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ABSTRACT. We solve the inverse spectral problem for rotationally symmetric
manifolds, which include a class of surfaces of revolution, by giving an ana-
lytic isomorphism from the space of spectral data onto the space of functions
describing the radius of rotation. An analogue of the Minkowski problem is
also solved.
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1.1. The surface of revolution. Suppose we are given a surface of revolution
M in R™*2 with m > 1. Using the coordinates (z,y) € R™™2 = R! x R™ M is

represented as

(L1) Y= f@w, weS" wel=[0ag),
where f € C%(I), f(x) > 0. Then the induced metric on M is
(1.2) ds® = (1 + f/(x)Q) (d:c)2 + f(x)Qggm,

gsm being the standard metric on S™. Making the change of variable ¢t = ¢(x) by

(1.3) j—i =/1+ f'(z)2,
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we can rewrite ds? as

ds? = (dt)? +7(t)°gsm, 7(t) = f(z(t)),

D
OStStoz/ V14 f(x)?de.
0

(1.4)

Then we have
()] <1,

since

(15) F(1) = £ty = L)

at T+ FaO)?
Now, the Laplace-Beltrami operator on M is written as

Ay

r2’

1
(1.6) Ay = r_mat (r'"oy) +

where Ay is the Laplace-Beltrami operator on S™. By imposing suitable boundary
conditions on ¢ = 0 and t = {y, one can get the spectral data for M. We are
interested in the inverse spectral problem, i.e. the recovery of M from its spectral
data. Note that in this setting, we are given the operator Ay. The value of %
is not known a-priori, since it is computed from (1.4), which contains unknown
f(z). However, the eigenvalue problem for (1.6) is reduced to the 1-dimensional
Sturm-Liouville problem, and one can derive the value of ¢y from the asymptotics
of eigenvalues. By virtue of (1.5), (1.3) is rewritten as

(L.7) Cé—:tc: 1—7r'(¢)?,

from which one can compute z(t) as well as x9. We can then recover f(x) from the
formula r(t) = f(x(t)) and the inverse function theorem.

We have thus seen that our problem is reduced to the inverse spectral problem
for (1.6) defined on [0, o] x Y with suitable boundary condition. Since tg is known
from the spectral asymptotics, we can assume without loss of generality that ty = 1.
More precisely, in the general case, we have only to repeat the arguments below
with M = [0,1] x Y replaced by M = [0, xo] X Y, where x( is computed from (1.7)
and to.

1.2. Rotationally symmetric manifold. Let us slightly generalize our prob-
lem. Assume that we are given a compact m-dimensional Riemannian manifold
(Y, go) (with or without boundary). We consider a cylindrical manifold M =
[0,1] x Y with warped product metric

(1.8) g = (dz)* 4+ r2(z)go.

The Laplace-Beltrami operator on M is written as

(1.9) Ay =

8, (r(x)max) + %Ay.

Two examples are given in Fig. 1, where Y = S! and Fig. 2, where Y = [0, a]
with a suitable boundary condition on 9Y'.

r(z)m
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FIGURE 1. The surface with Y = {y € S'}.

r(x)

FIGURE 2. The surface of revolution of an angle a < 7

For the operator (1.9), we impose one of the following boundary conditions on
OM ={0,1} xY : Fory €Y,

Dirichlet b.c.  f(0,y) = f(1,y) =0,
(1.10) { Mixed b.c. £(0,y) =0, f/(1,y) +bf(1,5) =0, b€ R,
Robin b.c.  f(0,y) —af(0,y) =0, f'(L,y) +bf(L,y) =0, a,b € R.

