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Well-posedness for the initial-boundary-value problem for

the Benney-Luke equation in a quarter plane

José R. Quintero, Oscar E. Escobar

Communicated by Jerry Bona, received May 8, 2017.

Abstract. We study the local and global well posedness for the initial-boundary-

value problem associated with the Benney-Luke equation on the half line on

suitable Sobolev type spaces, imposing some compatibility conditions on the

initial-boundary-data. The solution mapping associated to the appropriate

initial-boundary-data is Lipschitz between appropriate Banach spaces.
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1. Introduction

In this paper we consider the initial-boundary-value problem associated with

the Benney-Luke equation on the half line

(1.1)

⎧⎨⎩
utt − uxx + auxxxx − buxxtt + putu

p−1
x uxx + 2up

xuxt = 0,

ux(0, t) = h1(t), ut(0, t) = h2(t)

ux(x, 0) = f1(x), ut(x, 0) = f2(x),
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where functions fi and hi belong to suitable Sobolev type spaces. For p = 1,

this equation is a formally valid approximation for describing small-amplitude, long

water waves in water of finite depth. This equation is the one dimensional version

of the model derived by J. Quintero and R. Pego in [4] as an isotropic model for

three-dimensional water waves (see also [1]), where the parameters a, b > 0 are such

that a − b = σ − 1
3
, with σ being assoaciated with the surface tension) (the Bond

number). We will assume a > b > 0 throughout this paper, which corresponds to

small or zero surface tension (σ > 1
3 ). In contrast to one-way equations such as the

KdV, or BBM equations, we point out that the model (1.1) is an approximation

formally valid for describing two-way water wave propagation in the case p = 1.

The local well-posedness for the initial value problem for the Benney-Luke equation

(1.1) was obatined by J. Quintero in [2] (see also [3]) with initial data (u0, u1) such

that u0 ∈ Ḣs+1 = {f ∈ D′(R) : f ′ ∈ Hs(R)} and u1 ∈ Hs(R) for s ≥ s(p), where

D′(R) denotes the space of distributions on R. For p = 1, it can be seen that

s(p) = 1. In particular, if u is the local solution on [0, T ] we have that

ux ∈ C([0, T ], Hs(R)), ut ∈ C([0, T ], Hs(R)) ∩ C1([0, T ], Hs−1(R)).

The result follows by standard arguments using semigroup theory and the existence

a smoothing effect on the nonlinear part. The global well-posedness for the initial

value problem for the Benney-Luke equation (1.1) was established using the fact

that the Hamiltonian structure associated with the Benney-Luke is conserved in

time for mild solutions (see [2]).

It is important to mention that the study of the initial-boundary-value problems

(IBVP) for dispersive water wave models has recently brought the attention to

some researcher due to the need for looking those models in a finite domains or in

the half line, and also due to its importance in the theory of controllability of those

models (see [5], [6], [7], [8], [9], [10], [11], [12], [13]). For instance, the IBVP for

the KdV equation

(1.2)

{
∂tu− ∂3

xu + u∂xu = 0, x ∈ R, t ≥ 0, k ∈ N

u(x, 0) = ϕ(x)

was addressed for different mathematicians. Using the boundary forcing methods

for initial data (ϕ, h) ∈ Hs(R+) × H
s+1
3 (R+), J. Colliander and C. Kenig in ([6])

with s ≥ 0, and J. Holmer in [7] for s ≥ −3
4 established a local well-posedness

result for the (IBVP) (1.2). J. Bona, S. Sun, and B. Zhang in [5] using a Laplace

transform technique studied the local well-posedness (ϕ, h) ∈ Hs(R+)×H
s+1
3

loc (R+)

with s ≥ 3
4 .

As it is known, besides the KdV equation, there are different models used to describe

the dynamics of an irrotational incompressible fluid in a bounded domain or in the

half plane, as the “good Boussinesq equation” and the Benney-Luke model. The

local well-posedness for (IBVP) for the “good Boussinesq equation”

(1.3)

{
utt − uxx + uxxxx +

(
u2

)
xx

= 0, x > 0, t > 0,

u(x, 0) = f(x), ut(x, 0) = h(x),
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was established by R. Xue in ([9]) using the contraction principle and a Laplace

transform technique, as the one used by J. Bona, S. Sun, and B. Zhang in [5] in the

case of the (IBVP) for the KdV equation. More exactly, the local well-posedness

was obtained for initial data (f, h) ∈ Hs(R+)×Hs−1(R+) and boundary condition

(h1, h2) ∈ H
s
2+ 1

4 (R+) × H
s
2− 3

4+ε(R+), under some compatibility conditions, for

s > 1
2

and ε > 0 small. Moreover, the global well-posedness was established in the

case of zero boundary data and initial conditions (f, h) ∈ Hs
0(R+) ×Hs−1

0 (R+) for

s ≥ 1 with ‖f‖H1
0 (R+) + ‖h‖L2(R+) small.

The aim of this work is to establish a well-posedness result for (IBVP) associ-

ated with the Benney-Luke equation on the half line, following the approach used by

R. Xue for the “good Boussinesq equation” (1.3) and J. Bona, S. Sun, and B. Zhang

in [5] in the case of the KdV equation. In other words, we will use the contraction

mapping principle and a Laplace transform technique to study the (IBVP) for the

Benney-Luke equation (1.1).

2. Notation and Preliminaries

Before we go further, we state the basic notation and some important results

used in the development of the paper. Let Hs(R) be the Sobolev space defined as

Hs(R) = {f ∈ D′(R) : (1 + |ζ|)sf̂(ζ) ∈ L2(R)}

where D′(R) denotes the space of distributions on R and f̂ denotes the Fourier

transform with respect to the spatial variable x. We also define the Sobolev type

space

Hα,β(R) = {f ∈ D′(R) : |ζ|α(1 + |ζ|)β−αf̂(ζ) ∈ L2(R)}
The space Ḣs(R) be the space defined as

Ḣs(R) = {f ∈ D′(R) : |ζ|sf̂(ζ) ∈ L2(R)}

Now, for s ≥ 0, we define the spaces Hs(R+) and Ḣs(R+) by

Hs(R+) = {f = F |R+ : F ∈ Hs(R)}, ‖f‖Hs(R+) = inf{‖F ‖Hs(R) : f = F |R+}
Ḣs(R+) = {f = F |R+ : F ∈ Ḣs(R)}, ‖f‖Ḣs(R+) = inf{‖F ‖Ḣs(R) : f = F |R+}

We note that for f ∈ Hs(R), then we have that f |R+ ∈ Hs(R+) and

‖f |R+‖Hs(R+) ≤ ‖f |R‖Hs(R). For s < 0, Hs(R+) denotes the space of bounded

linear transformations g defined on C∞0 (R+) with

‖g‖Hs(R+) = sup{|g(f)| : f ∈ C∞0 (R+) and ‖f‖H−s(R+) = 1}.

In a similar fashion, Ḣs(R+) denotes the space of bounded linear transformations

g defined on C∞0 (R+) with

‖g‖Ḣs(R+) = sup{|g(f)| : f ∈ C∞0 (R+) and ‖f‖Ḣ−s(R+) = 1}.
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For s ∈ R and α, β ∈ R, we define the spaces

Hs
0(R+) = {f ∈ Hs

0(R) : supp(f) ⊂ [0,∞)}
Ḣs

0(R+) = {f ∈ Ḣs
0(R) : supp(f) ⊂ [0,∞)}

Hα,β
0 (R+) = {f ∈ Hα,β(R) : supp(f) ⊂ [0,∞)}

We summarize the result obtained by R. Xue regarding these spaces (see Lemma

2.1, Lemma 2.2 and Lemma 2.3 in [9]).

Lemma 2.1. (1) For s < 0, we have that Ḣs(R+) = Ḣs
0(R+).

(2) For s ≤ 1
2 , we have that Hs(R+) = Hs

0(R+).

(3) For k + 1
2 < s ≤ k + 3

2 for some integer k, we have that

Hs
0(R

+) = {f ∈ Hs(R) : Tr(∂j
xf) = 0, j : 0, 1, ....k}.

where Tr(∂j
xf) = ∂j

xF for F ∈ Hs(R) and f = F |R+.

(4) For α < 0 and β ≤ 1
2 with α ≤ β, we have that Hα,β(R+) = Hα,β

0 (R+).

(5) For α < 0 and k + 1
2 < β ≤ k + 3

2 for some integer k, we have that

Hα,β
0 (R+) = {f ∈ Hα,β(R+) : Tr(∂j

xf) = 0, j : 0, 1, ....k}.

where we set Tr(∂j
xf) = ∂j

xF for F ∈ Hβ(R) and f = F |R+.

For l, k ∈ R, α, β ∈ R, and A = R, R+, we set Y l(A), Y l
0 (A), Y l,k(A), Y

l,k
0 (A)

and Y α,β as

Y l(A) = H l(A) ×H l(A), Y l
0 (A) = H l

0(A)×H l
0(A)

Y l,k(A) = H l(A) ×Hk(A), Y
l,k
0 (A) = H l

0(A)×Hk
0 (A)

Yα,β(R+) = Hα,β(R+)×Hα,β(R+).

Hereafter, χ denotes the characteristic function on the set R+ satisfying

χ(x) = 1 for x > 0 and χ(x) = 0 for x ≤ 0.

3. Linear estimates for the IBVP

We begin this section rewriting the Benney-Luke equation (1.1) as a first order

equation. To do this, we consider the following variables q = ux and r = ut. In

this case, we see formally that qt = rx and that the first equation in (1.1) can be

expressed as

rt − qx + aqxxx − brxxt + prqp−1qx + 2qprx = 0,

which is equivalent to the equation,

(I − b∂2
x)rt − (I − a∂2

x)qx + prqp−1qx + 2qprx = 0.

Now, if we set the linear operators A = I −a∂2
x and B = I− b∂2

x, then we have that

r satisfies the equation

rt = B−1Aqx − B−1(prqp−1qx + 2qprx).
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So, the initial-boundary-value problem (1.1) can be written as the first order initial-

boundary-value problem⎧⎪⎪⎨⎪⎪⎩
qt = rx, x > 0, t > 0,

rt = B−1Aqx − B−1(prqp−1qx + 2qprx)

q(0, t) = h1(t), r(0, t) = h2(t)

q(x, 0) = f1(x), r(x, 0) = f2(x),

or equivalent to the IBVP

(3.1)

⎧⎨⎩
∂tX(x, t) = MX(x, t) + G(q, r)x, t), x > 0, t > 0,

X(0, t) =

(
h1(t)

h2(t)

)
, X(x, 0) =

(
f1(x)

f2(x)

)
,

where X, M and G are given by

X =

(
q

r

)
M =

(
0 ∂x

(B−1A)∂x 0

)
, G(q, r) =

(
0

−B−1(prqp−1qx + 2qprx)

)
Remark 3.1. Before we go further, we want to point out that in the variables

q = ux and r = ut, we have that the quantity

M(q)(t) =

∫
R

q(t, x) dx

is conserved in time for classical solutions and even for mild solutions, if r(0, t) = 0

as long as the solution exists. So, if we consider the Cauchy problem associated

with the system in the variable (q, r) with the initial data q0 ∈ Hs(R+) with mean

zero property ∫ ∞

0

q0(x) dx = 0.

So, as long as the solution exists for t, Then we have that∫ ∞

0

q(x, t) dx = 0,

meaning that q(·, t) has the mean zero property as long as the solution exists for

t. In this case, the function defined by u(x, t) = ∂−1
x q(x, t) ∈ Vs+1 is such that

q(x, t) = ux(x, t) and r(x, t) = ut(x, t) where

Vs+1 = {f ∈ S : fx ∈ Hs(R+)}, ∂−1
x (f)(x) =

∫ x

0

f(y) dy.

So, we focus in the local and global well posedness for the Cauchy problem associ-

ated with system in the variable (q, r), and establish global well posedness for the

Cauchy problem associated with the Benney-Luke model in the case of homogeneous

boundary conditions (h1 = h2 = 0).

3.1. Linear Homogeneous case (G ≡ 0). We will study first the linear

homogeneous case (G ≡ 0). In other words, we will consider the system

(3.2)

⎧⎨⎩
∂tX(x, t) = MX(x, t), x > 0, t > 0,

X(0, t) =

(
h1(t)

h2(t)

)
, X(x, 0) =

(
f1(x)

f2(x)

)
.
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The analysis of this (IBVP) will be divided in three subproblems. First, we will

look for the solution Wb(h1, h2) of the (IBVP) on the half line⎧⎨⎩
∂tX(x, t) = MX(x, t), x > 0, t > 0,

X(0, t) =

(
h1(t)

h2(t)

)
, X(x, 0) =

(
0

0

)
.

Second, we look for the solution WR(f1, f2) of the initial value problem (IVP) on

the real line ⎧⎨⎩
∂tX(x, t) = MX(x, t), x ∈ R, t > 0,

X(x, 0) =

(
f1(x)

f2(x)

)
Third, we seek for the solution WC (f1, f2) of the (IBVP) on the half line⎧⎨⎩

∂tX(x, t) = MX(x, t), x > 0, t > 0,

X(0, t) =

(
0

0

)
, X(x, 0) =

(
f1(x)

f2(x)

)
,

We note that the function

W (f1, f2, h1, h2) = Wb(f1, f2) + WR(f1, f2) + WC(f1, f2)

is solution of the (IBVP) (3.2) on the half line. We will obtain the linear estimates

for initial data and boundary conditions on the space Y l
0 (R+), and use appropriate

modifications to obtain the estimates for initial data and boundary conditions on

the space Y l(R+), as done by Xue in [9].

3.2. The homogeneous IBVP : Case f1 ≡ f2 ≡ 0. We will consider the

IBVP lineal homogeneous for f1 ≡ f2 ≡ 0, x > 0 y t > 0. In other words, we will

study the problem,

(3.3)

⎧⎨⎩
∂tX(x, t) = MX(x, t), x > 0, t > 0,

X(0, t) =

(
h1(t)

h2(t)

)
, X(x, 0) =

(
0

0

)
,

Lemma 3.2. For h1, h2 ∈ C∞0 (R+), the solutions Wb(h1, h2) of the (IBVP)

for (3.3) has the explicit formula

(3.4) X(x, t) = Wb(h1, h2)(x, t) =

(
U1(x, t) + U2(x, t) + U1(x, t) + U2(x, t)

V1(x, t) + V2(x, t) + V1(x, t) + V2(x, t)

)
,

where Ui and Vi are given for s(μ) =
√

aμ2−1
1−bμ2 as

U1(x, t) =
−a

2π

∫ 1√
b

1√
a

ρ1(x, t, μ) dμ, U2(x, t) =
−√a

2π

∫ 1√
b

1√
a

ρ2(x, t, μ) dμ,

V1(x, t) =
−a

2πi

∫ 1√
b

1√
a

s(μ)ρ1(x, t, μ) dμ, V2(x, t) =
−a

2π

∫ 1√
b

1√
a

μρ2(x, t, μ) dμ.
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where,

ρ1(x, t, μ) =
eiμs(μ)te−μxs(μ)ρ3(μ)

(aμ2 − 1)

(∫ ∞

0

(
μh1(ξ) − h2(ξ)√

a

)
e−iμs(μ)ξ dξ

)

ρ2(x, t, μ) =
eiμs(μ)te

is(μ)x√
a s(μ)ρ3(μ)

(aμ2 − 1)

(∫ ∞

0

(is(μ)h1(ξ) + h2(ξ)) e−iμs(μ)ξ dξ

)
ρ3(μ) =

(
μ − is(μ)√

a

)
.

