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A class of semilinear delay differential equations with
nonlocal initial conditions
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ABSTRACT. The goal of this paper is to prove an existence result for a class of
semilinear delay functional differential equation subjected to nonlocal initial
conditions. As applications an existence theorem referring to periodic solutions
to a semilinear wave partial differential functional equation is included.
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1. Introduction

Throughout X is a real Banach space, A: D(A) C X — X is a linear operator

generating the Cg-semigroup of contractions {S(t) : D(A) — D(A); t € Ry},
72>0, f,9:[0,T] x C(]—7,0]; X) — X are jointly continuous functions having
sublinear growth and H : C([-7,T];X) — C([—7,0]; X) is nonexpansive. If
u € C([-7,T];X) and t € [0,T], uy is defined by wi(s) = u(t + s) for each
se[—T,0].
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Let us consider the nonlinear delay differential evolution Cauchy problem

(L.1) u(t) = H(u)(t), te[-70].

{ u(t) = Au(t) + f(t,w) + g(tw),  t€[0,T],

Using some metrical combined with topological fixed-point arguments, we prove
that, if f is continuous and compact, g is continuous and Lipschitz with respect to
its second variable and the mapping H : C([—7,T]; X) — C([—7,0]; X) is non-
expansive in a certain sense to be made precise in due course, the problem (1.1)
has at least one mild solution. This new theorem, inspired by those established by
Vrabie [31] and [33], has applications in the study of some important classes of sec-
ond order hyperbolic problems subjected to nonlocal initial conditions, applications
which are not covered by the previously cited abstract results.

After the pioneering contribution of Byszewski [14], various results on non-
delayed problems of these kind were obtained among others by: Aizicovici and
Lee [1], Aizicovici and McKibben [2], Benedetti, Malaguti and Taddei [6], Bolojan-
Nica, Infante and Precup [8], Byszewski and Lakshmikantham [15], Garcia—Falset
and Reich [18] and Paicu and Vrabie [24].

For the basic results on the classical theory of delay differential equations the
interested reader is referred to Driver [17], Halanay [20] and Hale [21]. For the
case of nonlocal problems, see Benchohra and Abbas [5], Burlica and Rosu [10],
[11], Burlica, Necula, Rosu and Vrabie [9], Burlicd, Rosu and Vrabie [12], [13],
McKibben [22], Ntouyas [23] and Vrabie [28], [29], [30], [32], to cite only a few.
Semilinear delay nonlocal problems involving measures were recently considered by
Benedetti, Malaguti, Taddei and Vrabie [7].

The paper is divided into six sections. Section 2 collects some preliminaries
referring to terminology, basic definitions and auxiliary results. Section 3 contains
the statement of the main theorem, while Section 4 is concerned with an existence
result for an auxiliary problem. In Section 5 we prove or main result. Here, the
main and the most difficult point in the proof is Lemma 5.1. Finally, the last
Section 6 includes an application to a damped semilinear delay wave equation with
nonlocal initial conditions.

2. Preliminaries

We begin by introducing some basic terminology we shall use in that follows.

Definition 2.1. We say that :

(i) f:]0,T] x C([—-7,0];X) — X is compact from C([—7,T]; X) if for each
bounded subset B in C([—7,T]; X), the set {f(t,v); v € B, t € [0,T]} is rela-
tively compact in X.

(i1) g : [0, T]x C([—7,0]; X) — X is Lipschitz with respect to its last argument
if there exists £ > 0 such that

lg(t, u) —g(t,v)[| < Ellu— vl

for each (t,u), (t,v) € [0,T] x C([—7,0]; X).
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Definition 2.2. By a mild solution of the problem (1.1) we mean a continuous
function u : [—7,T] — X satisfying
H(’U,)(t), le [_Ta O]
’u,(t) = t
S(8)H (u)(0) +/ S(t—5)[f(s,us) +9(s,us)] ds, t € [0,T].
0

Definition 2.3. Let w > 0. We say that a linear operator A: D(A) C X — X
is the infinitesimal generator of a Co-semigroup of type (1, —w) if its generates a

Co-semigroup, {S(t) : D(A) — D(A); t € R, }, satisfying
IS < e |||l
for each t € Ry and z € X.

