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ABSTRACT. We study the local and global well posedness for the initial-boundary-
value problem associated with the Benney-Luke equation on the half line on
suitable Sobolev type spaces, imposing some compatibility conditions on the
initial-boundary-data. The solution mapping associated to the appropriate
initial-boundary-data is Lipschitz between appropriate Banach spaces.
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In this paper we consider the initial-boundary-value problem associated with

the Benney-Luke equation on the half line
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where functions f; and h; belong to suitable Sobolev type spaces. For p = 1,
this equation is a formally valid approximation for describing small-amplitude, long
water waves in water of finite depth. This equation is the one dimensional version
of the model derived by J. Quintero and R. Pego in [4] as an isotropic model for
three-dimensional water waves (see also [1]), where the parameters a, b > 0 are such
that a —b = o — %, with o being assoaciated with the surface tension) (the Bond
number). We will assume @ > b > 0 throughout this paper, which corresponds to
small or zero surface tension (o > %) In contrast to one-way equations such as the
KdV, or BBM equations, we point out that the model (1.1) is an approximation
formally valid for describing two-way water wave propagation in the case p = 1.
The local well-posedness for the initial value problem for the Benney-Luke equation
(1.1) was obatined by J. Quintero in [2] (see also [3]) with initial data (ug, u1) such
that ug € H*T' = {f € D'(R) : f' € H*(R)} and u; € H*(R) for s > s(p), where
D'(R) denotes the space of distributions on R. For p = 1, it can be seen that
s(p) = 1. In particular, if u is the local solution on [0, T] we have that

uy € C([0,T], H*(R)), u; € C([0,T], H¥R)) nC*([0,T], H*~Y(R)).

The result follows by standard arguments using semigroup theory and the existence
a smoothing effect on the nonlinear part. The global well-posedness for the initial
value problem for the Benney-Luke equation (1.1) was established using the fact
that the Hamiltonian structure associated with the Benney-Luke is conserved in
time for mild solutions (see [2]).

It is important to mention that the study of the initial-boundary-value problems
(IBVP) for dispersive water wave models has recently brought the attention to
some researcher due to the need for looking those models in a finite domains or in
the half line, and also due to its importance in the theory of controllability of those
models (see [5], [6], [7], [8], [9], [10], [11], [12], [13]). For instance, the IBVP for
the KdV equation

_ 93 — >
(12) {(?tu D2u + udyu 0, z€R, t>0, keN

u(z,0) = p(x)

was addressed for different mathematicians. Using the boundary forcing methods
for initial data (¢,h) € H*(R*) x H*5 (R*), J. Colliander and C. Kenig in ([6])
with s > 0, and J. Holmer in [7] for s > —2 established a local well-posedness

result for the (IBVP) (1.2). J. Bona, S. Sun, and B. Zhang in [5] using a Laplace

s41
transform technique studied the local well-posedness (¢, h) € H*(RT) x H, 2 (RY)
with s > %.

As it is known, besides the KdV equation, there are different models used to describe

the dynamics of an irrotational incompressible fluid in a bounded domain or in the
half plane, as the “good Boussinesq equation” and the Benney-Luke model. The
local well-posedness for (IBVP) for the “good Boussinesq equation”

xrx

Ut — Ugy + Ugzze + (u2) =0, >0, t>0,
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was established by R. Xue in ([9]) using the contraction principle and a Laplace
transform technique, as the one used by J. Bona, S. Sun, and B. Zhang in [5] in the
case of the (IBVP) for the KdV equation. More exactly, the local well-posedness
was obtained for initial data (f,h) € H*(RT) x H*~}(R™) and boundary condition
(hy,hy) € H3T3(RT) x H5~i+¢(RT), under some compatibility conditions, for
5> % and € > 0 small. Moreover, the global well-posedness was established in the
case of zero boundary data and initial conditions (f, h) € H3(R*) x Hi~'(RT) for
s > 1 with HfHHé(]R*) + Hh|‘L2(R+) small.

The aim of this work is to establish a well-posedness result for (IBVP) associ-
ated with the Benney-Luke equation on the half line, following the approach used by
R. Xue for the “good Boussinesq equation” (1.3) and J. Bona, S. Sun, and B. Zhang
in [5] in the case of the KdV equation. In other words, we will use the contraction
mapping principle and a Laplace transform technique to study the (IBVP) for the
Benney-Luke equation (1.1).

2. Notation and Preliminaries

Before we go further, we state the basic notation and some important results
used in the development of the paper. Let H*(R) be the Sobolev space defined as

H*(R) = {f € D'(R): (1 +[¢))°f(¢) € L*(R)}

where D'(R) denotes the space of distributions on R and f denotes the Fourier
transform with respect to the spatial variable . We also define the Sobolev type
space

HOPR) = {f € D'(R) : [¢]*(L+ [¢))?*f(¢) € L*(R)}
The space H*(R) be the space defined as
H*(R) = {f € D'(R) : [¢]°f(¢) € L*(R)}
Now, for s > 0, we define the spaces H*(R") and H*(R*1) by
H*RY) ={f = Flg+ : F € H'(R)}, || fllr=wt) = mf{| Fll =) : f = Flr+}
HSRY) = {f = Flgs - F € R}, 1l10 ey = W Fllrogmy < £ = Flis}

We note that for f € H*(R), then we have that f|g+ € H*(R") and
I fle+ 1 m+y < [|f|llzs@). For s < 0, H*(RT) denotes the space of bounded
linear transformations g defined on C§°(R™) with

gl 772 re+y = sup{lg(f)| : f € CG°(RT) and || f[| s gy = 1}-

In a similar fashion, °(R*) denotes the space of bounded linear transformations
g defined on C§°(R™) with

190 72 e+ = sup{lg(f)| : £ € CG°(RT) and || f[| g—s g+ = 1}-
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For s € R and «, # € R, we define the spaces
Hy(R") = {f € Hy(R ) € [0,00)}
H§(R™) = {f € H§(R) : supp(f) C [0, 00)}
Hy ' (®Y) = {f € H*P(R) : supp(f) € [0, 00)}

) = supp(f
): f

C
C

We summarize the result obtained by R. Xue regarding these spaces (see Lemma
2.1, Lemma 2.2 and Lemma 2.3 in [9]).

LEMMA 2.1. (1) For s <0, we have that H*(RT) = H§(RY).

(2) For s < %, we have that H*(R") = H§(R™).

(3) Fork+3 <s<k+ 32 for some integer k, we have that
HE(RY) ={f € H*R) : Tr(0%f) =0, j:0,1,...k}.

where Tr(0f) = 0IF for F € H*(R) and f = Flg+.
(4) For o <0 and B < & with o < 3, we have that H*P(R) = Hg’ﬁ(R+).
(5) Fora<0and k+ 3 < B <k-+32 for some integer k, we have that

HEP(RY) = {f € HOP(RT) : Tr(d0f) =0, j:0,1,...k}.

where we set Tr(94f) = 04F for F € H?(R) and f = F|g+.
Forl,k€R, a,B€R, and A =R, R, we set Y'(A), Y} (A), YEE(A), Yol’k(A)
and Y8 as

YI(A) = H'(A) x H'(A), Y5(A) = H{(A) x Hi(A)
YUE(A) = H'(A) x H*(A), Y{*(A) = H)(A) x HE(A)
YOB(RT) =HP(RY) x H¥P(RT).

Hereafter, x denotes the characteristic function on the set RT satisfying
x(x) =1 for z > 0 and x(z) =0 for z < 0.

3. Linear estimates for the IBVP

We begin this section rewriting the Benney-Luke equation (1.1) as a first order
equation. To do this, we consider the following variables ¢ = u, and r = u;. In
this case, we see formally that ¢; = r, and that the first equation in (1.1) can be
expressed as

Tt = Qp + QQuzz — Wryzt + PraP g + 2¢P7, =0,
which is equivalent to the equation,
(I = 002)re — (I — ad2)qe + pra’ ™' qu + 2¢"r, = 0.

Now, if we set the linear operators A = I —ad? and B = I —b0?, then we have that
r satisfies the equation

Ty = B_lAqgc - B—l(prqp—qu +2¢"ry).



INITIAL-BOUNDARY-VALUE PROBLEM FOR THE BENNEY-LUKE EQUATION ON R* 5

So, the initial-boundary-value problem (1.1) can be written as the first order initial-
boundary-value problem
¢ =7y x>0, >0,
re =B 'Aq, — B (prq?~'q. + 2¢Pr2)
Q(Oa t) = h’l(t)a T(Oa t) = hQ(t)
q(:c,()) :fl(x)a T(:an):fQ('r)a
or equivalent to the IBVP
WX (z,t) = MX(z,t)+ G(g,r)z,t), x>0, t>0,

(.1 x0. = (g ) xe0=(50))

where X, M and G are given by

=5 (ot %) 01 (o2

REMARK 3.1. Before we go further, we want to point out that in the variables
q = u, and r = uy, we have that the quantity
M@ () = [ alt.z)da
R
is conserved in time for classical solutions and even for mild solutions, if 7(0,¢) =0
as long as the solution exists. So, if we consider the Cauchy problem associated
with the system in the variable (¢, r) with the initial data go € H*(R") with mean

Zero property
o0
/ go(x) dx = 0.
0

So, as long as the solution exists for ¢, Then we have that

/ q(z,t) dx =0,
0

meaning that ¢(-,¢) has the mean zero property as long as the solution exists for
t. In this case, the function defined by u(z,t) = 9;'q(z,t) € V5! is such that
q(z,t) = uz(x,t) and r(x,t) = u(x, t) where

V(e e E), 0 = [ 1) dy

So, we focus in the local and global well posedness for the Cauchy problem associ-
ated with system in the variable (g, ), and establish global well posedness for the
Cauchy problem associated with the Benney-Luke model in the case of homogeneous
boundary conditions (hy = he = 0).

3.1. Linear Homogeneous case (G = 0). We will study first the linear
homogeneous case (G = 0). In other words, we will consider the system

WX (x,t) = MX(x,t), x>0, t>0,

ha(t) fi(z)
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The analysis of this (IBVP) will be divided in three subproblems. First, we will
look for the solution W4 (hy, he) of the (IBVP) on the half line

WX (x,t) = MX(x,t), x>0, t>0,
X(0,t) = ( Z;Eg ) X(:c,())_<8>.