Proof. Using the Laplace transform with respect the the t variable, we see

that the linear homogeneous problem (3.3) becomes

(3.5){
λq̃(x, λ) = r̃x(x, λ), λr̃(x, λ) = B−1Aq̃x(x, λ), �λ > 0, x > 0, j = 0, 1,

q̃(0, λ) = h̃1(λ), r̃(0, λ) = h̃2(λ), ∂j
xq̃(+∞, λ) = ∂j

xr̃(+∞, λ) = 0, .

where λ is the dual variable dual for t, q̃(x, λ), r̃(x, λ), h̃1(λ), and h̃2(λ) are the

Laplace transform of q(x, t), r(x, t), h1(t) y h2(t) with respect to the t variable,

respectively. From system (3.5), we have that,

λr̃x = B−1Aq̃xx

λ2q̃ = B−1Aq̃xx ⇔ λ2Bq̃ = Aq̃xx.

From these equations, we conclude that q satisfies the fourth order differential equa-

tion

aq̃xxxx − (1 + bλ2)q̃xx + λ2q̃ = 0,

whose general solution is given by

q̃(x, λ) = c1e
γ1Ax + c2e

γ2Ax + c3e
γ3Ax + c4e

γ4Ax = c1e
γ1Ax + c2e

γ2Ax,

where γ1A, γ2A, γ3A, and γ4A are the four roots of the characteristic equation

(3.6) aγ4 − (1 + bλ2)γ2 + λ2 = 0, λ ∈ A = {ω : �(ω) > λ+} ,

with λ± =

q
2a−b±2

√
a(a−b)

b > 0, ordered so that �(γ1A) < 0, �(γ2A) < 0,

�(γ3A) > 0, and �(γ4A) > 0. We see for j = 1, 2 that the roots are given by

γjA = −
√

(1 + bλ2) + (−1)j+1
√

(1 + bλ2)2 − 4aλ2

2a
, γ3A = −γ2A, γ4A = −γ1A.

It is clear for j = 1, 2, 3, 4 that �(γjA) is analytic for �(λ) > λ+ and continuous for

�(λ) ≥ λ+, except for λ = λ+.

In the same fashion, we see that r can be expressed as

r̃(x, λ) = d1e
γ1Ax + d2e

γ2Ax.

Now, from (3.5) we have that λq̃(x, λ) = r̃x(x, λ). In other words,

c1λeγ1Ax + c2λeγ2Ax = d1γ1Aeγ1Ax + d2γ2Aeγ2Ax,

So, we easily see that

(3.7) c1 =
γ1A

λ
d1 y c2 =

γ2A

λ
d2.
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So, replacing c1 and c2 in the initial conditions for (3.5) we get that d1 and d2

satisfy the system (
γ1A γ2A

1 1

)(
d1

d2

)
=

(
λh̃1

h̃2

)
,

whose solution is given by(
d1

d2

)
=

1

γ1 − γ2

(
1 −γ2A

−1 γ1A

)(
λh̃1

h̃2

)
.

So, we see that d1 and d2 are given by

(3.8)
d1 =

1

γ1A − γ2A
(λh̃1 − γ2Ah̃2)

d2 =
1

γ1A − γ2A
(γ1Ah̃2 − λh̃1).

To compute ci, we replace (3.8) in (3.7), to get

c1 =
γ1A

λ(γ1A − γ2A)
(λh̃1 − γ2Ah̃2)

c2 =
γ2A

λ(γ1A − γ2A)
(γ1Ah̃2 − λh̃1).

In other words, we compute q̃ and r̃ explicitly as

q̃(x, λ) =
1

λ(γ1A − γ2A)

[
γ1A(λh̃1 − γ2Ah̃2)e

γ1Ax − γ2A(λh̃1 − γ1Ah̃2)e
γ2Ax

]
,(3.9)

r̃(x, λ) =
1

γ1A − γ2A

[
(λh̃1 − γ2Ah̃2)e

γ1Ax − (λh̃1 − γ1Ah̃2)e
γ2Ax

]
.

(3.10)

So, for any p with �(p) > λ+, and defining ΓA(λ) = (γ1A+γ2A)
2πi(γ2

1A
−γ2

2A
)
eλt we are able to

use the representations of q and r for x > 0 and t > 0,

q(x, t) =

p+i∞∫
p−i∞

ΓA(λ)

λ

[
γ1A(λh̃1 − γ2Ah̃2)e

γ1Ax − γ2A(λh̃1 − γ1Ah̃2)e
γ2Ax

]
dλ,

(3.11)

r(x, t) =

p+i∞∫
p−i∞

ΓA(λ)
[
(λh̃1 − γ2Ah̃2)e

γ1Ax − (λh̃1 − γ1Ah̃2)e
γ2Ax

]
dλ.

(3.12)

Now, we observe that

|γ2
1A − γ2

2A| =
∣∣∣∣∣
√

(1 + bλ2)2 − 4aλ2

a

∣∣∣∣∣ = b

√
|λ− λ+||λ + λ+||λ2 − λ2−|

a
,

then |γ2
1A − γ2

2A| = O(|λ− λ+| 12 ) as λ → λ+ with �(λ) > λ+. Moreover, for given

positive constants C1 < C2, with C1 < �(λ) < C2, we observe that

γjA =
− 4
√

(1 + bλ2)2 − 4aλ2

√
2a

√
(1 + bλ2)√

(1 + bλ2)2 − 4aλ2
+ (−1)j+1, j = 1, 2,
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then we also have as |λ| → ∞ that

γ1A → − 4
√

(1 + bλ2)2 − 4aλ2

√
2a

, γ2A → −i 4
√

(1 + bλ2)2 − 4aλ2

√
2a

.

Using this estimates, we see taking p→ λ+ into (3.11) and (3.12) that

q(x, t) =

λ++i∞∫
λ+−i∞

ΓA(λ)

λ

[
γ1A(λh̃1 − γ2Ah̃2)e

γ1Ax − γ2A(λh̃1 − γ1Ah̃2)e
γ2Ax

]
dλ,

(3.13)

r(x, t) =

λ++i∞∫
λ+−i∞

ΓA(λ)
[
(λh̃1 − γ2Ah̃2)e

γ1Ax − (λh̃1 − γ1Ah̃2)e
γ2Ax

]
dλ.

(3.14)

Now, let γ1B , γ2B , γ3B , and γ4B be the four roots of the characteristic equation

(3.15) aγ4 − (1 + bλ2)γ2 + λ2 = 0, λ ∈ B = {ω : λ− < �(ω) < λ+}
ordered so that �(γ1B) < 0, �(γ2B) < 0, �(γ3B) > 0, �(γ4B) > 0. As above,

for i = 1, 2, 3, 4 that �(γiB) is analytic for λ− < �(ω) < λ+ and continuous for

λ− ≤ �(ω) ≤ λ+, except for ω = λ±. Using the uniqueness and the continuity of

the root of the characteristic equation aγ4 − (1 + bλ2)γ2 + λ2 = 0 on the half lines

Γ+ = {ω : �(ω) = λ+, �(ω) > 0} and Γ− = {ω : �(ω) = λ−, �(ω) < 0}, we are

allowed to assume that

γ1A = γ1B , γ2A = γ2B , λ ∈ Γ+,

γ1A = γ1B , γ2A = γ2B , λ ∈ Γ−, or γ2A = γ1B , γ1A = γ2B , λ ∈ Γ−.

From the symmetry of formulas (3.13), (3.14), and for ΓB(λ) = (γ1B+γ2B)
2πi(γ2

1B
−γ2

2B
)
eλt, we

conclude that

q(x, t) =

λ++i∞∫
λ+−i∞

ΓB(λ)

λ

[
γ1B(λh̃1 − γ2B h̃2)e

γ1B x − γ2B(λh̃1 − γ1B h̃2)e
γ2B x

]
dλ,

(3.16)

r(x, t) =

λ++i∞∫
λ+−i∞

ΓB(λ)
[
(λh̃1 − γ2Bh̃2)e

γ1Bx − (λh̃1 − γ1Bh̃2)e
γ2Bx

]
dλ.

(3.17)

It is straightforward to see that

|γ2
1B − γ2

2B| = O(|λ− λ+| 12 ), λ → λ+, λ− < �(λ) < λ+.

|γ1B − γ2B| = O(
√

(1 + bλ2)2 − 4aλ2), λ → λ−, λ− < �(λ) < λ+.

γ1B → − 4
√

(1 + bλ2)2 − 4aλ2, |λ| → ∞, λ ∈ B.

γ2B → −i 4
√

(1 + bλ2)2 − 4aλ2, |λ| → ∞, λ ∈ B.
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Now, from the Cauchy’s Theorem with respect to the region B, we are able to write

q(x, t) =

λ−+i∞∫
λ−−i∞

ΓB(λ)

λ

[
γ1B(λh̃1 − γ2Bh̃2)e

γ1B x − γ2B(λh̃1 − γ1Bh̃2)e
γ2Bx

]
dλ,

(3.18)

r(x, t) =

λ−+i∞∫
λ−−i∞

ΓB(λ)
[
(λh̃1 − γ2B h̃2)e

γ1B x − (λh̃1 − γ1B h̃2)e
γ2B x

]
dλ.

(3.19)

Now, in a similar fashion, performing similar estimates and using the Cauchy’s

Theorem with respect to the region C = {ω : 0 < �(ω) < λ−}, we see that

q(x, t) =

0+i∞∫
0−i∞

ΓC(λ)

λ

[
γ1C(λh̃1 − γ2C h̃2)e

γ1C x − γ2C(λh̃1 − γ1C h̃2)e
γ2C x

]
dλ,

(3.20)

r(x, t) =

0+i∞∫
0−i∞

ΓC(λ)
[
(λh̃1 − γ2C h̃2)e

γ1C x − (λh̃1 − γ1C h̃2)e
γ2C x

]
dλ.

(3.21)

Now, if we set U1 and U2 by

U1(x, t) =
1

2πi

0+i∞∫
0+i0

eλt

λ(γ2
1C − γ2

2C)

[
γ1C(γ1C + γ2C)(λh̃1 − γ2C h̃2)e

γ1C x]dλ

U2(x, t) = − 1

2πi

0+i∞∫
0+i0

eλt

λ(γ2
1C − γ2

2C)

[
γ2C(γ1C + γ2C)(λh̃1 − γ1C h̃2)e

γ2C x
]
dλ.

Then we have for x, t > 0 we have that

(3.22) q(x, t) = U1(x, t) + U2(x, t) + U1(x, t) + U2(x, t).

As done for q, we can compute an explicit formula for r. In this case, we define

functions V1 and V2 as

V1(x, t) =
1

2πi

0+i∞∫
0+i0

eλt

γ2
1C − γ2

2C

[
(γ1C + γ2C)(λh̃1 − γ2C h̃2)e

γ1C x]dλ

V2(x, t) = − 1

2πi

0+i∞∫
0−i0

eλt

γ2
1C − γ2

2C

[
(γ1C + γ2C)(λh̃1 − γ1C h̃2)e

γ2C x
]
dλ.

We see in this case for x, t > 0 that

(3.23) r(x, t) = V1(x, t) + V2(x, t) + V1(x, t) + V2(x, t),
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meaning that

Wb(h1, h2)(x, t) =

(
q(x, t)

r(x, t)

)
=

(
U1(x, t) + U2(x, t) + U1(x, t) + U2(x, t)

V1(x, t) + V2(x, t) + V1(x, t) + V2(x, t)

)
.

Finally, we need to recall that γ is a root of the characteristic polynomial

aγ4 − (1 + bλ2)γ2 + λ2 = 0,

which is equivalent to have λ expressed as

λ2 = γ2

(
aγ2 − 1

bγ2 − 1

)
.

A simple computation shows that if we define

λ = iμ

√
aμ2 − 1

1− bμ2

with 1√
a
≤ μ ≤ 1√

b
(a > b), then the roots are given explicitly by

γ1(μ) = −μ = −γ3(μ), γ2(μ) =
i√
a

√
aμ2 − 1

1− bμ2
= −γ4(μ)

It is easy to verify that the image s(μ) =
√

aμ2−1
1−bμ2 with 1√

a
≤ μ ≤ 1√

b
is [0,∞). In

other word, λ = iμ
√

aμ2−1
1−bμ2 = iμs(μ) runs along the imaginary axes from zero to

+∞. In this case, we have that

dλ =
i(abμ4 − 2aμ2 + 1) dμ

(1− bμ2)3/2(aμ2 − 1)1/2
.

On the other hand,

γ2
2 − γ2

1 =
(abμ4 − 2aμ2 + 1)

a(1− bμ2)

So, we conclude that

dλ

γ2
2 − γ2

1

=
ia dμ

(1− bμ2)1/2(aμ2 − 1)1/2

and also that
dλ

λ(γ2
2 − γ2

1)
=

a dμ

μ(aμ2 − 1)
.

Moreover, we also have that

γ1(γ1 + γ2) = −μ

(
μ− is(μ)√

a

)
, γ2(γ1 + γ2) = − is(μ)√

a

(
μ− is(μ)√

a

)
.

Now, from the definition of Ui, we have that

U1(x, t) =
−a

2π

∫ 1√
b

1√
a

ρ1(x, t, μ) dμ, U2(x, t) =
−√a

2π

∫ 1√
b

1√
a

ρ2(x, t, μ) dμ,
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with

ρ1(x, t, μ) =
eiμs(μ)te−μxs(μ)ρ3(μ)

(aμ2 − 1)

(∫ ∞

0

(
μh1(ξ) − h2(ξ)√

a

)
e−iμs(μ)ξ dξ

)

ρ2(x, t, μ) =
eiμs(μ)te

is(μ)x√
a s(μ)ρ3(μ)

(aμ2 − 1)

(∫ ∞

0

(is(μ)h1(ξ) + h2(ξ)) e−iμs(μ)ξ dξ

)
ρ3(μ) =

(
μ − is(μ)√

a

)
.

The expression for Vi (i = 1, 2) are obtained in a similar fashion. �

Lemma 3.3. Let s ≥ 0 and Wb(h1, h2) = (q, r)t. If h1 ∈ H
s−3

2

0 (R+) and

h2 ∈ H
s− 5

2

0 (R+), then we have the following estimate

sup
t≥0

‖Wb(h1, h2)(·, t)‖Y s(R+) ≤ C

(
‖h1‖

H
s− 3

2
0 (R+)

+ ‖h2‖
H

s− 5
2

0 (R+)

)
.

