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On the inviscid limit of the 2D Magnetohydrodynamic

system with vorticity in Yudovich-type space
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ABSTRACT. In this paper, we first prove the existence and uniqueness of solu-
tions only with magnetic diffusion for the vorticity being Yudovich-type space,
by establishing some new time weighted estimates of the magnetic field, which
improves the corresponding results of [5] and [16]. Furthermore, we prove a
global result on the inviscid limit of the two-dimensional Magnetohydrody-
namic equations with data belonging to the Yudovich type.
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1. Introduction

can be written as

(1.1)

g+ u-Vu+ vA*u = —Vp+b-Vb, (z,t) € R" x RT
by +u-Vb+ kA?Pb=1b.Vu,

V-u=0, V-b=0,

(u, b)(,0) = (uo(x), bo(x)),
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The n-dimensional (n > 2) generalized Magnetohydrodynamic (GMHD) system
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where u = u(x, t) denotes the velocity of the fluid, b = b(x, t) stands for the magnetic
field and p = p(x,t) the scalar pressure. Here v > 0 is the viscosity of the flow
and k > 0 represents the resistive viscosity of the magnetic field. The parameters
« and 3 are nonnegative constants. The operator A® with s € R is defined through
Fourier transform

A= (=A)E, Asf() = [€]°F(€),
with

flo = [ e,

The nonlinear evolution equations involving the classical Laplacian describing
the Wienner diffusion have been extensively studied in mathematics and physics.
For the fractional Laplacian, it is remarked that it can be defined as the generator
of a-stable Lévy processes, and it has found applications in many complicated en-
gineering problems, for instance, Woyczynskiin in [25] review a number of physical
phenomena for which the Lévy processes and, in particular, a-stable processes can
be used as a reasonable model.

There are extensive studies on global well-posedness of system (1.1). It has
been proved in [27] that system (1.1) is globally well-posed as long as the following
conditions
(1.2) 042%4—%, 5> 0, a—|—521+g
are satisfied. When n > 3, the conditions (1.2) are sharp since the global regularity
problem for the n-dimensional generalized Navier-Stokes equations

u +u-Vu+vA?*u=—-Vp, V-u=0

is still challenging for o < % + 4. Indeed, the global well-posedness was proved in
[26] if & > 1+ 2 and in [22] by adding a logarithmical multiplier in the dissipation
A'*%. Some regularity criteria to the 3-dimensional MHD equations in terms of the
velocity field or the magnetic field are referred to [11, 13, 24, 28] and references
therein. However, when n = 2, the conditions in (1.2) can be slightly weakened.
Actually, Tran-Yu-Zhai in [23] showed that if (ug,by) € H®(s > 2), the smooth
solutions to (1.1) are global in one of the following three cases:

1 1
(13) M azg 2L ()0<a<y 20+8>2 (i) a22 5=0.

In particular, they obtained the global regularity when v = 0 and 3 > 2. Later,
(1.3) was relaxed to the range o = 0, 8 > 3 in [15], [29] and [30]. Recently,
when o = 0, 8 > 1 the global well-posedness for system (1.1) was shown whenever
the initial data (ug,bg) belongs to H® for any s > 2 by Jiu and Zhao [16] and
independently by Cao, Wu and Yuan [5]. Meanwhile, Fan and etc. [12] proved the
global and unique regular solutions exist when 0 < a < %, [ = 1. In addition, the
global well-posedness on the 2-dimensional MHD equations with partial dissipations
has been studied widely (see [4, 6, 14, 18] and references therein).

The behavior of viscous incompressible flows at the inviscid limit is a classical
issue in the fluid dynamics. In bounded domain, the zero-viscosity limit of the
incompressible Navier-Stokes equation with Dirichlet boundary condition is the
challenging problems in fluid mechanics (see [19] and references therein). For the
case of the whole space, it is well known that the solution of the Navier-Stokes
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equations converges to the one of the Euler equations. There are many researches
devoting to this issue; for instance, we can refer to [17, 10, 9, 7, 8, 2].
In this paper, we will investigate the global well-posedness of system (1.1) with
vr=0,x=1and § > 1. That is,
u 4+ u-Vu=—-Vp+b-Vb, (z,t) € R* xRT
by +u-Vb+APb=0b-Vu,
V-u=0, V-b=0,
(u, b)(z, 0) = (uo(x), bo()).

In addition, we will also consider the inviscid limit of the following viscous
system with 0 < o<1l and §>1

ul +u” - Vu' + vA*u” = —Vp¥ + b7 - Vb, (z,t) € R* x RT
b 4 u? - Vb + AP = b -V,
V-u'=0, V-1"=0,
(u?,b")(z,0) = (uo(x), bo().
Our first goal here is to establish the global existence and uniqueness of solutions
to system (1.4) under the low regularity assumptions on the initial data. We assume

here that the initial vorticity wy = d1ug —d2u is in the Yudovich class and by € H',
and obtain the following result.

