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ABSTRACT. In this paper, we discuss the system of full compressible magneto-
hydrodynamic equations with replacing the Fourier’s law by Cattaneo’s law in
R3. First, local existence of solutions for general initial data and global exis-
tence of solutions for small initial data are shown. Then we obtain the uniform
convergence of solutions of the relaxed system to that of the classical system
when the relaxation time € goes to 0.

CONTENTS
1. Introduction 359
2. Existence of solutions 361
3. The limit behavior of € — 0 366
References 372

1. Introduction

In this paper, we investigate the Cauchy problem of full system of partial differ-
ential equations for three dimensional viscous compressible magnetohydrodynamic
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(

(1.1)  pe+V-(pu) =0,

(1.2)  (pu)+V-(pu®u)+ Vp=(V xB) x B+ div¥,

(1.3)  e+V-(ue+p)+V-q=V-((uxB)xB+vBx (VxB)+u?),
(14) Bi—Vx(uxB)=-Vx®¥VxB), V-B=0,

(

1.5) e +q+ kVH =0,
with initial condition
(16) (paua eaBaq)(Xa O) = (pOaanHOaBO;qO)

where p denotes the density, u = (u1, ug, us) is the velocity, 6 is the absolute tem-
perature, B = (B1, Bo, B3) is the magnetic field, ¢ = (q1, g2, q3) is the heat flux. ¥
is the viscous stress tensor given by

U = p(Vu+ Vu') +4/(V - )L,
and ¢ is the total energy given by

1 1 1
e = ple+ 5l + SIBP, & = ple+ SluP?),

with e the internal energy, 1|u|? the kinetic energy, and 3|B|? the magnetic energy.
The equations of state p = p(p, 8),e = e(p, f) relate the pressure and the internal
energy to the density and the temperature of the flow, I is the 3 x 3 identity matrix,
and VuT is the transpose of the matrix Vu. The viscosity coefficients i, ¢/ of the
flow satisfy
u>0, 2u+3u >0,

v > 0 is the magnetic diffusivity acting as a magnetic diffusion coefficient of the
magnetic field, e > 0 is the constant relaxation time and x > 0 is the heat conduc-
tivity. In this paper, we consider the general equations of state and assume that
the pressure p = p(p, 0) and e = e(p, #) are smooth functions of (p, #) satisfying

(1.7) p*ep(p,8) = plp,0) — Opy(p, b).

In particular, the case of a polytropic gas p = Rp#, e = ¢, 6 is included here where
R > 0 is the gas constant, ¢, = R/(y—1) is the heat capacity of the gas at constant
volume, and v > 1 is the adiabatic exponent.

If € = 0, then the system (1.1)-(1.7) becomes the classical MHD system satis-
fying Fourier law q = —xV#, that is
(1.8) o+ V- (pu) =0,
(1.9) (pu)y + V- (pu®u) + Vp = (V x B) x B+ divy,
(1.10) e+ V-(u(e +p)=V-(kVO+ (ux B) x B+vB x (V x B) +u¥),
(1.11) Bi—=Vx(uxB)=-Vx ¥VxB), V-B=0.

Due to the wide applications in the real world, there is a large literature on
the mathematical theory of the classical MHD system (1.8)-(1.11), see [2, 3, 4, 5,
6, 7, 8, 14, 10, 11, 12, 15] and the references cited therein. For example, the
local theory is classical and can be obtained through Kato’s method [14]. Also,

many global results have been obtained. In one dimension, we refer to [2, 3] for
the global large solutions. In three dimension, we refer to [6, 7] for the existence



THE LIMIT BEHAVIOR FOR FULL COMPRESSIBLE MHD WITH CATTANEO’S LAW 361

of variational weak solutions and refer to [8, 15] for the global existence and large
time behaviors.

However, as far as we concerned, there is little literatures on the MHD with
Cattaneo’s law. Cattaneo’s law is among one of the physical laws describing the
finite speed of heat conduction in contrast to the Fourier’ law possessing an inherent
infinite propagation speed. It has been widely used in thermoelasticity which results
in the second sound phenomenon, see [16, 17] and the references cited therein.