Proof. From previous result, we need to estimate Ui and Vi for i = 1, 2. In

order to estimate U1, we consider the operator T1 define on L2
(

1√
a
, 1√

b

)
by

T1(g)(x, t) =

∫ 1√
b

1√
a

eiμs(μ)teγ1(μ)xg(μ)dμ.

If we set g1 and g2 by

g1(μ) =

(
μs(μ)(

√
aμ− is(μ))√

a(aμ2 − 1)

)(∫ ∞

0

h1(ξ)e
−iμs(μ)ξ dξ

)
g2(μ) =

(
s(μ)(

√
aμ− is(μ))

a(aμ2 − 1)

)(∫ ∞

0

h2(ξ)e
−iμs(μ)ξ dξ

)
,

then we see that

(3.24) U1 =
a

2π
(T1(g1)− T1(g2)),

meaning that to estimate U1 requires to estimate T1(g1) y T1(g2). We first establish

the estimate for T1(g) with g ∈ L2

(
1√
a
,

1√
b

)⋂
L1

(
1√
a
,

1√
b

)
. Now, for s ≥ 0 we

choose n = [s] + 1. So, for k = 0, 1, 2, ..., n we have that

∂k
xT1(g)(x, t) =

∫ 1√
b

1√
a

[γ1(μ)]keiμs(μ)teγ1(μ)xg(μ)dμ.
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From the integral Minkowski inequality, we have that

(3.25)

‖∂k
xT1(g)(·, t)‖L2

x(R+) ≤
∫ 1√

b

1√
a

|γ1(μ)|k|eiμs(μ)t|‖eγ1(μ)x‖L2
x(R+)|g(μ)|dμ

≤
∫ 1√

b

1√
a

|γ1(μ)|k
( +∞∫

0

|eγ1(μ)x|2dx
)1/2

|g(μ)|dμ

≤
∫ 1√

b

1√
a

|γ1(μ)|k
(

1

2|Re(γ1(μ))|

)1/2

|g(μ)|dμ

≤
∫ 1√

b

1√
a

|γ1(μ)|k
(

1

2|γ1(μ)|

)1/2

|g(μ)|dμ

≤ C

∫ 1√
b

1√
a

|γ1(μ)|k−1
2 |g(μ)|dμ

≤ C
∥∥γ

k− 1
2

1 g
∥∥

L1(1/
√

a,1/
√

b)
.

Using estimate (3.25), we have that

‖T1(g)(·, t)‖L2(R+) ≤ C
∥∥|γ1|− 1

2 g
∥∥

L1(1/
√

a,1/
√

b)
,

which correspond to the particular cases for k = 0 in (3.25). Moreover,

‖T1(g)(·, t)‖Hn(R+) =

(
n∑

k=1

∥∥∂k
xT1(g)(·, t)

∥∥2

L2(R+)

)1/2

≤
[

n∑
k=1

C
∥∥γk− 1

2

1 g
∥∥2

L1(1/
√

a,1/
√

b)

]1/2

≤
[
nC

∥∥γ
n− 1

2
1 g

∥∥2

L1(1/
√

a,1/
√

b)

]1/2

≤ C
∥∥γ

n− 1
2

1 g
∥∥

L1(1/
√

a,1/
√

b)

From these estimates and the Calderon-Lions interpolation theorem, we conclude

that,

(3.26) ‖T1(g)(·, t)‖Hs(R+) ≤ C
∥∥|γ1|s−1

2 g
∥∥

L1(1/
√

a,1/
√

b)
.

Applying (3.26) to g = g1 y g = g2, we see respectively that

(3.27)

‖T1(g1)(·, t)‖Hs(R+) ≤ C
∥∥|γ1|s−1

2 g1

∥∥
L1(1/

√
a,1/

√
b)

≤ C

∫ 1√
b

1√
a

μs− 1
2 |g1(μ)|dμ

≤ C

∫ 1√
b

1√
a

μs+ 1
2 σ(μ)

∣∣∣∣∫ ∞

0

h1(ξ)e
−iμs(μ)ξ dξ

∣∣∣∣ dμ
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and

(3.28)

‖T1(g2)(·, t)‖Hs(R+) ≤ C
∥∥|γ1|s−1

2 g2

∥∥
L1(1/

√
a,1/

√
b)

≤ C

∫ 1√
b

1√
a

μs− 1
2 |g2(μ)|dμ

≤ C

∫ 1√
b

1√
a

μs− 1
2 σ(μ)

∣∣∣∣∫ ∞

0

h2(ξ)e
−iμs(μ)ξ dξ

∣∣∣∣dμ,

with σ(μ) =
s(μ)
√

aμ2+s2(μ)

aμ2−1
. Now, we consider the following change of variables

η = μs(μ). Then we see that

(3.29) η2 =
μ2(aμ2 − 1)

1− bμ2
,

Moreover, we have that

2ηdη =
−2μ[aμ2(bμ2 − 1)− (aμ2 − 1)]

(1− bμ2)2
dμ,

meaning that

dη =
[aμ2(1− bμ2) + (aμ2 − 1)]

(aμ2 − 1)1/2(1− bμ2)3/2
dμ

=
(aμ2 + s2(μ))

(aμ2 − 1)1/2(1− bμ2)1/2
dμ.

Using previous estimates, estimates (3.27) and (3.28), we see that

‖T1(g1)(·, t)‖Hs(R+) ≤ C

∫ 1√
b

1√
a

μs+ 1
2 σ(μ)

(
(aμ2 − 1)1/2(1− bμ2)1/2

(aμ2 + s2(μ))

)
∣∣∣∣∫ ∞

0

h1(ξ)e
−iμs(μ)ξ dξ

∣∣∣∣( (aμ2 + s2(μ))

(aμ2 − 1)1/2(1− bμ2)1/2

)
dμ

≤ C

∫ 1√
a

1√
b

μs+ 1
2

(
1√

aμ2 + s2(μ)

)
∣∣∣∣∫ ∞

0

h1(ξ)e
−iμs(μ)ξ dξ

∣∣∣∣( (aμ2 + s2(μ))

(aμ2 − 1)1/2(1− bμ2)1/2

)
dμ

and from similar computations,

‖T1(g2)(·, t)‖Hs(R+) ≤ C

∫ 1√
b

1√
a

μs− 1
2

(
1√

aμ2 + s2(μ)

)
∣∣∣∣∫ ∞

0

h2(ξ)e
−iμs(μ)ξ dξ

∣∣∣∣( (aμ2 + s2(μ))

(aμ2 − 1)1/2(bμ2 − 1)1/2

)
dμ

Recall from (3.29) that aμ4 + (bη2 − 1)μ2 − η2 = 0 and that 1√
a
≤ μ ≤ 1√

b
. So, if

we assume that η �= 0, then we conclude that√
aμ2 + s2(μ) ≈ C

√
1 + η2 ≈ C(1 + η), μs± 1

2

(
1√

aμ2 + s2(μ)

)
≈ (1 + η)−1.

From this, we have for i = 1, 2 that

(3.30) ‖T1(gi)(·, t)‖Hs(R+) ≤ C

∫ +∞

0

|1 + η|−1

∣∣∣∣∫ ∞

0

hi(ξ)e
−iηξ dξ

∣∣∣∣dη
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So, using Hölder inequality, we get that

‖T1(gi)(·, t)‖Hs(R+) ≤ C
∥∥|1 + η|−1

∥∥
L2

η(R+)

∥∥∥∥∫ ∞

0

hi(ξ)e
−iηξ dξ

∥∥∥∥
L2

η(R+)

≤ C‖hi‖L2(R+)(3.31)

Putting this together, we conclude that

(3.32)
‖U1(·, t)‖Hs(R+) ≤ ‖T1(g1)(·, t)‖Hs(R+) + ‖T1(g2)(·, t)‖Hs(R+)

≤ C
(‖h1‖L2(R+) + ‖h2‖L2(R+)

)
Now, in order to estimate U2(x, t), we proceed as above by defining the operator

T2,

T2(g)(x, t) =

∫ 1√
b

1√
a

eiμs(μ)teγ2(μ)xg(μ)dμ.

We set in this case functions g3 and g4 as

g3(μ) =

(
s2(μ)(

√
aμ− is(μ))√

a(aμ2 − 1)

)(∫ ∞

0

h1(ξ)e
−iμs(μ)ξ dξ

)
g4(μ) =

(
s(μ)(

√
aμ − is(μ))√

a(aμ2 − 1)

)(∫ ∞

0

h2(ξ)e
−iμs(μ)ξ dξ

)
,

and so, we have that

(3.33) U2(x, t) =

√
a

2π
(iT2(g3) + T2(g4)).

Now, we estimate T2(g) for g ∈ L2

(
1√
a
,

1√
b

)
. Let s ≥ 0 be given and choose

n = [s] + 1. Then for k = 0, 1, 2, ..., n we have that

∂k
xT2(g)(x, t) =

∫ 1√
b

1√
a

[γ2(μ)]keiμs(μ)teγ2(μ)xg(μ)dμ.

As done by J. Bona, M Sun, and B. Zheng in [5] (Lemma 3.2), we define

ξ(μ) =
1√
a
s(μ), G(μ) = [γ2(μ)]keiμs(μ)tg(μ).

From these notations, we have that

∂k
xT2(g)(x, t) =

∫ 1√
a

1√
b

eiξ(μ)xG(μ)dμ.

The first observation is that ξ′(μ) �= 0 and |ξ′(μ)| >
√

ab

a− b
in the interval

(
1√
a
,

1√
b

)
.

In fact,

ξ′(μ) =
(a − b)μ√

a(aμ2 − 1)
1
2 (1− bμ2)

3
2

�= 0.

Now, for μ ∈
(

1√
a
,

1√
b

)
, then we have that

aμ2 − 1 ≤ a− b

b
, 1− bμ2 ≤ a− b

a
.
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So, we conclude that

|ξ′(μ)| ≥
√

ab

a − b

Then we are able to perform this change of variables ω = ξ(μ) to get

∂k
xT2(g)(x, t) =

∫ ξ
“

1√
b

”

ξ
“

1√
a

” eiωxG(ξ−1(ω))
1

ξ′ (ξ−1(ω))
dω

=

∫ +∞

−∞
eiωxG(ξ−1(ω))

1

ξ′ (ξ−1(ω))
χ“

ξ
“

1√
a

”
,ξ

“
1√
b

””dω,

where χA denote de characteristic function on A. So, from Parseval’s formula we

have that

‖∂k
xT2(g)(·, t)‖2L2(R) = ‖ ̂∂k

xT2(g)(·, t)‖2L2(R)

=

∫ +∞

−∞

[
G(ξ−1(ω))

1

ξ′ (ξ−1(ω))
χ“

ξ
“

1√
a

”
,ξ

“
1√
b

””
]2

dω

=

∫ ξ
“

1√
b

”

ξ
“

1√
a

”
[
G(ξ−1(ω))

1

ξ′ (ξ−1(ω))

]2

dω

=

∫ 1√
b

1√
a

|G(μ)|2 1

|ξ′(μ)|2 dμ.

From this, we conclude that

(3.34) ‖∂k
xT2(g)(·, t)‖L2(R+) ≤ C

∥∥∥∥γk
2

g

ξ′

∥∥∥∥
L2(1/

√
a,1/

√
b)

.

On the other hand, we have that

‖T2(g)(·, t)‖Hn(R+) =

(
n∑

k=1

∥∥∂k
xT2(g)(·, t)∥∥2

L2(R+)

)1/2

≤
(

n∑
k=1

C
∥∥|γ2|k g

ξ′

∥∥2

L2(1/
√

a,1/
√

b)

)1/2

≤
(

nC
∥∥|γ2|n g

ξ′

∥∥2

L2(1/
√

a,1/
√

b)

)1/2

≤ C
∥∥|γ2|n g

ξ′

∥∥
L2(1/

√
a,1/

√
b)

As above, from the Calderon-Lions interpolation theorem, we have that

(3.35) ‖T2(g)(·, t)‖Hs(R+) ≤ C
∥∥|γ2|s g

ξ′
∥∥

L2(1/
√

a,1/
√

b)
.
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Now, we note for some constant C = C(a, b) that

|g3(μ)|2
|ξ′(u)|2

(
dμ

dη

)
=

(aμ2 − 1)
3
2 (1 − bμ2)

3
2

(a− b)2μ2

∣∣∣∣∫ ∞

0

h1(ξ)e
−iμs(μ)ξdξ

∣∣∣∣2
≤ C

s3(μ)

∣∣∣∣∫ ∞

0

h1(ξ)e
−iμs(μ)ξdξ

∣∣∣∣2
|g4(μ)|2
|ξ′(u)|2

(
dμ

dη

)
=

(aμ2 − 1)
1
2 (1 − bμ2)

5
2

(a− b)2μ2

∣∣∣∣∫ ∞

0

h2(ξ)e
−iμs(μ)ξdξ

∣∣∣∣2
≤ C

s5(μ)

∣∣∣∣∫ ∞

0

h2(ξ)e
−iμs(μ)ξdξ

∣∣∣∣2 .

So, applying (3.35) to g = g3, we have that

(3.36)

‖T2(g3)(·, t)‖Hs(R+) ≤ C
∥∥|γ2|s g3

ξ′

∥∥
L2(1/

√
a,1/

√
b)

≤ C

[∫ 1√
b

1√
a

|γ2(μ)|2s |g3(μ)|2
|ξ′(u)|2 dμ

]1/2

≤ C

[∫ 1√
b

1√
a

|s(μ)|2s−3

∣∣∣∣∫ ∞

0

h1(ξ)e
−iμs(μ)ξdξ

∣∣∣∣2 dη

dμ
dμ

]1/2

Moreover, applying (3.35) to g = g4, we have that

(3.37)

‖T2(g4)(·, t)‖Hs(R+) ≤ C
∥∥|γ2|s g4

ξ′

∥∥
L2(1/

√
a,1/

√
b)

≤ C

[∫ 1√
b

1√
a

|γ2(μ)|2s |g4(μ)|2
|ξ′(u)|2 dμ

]1/2

≤ C

[∫ 1√
b

1√
a

|s(μ)|2s−5

∣∣∣∣∫ ∞

0

h2(ξ)e
−iμs(μ)ξ dξ

∣∣∣∣2 dη

dμ
dμ

]1/2

.

We now note that μ ∈
[

1√
a
, 1√

b

]
, which implies that η = μs(μ) ≈ s(μ). So, using

the change of variables η = μs(μ) in (3.36) and (3.37), and previous estimates, we

conclude that

‖T2(g3)(·, t)‖Hs(R+) ≤ C

[∫ ∞

0

η2s−3

(∫ ∞

0

h1(ξ)e
−iηξ dξ

)2

dη

]1/2

≤ C

∥∥∥∥(1 + η)2s−3

∫ ∞

0

h1(ξ)e
−iηξ dξ

∥∥∥∥
L2

η(0,+∞)

≤ C‖h1‖
H

s− 3
2

0 (R+)
.