(1.4)

(1.5)

THEOREM 1.1. Let 3 > 1. Suppose that ug € L? with divug = 0 and wy €
L2 N L>®, by € H' with divbg = 0. Then, for any T > 0, system (1.4) admits
a unique global solution (u,b) € L>(0,T; H') x (C([0,T); H') N L2(0,T; HP+1))
satisfying

t
lu@lz + 1617 +/ [6(s)|[ 342 ds < Ce”, VO<t<T.
0

lwt)||pe < Ce®, YO<t<T.
Furthermore, for all 0 <t < T,
PFIbO]lie < O, Vs> 0,
and
VY X b(t)|| e < CeCt,  for arbitrarily samll € > 0.

If we further assume by € HP, then the solution remains the same reqularity for all
time, namely

t
||b<t>||%,ﬁ+/0 () |20 dr < Ce€t, WO <t<T.

Here the constants C > 0 only depend on the initial data.

REMARK 1.2. Theorem 1.1 extends the result in [31] on the 2D Euler system
to the system (1.4). Compared with the papers by Jiu-Zhao [16] and Cao-Wu-Yuan
[5] in which the initial data belongs to H®(s > 2), less regularity has been imposed
on the initial data here; consequently, a different and simpler method has been
used.
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We describe the difficulty in dealing with the global regularity problem and ex-
plain how our method works. Although the magnetic diffusion does provide certain
regularity, it fails to produce the crucial global bounds for the vorticity equation.
More precisely, energy estimates do yield for all T > 0, (u,b) € L>(0,T; H') and
b € L*(0,T; H?). However, it is not clear whether |lw||p(,r;1) is bounded.
The lack of a global bound on Vj (j = curlb) in L makes it impossible to obtain
a global bound for vorticity w directly from the vorticity equation

wi+u-Vw=>5b-Vj.

To overcome this difficulty, we add the weight 1€ to Vj in order to reduce time
integration of ||Vj]|| L. Therefore, for sufficiently large k and sufficiently small e,

_ 1 _ . L
(1.6) ||wl|Loe(0,13200) < [lwollpee +tFF sup |7=Vi(1)||L> sup ||7%2b(7)| L,
0<r<t 0<r<t

where the global bound on t¥o b(t) in L*>° can be obtained (in light of the smooth
effect of the magnetic equation, for details see Proposition 2.6). Since j satisfies
the following fractional power dissipation equation

G+ AP )= —u-Vj+b-Vw+Q(Vu, Vb),

by using the decay properties on time of the fractional power dissipation kernel, we
are enable to obtain the weighted estimate of Vj as follows:

(1.7)

e . . e . _2 1-2
sup 11V (0)lz~ < C(lolla+( sup 7 Vi(m)le) P+l oo gy )
0<t<T 0<T<t<T

for some large number p (2 < p < o0) and small enough number ¢ (see Propo-
sition 2.6). Combining (1.6) with (1.7) and using the Young inequality, we get
llw|| Lo (0,7;150) < 00 for all T' > 0.

Our second result is a global result on the inviscid limit of system (1.5) with
the same initial data as in Theorem 1.1.

THEOREM 1.3. Let ug € L? be a divergence free vector field such that wy €
L2 N L*>® and by € H' with divby = 0. Assume that (u”,b")(resp.(u,b)) is the
solution of system (1.5) with0 < a <1 and B > 1 (resp. system (1.4) with 3 > 1).
Then, for any T > 0, there exists a constant C' > 0 depending only on the initial
data and vy > 0 depending on C' and T such that for any v < vy, we have

Ct —eeCt

[|(w”,0") = (u,b)| = < (Ce® v)° , YO<t<T.

The paper unfolds as follows. In Section 2, a priori estimates are established
which play a vital role in proving the main results. Section 3 is devoted to the
proof of Theorem 1.1 while Section 4 is devoted to the proof of Theorem 1.3. In the
appendix part, for readers’ convenience, we introduce briefly the Littlewood-Paley
theory and inhomogeneous Besov spaces.

Throughout the paper, the LF(R?)-norm of a function f is denoted by | f]|,,
and the H*(R?*)-norm by ||f| ;.. In the following, we denote C' a constant which
may depend on 7" > 0 and may be different from line to line.

2. Preliminary bounds

This section proves some useful the a priori bounds.
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2.1. Basic Energy estimates.
PROPOSITION 2.1. Let (u,b) be a smooth solution of system (1.4) with 5 > 0.
Then, for any t > 0, we have
t
(2.1) lu)lIZ> + IBOIZ + 2/ IA%b(s)1Z2ds < luollZz + llbollZ--
0

PROOF. Taking the L2-inner product of (1.4) yields
1d
52 (I3 + 1613 ) + 147032 = 0,

where we have used the fact that [(b-Vb) - u dz+ [(b-Vu)-b dz = 0. Integrating
the above inequality with respect to ¢, one can get (2.1). O

2.2. Global H!'-bound for (u,b). The subsection provides the global H!-
bound for (u,b). Note that w = curlu and j = curl b satisfy the following equations

wi+u-Vw=1>-Vj,
(2.2) G+ u-Vi+A*Pj=b.Vu+ Q(Vu, Vb),
(.(J(.I, O) = Wo, ](xa O) - jOa

where
Q(Vu, Vb) = 201b; (81’&2 + 82’&1) — 281’(1,1(81()2 + 82()1).