Second, we look for the solution Wg(f1, f2) of the initial value problem (IVP) on
the real line
WX (x,t) =MX(z,t), z€R, t>0,

fi(z) )
X(z,0) =
=0 = (o
Third, we seck for the solution We (f1, f2) of the (IBVP) on the half line

WX (x,t) =MX(x,t), x>0, t>0,
o =(3) o= (721

We note that the function

W(f1, f2, ha, h2) = Wi (f1, f2) + Wr(f1, f2) + We(f1, f2)

is solution of the (IBVP) (3.2) on the half line. We will obtain the linear estimates
for initial data and boundary conditions on the space Y{(R"), and use appropriate
modifications to obtain the estimates for initial data and boundary conditions on
the space Y!(R"), as done by Xue in [9].

3.2. The homogeneous IBVP : Case f; = fo = 0. We will consider the
IBVP lineal homogeneous for fi = fo =0, 2z > 0y t > 0. In other words, we will
study the problem,

WX (x,t) = MX(x,t), x>0, t>0,
(3.3) ha(t) 0
X(0,4) —(w) ) X(sc,o>—(0),

LEMMA 3.2. For hy,hy € Cg°(R"), the solutions Wy(hi, he) of the (IBVP)
for (3.3) has the explicit formula

(34) X(2,t) = Wy(h, ho) (. 1) = ( Ui(z,t) + Us(x, t) + Uy (x,t) + Ua(x, t) ) ,

Vi(x,t) + Va(z, t) + Vi(z, t) + Va(z, 1)

where U; and V; are given for s(u) = ‘;‘ib;l: as
7 Va 7
—Qa b — a b
Uiet) =52 [ oetmdn Uty =22 [t dn

—a [V —a (V5
Vi(z,t) = %/1 s(wpr(z, t,p)dp, — Va(w,t) = 7/ pmp2(z,t, p) dp.
v
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where,
oy e s () ps () ([ 12O st
ot = S I (T (e - 22 i)
e S s(ups ) ([ ~ins(i)e
pa ) = ——5 (/0 el el e d§>

p3(p) = (u— Zi;?)

PROOF. Using the Laplace transform with respect the the ¢ variable, we see
that the linear homogeneous problem (3.3) becomes
(3.5)

Az, N) =Tz, N), N, ): 1Aqx(x A), RA>0, >0, j=0,1,
q(0,0) =M\, 7(0,0) =ha(N), dd(+o0,\) = 9i(+00,\) = 0,.

where \ is the dual variable dual for ¢, §(x, A), 7(z, A), h1(\), and hy()) are the
Laplace transform of q(x,t),r(x,t),h1(t) y ha(t) with respect to the ¢ variable,
respectively. From system (3.5), we have that,

Ny = B l1AGu.

NG =B 'AG. & NB{= Af..
From these equations, we conclude that ¢ satisfies the fourth order differential equa-
tion

aqxxxm - (1 + b)\2)§xx + )\252 0,

whose general solution is given by

Gz, A) = 1€A™ 4 c3€TPAT 4 g7 = 1MAT + cpeT?AT,

where Y14, V24, 734, and 44 are the four roots of the characteristic equation

(3.6) ayt = (14+A)¥2 + X2 =0, A€ A= {w:Rw) > A},
with Ay = Y2PEVEED o rdered so that R(11a) < 0, R(124) < 0,

R(v34) > 0, and R(vy44) > 0. We see for j = 1,2 that the roots are given by

(1+bA%) + (=1)7T1 /(1 + bA2)2 — a2
FYJ'A = - 2 )
a
It is clear for j = 1,2, 3, 4 that $(v;4) is analytic for #(A\) > Ay and continuous for
R(N) > Ay, except for A = A,
In the same fashion, we see that r can be expressed as

?(.I, )\) = dle’YlAI + d2€’Y2AI.

V3A = 724, Y4A = —TV1A-

Now, from (3.5) we have that A\g(z, A) = 7, (2, A). In other words,
AT oA = dyy 4T+ doryoae??AT
So, we easily see that

(3.7) 1 = ””;‘dl v ooy 2Ag
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So, replacing ¢; and c¢o in the initial conditions for (3.5) we get that d; and ds

satisfy the system
T1A 24 dy _ )\~h1
1 1 da ha ’

whose solution is given by

(d1> 1 ( 1 —”Y2A> )\7&1
do M=y \ —1 ma ha '

So, we see that d; and da are given by

1 ~ ~
d = 7()\h1 - ”YzAh2)
(3.8) T1A 1 "24 N N
d2 = 7(")/1,4}@ —)\hl)
V1A — 724

To compute ¢;, we replace (3.8) in (3.7), to get

(S —— %714()\7&1 - 72A7L2)
Ang—a2a) 7

g = ——— ho — Ahq).

2 )\(%A — ”YQA) (”YlA 2 1)

In other words, we compute ¢ and 7 explicitly as

_ 1 _ _ B B
(39) (e, = 5o [nalWhn = 924h2)e™ % = 24\ = q1ak2)e7],
(3.10)
1

?(.I, )\) = [()\?Ll — VQA?LQ)E’YIAI — ()\?Ll — ”ylAffvl,Q)e’mAx] .
Y1A — 724

So, for any p with R(p) > A4, and defining T'4(\) = %e” we are able to
1 2

use the representations of ¢ and r for z > 0 and ¢ > 0,

(3.11)
;D+’Loor )
q(z,t) = / # [”YIA()\?M - ”Y2A?L2)€'“Ax — ”yQA()le — ”ylA?LQ)e'me]d)\,
p—100
(3.12)
p+ioco
r(z,t) = / TA(N) (M1 — y24h2)e? 4% — (Ahy — y1aha)e?24 %] dA.
p—100

Now, we observe that

VA= Al A2 = A2 ]
b

a

T+ DbX2)Z —4aX?|
a

|”Y%A — Ml =

3

then |72, — 72, = O(J]A = A4 |2) as A — Ay with R()\) > Ay. Moreover, for given
positive constants C7 < Cq, with C; < R(\) < Cy, we observe that

/1 1+b>\2 ~daz (1+bA2)
\/ 14+ bA2)2 — 4a)?

ViA = + (_1)j+15 .] - 1525
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then we also have as |A\| — oo that

_ -/ —dan _ —iy/(T VP —da)?
FYlA \/% I ’7214 \/% .

Using this estimates, we see taking p — A1 into (3.11) and (3.12) that
(3.13)

)\++ioo
T (A ~ ~ ~ ~
q(IE, t) = / % ["YIA()\hl - "yQAhQ)e’Yle - "Y2A()\h1 - ”ylAhg)e'mAx] d)\,
)\+7’L‘OO
(3.14)
)\++ioo
T(IE, t) = / FA()\) [()\?Ll — ”)/QA?LQ)E’YIAOC — ()\?Ll — ”ylAfvaQ)e’mAx] d)\
)\+7’L‘OO

Now, let 18, 728, 138, and y4p be the four roots of the characteristic equation
(3.15) ayt — L+ +X2 =0, Ae B={w: A <RWw) <A}

ordered so that R(vip) < 0, R(2p) < 0, R(yse) > 0, R(yap) > 0. As above,
for ¢ = 1,2,3,4 that R(v;p) is analytic for A_ < R(w) < Ay and continuous for
Ao < R(w) < A4, except for w = A\y. Using the uniqueness and the continuity of
the root of the characteristic equation ay* — (1 + bA2)72 + A2 = 0 on the half lines
Iy ={w:Rw) =X, S(w)>0}and T = {w: R(w) = A_, F(w) < 0}, we are
allowed to assume that

MA=YB, Y24 =728, A€},
MA=MB, Y24 =728, A€, or ya =B, Ma="8, Ael_.

From the symmetry of formulas (3.13), (3.14), and for I'g(\) = %e”, we
1B 2B
conclude that

(3.16)
)\++’LOO )\
T ~ ~ ~ ~
q(IE, t) = / B)f ) ["le()\hl - "yQBhQ)e’Yle - "Y2B()\h1 - "lehz)e’me] d)\,
)\+7’L‘OO
(3.17)
)\++’LOO
T(IE, t) = / FB()\) [()\?Ll - ")/QBfI;/Q)elex - ()\?Ll - 713%2)672396] d.
)\+7’L‘OO

It is straightforward to see that
hie —Bel = O(IA = Al?), A=A, A <R <Ay
V1B — V28] = O(V/(1 +D0X2)2 —4aX2), XA — A_, A_ <R(\) < Ap.
1B — — V(1 +bX2)2 —4aX2, |\ — o0, A€ B.
Yop — —iv/(1+0D0A2)2 —4aX2, |\ — oo, A€ B.
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Now, from the Cauchy’s Theorem with respect to the region B, we are able to write

(3.18)

A_+io00
Ts(A ~ ~ ~ ~
qz,t) = / B)E ) (1Bt = 928h2)e P T —yap (A1 — Mpha )57 ]dA,
A_—ico
(3.19)
A_+i00
T(IE, t) = / FB ()\) [()\?Ll — ")/QB}VLQ)E’YIBI — ()\ffvll — 713%2)672396] dA.
A_—ico

Now, in a similar fashion, performing similar estimates and using the Cauchy’s
Theorem with respect to the region C' = {w : 0 < R(w) < A_}, we see that

(3.20)

04100
Te(A ~ ~ ~ ~
Al 1) = / % [y1c(Ah1 = 92ch2)e™ " — Y20 (A1 — y10h2)e?*0 7] dA,
0—i00
(3.21)
04200
r(z,t) = / Lo(N) [0\7&1 - V2C7L2)e'“cm — (Ah1 — y1ch2)e "] dA.
0—i00

Now, if we set Uy and U, by

0+ioco

1 e)\t ~ ~
Ui(z,t) = 5= / 7 e +yec) (A = v2che)eCF]dA
! 2ri ) AMvie —3c) [
0-+20
0+ioco
Us(z,t) = - L B — [v20 (e + 720) (A = y10h2)e?20]dA.
’ 2mi J Avie = 7%e)

Then we have for x,t > 0 we have that

(3.22) q(z,t) = Ur(z,t) + Us(x, t) + Uy (x, t) + Ua(x, t).