The Laplacian —Ay on Y has the discrete spectrum
0<E1<Ey<FE3<...

with an associated orthonormal family of eigenfunctions ¥,,, v > 1, in L2(Y'). Then,
we have the orthogonal decomposition

L*(M) = @u21L5(M),

1
L3(M) = {h(x,y) = f(@)¥,(y); / (@)™ (x)de < OO} , v>L
0
Thus, —A )y is unitarily equivalent to a direct sum of one-dimensional operators,
—An 2@ (FAY),

1

(1.11) A, = —p—23m (p*0,) + %, p=r"% " on L*([0,1];7"™(z)dz).
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We call —A, a Sturm-Liouville operator. The boundary condition (1.10) is inherited
for —A, :

Dirichlet b.c.  f(0) = f(1) =0,
(1.12) Mixed b.c. f(0) =0, f'(1)+bf(1) =0, beR,
Robin b.c.  f/(0) —af(0) =0, f b
The operator —A,, actually depends on

/

(1.13) 2 and  p(0) = r(0)™/2,
p
For our purpose, it is convenient to introduce a parameter go = p’(0)/p(0) and put
/
(1.14) @) _ ot o).
p(x)
Then r(z) is written as
(115) rlz) =r O/, Q)= [ (a0 +a(0)i.
0
We then have
(0)  2qo r(l) 2 /1
1.16 = — log —= = — dx).
( ) r(0) m’ o8 r(0) m(qo + o a(z) :C)

This implies that, if we are given either r(0) and 7/(0), or 7(0) and r(1), we can
reconstruct r(z) from g(x) for 0 <z < 1.

The problem we address in this paper is the characterization of the range of
the spectral data mapping

q = (n(a); Fin(@))nZss

where p,, and k,, are eigenvalues and norming constants for (1.11) with a fixed v.

1.3. Function spaces. Let us introduce the following spaces of real functions

Wo = {q € 12(0.1) ; ¢ € L2(0,1), q(0) = g(1) = o},
(1.17)

1
Ho = {q € L*(0,1) 5 ¢ € L*(0, 1>,/ ¢V ()de =0,Y j =0,.. a}
0

where a > 0, equipped with norms

1 1
lallg = 112 = [ ¢ @, alf, = 11 = [ 10 @)Pds.

Define the spaces of even functions L2, .,(0,1), and of odd functions L?,,(0, 1) by

szen(oa 1) = {q € LQ(Oa 1) ; Q(x) = q(l - .I), Ve (Oa 1)}5
(1.18) 12,(0,1) = {a € 20, 1); a(2) = —q(1 —2), Ve (0,1)},
LQ(Oa 1) = szen(oa 1) S ded(oa 1)
and for w = even or w = odd we define

(1.19) WYY =WPNL2(0,1), HY=H.NL2(0,1), a>0.
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We also introduce the space £2 of real sequences h = (h,,)$°, equipped with the
norm

(1.20) B2 =25 @rnpelhal?,  acR
n>1
and let £2 = (2. Finally we define the set M; C ¢2 by
(1.21) My =My ((E2)52y) = {(hn)p2y € 75 pf+hy <pd+ha< ...},

where the sequence (10)2° ; will be specified below.

1.4. Main results I. Spectral data mapping. We are now in a position to
stating our main results of this paper.

1.4.1. Dirichlet boundary condition. First we consider —A,,v > 1, on the in-
terval [0, 1] with Dirichlet boundary condition:

1 E, "
“AS ==Y+ 5L p=r on (0,1),

f(0)=f1)=0.
Denote by pyn, = pn(q),n =1,2,..., the eigenvalues of —A,. It is well-known that
all p,, are simple and satisfy

(1.22)

/L":/L9z+00+ﬁn,
0 _ 2 ~ \oo 2
(123) lun - (TLT{') ’ (,UJn)l S é 5

1
E,
co = / ((qO +9°+ )dx,
0 T

where p2, n > 1, are the eigenvalues for the unperturbed case » = 1. Following
[21], [10], we introduce the norming constants
p(W)f(1,9)
(1.24) #,(q) = log 70,9
where f, is the n-th eigenfunction of —A,. Note that f/(0) # 0 and f/ (1) # 0.
Recall that
r'(0)

(1.25) qo0 FOR

THEOREM 1.1. Fiz v > 1, and consider —A,, with the Dirichlet boundary
condition. Assume either (i) or (ii) of the following conditions:
(i) o =0,
(ii) v=1 and E; = 0.