Then we have

PROPOSITION 2.2. Let (u,b) be a smooth solution of system (1.4) with 5 > 1.
Then, there exists a constant C' = C(||(uo,bo)| g1) such that, for all t > 0,

t
(2.3) lw(®)IZ2 + 15 ®)1I72 +/O IA7(s)|[72ds < Ce ™,
and consequently

t
(2.4) [u®)lz =+ 1) [ 7 +/O [[b(5) |31 ds < Ce®*.

Furthermore, when 3 = 1, the left hand side of (2.3) and (2.4) can be bounded by

an absolute constant C' depending only on the initial data.

PROOF OF PROPOSITION 2.2. Taking the inner product of the vorticity equa-
tion with w, we have

=< w2 :/a)-w.w de.

Similarly, taking the inner product of the current equation with j, we have

1d, . _ . .
53 MO+ A5O3 = [0 905 do+ [ @(Vu Vb)) da.

Note that
/(b~V)j~w dx+/(b~V)w~j dz = 0.
It follows that

d
4 (12 + 1I2:) + 2142501 =2 [ Q(Tu, 90) da.
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By using Hélder’s inequality, the Gagliardo-Nirenberg inequality and Lemma A.4,
we get

/ Q(Vu, V)i dz <[V 2] Vb ]
<Ollwllz2 1112
12— % B %
<Ollwllz2 1% P 1A% ..

By Young’s inequality, it is clear to verify that

d . . . =
= (@22 + 150132 + IA75(2) 132 <Cljl3a w2

(2.5) dt
<Clljl17=lwll7z + 17172 + 1)

243

For 8 > 1, Sobolev embedding gives
7]l < ClIVbl[L2 < C[[b]| -

Plugging this inequality into (2.5) and making use of the Gronwall lemma and (2.1)
yield the desired result. O

2.3. Global L%-bound for w. In this subsection, we prove a global a priori
bound for w in the space L? for 2 < g < co. More precisely, we prove the following
proposition.

PROPOSITION 2.3. Let (u,b) be a smooth solution of system (1.4) with 5 > 1.
Then, for any

2§q§$, ifl< <2
2<q<o0, if 22,
there exists a constant C' = C(||(uo,bo)| g1, [|wol||Le) such that
(2.6) lw(t)||ra < Ce®,
holds fort > 0.

PROOF. Multiplying the vorticity equation by |w|? 2w with 2 < ¢ < oo and
integrating the resulting equation over R?, we have

1d 0 e ) _
agl\w(ﬂl\%q = /bVJIqu 2w dx < |Ib oo Vi Lallw]| 95
It follows that
t
(2.7) lw®)lza < llwoll2nr= +/O [6()[[ L= [[Vi(s)]|La ds.

Recall the Sobolev inequalities
[0l < Cllbllgs, B>1,
and
IVillee < ClIVijllzs-1 < Clijllme,
where
<—— ifl<pB<?2

L if B> 2.



ON THE INVISCID LIMIT 67

By plugging these two Sobolev inequalities into (2.7) and using Young’s inequality
and the estimates in Proposition 2.2, we get the desired estimate (2.6). The proof
of the proposition is finished. O

REMARK 2.4. Since the following Sobolev inequality

Jullp~ < C |20 RIS 1557 <Ol B0 T o B
holds for ¢ > 2, it follows from (2.1) and (2.6) that
(2.8) HuHLw(o,t;Lw) < Ce.

2.4. Yudovich-type regularity through decay estimates of ||Vl .
The goal of this subsection is to establish the Yudovich type regularity for the
vorticity w, namely, the estimate of ||w| e (0,;5). Due to the lack of a global
bound on Vj in L, the global bound for vorticity w does not follow directly from
the vorticity equation

wi+u-Vw=>5-Vj.

To overcome this difficulty, we add the weight 1€ to Vj in order to reduce time
integration of | Vj||pe. More details will be provided in the following Proposition
2.7.

Let us first recall some decay estimates of solutions to the homogeneous linear
fractional power dissipative equations.

LEMMA 2.5 ([21]). There exists a constant C' > 0 such that for every solution
v of the Cauchy problem
v+ A% =0, (z,t)€R" x[0,00
o) : (@) € B" x [0,00)
v(x,0) = vo(z),

the following estimates

vl r@®n) = [[Sa(t)vollLr@n) < Ct 2a (7 )HUOHU(RH),
A V|| Lo (gry = |AY S (E)vo]| Lo@ny < Ct 357273 g Lr @),
hold true, for any 1 <r <p < oo, a >0, v > 0. Here Sy(t) = e t(=2)",
We also need the following weighted estimate of b in L>°(0,T’; L™°).

PROPOSITION 2.6. Let (u,b) be a smooth solution of system (1.4) with 5 > 1.
Then, there exists a constant C' = C(||(uo,bo)| gr) such that, for all s >0

t]b(t) || L= < Ce®t, ¥t > 0.