In a similar fashion, we have that

‖T2(g4)(·, t)‖Hs(R+) ≤ C‖h2‖
H

s− 5
2

0 (R+)
.

Putting together those estimates, we conclude that

(3.38)
‖U2(·, t)‖Hs(R+) ≤ ‖T2(g3)(·, t)‖Hs(R+) + ‖T2(g4)(·, t)‖Hs(R+)

≤ C

(
‖h1‖

H
s− 3

2
0 (R+)

+ ‖h2‖
H

s− 5
2

0 (R+)

)
.



18 J. QUINTERO, O. ESCOBAR

So, from estimates (3.22), (3.32), and (3.38), we finally get

‖q(·, t)‖Hs(R+) ≤ C

(
‖h1‖

H
s− 3

2
0 (R+)

+ ‖h2‖
H

s− 5
2

0 (R+)

)
.

By following the same type of arguments (see formulas (3.9) and (3.10)), we can

see that

‖r(·, t)‖Hs(R+) ≤ C

(
‖h1‖

H
s− 3

2
0 (R+)

+ ‖h2‖
H

s− 5
2

0 (R+)

)
.

�

3.3. The Homogeneous Initial Value Problem on the line. Now, we

consider the initial-value problem (IVP) in the line

(3.39)

⎧⎨⎩
∂tX(x, t) = MX(x, t), x ∈ R, t > 0,

X(x, 0) =

(
f1(x)

f2(x)

)
,

Lemma 3.4. Let s ∈ R and f1, f2 ∈ Hs(R), then the solution WR(f1, f2)(x, t)

of the (IVP) (3.39) is given by the explicit formula

(3.40) WR(f1, f2)(x, t) =
1

2

∫ ∞

−∞
e

cMt

(
f̂1(ξ)

f̂2(ξ)

)
eixξ dξ.

where

e
cMt =

⎛⎜⎝ (ei
√

Λ(ξ)ξt + e−i
√

Λ(ξ)ξt)
(ei
√

Λ(ξ)ξt − e−i
√

Λ(ξ)ξt)√
Λ(ξ)√

Λ(ξ)(ei
√

Λ(ξ)ξt − e−i
√

Λ(ξ)ξt) (ei
√

Λ(ξ)ξt + e−i
√

Λ(ξ)ξt)

⎞⎟⎠
Proof. Let write WR(f1, f2) = (q, r)t. If we take Fourier transform in (3.39)

with respect to the x variable, we conclude that

(3.41)

⎧⎪⎨⎪⎩
∂tX̂(ξ, t) = M̂X̂(ξ, t), ξ ∈ R, t > 0,

X̂(ξ, 0) =

(
f̂1(ξ)

f̂2(ξ)

)
,

where ξ denotes the dual variable of x, and q̂, r̂, f̂1 y f̂2 are the Fourier transform

of q, r, f1 y f2 with respect to x, respectively, and

M̂ =

(
0 iξ

iξΛ(ξ) 0

)
,

where Λ(ξ) = 1+aξ2

1+bξ2 . So, we have that the general solutions for (3.5) has the form

(3.42) X̂(ξ, t) = e
cMt

(
f̂1(ξ)

f̂2(ξ)

)
Now, a direct computation shows that

e
cMt =

⎛⎜⎝ cos(
√

Λ(ξ)ξt)
i sin(

√
Λ(ξ)ξt)√

Λ(ξ)

i
√

Λ(ξ) sin(
√

Λ(ξ)ξt) cos(
√

Λ(ξ)ξt)

⎞⎟⎠ .
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Using this formula in (3.42), we obtain that

X̂(ξ, t) =

⎛⎜⎝ cos(
√

Λ(ξ)ξt)
i sin(

√
Λ(ξ)ξt)√

Λ(ξ)
i
√

Λ(ξ) sin(
√

Λ(ξ)ξt) cos(
√

Λ(ξ)ξt)

⎞⎟⎠(
f̂1(ξ)

f̂2(ξ)

)

=

⎛⎜⎝ cos(
√

Λ(ξ)ξt)f̂1(ξ) +
i sin(

√
Λ(ξ)ξt)f̂2(ξ)√
Λ(ξ)

i
√

Λ(ξ) sin(
√

Λ(ξ)ξt)f̂1(ξ) + cos(
√

Λ(ξ)ξt)f̂2(ξ)

⎞⎟⎠ .

So, using inverse Fourier transform, we see that WR(f1, f2) has the explicit formula

(3.43) WR(f1, f2)(x, t) =

∫ ∞

−∞
e

cMt

(
f̂1(ξ)

f̂2(ξ)

)
eixξdξ.

Now, using that

cos(w) =
1

2

(
eiw + e−iw

)
, sin(w) =

1

2i

(
eiw − e−iw

)
we obtain the desired conclusion. �

Before going forward, we note that the components of the solution of the (IVP)

are

q(x, t) =
1

2

∫ ∞

−∞

[
(ei
√

Λ(ξ)ξt + e−i
√

Λ(ξ)ξt)f̂1(ξ) +
1√
Λ(ξ)

(ei
√

Λ(ξ)ξt

−e−i
√

Λ(ξ)ξt)f̂2(ξ)
]
eixξdξ

r(x, t) =
1

2

∫ ∞

−∞

[√
Λ(ξ)(ei

√
Λ(ξ)ξt − e−i

√
Λ(ξ)ξt)f̂1(ξ) + (ei

√
Λ(ξ)ξt

+e−i
√

Λ(ξ)ξt)f̂2(ξ)
]
eixξdξ.

Lemma 3.5. Let s ∈ (−∞, +∞) and f1, f2 ∈ Hs(R), then we have that

sup
t>0

‖WR(f1 , f2)(·, t)‖Y s(R) ≤ C
(
‖f1‖Hs(R) + ‖f2‖Hs(R)

)
.

Proof. First we note that Λ(ξ) is bounded by

min(1, a)

max(1, b)
≤ 1 + aξ2

1 + bξ2
≤ max(1, a)

min(1, b)
.
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So, from previous formulas and the bound for Λ(ξ),

‖q(·, t)‖Hs(R) ≤ 1

2

∥∥∥(1 + |ξ|)s
∣∣∣(ei
√

Λ(ξ)ξt + e−i
√

Λ(ξ)ξt)f̂1(ξ)

+
1√
Λ(ξ)

(ei
√

Λ(ξ)ξt − e−i
√

Λ(ξ)ξt)f̂2(ξ)
∣∣∥∥∥

L2
ξ
(R)

≤ 1

2

∥∥∥(1 + |ξ|)s
(∣∣∣ei

√
Λ(ξ)ξt

∣∣∣ +
∣∣∣e−i

√
Λ(ξ)ξt

∣∣∣) f̂1(ξ)
∥∥∥

L2
ξ
(R)

+
1

2

∥∥∥∥∥ (1 + |ξ|)s√
Λ(ξ)

(∣∣∣ei
√

Λ(ξ)ξt
∣∣∣ +

∣∣∣e−i
√

Λ(ξ)ξt
∣∣∣) f̂2(ξ)

∥∥∥∥∥
L2

ξ
(R)

≤
∥∥∥(1 + |ξ|)sf̂1(ξ)

∥∥∥
L2

ξ
(R)

+ C
∥∥∥(1 + |ξ|)sf̂2(ξ)

∥∥∥
L2

ξ
(R)

≤ C
(‖f1‖Hs(R) + ‖f2‖Hs(R)

)
.

In a similar fashion, we see that

‖r(·, t)‖Hs(R) ≤ C
(‖f1‖Hs(R) + ‖f2‖Hs(R)

)
.

�

Remark 3.6. Now, we are interested in estimating for l ∈ R,

sup
x>0

‖WR(f1, f2)(x, ·)‖Hl(R).

To do this, we see that WR(f1, f2) can be rewritten in terms of the auxiliary function

φ(ξ) = ξ
√

Λ(ξ). In fact, note that

q(x, t) =
1

2

∫ ∞

−∞

[(
f̂1(ξ) +

1√
Λ(ξ)

f̂2(ξ)

)
eiφ(ξ)t +

(
f̂1(ξ) − 1√

Λ(ξ)
f̂2(ξ)

)
e−iφ(ξ)t

]
eixξdξ

r(x, t) =
1

2

∫ ∞

−∞

[(√
Λ(ξ)f̂1(ξ) + f̂2(ξ)

)
eiφ(ξ)t −

(√
Λ(ξ)f̂1(ξ) − f̂2(ξ)

)
e−iφ(ξ)t

]
eixξdξ

Now, for f, f1, f2 ∈ S(R), we consider the operators

V (f)(x, t) =

∫ ∞

−∞
f̂(ξ)eixξeiφ(ξ)tdξ

V1(f1, f2)(x, t) =
1

2

∫ ∞

−∞

[
Â (ξ) eiφ(ξ)t + B̂ (ξ) e−iφ(ξ)t

]
eixξdξ

V2(f1, f2)(x, t) =
1

2

∫ ∞

−∞

[
Ĉ (ξ) eiφ(ξ)t + D̂ (ξ) e−iφ(ξ)t

]
eixξdξ

where functions A, B, C and D are given by

Â(ξ) = f̂1(ξ) +
1√
Λ(ξ)

f̂2(ξ), B̂(ξ) = f̂1(ξ)− 1√
Λ(ξ)

f̂2(ξ)

Ĉ(ξ) =
√

Λ(ξ)f̂1(ξ) + f̂2(ξ), D̂(ξ) = −
√

Λ(ξ)f̂1(ξ) + f̂2(ξ)
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If we set ξ = ξ(η) as the root of the equation φ(ξ) = η, then using this change of

variables, we see that

V (f)(x, t) =

∫ ∞

−∞
eiηtf̂(ξ(η))eixξ(η) dξ(η)

dη
dη.

In particular, the Fourier transform for V (f)(x, ·) with respect to the variable t ∈ R

with dual variable η is given by

F t(V (f))(x, η) = f̂(ξ(η))eixξ(η) dξ(η)

dη
.

Now assume that α, β ∈ R, then using the change of variable η = φ(ξ) with ξ ∈ R

in V (f)(x, t), we have that

‖V (f)(x, ·)‖Hα,β(R) =

∥∥∥∥ηα(1 + |η|)β−αf̂(ξ(η))eixξ(η) dξ(η)

dη

∥∥∥∥
L2

η(R)

=

(∫ ∞

−∞
|η|2α(1 + |η|)2β−2α

∣∣∣f̂(ξ(η))
∣∣∣2 ∣∣∣∣dξ(η)

dη

∣∣∣∣2 dη

)1/2

=

(∫ ∞

−∞
|φ(ξ)|2α(1 + |φ(ξ)|)2β−2α

∣∣∣f̂(ξ)
∣∣∣2 ∣∣∣∣dξ

dη

∣∣∣∣2 dη

dξ
dξ

)1/2

=

(∫ ∞

−∞
|φ(ξ)|2α(1 + |φ(ξ)|)2β−2α

∣∣∣f̂(ξ)
∣∣∣2 ∣∣∣∣dξ

dη

∣∣∣∣ dξ

)1/2

.

On the other hand, we now that

η2 = ξ2

(
1 + aξ2

1 + bξ2

)
, ξ ∈ R,

So, we have also that

dη

dξ
=

1√
Λ(ξ)

(
(1 + 2aξ2 + abξ4)

(1 + bξ2)2

)
⇔ dξ

dη
=

√
Λ(ξ)

(
(1 + bξ2)2

1 + 2aξ2 + abξ4

)
.

Using the bound for Λ(ξ), we conclude that∣∣∣∣dξ

dη

∣∣∣∣ ≤√
Λ(ξ)

(
(1 + bξ2)2

1 + 2aξ2 + a2ξ4

)
≤ C(a, b).

Plugging this inequality in previous estimation, we conclude that

‖V (f)(x, ·)‖Hα,β(R) ≤ C

(∫ ∞

−∞
|ξ|2α(1 + |ξ|)2β−2α

∣∣∣f̂(ξ)
∣∣∣2 dξ

)1/2

≤ C
∥∥∥|ξ|α(1 + |ξ|)β−αf̂(ξ)

∥∥∥
L2

ξ
(R)

≤ C ‖f‖Hα,β(R) .

In particular, for α = 0, we obtain that

‖V (f)(x, ·)‖Hs(R) ≤ C ‖f‖Hs(R) .
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Moreover, due to the form of functions A, B, C, and D, we conclude for i = 1, 2

that

‖Vi(f1 , f2)(x, ·)‖Hα,β(R) ≤ C
(
‖f1‖Hα,β(R) + ‖f2‖Hα,β(R)

)
‖Vi(f1, f2)(x, ·)‖Hs(R) ≤ C

(
‖f1‖Hs(R) + ‖f2‖Hs(R)

)
using that Λ(ξ) is bounded away from zero. Now, if F ∈ {A, B, C, D}, then we see

that

|F̂ | ≤ C(a, b)
(
|f̂1|+ |f̂2|

)
.

In other words, we have the following estimates,

Lemma 3.7. Let s ∈ (−∞, +∞), α, β ∈ R, k ∈ N, and f1, f2 ∈ S(R). Then we

have that

supx>0 ‖WR(f1, f2)(x, ·)‖Y α,β(R) ≤ C ‖f1‖Hα,β(R) + C ‖f2‖Hα,β(R) ,

supx>0 ‖WR(f1, f2)(x, ·)‖Y s(R) ≤ C ‖f1‖Hs(R) + C ‖f2‖Hs(R)

supx>0

∥∥MkWR(f1, f2)(x, ·)∥∥
Y s(R)

≤ C ‖f1‖Hs+k(R) + C ‖f2‖Hs+k(R) .

Proof. For the first two estimates, we note that WR(f1, f2)(x, t) = (q, r)t(x, t)

and that

q(x, t) =
1

2
V1(f1, f2)(x, t), r(x, t) =

1

2
V2(f1, f2)(x, t).

Now, to get the third estimate, we need to observe that

∂x(eiξx) = iξeiξx, B−1A∂x(eiξx) = iξΛ(ξ)eiξx.

Now, from the representation (3.43), we easily conclude that

MWR(f1, f2)(x, t)

(3.44)

=

∫ ∞

−∞

⎛⎜⎝ i
√

Λ(ξ) sin(
√

Λ(ξ)ξt)∂̂xf1(ξ) + cos(
√

Λ(ξ)ξt)∂̂xf2(ξ)

cos(
√

Λ(ξ)ξt) ̂B−1A∂xf1(ξ) +
i sin(

√
Λ(ξ)ξt)√

Λ(ξ)
̂B−1A∂xf2(ξ)

⎞⎟⎠ eixξdξ

= WR(M(f1, f2)
t)(x, t)

So, from the second estimate and using that ∂x and B−1A∂x are order one operators,

we conclude that

sup
x>0

‖MWR(f1, f2)(x, ·)‖Y s(R) ≤ C ‖f1‖Hs+1(R) + C ‖f2‖Hs+1(R) .