The purpose of this paper is twofold. The first one is to establish existence
of solutions for the systems (1.1)-(1.7). We obtain the local existence for general
initial data(Theorem 2.1) and the global existence for some small initial data (The-
orem 2.2) by the Kawashima’s theorem about existence of solutions for systems
of hyperbolic-parabolic composite type, respectively. The second one is to use the
energy method to obtain the uniform convergence of solutions of the relaxed system
(1.1)-(1.7) to that of the classical system (1.8)-(1.11) when the relaxation time e
goes to 0 (Theorem 3.1).

Throughout this paper, the character a is multi-indexes, V< := 031022 - - - Og»

n
and |af := > |a;]. We denote by R the set of real numbers. We also use C to
represent thle 1generic constant which may take different values in different places.
Let LP(Q2) and W™P(Q) be the usual Lebesgue space and Sobolev space endowed

with norms || - ||Le and || - [[wm.» respectively (see e.g. [1]), where
el i= ([ JePde® and Jolwms = (3 [ (Dl
Q Bl<m’2

In particular, we take H® = W2 with norm ||- ||s. We also let C(I; E)) be the space of
continuous functions on the interval I, with values in the Banach space E., endowed
with the usual norm.

The rest of this paper is organized as follows. In the second section, we prove
the existence of solutions for the system (1.1)-(1.7). In the third section, we devote
to the limit behavior of solutions for the system (1.1)-(1.7) when the relaxation time
€ goes to 0.

2. Existence of solutions

In this section, we consider local existence of solutions for general initial data
and global existence of solutions for small initial data for the system (1.1)-(1.7).
First, we give the following assumption.

ASSUMPTION 2.1. (1) The initial data (po,uo, 0o, Bo, qo) satisfy

(po, o, 0o, Bo, qo)
C [pe, p*] X [=C1, C1]? x [0, 6%] x [=C1, C1]* x [=C1, C1]* := G,
where C1 >0 as well as 0 < p, <1< p* <ooand 0 <6, <1< <0
are constants.

(2) For each given Gi satisfying Go CC G; CC G,V (p,u,0,B,q) € Gy, the
pressure p and the internal energy e satisfy

p(pa 9),p9(p, a)app(pa 9),69([), 0) > C(Gl) > Oa

where C(G1) is a positive constants depending on Gy and G := Ry x R3 x
R, x R3 x R3.
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Under the Assumption 2.1, we have the local existence theorem for general
initial data for the system (1.1)-(1.7).

THEOREM 2.1. Let s > sg+ 1 with sg > 2 be integers, suppose that Assumption
2.1 hold and the initial data (po — 1,u9,00 — 1,Bo,qo) € H® and V -Bg = 0. Then
for each convex open subset Gy satisfying Go CC G CC G, there exists T > 0 such
that system (1.1)-(1.7) has a unique classical solution (p,uc, 0, B¢, q°) satisfying

(p° = 1,6°=1,q%) € C([0, T); H*) nC*([0, T|; H*™Y)
and
ue, B¢ € C([0, TJ; He) 1 ([0, TJ; H*-2)
and
(p¢,uc, 0%, B, q°) € G1,V (x,t) € R® x [0, T].
PROOF. At first, we rewrite the system (1.1)-(1.7) into a symmetric form
(2.1)  p+ V- (pu) =0,
(2.2)  plug+ (u-V)u) + Vp—(V x B) x B=pAu+ (u+ ¢/ )V(V - u),
peo (O +u-VO)+0pg(V-u)+V-q= %|Vu+ vuT|?
(2.3) + ¢/ (divu)? + v|V x B,
(24) By+(u-V)B+B(V-u)— (B-V)u=vAB, V.B=0,
(2.5) eq+q+kVO=0.
Put w = (p,1,0,B,q)T. Then the system (2.1)-(2.5) is written in the form