PRrROOF. By Duhamel’s principle, we write the second equation in system (1.4)
as

t
b, t) = Sa(t)bo +/ St — 7)(—u - Vb +b- Vu)(r) dr.
0
Using Lemma 2.5 gives

£ Sp(t)bo| Lo < CH 735 [bo| < CE 775 [bo] 1 -
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Since s > 0, choosing sufficiently large p ensures s — ﬁ > 0. By Lemma 2.5 and
Holder’s inequality, for some g > 1,

’/Otsﬁ(t—f)(—u.w))(f) dr

< / IV - Sp(t — 7)(ub) (7|~ dr

LDO
t
S/O (t = 7)" 270 lu(T)l 20 [[6(T) ][ 20 dT

1 1
< Ct'7 %754 |Jul| oo (0,00 1Bl Low 0,751 -

1
3-j3°

/0 Ss(t = 7)(b-Vu)(r) dr

Similarly, for some 1 < ¢ <

_1
< Ct' 7R ||wl| oo (0,75229) 1Bl Lo 0,731
Collecting these estimates combined with (2.4) and (2.6) yields, for all ¢ > 0
()i~ < Ce, s> 0.

t
S/O (= 7)7 5 [[Vu(r)ll oo [0(T)] 20 dT
1,o°

O

Now, we are ready to establish the following estimates which is a key to com-
plete the proof of Theorem 1.1.

PROPOSITION 2.7. Let (u,b) be a smooth solution of system (1.4) with 3 > 1.
Then, for arbitrarily small e > 0, there exists a constant C' = C(||(uo, bo)| 1, ||wol| L)
such that

(2.10) sup [V (@)l + |l o= 0,750y < Ce.

ProOOF. By Duhamel’s principle, the solution to the equation of j (2.2) can be
written as the integral form:

(2.11) j(x,t):Sg(t)jo—F/O Sﬁ(t—T)(—u~Vj+b~Vw+Q(Vu,Vb))(7‘) dr.

Therefore, for any ¢ > 0 and arbitrily small €, we have
(2.12) [t'V5(t) || e <t (Jo+ J1+ J2 + J3),

where
Jo = [IVSs(t)jol ==,

= / IV Sa(t — 7)(u - V)j(r)l|~ dr,
Jy = / IVS5(t — 7)(b- V(7)o do,

t
Js = / (IVSs(t — 7)Q(Vu, Vb)(T)| e dr.
0
As for Jy, using Lemma 2.5 yields

(2.13) 17y <Ot 5ol e,
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To bound J;, by Lemma 2.5, we have for any 2 < p < o0,

t
< c/ (t—7)"F || (u- V)il dr.
0

Then, by Hélder’s inequality and the Sobolev interpolation inequality, we can get
t
a1 .
. SC/ (t —7)7 277 Ju(r)| L [V (T) | e dT
0

t
i1 . 2 . 1-2
SC/O(t—T) 28798 |lu(T) || Lo (VIO L2 (I VI (T 1o dT

RSN

<Cllull poe(0,:0)( sup |77 Vj(r)|[z=)'~
0<r<t

t 2
/ (t — )~ F O )|, dr
0

_ . _2
<Ol oo 0,500y ( sUp 717V (7)[|Loe ) 77
0<r<t

1—1

2 t . - 1
X ijsz(O,t;L%(‘/O (t—»r)(fﬁfﬁ)ﬁ,r*(lfe)pj dT) '

By choosing p > ggﬁ, the Beta function B(1 4+ (—ﬁ - ﬁ)ﬁ, 1—(1- E)Z%f) is

bounded. As a result,

1—1

t
(/ (t—7')(7%7$)P}+17'7(175)2%zi dT) :
0

1 -1

:tﬁﬁwe%(/ (1 =)t 005 gr)
0

=B H RO (- )L (- g

; 26 pB'p-1 ‘

p—2
—)
p

where the constant C' doesn’t depend on ¢t. Hence, we deduce that

(2.14)
t176J1
[ T S B -} e 1-2 2
<Ct7z T (sup [T V(T L) P llull oo 0,6505) IV F 20,0, 2

0<7<t

For any 2 < p < oo, by using Lemma 2.5 combined with Holder’s inequality and
the Sobolev interpolation inequality again, we can estimate J, as follows

¢
Jo S/ IV -VSs(t — 7)(bw)(T)|| e dT
0
¢
SC/ (t = 1) 773 |[b(7)| L2p[|w(T) | 2w dT
0
¢
1L < 1-2
SC/O(t—T) 7R |b(T) || L2e lw(T) (| 22l ()] Lo” dT

1_% % t 11
SC[bll Lo 0,61 |0l o 4500y 19| Lo 0,022 O(t—T) 5P dr,
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where the divergence-free condition of b has been used here. Choosing p > 7=

gives to
(215) e < Ot BT [N
. 2> Lo=(0,t;HL) Lo>°(0,t;L°°) Lo°(0,4;L2)"

To deal with J3, for any 2 < p < oo, we first use Lemma 2.5 and the Hélder
inequality to obtain

t
5 <C / (t — 1)~ 7 o) e [V (7 | e b
0

Then, similar to the argument as leading to (2.14) or (2.15), for p > %, we get
1—e L 13 . 17% %
(2.16) t T J3 < Ct 2 T2 HvaL2(0¢%L2p)HWHLW(O,t;Lw)|‘W|‘Lm(07t;Lz)-