As done for ¢, we can compute an explicit formula for r. In this case, we define
functions V; and V5 as

0+ioco
1 eAt . .
Vi(z,t) = — / —— (71 + 120 A — "yQChQ)e’YlCm]CD\
1( ) 2 . FY%C o FY%C [( )(
0-+20
1 0+ioco e)\t N N i
Va(z,t) = —5= | ——=[(nc +720) M —mncha)e?]dA.
2mi oo Tic ~ T2c

We see in this case for z,¢ > 0 that

(3.23) r(xz,t) = Vi(x, t) + Va(z, t) + Vi(z, t) + Va(z, t),
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meaning that

. Q(xat) _ Ul(xat)+UQ(xat>+U1(xat)+U2(xat)
Witha et = (10 ) = ( Vila,0) + Va(a.0) + Vila, D) + Vala, D ) |

Finally, we need to recall that « is a root of the characteristic polynomial
ayt — (1 +0A?)y* + A2 =0,
which is equivalent to have \ expressed as
2
ay® —1
A =47 :
! (b”ﬂ - 1)

A simple computation shows that if we define

ap? —1
1 —bu?

A=iu
with ﬁ <p< \/LE (a > b), then the roots are given explicitly by

W) = ===l ) = [T =~

It is easy to verify that the image s(u) = ,/‘;‘iz—b;% with ﬁ <p< ﬁ is [0, 00). In
other word, A\ = i/ ‘;‘f—b;% = ius(p) runs along the imaginary axes from zero to
+o00. In this case, we have that

i(abp* — 2ap® + 1) dp

d\ = .
T T e - )

On the other hand,
o o (abp' —2ap® +1)
T )

So, we conclude that

d\ tadp

F—f =) Pl = )

and also that
dA adu

A3 =a1)  wlap? = 1)
Moreover, we also have that

is(p)

(7 +72) = —p (u— Ja ) ;o en ) = sl (u— is(M) :

Now, from the definition of U;, we have that

1 1
—-a [V —/a [V
U1($,t) = %/1 pl(‘rata:u)d:uﬂ UQ(xat) = \/_/ pQ(xata:u)d:uﬂ
Va
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with
e s ) ) ([ m©) -
_ _128\S) ) —ips(p)é
P1 ({E, t, H) (CL,[L2 — 1) <‘/0 (:uhl (5) \/E ) € d§>
. is(p)z
etns(mte e g oo i
patet) = S U (T i (€ + e e %
_(, _is(p)
p3(p) = (u NG ) :
The expression for V; (i =1,2) are obtained in a similar fashion. O

LEMMA 3.3. Let s > 0 and Wy(hy,h) = (¢.r)'. If hy € Ho *(R") and
hy € Hgig(RJr), then we have the following estimate

hi, ha) (- t) v« < h _3 h _s .
sup Wt o) ey < € (Il g+l s )

PROOF. From previous result, we need to estimate U; and V; for ¢ = 1,2. In

order to estimate Uy, we consider the operator T define on L? (ﬁ, \/LE) by

1
7
Tl(g)(xalﬁ):/1 et 1% g () dp.
Va

If we set g1 and g2 by

o) = (BB (7 gy g

Valar® 1)
sai) = (S(miéig:ﬁ(m)> (/0“ h(€)e—15 1€ d§> ,

then we see that
a
(3.24) Ui = 5—(Ti(g1) = Tr(g2)),

meaning that to estimate U; requires to estimate T (g1) y T1(g2). We first establish
1 1 1 1
the estimate for T (g) with g € L? (—, —) Lt (—, —) Now, for s > 0 we
wywith g€ 155 ) O\ Ve

choose n = [s] + 1. So, for k =0,1,2,...,n we have that

- |
AT ) t) = [ (e e g )
Va
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From the integral Minkowski inequality, we have that

|H\
s

2

10571 (9) (- D)l 2 vy < [ () Fe [ 7 097 | 2 ey [ g (1) | dpe

IN
—
s

/2
() / €109 ) g o)y

\/LE
1 1/2
Vb
< d
(3.25) —/L I (e <2|Re A ) l9(w)ldp
v 1/2
Vb
< [ Imu <2| ) lg(p)|dpe
% " (p
o
<c / ()]~ ¥ g()] e

CH% gHLl(l/f 1/vB)"
Using estimate (3.25), we have that
1
HTl(g)('at)HL2(R+) < CH|71| 29"[/1(1/\/5’1/\/3)5

which correspond to the particular cases for k = 0 in (3.25). Moreover,

1/2
HTl(g)(a t)”H"(R*) = (kzl H85T1(9>(, t)”i2(R+)>
1/2

Z CH% 9”11(1/ﬁ,1/ﬁ)

1/2
”CH% QHLl(l/f 1/f)]

9”Ll<1/f 1/Vb)

From these estimates and the Calderon-Lions interpolation theorem, we conclude
that,

s—1
(3.26) 171 (g9)(, t)”H$(R+) < CH|”YI| 29HL1(1/\/5)1/\/E)-
Applying (3.26) to g = g1 v g = g2, we see respectively that

171 (g1) (- t)”H$(]R+) < CH|711|S_%91HL1(1/\/5)1/\/E)

N 1
<O R g(p)ldp

< C/T (2o ()

(3.27)

ﬁ

/ ) hy(€)e~ =0 ¢l dp

0
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and
T3 (g2) (o t) | bre e+ SCH|71|57%92HL1(1/\/E,1/\/E)
1
%SJ
598 =C [ 2|g2(p)|dp
(3.28) o

/ ha(€)e 150 de| dp,
0

<C/f s=ig

with o(u) = o(w) VGZ” js2(“ . Now, we consider the following change of variables
n = us(p). Then we see that

2 2 _ 1)
2 2 — 1 (a’:u’
(3:29) e T v

Moreover, we have that

—2plap®(bp® — 1) — (ap® —1)]
2ndn = A= bu2)? dp,

meaning that
i = [ap® (1 — bp?) + (ap® — 1)]
(e = )71 — by
_ (ap® +5*(w)
(- )y A
Using previous estimates, estimates (3.27) and (3.28), we see that

_ 1)1/2(1 _ bﬂ2)1/2>
(a® + 52(u))

o ay’®
1T (00 Dllee) <€ wzaw((

s

S | 24 2(u))
h —ins(p)€ g (ap d
], e e o)
1
S C Ve lu/5+% ;
- ai + 2 (1)

[ e dg’ (e S f)

and from similar computations,

1

7 1 1
T )| e <C T —
173(02) (- Oll e Z ( PRI

A g | (o Eﬂﬁi;(ﬁ L) oo

Recall from (3.29) that au* + (bn? — 1)u? — 7% = 0 and that
we assume that 7 # 0, then we conclude that

1
Vap? + 82 (p) = Cy/1+ 792 = C(1+n), ,uSi% <7> ~ (147"t

I+ 52 ()

Sk

\/— ILLST SOlf

From this, we have for ¢ = 1, 2 that

“+oo
(3.30) T3 (90) ()| ey < C / 14
0

/ T hie)eine d&’ dn
0
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So, using Holder inequality, we get that

‘/ " ha(ye e
0

171 (g:)(, t)HHS(R*) < CH|1 + 77|71HL2(]R+)
K L2(R+)

(3.31) < Cllhill 2w+

Putting this together, we conclude that

N0 Oy < ITi(g) (Ol @y + [1T2(g2) (5 O me )
< C (hllpz@s) + lhollL2@+y)

Now, in order to estimate Us(x,t), we proceed as above by defining the operator
T2a

(3.32)

1
Vo
L N
Va

We set in this case functions g3 and g4 as

45() = (SQ(u)(\/Eu - iS(u))> (/0“ i (€) e~ ims )€ d§>

ValaZ —1)
- (25 [ )
and so, we have that
(333) U2($, t) = g(iTQ(gg) + Tg(g4)).

Now, we estimate T(g) for g € L? ( Let s > 0 be given and choose

53

n = [s] + 1. Then for k =0,1,2,...,n we have that

s

b

aI;TQ (g) (x, t) _ /1 [’72 ('u)]kei,us(#)te’yz (#)xg('u)d'u'

.
As done by J. Bona, M Sun, and B. Zheng in [5] (Lemma 3.2), we define
1 k ips(p)t
E) = —=s(p),  Gp) = ()] e g(p).
Va

From these notations, we have that

%n@@w:/ﬁﬁwmeh
Vb

Vab 1 1
The first observation is that &'(u) # 0 and &' ()| > %% in the interval (—, —)
a—b a’ /b
In fact,
/ (CL — b),u
= 0-
U DR
1 1
Now, for p € (—, _b> , then we have that
a

a—>b

—b
ap? —1< o 1—b,u2§a—.
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So, we conclude that

OT(g)(wt) = / &) G ) g

:/,oo TGE O T () ()

where x4 denote de characteristic function on A. So, from Parseval’s formula we
have that

)

105 T2(9) (Ol T2y = 195 T2(9)( D122 a)
+oo

From this, we conclude that

kY9

(3.34) 104 T (o) >|L2<R+><c] s

L2(1/Va, 1/\/_)

On the other hand, we have that

M=

1/2
IT2(0)C, )l e 11\8’;T2<g><~,t>r\;w>>

k

IA

HM:

< TLCH|")/2| &

( 1/2
( Cllll*& iz(l/ﬁ,l/m

172
( L2(1/\/_1/\/_)>
C

el & 1221/ a1 vm)

As above, from the Calderon-Lions interpolation theorem, we have that

s9
(335) |‘T2(g)(at)”H5(R+) < CH|F)/2| ?HL2(1/\/E,1/\/E)
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Now, we note for some constant C' = C'(a, b) that

lg(10)|? (d_u> I LR R LA W
€' (w)? \dn/) (a — b)2p2 /0 16)
c | [ - 2
< g, Mo
l9a(1) [ (d_,tL) (a2 -1)3(1 —bu )3 Ooh B
€@ \dn) ~ (a=b)7u /0 2(&)e
c | [ - 2
<) mer
So, applying (3.35) to g = g3, we have that
(3.36)
IT2(g5) . Ol =@y < Cllel* B 21y vm)
1/2
< /f |25|93( DIy
- 1€ (u)|?
< C /ﬁ |s(u)|** 2 /Ooh (5)6i“5(“)5d§’2@du v
- v o dp

Moreover, applying (3.35) to ¢ = g4, we have that
(3.37)
(72(g4) (s ) || s (me+)

IN

C|hal*2

L2(1/+/a,1/V/b) 12
v 25 lga(p) 2
< o [P et
S &)
\/L— [e’e) 2 d 1/2
b .
S C / |S('u/)|2575 / h2(§)6*1#5(#)£ d§ _nd,u/ .
\/L— 0 dp
We now note that u € [\/LE’ ib], which implies that 7 = ps(u) ~ s(u). So, using

the change of variables n = ps(u) in (3.36) and (3.37), and previous estimates, we
conclude that

o I 2 1/2
ITo(g5) ()l eiy < C / e ( / /u(s)e“?fds) dn]

Cclla+ 77)2573/0o ha (§)e™™¢ d¢

0

IN

L2(0,+00)

IN

Clinllyeos .

