi-

nesq system with zero thermal diffusion and fractional dissipation with

d
the equivalent strength of the fractional NSE, specifically o > 1 + o) Was

proven to be globally well-posed. It is not clear to the author if that result
may be logarithmically improved by any of the methods in [2, 11, 12,
14, 16].

2. Preliminaries

Let us assume the most difficult case where (1.5) and (1.11) are held with equali-

. . i d || ||
ties instead of inequalities: a = =1+ =, my(k) = , ma(k) = ———
2 *) g1([k[) ) 92(|k[)

motivates us to denote for convenience A 2 212, We denote by Ng 2 NU {0}, by

, which

H'(T?) £ ¢ f = (fidkeza = D (L4 [KP) 1 fil® < o0,

kezd

the usual Sobolev space with order 7 € R, by V™ the set of functions in H™(T9)
those are mean zero and divergence-free, and by V! | the space V™ equipped with
weak topology.

We first consider the system (1.9a)-(1.9¢) under the mean zero condition of

/ u = / b = 0 on the Fourier side and state an equivalent definition of its solu-
T T

tion:

DEFINITION 2.1. A solution to the system (1.9a)-(1.9¢) under the condition
that / u :/ b=0 is a family (uy,bg)peze where each (uy,by) = (i,b)y is a
Td Td
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differentiable mapping from [0, 00) to C% and satisfy

k . )
(2.1&) 8tuk = |(||k|) —1 Z <Uh, k>Pk'LLk7h +1 Z <bh, k>Pkbk,h,
heZ\{0} heZd4\{0}
k . .
(21b) (%bk ‘ (||]<J|) —1 Z (uh, k>b}€7h +1 Z <bh, k)uk,h,
hezZa\{0} heZ4\{0}
(2.1C) <u1€7 > = < > U_p = Uk, b_ ng, ug = by = 0,
where Py, (w) £ w — <“|’,;’|“2>k.

Following [2] (we also refer to [5] for Littlewood-Paley theory on T¢), we let
® : [0,00) = [0,1] be a smooth mapping such that ®|jg 1) = 1,®[2,,) = 0 and
|19 < 0. For z > 0, we define ¢(z) £ ®(z) — ®(2x) so that ¢ is smooth,

supp(v) C <;,2> and

> x
(2.2) ;w(w):l—q)@x):lezl.
We furthermore define 1, : R? + [0,1] for all n € Ny by 1, (z) £ (27" |z|) so that
(2.3) > Yal@) =1V e 27\ {0}
n&eNp

by (2.2) and supp(¥,) C {r € R : 2n~1 < |z| < 271} As in the classical
Littlewood-Paley theory, we define

(2.4) 2N Pn(k)ure’ ™) Ph(x) £ b (k)bre’
kezd kezd
so that we may write u(z Z P (x),b(x) = Z PP(x). However, due to the
neNy neNg

lack of orthogonality,
(2.5) DIBHTe # Y el = llulle, D IPANZ: # D [bal* = I[b]17--
nex kezd nez kezd

This motivates us to use the square-averaged Littlewood-Paley decomposition as in
[2]:

SIS

1
2

@26 xr02 (Y w®l@?] . X002 [ 3 vamb)
kezd kezd

so that due to (2.6), Fubini’s theorem, (2.3) and (2.5),

(2.7) Do =g D IXAP = (BlIZe-
n€Ng n€Ng

DEFINITION 2.2. We call X" £ (X(t))neng 50, X” = (XE(t))neny t>0, the shell
approximations of u, b respectively if they satisfy (2.6).
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The following local well-posednedss result is an MHD version of Theorem A.1
[2] on the NSE (actually on the Leray-alpha model from [15], the special case of
which is the NSE); its proof follows the approach of using mollifiers as in [7]. Tt is
well-known that this method of proving local well-posednesss using mollifiers may
be immediately extended to the MHD system (1.9a)-(1.9¢) considering its solution
as the 2d-dimensional vector field (u,b) and thus we only state it and refer to
Appendix [2] for its proof:

d
LEMMA 2.3. Letm > 2+ 3 (ug,bp) € V™ x V™. Then there exists T > 0 such
that the system (1.9a)-(1.9¢) admits a unique solution (u,b) on [0,T] and

we L=([0,T]; V™) N Lip([0, T]; Vin—a) N C([0, TT; Vigear) / |Df ul3mdr < oo,

be L0, T V™) A Lip(0, T): Vin—s) 1 C([0, T VI, / | D2 0|2 dr < oc.

Moreover, both u,b are right-continuous, with values in V'™ for the strong topology.
Finally, if T* is the maximal time of existence of the solution and T* < oo, then

(2.8) lim sup||(u, b)(t)|| gm = +oo.
t,/T>

REMARK 2.4. If f € HY(T¢) (f = wor b) and X/ £ (X[ (t))nen, ¢>0 is its shell
approximation, then by (2.6), Fubini’s theorem, it follows that

(2.9) 22X~ If 1
n&eNp

Moreover, it may be immediately verified using (2.9) that f € C>°(T9) if and only

if sup 2°" X/ < oo for all § > 0.
neNy

3. Proof of Theorem 1.1

By the blow-up criterion (2.8) of Lemma 2.3, in order to prove Theorem 1.1,
it suffices to prove that limsup||(u,b)||g= < oo; by (2.9) we obtain the following
t/ T+

reduction:

PROPOSITION 3.1. Under the hypothesis of Theorem 1.1, if (u,b) is a solu-
tion to the system (1.9a)-(1.9c) in [0,T*), X%, X° are shell approrimations of u,b
respectively, and