By the a priori estimates in the previous subsections, we can deduce that ||u|| (0 1.5)
16l Los(0,6:m1)> IVdll2(0,6:22), ||Vl £2(0,6520) are bounded. Therefore, plugging
these estimates (2.13)-(2.16) into (2.12) and then taking the supremum with re-
spect to t on the resulting inequality yield, for some p > max{ ggf?, %, 2},

(2.17)

N . e . 1 1-2
sup [ (1) [ < O (Ilollza+( sup_ 7= F(r) 1) 5 +llwll ;g ryny )
>0 0<r<t

Now, let us consider the vorticity equation in (2.2). By maximum principle and
the Holder inequality, we have for sufficiently large £ and sufficiently small e,

t
l[w(®)l| Lo Sl\wol\Ler/ (- V)3 (M)l oo ds
0
_ L _ . L
Sllwollzee +t°7% sup [|T17Vj(7)l|z sup ||7F5b(7)|| L.
0<r<t 0<r<t

Combining this inequality with (2.17) and then using the Young inequality yield
(2.10). Thus, we complete the proof. O

3. Proof of Theorem 1.1

This section proves Theorem 1.1. We will divide the proof into two parts. The
first part deals with the existence of solution to system (1.4) and the second one
deals with the uniqueness.

3.1. Existence. Firstly, by smoothing out the initial data (ug, bg), we can get
a sequence of smooth initial data (uf), bf)nen = Jn(uo, bo), where J,, n =1,2,3...
is the spectral cut-off defined by

Taf(€) = Lo (IENFE), € eR2

By Bernstein’s inequality in Lemma A.1, we obtain that those smooth initial data
are bounded in the spaces given in Theorem 1.1 and belong to all the Sobolev spaces
H?. Now let us consider the following system:

o™ +u" - Vu" = =Vp" 4+ 0" - Vb,

Oeb™ + u™ - Vb + A2Pp" = b - Vu",

V.ou=V-bh" =0,

(u™, ") |t=0 = Jn(uo, o).

(3.1)
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According to the result of Jiu and Zhao [16], for any T" > 0, we can find a se-
quence of smooth global solutions {(u",b")}nen € (L>(0,T; Hs))Q, {V"}nen €
L2(0,T; H**P), s > max{2, B} satisfying, V0 <t < T,

t
[I(u™, 0™) 1 Z +/O 16" (8)lI7++0ds < C (| Tn(uo, bo)ll =) = C(n* =, [|(uo, bo) | r)-

By mimicking computations in Section 2, we conclude that

{u™},en is uniformly bounded in L>(0,T; L?),

{w"}nen is uniformly bounded in L°°(0, T; L* N L),

{b"}nen is uniformly bounded in L>(0,T; H') N L*(0,T; H™).
Secondly, in order to show that {(u"™,b")},en converges (up to extraction), a uni-
form boundness information on {(9;u™, 9;b™) }nen is needed. In fact, applying the
Leray projector P on both sides of the first equation in (3.1), we can get

Ou™ = P(—u" - Vu" + 0" - V™).
The bounds of {u™},,en imply that {0;u™},,en is uniformly bounded in L> (0, T; H™').
As for the magnetic field,
O™ = =A™ —u" VY b V.
The previous bounds of {b"},en imply that {9;0"},en is uniformly bounded in
L2(0,T; H*=P). Since L? — H~' and H' «— H'~# are locally compact, the clas-
sical Aubin-Lions argument ensures that, up to extraction, {(u", b")},en strongly

converges to some (u,b) in L®(0,T; H,') x L*(0,T; H,., ﬁ). This strong conver-

loc

gence together with the uniform bounds of {(u™,b" )}neN stated in the first step
enables us to pass to limit in the system (3.1) in the sense of distributions. More-
over, we can conclude that the solution (u, b) satisfies

ue L>®(0,T;L?), weL>®0,T;L*NL>),

be L0, T; HY) N L*(0,T; H ).

Finally, we prove the time continuity of b. For any T > t9 > t; > 0, by the
fact that H' is equivalent to Besov space Bj , (see Definition A.1 in Appendix), we
have
(3.2)

[b(t2) = b(t1)|| a1
1

:( 3722 || A (bt2) — b(t1)) || ) :

g>—1
(030 208t b)) (02 8 00e2) ) 2. )
—1<q<N q=N

where the integer N is to be determined and A, is the frequency localization op-

erator (see the definition in Appendix). If we assume that b € L°°(0,T; H') (see
Definition A.2 in Appendix), then for any € > 0, we can choose N = N (¢) satisfying

( Z 22qHAqu%“’(O,T;L2))) <

q>N(e)

l\)lm
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which ensures that the high-frequency term of (3.2) can be bounded by §. In fact,
applying A, on the magnetic equation yields

Agby + AgA*Pb = Ay(b-Vu) — Ay(u - Vb).
By Duhamel’s principle, we have
t
Agb(z,t) = Sp(t)Agbo —|—/0 St — 1) (Ag(b- Vu) — Ag(u- Vb)) (1) dr.
Therefore, using Lemma 2.5 and divergence free condition of v and b yield
t
_
29| Agbll oo (0,6:02) < 27| Agbol| 2 +2/ (t —7) 22| Aq (bu)(7)]| L2 dr.
0
Taking the [>-norm and using the definition of Besov space, we get
t
o
18] o 0,01y < llbollzrs +2 / (t = )77 (bu) () s .