In a similar fashion, we have that

)| ey < CllR .
1T2(94) (5 )| ety < Ol 2HH§’2(R+)

Putting together those estimates, we conclude that
1020, )l sy < [1T2(g3) (> Ol ms@+) + 1 T2(94) (5 ) | s ety

c (|h1| e 4|

(3.38) )
T m) Hy 2 ®H)
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So, from estimates (3.22), (3.32), and (3.38), we finally get
ot Dllnecesy <€ (g )+ Wil g )

By following the same type of arguments (see formulas (3.9) and (3.10)), we can
see that

|r<-,t>|Hs<R+>sc(|h1| 3, el )

2(*) 2(11%*)
O

3.3. The Homogeneous Initial Value Problem on the line. Now, we
consider the initial-value problem (IVP) in the line

WX (x,t) =MX(z,t), zeR, t>0,

R )

LEMMA 3.4. Let s € R and f1, fo € H*(R), then the solution Wgr(f1, f2)(x,t)
of the (IVP) (3.39) is given by the explicit formula

(3.40) Walf )0 =5 [ G%) 7% de.

where

Ve (ei\/@& + e*i\/A(é)ét) (ei\/@& - eﬂ'\/@&)
e VA©
/A(f)(ei‘/[\(g)gt _ efi\/A(é)ét) (ei\/A(g)gt T e /A(g)gt)

PROOF. Let write Wg(f1, f2) = (g,7)". If we take Fourier transform in (3.39)
with respect to the x variable, we conclude that

9 X(¢,t) =MX(E1), €€R, t>0,

%60 = o

where £ denotes the dual variable of x, and ¢, 7, fl y fg are the Fourier transform

(3.41)

of q, r, f1 y fo with respect to x, respectively, and

M= ( i&AO@) 05 )

where A(§) = iiggj . So, we have that the general solutions for (3.5) has the form

Sle ) = it [N(©)
(3.42) X(t) = <f2(§)>

Now, a direct computation shows that

Mt _

cos(JA@er)  om \/_VA &)
i/ A(E)sin(y/A(§)EL)  cos(\/A(§)E)
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Using this formula in (3.42), we obtain that

isin(yADE) \ / =
e =| oW TR )(;Eg)
iV/A@ sin(AE)E)  cos(y/AE)EN

A()

cos(«/ AN (E) + isin(\/A()¢) f2(€) )
i/A(€) sin(\/A()t) FL(€) + cos(v/AE)Et) f2(€)

So, using inverse Fourier transform, we see that Wr(f1, f2) has the explicit formula

(3.43) Wgr(f1, f2)(z,t) = / Mt Jil(g) e de.
—o00 f2(§)
Now, using that
1 1w —iw : 1 1w —iw
cos(w) = 5 (e +e™), sin(w) = % (" —e™)
we obtain the desired conclusion. O

Before going forward, we note that the components of the solution of the (IVP)
are

e VRO ()] eisedg
r(z,t) :% /7°° A©) (e VADE _ —iVAO 7 (g) 4 (¢1VAO

e VRO fo(g) | eivtde.
LEMMA 3.5. Let s € (—o0,+00) and f1, fo € H5(R), then we have that
sup Wr(f1, f2)( )llys@) < C (HleHS(]R) + H.fQHHS(]R)) :
PROOF. First we note that A(§) is bounded by

min(1, a) - 1+a&?  max(1,a)
max(1,b) — 1+ 062 — min(1,b) "
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So, from previous formulas and the bound for A(),

lgCy )| ers () g% £(1+ D) |(eiVA©F | o—iVA©EL) F (¢)
eim&_ —i/AE)Et\ T
+\1/W( e )f2(8)] LE(R/)\
< gt (jeVr @]+ femviOs]) Ao,
LA +[€)° i/A(E)Et —i/A©Et|\ 7
+= e + |e
5 | ( ) Ba(6) -

< [[a+ia©] )+ a+iehRe
<C(IAla=@ + I follam®)) -

In a similar fashion, we see that

L(®)

(Ol a=@) < C (Ialla=@ + | follze @) -

REMARK 3.6. Now, we are interested in estimating for [ € R,
sup IWr(f1, f2)(@, ) 5wy -

To do this, we see that Wgr(f1, f2) can be rewritten in terms of the auxiliary function

&) = &/ A(E). In fact, note that

o =3 [ <ﬁ<§>+ Al@ﬁ@))eW@w(ﬁ(@— 1 ﬁ(@)
e*w(f)t-} e”gdf

o0 =5 [ [(VE@RE© + F) e - (VEGAE - ()

e*“ﬁ(f)t} ewfdf

Now, for f, f1, fo € S(R), we consider the operators
VOt = [ Feemteerag
Vilho ) 0) = 5 / " A0 4 B e ] e

Vi 2wt =3 [ [0 1 B (g e ] g

where functions A, B, C' and D are given by

A€) = () +

£26), B€) = fu(6) -




INITIAL-BOUNDARY-VALUE PROBLEM FOR THE BENNEY-LUKE EQUATION ON R* 21

If we set & = £(n) as the root of the equation ¢(£) = 7, then using this change of
variables, we see that

o0

vy = |

— 00

ei"tf@(n))e”ﬂm%’”dn.

In particular, the Fourier transform for V(f)(z, -) with respect to the variable t € R
with dual variable 7 is given by

PV e) = Flgme<n £,
Now assume that a, § € R, then using the change of variable n = ¢(§) with £ € R
in V(f)(x,t), we have that

IV, lieom) = ’ i |n|)ﬁfaf(§(n))ems<n>%(m
! e 1/2
- ( [ e e Fen || 42 dn>

1/2
2@(1 /
dg§

- ( [ sora+laon fof |
fof |5 d&)l/Q.

o dn

= ([ wora+isgns

— 00

On the other hand, we now that

- 1+ a&?
772—52(1_|_b§2

) , (eR,
So, we have also that

dp 1 (14 2a€2 + abe?) ¢ (14 bg2)?
/A ( (1+0€2)? ) T @ AE) (1+2a§2+ab§4>'

Using the bound for A(&), we conclude that

1+ 2a€2 + a2&4

Plugging this inequality in previous estimation, we conclude that

s 2 1/2
IV, ~>|Ha,ﬁ<R>sc( | tereasie | fo) ds)
<C|liglo +leh* e

S Ol flles ) -

L3(®)

In particular, for a = 0, we obtain that

IV (@, @) < Clfll g ) -
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Moreover, due to the form of functions A, B, C, and D, we conclude for i = 1,2
that

IVl £2)(@ Mm@y < C (Walles ey + 1ol cay)

IVt £2) My < C (Ualare oy + 1 Fell e

using that A(€) is bounded away from zero. Now, if F' € {A, B,C, D}, then we see
that

Bl < Cla,) (171 +15]).
In other words, we have the following estimates,
LEMMA 3.7. Let s € (—00,+0), a, B € R, k € N, and f1, fo € S(R). Then we
have that

supgso [IWr(f1; f2) (@, )llyesm < Cllfillyesw + Cllf2llesm -
SUP, s [[Wr(f1, f2)(z, ')Hys(R)S CHleHs(R)+C|‘f2HHs(R)
su,o [ M*Wa(f1, 1)@ lyey € C U lesnqey + C 1 fall ovecey -

PROOF. For the first two estimates, we note that Wg(f1, f2)(z,t) = (¢,7)"(z, t)
and that

ol 1) = SVilh, f2)(wt), rlet) = SValfi, £2)(es0)
Now, to get the third estimate, we need to observe that
02 (e1%7) = ige™® BT1AD,(e7) = it A(€)eS".
Now, from the representation (3.43), we easily conclude that

(3.44)

MWEg(f1, fo)(x,t)
in/A(E) sin(\/A()E1) D, f1 () + cos(v/A()EL) D, [ (€)

- /,oo cos(v/AEEN) B-TAD, f1(€) + S“(? VAA(SWB@J%(@

eimf d§

= Wr(M(f1, fo)")(z,t)

So, from the second estimate and using that 9, and B~ A9, are order one operators,
we conclude that

SL;IS HMWR(fla f2)($, ')Hys(R) <C HleHs+l(R) +C Hf2HHs+1(R) .
The same argument shows the estimate for k € N. O

3.4. The Homogeneous (IBVP): case h; = hy = 0. Here we consider the
homogeneous linear (IBVP) in the first quarter

WX (x,t) =MX(x,t), x>0, t>0,
o =(2). weo=(461)
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We use the explicit solutions Wj, y Wg with initial data in the space H)(R'). In
fact, given functions fi, fo € C§°(R™), we consider extensions f; for f; from RT to
R such that f;(z) =0 for € RT. Now, we define functions h; as

( Z;Eg ) = Wg(f1, f2)(0,1).

We note that the solution We of the (IBVP) with boundary data h; = 0 is given
by

WC(fl; fQ)(xat> = WR(fla fQ)(xat> - Wb(XﬁlaXiLQ)(xat)'

From the estimates for W), and Wi we are able to obtain estimates using the
representation for We.