3 3
A% (w)wy + Z Al (wW)wy, — Z B (W)W, + L(W)w = g(w, Dyw),
=1 j k=1

where A%(w), AJ(w) and B (w) are square matrices of order 11, and g(w, Dyw) is
a R'-valued function. They are given explicitly by

Po
P

pl
A%(w) = e ,
1
%0
Pe(u-€) Ppé 0 0 0
. poE" plu- &I pe¢t B (B-OI 0
D Ai(w)g = 0 . Po 7 (u-§) 0 £l
j 0 BT {—(B- I 0 (u- &I 0
0 0 & 0 0
0
‘ pl+ (p+ p)ere
> BE(w)gé = 0 ,
ik vl
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0
0
g(w,Dew) = | £|Vu+ VuT |2+ £(V )2 + 1|V x B|2
0
0
From the Assumption 2.1, it is seen that

(i) A%(w) is real symmetric and positive definite for all w € G;

(i) AJ(w) and B*(w) are real symmetric and B¥*(w) = BY(w) for all

w € Gy;

(iii) > B*(w)&¢&; is real symmetric and semi-positive definite for all w €
ik

Gl and 5 - (51562563) € 827
(iv) g(w,Dyw) can be regarded as a lower order term, g(w,0) = 0 holds
for the constant state w = (1,0, 1,0, 0).

By the Kawashima’s local existence theorem [9, Theorem 2.9], we can get the result
in Theorem 2.1 immediately. O

To end this section, we establish global existence of solutions for the small
initial data for the system (1.1)-(1.7). In the following, we take constant state
W = (1,0,1,0,0) and set p, = p,(1,1) > 0,Py = pe(1,1) > 0,8 =ep(1,1) > 0.

THEOREM 2.2. Let s > sg + 1 with sp > 2 be integers, suppose that

(po — 1, 10,60 — 1,Bo, qo) € H
and V - By = 0. If there exists a positive constant ey which is small enough such
that
H(po - 1,110, 90 - 15B05q0HS < €0,
then there exists a global unique solution (p°,uc,0°, B¢, q%) of system (1.1)-(1.7)
satisfying
(P =1,6° = 1,q°) € C([0, 00J; H) N C([0, 00]; H )

and

u®, B € C([0, co]; H¥) N C ([0, oo]; HS72).

PROOF. Linearizing system (2.1)-(2.5) around the equilibrium state W, one has

3 3
(2.6) A" @) wi + > AI(@)wy, — Y BR(@) Wy, + LF)wW =0
j=1 jk=1
where
D,
I
AV(w) = o :
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0 P 0 00
, p,E" 0 pg™ 0 0
DAWE=| 0 e 00 £,
j 0 0 0 0
0 0 & 00
0
, L+ (p+ A)ETE
> BE@)GE = 0 ,
ik vl
0
0
0
L(w) = 0 ;
0
iy

It is seen that

(i) A°(W) is real symmetric and positive definite;

(i) AJ(W)(j = 1,2, 3) are real symmetric;

(iii) B*(W)(j,k = 1,2, 3) are real symmetric and satisfy B*(w) = B4 (w),

moreover, Y BI¥(W)¢é is real symmetric and positive semi-definite for
ik

any 5 = (51562563) € 827

(iv) L(W) is real symmetric and positive semi-definite.

In order to apply the Kawashima’s global existence theory, we should check there is a
compensating function for the system (2.6). Note that for any W = (p, 1,6, B,q)" €
R, we obtain

(2.7) (O B*W)&&)W, &) > min{p, 2+ 4/ Hal* + v|BP,

(28) (L), ) > ~[al”
If let ¥ = (p, 1,0, B,4)T € R\ {0} be such that for some ¢ € S?
ZBﬂ‘ )6 W = 0,
L(w)¥ = 0.

Then, by (2.7) and (2.8), one gets that @ = B = § = 0. Hence, ¥ = (p,0,6,0,0)
where p = 0 and # = 0 can not occur simultaneously. It follows that, for any A € R,

AA° (W W+§}v = (\Pyh (B,p + Bob)€, T, 0,6¢)™ # 0.