(3.1) sup (Z 22 X M)+ Y 22X () )
tel0,7%) \ ien, neNo
then T = +00.
DEFINITION 3.2. We define
(3.2) I2{(l,m,n) €N} : max{l,m,n} — max {{{,m,n} \ {max{l,m,n}}} <2}

and let X () 2 (X“(t), X°(t)) = (X“(t), X5 (t))nen, where X : [0,00) — R, X? :
[0,00) — R. We say X = (X%, X?) is a shell solution of the system (1.9a)-(1.9c¢)
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if there exists (X",Xb) £ (XZvXZ)neNo and ¢ £ (d)(ll,mm)y¢%l7m,n)a¢?l,m7n))(l,m,n)el
such that

01X 37 + X5 %) (1)
== Xal Xa2(0) — X P (1)

33— 2 ShmnOXFOXLOX)
I,meNo,(l,m,n)el

+ Gy (DX ()X, ()X (1)

= O,y XL ()X (DX (1) + X7 (1) X, ()X (1))
for all n € Ny, ¢t > 0, where the sum is absolutely convergent,
(3.4) Dtmmy () = =Pnmy(t) Y (,m,n) €1,t>0,i=1,2,3,

and there exists cq, co, c3 > 0 such that

gan 2@”
3.5 ) > ——————, XO(t) > cg————
( ) X’I’L( ) _— Cl gl(2n+1)7 Xn( ) —_— 6292(2n+1)’
(3.6) |61y (B)] < ca20F DI minllmnd (1 ) € 1t > 0,i=1,2,3.

Furthermore, a shell solution X is said to satisfy the energy inequality over a time
interval [0, T]if Y X2(0) = Y [X%[*(0) + |X}[*(0) is finite and for all ¢ € [0, 7],

n€Ng n€Np

1) S IXP) + / XX (r)dr + / YIXEE(r)dr < 3 X2(0).

n€Ng 0 0 n€Ng

Following [2], we define (F),)nen,, (dn)nen, the tail and energy bound of X
respectively:

DEFINITION 3.3. For a shell solution of the system (1.9a)-(1.9¢c) X = (X, X?)
A

(X% XY nen,, we define (F),)nengs (dn)nen, by Fn(t) Fu(t) + FO(t), dn(t) 2
(|d“(t)[2 + |d> (£)]?) 2 where

(3.8a) Fr() 2 SOIXER), Fh 2 S IXER@),
k>n k>n
(3.8b) O IOED / EXERmYr |

h>n

1
2

t
(350 AR PAORS S P REE,
h>n 0
In addition, we define
3.9 d, 2 dU(s) + db aa di(s), d. 2 & (s).
(3.9) e w(s) +dy(s), d, e n(s), dy e n(s)

PROPOSITION 3.4. If (u,b) is a solution to the system (1.9a)-(1.9¢c), and X*, X
are shell approzimations of u, b respectively, then X = (X%, X°) is a shell solution
to the system (1.9a)-(1.9c).
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Before we prove Proposition 3.4, we need several lemmas. Firstly, the following
concerns one of the properties of a shell solution, specifically (3.5).

LEMMA 3.5. Let X“, X? be the shell approzimations of u,b respectively.
(1) 1f

(310)  xu() 2 {X“ ), 2keztop V(K Vel Xi(t) #0,
. v PG

i@y if X5 (t) =0,
then
u 2anfoz+1
(3'11) Xn(t) > W Vn € Ny, t>0.
(2) If
|k|? .
(312) L) 2 {)gb% T Dz oy Yn (k) i 16 (O i X2(1) #0,
) b a7 .
ez if X2(t) =0,
then
(3.13) b(t)>M VneNst>0
' Xl = g2(27+1) orE

ProoF OF LEMMA 3.5. The proof of Lemma 3.5 is similar to that of Proposi-
tion 2.10 [2]; we sketch it here for completeness. As supp(¢,) C {z € R?: 2771 <
|z| < 2"*1} and g;,i = 1,2, are both nondecreasing, we deduce

'(/)n ‘ki| 2(n 1o
2 ey MOFz D ) ol @
(314) keza\{0} kGZd\{O}
Q(nfl)a

E— A LI
XA
due to (2.6). Thus, in case X (¢) # 0, (3.10) and (3.14) immediately lead to (3.11);

the case in which X%(t) = 0 is clear. The inequality (3.13) may be proven by a
completely analogous procedure; this completes the proof of Lemma 3.5. ([

The following in particular concerns more properties of the shell solution, specif-
ically (3.4), (3.6).

LEMMA 3.6. Let X" and X° be shell approzimations of u and b respectively, I
be defined as in (3.2) and

(3.15a)
(b%l,m,n) (t>
RRORT® 2ohkezt hzo V1) m (k — ) (k)
< xIm{(un (t), k) (up—n(t),us ()} of X{*()Xp () Xp(t) # 0,

0 if XX A (0XA(0) =0,
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(3.16a)
X0, DX X0 XG0 2ohkent o V() Um (k= 1)on (k)
a X [ImA (b (t), k) (bk—n(t), uk(t )>}+Im{<bh(t),k><u n(t), br(t)) 1]
if XP(6) X0, () X3 (1) + X7 (1) X (t )Xﬁ(t) 0,
0 if XP(6) X0, () X3 (1) + X7 (1) X, (1) X, (t)
(3.17a)
¢?l,m,n)(t)
m Zh,kezd,h;éo wl(h)wm(k = h)n(k)
= ) Imf (un (), k) (be—n (1), bi (1))} if X[ () X7, () X7 (8) # O,
0 if Xi'(H)X,, ()X (t) =0,

