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Dynamics of a non-autonomous incompressible
non-Newtonian fluid with delay
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ABSTRACT. We first study the well-posedness of a non-autonomous incom-
pressible non-Newtonian fluid with delay. The existence of global solution is
obtained by classical Galerkin approximation and the energy method. Actu-
ally, we also prove the uniqueness of solution as well as the continuous de-
pendence on the initial value. Then we analyze the long time behavior of the
dynamical system associated to the incompressible non-Newtonian fluid. Fi-
nally, we establish the existence of pullback attractors for the non-autonomous
dynamical system associated to the problem.
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1. Introduction

As it is well known, the Navier-Stokes model of fluid restricts the linear relation
between the stress tensor and the velocity gradient (see [26, 27]). Fluids satisfying
such constitutive relationship are called Newtonian fluids, e.g. air, gases, water,
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motor oil, alcohols, and simply hydrocarbon compounds. However, for many fluid
materials, such as molten plastics, synthetic fibers, paints and greases, polymer
solutions, suspensions, adhesives, dyes, varnishes, and biological fluids like blood
etc., their flow behavior cannot be characterized by Newtonian relationships in the
real world. By weaken the constraints of the Stokes hypothesis, the mathematical
theory of viscous non-Newtonian fluids generalizes the usual Stokes model in three
important aspects: nonlinear constitutive relations between the viscous part of the
stress tensor and velocity gradients, dependence of the viscous stress tensor on
velocity gradients of order two or higher, and constitutive relations for higher order
stress tensors which must be present in the balance of energy equations as soon as
higher order velocity gradients are considered into the theory [3, 16].

The purpose of this paper is to study the well-posedness and dynamical be-
havior of the following non-autonomous incompressible non-Newtonian fluid with
delay in a 2D bounded domain

(1.1) ?9_1; +(u-VYu+Vp=V-pule(u) + f(t,u) + g(x,t), in (1,400) x Q,
(1.2) V-u=0, in (7,+00) x €,
(1.3) u(t+60,z) =¢0,x), 6¢€[-h,0], zecl.

System (1.1)-(1.3) is supplemented by the boundary conditions (v;je = 2 %e;j,

i,7,0 =1,2, and n = (n1,n2) the exterior unit normal to 9)

(1.4) u=0, vynn =0, 4,j5,k=1,2, on 0 x (1, +00),

where ) is a smooth bounded domain of R?, the unknown vector function u =
u(z,t) = (u, u?) denotes the velocity of the fluid, g(z,t) = g(t) = (¢V), @) is a
time-dependent external function, and the scalar function p represents the pressure.
The first condition in (1.4) represents the usual non-slip condition associated with
a viscous fluid, while the second one expresses the fact that the first moments of the
traction vanish on 0, it is a direct consequence of the principle of virtual work.
The time-dependent delay term f(t,u;) represents, for instance, the influences of
an external force with some kind of delay, memory or hereditary characteristics,
although we can also model some kind of feedback controls. Here, u; denotes a
segment of the solution, in other words, given h > 0 and a function w : [s —
h,+00) x Q — R2, for each t > s we define the mapping u; : [—h, 0] x Q — R? by

u(0, ) = u(t + 0,x), for6 e [—h,0], z €.

In this way, this abstract formulation includes several types of delay terms in a
unified way. For example, terms like

0
(1.5) Fi(t,u(t —h)), Fa(ut — p(t))), / F3(t,0,u(t + 0))do,

—h
where F; (i = 1,2, 3) are suitable functions, and p : R — [0, h], can all be described
by the following corresponding f; defined as
(1.6)

it d) = Fu(t, o(=h)),  fa(t, &) = Fad(=p(t))), fs(t,(b):/

0
F3(ta 97 (b(e))daa
h
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where ¢ : [—h,0] — X (X denotes certain Banach or Hilbert space concerning the
spatial variable). Then, when we replace ¢ by u; in (1.6), we obtain (1.5). Readers
are referred to [6, 10, 11] for more details.

Problem (1.1)-(1.4) models the motion of an isothermal incompressible viscous
fluid with p(e(w)) = (pij(e(uw)))2x2, which is usually called the extra stress tensor
of the fluid and is a matrix of order 2 x 2 in which

pij(e(u)) = 2po(eo + le|*) ey — 2m ey, 0,5 =1,2,

(17) - 71 ou; 8’U,j 2 2 2
eij = €ij(u) = 5(83@ + 8%), le]” = Z leis|*,

ij=1

where po, p1, €0 and a (0 < « < 1) are positive constants which generally depend on
the temperature and pressure. In (1.7) if y;;(e(u)) depends linearly on e;;(u), then
we say the corresponding fluid is a Newtonian one. If the relation between ;5 (e(u))
and e;;(u) is nonlinear, then the fluid is said to be non-Newtonian. One can refer
to [2, 3, 21, 24] and related references therein for more physical explanations.

The existence and uniqueness of solution of non-Newtonian flow is studied in
[1, 2, 3], while a maximal compact attractor of a non-Newtonian system in an
unbounded channel is obtained in [4]. In [29, 30, 31, 32, 34, 35] the existence of
(compact, global, pullback) attractor for a non-Newtonian equation without delay
has been analyzed, while [20] focused on pullback attractor of a non-autonomous
non-Newtonian equation with variable delays. It is worth mentioning that authors
in [33] obtained pullback attractors for a non-Newtonian fluid model with infinite
delays, Caraballo and Real [7] proved the existence and uniqueness of solution for
functional Navier-Stokes models with delay, and a non-classical non-autonomous
diffusion equation with delay was considered in [6].

Enlightened by [6], in this paper we first aim to show the existence, uniqueness
and continuity of solutions to (1.1)-(1.4) by the energy method (see [6, 14, 15])
and the classical Galerkin approximation (see [27]). Our second goal is to establish
the existence of pullback attractor in space C([—h,0]; H*(2)) by using pullback
D — w—limit compactness and a priori estimates.

We would like to mention that we will give a relatively complete proof of the
existence, uniqueness and continuity of solutions to Eq.(1.1), which will be ob-
tained assuming that g belongs to a more general space than the one in [20],
namely, g € L? (R;W’) instead of g € L} (R;H). And the assumption g €
L? (R; H) is needed only when we show the existence of pullback absorbing set in
the space Cy. Moreover, we only need g € L} (R; H) and satisfying (4.14), i.e.,

lim sup f: e 2mAm1(t=9)||g(s)||2ds = 0, to establish that the process is pull-

m—+400 4>
back D — w—limit compact in Cy,. However, in some references, the fact that
g € C(R; H) is required to prove the pullback D — w—limit compactness in Cy
which is a much stronger assumption than ours. Besides, in [20] the authors es-
tablished the existence of pullback attractor for non-Newtonian fluid with variable
delay, and we generalize this result to model more general delay. In other words,
our result is true for variable and distributed delays.