Then the mapping

; n =1,

g (@) Can(@)is)

defined by (1.23), (1.24) is a real-analytic isomorphism between WY and My x (3,
where My is defined by (1.21) with uf, = (mn)?,n > 1.

In particular, in the symmetric case (the function q is odd and the manifold M
is symmetric with respect to the plane © = %) the spectral data mapping

(1.26) WPl 5 g (71,)5° € My

. o . dd
is a real analytic isomorphism between Wf’o and M;.
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1.4.2. Mized boundary condition. We next consider —A,, v > 1, with mixed
boundary condition:

1 E, "
—Af =) + 5 p=r" e (01,

f0)=0, f(1)+bf(1)=0, (bg)eRxW,.
Let ppn = pn(q,b),n=0,1,2,... be the associated eigenvalues. They satisfy

,un(q, b) = /L701 +co + ﬁn(qa b)a
1\2
0_ 2 i
(1.28) Fn =7 ("+ 2) +25,

)T € ) o= / (w02 + 5 ) an,

where 1)’s are the eigenvalues for the unperturbed case r = 1. As in [15], we
introduce the norming constants

(1.27)

(1.29) Xn(q,b) = log

p(1)fn(1,q, b)’

fi(0,q,0) |
where f,, is the n-th eigenfunction satisfying f/,(0,q,b) # 0 and f,(1,¢,b) # O.
When ¢ = b =0, a simple calculation gives

(1.30) Xo = Xn(0,0) = —logm(n+13).

THEOREM 1.2. For any fived (b, qo,v) € R? x N, consider —A, with mized
boundary condition. Assume either (i) or (ii) of the following conditions:
(i) o =0,
(ii) v=1 and E; = 0.

Then the mapping defined by (1.28)-(1.30)

U:g— ((ﬁn(% b))zt (Xn—1(g,b) — X?zfl)?zozl)

is a real-analytic isomorphism between WY and My x 2, where My is defined by
(1.21) with pf = (7n + 3)* 4+ 2b,n > 1. Moreover, for each (q,b) € W) x R, the
following identity holds:

o eXn(Q>b)
(1.31) b= (2— w7>a

where the function w(\, q,b) is given by

(1.32) w(h4,b) = cos VA Hxﬂij‘ﬂ rec.

Here (1.31) and (1.32) converge uniformly on any bounded subsets in C.

1.4.3. Robin boundary conditions. The 3rd case is the Robin boundary condi-
tion:

E
—Ayf=——= =72 on , 1),
(1.33) f 7 (P )+ P on (0,1)

f1(0) = af(0) = f()+bf(1):0, (a,b,q) € R x WY.
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Let pn, = pn(g,a,b),n =0,1,2,... be the associated eigenvalues. It is well-known
that

Hn = ,uﬁoz +co+ ﬁn(qa a, b)a
pn = (n7)* + 2(a+b), ()5 € &,

1 Ey
om [ (rar s B)ar
0 T

Note p2,n > 0 are the eigenvalues for 7 = 1. The norming constants are defined
by

(1.34)

p(1)fn(1,q,a,b)

fn (0, q7 a” b)
where f,, is the n-th eigenfunction. They satisfy f,, (1, ¢, a,b) # 0 and f,,(0, ¢, a,b) #
0.

(1.35) ¢n(q,a,b) = log

-

THEOREM 1.3. For any fized (a,b, qo,v) € R? x N, consider —A, with Robin
boundary condition. Suppose either (i) or (i) of the following conditions hold:
(i) o =0,
(ii) v =1 and E; = 0.

Then the mapping defined by (1.34), (1.35)

(1.36) o g ((fin(a. 0,021 (9n(a. 0, 0))32,)

is a real-analytic isomorphism between WY and My x (3, where M is defined by
(1.21) with 4 = (mn)? + 2(a + b),n > 1.