V (I, m,n) € N3, t > 0. Then
(1) Gy oy () =0V(Lmyn) ¢ 1,6>0,i=1,2,3,
(2) Dt mny(t) = =&y ) (t) and consequently ¢, . (t) = 0V (I,m,n) €
N3, t>0,i=1,2,3,
(3) there exists c3 = c3(d, L) > 0, where L is the Lipschitz constant of /1,
such that

(318) [y (B)] < cg20FBImintlman} oy (1 ny € 18> 0,0 =1,2,3.
REMARK 3.7. We emphasize that the more natural choice of defining
(3.19a)

¢(l m n)( )
W 2onkezd hzo Vi) m (k — h)n (k)
= X Im{(bn (), k) (br—n (D), ui (D)} i XP(O)XD, () X3 (8) # 0,
0 if XD (8)X2, () X2(E) = 0,
(3.19b)
QS?;WL n) (t)
W > nkezd nzo ViR Y (k — h)y (k)
= ) Im{(bn (t), k) (up—n (), b (1))} if XP(8) X, (6) X0 (1) # O,
0 if XP(0) X2 (0 X5 () =0,

instead of ‘Z% m,ny (1) 0 (3.16a) will not work for the proof of Lemma 3.6 due to the
lack of symmetry; we will point out this issue within the proof.

In order to prove Lemma 3.6, we need to establish several lemmas first. The
following result is a slight generalization of Lemma 2.12 [2] and will be necessary
for the case of the MHD system subsequently:
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LEMMA 3.8. Let (up)pezd, (bi)peza and (vi)peza be complex fields over Z¢ such
that for all k € Z2, (k, fr) =0, f,. = f_x ¥V f € {u,b,v}. Then for all h € 77,

> (k= h)tbp (k) Im{ (un, k) (b—n, k) }

kezd

=— > (k) (k — h)Im{(un, k) (vi—n, bi) }-

kezd

(3.20)

PrOOF OF LEMMA 3.8. We see that
(3:21) (k= h) =thm(h = k) = m(K), Pn(k) =n(=k) = Pn(K' = h)
if k¥ = h — k because 1)y, defined at (2.3) is radial. Moreover,
(3.22) (up, k) = (up,h — k') = —(up, k'),
again with £/ = h — k due to divergence-free properties. Finally,
(3.23) (bi—ns i) = (b, vn 1) = (bpr, Opr—p) = (Vpr—, bier ).

Applying (3.21), (3.22), (3.23) immediately deduces the desired property (3.20). O

The following is also a slight generalization of of Lemma 2.13 [2] which will be
necessary for the case of the MHD system subsequently:

LEMMA 3.9. Let X", X XV be shell approzimations of u,b,v respectively.
Then for all e, f,g € No,t > 0,

XU

(3.24) > ve(h)un Y k)g(k — h)|bxl|vk—n| <

hezd kezd
PROOF OF LEMMA 3.9. We compute for all h € Z¢,

(3.25) > k)tg(k — h)|bg|lve—n| < X5X7
kezd

by Holder’s inequality, and (2.6). Now if S, = Z¢ N supp(¢).), then the cardinality
of S, may be bounded by [S.| < (2¢%2 + 1) < 2(¢+3)4 because 1. () = ¥(27¢|z])

1
and supp(v) C (2,2). Hence,

(3.26) Y telh)unl < (5 | D e(h |Uh|2> < (22 X ()

hezZd heS.

by Holder’ inequality, that [i.| < 1, and (2.6). Therefore, we conclude (3.24) from
(3.25) and (3.26). O

We are now ready to prove Lemma 3.6:
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PROOF OF LEMMA 3.6. We prove part (2) first: we may compute from (3.15a),
(3.17a), Lemma 3.8,

Ol () = X“(t)XuQ oxim 2 Vn (k= Wy () Im Cun, ) i, un)}
1 m n h,k€Zd h£0
:ﬁ . Z¢ Wu(h)om (k) (b — B) T G, ) (s, i)}
(327&) = - (;b%l,n,'m) (t)v
Stm,m (1) :X“(t)XbQ(t)Xb(t) 2, Unlh)ym (k= )gn (k) Im (un k) by, be)}
l m "N b kezd h0
Wzm ST (W) (k) (k — h)Im{(un, k) (bx—n, bi)}
h,k€Z h#0
(327b) = d’(l,n,m) (t)7

in cases XM () X% () X(t) # 0, X (1) X2, () X2 () # 0 respectively, and therefore
qb%l mam) = 0, ¢:(3l’m7m) = 0. From such computations, we clearly see that the choice
of ¢(l mon)? (Zs(;:m,n) from (3.19a) and (3.19b) will not work; in fact

q[)(l m,n) ( )
2
3.28
% Z ) () O — B (s k) i, i)}
" h,keZd,h#£0
= (lnm)()7é ¢(znm)()
qzsz(1l>':’rn,n) (t)
2
- CXPOXL X, k;hﬂ () m (k = R)ibn (k) I { (b, 1) (s, i) }
3.29 ’ ’
ﬁfﬂ ST G (60 — BT (o, ) (s )}

nthZdh;EO

by (3.19a), (3.19b) and Lemma 3.8. Remarkably by combining the two in the form
of (3.16a), we actually regain symmetry which allows us to compute as follows: in
case X7 (t) X, (6) X1 (t) + X7 () X, () X7 (8) # 0,

d)%l,m,n) (t)
2
T X)X () X (t) + XP() X () XD (t)
(3.30) x | Z Y1 (R) Y (k — B) (k) Im{ (b, k) (br—n, ur) }
h,k€Z h#0

+ Y (W) (k= R (k) Im{ (bn, k) (ur—, bi) }]

h,kEZA h=0
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—2
TXPXD Xy 4 XPXu XD
(3.31) X[ D ) (k)gn(k = B)Im{ by, k) (wr—n, bi) }
h,kEZ h£0
+ Y W) (k)a(k — h)Im{ (bn, k) (br—n, ur)}]
h,kE€ZA,h0

-2
CXPXEXE + XPXuXD
(3.32) % LD )k — R (k) Im{ (bn, k) (b, ur) }
h,k€Z,h£0
+ D Yu)alk = h)em (k) I {n, k) (s b)Y = =01 m) (1)
h,k€Z,h#0
by (3.16a) and Lemma 3.8.