For easy reference, we also recall some useful results.
We begin with a compactness lemma, essentially based on Mazur Theorem, i.e.
Vrabie [27, Theorem A.1.3, p. 292].

Lemma 2.1. Let {S(t) : D(A) — D(A); t € Ry} be a Cy-semigroup of
contractions, K a compact subset in X and let F a family of continuous functions
from [a,b] to K. Then, for each t € [a,b], the set

{/:S(t—s)f(s)ds; fe?}

is relatively compact in X.
See Becker [4], or Céarja, Necula and Vrabie [16, Lemma 1.5.1, p. 14].

Definition 2.4. Let X be a Banach space. We say that an operator M: X — X
is compact if it maps bounded subsets in X into relatively compact subsets in X.

The theorem below, due to Schaefer [25], is a variant of the Leray—Schauder
Principle.

Theorem 2.1. (Schaefer) Let X be a Banach space and let M: X — X be a
continuous, compact operator and let

EM) ={z € X;3\€[0,1], such that z = AM(x)}.
If E(M) is bounded, then M has at least one fized point.

See Schaefer [25] and Granas and Dugundji [19, Theorem 5.1, p. 123 and Theorem
5.4, p. 124].

Theorem 2.2. (Arzetda-Ascoli) Let X be a Banach space. A subset F in
C([a,b]; X) is relatively compact if and only if:

(1) F is equicontinuous on [a,b];
(13) there exists a dense subset D in [a,b] such that, for each t € D,

F(t) ={f(t); feF}
is relatively compact in X.

See Vrabie [27, Theorem A.2.1, p. 296].
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3. The main abstract existence result
Definition 3.1. Let a € (0,7]. The mapping H : C([-7,T]; X) — C([—7,0]; X)
is called a C([a, T']; X)-contraction if
| H(uw) = H)|lo=r00:x) < lu—v]cqa,r);x)
for each u,v € C([—-7,T]; X).

The main result of the paper is:

Theorem 3.1. Let A : D(A) C X — X be the infinitesimal generator of a
Co-semigroup of type (1,—w), {S(t) : D(A) — D(A); t € Ry}. Let f:[0,T] x
C([-7,0]; X) — X be a continuous and compact from C([—7,T]; X) mapping —

see Definition 2.1 — for which there exist k € Ry and m € Ry such that
(3.2) 1t o)l < Elolloq—r01:x) +m

for each (t,v) € [0,T] x C([—7,0];X), let g : [0,T] x C([-7,0];X) — X be
continuous on [0, T] x C([—7,0]; X) and Lipschitz with respect to its last argument
whose Lipschitz constant { satisfies

(3.3) k+{<w,

and let H : C([—7,T); X) — C([—-7,0]; X) be a C([a,T]; X)-contraction — see
Definition 3.1. Then the nonlocal problem (1.1) has at least one mild solution.

It should be noticed that condition (3.3) is exactly the stability hypothesis in
Poincaré-Liapunov Theorem. See Vrabie [34, Theorem 3.5.1, p. 169]. This shows
that the dominant term in the problem (1.1) is A. One may easily see that, the
case A = 0 is ruled out by the fact that the Cy-semigroup generated by A is of type
(1, —w), where w > 0. It would be of great interest to know if the result remains still
valid for w = 0. This is certainly case if assume a stronger condition on the history
function H, i.e., if H(u) = 1 for each v € C([—7,T; X), where ¢ € C([—7,T; X)
is fixed. For details on this simpler but useful in applications case, see Vrabie [33].

4. An auxiliary lemma

The goal of this section is to prove an auxiliary local existence result — inter-
esting by itself — referring to the Cauchy problem

{ u' = Au(t) + g(t,us) + h(t), t€[0,T]

(4.4)
u(t) = H(u)(t), te[—70]

Lemma 4.1. Let A : D(A) € X — X be the infinitesimal generator of a
Co-semigroup of type (1, —w), {S(t) : D(A) — D(A); t € Ry}. Let g : [0,T] x
C([-7,0]; X) — X be continuous on [0,T] x C([—7,0]; X) and Lipschitz with
respect to its last argument whose Lipschitz constant £ > 0 satisfies (3.3), and let H :
C([-7,T); X) = C(]—7,0]; X) be a C([a,T]; X)-contraction — see Definition 3.1.
Then, for each h € L*(0,T ; X), the problem (4.4) has a unique mild solution defined
on [0,T].