By [13, Theorem 1.1], there exists a compensating function for the linear system
(2.6). Therefore, by applying [13, Theorem 4.1], we obtain the results of Theorem
2.2. 1
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REMARK 2.1. It should be remarked that it is possible to find out the compen-
sating function for the system (2.6) directly. In contrast to the above equivalent
condition of existence of compensating function, the process is much more complex
and in addition, need the smallness of €. For the reader’s convenience, we describe
the details of how to search for the compensating function immediately as follows.

One can choose that

0 P& 0 0 0
-0 0 0 0

Y Kigg=al 0 0 0 0 =g,
p 0 0 0 0 0
0 0 -2 0 0

0 P,E 0 00
| 5T 0 0 00
Y KGA' W) =a | 0 0o 0 0 ¢f,
i 0 0 0 0 0
0 0 —T 0 0
D, OT PsD, O 0
0 B, 0 0 0
ZKJAk Wb =a | 0 0 50 0
0 0 0 0 0
Do (T 1T
0 -BTe 0 0 —LeTe
Thus, the symmetric part of matriz > KIAX(W)& & + B*(W)Eéx + L(W) is

ik

M= %{ > KIARGE + (KIAYGE) T+ D BRG 4 + L(W)

ab; 0 3ap,p, 0 0
0 pl+((p+p)—ap)E™e 0 0 -5t
(2.9) = |zabsb, 0 as g 0
0 0 0 vl 0
0 AR 00 i-eche

For any n = (01,12, M3, M4, 15) € R where n1,m13 € RY and n2,m4,m5 € R3. Then
we have

o 1 ap
nM')’]T = (nlapi =+ §n3ap9pp)n1 + (T]QN + 775(—¥:§T§))772T

1 _ K ap,
(2.10) + (5MmaByP, + 11— s + maRnf + (m(—ﬁ&T&) +15Q)ne

where N = pl + ((,u—|—,u’) — aﬁp)fo, R=vland Q=1I— %{Tf. 1t is obvious that
for any 0 < e < 2 _2,
5)2 QK o  QDp o

(211)  ab.n? + abypmns + —773 ab,(m + F” +—ns = — 13 >0
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When « is small, the matrices N, Q are positive definite and we can choose small
enough o such that

b,
(2.12) neNny — ns?"ng —n2 2T775 +n5Qna > 0.

From (2.9)-(2.12), if a is small enough, we deduce that nMn™ > 0 for any n €
R, 0 # 0 and & € 82, which implies that M is positive definite. Then the function

K(&) = Y. KI¢ is the compensating function expected. Also, by the Kawashima’s
global existence theorem [14, Theorem 3.6], we complete the Theorem 2.2.

3. The limit behavior of ¢ — 0

In this section, we are going to show the uniform convergence of solutions of the
relaxed system (e > 0) (1.1)-(1.5) to that of the classical system (e = 0) (1.8)-(1.11)
by the energy method. Firstly, we assume that the initial data is well-prepared and

qo = —kVbp.
Denote
T, =sup{T > 0; (p° — 1,u*, 0 — 1, B, o) € C([0, T], H?),
(pS,u, 0B, q°) € G1 },

where G is a given set satisfying Go CC G; CC G. Now, the main result in this
section can be stated as

THEOREM 3.1. Let (p,u, 8, B) be the classical solution of the system (1.8)-(1.11)
with initial data (p,u,0,B)(x,0) = (po, ug, b, Bo) satisfying
p € C([0, T.], H*) nC'([0, T.], H*"?),
(u,6,B) € C([0, T.],H**3) n C'([0, T.], H™),
with T, > 0 and suppose the conditions of Theorem 2.1 hold. Then for any Gi
satisfying
GoUG cc Gy cC G,
where G = {U(p,u,0,B, —kVO)(x,t), (x,t) € R3 x [0, T,]}, there are positive con-
stants €g and C which is independent of € such that for e < €,
H(péa uEa 965 BE)(ta ) - (pa u, 97 B)(ta )HS < CG,
(@ + xVO)(t,)[ls < Ce?,
hold for t € [0, min{T., Tc}).