Next, we can prove part (1) following the exact same argument in the proof
of Proposition 2.11 (1) [2]; we only sketch it for completeness. If without loss
of generality, we have max{|h|, |k — h|, |k|} = |k|, max{|h|,|k — h|} = |h|, then
|k] < 2|h|. On the other hand, if qﬁzl,myn) # 0 so that in particular ¢;(h) # 0 and
P, (k) # 0, then 27~ ! < 2!42; therefore, to have ¢éz,m,n) # 0, necessarily n <1+ 2
so that (I,m,n) € I due to (3.2).

Finally, we prove part (3): for (I, m,n) € I such that without loss of generality
m < n we consider two cases, namely n —m > 2 and n —m € {1,2}.

Firstly, let us consider the case n — m > 2. The assumption implies m =
min{l,m,n} and |l — n| < 2 by definition of I. Now we first work on gZ)%

lLm,n)*
from the summation within (3.15a), we see that every non-zero term must be suc)h
that ¥;(h)Ym (k — h)w, (k) # 0 so that considering their support, we must have
|k — h| < |k|. With this in mind, we write (up, k) = (up, k — h) due to divergence-
free condition and compute from (3.15a) in case X} (¢) X% (£) X} (t) # 0 as follows:

|¢%l7m,n)(t)|
2
X)X () X5 (1)
x Y () (k — ) (k) Im{ (un, k — ) (wg—p, i)}
h,k€Z4 h#0

2
R o on I DI IO LA TR G TR DRI

™ p k' €79, h#£0

2 / / m+1
Sm Z ¢l(h)¢m(k )1/)n(k + h)|uh|2 ‘Uk"|uk/+h|
h,k’' €74
2m+2 ,
<oz O YmE)uw| Y0 () (R + h)lun[urh]
l m<*n ., d d
k' €Z hez

§2min{l,m,n}(1+%)cg,

for c5 = 22+(9) where we defined k' 2 k — h, and used that supp(¢m,) = {z € R? ;
2m=l < |x| < 2mF1Y ] that 4y, ¢, € [0, 1], Lemma 3.9, that m = min{l, m,n}.
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Similarly we work on ¢, ) to deduce from (3.17a) in case X;*(t) X, () X}, (t) #

0,
|¢?l,m,n)(t)|
B 2
RSOGO
Y () (k= )i (k) Im{ (un, k — ) (b, bi) }|
h, k€L, h£0
2 / / ,
sy ST 2 VUn (K W b

" h,k' €7, h#0

<% Xb S Guh) o (K Yo (K + 1) un 27 by By
m ” h,k' €22

—Xqu 2 > (K)o | Y (0K 1) |l

Xa k' €z hezd
§2mm{l,'m,n}(1-‘,—5)037

for c5 = 227(%) by that (up, k) = (up, k — h), that k' £ k — h, that supp(¢m) =
{zx e RY:2m71 < |z| < 271} that ¢y, 4, € [0,1], that m = min{l,m,n}.
Finally, from (3.16a) in case X} (t) X2, () X%(t) + XP X% (1) XL (t) # 0,

|¢%l,m,n) (t)|
B 2
= XPXh Xu+ XPXu Xb
<[ 3" (W) (k — h)yon (R)Im{(bp, k — ) (brp, ur) }

h,k€Zd h£0
+ Y (W) (k= R (k) Im{ (bn, k — h)(uwk_n, b) |
h,k€Zd h 0
2
<
_XbXb XU+ XbX“Xb
(3.35) /
x > ik K)o (K" 4 ) [bn | 1K |[|br [|war ] + [was | brr 4]
h,k'€Z4
2m+2

<
_leX,an}f + leX}‘nXg

[ U (k) bre | D> Vi (h) b (K + B) b g n

k€74 heza
+ > (B | D bR n (K + B)[ba b 4]
k’ez4 hezd

SQmin{l,m,n}(1—}-%)03
for c5 = 227(2) | by that (by, k) = (bp, k — h), that 1y, 1, € [0,1], Lemma 3.9, and
that m = min{l, m, n}.

Secondly, let us consider the case n —m € {1,2};ie. n=m+1lorn=m+ 2
and hence n > m. By hypothesis, (I, m,n) € I. If | = max{l,m,n}, then [ —n < 2.
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If n = max{l, m,n}, then I < n. Either way, [ < n + 2 and it can be checked that
min{l,m,n} > [ —4. Now we first work on ¢(ll oy i1 case X (8) X5 (8) X5 (T) # 0,

_X“X;,g m > il
heZIN{0}
x| > U (k = h)n (k) Im{(un, k) (up—n, ur) }|

kezd:2n—1<|k|<2nt!