Before passing to the proof of Lemma 4.1, we state the following simple and
useful
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Remark4.1. It H : C([-7,T]; X) — C([—7,0]; X)isa C([a, T']; X)-contraction,
then its values depend only on the values of the argument function on [a,T]. In-
deed, if u,v € C([—7,T]; X) are such that u(t) = v(t) for each t € [a,T], then
H(u) = H(v).

This explains why, in that follows, whenever H : C([—7,T]; X) — C([—7,0]; X)
is a C([a,T]; X)-contraction, we simply consider that H is defined merely on
C([a,T]; X).

We can now pass to the proof of Lemma 4.1.

Proof. Clearly, for each v € C([—7,T]; X) the problem

u = Au(t) + h(t), t€[0,T]
(4.5)

u(t)=H(v)(t), te[-70]
has a unique solution u : [—7,T] — X. Accordingly, we can define the operator
Q:C([a, T} X) = C([a,T]; X) by

Q) =u(a,1),
where u is the unique mild solution of the problem (4.5) on [—7,T]. See also
Remark 4.1. Let us observe that

1Q)() — Qw)(®)[| < e™**[lv — wll¢(ta,rx)
for each t € [a,T] and consequently @ is a strict contraction. By the Banach Fixed
Point Theorem, @ has a unique fixed point which is a mild solution of the problem

{ u = Au(t) + h(t), te€[0,T]
u(t) = H(u)(t), te[—7,0].

Next, let us consider the problem

(4.6)

(47) { u' = Au(t) + g(t,v)) + h(t), t€[0,T]
u(t) = H(u)(t), te[-70],
where v € C([—7,T]; X). Let P: C([-7,T]; X) — C([—7,T]; X) be defined by

P(v) := u,
where v is the unique mild solution of the problem (4.7) which is nothing but (4.6)
with h(t) replaced by g(t,v:) + h(t). We have
—w é —w
IP@)(©)=Pw)(@)]| < e [P)=Pw)llear;x+= (1= e™) lo=wloq—rix)

for each ¢t € (0,T].
Since

[P(v) = P(w)lle-ro0;x) < [P(v) = P(w)llee,rix) < [P(v) = P(w)|leqo,r)x),
we get
[P (v)=P(w)lc(-r7)x) = max{||P(v)—P(w)|lc(-r0px): [P©)=Pw)lcqor;x)}
=[|P(v) = P(w)|co,ryx)-
Therefore
e ¢ —w
[P(v)(t)—P(w)®)] <e tIIP(v)—P(w)Ilcq—T,T];X>+; (1= ") lv—wlleq—rrx)
for each ¢t € (0,T].
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Let 6 € [—7,T] be such that

[P (v) = P(w)llc-rr1x) = [[P(©)(6) — P(w)(0)]].
We distinguish between two cases.
Case 1 If 0 > 0, we have

[P(v) = P(w)[lo(-r11x) = |1P(v) = P(w)llc(o,r)x)-
Taking t = 6 in the above inequality yields

14
[P(v) = P(w)lleq-r1)x) < ;HU —w|o(-r1)x)-

Case 2 If 0 < 0, from the nonlocal initial condition in (4.7), recalling that H
is a C([a,T]; X)-contraction — see Definition 3.1, we deduce

[P(v) = P(w)llc-rr1x) = [I1P(0)(0) = P(w)(0)]]
= [H(P@))(0)—H(Pw)(O) < [[Pw)=P(w)lc(arix) <IP@)=Pw)lcq-rryx)-
Thus
[P(v) = P(w)lo(-rrix) = [P(0) = P(w)llear)ix)-
Accordingly, there exists 6y € [a,T'] such that

[ P(v) = P(w)llo-rr)x) = [[P()(00) — P(w)(6o)]|-
Therefore, we can always assume that we are in Case 1. But this implies that P is

a strict contraction of constant —. See (3.3). Consequently, P has a unique fixed
w

point which is a mild solution of the problem (4.4). O

5. Proof of the main result

We shall prove this theorem with the help of the two lemmas below which
ore nontrivial replicas of some previous results in Vrabie [33] which, in turn, gen-
eralize some results referring to the non-delayed case, established in Vrabie [27,
Lemma 10.2.2, p. 233 and Lemma 10.3.4, p. 234]. It should be noticed however
that the proofs of both lemmas below are different from the proof of their just
mentioned counterparts.