The same argument shows the estimate for k ∈ N. �

3.4. The Homogeneous (IBVP): case h1 ≡ h2 ≡ 0. Here we consider the

homogeneous linear (IBVP) in the first quarter⎧⎨⎩
∂tX(x, t) = MX(x, t), x > 0, t > 0,

X(0, t) =

(
0

0

)
, X(x, 0) =

(
f1(x)

f2(x)

)
.
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We use the explicit solutions Wb y WR with initial data in the space H l
0(R

+). In

fact, given functions f1, f2 ∈ C∞0 (R+), we consider extensions f̃i for fi from R+ to

R such that f̃i(x) = 0 for x �∈ R+. Now, we define functions h̃i as(
h̃1(t)

h̃2(t)

)
= WR(f̃1, f̃2)(0, t).

We note that the solution WC of the (IBVP) with boundary data hi ≡ 0 is given

by

WC(f1, f2)(x, t) = WR(f̃1, f̃2)(x, t)−Wb(χh̃1, χh̃2)(x, t).

From the estimates for Wb and WR we are able to obtain estimates using the

representation for WC .

Lemma 3.8. For s > 1
2 and f1, f2 ∈ Hs

0(R
+) we have the following estimate,

sup
t>0

‖WC(f1 , f2)(·, t)‖Y s(R+) ≤ C
(‖f1‖Hs

0(R+) + ‖f2‖Hs
0(R+)

)
.

Proof. By definition, we have that f̃1, f̃2 ∈ C∞0 (R) ⊂ Hβ(R) for any β > 0,

and so,

sup
t>0

‖WR(f̃1, f̃2)(·, t)‖Y β(R) ≤ C
(
‖f1‖Hβ

0 (R+)
+ ‖f2‖Hβ

0 (R+)

)
Moreover, since u(x, t) = WR(f̃1, f̃2)(x, t) is a classical solution for the initial-value

problem in the line (3.5) with X(x, 0) = (f̃1(x), f̃2(x))t. We see that

(h̃1(0), h̃2(0)) = WR(f̃1, f̃2)(0, 0) = (f̃1(0), f̃2(0)) = (0, 0).

On the other hand, from Lemma (2.1) and Lemma (3.7) we know that

χ(t)(h̃1(t), h̃2(t)) ∈ Y
β
0 (R+), and that for β > 1

2

‖χ(t)(h̃1(t), h̃2(t))‖Y β
0 (R+) ≤ C

(
‖f1‖Hβ

0 (R+) + ‖f2‖Hβ
0 (R+)

)
.

As a consequence of the previous Lemma and Lemma (3.3), we conclude that

sup
t>0

‖Wb(χ(t)h̃1(t), χ(t)h̃2(t))(·, t)‖Y β(R+) ≤ C
(
‖f1‖Hβ

0 (R+)
+ ‖f2‖Hβ

0 (R+)

)
,

which implies that for any fi ∈ C∞0 (R+) with i = 1, 2 we have that

sup
t>0

‖WC(f1, f2)(·, t)‖Y β(R+) ≤ C
(
‖f1‖Hβ

0 (R+) + ‖f2‖Hβ
0 (R+)

)
,

Using the density of C∞0 (R) en H
β
0 (R+), we conclude for fi ∈ H

β
0 (R+) with i = 1, 2,

that

sup
t>0

‖WC(f1, f2)(·, t)‖Y β(R) ≤ C
(
‖f1‖Hβ

0 (R+) + ‖f2‖Hβ
0 (R+)

)
.

�
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3.5. The linear Homogeneous (IBVP): The general case. Now, we re-

turn to the general linear homogeneous (IBVP),

(3.45)

⎧⎨⎩
∂tX(x, t) = MX(x, t), x > 0, t > 0,

X(0, t) =

(
h1(t)

h2(t)

)
, X(x, 0) =

(
f1(x)

f2(x)

)
.

From the discussion above, the solution of the (IBVP) necessarily depends on the

explicit solutions Wb(h1, h2), WR(f1, f2), y WC(f1, f2), after appropriate modifica-

tions to interchange the space H l
0(R

+) for the space H l(R+). It is important to

point out that given functions fi, hi ∈ H l(R+), it is necessary to define in a con-

venient way functions f̃ , h̃i ∈ H l
0(R

+) depending on l ∈ R, and to establish some

compatibility conditions between functions fi and hi for i = 1, 2 in x = 0 and t = 0,

as we will see in the coming result.

s-Compatibility conditions

In the coming result, we assume for 1
2 < s ≤ 9

2 that f1, f2 ∈ Hs(R+) and

h1 ∈ Hs− 3
2 (R+), h2 ∈ Hs− 5

2 (R+).

(sC1) For 1
2 < s ≤ 3

2 , fi(0) = hi(0) for i = 1, 2.

(sC2) For 3
2

< s ≤ 5
2
, fi(0) = hi(0) for i = 1, 2 and

h2(0) = 2h1(0) + f ′1(0), f ′2(0) = −h1(0),

(sC3) For 5
2 < s ≤ 7

2 , fi(0) = hi(0) (i = 1, 2), and

f2(0) = f1(0) + h′1(0), h2(0) = 2f1(0) + 3f ′1(0) + f ′′1 (0)− h′1(0),

f ′2(0) = h′1(0), f ′′2 (0) = −f1(0)− f ′1(0) − h′1(0).

(sC4) For 7
2 < s ≤ 9

2 , fi(0) = hi(0) (i = 1, 2), and

h2(0) = f1(0) − 2f ′′1 (0)− f ′′′1 (0)− h′1(0), f ′2(0) = h′1(0),

f ′′2 (0) = −f1(0)− f ′1(0) − h′1(0), h′2(0) = 2h′1(0) + 2f ′′1 (0) + f ′′′1 (0),

f ′′′2 (0) = 2f ′′′1 (0) + 5f ′′1 (0) + 6f ′1(0) + f1(0) + h′1(0), h′′1(0) = −2h′1(0) − f1(0).

Theorem 3.9. Let 1
2 < s ≤ 9

2 . If f1, f2 ∈ Hs(R+), h1 ∈ Hs−3
2 (R+), and

h2 ∈ Hs−5
2 (R+) satisfy one of the compatibility conditions (sC1)-(sC4), then the

solution W (f1, f2, h1, h2) of the general (IBVP) (3.45) satisfies the estimate

sup
t>0

‖W (f1, f2, h1, h1)(·, t)‖Y s(R+)

≤ C
(
‖f1‖Hs(R+) + ‖f2‖Hs(R+) + ‖h1‖

Hs− 3
2 (R+)

+ ‖h2‖
Hs− 5

2 (R+)

)
.

Proof. First assume that 1
2 < s ≤ 3

2 . In this case, we write the solution of the

general (IBVP) W (f1, f2, h1, h2) as

W (f1, f2, h1, h2)(x, t) = V (x, t)−K(x, t), K(x, t) = −(f1(0), f2(0))te−x−t.

A direct computation shows that V satisfies the (IBVP)

(3.46)

⎧⎨⎩
∂tV (x, t) = MV (x, t) + K1(x, t), x > 0, t > 0,

V (0, t) =

(
h̃1(t)

h̃2(t)

)
, V (x, 0) =

(
f̃1(x)

f̃2(x)

)
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where K1 satisfies that

K1(x, t) = ∂tK −MK =

(
(f1(0) + f2(0))e−x

f2(0)e−x + f1(0)B−1A(e−x)

)
e−t,

and the boundary and initial data for the linear homogeneous (IBVP) (3.46) are

given by

H̃(t) =

(
h1(t)

h2(t)

)
−

(
f1(0)

f2(0)

)
e−t, F̃ (x) =

(
f1(x)

f2(x)

)
−

(
f1(0)

f2(0)

)
e−x.

Now, we take ψ ∈ H10(R) to be an extension of e−x from R+ to R, and consider

the function K2(·, t) ∈ (L1
t H

s
0(R+))2 defined by

K2(x, t) = (K̃1(x)− K̃1(0)e−x)e−t, K̃1(x) =

(
(f1(0) + f2(0))ψ(x)

f2(0)ψ(x) + f1(0)B−1A(ψ(x))

)
.

Now, from Lemma (2.1), we have that (h̃1, h̃2)
t ∈ H

s− 3
2

0 (R+)×H
s−5

2
0 (R+) and we

also have that F̃ ∈ Hs
0(R+). Then using Lemma (3.3) and Lemma (3.8) for V2

(replacing K1 for K2), we have that

sup
t>0

‖V2(·, t)‖Y s(R+) ≤ sup
t>0

(
‖Wb(h̃1, h̃2)(·, t)‖Y s(R+)

)
+ sup

t>0

(
‖WC(f̃1, f̃2)(·, t)‖Y s(R+) +

∫ t

0

‖WC(K2(·, τ))(·, t− τ )(·, t)‖Y s(R+) dτ

)
≤ C

(
‖h̃1‖

H
s− 3

2 (R+)
+ ‖h̃2‖

H
s− 5

2 (R+)
+ ‖f̃1‖Hs(R+) + ‖f̃2‖Hs(R+)

+

∫ ∞

0

(‖K2(·, τ))‖Y s(R+)

)
dτ

)
≤ C1

(
‖h̃1‖

Hs− 3
2 (R+)

+ ‖h̃2‖
Hs− 5

2 (R+)
+ ‖f̃1‖Hs(R+) + ‖f̃2‖Hs(R+)

+(|f1(0)|+ |f2(0)|)
∫ ∞

0

e−τ dτ

)
.

Now, it is straightforward to see that Z2 = V − V2 satisfies the (IBVP)

(3.47)

{
∂tV (x, t) = MV (x, t) + K̃1(0)e−x−t, x > 0, t > 0,

V (0, t) = 0, V (x, 0) = 0

whose solution is given by

Z2(x, t) = K̃1(0)

∫ t

0

WR(ψ)(x, t − τ )e−t+τ dτ.

Then we have that,

‖Z2(·, t)‖Y s ≤ ‖K̃1(0)‖
∫ t

0

‖WR(ψ)(·, t − τ )‖Y se−t+τ dτ

≤ C(|f1(0)|+ |f2(0)|)
∫ ∞

0

e−τ dτ.
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From this fact, we conclude that V = V2 + Z2 in Y s(R+), and also that

sup
t>0

‖V (·, t)‖Y s(R+) ≤C2

(
‖h1‖

Hs− 3
2 (R+)

+ ‖h2‖
Hs− 5

2 (R+)

+ ‖f1‖Hs(R+) + ‖f2‖Hs(R+)

)
.

where we are using that |fi(0)| ≤ C‖fi‖Hs(R+) for s > 1
2
. From these estimates, we

get that

sup
t>0
‖W (f1, f1, h1, h2)(·, t)‖Y s(R+) ≤ sup

t>0

(
(|f1(0)|+ |f2(0)|)‖‖e−t−x‖Hs(R+)

+‖V (·, t)‖Y s(R+)

)
≤ C

(
‖f1‖L∞ + ‖f2‖L∞ + ‖h̃1‖

Hs− 3
2 (R+)

+ ‖h̃2‖
Hs− 5

2 (R+)

+‖f̃1‖Hs(R+) + ‖f̃2‖Hs(R+) + ‖f1‖Hs(R+) + ‖f2‖Hs(R+)

)
.

On the other hand, we have that

‖e−x−τ‖Hs(R+) ≤ Ce−τ .

Now, using that Hs(R+) ⊂ Cb(R
+) for s > 1

2 , that hi(0) = fi(0), and that

‖f̃i‖Hs(R+) ≤ ‖fi‖Hs(R+) + |fi(0)| ≤ ‖fi‖Hs(R+) + ‖fi‖L∞ ≤ C‖fi‖Hs(R+),

‖h̃i‖Hs−li (R+) ≤ ‖hi‖Hs−li (R+) + |hi(0)|
≤ ‖hi‖Hs−li (R+) + ‖fi‖L∞ ≤ C(‖hi‖Hs−li (R+) + ‖fi‖Hs(R+)),

where l1 = 3
2 and l2 = 5

2 . From those computations, we obtain that

sup
t>0

‖W (f1, f2, h1, h1)(·, t)‖Y s(R+)

≤ C
(
‖f1‖Hs(R+) + ‖f2‖Hs(R+) + ‖h1‖

H
s− 3

2 (R+)
+ ‖h2‖

H
s− 5

2 (R+)

)
.

Let assume now that 3
2

< s ≤ 5
2
. In this case, we see that W (f1, f2, h1, h2) can be

written as

W (f1, f2, h1, h2)(x, t) =Wb(h̃1, h̃2)(x, t) + WC(f̃1, f̃2)(x, t)

+ WE(x, t) +

(
ϕ1(x)e−t

ϕ2(x)e−t

)
where ϕ1 ∈ H10(R) is an extension from R+ to R of the function

(h1(0) + x(f ′1(0) + h1(0)))e−x, ϕ2 ∈ H10(R) is an extension from R+ to R of the

function (2h1(0)+f ′1(0)+x(f ′1(0)+h1(0)))e−x, and f̃i, h̃i are chosen appropriately

and WE is solution of the nonhomogeneous (IVP) on the line

(3.48)

⎧⎨⎩
∂tX(x, t) = MX(x, t) + L(x, t), −∞ < x < ∞, t > 0,

X(x, 0) =

(
0

0

)
.

with ϕ1 = −ϕ′2 and

L(x, t) =

(
0

ψ(x)e−t

)
.
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The first observation is ψ = B−1Aϕ′′2 + ϕ2 ∈ H5(R), and that the solution WE of

the (IVP) (3.48) has the form

WE(x, t) =

∫ t

0

WR(0, ψ(·)e−τ )(x, t− τ ) dτ.

On the other hand, we have for x ∈ R+ that

F̃ (x) =

(
f1(x) − (h1(0) + x(f ′1(0) + h1(0)))e−x

f2(x)− (2h1(0) + f ′1(0) + x(f ′1(0) + h1(0)))e−x

)
F̃ ′(x) =

(
f ′1(x) − (f ′1(0) − x(f ′1(0) + h1(0)))e−x

f2(x)− (−h1(0) − x(f ′1(0) + h1(0)))e−x

)
H̃(t) = H(t)−WE(0, t)−

(
h1(0)e−t

(2h1(0) + f ′1(0))e−t

)
.

So, from the compatibility conditions, we have that F̃ ∈ Y s
0 (R+), and also that

H̃ ∈ H
s−3

2

0 (R+)×H
s−5

2

0 (R+), since WE(0, 0) = (0, 0)t. It follows that the function

Wb,C = Wb(h̃1, h̃2) + WC(f̃1 , f̃2) satisfies the (IBVP) (3.46) with K1 = 0.