T Xuxu xu Z hi(h
l 7n n
(336) heZa\{0}

x | > [ (k= h)tn (k) — b (k)tbn (k — h)]

kezd:2n—1<|k|<2n+1

x Im{ (up, k) (up—n, ur)}|
gntl

_X“Xu ~u Z Ui(h

" hezd\{0}

X fun] Y [t (k = h)on (k) = W (k)b (k = h) g ||

kezd

by (3.15a), Lemma 3.8, and that supp(¢,) C {x € R? : 2"~1 < |z| < 2"F1}. Now
we observe that

IV (k= W)y (k) — \/tm (k) (k — B)|
<V (B) V0 ( 2*m|k — h|) — /(27 ™[k])]
+ VU (B) [V (27 E]) — /(27" [k — h])|

L|h
BRI I B~ [H] 4 v/ (RIL2 7" k]~ [k~ bl < A7

where L is the Lipschitz coefficient of /1, by that ¥, v,, € [0,1], and that m >
n — 2. Moreover,

S (Vb= Ry (k) + /O (R (k= 1) )

(3.37)

kezd
(3.38) = > (k= B (k) [u—n | Juk] + /o (k= h) b (k) || |t
kezd

=2 /U (k — R (k) Ju|[ws—n-

kezd

Therefore, we estimate continuing from (3.36) as

2n+2

(3.39) *Xl

>l (i ) 3l 100l

X heZd\ {0} kezd
- on+2 L21+1[ HEE)
TXP Xy Xu o3

X uXu] < 2(%+1)min{l,m,n}c3
mAnl =
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for ¢z = L2190+ % by (3.37), (3.38), that |h| < 27! due to supp(¢;), Lemma 3.9 and
that { — 4 < min{l,m,n}.
Next, we may work on ¢? (1,m,n) Similarly: in case XHHXE (1) XL(t) #0,

2n+1

_X“Xb > () |unl

m ” hezZa\{0}

> b (k= D)t (k) = o (k) (k — 1) |bi—n] b

(3.40) kezd
gn+1 L|h‘
X heZd\{O}

< 1V (k= W) (k) + /o (k)b (k — B [br—n] b

keza

by (3.17a), Lemma 3.8, supp(t,) and (3.37). Moreover, we may rewrite similarly
0 (3.38),

>~ (Voo Gk = Ry (R) + Vs (R ok = 1)) bl

kezd
@41) = > V(b= D)n(R)be—nl bkl + v/t (k = h) o (B)|belbe—n]
kezd
=2 Z Y (k= h) Y (k) |be—n][bk|-
kezZd

Applying (3.41) to (3.40) leads to

2l+6
(3.42) _Xu D uBunl Y V(b — k) (k)b b
mXn hezZd\{0} kezd

§L2(§+1)(l—4)210+7 < 2(%+1)min{l7m,n}03

for c5 = L219T% by |h| < 21+ considering supp(t;), Lemma 3.9, and that [ — 4 <
min{l, m,n}.

Next, with the choice of (b?;:m’n)( ) in (3.19a) or ¢ (1-m,n) () in (3.19D) at Remark
3.1, it is clear that an analogous inequality cannot be obtained because although
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we may proceed as e.g. in the case of ¢(21*m )

1
|¢(lmn)( )|—XbXb Xu Z ¢l

" hezd\{0}
| > D (b — 1)y (k) T { (g, k) (bre—p, ure) }
kezd:2n—1 <|k|<2nt!
+ P (k — h)Yn (k) Im{(bn, k) (bk—n, ur) }|
XbXb o 2w

n heZIN{0}
| > U (k = Rt (k) Im{ (bp, k) (b—p, ug)}
keZd:2n—1<|k|<2n+!

= Ym(K)¢on (k — h)Im{(bn, k) (ur—n, i) }

(3.43)

in case XP(t)X5 (t)X%(t) # 0 by Lemma 3.8, it is clear at this point that we
cannot possibly write this in the form of (3.36) due to in particular the difference of
(bi—n,ur) and (ug_p,bg); i.e. the lack of symmetry. Even if we choose to continue
and rewrite the right hand side of (3.43) as

1
W Z Yi(h)| Z

" hezd\{0} kezZd:2n—1<|k|<2nt!
X [Ym(k = h) (k) — b (k)n (k — B)[Im{{bn, k) (br—n, ur) }
+ P (k)on(k — h) Im{[(bn, k) {bk—n, ur) — (bn, k) (uk—n, br) ]},

(3.44)

we will not be able to deduce an analogous equality to (3.38) precisely due to the
lack of symmetry, namely |bg_p|, |ugl|:

>~ (Voulk =B 0u(®) + v/ R bl = 1) ) bl

kezd
(3.45) =Y Vo (k= h)th (k) br—n] || + v/ (k — 2oy () [br| [ g
kezd

2> V(b — h)gn (k) brnlus].

kezd
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However, with our choice of (b%l —_— (3.16a), the very much needed symmetry is
regained as follows: in case X} (¢) X2 (1) X (t) + X ()XY (t) X5 (t) # 0,

‘¢%l,m,n) (t)‘

2
< S wilh
~ XX XE + XP X5 XD vl

hez4\{0}

x| Yk — R)n (k)
kezd:2n—1<|k|<2nt1
X [Im{(bn, k) (br—n, ug) } + Im{ (bp, k) (ug—n, bi) |

1
XbXb Xu +XbX“ X0 Z lffl(h)
(3.46) " hezd\{0}

x| > Y (k — Ry (k) ImA{ (bp, k) (bre—p, ur) }

kezd:2n—1<|k|<2n+t!