The structure of the paper is as follows. In the next section, we first introduce
some notations, then recall some definitions and known results concerning pullback
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attractors for non-autonomous dynamical systems. In Section 3, we prove the exis-
tence, uniqueness and continuity of solutions to problem (1.1)-(1.4). Section 4 is de-
voted to establishing the existence of pullback attractor in space C([—h, 0]; H*(Q)),
while Section 5 provides some conclusions about our work. We also present some
technical lemmas that are used in this paper in an Appendix in Section 6.

2. Preliminaries

We first recall some notations which are necessary for our analysis although
they are similar to those in [1, 3, 4, 20, 34], but we prefer to introduce them here
for completeness.

LP(£2) will denote the 2D vector Lebesgue space with norm || - || 1»(q); particu-
larly, || - [|2) = I - |I,

H™(RQ) is the 2D vector Sobolev space {¢ : ¢ = (¢1,¢2) € L*(Q),VFep €
L*(Q), k < m} with norm || - || gm (q),

H}(9Q) is the closure of {¢: ¢ = (¢1, p2) € C() x C=(Q)} in H'(Q),

V denotes the {¢p € C°(Q) x C*°(Q) : ¢ = (P1,¢P2), V- ¢ =0},

H is the closure of V in L?(2) with norm || - ||; H' is the dual space of H,

W denotes the closure of V in H2(Q2) with norm || - [|y; W’=dual space of W,

(v, -)—the inner product in H, (-, -)-the dual pairing between W and W’.

dist s (X, Y)—the Hausdorfl semi-distance between X, Y C M, where M is a
normed space, defined by

distpr(X,Y) = sup inf ||z — y||a-
reX YEY

Set
2
deij( (?ei-(v)>
2.1 ) = i) deiy
(21) a(u,0) Z_( ) Sl
2
= Z Oeij(u) 8eij(v)dx, u,v € W.
Pl Oxy, Oz,

On the one hand, from the definition of a(-,-) and Lemma 6.3 in Section 6,
we see that a(-,-) defines a positive definite symmetric bilinear form on W. As
a consequence of the Lax-Milgram Lemma, we obtain an isometric operator A €
LW, W), via

(Au,v) = a(u,v), u,ve W.

On the other hand, denoting D(A) = {u € W : Au € H}, it turns out that D(A)
is a Hilbert space and A is also an isometry from D(A) to H. Actually, A = PA2,
where P is the Leray projector from L?(Q) to H and, for any u € D(A), we have
(see [34] and Appendix for more details)

(2.2) crllullw < [|Aul].
We also define a continuous trilinear form on H{(2) x H}(Q) x HE(Q) by

b(u, v, w) Z / v wjd:c u, v, w € H(Q).

7,7=1
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Since W C HE (), b(, -, ) is continuous on W x W x W and it is easy to check
that (see [27])

(2.3) b(u,v,w) = —=b(u, w,v), blu,v,v) =0, Yu,v,w e W.

Now we can define below continuous functional B(u) := B(u,u) from W x W to
W', for any w € W, in the following way,

(2.4) (B(u),w) = blu,u,w), YweW.

To finish, we set
p(u) = 2p0(eo + [e(u)*) =72,
for u € W, and define N (u) as

(2.5) (N(u),v) =Y /Q,u(u)eij(u)eij(v)dx, Yo € W.

i,j=1
Then the functional N(u) is continuous from W to W’. When u € D(A), we can
extend N(u) to H by setting

(2.6) (N(u),v) = — ) {V - [u(we(w)]-v}de, Yve H.

From a physical point of view, the initial boundary problem of Eq. (1.1) can be
formulated as

0 o
@27) S+ VutVp = V- (2uoleo +[e*)Fe - 2mAc)
+f(taut) =+ g(xat)a in (Ta +OO) X Qa

(2.8) V-u=0, in (1,400) x Q,
(2.9) u=0, vynjn =0, on dQ x (1,00),
(2.10) u(t+60,z) =¢0,x), 6¢€[-h,0], zecll.

As usual, in the variational set-up, we get rid of the pressure and rewrite our
problem (2.7)-(2.10) in a weak formulation as follows (see [3, 31])

ou
ot
(2.12) u(t+60,z) =¢0,x), 6¢c[-h,0], zell.

We now state the assumptions that will be imposed on the function f : [1,T] x
Cpg — (L?(2))? containing the delay along our analysis. We will assume that the
given delay term satisfies:

(H1) For any ¢ € Cy, the mapping [7,T] > t — f(t,&) € (L*(Q))? is measurable,

(H2) f(-,0) =0,

(H3) 3 Ly > 0 such that for any t € [7,7T] and all §,n € Chq,

I f(t, &) = f(t,n)lL2) < Lell€ — nllow

REMARK 2.1. Asit is pointed out in [10, 15, 25], (H2) is not really a restriction,
and condition (H2) and (H3) imply that

If(t, N2 < Lelléllcss
so that || f(-,&)|r2() € L=(7,T).

(2.11) +2pu1 Au+ B(u) + N(u) = f(t,ur) + g(x, t), in (1,4+00) x Q,
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An example of an operator satisfying assumptions (H1) — (H3) is given in [10, 15].

We now recall some definitions and results concerning dynamical systems and
pullback attractors. These definitions and results can be found in [7, 8, 9, 10, 12,
13, 19, 23, 34, 36).

Let (X, dx) be a metric space, and denote R2 = {(¢,7) € R? : 7 < t}. A process
U on X is a mapping R2 x X > (t,7,2) — U(t,7)z € X such that U(r,7)z = x
forany 7 € R, x € X, and U(t,r)(U(r,7)x) = U(t,7)x for any 7 < r <t and all
rzeX.

Let P(X) denote the family of all nonempty subsets of X, and consider a family
of nonempty sets Dy = {Dy(t) : t € R} C P(X). Let D be a given nonempty class
of sets parameterized in time, D = {D(t) : t € R} C P(X). The class D will be
called a universe in P(X).

DEFINITION 2.2. For any o > 0, we will denote by D,(X) the class of all
families of nonempty subsets D = {D(¢t) : t € R} C P(X) such that

lim (e sup |ul% | =0.
t——00 uweD(t)

DEFINITION 2.3. It is said that Dy = {Dy(¢t) : t € R} C P(X) is pullback
D—absorbing for the process {U(t,7) : ¢ > 7} on X if for any ¢ € R and any
D ={D(t) : t € R} € D, there exists a 79(t, D) < t such that

U(t,7)D(1) C Do(t) for all 7 < 7y(t, D).

DEFINITION 2.4. Let {U(t,7)} be a process on X. We say that {U(t,7)}
is pullback D — w—limit compact with respect to each ¢t € R, if for any family
B ={B(t) : t € R} € D and for any € > 0, there exists t; = t1(B,t,¢) > 0, such
that

K U U(t,t—s)B(t —s) | <k,
s>ty
where & is the Kuratowski measure of non-compactness (see [23] for more informa-
tion).
DEFINITION 2.5. The family Ap = {Ap(t) : t € R} C P(X) is a pullback

D—attractor for the process {U(t,7):t > 7} in X if :

(i) for any ¢ € R, the set Ap(t) is a nonempty compact subset of X,

(ii) Ap is pullback D—attracting, i.e.,

lim distx (U(t,7)D(7), Ap(t)) =0, for all D € D, for any ¢ € R,

(iii) Ap is invariant, i.e.,
U(t,7)Ap (1) = Ap(t), for all 7 < ¢.