Now, we want to bound the solution WE . Note that by Lemma (3.5), we have

that

sup
t>0

‖WE(·, t)‖Y s(R) ≤
∫ t

0

‖WR(0, ψ)(·, t− τ )‖Y s(R)e
−τ dτ

≤
∫ ∞

0

‖ψ‖Hs(R)e
−τ dτ

≤ C (|h1(0)|+ |f1(0)|)
≤ 2C‖f1‖Hs(R+),(3.49)

where we are using that f1(0) = h1(0), and for x > 0 that

ψ = B−1Aϕ′′2 + ϕ2 ∈ H5(R). Now, we note that

sup
t>0

‖WE(0, t)‖L2
t(R) ≤

∫ t

0

sup
x∈R

‖WR(0, ψ(·))(x, t− τ )‖L2
t (R)e

−τ dτ

≤ C

∫ ∞

0

sup
x∈R

‖ψ‖L2
x(R)e

−τ dτ

≤ C(|h1(0)|+ |f ′1(0)|)
≤ C

(
‖h1‖

Hs− 3
2 (R+)

+ ‖f1‖Hs(R+)

)
On the other hand, we also have that if WR is a solution of the (IBVP) (3.39),

then we have that MWR(f1, f2) = WR(M(f1, f2)
t) (see (3.44)), and so

MWE(x, t) =

∫ t

0

WR

(
M

(
0

ψe−τ

))
(x, t− τ ) dτ

=

∫ t

0

WR(∂xψe−τ , 0)(x, t− τ ) dτ.
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Moreover, we have that

‖MWE(0, t)‖L2
t(R

+) ≤
∫ t

0

sup
x∈R

‖WR(M(∂xψeτ , 0))(x, t− τ )‖L2
t (R+) dτ

≤ C

∫ ∞

0

‖ψ‖H2(R)e
−τ dτ

≤ C (|h1(0)|+ |f1(0)|)
≤ C

(
‖h1‖

Hs− 3
2 (R+)

+ ‖f1‖Hs(R+)

)
.(3.50)

Now, we observe that

∂2
t WE = M2WE + M

(
0

ψ(x)e−t

)
−

(
0

ψ(x)e−t

)
From these facts, Lemma (3.5), and Lemma (3.7), we see that

‖∂2
t WE(0, ·)‖L2

t(R
+) ≤ sup

x≥0

(
‖M2WE(x, ·)‖L2

t(R)

)
+ C‖ψ‖H3(R)

≤ C
(
‖h1‖

Hs− 3
2 (R+)

+ ‖f1‖Hs(R+)

)
+ C(|h1(0) + |f1(0)|)

≤ C1

(
‖h1‖

H
s− 3

2 (R+)
+ ‖f1‖Hs(R+)

)
Using an interpolation argument, we conclude that

‖WE(0, ·)‖Y s(R+) ≤ C1

(
‖h1‖

Hs− 3
2 (R+)

+ ‖f1‖Hs(R+)

)
By the discussion above, we know that

W (f1, f2, h1, h2)(x, t) = Wb,C(x, t) + WE(x, t) +

(
ϕ1(x)e−t

ϕ2(x)e−t

)
,

where Wb,C = Wb(h̃1, h̃2) + WC (f̃1, f̃2). First, we note that

sup
t>0

‖ϕie
−t‖Hs(R+) ≤ C(|h1(0)|+ |f ′1(0)|) ≤ C(‖h1‖

Hs− 3
2 (R+)

+ ‖f1‖Hs(R+))

On the other hand, we have that

sup
t>0

‖Wb,C(·, t)‖Y s(R+) ≤ C
(
‖h̃1‖

H
s− 3

2 (R+)
+ ‖h̃2‖

H
s− 5

2 (R+)

)
≤ C

(
‖h1‖

Hs− 3
2 (R+)

+ ‖h2‖
Hs− 3

2 (R+)

)
,

where we are using the definition of H̃ and the compatibility conditions (sC2). So,

from those computations and the estimates for WE given by (3.50), we obtain that

sup
t>0

‖W (f1, f2, h1, h1)(·, t)‖Y s(R+)

≤ C
(
‖f1‖Hs(R+) + ‖f2‖Hs(R+) + ‖h1‖

Hs− 5
2 (R+)

+ ‖h2‖
Hs− 3

2 (R+)

)
.
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Assume now that 5
2 < s ≤ 7

2 . In this case we use the following decomposition

of the solution W (f1, f2, h1, h2) given by

(3.51) W (f1, f2, h1, h2)(x, t)

= W1(x, t) + Wb(h̃1, h̃2)(x, t) + WC(f̃1, f̃2)(x, t) +

(
ϕ1(x, t)

ϕ2(x, t)

)
where for i = 1, 2,

ϕi(x, t) = (ϕi,1(x) + tϕi,2(x))e−t−x = (ϕ̃i,1(x) + tϕ̃i,2(x))e−t

with ϕ̃11 and ϕ̃12 are extensions from R+ to R of the functions(
f1(0) + (f1(0) + f ′1(0))x +

1

2
(f1(0) + 2f ′1(0) + f ′′1 (0))x2

)
e−x

and (h′1(0)+ f1(0))e−x, respectively. Functions f̃i, h̃i are chosen appropriately and

W1 is solution of the nonhomogeneous (IVP) (3.48) on the line with

L(x, t) =

(
0

(ψ1(x) + tψ2(x))e−t

)
,

where the functions ψ1, ψ2 are defined as

ψ1 = B−1A∂xϕ̃1,1 + ϕ̃2,1 − ϕ̃2,2, ψ2 = B−1A∂xϕ̃1,2 + ϕ̃2,2.

It is straightforward to see that ϕ2,i can be taken for x > 0 as

ϕ̃2,1(x) = (2f1(0) + 3f ′1(0) + f ′′1 (0)− h1(0) + (2f1(0) + 3f ′1(0) + f ′′1 (0))x

+
1

2
(f1(0) + 2f ′1(0) + f ′′1 (0))x2)e−x

ϕ̃2,2(x, t) = −(f1(0) + h′1(0))e−x.

The first observation is that W1 has the form

W1(x, t) =

∫ t

0

WR(0, (ψ1(·) + τψ2(·))e−τ )(x, t− τ ) dτ.

On the other hand, for x ∈ R+

F̃ (k)(x) =

(
f

(k)
1 (x)− ϕ̃

(k)
1,1(x)

f
(k)
2 (x)− ϕ̃

(k)
1,2(x)

)
, k = 0, 1, 2,

H̃(k)(t) = H(k)(t) − ∂
(k)
t W1(0, t)− ∂

(k)
t

(
ϕ1(0, t)e−t

ϕ2(0, t)e−t

)
, k = 0, 1.

From the compatibility conditions, we easily see that F̃ ∈ Y s
0 (R+), and that H̃ ∈

Y
s− 3

2 ,s−5
2

0 (R+). So, we have that Wb,C = Wb(h̃1, h̃2) + WC(f̃1, f̃2) satisfies the

(IBVP) (3.46) with K1 = 0.
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We first bound the solution W1. By Lemma (3.5), we have that

‖W1(·, t)‖Y s(R) ≤
∫ t

0

‖WR(0, ψ)‖Y s(R)e
−τ dτ

≤
∫ ∞

0

‖ψ‖Hs(R)e
−τ dτ

≤
∫ ∞

0

(‖ψ1‖Hs(R) + τ‖ψ2‖Hs(R))e
−τ dτ

≤ C (|h1(0)|+ |f1(0)|+ |f ′1(0)|+ |f ′′1 (0)|)
≤ C

(
‖h1‖

Hs− 3
2 (R+)

+ ‖f1‖Hs(R+)

)
where we are using that f ′2(0) = h′1(0), s > 5

2
, s− 3

2
> 1

2
, and

||ψi||Hs ≤ ||ϕ̃1,1||Hs+1 + ||ϕ̃1,1||Hs+1 + ||ϕ̃2,1||Hs + ||ϕ̃2,2|Hs

≤ C (|h1(0)|+ |f1(0)|+ |f ′1(0)|+ |f ′′1 (0)|)
≤ C

(
‖h1‖

Hs− 3
2 (R+)

+ ‖f1‖Hs(R+)

)
.

On the other hand, we note as above that

‖ϕi(·, t)‖Y s(R) ≤ C
(
‖h1‖

H
s− 3

2 (R+)
+ ‖f1‖Hs(R+)

)
.

Now, using that F̃ ∈ Y s
0 (R+), and H̃ ∈ Y

s− 3
2 ,s−5

2

0 (R+) from the compatibility con-

dition (sC3), that W (f1 , f2, h1, h2) has the form (3.51), and similar computations

as in previous cases, we see that

sup
t>0

‖W (f1, f2, h1, h1)(·, t)‖Y s(R+)

≤ C
(
‖f1‖Hs(R+) + ‖f2‖Hs(R+) + ‖h1‖

Hs− 3
2 (R+)

+ ‖h2‖
Hs− 5

2 (R+)

)
.

Now, we consider 7
2

< s ≤ 9
2
. In this case, we decompose W (f1, f2, h1, h2) by

(3.52) W (f1, f2, h1, h2)(x, t)

= W2(x, t) + Wb(h̃1, h̃2)(x, t) + WC(f̃1, f̃2)(x, t) +

(
ϕ1(x, t)

ϕ2(x, t)

)
where for i = 1, 2,

ϕi(x, t) = (ϕi,1(x) + tϕi,2(x))e−t−x = (ϕ̃i,1(x) + tϕ̃i,2(x))e−t

with ϕ̃11 and ϕ̃12 are extensions from R+ to R of the functions[
f1(0) + (f1(0) + f ′1(0))x +

1

2
(f1(0) + 2f ′1(0) + f ′′1 (0))x2

+
1

6
(f1(0) + 3f ′1(0) + 3f ′′(0) + f ′′′1 (0))x3

]
e−x
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and (h′1(0) + f1(0))e−x, respectively. It is straightforward to see that ϕ2,i can be

taken for x > 0 as

ϕ̃2,1(x) = (f1(0)− 2f ′′1 (0)− f ′′′1 (0)− h′1(0) + (f1(0)− 2f ′′1 (0)− f ′′′1 (0))x

− 1

2
(f ′1(0)+2f ′′1 (0)+f ′′′1 (0))x2 +

1

6
(f ′′′1 (0)+3f ′′1 (0)+3f ′1(0)−f1(0))x3)e−x,

ϕ̃2,2(x, t) = (f1(0) + h′1(0))e−x.

Let W2 be defined by

W2(x, t) =

∫ t

0

WR(0, (ψ1(·) + τψ2(·))e−τ )(x, t− τ ) dτ.

then, W2 is the solution of the nonhomogeneous (IVP) (3.48) on the line with

L(x, t) =

(
0

(ψ1(x) + tψ2(x))e−t

)
,

where the functions ψ1, ψ2 are defined as

ψ1 = B−1A∂xϕ̃1,1 + ϕ̃2,1 − ϕ̃2,2, ψ1(0) = 0, ψ2 = B−1A∂xϕ̃1,2 + ϕ̃2,2,

with ψ1(0) = 0. From the compatibility conditions (sC4), we have directly that

F̃ ∈ Y s
0 (R+) and that H̃ ∈ Y

s− 3
2 ,s−5

2

0 (R+). So, using similar arguments and com-

putations as in previous cases, we see that

sup
t>0

‖W (f1, f2, h1, h1)(·, t)‖Y s(R+)

≤ C
(
‖f1‖Hs(R+) + ‖f2‖Hs(R+) + ‖h1‖

Hs− 3
2 (R+)

+ ‖h2‖
Hs− 5

2 (R+)

)
.

�

Finally, using the result for the linear non homogeneous problem, we have the

following result for the nonhomogeneous problem

Theorem 3.10. Let 1
2 < s ≤ 9

2 and let F ∈ L1([0, T ] : Y s(R+)) for T > 0.

Then the Initial-boundary-value problem

(3.53)

⎧⎨⎩
∂tX(x, t) = MX(x, t) + F (x, t), x > 0, 0 ≤ t ≤ T,

X(x, 0) =

(
0

0

)
, X(0, t) =

(
0

0

)
.

possesses a unique solution WI ∈ C([0, T ] : Y s(R+)) such that

sup
0≤t≤T

‖WI(·, t)‖Y s(R+) ≤ C

∫ T

0

‖F (·, τ)‖Y s(R+) dτ.

Proof. Before we go further, let’s consider the additional problem by taking

F (x, t) = g(t)e−x with F ∈ L1([0, T ] : Y s(R+)) for T > 0. Now, let ψ ∈ H10(R) be

an extension for e−x with x > 0, and choose gj ∈ (C∞0 (0, T ))2 such that∫ T

0

|gj(t) − g(t)| dt→ 0, as j →∞.
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We define Wj by

Wj(x, t) =

∫ t

0

WR(gj(τ )ψ)(x, t − τ ) dτ.

We see directly that Wj is a classical solution of the pure-initial-value problem

(3.54)

{
∂tW (x, t) = MW (x, t) + gj(t)ψ(x), x ∈ R, t > 0,

W (x, 0) = (0, 0)t

As in Lemma (3.7), we have that

sup
x∈R

‖Wj(x, ·)‖
Y s− 3

2 (R)
≤ C

∫ T

0

‖gj(τ )ψ(·)‖
Y s− 3

2 (R)
dτ ≤

∫ T

0

‖gj(τ ))‖ dτ.

Moreover, since Wj(0, 0) = ∂tWj(0, 0) = 0, we also have that

(3.55) ‖Wj(0, ·)‖
Y

s− 3
2

0 (R)
≤ C

∫ T

0

‖gj(τ )ψ(·)‖
Y s− 3

2 (R)
dτ ≤

∫ T

0

‖gj(τ ))‖ dτ

Now, we define Zj(x, t) = Wj(x, t) − Wb(Wj(0, ·))(x, t). Then we have that the

function Zj satisfies the initial-boundary-value problem (3.53) with nonhomoge-

neous term G(x, t) = gj(t)ψ(x), and also that

sup
0≤t≤T

‖Zj(·, t)‖Y s(R+) ≤ C

∫ T

0

‖gj(τ )‖ dτ.

Moreover, we also have from Lemma (3.7) and (3.55) that

sup
0≤t≤T

‖Wj(·, t)‖Y s(R+) ≤ sup
0≤t≤T

‖Zj(·, t)‖Y s(R+) + sup
0≤t≤T

‖Wb(Wj(0, ·))‖Y s(R+)

≤ C

∫ T

0

‖gj(τ )‖ dτ + sup
0≤t≤T

‖Wj(0, ·)‖
Y s− 3

2 (R+)

≤ C1

∫ T

0

‖gj(τ )‖ dτ

Finally, we see that (Wj)j is a Cauchy sequence in (C∞0 ([0, T ] : Y s(R+)))2 with

limit W . In fact,

‖Wj(·, t)−Wk(·, t)‖Y s(R+) ≤
∫ t

0

‖gj(τ )− gk(τ )‖ dτ.