- > Y (k)n (k = h)Im{(bn, k) (uk—n, br)}

kezd:2n—1 <|k|<2ntt

+ > U (k — W)y (k) Im{ (b, k) (wn—p, bi) }

kezd:2n—1 <|k|<2n+t

- > Y (K)ton (K — h)Im{(bn, k) (br—n, ur) }|

kezd:2n—1<|k|<2n+tt

by (3.16a), Lemma 3.8, and now we see that we can make the appropriate arrange-
ment to continue this estimate by

|¢%l,m7n) (t)|
2n+1
< )b
“ XX Xu + XPX5 XD 2. ilblinl
heZIN{0}
X > [t (k= D) (k) = Won (k)0 (K — 1) [br—n ||
(3.47) kezd
+ |wm(k - h)d}n(k) - wm( )wn(k - h)”uk—thkl
ontl L|h\
<
—XbXb Xu + Xqu X% Z wl |b | Z
heZIN{0} keZd

X [/t (k — h)n (k) + /Y (k) n (k — 1)) [k |[wr| + [wr—p][br]]

due to (3.37). Now despite that with ¢%* (om0 (3.19a), we could not find the

necessary symmetry as we saw in (3.45), Wlth our choice of (b%l o) (3.16a), we
will see that the necessary symmetry exists and allows us to deduce the following
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identity:
> (Voulk =Ry (®) + v/ Ry (= B ) (b llae] + a1 ]
kezd
= (k= B) i (R)[[br—n | luk] + [k D]
(3.48)  kezd

Y (k — h)n (k) [|br |[uk—n| + |uk||br—nl]

=23 /(b — 1) (B) [l 1| + ok bx—n ]

kezd

Applying (3.48) in (3.47), we deduce

gn+2 L2t
|¢(lmn)( )|_XbXqu+XbX“Xb <2n 3) Z 7/}[ |bh|
heZIN{0}

(3.49) S /(b — Ry G (B) [[be i)+l [br—n]
kezd
SLz(g-qu)(l—z;)Qlo-qr% < 9(5+1) min{l,m,n}c3

for c3 = L2'0F% by that |h| < 27 considering supp(t;), Lemma 3.9 and that
I — 4 <min{l, m,n}. This completes the proof of Lemma 3.6. O

We are now ready to prove Proposition 3.4.

PrROOF OF PROPOSITION 3.4. We compute

L o L |k| 2
FOXa=— > un(k lunl> = D alk b |

keza\{0} (|k|) kezZa\{0} (| D
(3.50) = > n(k) I (un, k) (g k) — I (b, k) (br—n, un) }
hk€Z4,h#0

+ Im{ (un, k) (bk—h, bk) } — Tm{(bn, k) (ur—n, bx) }]

by (2.6), (2.1a), (2.1b). We consider x%, x? as defined in Lemma 3.5 so that

(351) kez4\{0} keZ4\{0} (| |)

1 1
= =Xl X = oxal Xal%
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Moreover, we may write »  ¥y(h) =1, >  thm(k—h) =1V h k€ Z%,0#h #k

1eN, meN,
so that
— > (k) I (un, k) (uk—n, ur)} — T (bn, k) (b, ur) }
h,k€Z4 h£0
+ Im{{up, k) (bk—n, bi) } — Im{(bp, k) (wr—n, br) }]
Z Z qul 'l/}m k h)wn( )Im{<uh7k><uk—h7uk>}
(352) I,meNg h,keZd

+ > > b m(k — R (k)

l,m€No h,keZ?
X [Im{(bn, k) (br—n, wr) + Im{(bn, k) (ur—n, br) }]

= S S W)k — Ry (R)Im{ (un, k) (b, b))

I,meNg h,kezd

by Fubini’s theorem. By definitions of ¢} (Lim,n)? (/)u mon) ,(b?l m,n) from Lemma 3.6,
we now deduce

— > k) Im{{un, k) (uk—n, )} — T{ (bp, k) (br—n, ur) }

h, k€L, hs£0
+ Im{{un, k) (bk—n, bx) } — Im{(bn, k) (wr—n, bk)}]
1 u u u u u
= 5 Z (b%l,m,n)Xl Xan - (ZS%l,m,n) [leanXn + leXmeJ
I,meNg

(3.53)

By Lemma 3.6 (1), él’m)n)(t) =0Vt>0,i=1,2,3if (I,m,n) ¢ I; thus, applying
(3.51), (3.53) in (3.50) and multiplying by 2 gives (3.3). Moreover, by Lemma 3.6
and Lemma 3.5, (3.4), (3.5), (3.6) are all satisfied. This implies that X is a shell
solution of the system (1.9a)-(1.9¢) and completes the proof of Proposition 3.4. O

Having proved Proposition 3.4, our next task is to obtain a recursive inequality
for the shell solution. Before we do so in Proposition 3.11, we need to prove the
following lemma which is a slight generalization of Lemma 3.4 [2], that we will need
subsequently in the case of the MHD system.

LEMMA 3 10. Let X* and X be shell approzimations of u and b respectively
and ¢(l mny b =1,2,3, be defined by (3.15a), (3.16a), (3.17a) respectively. Then

- Z ¢%l,m,h)Xlqu1X;: + ¢?l,m,h)XluX£nX}l;
(I,m,h)el,h<n—1

— Bl [ XD XD XH+ X7 X X
= Z ¢%l,m,h)XfXg@Xﬁ + ¢:(31,m,h)XluXran2
(I,m,h)el,m<n—1<h
— O [ XD X0 X1+ XP X X ).