Remark. 1) In Theorems 1.1-1.3 we consider two cases: (i) go = 0, or (ii) v = 1
and E7 = 0. The inverse problems for the cases: (1) go € R,v > 2 or (2) v =1 and
E; # 0 in Theorems 1.1-1.3 are still open.

2) We have the standard asymptotics (1.23), (1.28) and (1.33) for fixed v. It is
interesting to determine the asymptotics uniformly in v > 1.

1.5. Main results II. The curvature mapping. The Minkowski problem
in classical differential geometry asks the existence of a convex surface with a pre-
scribed Gaussian curvature. More precisely, for a given strictly positive real func-
tion F' defined on a sphere, one seeks a strictly convex compact surface S, whose
Gaussian curvature at x is equal to F'(n(z)), where n(z) denotes the outer unit
normal to § at . The Minkowski problem was solved by Pogorelov [20] and by
Cheng-Yau [6].

We consider only the case m = dimY = 1. Note that our surface is not convex,
in general. We solve an analogue of the Minkowski problem in the case of the
surface of revolution by showing the existence of a bijection between the Gaussian
curvatures and the profiles of surfaces.

As it is well-known, the Gaussian curvature K is given by

1

(1.37) IC:—T?, p=r?.

As above, we represent the profile r(z) in the following way:

(1.38) r(z) = roe®@®@ . Q(z) = /Ox(qo +q(t)dt, (qo,q) € R x W2,
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Then we have
(1.39) K=-2¢ —4(q + q)*.
Note that if ¢ = 0, then K = —4¢3 < 0 is a negative constant. Letting

1

(1.40) Ko = 4/ (2qoq + ¢*)dz, G(q) = 2¢ + 4(qo + q)* — Ko,
0

we rewrite I into the form

(1.41) K=-G(q) — Ko — 4¢3.

THEOREM 1.4. Let the Gaussian curvature K and the profile r(x) be given by
(1.87), (1.88), where (qo,q) € R x WY. Then the mapping G : WY — H,q defined
by
(1.42) ¢ — G(g) = =K — Ko — 443

is a real analytic isomorphism between WY and Ho. Moreover, the constant Kq is

uniquely defined by G(q).
Remark. This theorem also holds with W) replaced by Hj.

Theorem 1.4 gives the mapping between K and the profile . Thus Theorems
1.1 ~ 1.4 make the mapping

Gaussian curvature K — eigenvalues + norming constants

well-defined. We illustrate this by Theorem 1.5. We consider the Sturm-Liouville
problem with Robin boundary condition:

(143)  —(FY + =M £ =af(0) =0, (1) +bf(1) =0

Let £ = G(q) € Ho and A = (a,b,q0) € R3. Let pu, = pn(€,A),n =0,1,2,... be
the eigenvalues of (1.43). They satisfy

pin (&, A) = iy + o + [in(€, A),

pn = (nm)? +2(a +b),  (fin)i° € €7,

1
E,
COZ/ (q2—|——2> dl’
0 T

Here 12, n > 0, are the unperturbed eigenvalues for the case r = 1. We introduce
the norming constants
pm&@§MI

(145 (e, 4) = tog | LS

where f,, is the n-th eigenfunction. Note that f,(1,£, A) # 0 and f,(0,£, A) # 0.

THEOREM 1.5. Let A = (a,b,qo) € R®,v > 1 be fived and consider —A,, with
Robin boundary condition. Assume either (i) or (i) of the following conditions:
(i) go =0,

(ii) v=1 and E, = 0.
Then the mapping defined by (1.44), (1.45)

(1.46) & = ®a(6) = ((n(& )32 (6n(€ A )

is a real-analytic isomorphism between Ho and My x ¢3, where My is defined by
(1.21) with 4% = (mn)? + 2(a +b),n > 1.