Lemma 5.1. Letw > 0 and 7 > 0, and let A : D(A) C X — X be the infinites-
imal generator of a Co-semigroup of type (1, —w), {S(t) : D(A) — D(A); t € Ry }.
Let g : [0, T] x C([—7,0]; X) — X be continuous on [0,T] x C([—7,0]; X) and
Lipschitz with respect to its last argument with Lipschztz constant £ > 0, and let
H : C(0,T];X) — C([—7,0]; X) be a C([a,T]; X)-contraction — see Defini-
tion 3.1. Then, the mapping h +— 8(h), i.e., the unique solution of the problem
(4.4) corresponding to h, is continuous from LY(0,T;X) to C([—7,0]; X) in the
following weak sense: if h € L*(0,T; X) and (hm)men is a sequence in L*(0,T'; X)
such that

lim FHon(t) = H(t)
uniformly for [0,T], where

/St—s (s)ds and H(t /St—s s)ds,

lim$(hyn) = 8(h)

then
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uniformly fort € [—7,T].

Proof. Let h € L*(0,T;X) and let (h,,)men be any sequence in L*(0,T; X)
such that
lim 3,y (t) = H(¢)

uniformly for [0,7T]. Let us denote by

tm :=1nf{t € [0,T]; [[[8(hm)](t) = [S(W]E)] = 8(hm) — 8(M)llc(ro,r1:x) }-
At this point, let us remark that there are only two complementary possibilities:
(I) (tm)men is convergent and

(IT) (tm)men is not convergent.

We analyze these two possibilities separately.

(I) First, let us assume that (¢,,)men is convergent to some ¢t € [0,7T], i.e
that

limt,, = t.

Also here, we distinguish between two cases.

Case 1. If t > 0, then, there exist t* > 0 and my € N such that, for each
m € N, m > mg, we have

(5.8) 0<t" <t
Hence
18im) — Sl o(027x) = 18 )] (t) — 5] (L)
< |8 () — S(W) (o) X>+H/ S(tm — 5)(hun)(s) — h(s)) ds

+/0 [1S(tm = s)llllg(s, (8(hm))s) — g(s, (8(h))s)|| ds
< e |I8(him) = 8(M)lle(or):x)
L
+- (1= e ") I8(hm) — S(W)llc (=1 1x) + |Hm — Hllco,r):x)-
Observing that
||5(hm) S(Mle(-rr1x) = I8(hm) — 8(R)|lc(ro,71:x) 5
and that, by (5.8), e ! < e~“!" we deduce

w
_ . <
18 (Fm) S(h)||C([0>TLX) ~ (w—0)(1 —e )

for each m € N. But this shows that
lim 8(h,) = 8(h).

|Hm — Hllcqo,1):x)

Case 2. If t = 0, the above inequality rewrites
[8(hm) — 8(B)|lc(ior].x) < € " [18(hm) — 8(R)|c((a):x)

¢ "y
+= (L= ") [[8(hm) — S(M)lc((—r11:x) + |1Hm — Hllco,13:x)-
Passing to the lim sup both sides, we get

tim sup | () — S0 lcxo.r1e0) < lim sup [18(un) — S(h) o x)

< limsup |[8(hm) — 8(h) | c(jo,7):x)-
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Consequently,
(5.9)  limsup [$(hm) — Sl ooz x) = limsup () — S(A)lle(arrx)-
Since

[18(hm)=8(Mllc((—r.1)x) = max{[[§(hm)=8(h)lc(| —.01:x), I8(~m)=8(R)llc(o.r1:x)

we deduce that

[8(hm) = S(W)llc(~rr1x) = I8(hm) — S(R)llc(o,7);x) -
Then, from (5.9), we get

(5.10)  limsup [[8(him) — S(h)|c(|—r.r1:x) = limsup[[8(hm) — 8(h)|lc((a,71:x)-
On the other hand, for each m € N, there exists s, € [a,T] such that