(3.54)
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PrROOF OF LEMMA 3.10. If h < n — 1, then min{l,m,h} < h <n —1. Now
we write

- Z ¢%l,m,h)quX%X;f + qs:())l,m,h)XlquLXg
(Iym,h)el,h<n—1
= Oy XD X X+ X7 X0 X

=-— Z ¢%l7m,h)XluX::zX;: + ¢?l,m,h)quanXZ
(3.55) (,m,h)€l,h<n—1,m<h
= By XU X X+ XD X0 X
- Z ¢%z,m,h)quX#lX}lf + QS?l,m,h)XﬁanXg

(Iym,h)el,h<n—1,m>h
= Sy XU X X+ XD X X

where we used that ¢%z,m,7l

y =0Vi=1,2,3 by Lemma 3.6 (2). Now we rewrite

> Oty XX XH 4 S X1 XD, X
(I,m,h)€T,h<n—1,m>h

- (b%l,?n,h) [leanX;LL + leX':{rllX}l:]

- Z Doy X1 X X1+ By oy X1 X0 X,
(3.56) (Lm,h)el,h<n—1,m>h
= G [ XT X0 X+ XP X X
- Z Do 1wy X0 X5 X0 4 Ot iy X X2 X

(Lm/ W) eI m/ <n—1,m/<h/
— O iy [ XD X X + X)X X))
by Lemma 3.6 (2), that (I,h',m’) € I if and only if (I,m',h') € I. Substituting
(3.56) in (3.55) gives (3.54):
- Z ¢%l7m,h)XluX7quX;: + ¢?l,m,h)XluX1§1XZ
(I,m,h)el,h<n—1
= Oty XD X0, X+ XT X0 X
=- Z ¢(1l,m,h)XluX:;LX;LL + ¢:(3l,m,h)XlqunXibL
(I,m,h)el,h<n—1,m<h
= O XU X X+ X7 X0 X
+ > Oltmmr ) XEXR X0+ G s iy XP XD XD
{@,m’,h)el,m'<n—1,m’'<h’
= O oy [ XD X Xy + X7 X0 X 0]
= Z ¢(1l,m,h)XluX#LXﬁ + ¢:(3z,m,h)XluX7an2
(I,m,h)el,m<n—1<h
- (b%l,m,h) [leanX;f + leXu XZ]?

m

where we emphasize again that the symmetry of (b%l m n)(t) was utilized here. [J
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PROPOSITION 3.11. Let X = (X%, X°) be a shell solution of the system (1.9a)-

(1.9¢) that satisfies the energy inequality over [0,t], and (dp)nen, be its sequence of
energy bounds. Then there exists c4 > 0, that does not depend on t, such that

2
d, (1) < +C4Z (1+ )

m+1 +1
Cy <glz ), w2 >)<|dm| ~ ldm 1)),

m>n—2

(3.57)

PrOOF OF PROPOSITION 3.11. We fix n € Ny and compute

n—1 n—1
> Xi == > XHIXEP +xhIX0P
h=0 h=0
(3.38) D O XX XE O XI XX

(I,m,h)el,m<n—1<h
= B,y [ XTI X0 X+ XD X X

by (3.3), Lemma 3.10 so that integrating over [0, ] gives

tn—1
ZXh / th|xh|2+xh|x 2ds

h=0

(8:59) /0 Z ¢%l,m,h)Xl XXy + ¢:())l,m,,h)Xl X, X,

(I,m,h)el,m<n<h

= Oy X7 X X+ X7 X X ds.

This implies

d2 1 Xuxu xu 4 3 Xqu Xb
(I,m,h)“*l *m~*h (I,m,h)“*l *m~*h
0 (1,m,n) el m<n<h

- ¢(l,m,h) (X7 X0 X+ X7 X% X]]ds

(3.60)

by Definition 3.3, (3.8a), (3.7), (3.59). By (3.6), this implies

A2 (t) <F,( +c3/ > 2(1+5) min{lm}

(3.61) (Lm,h)yel,m<n<h
X [(XPXEXE+ XPXD XD+ XPXE X+ X)X Y XD ds.
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‘We estimate the sum as follows:

3 (g mintlm} o xou xu 4 X1 XE XD+ XPXD X+ XPXEXD)
(I,m,h)el, m<n<h
= > 20 DIX X0 X+ XX XD + XPXL X + XXX
(I,m,h)el,m<n<h,l<m
+ > 2D XX X 4+ X[ XL XD+ XPXE X+ XD XX
(I,m,h)el,m<n<h,m<l
= > 20 DX X0 X+ XX XD + XPXL X + XXX
(I,m,h)el,m<n<h,l<m
+ S 2D XU XX+ X2 XPXD + X0 XPX} + X0, X XD
(I,m,h)el,l<n<h,l<m
< > 20T DX X0 X+ X X0 X, + XPXD X+ XX X7
(I,m,h)el,l<n<h,l<m
h+2 h+2