(1.44)

n>1

- 3
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1.6. Brief overview. There is an abundance of works devoted to the spectral
theory and inverse problems for the surface of revolution from the view points of
classical inverse Strum-Liouville theory, integrable systems, micro-local analysis,
see [1], [7], [8], [9], [19] and references therein. Bruning-Heintz [5] proved that
the symmetric metric is determined from the spectrum by using the 1-dimensional
Gel’fand-Levitan theory [16], [18].

For integrable systems associated with surfaces of revolution, see e.g. [12],
[24],[3], [22], [23] and references therein. Here we mention the work of Zelditch
[25], which proved that the isospectral revolutionary surfaces of simple length spec-
trum, with some additional conditions, are isometric. In fact, the assumptions
ensure the existence of global action-angle variables for the geodesic flow, which
entails that the Laplacian has a global quantum normal form in terms of action
operators. From the singularity expansion of the trace of wave group, one can then
reconstruct the global quantum normal form, hence the metric. This argument, in
due course, recovers the result of [5]. Note, however, that the class of metrics con-
sidered is shown to be residual in the class of metrics satisfying all the assumptions
above concerning the metric but not the simple length spectrum assumption.

In the proof we use the analytic approach of Trubowitz and his co-authors (see
[21] and references therein) plus its development for periodic systems [11]. Using
them we obtain the global transformation for inverse Sturm-Liouville theory [10].
Note that for [10] the results of inverse Sturm-Liouville theory [21], [15], [2] and
[13] are important.

1.7. Plan of the paper. We start from proving Theorem 1.4, which is based
on an abstract theorem in non-linear functional analysis [11]. In Section 2, we do
it after preparing the estimates for the Riccati type mapping. The idea of the proof
of Theorems 1.1, 1.2 and 1.3 consists in converting the Sturm-Liouville equation

_p% (pr/)/—l- T£2 -0
to the Schrodinger equation
—y" +py=Ey
using some non-linear mapping. In Section 3, we explain the results for the isomor-
phic property of the spectral data mapping. The paper [10] has been prepared for

this purpose, and using the results there we shall prove Theorem 1.1, 1.2. and 1.3
in Section 4.

2. The curvature inverse problem and Riccati type mappings

2.1. Estimates for Riccati type mappings. We define the mapping G :
H — Ho, where H = H; or H = WY by

1
(2.1) p=G(a) =¢ +q¢*+2qq—co,  co= J;(a*+ 2q0q)dz,
qgo=const ER, qgeW? or qgeH

LEMMA 2.1. Let p be given by (2.1), where ¢ € Hy or ¢ € WY. Then the
following estimates hold true:

(2.2) lg'l* < llpll* = llg'lI* + llg* + 240q — coll*,

(2.3) 1% = 11¢'lI” + ll4*[1* + 43 lall* + 4g0(q®, 1) = <5,
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(2.4) Ipll* < llg'lI* + llg®1* + 4aglal* + 4q0(a”, 1),
where (-, ) is the scalar product in L*(0,1).
Proof. Let h = ¢? + 2¢goq — co. We have
I = ld'lI* + 11l1* + 2(¢', ),
(a',h) = (¢',4* + 2q0q — co) =0,
where the integration by parts has been used. This yields (2.2). We have
1811 = lla* + 2q0a — col|* = llg* + 2oql|* — 2(¢* + 2404, co) + ¢5
= ll¢® + 20q]* - ¢
= [lg®)I* + 4g5¢0 + 490(q®, @) — <3,
g +20all* = llg*[I* + 445 llall* + 490(4*, q) =
14*(1* + 4 lall* + 4g0(q”, 1)
and together with (2.2) this yields (2.3) and (2.4). B
We show that that mapping G = G(q) = G(¢, qo) in (2.1) is real analytic.

LEMMA 2.2. Let H = Hy or H = WY and let o € R. The mapping G : H — Ho
given by (2.1) is real analytic and its gradient is given by
9G(q)
0

1
@5 29Dy piogtgf- / 2q0 + q) fde, Vg feH.
q 0

is inwvertible for all ¢ € H.