So, from this fact, previous computation and taking limit as j → ∞, we conclude

that W (x, t) = limj→∞Wj(x, t) is the solution of the (IBVP) (3.54) replacing gj

for g, and also that

sup
0≤t≤T

‖W (·, t)‖Y s(R+) ≤ C

∫ T

0

‖g(τ )‖ dτ.

Let assume that 1
2 < s ≤ 3

2 , and define F̃ (x, t) = F (x, t)− F (0, t)e−x. We consider

U and V the solutions of the initial-boundary-value problem (3.53) with non ho-

mogeneous part G(x, t) = F̃ (x, t) and G(x, t) = F (0, t)e−x = g(t)e−x, respectively.

From the Duhamel formula, we know that the solution U has the form

U(x, t) =

∫ t

0

W (F̃ (·, τ), 0, 0)(x, t− τ ) dτ,
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where W stands for the solution of the (IBVP) (3.45). Since U(x, 0) = 0 and

U(0, t) = 0, satisfies the hypotheses of Theorem (3.9), we have directly that

sup
0≤t≤T

‖U(·, t)‖Y s(R+) ≤ C sup
0≤t≤T

∫ T

0

‖W (F̃ (·, τ)‖Y s(R+) dτ

≤ C

∫ T

0

(‖F (·, τ)‖Y s(R+) + ‖F (0, τ)‖) dτ

≤ C1

∫ T

0

‖F (·, τ)‖Y s(R+) dτ

where we are using that Hs(R+) ⊂ Cb(R
+) for s > 1

2 . On the other hand, applying

previous arguments for g(t) = F (0, t), we also have that

sup
0≤t≤T

‖V (·, t)‖Y s(R+) ≤ C

∫ T

0

‖F (0, τ)‖ dτ ≤ C1

∫ T

0

‖F (·, τ)‖Y s(R+) dτ.

Since we know that WI = U + V , we conclude directly the desired estimate.

In the remaining case we use the same approach by considering F̃ appropriately.

In the case 3
2

< s ≤ 5
2
, we use

F̃ (x, t) = F (x, t)− (F (0, t) + (∂xF (0, t) + F (0, t))x) e−x,

for 5
2

< s ≤ 7
2
, we take

F̃ (x, t) = F (x, t)− (F (0, t) + (∂xF (0, t) + F (0, t))x+

1

2
(∂2

xF (0, t) + 2∂xF (0, t) + F (0, t))x2

)
e−x,

and finally, for 7
2 < s ≤ 9

2 , we take

F̃ (x, t) = F (x, t)− e−x

(
F (0, t) + (∂xF (0, t) + F (0, t))x +

1

2
(∂2

xF (0, t)+

2∂xF (0, t) + F (0, t))x2 +
1

6
(∂3

xF (0, t) + 3∂2
xF (0, t) + 3∂xF (0, t) + F (0, t))x3

)
�

4. Nonlinear case

The main goal in this section is to establish a local existence result for the initial

value with boundary conditions (IBVP)

(4.1)

{
∂tX(x, t) = MX(x, t) + G(X)(x, t), x > 0, t > 0,

X(x, 0) = F (x), X(0, t) = H(t)
,

and also to prove global well posedness with homogeneous boundary. We set the

space Ys as

Ys(R+) = Y s(R+)× Y s− 3
2 ,s−5

2 (R+).

Now, for a given T > 0 and 1
2 < s ≤ 9

2 , we define the space Zs
T = C([0, T ] : Y s)

with the norm,

‖U‖Zs
T

= sup
t∈[0,T ]

‖U(·, t)‖Y s .
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Before going forward, we need to recall that the nonlinear part is given by

G(q, r) = G1(q, r) + G2(q, r)

where G1 and G2 are defined by,

G1(q, r) =

(
0

−B−1(r(qp)x)

)
, G2(q, r) =

(
0

−B−1(2qprx)

)
.

On the other hand, using the s-compatible conditions for s > 1
2 applied to the

couple of functions (F, H) ∈ Ys(R+), we have the following existence result,

Theorem 4.1. Let 1
2 < s ≤ 9

2 and (F, H) ∈ Ys satisfying one of the s-

compatible conditions (sC1)-(sC4). Then there exists

T0 = T0

(
‖F ‖Y s(R+), ‖H‖Y s− 3

2
,s− 5

2 (R+)

)
> 0

such that the initial value with boundary conditions (IBVP) (4.1) has a unique so-

lution X = K(F, H) ∈ Zs
T0

. Moreover, for 0 < T1 < T0, there exists a neighborhood

Uε of (F, H) ∈ Ys such that the solution application K : Uε → Zs
T is Lipschitz.

Proof. Let XR
T = {U ∈ Zs

T : ‖U‖Zs
T
≤ R} be the ball of radius R > 0 on Zs

T ,

where T and R are positive constants that will be determined later on. We consider

the application Φ defined as

Φ(U) = W (F, H) + WI (G(U)).

We will see for (F, H) ∈ Ys satisfying one of the s-compatible conditions that Φ is

a contraction from XR
T into XR

T for appropriated T > 0 and R > 0. We set

R0 = ‖F ‖Y s(R+) + ‖H‖
Y s− 3

2
,s− 5

2 (R+)
.

Now for given U, V ∈ XR
T , we have from Theorem (3.9) and Theorem (3.10) that

‖Φ(U)‖Zs
T
≤ ‖W (F, H)‖Zs

T
+ ‖WI(G(U))‖Zs

T

≤ CR0 + C

∫ T

0

‖G(U)(·, τ)‖Y s(R+) dτ

≤ CR0 + CT sup
0≤τ≤T

‖G(U)(·, τ)‖Y s(R+)(4.2)

Now, to get the nonlinear estimates, we need use the following Sobolev Multiplica-

tion Law: Let d ≥ 1 and let s1 , s2, t be such that either

s1 + s2 ≥ 0, t ≤ s1 + s2, t < s1 + s2 − d

2
,

or s1 + s2 > 0, t < s1 + s2, t ≤ s1 + s2 − d
2 ,then we have that

(4.3) ‖ψϕ‖Ht(Rd) ≤ ‖ψ‖Hs1 (Rd)‖ϕ‖Hs2(Rd).
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So, let Vi = (qi, ri) ∈ Y s(R+) (i = 1, 2). Using that B−1 has order (−2), and

t = s− 2, s1 = s and s2 = s− 1 en (4.3), we have that

‖G1(V1)−G1(V2)‖Y s(R+) = ‖ − B−1 (r1(q
p
1)x − r2(q

p
2)x) ‖Hs(R+)

(4.4)

≤ C(b)
(‖(r1 − r2)(q

p
1)x‖Hs−2(R+) + ‖r2(q

p
1 − q

p
2)x‖Hs−2(R+)

)
≤ C(b)

(‖r1 − r2‖Hs(R+)‖(qp
1)x‖Hs−1(R+) + ‖r2‖Hs(R+)‖(qp

1 − qp
2)x‖Hs−1(R+)

)
≤ C(b)

(
‖r1 − r2‖Hs(R+)‖q1‖p

Hs(R+) + ‖r2‖Hs(R+)‖qp
1 − q

p
2‖Hs(R+)

)
≤ 2C(b)

(
2‖r1 − r2‖Hs(R+)‖q1‖p

Hs(R+)

+p‖r2‖Hs(R+)‖q1 − q2‖Hs(R+)

(
‖q1‖p−1

Hs(R+) + ‖q2‖p−1
Hs(R+)

))
≤ C1(p, b)‖V1 − V2‖Y s(R+)

(
‖V1‖p

Y s(R+)
+ ‖V2‖p

Y s(R+)

)
.

A similar estimate shows that

(4.5)

‖G2(V1)−G2(V2)‖Y s(R+) ≤ C1(p, b)‖V1 − V2‖Y s(R+)

(
‖V1‖p

Y s(R+)
+ ‖V2‖p

Y s(R+)

)
.

Moreover, for V1 = V and V2 = 0, we have that

‖G(V )‖Y s(R+) ≤ C1(p, b)
(
‖V ‖p+1

Y s(R+)

)
.

From these facts, we have that

(4.6) ‖Φ(U)‖Zs
T
≤ CR0 + C1(p, b)T‖U‖p+1

Zs
T

.

and also that

‖Φ(U)−Φ(V )‖Zs
T
≤ ‖WI(G(U)−G(V ))‖Zs

T
(4.7)

≤ C

∫ T

0

‖G(U)(·, τ)−G(V )(·, τ)‖Y 2(R+) dτ

≤ C1(p, b)

∫ T

0

‖U(τ )− V (τ )‖Y s(R+)

(
‖U(τ )‖p

Y s(R+)
+ ‖V (τ )‖p

Y s(R+)

)
dτ

≤ C1(p, b)T sup
0≤τ≤T

‖U(τ )− V (τ )‖Y s(R+)

(
‖U(τ )‖p

Y s(R+) + ‖V (τ )‖p
Y s(R+)

)
≤ C1(p, b)T‖U − V ‖Zs

T

(
‖U‖p

Zs
T

+ ‖V ‖p
Zs

T

)
≤ 2C1(p, b)RpT‖U − V ‖Zs

T
.

We set R = 2CR0 and choose T = T0 > 0 such that

(4.8) 2C1(p, b)RpT0 =
1

N
,

with N > 2p + 1 and N ∈ N. From (4.8), and estimates (4.6) and (4.7), we

have that Φ is a contraction from XR
T0

into XR
T0

, and so, the Contraction mapping

Theorem guaranties the existence and uniqueness of a local solution to the (IBVP)

in the space XR
T0

. It is not hard to extend this result for the large class C([0; T0] :

Y s(R+)). Now, suppose that for any 0 < T1 < T0, the mapping K from Uε to

C([0; T1] : Y s(R+)) is Lipschitz, where Uε is a neighborhood of (F, H) ∈ Ys and
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ε will be determined. Let (F̃i, H̃i) ∈ Uε for i = 1, 2. Let U , U1, and U2 be the

corresponding solutions with initial-boundary data G = (F, H), G1 = (F̃1, H̃1) and

G2 = (F̃2, H̃2), respectively. Then we have that

U(x, t)− U1(x, t) = W (F − F1, H −H1)(x, t) + WI(G(U)−G(U1))(x, t).

So, following the same type of estimates as in (4.4) and (4.5), we see for T ≤ T1 < T0

that

‖U − U1‖Zs
T
≤ C‖G − G1‖Ys(R+) + 2C1(p, b)RpT1‖U − U1‖Zs

T

≤ εC +
1

N
‖U − V ‖Zs

T
.(4.9)

Now, we set the function

l(x) = −(N − 1)x + NCε.

We note that l(0) = NCε > 0 and l
(

NCε
N−1

)
= 0. Moreover, from inequality (4.9)

at T1, we have that l(y) ≥ 0 for y = ‖U − U1‖Zs
T1

. From these fact, we have that

‖U − U1‖Zs
T1
≤ NCε

N−1
. So, we conclude that

(4.10) ‖U1‖Zs
T1
≤ ‖U − U1‖Zs

T1
+ ‖U‖Zs

T1
≤ R +

NCε

N − 1
.

Similarly,

(4.11) ‖U2‖Zs
T1
≤ R +

NCε

N − 1
.

Note that

U1(x, t)− U2(x, t) = W (F1 − F2, H1−H2)(x, t) + WI (G1(U)−G(U2))(x, t).

Choose ε > 0 so small that NCε
N−1 < R. From a similar argument that in (4.7) we

have that

‖U1 − U2‖Zs
T1
≤ C‖G1 − G2‖Ys(R+) + C1(p, b)T1‖U1 − U2‖Zs

T1

(
‖U1‖p

Zs
T1

+ ‖U2‖p
Zs

T1

)
≤ C‖G1 − G2‖Ys(R+) + 2C1(p, b)T1

(
R +

NCε

N − 1

)p

‖U1 − U2‖Zs
T1

≤ C‖G1 − G2‖Ys(R+) + 2C1(p, b)RpT12
p‖U1 − U2‖Zs

T1

≤ C‖G1 − G2‖Ys(R+) +
2p

N
‖U1 − U2‖Zs

T1
,

which implies

‖U1 − U2‖ZTs
1
≤

(
N

N − 2p

)
‖G − G1‖Ys(R+).

meaning that the solution mapping K from Uε to Zs
T1

is Lipschitz. �

Local wellposedness for s > 9
2 .
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Before we go further, we need to introduce some compatibility conditions needed in

order to relate the initial data with the boundary condition. For a given (F, H) ∈ Ys

and k : 0, 1, 2, ..., we set

F0(x) = F (x)(4.12)

H0(x) = H(x)(4.13)

Hk(t) = ∂k
t H(t)(4.14)

Fk(x) = MFk−1(x) −G1,k−1(x)− 2G2,k−1(x)(4.15)

where G1,k−1 and G2,k−1 are given by

G1,k−1(x) =

⎛⎜⎜⎜⎝
0

B−1

(
k−1∑
m=0

(k−1)!
m!(k−1−m)∂x

(
m∑

j=0

w(j)(f1,0)
j! κ(m, j)

)
f2,k−m−1

)
⎞⎟⎟⎟⎠

G2,k−1(x) =

⎛⎜⎜⎜⎝
0

B−1

(
k−1∑
m=0

(k−1)!
m!(k−1−m)

(
m∑

j=0

w(j)(f1,0)
j! κ(m, j)

)
∂xf2,k−m−1

)
⎞⎟⎟⎟⎠

with w(y) = yp, w(j) being the j-derivative of w, fl,α being the l component of Fα,

and

κ(m, j) =
∑

A(m,j)

m!

α1!....αi!
f1,α1 ...f1,αi

,

where A(m, j) = {(α1, ...αj) : α1 + .. + αj = m, αi ≥ 1, 1 ≤ i ≤ j}.
s-Compatibility conditions for s > 9

2 .

For s > 1
2
, we define 1

2
< s̃ ≤ 9

2
by s = 4m + s̃, where m is a nonnegative integer

given by m =
[
2s−1

8

]
. We say that (F, H) ∈ Ys(R+) is s-compatible if,

Fk(0) = Hk(0),

holds for k : 1, 2, ....., 4m− 1 and one of the following conditions holds for k = 4m:

(sC1k) For 1
2 < s̃ ≤ 9

2 , fi,k(0) = hi,k(0) for i = 1, 2.

(sC2k) For 3
2

< s̃ ≤ 5
2
, fi,k(0) = hi,k(0) for i = 1, 2 and

h2,k(0) = 2h1,k(0) + f ′1,k(0), f ′2,k(0) = −h1,k(0),

(sC3k) For 5
2

< s̃ ≤ 7
2
, fi,k(0) = hi,k(0) for i = 1, 2, and

f2,k(0) = f1,k(0) + h′1,k(0)

f ′2,k(0) = h′1,k(0)

f ′′2,k(0) = −f1,k(0)− f ′1,k(0)− h′1,k(0)

h2,k(0) = 2f1,k(0) + 3f ′1,k(0) + f ′′1,k(0)− h′1,k(0)
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(sC4k) For 7
2 < s̃ ≤ 9

2 , fi,k(0) = hi,k(0) (i = 1, 2), and

f2,k(0) = f1,k(0)− 2f ′′1,k(0)− f ′′′1,k(0) − h′1,k(0),

f ′2,k(0) = h′1,k(0)

f ′′2,k(0) = −f1,k(0)− f ′1,k(0)− h′1,k(0)

f ′′′2,k(0) = 2f ′′′1,k(0) + 5f ′′1,k(0) + 6f ′1,k(0) + f1,k(0) + h′1,k(0)

h′2,k(0) = 2h′1,k(0) + 2f ′′1,k(0) + f ′′′1,k(0)

h′′1,k(0) = −2h′1,k(0) − f1,k(0).