<222(1+ 2P & Xh|+222“+ DTN X xR

h>n m=h—2 h>n m=h—2
h+2 h+2

(3.62) +222“+ g S 3 |Xth|+222<1+ D ST ST X xR
1=0

h>n m=h—2 h>n m=h—2

by (3.9), that [ < h and | < m so that |h — m| < 2 due to the definition of I in
(3.2). We may compute by Young’s inequality and (3.5),

h+2 h+2
2> D IXmXRISY T Y XX
(363) h>nm=h—2 h>nm=h—2
<107t ) DO X P
— 1 9am m ml -
m>n—2
Identical procedures lead to
h+2 92(2m+
(364) 22 Z |X77LXZ|S1062_1 Z 2Bm m|Xm|27
h>nm=h—2 m>n—2
h+2
20 2 IXXG
(3.65) henmeh2 ) amey
— g1 2m u u — g2 2m b b
<5ey ! Z WXm'Xm|2+5021 Z “oBm  Xm X%
m>n—2 m>n—2
h+2
2> 2 1XXi
(366) h>nm=h—2 B
2m
S D DL A

m>n—2 m>n—2
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Thus, applying (3.62), (3.63), (3.64), (3.65), (3.66) in (3.61) we have

t
d2 (t) +0322(1+ 2d / 10¢; Z gl Xm\X“ |2ds

m>n—2

pe

—u ! g2(2"7) 2" +)
+d,/ 10c; Z o m|X,bn|2ds
0
(367) m>n—2
- [t g1(2") 2
iy [t 30 S s
m>n—2
t
—b g2(2mF1)
+dl/0 10c; ! >Z2 S b IXY |2ds]
We further estimate
t
(3.68) / XX Bds < |2 [2(8) — [d 0 (0,
t
(3.68b) / Xl X0, Bds < [d2 [2(2) — [ (1),

because F%, F’ defined by (3.8a) are both nonincreasing in m. Applying (3.68a),
(3.68b) in (3.67) gives

dy (1) SF,L(O)+10< R )

min{cy, e}
xzw Y 2 a2 - a2 0)
m>n—2
va Y %ad () — I (0)
_ ~ 1 m—+1
(3.69) +i 3 %Uczwu @ 20)

+d Y 92 D (a8, 2 — (b P(9)

e
o>+C4j§_§2_(?jg)lm§_2[%<|d (0 = il (0)
+ 28 b (1) — b P00
for ¢4 = 20 (m) Finally,
9 a2 — a0 + 2 1 2 )0

(3.70)

m—+1 m—+1
< (25 2 (k= )0
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where we used that d“,d>, defined in (3.8b), (3.8c) are both nonincreasing in m.
Applying (3.70) in (3.69) finally gives (3.57). O

Having completed our work thus far, the rest of the proof of Theorem 1.1
follows from Section 4 [2], and thus instead of repeat its proof verbatim, we now
only explain furthermore. The final step of the proof of Theorem 1.1 is the following
proposition:

PROPOSITION 3.12. Let X = (X% X°) be a shell solution of the system (1.9a)-
(1.9c) that satisfies the energy inequality on [0,T*). If sup,cy, 2" Xn(0)] <
ooV m >1, then

(3.71) sup sup 2™ X, (1) <oo Vm > 1.
te[0,7*) n€Ng

Let us first make the following observation.
LEMMA 3.13. A sequence (by)n>—1 defined by
1

3.72 b, &
( ) n gl(2n+1) +g2(2n+1)

has the following properties:
(1) (bn)n>—1 is nonincreasing,
(2) (A"bn)n>—1 is nondecreasing, where \ = 21+5 = 90 — 98,
(3) 3°°° . b, = +00.

n=1
ProoOF. The fact that (b,)n>_1 is nonincreasing follows from the hypothesis
that g1, g2 are both nondecreasing. Moreover, the fact that (A\"b,),>—_1 is nonde-
creasing may be seen considering that 2=%g;(x),z ?go(z) are both nonincreasing
o0

due to hypothesis. Finally, in order to prove that Z b, = 400, one may compute

n=1
that
- _/°° ds
1 s(g1(s) + g2(5))
<1/21ds+1/2 ds
T1(29) +92(2°) Jpo s 1(2Y) +92(2Y) Jo s
o0 1 o0
=In(2 =1In(2 b
B L e M L
where we used (1.12), that g1, g2 are both nondecreasing, and (3.72). O

By (3.57) and (3.72), we obtain

n—1 -
d; 1 1
dn(t) S Fa(0) +ead®y o D =) (bm> (ldm[* = ldms1[*) (1)

=0 m>n—2
We denote by
n—1 — 00 12 _ ‘ 5
(3.73) Q.2 Ry |, [2() = |d; 1 [*(1)
j=n

n—1’ j—n} .
2o Ni—nb,

so that we obtain
(3.74) i, (t) < Fp(0) + caQn Ry o(t)
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where we relabeled ¢, A2 by ¢4. The definition of Q,,, R,, in (3.73) and the inequality
(3.74) are identical to those in [2] (see pg. 2021, in particular the equation (4-1)
[2]). The properties of (by)n,>—1 in Lemma 3.13 is identical to those described on
pg. 2021 [2]. Using (3.73), (3.74), Lemma 3.13, the work of Section 4 [2] which
only relies on the definitions of @,,, R,, and properties of (b,,),>_1 (see its Lemma
4.2, Lemma 4.3, Lemma 4.4), only with slight appropriate modifications, we are
able to obtain the following result:

LEMMA 3.14. (Lemma 4.5 [2]) For every t > 0,M > 0, there exists cpr > 0
such that

(3.75) @ <epyA™Mn Q. < e

As an immediate consequence of Lemma 3.14, we may now prove Proposition
3.9.

PROOF OF PROPOSITION 3.12. Due to Lemma 3.14, we know in particular
that for all M > 0, there exists cp; > 0 such that for any t € [0,7%), [d“(t)|* +
|d (t)|? < eprA™M™. Therefore,

X @ + X () < ear A"

by (3.8b), (3.8¢c), (3.8a). Now for a fixed m > 1, we may take M > 22 so that
22 (| X517 + 1 X0 1)(8) < ear

Taking a square root, supremum over n € Ny and ¢ € [0, T%) finally gives (3.71). O

Proposition 3.12 and Proposition 3.4 imply (3.1) which concludes the proof of
Theorem 1.1.
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