To analyze our problem with delay, we need to construct our process in a
Banach space of segments of solutions. Namely, the space C'x which we will define
below (see Section 3 for more details). Let X be a Banach space and let h > 0
be a given positive number (the time delay). Denote by Cx the Banach space

C([=h,0]; X) endowed with the norm ||¢|lcx = sup [[¢(0)||x. To study the
0€[—h,0]

pullback D—w—limit compactness of the process on C'x, we borrow some techniques

from [19, 28|.
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PROPOSITION 2.6. (see [19]) Let {U(t,7)} be a continuous process on Cx.
Suppose that for each ¢ € R, B = {B(t) : t € R} € D and ¢ > 0, there exist
70 = 70(t, B, €) > 0, a finite dimensional subspace X; of X and § > 0 such that

(i) for each fixed 6 € [—h, 0]

U U Pu(t+0) is bounded;

5>70 ug ()€U (t,t—s)B(t—s) x

(i) for all s > 79, us(-) € U(t,t—s)B(t—s), 01,02 € [—h,0] with |6, —6,| < 4,
[[P(u(t+61) —u(t+ 62))||x < €
(iii) for all s > 19, we(-) € U(t, t — s)B(t — s),

sup [[(I = Pu(t+0)||x < e,

I
0€[—h,0]
where P : X — X; is the canonical projector. Then {U(¢,7)} is pullback D —
w—limit compact in C'x with respect to each ¢t € R.

The following proposition is similar to that of [5, 23, 36].

PROPOSITION 2.7. Let {U(t, 7)}+>- be a process on Banach space C'x and D be
a universe in P(Cx). Then, {U(t, 7)}+>, possesses a unique pullback D—attractor
Ap = {Ap(t) : t e R}, forany t € R and D € D,

Ap(t) =w(D,t)= () | Ut,7)D(r)

To<t T<T0
if and only if

(a) {U(t,7)}+>- has a pullback D—absorbing set in Cx,
(b) {U(t,7)}t>+ is pullback D — w—limit compact in Cx.

3. Existence and continuity of solutions

In this section, by classical Faedo-Galerkin approximation and the energy method,
we prove the existence, uniqueness and continuity of solutions to problem (2.11)-
(2.12).

THEOREM 3.1. (Ezistence and uniqueness of solution) Assume (H1) — (H3)
hold. Let g € L2 (R,W') and ¢ € Cy. Then, for any T € R,

loc

(a) there exists a unique weak solution u to problem (2.11) satisfying
we C([r—h,T); H)N L= (1, T; H) N L*(1, T; W), VYT > 7.

(b) If p € Cw, and g € L} (R, H), then there exists a unique strong solution
u to problem (2.11)

satisfying
ue C([r—h,T);W)NL>®(r,T; W) N L*(,T; D(A)), VT > .

PRrROOF. We split the proof into several steps.

Step 1. A Galerkin Scheme.

By the definition of A and the classical spectral theory of elliptic operators (see
[24]), we see that operator A possesses a sequence of eigenvalues {\,}52; and a cor-
responding family of eigenfunctions {w™}52, C WND(A), which form a basis of W
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and are orthonormal in H, we consider the subspace W,,, = span{w?*, w?,--- ,w™},
and the projector P,, : H — W, defined as
m
Pou= Z(u,w")w", ue H.
n=1
Define

m
u™(t) = Z Yrn W™,
n=1

where the upper script m will be used instead of (m) for short, since no confusion
is possible with powers of u, and the coefficients 7, are required to satisfy the
following system:

(3.1) (%um(t% W> 201 (Au™, w™) + (Bu™ (1)), w") + (N (u™(£)), w")
= (f(t,u"),w™) + {g(t,z),w"), a.e t>7, 1<n<m,

and where the equations are understood in the sense of D'(7,T), and the initial
conditions are

u™ (1 +0) = Ppno(0), for 6 € [—h,0].

The above system of ordinary differential equations with finite delay fulfills the
conditions for existence and uniqueness of local solution in [10, Theorem Al, p.
2450]. Hence, we can ensure that problem (3.1) has a unique local solution defined
in [7,ty] with 7 < t,;, < +00 (see [18] for a similar result).

Next, by a priori estimates, we verify that solutions u" do exist for all time
t € [r,400).

Step 2: A priori estimates

Multiplying (3.1) by Vimn, summing from n = 1 to n = m, and using Lemma
6.3 in Appendix, we obtain, for all ¢ € [r,t,,], that
(3.2) %%Hum(ﬂHQ + 2crpu[[u™ (@) [Fy + (Ba™ (1)), u™ (1)) + (N (u™ (1)), ™ (1))

< (Pl uf), ™ (1)) + (g, u™ (1),

Integrating over [, t],

1 m ! m
(33)  Slu (t)||2+201u1/ [u™ () 3 ds
t

-|-/ <B(um(s)),um(s)>ds—|—/ (N(u™(s)),u™(s))ds

t t

< Sl @I+ [ (s 6)ds + [ g, um(s)ds.

T T

First, by (2.3) and (2.5),

(3.4) / (B(u™(s)),u™(s))ds =0,

and

(3.5) / (N(u™(s)),u™(s))ds > 0.
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By the fact that ||v||w > [Jv] for all v € W,

t . e [t 1 t
o) [ g onds < B [ lfds+ 5o [ lao)leds
. T Cipr Jr

From (H3) and Young’s inequality,

<3.7>/ (F(s,um),um(s))ds < / 17 (5,0 - [Jum (5) | ds

IN

t
Ly / e ™ (5) s
t L2 t
C1f1 m m
< B [ s + gt [, ds
It follows from (3.3)-(3.7) that

t L2 t
(3.8) ™ (1)]1? + 2e1j11 / [ @lds < o1, + L / a2, ds

1

C1l1

(3.9) +

t
/ lg(s)lZds, V¢ >.

Replacing ¢ by ¢ + 6 in (3.8) we obtain

2
m2 < 2 Lf ! m)2 4 1 ! 2 1 V>
[ui" ey < l1Plle, +—— [ ludleyds+—— [ llg(s)llw-ds, > 7,
Cip J CiH1 Jr

and therefore, the Gronwall Lemma implies

L% B 1 t
(310) ||u;nHQCH < ecim (t=7) (|¢|QCH + m/ |g(S)|12/V/dS> , Vit> T, Vm > 1.

Then, by (3.10), we can check that for each T' > 7 and R > 0, there exists a
positive constant C'(7,T, R, L), depending on the constants of the problem ¢1, p1,
Ly, g, and on 7,7, R, such that for all m > 1,

HU’?LHQCH + HumH%2(T,T;W) < C(Ta T, R, Lf)a H¢HCH <R

In particular, thanks to inequalities (3.8), (3.10), and the fact that g € L7 (R; W),
we deduce

(3.11) {u™} is bounded in L>°(7 — h, T; H) N L*(1,T; W), VYT > 7.