[8(hm) = 8(M)llc(tariix) = [I8(hm)(sm) = 8(h)(sm)]l

< e 18(him) — S(M)|lc((ar].x) + H/Osm S(sm — 8)(hm)(s) — h(s))ds

+/Sm 1S(sm — s)llllg(s, (8(hm))s) — g(s, (8(h))s)| ds
0
< e I8(hm) — 8(h) |l ([a,1:x)

(1—e %) [8(hm) — 8(B)|lc((—r1):x) + | Hm — Hllco,77:x) -

IS RSN

_|_

Hence,
[8(him) — 8(MW)lc(tar);x) < € [[8(hm) — 8(h)|lc(lar]:x)

é —Wws
+- (L—e7*) [|8(hm) — 8(B)[lc((—r11:x) + 1Hm — Hlleo,r1:x)-
Consequently
[8(hm) = 8(R)l[c((a,r):x)

I 1
< ;||8(hm) = 8(M)lleq-r1)x) + mﬂ‘%m = Hlleo,r):x)-

Passing to the lim sup both sides in the last inequality, recalling that 0 < a < s,
for each m € N, and taking into account of (5.9) and (5.10), we get

. l ..
tim sup 18 () — ()t 30y < — lim sup [8(m) — () o))

1
By (3.3), we have — € (0, 1), and therefore
w

limsup [|8(hm) — 8(M)[lc((a,71:x) = 0.
From (5.10), we get
(5.11) limsup [|8(hm) — 8(h) (| —r7):x) = 0.

(IT) Now, if (t;n)men has no limit, we proceed by contradiction. Namely, let
us assume that

limsup [|8(hm) — 8(h)llo( —+11:x) > 0.
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This means that that there exist £ > 0, and a subsequence of (¢,,)men — denoted
again by (t,,)men — such that

0 <& <[I8(hm)(tm) — 8(h)(tm)]|
for each m € N. Next, we may assume without loss of generality that, on a new

subsequence, at least

limt,, = t.
m
From now, on, repeating the arguments above we conclude that

0 < & < limsup |[8(hm)(tm) — S(h)(Em)] = 0,

which is a contradiction. This contradiction can be eliminated only if (5.11) holds
true. But (5.11) yields

117}111 Hs(hm) - S(h)HC([fT,T];X) =0,
and this completes the proof. O

Next, let us consider the nonlinear delay differential evolution problem with
nonlocal initial datum

{uwa—Aww+f@wa+gmum teR,,

(5:12) ult) = Hu)(D), te -0

where v € C([—7,T]; X). By Lemma 4.1, we know that, for each v € C([-7,T]; X),
the problem (5.12) has a unique mild solution v € C([—7,T]; X). So, we can define
the solution operator R : C([—7,T]; X) — C([—7,T]; X) by

(5.13) R(v) := u,
where u is the unique mild solution of (5.12).

Lemma 5.2. Letw >0 and 7 > 0, and let A: D(A) C X — X be the infin-
itesimal generator of a Co-semigroup of type (1, —w), {S(t) : D(A) — D(A); t €
Ry} Let f : [0,T] x C([—-7,01;X) — X be a continuous and compact from
C([—7,T]; X) mapping mapping — see Definition 2.1 — for which there exist k € Ry
and m € Ry such that (3.2) holds true, let g : [0,T] x C([—7,0]; X) — X be con-
tinuous on [0,T] x C([—7,0]; X) and Lipschitz with respect to its last argument
whose Lipschitz constant € satisfies (3.3), and let H : C([0,T]; X) — C([—7,0]; X)
be a C([a,T]; X)-contraction — see Definition 3.1. Then the operator R defined by
(5.13) is continuous and compact.