Before the proceed proof of Theorem 3.1, we observe that the following theorem
holds after Theorem 3.1 holds.

THEOREM 3.2. Under the same assumptions of Theorem 3.1, for any Gi sat-
isfying
GoUG cc Gy cC G,
where G = {U(p, 1,0, B, —kVO)(x, 1), (x,t) € R x [0, T.]}. Then we have T, > T,
holds for e sufficiently small.
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PROOF. We prove it by the contradiction method. Suppose that there exists a
G satisfying
GoUG cc Gy cCc G,
and a sequence {e} such that klim ex = 0 and T, < T.. Then we can choose some
— 00

G satisfying G cc G cc Gy. From Theorem 3.1, we have
(31) |(p65 uEa 965 BE) qé) - (pa u, 97 Ba —HV9)| < CG%,

where the Sobolev embedding theorem is used. Thus, there is a e such that
(pf,uk, 9 B q%) € G for all (x,t) € R? x [0, T,,). On the other hand,
H(pék - 15 uéka o — 15 Béka qék)HS
< H(pék - 15 uéka o% — 15 Béka qék) - (pa u, 97 Ba _K’VQ)HS
+ H(p - 15 u, 0— 15 Ba _K’VQ)HS

1
(32) §Ceﬁ +H(p_15u59_15B5_K’V9)HS

This implies that [|(p® — 1,u, % — 1, B q%)||s is bounded. Then the local
existence theory in Theorem 2.1 can be applied to deduce a contradiction to the
definition of T, . O

Hence, from the results of Theorem 3.1 and Theorem 3.2, it is clear that the
system (1.1)-(1.5) approximates to the classical system (1.8)-(1.11) as ¢ — 0. Our
task is left to prove the Theorem 3.1.

Proof of Theorem 3.1: Define q = —xkV0 and

€

d:PE—Pud:uE—u odZHE—HBd:BE—B qd:q —4q

p
€ € € € €

From (1.1)-(1.5), the equations for (p?,ud, #4, B4, q%) can be written as
pd4+uc-Vpd +ud-Vp+ pV-ul + pdV.-u=0,
peud + plug + puc - Vud + pVpt + py Ve + L(put — pu) - Vu
+2(p5Vp—p,Vp+pyVe — ppVe)
= pAud + (u+ p/)VV -ud 4+ (V x Bd) x B¢ + (V x B) x BY,
pegfd + L(pe — peg)dy + pleguc - VO + L(pfegut — pegu) - VO
+0p§V - ud + 1(6°p§ — Opg)V - u+ V- ¢
=v(VxB +V xB)VxB!+/(V-u +V-u)V- ud,
—|—,LL(VuE + (Vu)T + Vu + (Vu)T) : Vud,
B +udVB +u - VBY — vAB¢
- 5((136 SV )u — (B~V)u—BE(V-uE)+B(V~u)), V.B=0,
eqd + qd + kVO! = —q;.

The above equations are equivalent to
pd 4 u - Vpd + pV - ud = fy,
wl Fut - Vul + 2wl 4 hygd - LyAwd - (a4 )YV ol = b,
0 +uc- Vol ZEY ud 4 LV gt = 6,
Bd +u¢-VB? — vABY = £, V- B =0,
eqd +qt + KV = f5,
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where

fi = —ut-Vp—piv.u,

pfa = —ptu — %{(pfué —pu) - Vu+ (p, —pp)Vp+ (ph — pe)W}
+(V x BY) x B + (V x B) x BY,

piegls = —%{(péeé — peg)fy — (p“egu’ — pegu) - VO — (0°py — Opy)V - u}
+v(Vx B+ V xB)V xB+ /(V-u*+V-u)V-u?

—HL(VuE + (Vu)T + Vu + (Vu)T) : Vud,

fy = —ulVB + %{(BE - V)uc — (B~ V)u—BY(V - uf) +B(v-u)},

f5 = —qy.
Now let E4 = sup ||(p?,ud, 89, B, \/eq?)||s. We have
0<t<T
1(p,u, 05, BY)[ls < C+ eBY, lqlls < C+ VeE™

Then, we have the following lemma.