On the other hand, for almost all ¢, B(u(t)) and N(u(t)) are elements of W', and
the measurability of the mappings

te [0, 7] — B(u(t)) e W,
and

te0,T] — N(u(t)) e W',
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are straightforward. Moreover, thanks to (2.3), the Holder inequality, embedding
theorems, and Lemma 6.1 in Appendix, we have that for all p € W,

(3.12) [(B(u), )] [b(u, u, )

= | _b(ua wau”

2
dp;
Z /Q U; oz, u;dx

1,j=1

cllullZallel o)
cllull - [Vull - llell g )
cllull - [Aull - | Agp].

IN N IA

Using the fact that p(u) = po(eo + |e]?)™% < /Lofa%, we can also obtain

(3.13) W@l = 23 [ uetweswes(ods
< 2w6? [ 3 leywe(o)lda
< dvul- Vel
< dlau]-agl.

As a consequence of (3.12) and (3.13), the estimates hold true,

(3.14) [ B(w)|lw: < ellul| - | Au
and

(3.15) [N (u)[[w < cl|Aul|.
Hence,

A

T T
(3.16) / IBu(s)|ds < e / lu(s)|2]| Au(s)||ds

IN

T
¢ / lual3, [ Au(s)|?ds < oo

and

T

T
(3.17) / [N (u(s)) |2 ds < c/ | Au(s)||2ds < oo.

T

To this end, we need to show that {(u™)'} is bounded in L?(r,T;W’). Let
@ € CH[0,T],W) and ¢™ be the projection of ¢ in W, onto the space W,, =
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span{w!, w? - w™}. By (3.1), we have

ou™ 861 861 ( )
3.18 N e = -2 i Gy
(3.18) o Ot v 'ul”zkjl/z 3$k Oz, v
— - - "d:c
1]21‘/Q ’ 8$1
2
=30 [ ntames e
Pymipe

+ | ft,u)wde

+/ gz, )w"de, n=1,2,--- ,m.
Q

Using (3.18) and the definition of ¢™,

T
ou™ ou™
1 ——drdt = —— " dxdt
(39)/T Qat<p:c /T Qatw v

_ deij(u™) deij (™)
= Z / /Q Oy, Oz, dhdt

’LJk 1

. md:cdt
i 1/ /Q 3$

—Z /T /Q e (U™ e (™) dadt

1,7=1

-|-/ ft,u)p™dadt
T Q

T
-|-/ / g(x, t)e™dxdt
T Q

= Lh+DL+1Is+ 1L +1Is.

From (3.11),

(3.20) |11 + Iy + Is| < Cille™ || 2(r,mw) -

By a similar argument to that one in (3.12) and (3.13), we can check that
T

(3.21) 11| < CQ/T [a™ |- [Va™ - Vo™ (|dE < Cslle™ || L2 (rm:w)

as well as

(3.22) (3] < Calle™ || 2(ryr5m).-

Hence, from (3.18)—(3.22), we can conclude that

(3.23) —<Pd56dt < Cslle™L2(rmiwy < CsllollL2(r,mwy,

Q

385
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and
8 m
(3.21) 1% <,
ot L2(r,T;W")
where C; (i =1,2,---,6) are positive constants. Thus,
(3.25) {(u™)'} is bounded in L*(7,T; W), VT > .

Step 3: The energy method and compactness results

Now, we combine some well-known compactness results with the energy method
to pass to the limit in a subsequence of {u} to obtain a solution of (1.1). Observe
that

(3.26) u"r—p,7) = Pmn¢ — ¢ in Ch.
By Step 1, Step 2 and compactness theorem, we deduce that there exist a subse-
quence (which we relabel the same) {u™}, a function u € C([7 — h,o0); H), with
Uljr—nr = ¢, u € L*(7,T; W), x € L*(7,T;W’) for all T > 7, and an element
e L>(r,T,H) for all T > 7, such that

u™ 5y weakly-star in L (7,T; H),

u™ — u weakly in L*(r,T; W),
(3.27) (u™) — x weakly in L*(1,T; W),

u™ — u strongly in L*(7,T; H),

f(,u™) 5 ¢ weakly-star in L>(7, T; H).
We first prove that x =u' = %. Indeed, the approximate solutions {u™} satisfy

S du™

u"(s) = Prno(r) + th, sernT], m=1,2,---.

T

From (3.26), we know
Prno(T) — (7).
Then
u(s) = or) + [ .
by [27, Lemma 3.1, Chapter IT], we immediately deduce that x = u' = %.
Using (3.27)4, we can also assume that
(3.28) u™(t) —» u(t) in H ae.te]|r,T],

which is not enough to deduce that £(-) = f(-, u.).
However, we can obtain convergence for all ¢ > 7 with a little more effort and
in a more general case. Notice that,

u™(t) —u"(s) = / (u™) (r)dr in W’ ¥ st €[r,T],

and by (3.25) we have that {u™} is equi-continuous on [7, T'] with values in W', for
all T > 7.
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Since the injection of W in H is compact, the injection of H into W' is compact
as well. Thus, from (3.11) and the equi-continuity of {u™} in W', using Arzela-
Ascoli theorem, we have (again, up to a subsequence)

(3.29) ™ —wu in C([r, T;W'), YT >r.

This, jointly with the fact H C W', (3.11) and [27, Lemma 3.3, Chapter II], allows
us to claim that for any sequence {t,,} C [, 00), with t,, — ¢,

(3.30) u™(ty,) = u(t) weakly in H,

where we have used (3.29) in order to identify which is the weak limit.
Now we prove that in fact

(3.31) u(ty) — u(t) in C([r,T);H) VT >r.

If not, then, taking into account that uw € C([r,00); H), there would exist T > 7,
€1 > 0, a value tp € [1,T], and subsequences (relabelled the same) {u™} and
{tm} C [1,T], with hIE tm = to, such that

| (tr) — u(to)|| > €1, ¥ m > 1.

To conclude that this is false, we use an energy method. Note that the following
energy equality holds for all u™:

1 d m m m m m
(3.32) 571" O + 2ma(u™ (1), u™ (1) + (Bu™ (£)), u™ (1))

(N (u™ (), u™(t)
= (f(t ui), u™ (1)) + (g, u™ (1))
By Lemma 6.3, we find that
1d

(3.33) 5=

[u™ ()11 + 2e1p [[u™ @[fy + (B@™ (1), u™ (1)) + (N (u™ (1)), ™ (t))

< ("), u™ () + (g, u™(8))-
Integrating (3.33) over [s, ¢] with respect to ¢,

B30 Sl O + 2 [ )
-|-/ <B(um(r)),um(r)>d7"—|—/ (N(u™(r)),u™(r))dr

1 m 2 ! m m
< Sl + [ e
+ [ tg)am)ar
Since (B(u™(r)),u™(r)) = 0 and (N (u™(r)),u™(r)) > 0, and

! m m ¢ ! m 1 ! m
[ umonar < 2 [ )i + 52— [0, Par
s s 1M1 Js

C1 1 ! 2 L?’ K
< u™(r dr—!——/ u™ dr
<2 [l + 5 [ e,

IN

t
9 [ ) dr + Ot = 5), ¥r<s<e<T.
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D
26 1p1”

where C' = and D corresponds to the upper bound of ||u||¢y,, it follows

(3.35) [[u™(@®)]|* < [lu™(s)||* + 2/ (g(r),u™(r))dr +2C(t—3s), V1 <s<t<T.