Proof. We begin with the proof of the compactness. Let B C C([—7,T]; X)
be any bounded set. Since f is compact from C([—7,T]; X) — see Definition 2.1 —,
it follows that there exists a compact set K C X such that

f(t, ’Ut) S K

for each v € B and t € [0,T']. In view of Lemma 2.1,

{/(:S(t—s)f(s,vs)ds; veB}
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is relatively compact, for each t € [0,T]. In addition, for each 0 < ¢ < t < T, we

have B
/ S(t—s)f(s,vs)ds—/ S(t —s)f(s,vs)ds
0 0

/OS(t—s)f(s,vs)ds—/O S(t —s)f(s,vs)ds
+ /?S(ftv—s)f(s,vs)ds

t t
s;/ mmusa~—wx—xwm+1/ sup |1 (s, vs)]] ds
0 t vEB

rcK

STsup ||S(t— e —a|+[t =1 sup  ||f(s,05)llds.
zeK (s,w)€[0,T]xB

Since {S(t) : X — X; t € Ry} is a Cp-semigroup and K is compact, it follows
that

lim sup ||S(t —t)z — x| = 0.
(t—0) 10 2K

By observing that {f(s,vs); v € K, s € [0,T]} is bounded — see (3.2) —, from the
above inequality, we conclude that the set

F(B) :={t+— F(v)(t); v e B},
where, for each v € B and t € [0,T],

/ S(t—s)f(s,vs)ds,
is equicontinuous.

From Arzela-Ascoli Theorem 2.2, we conclude that F(B) is relatively compact
in C([0,T]; X). At this point, let us observe that

R(v) = 8(h),

where § is defined in Lemma 5.1, and

Bt) = f(t,00).
From Lemma 5.1, it follows that R(B) is relatively compact. Since the con-

tinuity of R follows also from Lemma 5.1 and the continuity of f, the proof is
complete. (I

We can now proceed to the proof of Theorem 3.1 which is somehow inspired
from the proof of the main result in Vrabie [31]. See also Burlica, Necula, Rosu
and Vrabie [9, Section 4.5.3, pp. 152-154].

Proof. We show that the operator R satisfies the hypotheses of the Schaefer
Fixed Point Theorem 2.1. In view of Lemma 5.2, we know that R is continuous
and compact. Hence it remains merely to check out that the set

ER) :={ueC([-7,T];X); IA €[0,1] such that A\R(u) = u}

is bounded.
Let u € C([—7,T]; X) be such that there exists A € [0, 1] such that

AR(u) =
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Then u is a mild solution of the problem

{ W (t) = Au(t) + f(t, M) + gt ug),  teRy,
u(t) = H(u)(t), te[—70],

From (3.2) and the Lipschitz condition on g, we deduce that, for each ¢ € [0,T],
£, M)l + [l g(t; ue) |

< kMugll o =r01:x) +m A+ Luell o —r01:x) + lg(t, 0)]
Denoting by

mo :=m+ sup |g(t,0)],
te[0,7T]

we get
1F (s Auo)l| + lg (s ue) | < (BA + O)l[ue]l o —r.01:x) +m0

for each ¢ € [0,T]. Let us observe that

LN 4

IR < e R@O) + T (1= e Jullo iy + 2 (1— ™)

for each ¢ € [0,T] and

u(t) = H(u)(t)
for each t € [—7,0]. Since u = AR(u), multiplying both sides the last inequality
by A, after some trivial computations, we get

Ak + €) Ao k+ ¢

mo
lu@®)| < lulle(-rryix) + —— < ——lullc-rrix) + —-
w w w

Recalling that H is a C([a, T ]; X)-contraction, from this inequality and (3.3),
we conclude that the set £(R) is bounded. From Theorem 2.1, it follows that R
has at least one fixed point u € C([—7,T]; X). Obviously, u is a mild solution of
the problem (1.1), and this completes the proof. O

6. A damped semilinear wave equation with delay

We analyze an example showing that Theorem 3.1 handles as particular cases
second order semilinear hyperbolic problems on bounded domains in R, d > 1.

For previous results on second order linear hyperbolic equations without delay
subjected to nonlocal initial conditions see A. Avalishvili and M. Avalishvili [3].
Specific mathematical models described by nonlocal problems can be found in
Shelukhin [26].

Let © be a nonempty bounded and open subset in R, d > 1, with C'' boundary
Solet Qr =Ry xQlet 7>0,w>0,Q, =[-7,0] xQ, Xy =R, xX and let
us consider the non-local initial-value problem for the damped wave equation with

delay:
&—L +h t/o (t+s,z)ds| +hoft u in Q
2 u 11 ¢, _Tu S, x)ds 21t o t m 4,

(6.14) u(t, x) =0, on .,

o) =lmO)e), G0 = |1 (5) 0] @) na.
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where

du

d 2,
(6.15) [Cu(t, ) == Z %(t, 7) = 2w (t, @) — wu(t, z).