For T > 0 and such a value s, let Zs
T be the collection of all functions

U ∈ Ck([0, T ]; Y s(R+))

for k = 0, 1, · · · , 4m− 1 and ∂4m
t U ∈ C([0, T ]; Y s̃(R+)) with

‖U‖Zs
T

= sup
t∈[0,T ]

‖∂4m
t U‖Y s̃(R+) +

4m−1∑
k=0

sup
t∈[0,T ]

‖∂k
t U‖Y s̃(R+)

Theorem 4.2. Let s > 9
2 and (F0, H0) ∈ Ys satisfying one of the s-compatible

conditions (sC1k)-(sC4k). Then there exists T0 = T0

(‖(F0, H0)‖Ys(R+)

)
> 0 such

that the initial value with boundary conditions (IBVP)

(4.16)

{
∂tX(x, t) = MX(x, t) + G(X)(x, t), x > 0, t > 0,

X(x, 0) = F0(x), X(0, t) = H0(t)

has a unique solution X = K(F0, H0) ∈ Zs
T0

. Moreover, for 0 < T1 < T0, there

exists a neighborhood Uε = {(F, H) ∈ Ys : ‖(F, H) − (F0, H0)‖Ys < ε} at (F0, H0)

such that the solution application K : Uε → Zs
T1

is Lipschitz.

Proof. Let (F, H) ∈ Ys satisfying one of the s-compatible conditions (sC1k)-

(sC4k), let T and R be positive constants to be determined after, and define XR
T

be the ball of radius R > 0 on Zs
T . In other words,

XR
T = {U ∈ Zs

T : ‖U‖Zs
T
≤ R}.

We consider the application Φ defined as

Φ(U) = W (F, H) + WI (G(U)).

Now, for k = 0, 1, 2, ..., 4m− 1 and U ∈ Zs
T we define V (k) = ∂k

t Φ(U). So, we see

directly that V (k) satisfies the (IBVP)

(4.17)

{
∂tV

(k)(x, t) = MV (k)(x, t) + Gk(U)(x, t), x > 0, t > 0,

V (k)(0, x) = Fk(x), V (k)(t, 0) = Hk(t)

where the nonlinear term is given by

Gk(U) =

(
0

−B−1
(∑k

j=0
k!

j!(k−j)

(
∂

j
t ((qp)x)∂k−j

t r) + 2∂
j
t (q

p)∂k−j
t (rx)

)) )
and the boundary-initial value conditions are given (4.15)-(4.14). From the discus-

sion above, we have that V (k) can be expressed as

V (k)(x, t) = W (Fk, Hk)(x, t) + WI (Gk(U))(x, t).
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Now, we know that the initial-boundary (Fk, Hk) satisfies the s-compatibility con-

dition for k = 0, 1, ..., 4m− 1 and the s̃-compatibility condition for k = 4m. So,

Theorem (3.9) and Theorem (3.10), we have for k = 0, 1, ..., 4m− 1 that,

‖V (k)(·, t)‖Y s(R+) ≤ C‖(Fk, Hk)‖Ys(R+) + C

∫
R

‖Gk(U)(·, τ)‖Y s(R+) dτ

≤ C‖(Fk, Hk)‖Ys(R+) + CT sup
0≤t≤T

‖Gk(U)(·, t)‖Y s(R+)

First we note for 0 ≤ l ≤ k that,

∥∥∂l
t(q

p)
∥∥

Hs−2(R+)
=

∥∥∥∥∥∥
l∑

j=0

C(p, j)qp−j
∑

A(j,l)

∂α1
t q · · ·∂αj

t q

∥∥∥∥∥∥
Hs−2(R+)

≤ C

l∑
j=0

‖q‖p−j
Hs−2(R+)

∑
A(j,l)

‖∂α1
t q‖Hs−2(R+) · · ·

∥∥∂
αj

t q
∥∥

Hs−2(R+)

≤ C

l∑
j=0

‖q‖p−j
Hs−2(R+)

⎛⎝ l∑
j=1

‖∂j
t q‖Hs−2(R+)

⎞⎠j

≤ C

⎛⎝ l∑
j=0

‖∂j
t q‖Hs−2(R+)

⎞⎠p

,

where A(j, l) = {(α1, · · · , αj) : α1 + · · ·+ αj = l, αi ≥ 1, 1 ≤ i ≤ j}. So, from this

we also have that∥∥∥−B−1
(
∂

j
t (r)∂

k−j
t ((qp)x)

)
‖Hs(R+) ≤ C

∥∥∥∂
j
t (r)∂

k−j
t ((qp)x)

∥∥∥
Hs−2(R+)

≤C
∥∥∥∂

j
t (r)

∥∥∥
Hs−2(R+)

∥∥∥∂
k−j
t (qp)

∥∥∥
Hs−1(R+)

≤C

⎛⎝2m−2∑
j=0

‖∂j
t q‖Hs−2(R+)

⎞⎠p ⎛⎝2m−2∑
j=0

‖∂j
t q‖Hs−2(R+)

⎞⎠
≤C‖U‖p+1

Y s(R+)
.

Following the same arguments, we have that∥∥∥−B−1
(
∂

j
t (q

p)∂k−j
t (rx)

)∥∥∥
Hs(R+)

≤ C‖U‖p+1
Y s(R+)

,

Using this and previous estimates, we have for k = 0, 1, · · · , 4m− 1 that

‖Gk(U)(·, t)‖Y s(R+) ≤ C‖U‖p+1
Y s(R+)

.

So, we conclude for k = 0, 1, · · · , 4m− 1 that

(4.18) sup
0≤t≤T

‖V (k)(·, t)‖Y s(R+) ≤ C‖(Fk, Hk)‖Ys(R+) + CT‖U‖p+1
Zs

T
.

Now, for k = 4m, we have that

‖V (k)(·, t)‖Y s̃(R+) ≤ C‖(Fk, Hk)‖Y s̃(R+) + CT sup
0≤t≤T

‖Gk(U)(·, t)‖Y s̃(R+)
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Following the same type of computations in previous case, and splitting the sum by

adding from j = 0 to j = 4m− 1, we conclude that

(4.19) sup
0≤t≤T

‖V (k)(·, t)‖Y s̃(R+) ≤ C‖(Fk, Hk)‖Ys(R+) + CT‖U‖p+1
Zs

T
.

From estimates (4.18) and (4.19), we conclude that

‖Φ(U)‖Zs
T
≤ C‖(Fk, Hk)‖Ys(R+) + CT‖U‖p+1

Zs
T

.

Now, with a little more work, it if possible to establish for U, V ∈ XR
T that

‖Φ(U)− Φ(V )‖Zs
T
≤ CT (‖U‖p

Zs
T

+ ‖V ‖p
Zs

T
)‖U − V ‖p+1

Zs
T

.

If we choose 4NCRT0 = 1, for N ∈ N large enough and Rp = 2CR
p
0 with R0 is

taking as R0 = ‖(Fk, Hk)‖Ys(R+), then the fixed point principle implies that Φ has

a unique fixed point in the set XR
T . The last part of the proof follows using similar

arguments used as those used ithe last part of Theorem (4.1). �

5. Global existence

In this section we consider for s ≥ 1 the global existence of the initial value

problem with homogeneous boundary condition (IBVP)

(5.1)

{
∂tX(x, t) = MX(x, t) + G(X)(x, t), x > 0, t > 0,

X(x, 0) = F (x), X(0, t) = 0.

where the initial data F = (f1, f2),∈ Y s
0 (R+) are such that∫ ∞

0

f1(x) dx = 0.

From the discussion in previous sections, we have that the (IBVP) (5.1) is locally

well-posed and the time existence T ∗ depends on the quantity ‖F ‖Y s
0 (R+), but it

is clear that the larger is ‖F ‖Y s
0 (R+), the smaller will be T ∗. We will see that the

(IBVP) (5.1) has a global solution by establishing the existence of the conserved

quantities with respect to t > 0

M(q)(x, t) =

∫ ∞

0

q(x, t) dx,(5.2)

E(q, r)(x, t) =

∫ ∞

0

(
q2 + aq2

x + r2 + br2
x

)
dx(5.3)

In fact, assume that (q, r) is a smooth solution of the system (3.1) such that

(q, r)(·, t) ∈ Y s(R+). By integrating the first equation, we get formally that,

∂t

[∫ ∞

0

q(x, t) dx

]
=

∫ ∞

0

qt(x, t) dx =

∫ ∞

0

rx(x, t) dx = −r(0, t) = −h2(t) = 0,

as long as the solution exists. Now, multiplying the second equation by r and

integrating, we have that∫ ∞

0

(I − b∂2
x)rtr dx =

∫ ∞

0

(
(I − a∂2

x)qx + prqp−1qx + 2qprx

)
r dx.
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First we note that as long as the solution exists∫ ∞

0

(
prqp−1qx + 2qprx

)
r dx =

∫ ∞

0

(
r2(qp)x + qp(r2)x

)
dx

=

∫ ∞

0

(
r2qp

)
x

dx = −r2(0, t)qp(0, t) = 0.

On the other hand, as long as the solution exists we have that∫ ∞

0

(
(I − a∂2

x)qx

)
r dx =

∫ ∞

0

(
qxr − a∂3

xqr
)

dx

= (q − a∂2
xq)r

∣∣∣∞
0
−

∫ ∞

0

(
qrx − a∂2

xqrx

)
dx

= −
∫ ∞

0

(
qqt − a∂2

xqqt

)
dx

= −1

2
∂t

(∫ ∞

0

q2 dx

)
+ a(qxqt)

∣∣∣∞
0
− a

∫ ∞

0

(qxqxt) dx

= −1

2
∂t

(∫ ∞

0

(q2 + aq2
x) dx

)
+ a(qxqt)

∣∣∣∞
0

= −1

2
∂t

(∫ ∞

0

(q2 + aq2
x) dx

)
since qt(0, t) = h1(t) = 0 for t ≥ 0. Finally, we see that as long as the solution exists∫ ∞

0

(
(I − b∂2

x)rt

)
r dx =

1

2
∂t

(∫ ∞

0

r2 dx

)
− b

(
rxtr

∣∣∣∞
0
−

∫ ∞

0

rxtrx dx

)
=

1

2
∂t

(∫ ∞

0

(r2 + br2
x) dx

)
.

In other words, if (q, r) is a smooth solution of the homogeneous (IBVP) (5.1), we

have that the quantities (5.2) and (5.3) are conserved in time, meaning that the

existence of the conserved quantities with respect to t > 0

E(q, r)(x, t) = E(q, r)(0, t) =

∫ ∞

0

(
f2
1 + a(∂xf1)

2 + f2
2 + b(∂xf2)

2
)
dx

≤ C‖F ‖2Y 1
0 (R+).(5.4)

Theorem 5.1. For any given F ∈ Y 1
0 (R+), the initial-boundary-value problem

with homogeneous conditions (5.1) has a unique global solution

U ∈ C([0,∞) : Y 1
0 (R+)) satisfying that

sup
t≥0

‖U‖Y 1
0 (R+) ≤ C‖F ‖Y 1

0 (R+).

Proof. Let (f1,j, f2,j) ∈ C∞0 (R+) such that

‖fi − fi,j‖H1
0(R+) → 0, j →∞, i = 1, 2.

We set Uj = (qj , rj) to be the solution of the (IBVP) (5.1) with initial conditions

Fj = (f1,j, f2,j). So, we know that

(5.5) Uj(x, t) = W (Fj, 0)(x, t) + WI(G(Uj))(x, t).
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Moreover, we also have that Uj ∈ C2([0, T ] : Y 4(R+)) and using that the solution

map is Lipschitz we get that

(5.6) sup
0≤t≤T

‖Uj(·, t)− Uk(·, t)‖Y 1(R+) → 0, j, k → +∞.

On the other hand for 1 ≤ k ≤ 4, we have that ∂k
xUj ∈ C([0, T ] : Y 4−k(R+)). Due

to the fact that Y 1(R+) ⊂ C(R+), we also have that

∂k
xUj ∈ C2([0, T ] : C(R+)) for 0 ≤ k ≤ 3. In particular, we conclude that

lim
x→∞

∂k
xUj(x, t) = 0, t ∈ [0, T ], 0 ≤ k ≤ 3.

Let U ∈ C([0, T ] : Y 1(R+)) be the limit of the sequence (Uj)j , as j → +∞ (see

(5.6)). So from (5.5), we have that

U(x, t) = W (F, 0)(x, t) + WI (G(U))(x, t), lim
j→∞

Uj(0, t) = U(0, t) = 0

meaning that U is a solution of the (IBVP) (5.1) such that

U ∈ C([0, T ] : Y 1
0 (R+)). On the other hand, from the discussion above (see (5.4)),

we know that energy

E(Uj)(t) = E(Fj), 0 ≤ t ≤ T.

Moreover, taking limit as j → +∞ in the energy, we conclude that

E(U)(t) = E(F ), 0 ≤ t ≤ T.

Now, a simple computation shows that there is a positive constant C1 such that

C−1
1 ‖F ‖Y 1(R+) ≤

√
E(F ) ≤ C1‖F ‖Y 1(R+).

This fact guarantees that any local solution can be extended in time. In other words,

we have that U is a solution of the (IBVP) (5.1) such that U ∈ C([0, +∞) : Y 1
0 (R+)).

�

Finally, we have a global existence result for the Benney-Luke equation which

follows directly from previous result, the existence the quantity M given by (5.2)

which is conserved in time, and the remark (3.1) that allows us to establish the

equivalence between the initial-boundary-value problem (IBVP) with homogeneous

boundary condition (5.1), and the the initial-boundary-value problem with homo-

geneous boundary condition for the Benney-Luke model⎧⎨⎩
utt − uxx + auxxxx − buxxtt + putu

p−1
x uxx + 2up

xuxt = 0, x > 0, t > 0,

ux(0, t) = 0, ut(0, t) = 0

ux(x, 0) = f1(x), ut(x, 0) = f2(x),

Corollary 5.2. For any given F = (f1, f2)
t ∈ Y 1

0 (R+), the initial-boundary-

value problem with homogeneous boundary conditions for the Benney-Luke equa-

tion (1.1) has a unique global solution u ∈ C([0,∞) : V2(R+)) satisfying that

sup
t≥0

‖u(·, t)‖V2(R+) ≤ C‖F ‖H1(R+).
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