On the one hand, observe that by (3.27), passing to the limit in (3.1), we have that
u € C([r,T); H) is a solution of a similar problem to (1.1), namely, for all w € W,

(00 0) + 2ina(u(t) ) + (BGu(o),w) + (V(ult), ) = (€0 + {g,0),

is fulfilled with the initial datum wu(7) = ¢(0). Therefore, it satisfies the energy
equality

S +2m [ atur), utr)dr + [ (Bl ahdr + [ (Nl utr)ar
=51+ [ €.+ [ o) uimpdr, vr<s<e<T.

On the other hand, from (3.27)5 we deduce that

/H§ )||Pdr < hm 1nf/ Il f(r,u™)||?dr < D(t —s), Vr<s<t<T,

which implies that u also satisfies inequality (3.35) (here we applied Lemma 6.3)
with the same constant ¢;.
Now, consider the functions J,,, J : [7,T] — R defined by

Inlt) = 31 @ = [ (g(r),um ()dr - Cle =),

J(t) = 5 u(®)[? —/ {g(r), u(r))dr — C(t = 7),

with C defined in (3.35). By (3.35) and the analogous inequality for u, it is clear
that J,, and J are non-increasing continuous functions. Moreover, by (3.27) and
(3.28),

(3.36) Im(t) = J(t) a.e te€[r,T].

Now we are ready to prove that

(3.37) u () — u(to) in H.

Recall that from (3.30) we have

(3.38) luto)l < tim_inf [u” (1)

Therefore, if we show that

(3.30) i sup [l (1) < futo)]

then combining with (3.38), we can obtain mgrfoo [|[w™(tm) || = ||u(to)]|, which means

(3.37) holds true.

Note that the case tg = 7 follows directly from (3.26) and (3.35) with s = 7.
Hence, we can assume that tg > 7. Owing to this result, we approach ¢y from the
left by a sequence {3}, namely, kEI—ll—loo tr /" to, being {{}.} values where (3.36) holds.

Since J(-) is continuous at t, for any e > 0 there is k. such that |J(¢) — J(to)| < §
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for all k > k.. On the other hand, taking m > m(k.) such that t,, > iy, as J,, is
non-increasing and for all #; the convergence (3.36) holds, one has

T (tm) = J(to) < [T (t.) — J(E)| + T () — J (to)],

and taking m > m’(kc) > m(ke), such that |J,,(tr,) — J (k)| < §. It can also be
deduced from (3.27) that

[ s @nar = [ aar

We conclude that (3.39) holds. Thus, (3.37) and finally (3.31) are also true,
as claimed. This also implies, thanks to (3.26), that u}* — w; in Cpy for all
t > 7. Therefore, we identify the weak limit £ from (3.27). Indeed, from the
above convergence and since f satisfies (H3), we have that f(-,u™) — f(-,u.) in
L3(1,T; (L*(Q))?) for all T > 7. Thus, we can pass to the limit finally in (3.1)
concluding that u solves (1.1).

Step 4: The uniqueness of solution

This can be obtained in the following way. Consider two weak solutions of
(1.1), w and v, with the same initial data, and denote w = u — v. We notice that

|b(u, v, w)| < 27F |[u| 2| Va2 | Vol [lw| 2 | Vw|| 2, u,v,w e W.
ow

ot

with initial value

(3.40) +2pu1Aw + B(u) — B(v) + N(u) — N(v) = f(t,ur) — f(t,ve),

(3.41) w(r) = 0.

Take the inner product of (3.40) with w to deduce

| =

[w]|* + 2p1a(w, w) + (B(u) = B(v), w) + (N(u) = N(v), w)
= (f(tv ut) - f(ta vt)a ’LU)

From the monotonicity of p(u), it follows that

N =
U

t

(3.42) <Mw—NMMFJAMM%W%W@%@WMMMZQ

and we also have
(3.43) (B(u) — B(v),w) = b(u, u, w) — b(v,v,w) = blw, v, w).

Then, for some «; > 0,7=1,2,3,

(3.44) |b(u, u, w) — b(v,v,w)| < /wi%wjd:c
o Oz
< anfw|[Za][Vul
< agfwle [Vl - [[Vul
< agfwlzef[Aw] - [|Au].
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Using Lemma 6.3, together with (3.43)-(3.44), we find that, for some ¢ > 0,

d

Tl < cllwll - [ Awll - [|Aull + 2(f (¢, we) = f(t,v1), w)
< cfwll - |Aw] - | Aull + 2L ¢ [Jur — vl -
< cfwll - |Aw] - [|Aull + 2L ¢[[we] - [Juw]]

jw|

< ayplwliy + cllwl®|Aull® + 2Ly w2, forall t > 7,

and therefore,
d
El\wl\2 < cllwl|Aull? +2Lsllwl[Z,,,, for allt > 7.

Integrating the above inequality over [7,¢] with respect to t,

t t
lw(®)]* < C/ Hw(T)HQHAU(T)HQdT+2Lf/ [wrl|,, dr.

Hence,

t
lwellZ, S/ (cllAu()|* + 2L ) |we |, dr.
By the Gronwall lemma, we have
2
[well&,, =0

Finally, the regularity in (b) is a consequence of well-known regularity results
and the fact that, if g € L} (R; (L*(Q2))?), then the function §(t) = g(t) + f(t, us),

t > 7, belongs to L2 (7, 00; (L*())?).

loc

The proof is finished. 1

THEOREM 3.2. (Continuous dependence of solutions on initial values) Let g €
L2 (R;W'), f: RxCg — (L*(Q))? satisfying (H1) — (H3), and ¢, 1 € Cy
be given. Let us denote u = u(-;7,¢) and v = v(-;7,v) the corresponding weak
solutions to problem (1.1). Then, the following estimate holds:

e — vill%, < ll6— ¥12, exp{/
i

PrOOF. Denote w = u — v. Analogously to the arguments in Theorem 3.1 for
the proof of uniqueness of weak solution to problem (1.1) we obtain

t

(cllAu(s)||* + 2Ly) ds} .

ow

L 21 Aw + (B(w) — B)) + (N(u) = N(©) = f(t,w) = f(t,0,).

Multiplying (3.45) by w,

(3.45)

d
el +3eipllwlfy < clwl®|Aul® + 2L [wile,,

Integrate the above inequality over [7,t] with respect to t to get

t t
lw(®)]* < Hw(T)H2+C/ Hw(S)HQHAU(S)IVdS+2Lf/ lwsllE,, ds,

particularly,
t

lwell&,, < I\w(7)|\2+/ (cllAu(s)l|* +2Lg) | wslE, ds.