LEMMA 3.8. For s > % and fi, f2 € H§(R") we have the following estimate,

sup Wofr, f2)C)llye@ey < C (Lfillas @y + L fellmg @) -

PROOF. By definition, we have that fi, fo € C§°(R) ¢ H?(R) for any § > 0,
and so,

up [Wa(fi, ) 0)llvace) < € (Mill gy + 1ol g

Moreover, since u(z,t) = Wgr(f1, f2)(z,t) is a classical solution for the initial-value
problem in the line (3.5) with X (x,0) = (f1(z), f2(z))". We see that

(h1(0), h2(0)) = Wr(f1, f2)(0,0) = (f1(0), f2(0)) = (0,0).

On the other hand, from Lemma (2.1) and Lemma (3.7) we know that
X(8)(h1(t), ha(t)) € Yy (RT), and that for § > L

X (1), Ba(®) s ey < C (il + 1l o))

As a consequence of the previous Lemma and Lemma (3.3), we conclude that

sup [ W5 () (), X(OR2(D) D) sy < C (1l mgear, + 1ol )

which implies that for any f; € C§°(R") with ¢ = 1,2 we have that
sup [Wo (s, 2)( Dl < € (Uillngeasy + Wellggiary).

Using the density of C5°(R) en Hj (RT), we conclude for f; € Hf (RT) withi = 1,2,
that

sup W (f1, £2)( Dlvee) < € (I ilgcany + 1ol mgaey)
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3.5. The linear Homogeneous (IBVP): The general case. Now, we re-
turn to the general linear homogeneous (IBVP),

WX (x,t) = MX(x,t), x>0, t>0,

(345) xoo = () ) xeo=(10))

From the discussion above, the solution of the (IBVP) necessarily depends on the
explicit solutions Wy,(hy, he), Wr(/f1, f2), y We(f1, f2), after appropriate modifica-
tions to interchange the space H{(R') for the space H'(R*). It is important to
point out that given functions f;, h; € H'(R™), it is necessary to define in a con-
venient way functions f, h; € H}(RT) depending on I € R, and to establish some
compatibility conditions between functions f; and h; for: =1,2inx =0 and ¢t = 0,
as we will see in the coming result.
s-Compatibility conditions
In the coming result, we assume for £ < s < 3 that fi, f, € H*(R') and

hy € HS=3(R"), hy € H*3(RT).

(sC1) For § <s <3, f;(0) = h;(0) for i = 1,2.

(sC2) For 2 <5< 3, f;(0) = h;(0) for i = 1,2 and

h2(0) = 2h1(0) + f1(0),  f5(0) = —h1(0),
(sC3) For 2 <s< I £(0)=h(0)(i=1,2),and
(0) + A4 (0), ha(0) = 2£1(0) + 3f1(0) + f1'(0) — hi(0),
5(0) = 11(0), £5(0) = —f1(0) — f1(0) — 13 (0).
5, fi(0) = hi(0) (i = 1,2), and
—2/1(0) = £1(0) = K1 (0), f5(0) = R (0),
fi( /

N W=

h2(0) = f1(0)
5 (0) = —f1(0) = f1(0) — 11(0), hy(0) = 2h5(0) +2{'(0) + f{"(0),
5 (0) =21"(0) +5£1(0) + 6/1(0) + f1(0) + 1 (0), h{(0) = —2h1(0) — f1(0).

THEOREM 3.9. Let L < s < $. If fi, fo € H*(R"), hy € H*"3(R"), and

hy € H*=3(RT) satisfy one of the compatibility conditions (sC1)-(sC4), then the
solution W (f1, f2, h1, ha) of the general (IBVP) (3.45) satisfies the estimate

sup W (f1, f2, ha, 1) (5 B) |y s ety

< C (Il ey + 1 follzsury + 1 + s

HS*%(Rﬂ) :

PROOF. First assume that % <s< % In this case, we write the solution of the
general (IBVP) W (f1, fa, hi, ha) as

W (f1, fosha, ho)(z,t) = V(2,t) = K(x,t), K(z,t) = =(f1(0), f2(0))'e™" "
A direct computation shows that V satisfies the (IBVP)
o V(x,t) =MV(x,t)+ Ki(x,t), x>0, t>0,

sor " LR v iy

H*™ 3 (BR+)
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where K satisfies that

_ _ (f1(0) + f2(0))e™ ¢
Kl(.f,t) == (%K — MK = (f2(0)ex + fl(O)BlA(ex)> e

and the boundary and initial data for the linear homogeneous (IBVP) (3.46) are
given by

gy — (MO _ (HO) — poy _ (H@)) _ ([0))

0= () = (o) 7= () - (hloy)
Now, we take ¢ € H'%(R) to be an extension of e~® from Rt to R, and consider
the function K»(-,t) € (L{ H5(R™))? defined by

~ e = (f1(0) + f2(0))¢(x)
Ka(z,t) = (Ki(z) — K1(0)e™")e ’Kl(x)_(f2(o)¢(x)+f1(0)31A(1/)($))>'

Now, from Lemma (2.1), we have that (hy, hy)! € Hgfg(RﬂL) X Hgfg(RﬂL) and we

also have that F' € H§(RT). Then using Lemma (3.3) and Lemma (3.8) for V,
(replacing K for K3), we have that

sup [[Va(e, &) ly-aey < sup (W5, ho) () e )
t>0 t>0
t
+sup (Wl 2 Ollve + [ IWoalea )t = 1) Ol dr
0
<O (Will g gy + W2l o8 gy + Il + 12l ey
[T UKD lyege) ar )
< C1 (Il o oy + B2l g ey + Ml ey + 1l ey
RO+ 170D [ edr).
0
Now, it is straightforward to see that Z, = V — V5 satisfies the (IBVP)

= % —x—t
(3.47) { O V(z,t) =MV(z,t)+ K (0)e *", x>0, t>0,

V(0,t) =0, V(z,0)=0

whose solution is given by
Zy(x,t) = K1(0) /Ot Wr(y)(z,t —r)e 17 dr.
Then we have that,
1Z2 (-, )y < K2 (0)] /Ot [WR@)(,t = 7)|y=e 7 dr

< C(HO)] + 1£0)) / T e,
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From this fact, we conclude that V = V5 + Z5 in Y¥(R™), and also that
up [V D)llyey <Op (Il o3 gy + M2l o

+ I fillms ey + 11 f2ll e m)) -

where we are using that | f;(0)| < C|| fil| g+ (r+) for s > 1. From these estimates, we
get that

igIO)HW(fl, Ji, b, ha) (5 ) |y iy < sup (1 £+ 120D e " =)
HIVE D)l re))

SC(||f1||L°°+||f2||L°°+||iL1|| + e

Ho= 3 (RH) Ho= 3 (RH)
Hl Al @y + 1 ol e ey + 1 fall s ey + ||f2||Hs(R+)) :
On the other hand, we have that
le ™ s @ty < Ce™ ™.
Now, using that H*(RT) C C,(RY) for s > %, that ;(0) = f;(0), and that
I fill s ey < N fillmre ey + 1£:(O)] < N fill ey + [ fill oo < ClLfill s et
IRl rots gry < NRill gre-ta ey + 17a(0)]
< kil ge-rs @y + I fill Lo < Chall ot ey + 1 fill e +)),

where l; = 2 and I = 2. From those computations, we obtain that
iuIO) ||W(fla f25 hla hl)('a t)||YS(R+)
>

< O (Illre oy + W ollms ey + Il oy + Mol o3 ) -

Let assume now that % <5< g In this case, we see that W (f1, f, h1, he) can be
written as

W (f1, fo, b, ho) (@, t) =W (hn, ho)(z, ) + We (fi, f2) (@, 1)
pr(z)e”
w t

#wetn)+ (200)
where p; € H'°(R) is an extension from RT to R of the function
(h1(0) + z(f1(0) + h1(0)))e™%, w2 € H(R) is an extension from RT to R of the
function (2h1(0) + f1(0) +z(f1(0) 4+ h1(0)))e ", and f;, h; are chosen appropriately
and W is solution of the nonhomogeneous (IVP) on the line

WX (x,t) =MX(x,t)+ L(z,t), —oco<z<oo, t>0,

(3.48) X(0) — (8) |

with ¢ = —¢), and



INITIAL-BOUNDARY-VALUE PROBLEM FOR THE BENNEY-LUKE EQUATION ON R* 27

The first observation is 1 = B~' Ayl + pa € H°(R), and that the solution W of
the (IVP) (3.48) has the form

t
We(e,) = [ Wa(0,u()e ) (ot = ) dr
0
On the other hand, we have for z € R that

Pl — 1(z) = (h1(0) +2(f1(0) + h1(0)))e™"
Flz)= (f2< )= (201(0) + £1(0) + 2(£1(0 >+h1<o>>>ef>
T

oy F@) ~ (50) —al(0) + ha(0)e
Fla) = (f2<> (“ha (0) — 2(f}(0) + h (0)))e )

H(t) = H(t) - Wg(0,1) — ((th(SL)lf);{(;))et) '

So, from the compatlblhty conditions, we have that F' € Y(R"), and also that

HeH; 3 (R™) x Hy (Rﬂ since Wg(0,0) = (0,0)%. It follows that the function
Wy o = Wb(hl, hz) + Wc(fl, f2) satisfies the (IBVP) (3.46) with K; = 0.