Since [|bu||lgr < ||u||g1]|b||~ + ||0]| g1 ||w|| L, we have
t

¢ J 1
/(t—T) 2"HbuHH1 dr SHU|‘LDO(O¢;H1)HbHL2(07t;Loo)(/ (t—T) B dT)
0 0

[N

¢ _ 1
+ 16l zoe 0,:5m) [[ull Loo 0,652y [ (8 —7)7 27 dr
0
<Ce“,

where the Sobolev embedding and the previous estimates in Section 2 have been
used. For the low-frequency term,

> 27y (blt) — b)) I3 )

—1<g<N(e)
1
) 2
2

:( Z 229
S( T 22qﬁ(/t2 2109 19, A b(t)]] . dt)Q)%

=

2

ta
/ D AD(t) dt
t1

—1<q<N(e) L
—1<q<N(e) b
1
< 2ﬁNHathm(o,T;Hlfﬁ)(t2 —t1)2,

where Holder’s inequality has been used in the last inequality. Consequently, com-
bining these two parts with (3.2) yield

limsup ||b(t2) — b(t1) || < e.
to—t1—0

Since € > 0 is arbitrary, the continuity (in time) of b is obtained.

3.2. Uniqueness. In this subsection, we prove the uniqueness of the solution
presented in Theorem 1.1.

Let (u1,b1,p1) and (ug, b2, p2) be solutions of (1.4) with the same initial data.
Denote du = us — uy, 0b = bs — by and dp = pas — p1. It is easy to verify that
(du, db, dp) satisfies the following system:

Opdu + usg - Vou = —Vop — du - Vuy + by - Vb + 6b - Vb,
3.3
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A standard energy method shows that, for any 2 < p < oo,
1d
5 (115l + flob]13.)

SHVMHLP(I\tsttl\ip_zg_1 + 110611722, ) + 2[[ Vbl o< [|9ul| 2|00 2

2.2 2 2.2 2
<IVurllze (Iull e 10wl foo + 1001172 7 [160]] Foc ) + 2/ Vb1l oo [|0ul] L2]|6B]| 2,

where the interpolation inequality has been used in the last inequality. For any
€ >0, let

1
2

Xe(t) = (oulZ2 + 00]Z2 + €*)*,
we can get

d 1-2 2 2
(3.4) X @) < [Vurloo Xe 7 () ([9ull oo + 10Bl|Foc) + Vb1 [l Xe(2).

By the regularity of the magnetic fields, it infers that ||Vbi(t)|| L is integrable.
Therefore, by setting

}/E(t) = Xe(t)ei ff)t IVb1(s)llzoo ds,

we can get

d_.2 2_-1+2 . d
=Y (t) ==Y ()Y
Y (1) , (t)

—~
~

)

oVl
p

I8l 0] ) STl

V|| e 2 2
SQT(HzSuHLm + H5b|\Lm).
Integrating in time on the last inequality from 0 to ¢ gives to
2 I Vuallzy 2 2 B
Vi) < (e 2 [ S (gl + bl ) ds)
0
Letting € tend to 0, we can deduce that, for all ¢ > 0,

(3.5)
[6ull72 + |66 72

t 2 2 .
<(2 [ L oug e+ ovl) ds)er IO o
0 p

t t
- [ Vusllze [Vuillpe 20 o1
<02 (18l ([ ) a0l oy [ (B2 75 )7,
0 p 0 p
where in the last inequality we used the Holder inequality and the fact that
(a4 b)P < 2P~ (aP + bP), for any p > 1.
By virtue of Lemma A.4, for any p > 2,
[Vl e
p

with C only depending on the ||(uo,bo)| f1, ||wol|Lee. Therefore, plugging this in-
equality into (3.5), one can find a time Ty > 0 such that fot |lw1]|L2np~ds < % and

fot [[wi]|F2h wds < § hold for 0 < t < T. Then letting p tend to oo in (3.5), one
can obtain that (du,db) = 0 on [0,7Tp]. Noting that du and 0b are continuous in

< Cllwillz2npe~ < Ce,
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time with values in L?, we fianlly conclude that (du,§b) = 0 on [0, 7] by means of
a standard connectivity argument.

3.3. Higher regularity. This subsection contributes to proving the remain-
ing part of Theorem 1.1, it suffices to give a global bound for the current j in the
space-time space L™ (0, T; H~1).

Applying A®~1 on both sides of the second equation of (2.2) and then taking
the L?-norm on the resulting equation, we deduce that

(3.6) AP @)1 + 1A = L+ I + s,

2 dt'
where I, I and I3 are given by

:—/Aﬁfl(u~Vj) AP da
Ig:/Aﬁfl(erwyAﬁ*lj dz,

I3 = /AfHQ(vu, Vb)AP) da.
By the Plancherel theorem, we write
I = /Aﬁfl(uj) APV dx = /(u]) -A?P72Y5 da.