Moreover, the operator ag((f)

Proof. By the standard arguments (see [21]), we see that G(q) is real analytic and
its gradient is given by (2.5).

Due to (2.5), the linear operator agé‘ﬁ : H — Hp is a sum of a boundedly
invertible operator and a compact operator for all ¢ € H. Hence 6%—((;1) is a Fredholm

operator. We prove that the operator agé‘” is invertible by contradiction. Let

f € H be a solution of the equation

(2.6 Lioo. rr0

for some fixed ¢ € H. Due to (2.5) we have the equation

1
en Lo parwraf-c=0. = [ w+ s
This implies
(2.8) @y —cee - | (g0 + q)dt.
0

Let us first assume that the constant C' = 0. Then we get (¢29 f)’ = 0, which
yields (29 f)(x) = (29 £)(0),z € [0,1]. If f € WY, then we obtain (2% f) = 0 and
f=0.If f € Hy, then we obtain (e2¢f)(x) = f(0) and f = e~29f(0). This gives
f =0, since fol fdt = 0. In any case, we have arrived at a contradiction.
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Next let us assume that C' # 0. Without loss of generality, we can assume that
C = 1. Then we get

2@ f)(x) = xe*QQ .
(2 f)(x) ﬂm+A di

If f € WY, then we obtain (€29 f)(1) = fol e~2Qdt > 0, which gives a contradiction.
If f € Hy, then we obtain (e2?f)(1) = f(0) + fol e 2Qdt > £(0), which again
gives a contradiction. Thus the operator %—f is invertible for all g € H. W
2.2. Analytic isomorphism. In order to prove Theorem 1.4 we use the ”di-
rect approach” in [11] based on nonlinear functional analysis. Our main tool is the
following theorem in [11].

THEOREM 2.3. Let H, Hy be real separable Hilbert spaces equipped with norms
I[=1Is 1l - ll1- Suppose that the map f: H — Hy satisfies the following conditions:
i) [ is real analytic and the operator diqf has an inverse for all ¢ € H,
it) there is a nondecreasing function n : [0,00) — [0,00),n(0) = 0, such that ||q|| <

n(If(@)llx) for allq € H,
iii) there exists a linear isomorphism fo : H — Hy such that the mapping f — fo :

H — H; is compact.
Then f is a real analytic isomorphism between H and Hj.

Proof of Theorem 1.4. We check all conditions in Theorem 2.3 for the mapping
£ = G(q),q € WY given by (1.40). The proof for the case ¢ € H; is similar. We
rewrite this mapping in the form

1
£=Gv/2) =V + 2vpv + v* — ¢, co = / (2uov + v?)dt,
0

where v = 2¢ € WY and vy = 2qq is a constant.

Lemma 2.2 implies the assertion (i), and Lemma 2.1 the assertion (ii). Let us
check iii). We take a model mapping & by & (v) = v'. Suppose ¢¥ — g weakly
in WY as v — oo. Then ¢ — ¢ strongly in Hg as v — oo, since the imbedding
mapping WY — H, is compact. Hence the mapping ¢ — £(v) — & (v) is compact.

Therefore, all conditions in Theorem 2.3 hold true and the mapping G : WY —
Hp is a real analytic isomorphism between WY and Hy. B

3. Spectral data mapping for the case v =1 and F; =0

3.1. Unitary transformations. Consider the Sturm-Liouville operator —A,
defined in L?((0,1); pdz), where p = p(z) > 0, having the form

(31) ~f = =P, p=1
equipped with the boundary condition

(3.2) 1 (0)—af(0) =0, () +bf(1) =0, a,be RU{oco0}.