Now, we want to bound the solution Wg. Note that by Lemma (3.5), we have
that

t
sup W, Ollv-ey < [ IWR(0.0)(e 8 = )llyocue ™ dr
0

< / 10l e dr
0

< C([h(0)] + | f1(0)])
(3.49) < 20| fill s (mHy,

where we are using that f1(0) = h1(0), and for z > 0 that
= B7YApY + o2 € H?(R). Now, we note that

t
sup [Wg(0, )] 2 (r) S/ sup [|[Wr(0,¢(-))(z,t = 7)ll L2ye” " dr
t>0 0 z€R

<C [ swplulme dr
0 =xz€R
< C(Im(O)|+ [ £0))
<O (Il o g gy + 11l

On the other hand, we also have that if Wg is a solution of the (IBVP) (3.39),
then we have that MWgr(f1, f2) = Wr(M(f1, f2)!) (see (3.44)), and so

MW (1) = /OtWR (M (wo—f)) (.t — ) dr

t
= / Wg(0:0e™7,0)(x,t — 7)dr.
0
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Moreover, we have that
t
[MWE0, )] 22 @+) < / sup [Wr(M(0x1pe™, 0))(z, t = 7)| L2 (m+) dT
0 ze

<C [ 1olle dr
0
< C (11 (0)] + A (0)])
(3.50) <O (Il o g o, + Malls e ) -

Now, we observe that

0 0
2 — M? M _
e =MW M ayet) ~ Ltage
From these facts, Lemma (3.5), and Lemma (3.7), we see that
18250, czas) < sup (MW, Yz ) + Cllbllemy

< (Il g gy + il ) +COO) + [ O)])

< O (Il ot oy + Ml )
Using an interpolation argument, we conclude that

W0, My ey < O (Il o g, + il

By the discussion above, we know that

W1 o ), ) = Wil t) + W)+ (P10,

where Wj, ¢ = Wb(ﬁl, iLQ) + Wc(fl, fg) First, we note that
sup lpse™ e @) < CURO) + 1f1(0))) < CIMll -t gy + 11l 2o er))
On the other hand, we have that
sup [ W, o)) < C (Il o gy + el )

<c + [|hl

el o2 gy HS’%(RJr))’

where we are using the definition of H and the compatibility conditions (sC2). So,
from those computations and the estimates for Wg given by (3.50), we obtain that

sup W (f1, f2, ha, 1) (5 B)llys ety
>

< C (Il ey + I Fellirs ey + Il g e, + Mzl ) -
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Assume now that % <s< % In this case we use the following decomposition
of the solution W(f1, f2, h1, h2) given by

(3.51) W(f1, f2, h1, ha)(z,1)

= Wi(x,t) + Wi(ha, ho) (2, t) + Wef1, f2) () + (ggif;)

where for ¢ = 1,2,
@i(x,t) = (@i (x) + tpiz(x)e™ ™" = (@i (x) + t@i2(x))e"

with @11 and @19 are extensions from RT to R of the functions
1 —x
(£10)+ (510 + £10)e + 5(0) +260) + 0)a? )

and (1 (0) 4 f1(0))e~*, respectively. Functions f;, h; are chosen appropriately and
W is solution of the nonhomogeneous (IVP) (3.48) on the line with

0
600 = ((4,0)+ estape-t)
where the functions 11,1 are defined as
Y1 =B A0 P11 + P21 — P22, 2 = BTTA0G12 + P22
It is straightforward to see that s ; can be taken for z > 0 as
G2.1(x) = (2£1(0) + 3£1(0) + f1'(0) — h1(0) + (2£1(0) + 3£1(0) + f{'(0))z
+ 5 (R 0) +2£0) + FO)a?)e
Ga2(,t) = = (f1(0) + 1 (0))e ™.

The first observation is that Wi has the form

Wi(z,t) = /0 Wr(0, (1 () + 7¢2())e ") (2, t — 7) dr.

On the other hand, for z € R

k ~(k
(@) - ¢{3(@)

~ 0,t)et
H® @) = H® (1) — o® 1 — g (10 k=0,1.
(6 = 500 W00~ o (71007 ) k=,

From the compatibility conditions, we easily see that F € Yg(R), and that He

_3 55
S—5,8—3

Y, (RT). So, we have that W, o = Wb(ill,ilz) + Wc(fl,fg) satisfies the
(IBVP) (3.46) with K; = 0.
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We first bound the solution W;. By Lemma (3.5), we have that
t
WG D)o < / IWa(0, ) ly-@e " dr
< / 1ol @e" dr
0

< / (bl + Tlell e y)e™ dr
< C ()] + £10)] + £ )] + £ O)
<O (Il o g oy + 1 ilare )

where we are using that f3(0) = h{(0), s > 2, s — 3 > 1 and

2 27
Vil s < N@rallgs+r + [|Prall s+ + ||@2,1l|ms + || P2,2|me
< C ([ (0)] + [ f1(0)] + [£1(0)] + [ £7(0)])

<O (Iill g gy + ilzoceny ) -
On the other hand, we note as above that

i, Oy < € (Il o o) + Ml ) -

5

. - s_3.5.3 -

Now, using that F' € Y (R1), and H €Y, 2 2(R") from the compatibility con-
dition (sC3), that W (f1, f2, h1, ha) has the form (3.51), and similar computations
as in previous cases, we see that

sup [|W(f1, f2, b1, h) (5 t) Iy« +)
>0
< C (Ifillmen + If2llare@ey + 1Rl yuog gy + 102l 5 ) -
Now, we consider % <s< %. In this case, we decompose W(f1, fa, h1, ha) by
(3.52) W (f1, f2, h1, h2)(z,1)

= Wa(x,t) + Wi (ha, ho) (2, ) + W f1, fo) () + (228,2)

where for ¢ = 1,2,

@i(x,t) = (i1 (x) + t@ia(x)e™ ™" = (Gi(x) + t@ia(x))e

with @11 and @19 are extensions from RT to R of the functions

FLO) + (H10) + )+ 3(1(0) +2£(0) + 7 (0)?

51 (0) 4 BA0) +37(0) + ' (0)2] e
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and (h}(0) + f1(0))e ", respectively. It is straightforward to see that ¢a,; can be
taken for z > 0 as

Paa(e) = (1(0) = 26{(0) = F'(0) = H4(0) + (2(0) — 24(0) — f" ()

— SURO)F2AO)+ F1 )+ S (F1(0)+37/(0) +3(0)~ Fr(0)a®)e ™,
Baa(e,t) = (2(0) + H(0))e™
Let Wy be defined by

Wa(z,t) = /0 Wr(0, (1 () + 7¢2())e ") (2, t — ) dr.

then, W is the solution of the nonhomogeneous (IVP) (3.48) on the line with

0
L Z, t) = 9
0= ((gat0) + a(ee)
where the functions 1,99 are defined as
Y1 =B A0, P10 + P21 — Pa2, ¥1(0) =0, o = B A G10 + a2,

with 11(0) = 0. From the compatibility conditions (sC4), we have directly that

_3 55
S—5,8—3

F € Y (R") and that H € Y, (RT). So, using similar arguments and com-
putations as in previous cases, we see that

sup W (f1, f2, ha, 1) (5 ) llys ety

<C (HleHs(Rﬂ + | fall s mty + thHHr%(Rﬂ + Hh2|\Hr%(R+)) :
O

Finally, using the result for the linear non homogeneous problem, we have the
following result for the nonhomogeneous problem

THEOREM 3.10. Let + < s < § and let F € L'([0,T] : Y*(RT)) for T > 0.

Then the Initial-boundary-value problem

0 X(x,t) =MX(x,t)+ F(z,t), >0, 0<t<T,
(3.53) X(2,0) = (8) X(0,) = (8) .

possesses a unique solution Wi € C([0,T]: Y*(R™)) such that
T
sup (Wil llyequey < C [ IFC)lyeqe dr
0<t<T 0

PRrROOF. Before we go further, let’s consider the additional problem by taking
F(x,t) = g(t)e™® with F € L1([0,T]: Y*(RT)) for T > 0. Now, let ¢ € H'°(R) be
an extension for e=* with x > 0, and choose g; € (C§°(0,7))? such that

T
/’M@—MMﬁem as j — 0.
0
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We define W; by

W, (o, ) = /0 Wilg; (7)) (2, t — 7) dr.

We see directly that W; is a classical solution of the pure-initial-value problem

oW (x,t) =MW(x,t)+g;(t)Y(x), zeR, t>0,
(3.54) )
W(z,0) =(0,0)
As in Lemma (3.7), we have that
T
. < i .
sup W2 M,y gy S © [ Nos0 gy [ )l

Moreover, since W;(0,0) = 9;W;(0,0) = 0, we also have that

T
. i < < ;
5 W00 3, <€ [ lsEWOl,. 30 dr < [ Lol
Now, we define Zj(z,t) = Wj(x,t) — Wy (W;(0,-))(z,t). Then we have that the
function Z; satisfies the initial-boundary-value problem (3.53) with nonhomoge-
neous term G(z,t) = g;(t)¥(z), and also that

T
swp 12, Ollvoery <€ [ gyl dr
0<t<T 0
Moreover, we also have from Lemma (3.7) and (3.55) that

sup_ W5 Dlyecen) € sup 1Z5C,Dllyery + sup [Wo(W(0, Dl
0<t<T 0<t<T 0<t<T
T
< : (0, - .
<C [+ s W0

T
<o / lg; (7|l dr
0

Finally, we see that (W;); is a Cauchy sequence in (C§°([0,7] : Y*(RT)))? with
limit W. In fact,

W5 (5 8) = Wi( Dllys ) < /0 lg;(T) = gx(7)| dr.

So, from this fact, previous computation and taking limit as j — oo, we conclude
that W(x,t) = lim; o Wj(z,t) is the solution of the (IBVP) (3.54) replacing g;
for g, and also that

T
sup W 8)lyas) < C / lg(r) dr.
0<t<T 0

Let assume that 2 < s < 3, and define F(z,t) = F(z,t) — F(0,t)e"*. We consider
U and V the solutions of the initial-boundary-value problem (3.53) with non ho-
mogeneous part G(x,t) = F(z,t) and G(x,t) = F(0,t)e™* = g(t)e™", respectively.
From the Duhamel formula, we know that the solution U has the form

(z,1) / W(F(-,7),0,0)(x,t — 7) dr,
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where W stands for the solution of the (IBVP

) (3.45). Since U(z,0) = 0 and
U(0,t) = 0, satisfies the hypotheses of Theorem (3.9)

, we have directly that

T
Oiltlg UG t)lys@+y <C sup/ [W(E(, ) lys @) dr

<0 [ (P + 1FO.PN) dr

sa/|wmmwwwf
0

where we are using that H*(R*) € C,(RT) for s > £. On the other hand, applying
previous arguments for g(t) = F(0,t), we also have that

T T
sup V(5 O)llys@ey <C [ [[F(0,7)]ldr < Cl/ [EC )y @) dr-
0<t<T 0 0

Since we know that Wy = U + V| we conclude directly the desired estimate.
In the remaining case we use the same approach by considering F' appropriately.
In the case 2 < s < 3, we use