LEMMA 3.1.

d
(3.3) S(E < 0(1 + (E9)? 4 ¢(B4)3 + GQ(Ed)‘l).
PROOF. Applying V* with 0 < |o| < s to above equations and multiply it by

pé € _€ .
p—Q’VO‘pd, peVeud, %V“Gd, VeBY, #Vo‘qd respectively, we have

1d
2 dt

{%(V“p‘i)Q +pf(Vout)? 4 B2 (7062 4 (VOHY)? o+ #(Vo‘qd)Q}dx

1
+/ {2 4 (04 )TV - )+ — (97" 4 (VB2 fda
4 7 5
(34) :ZTi+ZRi+G+ZFi,
i=1 i=1 i=1
with
pE o € a
1= [ vt o= [ peeutrax

“eg €
To= [EEuwertran T [0

KO

Ri = /Vo‘(uE~Vpd)i—5VO‘pddX, Ry = /va(uf -Vud)pcveuddx,
R :/Vo‘(ué-VGd)%Vo‘Hddx, Ry = /V“(uE~VBd)VO‘deX,

Rs = /Vo‘(pEV -ud)p—ﬁvo‘pddx—l- Vo‘(p—’;Vpd)pEVO‘uddx,
p p
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€ 05 € € €
Re = /Vo‘(p—ZVGd)pEVO‘Ud + V(e ) e gegddx,
P peg 0

1
R7:/V“( Eeév )poef’vaodJrva(nwd) —Va ddx,
%

/ —J(pAu + (p+ p)VV - u?)p  Vouldx,
F, — / vaflp—fvapddx, Fo — / Vo fyp  Veulds,
P
F = / Ve tvedlax, = / Vet VOBlds,
« 1 o, d
F5 == \Y f5—V q dx.
KkO°

In the following, we will give the estimates of Tj, Ri, Fi, G respectively. We
should keep in mind the important fact that both (p, u, 8, B) and (p¢, u¢, 6, B¢, q)

takes values in a convex compact subset of the state space. First of all, T;(i =
1,2,3,4) can be estimated as

(3.5) Tl < Cll (o, 0) o= (E4)? < C(1+ el (o, 6) L= ) (B,
By the first and the third equation in the system, we have

(3.6) 1(pf, )| < (C + eET)E? + Cf|q?s.
Combining (3.5) and (3.6) gives

I Ti| < C(1 + e(CE + e(E1)? + Clla|[s)) (E)?

<C
< C((B)? + e(B)® + e(EN)*) + dllqI3,

(3.7)

where ¢ is a small constant which is independent of e. Then we give the estimates
of Ri(i=1,2-+-,7) as follows.
Ry = /uEVo‘Vpd ~ I;—fvapdo1x+/[va,uf]vpd . I;—?Vapddx

u'p,

<Cv(—2 e )Ll Vo2

+ C(IVueee s + 11V p e [[ulls) 12 ls

< C(1 4 EY)(EY)?
(3.8) < C((BY)? +€(EY)),
where the symbol [+, -] is the commutator. Similarly, for i = 2, 3,4,

(3.9) IRi| < C((EY)? + ¢(EY)?).
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Moreover,
Rs; = /pZ(VO‘V ulvepd 4 vevpdveud)
+ /[va, PV - udi—évapddx—l- /[va, i—E]VpdpEVO‘uddx
< O Vpgll= [[Voul[[[[Vepd

+C(|\VQPEHHVU‘1HL&+HVPEHL [Veut | vepd]

pp)IDHVQ q

+C(|\V“pd|\|\V( )I\Lw+|\Vp L= [V(
(3.10) < C(1 + EYH(EY)? < C((E)? +e(Ed) ).