The problem (6.14) represents a closed loop system of a control problem associ-
ated to the damped wave propagation in {2 obeying some nonlocal initial conditions
in the case in which the synthesis operator hi + hg reacts after some delay 7.

For I an interval and p € [1,400), whenever necessary, we will identify a
function u from I x € to R with a function from I to LP(Q2), and we denote it,
for simplicity, again by u. By virtue of this identification, for ¢t € I, we will write
u(t)(z) instead of u(t, z) a.e. for x € Q, or even u(t).

Theorem 6.1. Let Q be a nonempty bounded and open subset in R?, d > 1,
with C* boundary ¥, let T > 0, let 7 > 0 and let a € (0,T]. Let us assume that
the functions hi, ho, Hy and Hy satisfy:

(1) h1 :[0,T] x R — R is continuous, and there exist k € Ry and m € Ry
such that
|ha(t y)| < Kyl +m
for all (t,y) € [0,T] x R.
(ii) ha : [0,T] x C([—7,0]; L3(Q)) — L2*(Q) is continuous, and there exists
v € Ry such that
|ha(t,y) — ha(t, 2)| L2) < Yy = 2llo =r0120Q)
fOT all (ta y)a (ta Z) € [Oa T] X C([_Ta O]a LQ(Q))
(iii) Hy : C([a,T]; H}(Q)) — C([—7,0]; H}(Q)), and there ezists a € (0,T]
such that
[ Hi(u) — Hi(@)| o —ro0pm2 @) < lu—1lloqar):m @)
for all u,u € C([—7,0]; HA(Q)).
(iv) Ha:C([a,T]; LE(Q)) — C([—7,0]; L3()), and with the same a € (0,T]
given by (1), we have
|Ha(v) — Ha()|lc([=r0]:L2(9)) < U= v]lear]iLz@)
for all v,v € C([—7,0]; L*(2)).
(v) With Ay the first eigenvalue of —A, we have k 4+ v(1 4+ wA[ ") < w.
Then, there exists at least one mild solution, u, of the problem (6.14), satisfying

we C([—7,T); H}(Q)), and (?3_1; € C([-7,T)); L*(Q)).

Before passing to the proof of Theorem 6.1, we discuss two significant examples
of functions H;, i = 1, 2, satisfying the hypotheses (4iz) and (iv).

Example 6.1. Let b<tp <t; < - - <t, <Tandb<sy <81 <+ <8y <
T, with n,m € N*, let ag, aq,...,a, and By, 1, ... Bm be real numbers satisfying

iap <1, iﬂq <1,
p=0 q=0

and let us define

Hi(u)(t) := Z apu(ty +1),  Ha(v)(t) := Z Bav(sq + 1),
p=0
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for each uw € C([—7,T]; HY()), v € C([—7,T]; L*(Q)) and t € [—7,0]. One can
easily check that, if 7 < b < T, then H; and Hs, defined as before, satisfy (i#i) and
(tv) in Theorem 6.1 with a =b — 7.

Example 6.2. Let us define
Hy(w)(t) i= (T +1),  Ha(w)(t) = v(T +1),

for each u € C([—7,T]; H}(Q)), v € C([—7,T]; L*(Q)) and t € [—7,0]. Clearly,
this case, which corresponds to the usual T-periodic conditions, is a specific form
of the preceding one, with n =m =1, tg = sg =T and a9 = fy = 1. Of course, if
T < b< T, then H; and Hj satisfy (ii7) and (iv) in Theorem 6.1 witha =b— 7

So, Theorem 6.1 also handles T-periodic problems of the form :

0%u 0 Ju .
W—Lu +hy (t, /77 u(t + s, ) ds) + ha (t, (E>t> inQy,

(6.16) u(t,x) =0, on Xy,

ou ou .
E(tax)_ E(t_FTa'r)a m QTa

where L is defined by (6.15). More precisely, from Theorem 6.1, we obtain :

u(t,z)=u(t+ T, ),

Theorem 6.2. Let Q be a nonempty bounded and open subset in R?, d > 1,
with C* boundary ¥, let T > 0, let 7 > 0 and let a € (0,T]. Let us assume that
the functions hy and ho satisfy:

(1) hi: R4 xR — R is continuous, and there exist k € Ry and m € Ry such
that
|ha(t,y)| < kly| +m
for all (t,y) € [0,T] x R.
(ii) hy : Ry x C([—7,0]; L3(Q)) — L2(Q) is continuous, and there exists
v € Ry such that
[l ha(t,y) — ha(t, 2)[L2) < Vly — 2lle—ro0):L202)
for all (t,y),(t,2z) € [0,T] x C([—7,0]; L*(Q)).
(#i1") hy and he are T-periodic with respect to their first argument, and T > T.
(v) With \; the first eigenvalue of —A, we have k+ v(1 +wA[') < w.
Then, there exists at least one T -periodic mild solution, u, of the problem (6.16),

0
satisfying u € C([—7,T); H}(2)), and 8—1; € C([—7,T]; L*(Q)).
We can now proceed to the proof of Theorem 6.1.

Proof. The problem (6.14) can be rewritten as a first-order system of partial
differential equations of the form :

(6.17)
u .
= VW in Q,
ov 0 .
i Au — wv+h | t, u(t+ s,x)ds) + ho(t, —wus +v)) in Q4,
u(t,z) =0, on X,

u(t, x)=[Hi(w)(®)](x), vt z) = [Ha(0)(B)] (2), in Q.
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The product space X, defined by
Hg(Q)
(6.18) X = X ,
L*(Q)

endowed with the natural inner product

<( : ) ( z >> - [ Vuw) Vi) az + /Qv@)’ﬁ(x) da

for each ( Z > , g ) € X, is a real Hilbert space. Clearly, (6.17) can be rewrit-

ten as an abstract evolution equation subjected to nonlocal initial conditions of the
form: (1.1) in the space X given by (6.18), where A, f, g and H are defined as
follows.

First, let us define the linear operator A : D(A) C X — X by

H&(Q) QHQ(Q) u —Wu + v
D(A) = X , A( v ) = ( )
H&(Q) Au — wv

for each ( z ) € D(A).
Let us define f: Ry x C([—7,0]; X) Xandg Ry xC([—7,0];X) — X by

(%)) (5.0)ds)

and respectively by
- 0
T\ by (t, —wu + v)
u
v

u
g (t, v
for each t € Ry, each ( ) [-7,0]; X) and a.e. for z € Q. Let us further

define H : C([—7,T]; X —7'0] X) by

(ol () Yl

So, the problem (6.17) rewrites in the space X as:

(:f)/(t)—A( ; )(t)+f(t,(1;: >d5>+g(t,<zz >d5>, te0,T],
(:fgg )—H( :f)(t% tel-r0],

where A, f, g and H are defined as above.

By Vrabie [27, Theorem 4.6.2, p. 93], we know that the linear operator A+ wIl
generates a Cp-group of unitary operators {G(t) : X — X; t € R}. So, A is
the infinitesimal generator of a Cp-semigroup, {S(t) : X — X; t € Ry}, where
S(t) = e”“'G(t), for each t € Ry which, clearly, is of type (1, —w).

From Burlica, Necula, Rogu and Vrabie [9, Lemma 2.2.1, p. 64], we conclude
that f is continuous and compact from C([—7,T']; X).
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Using (¢4) and Poincaré’s Inequality — see Burlicd, Necula, Rogu and Vrabie [9,
u

Lemma 1.9.1, p. 37] —, we deduce that, for each ( Z ) , ( = ) € X, we have

lo (6 (2 ) = (= (5))]. = Matt.mo o) = ot~

<qwllu = ulle—ro1L2@) + Y = Vllo—roiz2 @)
<A Mwllu = @l o —rom @) I = Blleq—ro)L2@)

<A1+ A 'w) (Hu —Ulle-ropsmi) + v =0lloq-ro12@))

al(£)- (1)

Clearly, g is continuous on [0,7'] x C([—7,0]; X) and Lipschitz with respect
to its second argument with Lipschitz constant

C=9(1+A"w).

Finally, from (v), we conclude that ¢, defined as above, satisfies (3.3). So,
we are in the hypotheses of Theorem 3.1, wherefrom we get the conclusion. This
completes the proof of Theorem 6.1. O

C([—7,0]X)
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