F(z,t) = F(z,t) — (F(0,t) + (0. F(0,t) + F(0,t))x) e 2,

for g <s< %, we take
%(@%F(O, 1)+ 20,F(0, ) + F(0, t))x2> e

and finally, for Z < s < 2, we take

F(z,t) = F(z,t)—e® (F(O, £) + (0. F(0,8) + F(0,8))a + %(8§F(0, )+

20,F(0,t) + F(0,t))z* + é(agF(o, t) 4+ 302F(0,t) + 30, F(0,t) + F(0, t))x3>
O

4. Nonlinear case

The main goal in this section is to establish a local existence result for the initial
value with boundary conditions (IBVP)

) OX(a,t) = MX(2,8) + G(X)(@,1), >0, t>0,
' X(2,0) = F(), X(0,1) = H(t) |
and also to prove global well posedness with homogeneous boundary. We set the
space )* as
VRY) =Y (RY) x YR (RY),
Now, for a given T > 0 and 1 < s < 5, we define the space Z§ = C([0,T] : Y*)
with the norm,
[Ullzs. = sup [[U(, )]y
t€[0,7)
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Before going forward, we need to recall that the nonlinear part is given by
G(g,r) = Gilg,7) + Ga(q,7)

where GG; and G are defined by,

610 = () 0= (g )

On the other hand, using the s-compatible conditions for s > % applied to the
couple of functions (F, H) € Y*¥(R"), we have the following existence result,

THEOREM 4.1. Let % < s < % and (F,H) € Y* satisfying one of the s-

compatible conditions (sC1)-(sC4). Then there exists
To = To (IFllveo |l g3 0)) >0

such that the initial value with boundary conditions IBVP) (4.1) has a unique so-
lution X = K(F, H) € Zz,. Moreover, for 0 < Ty < Ty, there exists a neighborhood
U. of (F,H) € Y* such that the solution application K : U. — Z5 is Lipschitz.

PROOF. Let Xf' = {U € Z§ : |U||zs. < R} be the ball of radius R > 0 on Z3,
where T" and R are positive constants that will be determined later on. We consider
the application ® defined as

dU) =W (F, H) + Wi (G(U)).

We will see for (F, H) € Y* satisfying one of the s-compatible conditions that & is
a contraction from XF into XF for appropriated T > 0 and R > 0. We set

Ro = | Plly=@e) + 1 Hll g g gy

Now for given U,V € X£, we have from Theorem (3.9) and Theorem (3.10) that
[l 25 < [W(F, H)l[z; + Wi (GU))l| 2
T
<CRo+C [ Gy dr
0
(4.2) SCRy+CT sup [|[GU)(7)|lysmt)
0<7<T

Now, to get the nonlinear estimates, we need use the following Sobolev Multiplica-
tion Law: Let d > 1 and let s1, s2,t be such that either

d
s1+ 52 >0, t<s1+ s9, t<51—|—52—§,

0r51—|—52>0,t<51—|—52,t§51—|—52—% ,then we have that

(4.3) Vol ey < 19l ms1 may 10l o2 (ra)-
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So, let V; = (qi,mi) € Y¥(RT) (i = 1,2). Using that B~! has order (—2), and
t=s—2,8 =sand s =s—1en (4.3), we have that
(4.4)

||G1(V1) - Gl(V2)||Ys(R+) = =B~ (ri(a))e — r2(65)2) | 1=+
®) ([[(r1 = r2) (@)l me—2@+) + Ir2(d] — @8)allme—2@®+))
(b) (Ilrs - r2||Hs<R+>||<q1> lrres ey + rall e ey (0 = @B llarems )
(||n = rollme o laa e ey + Irallzree lab — Bl e )
< 200) (2l = rallmen sl oo
tpllrallme o llas = aellie ey (ol tary + lalirates) )

< C1(pD)IVi = Vellveaey (I ey + 1Vl ) -

A similar estimate shows that
(4.5)

1G2(V2) = Ga(Va)ly-sy < Crlp. D)V = Vallyaey (VI sy + IVl sy )
Moreover, for V3 =V and V5 = 0, we have that
IGW)ly-ey < Crw,b) (VI ) -
From these facts, we have that
(4.6) |(U)lz5 < CRo+ Ci(p, DTN
and also that
(@47) [B(U) = (V) |z < Wi (GU) = GV))]l 23

T
<c / IGW) (2 7) = GOVl dr

T
< Ci(p.b) / 10 = VOl (IO gy + VO g ) dr

< Cilp, T swp [0() =V (0l (IO ) + 1V i)

< CipOTIU = Viiz; (101G, + VI,
<201 (p, RPTU = V| z3.

We set R = 2C'Ry and choose T' = Ty > 0 such that
1
(48) 2cl(pa b)RpTO = Na
with N > 2P +1 and N € N. From (4.8), and estimates (4.6) and (4.7), we
have that ® is a contraction from X§ into X7¥, and so, the Contraction mapping
Theorem guaranties the existence and uniqueness of a local solution to the (IBVP)
in the space X7 . It is not hard to extend this result for the large class C([0; Tp] :
Y*$(RT)). Now, suppose that for any 0 < Ty < Tp, the mapping K from U, to
C([0;Ty] : Y*(R™")) is Lipschitz, where U, is a neighborhood of (F, H) € Y* and
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e will be determined. Let (E,ﬁl) € U, for i = 1,2. Let U, Uy, and Uy be the
corresponding solutions with initial-boundary data G = (F, H), G, = (Fy, H;) and
Gy = (Fy, Hy), respectively. Then we have that

Uz, t) — Uy (z,t) = W(F — Fr, H — Hy)(z,t) + Wi(G(U) — G(UL))(a, 1).

So, following the same type of estimates as in (4.4) and (4.5), we see for T' < Ty < Tj
that

U= Uillzs. < ClIG = Gillys@+) +2C1(p, b)) RPTL|U — U || 2.
1
Now, we set the function

I(z) = —(N — 1)z + NCe.

We note that 1(0) = NCe > 0 and I (ﬁ?;) = 0. Moreover, from inequality (4.9)

at T1, we have that I(y) > 0 for y = ||U — U1HZ%1. From these fact, we have that
U — U1HZ%1 < NCe S0, we conclude that

= N1
NCe
(4.10) 1Villzg, <10 = Uillzs, +10llz3, < R+
Similarly,
NCe
(4.11) [Vallzg, < R+ e
Note that

Ul(.I, t) - UQ(.I, t) = W(Fl - FQ, Hl - HQ)(.I, t) + W[(Gl(U) - G(UQ))({E, t)

Choose € > 0 so small that £<¢ < R. From a similar argument that in (4.7) we
have that

1UL = Uallzg, < ClG = Gallysasy + Culp, BIT1I|UL = Unllzs, (WUl + 2l )

NCe \?
< CG1 = Gallysm+) +2C1(p,b)T1 R+ [U1 — Uzl 25,

< CllG1 = Gallysw+) +2C1(p, O) RPT1 27| Uy — Ua|| z;,

op
< CllGr = Gallyse+) + w7 1UL = Uzl 23,

3
1

which implies

N
103~ Uil < (5235 ) 16 - Gilee
meaning that the solution mapping K from U, to Z7. is Lipschitz. O

Local wellposedness for s > %.
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Before we go further, we need to introduce some compatibility conditions needed in
order to relate the initial data with the boundary condition. For a given (F, H) € )*
and k:0,1,2,..., we set

(4.12) Fy(z) = F(x)
(4.13) Ho(z) = H(x)
(4.14) Hy(t) = OF H(t)
(415) Fk(x) = Mkal(x) - Glykfl(x) - 2G27k,1($)
where G ;-1 and Ga 1 are given by
0
Glykil(x) - k=l k—1)! me @) r
B X m!((k:lz.m_) O | 22 wﬂ(m,j) J2,k—m—1
m=0 3=0
0
Gral) = ESN(EeY) @) (f10)
Bil Zom!(kflém) Zow j!l,o ’%(maj) ax.fQ,kfmfl
m= J=

with w(y) = y?, wV) being the j-derivative of w, f; . being the I component of F,
and

H(m,j): Z a flal .flyaia
Amag) 1 .....
where A(m, j) = {(a1,...0j) tar1+ .. +a; =m,a; > 1, 1 <i < j}
s—Compatibility conditions for S > 3

For s > —, we define 1 5 <38 <2 5 by s = 4m + 5, where m is a nonnegative integer
given by m = [251]. We say that (F,H) e y* (R*) is s-compatible if,

Fy(0) = H(0),

holds for k£ : 1,2, .....,4m — 1 and one of the following conditions holds for k = 4m:
(sC1k) For 3 <3< 9, f;5(0) = h; x(0) for i = 1,2.
(sC2k) For 3 <5< 5, f;1(0) = hix(0) for i = 1,2 and

_2’

h2,1(0) = 2h1,1(0) + f1 4 (0),  f3,(0) = —h1,k(0),
(sC3k) For 3 <3< I fi 1(0)=h;(0)fori=12 and

f2.5(0) = f1,1(0) + bl 4(0)
5.1(0) = h1 ,(0)
21(0) = =f1..(0) = f1 1(0) = 1y ,(0)
hak(0) = 2f1.,(0) + 31 1 (0) + f1x(0) = 1 4(0)
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(sC4k) For 2 <5< 2, £ 4(0) = h;1(0) (i = 1,2), and
f2(0) = fr1(0) = 27, (0) — f1(0) — R 1, (0),
h

(0)
5.1(0) = h1 4, (0)
2.1(0) = —f1.1(0) = f1 £(0) = 111 1,(0)
2:(0) = 2/{7.(0) + 514 (0) + 61 ,(0) + f1.1(0) + B} 4(0)
2.1(0) = 211 1, (0) + 21 1,(0) + f1'k(0)
11(0) = =201 1(0) = f1,1(0).