Rg can also be estimated similarly. For Ry, one has

1 a\ P €h d d d
— « . ao « 9 « d
R~ /V (pfefv ) 0 \Y + V(rVO)— 0 Vqidx

1 € ~E
/ (VOV - q?veed + vavodvaqd)+/[va,—]V~qd—p A
o< peez o<

(HV( e + HV( )I\Lw)I\V“quHV“@dH

o, 1
V- e [V (——
P~Cy

Vo]

(1+ B (B + dllq)12

<C
< C((BY)? + (B + (BN + 4”2

(3.11)
Similarly, we can give the estimate of G as

< C(IV =199 + V2 9 (1) 9|

C(1 + EH2(EY? 4 6| Vovud||?
C((EH? + ¢(EY)? + (BEY?) + 6| Vevud)2.

NN

(3.12)

Now, we only need to give the estimates of F;(i = 1,2, 3,4,5). To this end, we need
the following proposition which concerns the estimate of fj.

PROPOSITION 3.1. For 0 < |a| <'s, we have
IVefil < CEY,
[Vof2] < C(E? + e(EY)?) + C(1 + B[ VAVBY|,
[Vofs]| < C(E + e(BED)? + e4(EY)?) + C(1 + eB)(|VVul| + [[VevBa),
[VLa]| < CE? + e(E?)?) + C(1 + €EY) VeVl
The proof of this proposition will be postponed to the end of this section. With

this proposition, we can give the estimates of Fi(i=1,2,3,4) as

(813) B <C((B)? +e(BY) + E(E)) +5(|VVul|? + | VOTB2),
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while
1 1
|F5| = |/vaqt veqldx| = |/VO‘V9t—VO‘qddX|
kB¢ KO°
(3.14) < CVeql| < C+ 4l vaqd)®.
It follows (3.4)-(3.14) that (3.3). The proof of Lemma 3.1 is over. O

Continue the proof of Theorem 3.1: Denote A(t) = (E4)2, from Lemma
3.1, we have

(3.15) C%A(t) < C(1+A(t) + EA(1)?).

We assume a priori that A(t) < e2“T — 1. We will show that A(t) < $(e*“T — 1)
holds if we choose e sufficiently small. Actually, if we set €2 < ﬁ, then we have
A(t) < %. Hence, the inequality (3.15) turns into

ditA(t) < C(L+A() + A1),

which can deduce that 1
At) < =T —1).

This completes the proof.

To end this section, we give the proof of the Proposition 3.1.
The proof of Proposition 3.1: By Moser-type inequalities and the Sobolev
embedding theorem, we have

[Vl < IVt Vo)l + IV ('Y - w)|
< < [VEVpl| + [V pl|ee [[Voul |
F o L= VOV -l + [V - ulfe [ V21
< CEY.
Recalling that both (p¢, u¢, 8¢, H, ¢¢) and (p, u, 6, H) take values in a convex compact

subset of the state space. For fy, we have

d d d
Py p p
V(= < gl V() + HEHLwHV“ucH

e ”

< CE + Ol =
< C(EY + ¢(EY)?).
Similarly,
A6 = )Vt (55 = )V + (05 = po) V6 -
< C(EY + e(EY)?).
Moreover,

€

|W%WxB%x%w

€

(0% BE o B
< VE(V x Bd)HHFHL“’ +V (F)HHV x BY L
< C(1 + EY||VOVBY| + C(E? + ¢(ET)?).
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For f3, we only need to give the estimate of pf‘c -Vu‘Vu? because other terms are
0
similar. Actually,
IV [ Vuvud)|| = [V L (Vu + eVud) vl
peg peeg
1 1
< OVl [V [ == Vul][| + Ol ——Vu|[L= | V*Vu]
P~Cy P~Cy
1 1
+ Cell—lL= [V (Vu?)?|| + Cel| (Vu®)? [l [V —||
P~Cy P-Cq

< CEY + ¢(BY? + (B2 + (1 4 B Vevul]).

Thus, we have get the desired estimate for f3. And the estimate for f; is very similar
to the estimate of fq, fa, f3. So the proof is completed.

REMARK 3.1. Here we point out that although our results hold in the dimension
3, they are also valid in any dimension n > 3.
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