T
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Again by the Gronwall lemma, we have

o2, < |w<¢>|2exp{ /
i

t

(CHAU(S)H2 + 2Lf) ds} ,

namely,
t

e — v, < |¢—¢|%Hexp{/
i

The proof is completed immediately. O

(c[|Au(s)[|* +2Ly) ds} .

4. Existence of pullback D—attractor
In this section, we analyze the existence of pullback D—attractor in Cyy.

4.1. Uniform estimates. Now, by the previous results, we are able to define
correctly a process U on Ci and Cyy associated to (2.11), and then to obtain the
existence of pullback attractors.

THEOREM 4.1. Let g € L2 (R;W') and f : R x Cyg — (L3(Q))? satisfying

loc

(H1) — (H3). Then, the process U(t,7) : Cyg — Cyg, with 7 < t, given by
U(ta T)(b = ’th(, T, (b)a

where u = u(-;7,¢) is the unique weak solution to (2.11), defines a continuous
process on C'g.

PROOF. It is a consequence of Theorem 3.1 and 3.2. O

REMARK 4.2. By a reasoning similar to the one in Theorem 3.2, we can con-
clude that U depends continuously on the initial values in Cy, which jointly with
Theorem 3.1, allow us to show that U is also a well-defined process on Cy with
g € L} .(R; H) and initial datum ¢ € Cyy.

loc

Next, we show the existence of pullback D—absorbing sets of U in C'y and Cyy,
and then verify the pullback D — w—limit compactness of U in Cy. Hereafter, we
suppose that

2 _Bh
Lfe

(4.1) there exists 0 < 3 < ¢ypq such that o := 3 —
C11

>0,

and

t
[ e (gl + 9P ds < oc. ¥ e R
and denote by D the class of all families of nonempty subsets D = {D(t) }1er C
P(Cx) such that

Jim (egt sup IUI2cX> =0,
weD(t)
where o is defined in (4.1), Cx = Cy or Cx = Cy.

REMARK 4.3. If cjush > 1, there exists 8 which satisfies (4.1) when
ehL?» < cypy; if eypuph < 1, then we can choose  which satisfies (4.1) as long

as ecl“th? < (c1p1)? holds.

We now prove the existence of a pullback absorbing set in Cy.
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LEMMA 4.4. (Pullback absorbing set in Crg) Assume that (H1)-(H3) hold and
ge L} (R;W'). Let B={B(t):t € R} € D. Then, there exists Tg > 0, such that
foranyt € R, allr >Tg and ¢ € B(t —r) C Cy, the weak solution u(-;t—r, d) of
Eq. (2.11) satisfies

luelle,, = Ut t =1)ol2,, < Pit),
where p2(t) := 1+ ePh=ot fioo e”*lg(s) || ds.

PROOF. The uniform estimates that we require for the solutions which define
the process U are analogous to those provided in the proof of theorems 3.1-3.2, but
there with Galerkin approximations.

For the sake of brevity, we only sketch the main ideas:

Multiplying (2.11) by u, by Lemma 6.3, we have

(4.2) HUH2+201MHUHW+ (B(u), u) + (N(u),u) < (f(t,ur),u) + (g, u).

2 dt
Observe that

(B(u),u) =0, (N(u),u)>0.

By (H3) and the Young inequality,

2

L3
(F(tue), w) < (& u)l - lJull < Lyllue] - fJull < 2—H tllEy, +

Cl,ul
—— %,

and
1,u1

'LL < - 2 /.
{g,u) < lullfy + 201,LL1H9HW

From the above inequalities we obtain

4.3 d 249 2~ L?’ 2 1 2
. u||” + 2c U U + ,.
(4.3) dtH [ v fully < CIMH tlley ClungHW

Multiplying (4.3) by e®* with 0 < 3 < ¢y 1, and integrating the resulting over [, t]
yield

L2' t 1 t
M flu®)]? < €T u(r)|* + —f/ e us|Z, ds + —/ e%[|g(s) 1y ds.
cipr Jr C1i1 Jr

In particular we have

(4.4)
L2ePh gt I
Ml < AT+ e [l ds e [ gt ds.
T T

By Lemma 6.4 in Appendix, we obtain that, for all ¢ > 7,

sihr+ 2 G P |
e |ug ||z, < ST ERT I 012, + / e e Y g (9) [y ds,
Cip1 Jr
which means that

Bh -t
—o(t— € —o(t—
sl < o0l + e [ gl s, Vo2 7
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We now consider the initial time ¢ — r instead of 7, and then

(4.5) lulld,, = NUEE=7)0lE,

t
A, + e [ e go)lfds
t—r

IN

t
A, + e [ e (o) s

— 00

IN

We deduce from (4.5) that there exists Ts > 0, such that for all » > T and all
t € R, it holds
t

(4.6) el S1+6‘”H’t/ ™ |lg(s)|[fv ds := pi(t).

— 00

The proof is finished. O

Denoting by Bey, (0, p1(t)) the closed ball in Cy of center zero and radius
p1(t), it is easy to check that . lim e?tp3(t) = 0. Hence, Bc,, (0, p1(t)) is a pullback

D—absorbing set, for the process U in C'y.
To our purpose, the following lemma is needed.

LEMMA 4.5. Assume that (H1)-(H3) hold and g € L7, ,(R;W'). Then for Tg

loc

the absorbing time corresponding to the set Bey, (0, p1(t)) in Lemma 4.4, there holds
t
[ atutsit=r0).u(sit = r.0)ds < (o)
t—1

for all r > Tp,t € R, where p3(t) := cpi(t) + ce= 71 fioo e g(s) |3 ds.

PrOOF. Denote u(-) = u(-;tg — 7, ¢) for ¢ € B(tg —r) C Cy, where to € R is
a fixed, but arbitrary, number, and let us take r > T, where we have chosen the
same o than in that proof. We can then integrate (4.3) over [t — 1,¢] for ¢ > to and
r>Tg,
t 12 gt 1 t
201#1/ [u(s)[fyds < fu(t —1)]* + —j/ lluslZ:, ds + —/ lg9(s)I[3v ds.
i1 C1pb1 Ji—1 CLH1 Je—1

Therefore,

ar /til a(u(s), u(s))ds < c1p /til u(s) [5yds

C2

1 2 L?’ ! 2
< —lju(t = D)||* + —/ Us ds
2” ( i A s (1

/ lg(s)l13ds.

2c1p1 Sy

Notice that by Lemma 4.4, for all » > Tg, it follows
2

1 Ly
gt =D+ 5 [l ds < a0

_|_

and

t t t
/t o)l < / e g(s) s < 00 / e lg(s) |3 ds.

— 00
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Hence, we can deduce for all » > Tp,
t

[ atu).us < ept) + e [ e gls) s = p30),

— 00

The proof is completed immediately. O

LEMMA 4.6. (Pullback absorbing set in Cy) Assume that (H1)-(HS3) hold and
g € L2 (R; H). Then the weak solution u of (2.11) satisfies

loc
luelley, = Ut =1)8llE,, < p3(t),
forallt > Tg+1+h andt € R, where p3(t) := é(ag—kag)eal, a1 =c(1+p}(t)p3(1)).
az = ¢ (1) + 720D [T e g(s)|2ds), and az = p3(2).