For T' > 0 and such a value s, let Z7 be the collection of all functions
U € CH([0,T]; Y*(RY))
for k=0,1,---,4m — 1 and 9}™U € C([0,T]; Y¥(R")) with

4m—1
Ul z; = sup H34mU|\Ys(R+) + > sup [0fUllys@s)
tel0,T k—o t€[0,7T]
THEOREM 4.2. Let s > 2 and (Fy, Ho) € Y* satisfying one of the s-compatible
conditions (sC1k)-(sC4k). Then there exists To = Tp (||(Fo, Ho)||y=r+)) > 0 such
that the initial value with boundary conditions (IBVP )

OX(5t) = MX(2,t) + G(X)(@,), ©>0, t>0,
X(z,0) = Fy(x), X(0,t)= Hy(t)

has a unique solution X = KC(Fy, Hy) € Zy, - Moreover, for 0 < Ti < Tp, there

exists a neighborhood U, = {(F,H) € Y° : ||(F, H) — (Fo, Ho)l||y= < €} at (Fy, Ho)

such that the solution application K : Ue — Z, is Lipschitz.

(4.16)

PROOF. Let (F, H) € Y* satistying one of the s-compatible conditions (sC1k)-
(sC4k), let T and R be positive constants to be determined after, and define X7
be the ball of radius R > 0 on Z§.. In other words,

Xft ={U € Z} : |U| z; < R}.
We consider the application ¢ defined as
®(U) = W(F, H) + Wi (GU)).

Now, for k = 0,1,2,....4m — 1 and U € Z3 we define V¥ = 9F®(U). So, we see
directly that V*) satisfies the (IBVP)

(4.17) OHVW® (2, t) = MVW® (2, 1)+ Gr(U)(x,t), >0, t>0,
' VE(0,2) = Fr(z), V®(t,0) = Hg(t)

where the nonlinear term is given by

0
= ( 5 (S gk (@)00k ) + 200100 ) )

and the boundary-initial value conditions are given (4.15)-(4.14). From the discus-
sion above, we have that V(*) can be expressed as

V) (&, 1) = W (Fy, Hy)(x,t) + Wi (Gr(U))(z, t).
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Now, we know that the initial-boundary (F, Hy) satisfies the s-compatibility con-
dition for £k = 0,1,...,4m — 1 and the s-compatibility condition for £k = 4m. So,
Theorem (3.9) and Theorem (3.10), we have for k = 0,1, ...,4m — 1 that,

IV )y ey < CN(Fr, Hi)[ly= ) +C/RI\Gk(U)(~,T)|\Ys<R+>dT
< CO(Fy, Hy)llysm+) + CT sup [|GL(U)(-, t)|lysw+)
0<t<T
First we note for 0 <1 < k that,

l
10Ha") | ooy = (|2 Cli)a”7 Y 9a---907q
7=0

A0 Hs—2(R+)

< Cz HQ| Hs 2(R+) Z Ha?IQHHs—z(Rﬂ e Ha;quHHsﬂ(Rﬂ
A(4,0)

l
<CZMMMW»§NmeWﬂ
j=1
p

l
S 10 gl o2y |
=0

where A(j, 1) ={(ov1, -+ ,j) ra1+---+a; =1, o >1, 1 <i<j}. So, from this
we also have that

|-B (l)0r (@) Nigequry < I (@)e)

Hs=2(R+)
ak*j P H
He-2(R) ;7 (q") Hom1(R+)
2m—2 P 2m—2

<C Z Hagf]HHs%(Rﬂ Z Hagf]HHH(Rﬂ

<CIUIEtL.,.

Following the same arguments, we have that

k +1
-5 (@ aet )], ., < IV e

Using this and previous estimates, we have for k =0,1,---,4m — 1 that
IGRO)C Bl ey < CIUIEEL ...
So, we conclude for £ =0,1,---,4m — 1 that

(4.18) OiltlgTHV(k)( t)llysms) < Cll(Fr, Hyllys ey + CTU|IE

Now, for k = 4m, we have that

IVE ) lys@ey < Cll(Fry H)lys@ey + CTOiltlETHGk(U)(',t)HYé(Rﬂ
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Following the same type of computations in previous case, and splitting the sum by
adding from j = 0 to j = 4m — 1, we conclude that

(4.19) sup [[VE (1) |lye @y < Cll(Fr, Hi)lys e+) + CTHUHZ?-
0<t<T

From estimates (4.18) and (4.19), we conclude that
12(U)llzs. < CII(Fy, Hi) lys ey + CTIUI
Now, with a little more work, it if possible to establish for U, V € X% that
12(U) = @(V)liz5. < CT(IUII, + IVIE)IU = VG

If we choose ANCRT, = 1, for N € N large enough and R? = 2C R} with Ry is
taking as Ro = ||(Fk, Hg)||y=(r+), then the fixed point principle implies that ® has
a unique fixed point in the set Xﬁ. The last part of the proof follows using similar
arguments used as those used ithe last part of Theorem (4.1). O

5. Global existence

In this section we consider for s > 1 the global existence of the initial value
problem with homogeneous boundary condition (IBVP)

{(%X(x,t) =MX(x,t) + G(X)(x,t), x>0, t>0,

(5.1) X(2,0) =F(z), X(0,t) =0.

where the initial data F' = (f1, f2), € Y§(R™) are such that

/Ooofl(x)d:c_o.

From the discussion in previous sections, we have that the (IBVP) (5.1) is locally
well-posed and the time existence 7 depends on the quantity ||F||ys@+), but it
is clear that the larger is || F'[|y;(r+), the smaller will be 7. We will see that the
(IBVP) (5.1) has a global solution by establishing the existence of the conserved
quantities with respect to ¢t > 0

(5.2) M(q)(x. 1) = / " ety de,

(5.3) E(g,r)(x,t) = / (q2 +ag? +1r2 + bri) dx
0

In fact, assume that (¢,r) is a smooth solution of the system (3.1) such that
(g,7)(-,t) € Y*(RT). By integrating the first equation, we get formally that,

o, [/Ooo q(z, 1) d:c] - /Ooo qu(a,t) dz = /Ooo ro(z,t) dz = —1(0,t) = —ha(t) = 0,

as long as the solution exists. Now, multiplying the second equation by r and
integrating, we have that

/ (I - baﬁ)TtT dx = / ((I - aaﬁ)qx —|—p7"qp_1qx + 2qprx) rdz.
0 0
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First we note that as long as the solution exists
/ (pra” 'qo + 2¢Pry) rdz = / (r*(¢")s + ¢"(r*)s) dz
0 0
- [ ), do= 00070, ~0.
0

On the other hand, as long as the solution exists we have that

1 —adi)qs) rde = Qe — ad,qr) dx
| ( 2) | :
[ -t
= —/ qq: — adiqqy) dx
0

(
_ —%(% ( q d:c) + algea)|
a0

= (q—adiq)r

—a / (4u0) da
0

1 o)

(¢* + aqx d:c) + a(q.qt)
2 0

_ —%at ([ +auas )

since q;(0,t) = hy(t) = 0 for t > 0. Finally, we see that as long as the solution exists

/ ((I - bai)rt) rdx = lat (/ r? d:c) —b (TxtT ~ —/ T2tTe dCC)
0 2 0 0 0
— %(% (/ (r2 + bri) d:c) .
0

In other words, if (g, r) is a smooth solution of the homogeneous (IBVP) (5.1), we
have that the quantities (5.2) and (5.3) are conserved in time, meaning that the
existence of the conserved quantities with respect to t > 0

(g, r)(@,t) = £(q,7)(0,1) = /0 (ff +al0:f1)* + 3 + b(0: 2)7) dx
(5.4) < CHFH%/OI(]M)-

THEOREM 5.1. For any given F € Y (R™), the initial-boundary-value problem
with homogeneous conditions (5.1) has a unique global solution
U e C([0,00) : Y (RT)) satisfying that

sup 1Ullyg®ey < ClIF vz we)-

PROOF. Let (f1;, fo,;) € C5°(RT) such that
Ifi = fiilmreey = 0, j—o00, i=12

We set U; = (gj,7;) to be the solution of the (IBVP) (5.1) with initial conditions
Fj = (.fl,j; .f2,j)' SO, we know that

(5.5) Uj(z,t) = W(F;,0)(x,t) + Wi (G(U;))(z, t).
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Moreover, we also have that U; € C?([0,7] : Y*(RT)) and using that the solution
map is Lipschitz we get that

(5.6) sup [|U;(-,t) = Ur(, t)llyr ey = 0, j,k — +o0.
0<t<T

On the other hand for 1 < k < 4, we have that 05U; € C([0,T]: Y**(R™)). Due

to the fact that Y1(RT) C C(RT), we also have that

okU; € C%([0,T] : C(RT)) for 0 < k < 3. In particular, we conclude that

xlingoaﬁUj(x,t)zo, te[0,T], 0<k<3.

Let U € C([0,T] : YY(RT)) be the limit of the sequence (U;);, as j — +oo (see
(5.6)). So from (5.5), we have that

Ula,t) = W(F,0)(z,t) + Wi(G(U))(w,), lim U;(0.8) = U(0,¢) =0

meaning that U is a solution of the (IBVP) (5.1) such that
U € C([0,T]: Y (RT)). On the other hand, from the discussion above (see (5.4)),
we know that energy
EWU;)(t)=E(F;), 0<t<T.
Moreover, taking limit as j — 400 in the energy, we conclude that
EU)(t) =&(F), 0<t<T

Now, a simple computation shows that there is a positive constant C; such that

CrIFlyiwey € VEF) < Cil|F|lyrre)-

This fact guarantees that any local solution can be extended in time. In other words,
we have that U is a solution of the (IBVP) (5.1) such that U € C(]0, +o0) : gt (RT)).
O

Finally, we have a global existence result for the Benney-Luke equation which
follows directly from previous result, the existence the quantity M given by (5.2)
which is conserved in time, and the remark (3.1) that allows us to establish the
equivalence between the initial-boundary-value problem (IBVP) with homogeneous
boundary condition (5.1), and the the initial-boundary-value problem with homo-
geneous boundary condition for the Benney-Luke model

Ut — Ugy + AUggrre — buxmtt +putugiluxm + 2uguxt - 0; T > Oa t> Oa
’UJI(O, t) = 0, ut(O, t) =0
’UJI(.I,O):fl({E), ’U,t(.I,O) :fQ(«f),
COROLLARY 5.2. For any given F = (f1, f2)! € Y (R™), the initial-boundary-

value problem with homogeneous boundary conditions for the Benney-Luke equa-
tion (1.1) has a unique global solution u € C([0, 00) : V*(RT)) satisfying that

sup [lu(-, t)lveeey < C||F|| mrm+y-
>0
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