By Hoélder’s inequality and Young’s inequality, we have

AQﬁfl

L <Jlull L2l ==l Jll

(3.7) 1 st .
SZHAM illZe + CllullZ=N41%s,

where the following Sobolev embedding is used,
HP — L>, 3> 1.
To deal with I, similar to the argument as to (3.7), we infer that
1 1.
(3.8) L < 2l Ee + CllwlZe Bl
To bound I3, we use the Plancherel theorem and Hoélder’s inequality to get
(3.9) Iy < || 22 V|| oo | A%~ 2.
Inserting the Sobolev inequality
2. 1.8 —1.1-%

[A%072]]| L2 < (IAPHGII L IIAP 4] 2 P

with § > 1 into (3.9) and then using the Young inequality, we obtain

1
I <A1 + CIA )7 + wlZ=1VolE~)
(3.10) B
<1827 + CIAP 1 + llwlZa N1 5s)-

In the last inequahty, we have used the Sobolev embedding H? < L> for > 1.
Plugging (3.7), (3.8), (3.10) into (3.6) and using the Gronwall lemma together with
estimate (2.4) yield

t
1AP1]2, + / A2 15(s)|2.ds < CeC.
0
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This inequality combined with (2.3) yields, for 0 <t < T

t
wmﬂwwwq+/mmmhﬂﬁscfa
0

where the fact that || f||z- is equivalent to || f||z2 + ||A® f]|z2 is used.

4. Inviscid limit for an initial vorticity in L>

This section contributes to the proof of Theorem 1.3. First, we recall the
following Osgood lemma which is a slight generalization of Lemma 3.4 in [1] where
the function c is a constant.

LEMMA 4.1. Let p be a measurable function from [to, T] to [0, al, v a locally in-
tegrable function from [to, T] to R, and p a continuous and nondecreasing function
from [0,a] to RT. Assume that, for some nonnegative nondecreasing continuous c,
the function p satisfies

p@sdw+/vaWﬂwr

to
Then if c(t) is positive, then for a.e. t € [to,T],

(4.1) —MWW+MMWS/%ﬂM

to

with M(z) = [* L dr.

@ p(r)

PRrROOF. Arguing by density, it suffices to consider the case where the functions
~ and p are continuous. Now, consider the following continuous function:

zuw:dw+/vaWﬂMr

to

Because p is nondecreasing, we have
Ry(t) = ' (t) + () u(p(t))

Hence, we get

d 1
——M(R.(t)) = R.(t
a0 = Ly el
< ———— At
wro)
Since R.(t) > ¢(t) and p is nondecreasing,
d(t) d(t) d
= ——M(c(t)).
pB0) = ey )
Plugging this inequality into (4.2) and integrating, we thus get (4.1). O

PROOF OF THEOREM 1.3. It is easy to obtain that system (1.5) with the same
initial data as Theorem 1.1 has a unique solution (u”,b") satisfying

t t
I\U”(t)Hiz+|\b”(t)|\iz+2v/0 HAC‘U”(S)HizdSH/O IA%0" (5)[172ds < [luol|7+lbol|7,
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the vorticity w” = djul — GauY satisfies the following estimates
[w” || Lo 0,710y < Ce€t, 2 < p < oo,

and the current j¥ = 0104 — 0bY satisfies

t
RO / A9 (s)20ds < e,

where the constant C' is uniformly bounded on v.
Let w=1u" —u, b=">5"—b and p = p” — p. One denotes also w = w” — w. The
vector field @ and b satisfy

Uy +u’ - Vi+ vA* T+ Vp = —vA**u -7 - Vu+ b -Vb+b- Vb,
by +u” - Vb+ A*Pb=—u-Vb+b"-Vu+b- Vu,
V-u=V-b=0,

u(x,0) = b(z,0) = 0.

The energy estimate gives that

(4.4)
1d, o 712 a2 B2
5 7 Iallze + 118llz2) + vl A%Tl|Z2 + [1A7D] 7

:—V/ﬂAQaudx—/H~Vuﬂdx—/H~VbEd:c+/5~Vu5d:c+/5~Vbﬂdx.

(4.3)

Now we estimate the right hand terms one by one. By the Holder and the Young
inequalities, we get
—V/ﬂAQaudx =— I//AO‘HAO‘udJC
<v|A%al| o [A%ul|
1 1
<5V A5 + Sv IAullL.
2 2
Since w € L*>®(0,T; L), for any T > 0, we have for any p > 2,
[Vull, < Cpllwl L, < Cp(llwllpz + [wll g )-

Therefore,
IVl e
p>2 p
This together with Holder’s inequality yields

— — —112
- [@-vuude <[Vl [ 2,

2.2 2
<Cpe®* [Tl 1l f e -
In addition, by the Gagliardo-Nirenberg inequality, we have
M =[] oo < C([@][La + [[ull2)
< C(llw” [l + lwoll o+ llu”ll 2 + llull2) < Ce.