PROOF. Denote u(-) = u(-;tg — r,¢) for ¢ € Cy, where typ € R is a fixed
number, and let us take » > Tp. We multiply (2.11) by Au and obtain that for
s> th

(4.7) %%Q(U(S), u(s)) + 2 || Aul|* + (B(w), Au) + (N (u), Au)

= (f(s,us), Au) + (g, Au).
On the one hand,

(4.8) (F(s.us), Au) < [|f(s, )] - || Aul
< Lyluloy - | Aul
L Al + L
- 4 py oNCH
1
(4.9) (9, Au) < Bt | Aull” + —g]*.
H1

By Hoélder’s inequality and the Gagliardo-Nirenberg inequality,
(4.10) [(B(u), Au)| < ||Bul| - || Aul

< lullzs | Vullzs - | Aul
< cllull ] g lull? || Au]
<ol Aull [fuf g [l ?

<

H1 2, 1 2|1, 14
—|A — .
1 IAull®+ o lJaall el s
Moreover, from the definition of N(u), one can check that

(4.11) (N(u), Au) = _/Q {v () - e(u)]} - Au dz

(| Vull + | Aul) - || 4]
I
< BLjau)? + | Aul?

IN

It follows from (4.7)-(4.11) that
d 2L% 2
(4.12) —a(u, u)+2pm|Au]® < #—1f|\us|\2€H+E|\g|\2+c(1 +a(u, u)|[ul®) au, u).
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On the other hand, from Lemma 4.4 we have for all r > T,

' ZL?' 2 2 2 2 —o(t—1) ! 2
/ luslZ, + 2 gl dSSC(pl(tHe 0 [ gt ds).
t—1 M1 M1 —00

In view of Lemma 4.5, for all r > T,
t

/H a(u(s), u(s))lu(s)|[*ds < / a(u(s), u(s))e™ e ||us||E,, ds < e pi ()p3(1).

t—1
Now, by Lemma 6.3 and 6.5 in Appendix, we can conclude that

1 1
lu(s)|[F < aa(u, u) < a(CLQ + ag)e™, for all s > tg + 1, provided r > Tp,

where a1 = ¢ (14 pi(t)p3(t)), az = ¢ (pf(t) +eot=1) fioo e"SHg(s)Hst),
as = p3(t), and consequently, if we take r > T + h + 1,
1
(4.13) sup |lu(to + )3y < —(az +az)e™ := p3(t),
0€[—h,0] C1

where the constants ai,aq,as and ¢; in (4.13) are independent of the fixed time
to € R. Thus (4.13) holds true for all ¢y € R. Denoting from now on

’LL() = u(vt -, (b)a
we have forallt e R, »r > Tp + h+ 1,

1 a
luell?,, = Ut =)o)z, < a(az + ag)e™ = p3(t),
as claimed. O

Obviously, it is easy to check that lim e?tp%(t) = 0. Denote by Bey, (0, p3(t))

the closed ball in Cy of center zero and radius ps(t). Thus, By, (0, p3(t)) is a
pullback D—absorbing set for the process U in Cyy.
From now on, we assume that

t
(4.14) lim sup/ e~ 2 Am1(t=9) () ||2ds = 0.

m——+o0 t>r

REMARK 4.7. An example for g satisfying (4.14) is given in [28], i.e., if ¢ is
normal in L7 (R; H), then (4.14) holds, which is proved in Lemma 3.1 of [22].

Now, we are in a position to prove pullback D — w—limit compactness of the
process U in Cyy.

LEMMA 4.8. Suppose that (H1)-(H3) and (4.14) hold. Then the process {U(t, T)}
corresponding to problem (2.11)-(2.12) is pullback D — w—limit compact on Cyy .

PROOF. By the classical spectral theory of elliptic operators, there exists a
sequence {\,}22; satisfying
(4.15) D<A <A< <N, <+, A\, — 00 asn — +00,

and a family of elements {w,}52; C D(A), which forms a basis of W and is
orthonormal in H, such that

(4.16) Aw, = Mywy,, VYn € N.
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Let W,,, = span{wq, wa, - - - , wy, }, where m € N will be specified later. Then W,, is
a finite-dimensional subspace of W. Denote by P, the orthogonal projector from
W into W, and we obviously have || P,,|| <1 for each m € N.

Set u = uy + w2, where uy = Ppu and us = (I — Py,)u. We decompose Eq.
(2.11) as follows:

(4.17) 8”550 + 201 Auy + B(u) — P B(uy) + N (1) — PN (uy)

= f(t,ue) = P f(t,ure) + (I — Pa)g
with initial data
(4.18) u(T+1t) = (I — Ppn)o(t), te[—h,0],
and

Ouq (t)

(4.19) 2% + 2u1Auy + P B(u1) + Py N(ut) = P, f(t, u1t) + Prng
with initial data
(4.20) ur (7 +1t) = Pno(t), te|[—h,0].

We divide the proof into two steps:

Step 1: For every fixed t € R, any B = {B(t) : t € R} € D and any ¢ > 0
we observe that for any T' >t — s with s > 0, U(T,t — s)(¢) = {ur(:;t —s,9) 1 u
is a strong solution to the problem (2.11) with ¢ € B(t — s)}. We now show that
condition (iii) of Proposition 2.6 holds.

Taking the inner product of (4.17) with Aug = A(I — Pp,)u in H, we have

(4.21) %%a(uz, uz) + 241 (Aug, Aug) + (B(u) — Py B(u1), Aug)
+(N(u) — PN (u1), Aus)
= (f(tv ut) - me(ta ult)a AUQ) + ((I - Pm)ga AUQ)

Since (u1,us) = 0, from Holder’s inequality and Gagliardo-Nirenberg’s inequality,

1d
(4.22) —a(ug, ug) + 24 || Aug|®

2dat”
< [(B(u), Aug)| + [(N (u), Aus)|
H(f(t,ue), Auz)| + [(I — Pr)g, Auz)l,

L3
H1
(4.23) (F(t ), Aug)] < ol Auall® + 25 ],

H1 1
(4.24) (1 = Pn)g, Aus)| < =2 || Aus|* + ZHQHQ,

(4.25) [(B(u), Auz)| [B(w)]] - [| Auz|l
l[ull sl V]| L || Aus |

1 1 1 3
cllullZ[Val|=ul|T[[Au|[T]| Aus]|

IA A

IN

3 1 3
cllul[7 [Vl = ||ull g | Aus ||

IN

IN

M1 3 3
II\Aqu2 + cllull | Vul| - [Jul[F

IN

%1 3 3
IHAWHQ + cllull 2 [Jull 5,
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(4.26) |(N(u), Auz)| = %wawmwnAwm

IN

o
e(|Vull + | Aul) - [| Auz ]| < (| Auz|® + ¢ Aull®

From (4.22)-(4.26) it follows
d 212 2 3 5

(4.27) —a(ug, ug) + 2 || Auz|* < —Lfuelz,, + —=Igll* + cllull* ullf, + clullfy-
dt M1 M1

On the other hand, from (4.15)-(4.16), we infer

[[Auz|* > Apg1 (Aug, u2) = Apgra(uz, uz),

which along with (4.27) give

(4.28)

a 21\ < 2 2 20 ET 2
a(uz, uz) + 2p Ampra(ug, ug) < —=lJuglle, + —llgll” + cllull 2 |[ullfy + cllully-
dt M1 M1

Applying the Gronwall lemma to (4.28) in the interval [7,t + 6],

a(ualt +6),us(t + 6))

< a(ua(7), up(r))e HAn (107

t+6 .
_ _ 3 5
+ 0/ e 2 Am (40 =) (HUJSH%‘H + lg)1* + llu(s)lI=[[uls)][ g + CIIU(S)II%v) ds.
-

From (4.14) and Lemma 3.1 in [22], we can select m + 1 large enough such that for
alle >0 and t > 7+ h, we have 2u1 A1 — 0 > 0, and

t+6
(429) sup / 672#1)\m+1(t+07s)”g(5)||2d5 < E
0e[—h,0] Jr 2
Thanks to Lemma 4.4 and 4.6, we can deduce that for large enough m + 1,
(430) sup CL(UQ (7-), u2(7.))e*2#1)\m+1(t+07‘r)
0€[—h,0]

<cy sup HuQTH%W672u1>\m+1(t+977)
0€[—h,0]

2 —2p1 A1 (EH0—
< p(r)e e (40-)

< ae
!
and
(4.31) o
_ s 3 2 C1€
e sup [ eI (a2, + u(s)|Flul) + () ) ds < 5.
0c[—h,0] J T

Therefore, from (4.29)-(4.31) we have
1
luell&y, < o lua(t +0), ua(t +0)) <e,
as claimed.

Step 2: We consider problem (4.19) and check condition (ii) in Proposition 2.6.
Notice that

[Aur|[F < A llua|lf < A7, ||,
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Without loss of generality, we assume that 01,02 € [—h,0] with 0 < 67 — 6, < 1.
Hence,

(4.32) llur(t+ 61) — uy(t + 02)||lw
<V Amur(t +01) —ua(t + 62) ||
t+02 d
=V [ It
t+01
t+02
<V [ oAl
t+01
B[+ 1N )| + 1 £ (5, uts)|| + [| Pmgl]) ds-
Since
(4.33) IBu)| < lurllzal| V|| s
< cllun]| V|| 2 || 7 )| A 7
< cllun ]| V|| 2 || Aug 7
< cllau?,
(4.34) IN ()| < (| V]| + | A ]]) < el|Au],
and
(4.35) £ (s, urs)|l < Lllusllcy-
Thus, it follows from (4.32)-(4.35) that
(436) ||u1(t—|—91) —ul(t+92)||w

t+02
< 0/ , (lur(s)llw + llua ()3 + llusllcn + [1Pmg(s)]]) ds.
t+01

Using Lemma 4.5 and Young’s inequality,

t+02
(4.37) C/t+0 (lus()llw + [lua(s)If5y) ds

t+02
e[ uns)l, ds+ o — 0
t+01

< cpA)le " — e + el — 1.

and
t+02 t+02
(4.38) c/ lusllonds < c/ ]2, ds + clb — 64|
t+01 t+01
< epP(t))e 7 —e7%2| 4 ¢lfy — 64].
Noting that g € L? (R; H),
t+02 t+02 . 1
@39 [ IPagollas < e f @rWﬁw@W+———j)%
140, 140, 4|01 — 022
1 t+01-02 1 1
< do—oalt [ lg(o) s+ 116 — ool
t
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From (4.36)-(4.39), we obtain
[ur(t +01) = ua(t + 02)lw = [[Prm(u(t + 61) — u(t + 02))[[w <,

for any 64,02 € [—h,0] with |0, — 02| < J, so condition (ii) in Proposition 2.6 is
proved. By Lemma 4.6, we know that condition (i) in Proposition 2.6 holds true.
Hence, we can conclude by Proposition 2.6 that the process {U(t, 7)} is pullback
D — w—limit compact in Cyy.

This completes the proof. 1

4.2. Pullback D—attractor. We now state and prove the second main result
of the work.

THEOREM 4.9. Suppose that (H1) — (H3) and (4.14) hold. Then the pro-
cess {U(t, )} associated to problem (1.1)-(1.4) has a unique pullback D—attractor
{Ap(t)}ier in Cw.

PROOF. By Lemma 4.6, we know that {U(¢,7)} has a pullback D—absorbing
set in Cyy, while Lemma 4.8 shows that {U(t, 7)} is pullback D — w—limit compact
in Cy. Consequently, the proof can be completed immediately by Proposition
2.7. O

5. Conclusion

We have obtained some results concerning the asymptotic behavior of solutions
to a 2D-dimensional incompressible non-Newtonian fluid with delay forcing term.

But, in our opinion, there is still much work to be done in this field. For
example, it will be very meaningful to obtain some results on the finite (fractal or
Hausdorff) dimensionality of the pullback attractor. Also, we could consider the
regularity of the attractor as well as its internal structure for which it is important
to study the existence of steady-state solutions and their stability properties. Also
the interesting and important 3D-dimensional case is worth being considered. We
plan to analyze all these topics in some forthcoming papers.

6. Appendix

To make easier the readability of this paper, in this section we recall some
lemmas that have been used in the present work.

The following key lemmas have been cited in Section 2 of [3] with appropriate
references:

LEMMA 6.1. If u € H}(Q), then
o) < 244 lull o, IVull g,

LEMMA 6.2. If u € W, then there exists a positive constants ¢y, depending only
on §2, such that

1/2 1/2
[Vullyq) < COHUHB{I(Q)HUH}{?(Q)'

LEMMA 6.3. There exist two positive constants ¢; and co which depend only on
Q such that

erlully < alu,u) < eollulfyy,  Vue W,
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LEMMA 6.4. (Gronwall’s Lemma, see [17, p. 9]) Let z,y, ¥ be real continuous
functions defined in [a,b], y(t) > 0 fort € [a,b]. We suppose that on [a,b] we have
the inequality

t

(6.1) x(t) < U(t) —|—/ y(s)z(s)ds.

a

Then
(6.2) x(t) < W(t) —|—/

a

t

y(s)T(s) exp [ / ty(u)du] ds.

in [a,b]. Particularly, if U is differentiable, then from (6.1) if follows that

(6.3)  x(t) < U(a)exp (/:y(u)du> + /at exp (/Sty(u)du> W' (s)ds,
for all t € [a,b].

LEMMA 6.5. (Uniform Gronwall’s Lemma [20]) Let t € R be given arbitrarily.
Let g, h and y be three positive locally integrable functions on (—oo,t] such that y
is locally integrable on (—oo,t] , which satisfy that

j—yggy—kh for s <t,

and

¢ ¢ ¢
/ g(s)ds < ay, / h(s)ds < aq, / y(s)ds < as, Vs <t,
¢ t—1

-1 t—1
where a1, az and as are positive constants. Then

y(t) < (a2 + az)e™, Vs <t
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