Hence, for 2 <p < oo

2—2 22
_/a Vuudz <Cpe®t ||, M7 < CpeC |[ul;" -
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Integrating by parts and using the Holder inequality, we get

/RVuEd:c:—/Rvgudx

<3l 2 193] o el o
< (B0l 18]l o el + Tl )
1 - -
<5 IIAPBlIZ: + ClIbl T2 (ol Za + llullZa + 1).
Similarly, by the Sobolev embedding, we have

—/H~Vb5d:c+/5-Vbﬂdx <1Vl e 1T 22 |[Bl] 2

1 2 =112
<5 18l (2 + [[Bl]2)-
Plugging these estimates into (4.4) gives

d . _
(45) —(I@lZz + [6]1Z2)

_ 22 2 _ _
<Cpe|[az” + Cvl[A%ullzz + (bl grass + ) (I[all72 + [[B]1Z2).

Take g, (t) = ||a||2. + ||b||?> + 0, 0 < § < v and define T}, the maximal time
g L L

1
T, = max{t <T: sup g,(1) < —2}
T€(0,t] €
For all t € (0,T,), one choose p = In (g%(t)) in (4.5) to get

I O] 1 o
(t) < Cclg, ~<t>1n(g_(t)) + Ov[|A%ul3s + OBl goes + 7)o D).

at?

The Gronwall’s lemma yields

t
gy(t) S Cecf;(ec‘“FHbHHBJrl)d‘r (5+I// HAO‘uHiQ dr
0

t 1\ 14l
Cr Ingy (7)
—|—/0 e ln(gy(7_>)gl, (T)dT)

Ct ! 1 1+ —L
<Ce® (6+v —|—/ e“T1n g T (r)dr).
(p+vt [ () )
By the definition of §, we have
ot ! 1 T+—Lt—
v(t) <Ce° 2v —|—/ eCT In 5 o (P dr
o) <0 20+ T () (r)ir)
Ct t 1
sCe® (v+ / ¢“"ln gu(T)dr
(v+ [ e m(—=)arrar)

Assuming Ce*” v < 1 and applying Osgood lemma 4.1 with p(r) = rlnl, we get
for all t € (0,7),

—In(—Ing,(¢)) +In(—In CeeCtV) <ce".
As a result,

g, () < (Ce® 1), YO<t<T.
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If we choose v which is satisfied by
cT 3
Ce® < —
© Ve
then there exists vy > 0 such that for v < v
3 1
o) < 3 < @
Using the standard continuity argument, for v < vy, we have 7, = T and conse-
quently

Ct —e€

gu(t) < (Ce® v)° , YO<t<T.

Appendix A. Littlewood-Paley theory and Besov spaces

In this section, we recall some basic facts about Besov spaces, Bernstein’s in-
equalities and the Littlewood-Paley decomposition. For more details, it is referred
to [1, 20] and references therein.

Let (x,¢) be a couple of smooth functions with values in [0, 1] such that x is
supported in the ball {& € R?|[¢] < $}, ¢ is supported in the shell {{ € R"|3 <
&l <5} and

x(€) + Zw(Zﬁjf) =1 foreach £ € R".
JEN
For every u € §'(R™), we define the dyadic blocks as
A_ju=x(D)u and Aju:=@(27/D)u for each j € N.
We shall also use the following low-frequency cut-off:

S;u:=x(27/D)u.

u = Z Aju

Jjz-1

It may be easily checked that

holds in §'(R™). In addition, for two tempered distributions u and v, we also recall
the notion of paraproducts

Tyv = ZSj,luAjv, R(u,v) = Z Ajul v
J li—j|<2
and Bony’s decomposition
wv = Tyv + Tyu + R(u,v).
DEFINITION A.1. For s € R, (p,q) € [1,+00]? and u € §'(R™), we set

1

lullg @y = (D2 218l eny )T i @ < o0

Jjz-1
and
_ s A
ol ey = 590, 27 WAl -
Then we define inhomogeneous Besov spaces as

B;yq(R") = {u €S (R"): HUJHB;)LI(RTL) < —|—OO}.
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DEFINITION A.2. For s € R, 1 < p,q,0 < oo, I = [0,T], the inhomogeneous
space-time Besov spaces are defined as

LU(I; By, (R™) =
{u e DI, S ®RY) s [ullzurimg @y = |27 18500 agrzoqany |, < 00

It should be remarked that the usual Sobolev spaces H?® coincide with Besov
spaces B3 5. The following lemma is the well-known Bernstein inequality.

LEMMA A.3 (Bernstein’s inequality). Let B be a ball of R, and C be a
ring of R™. There exists a positive constant C such that for all integer k > 0, all
1<a<b<ooandue L*R"), the following estimates are satisfied:

sup [|0%ul| g gny < CFFINHRE=D | u]| agny, suppd C AB,
|| =k

C~EFIN | pagrny < sup 107l an) < C*FINful paqn), suppis € AC.
|| =k

At the end of this section, we recall a lemma which are used frequently in
establishing the a prior estimates, especially in proving the uniqueness of solutions
and the zero-viscosity limit problem.

LEMMA A4 ([3]). For any p € (1,00), there holds
2
p
(A1) [VullLo@ny < CEH”HLF(R"),

where C' does not depend on p.
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