Here @' is continuous on [0, 1]. We define the simple unitary transformation & by

(3.3) U: L*([0,1], p?dx) — L*([0,1],dz),  Uf = pf.
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We transform the operator —A, into the Schrodinger operator S, by

_ _ _ N d?
UAYU ™ = =p10up*0p™ =D D =Sp+co, Sp=——75+p,
(3.4) 1
co = / (Q// 4 (Q/)Q)dx, p= Q// 4 (Q/)Q — ¢p.
0
since using the identity p = poe®? we obtained
D=pdopt=0,-Q, D =(pdp") =-0.-0Q,
(3.5) p Oz p Q (p p ) Q
D'D=—(0: + Q)0 - Q) = -0: + Q"+ (Q')*.
Here the operator S, = —d(i—z + p acts in L?([0,1], dz). We describe the boundary

conditions for the operators A,f and S,y, where y = pf. We have the following
identities

y(0) = f(0),  ¢'(0) =Q'(0)£(0) + f'(0),
y(1) = p(F(1), (1) = QWp() (1) + p(1) ' (1).

The identities (3.6) yield the relations between the boundary conditions for f for
Ay and y for Sp:

F(0) - af(0) = 0. 4/ (0) — (a+ Q' (0))y(0) =0,
(3'7){f’(1)+bf(1)—0, ‘:’{y/<l>+<b—@/<1>>y<1>—o, a:b € RU{oo}.

We consider the eigenvalue problems for —A, and S, on (0, 1) subject to (3.7).
Our second main theorem asserts that the above transformation —A, — S, pre-
serves the boundary conditions and spectral data.

(3.6)

THEOREM 3.1. Let p = G(q),q € WY, be defined by (2.1). Then the opera-
tors Sp and —A,, subject to the boundary condition (3.2), are unitarily equivalent.
Moreover, they have the same eigenvalues and the norming constants.

Proof. Let p = G(q),q € WY, be defined by (2.1). Then under the transformation
y =US = pf the operators S, and —A, are unitarily equivalent. Moreover, due
toy = pf and (3.2) the operators S, and —A, have the boundary conditions given
by (3.7). Using (3.6) we can define the same norming constants. H

Assume that the mapping p — (eigenvalues + norming constants for the oper-
ator Sp) gives the solution of the inverse problem for the operator S,. Then, since
the mapping p — ¢ is an analytic isomorphism we obtain that the solution of the
inverse problem for the mapping p — (eigenvalues + norming constants for the
operator —A).

Similar arguments work for the operator —A, and the associated inverse prob-
lem. We will give a more precise explanation in the proof of Theorems 1.1 ~ 1.3.

Therefore, the inverse problem for —A, is solvable if and only if so is for 5.
In this section, we consider the case E; =0, v = 1.
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3.2. Robin boundary condition. Consider the operator —A,f = —p%(p2f’)’
subject to the boundary condition (3.2) for the case a,b € R. We consider the case
@ € Rand E; = 0. Let A = (a,b,q0) € R3. Let p, = pun(q, A),n > 0, be the
eigenvalues of A,. Then we have

/Ln(Qa A) = ,UJ% +co + ﬁn(Qa A)a where (ﬁn)(l)o € €2a Co = HQH25

and pY = (mn)?+2(a+b), n > 0, denote the unperturbed eigenvalues. We introduce
the norming constants

(3.8) ¢n(q, A) = log n=>0

p(1)fa(1,q,A) ’

fn(0,q,A) ,
where f,, is the n-th eigenfunction. Note that f,(1,q, A) # 0 and f,(0,q, A) # 0.
The inverse problem for S, with Robin boundary condition was solved in [15].
Therefore, applying Theorem 1.4 and the result of the inverse problem for .S, [15],

we have the following theorem.
THEOREM 3.2. Let By = 0 forv = 1. For each A = (a, b, qo) € R3, the mapping

U g (g A))aZr s (9nle, A))nZa)
is a real-analytic isomorphism between WY and My x €3, where My is given by

(1.21) with 4 = (mn)? + 2(a +b),n > 1.

Proof. Let ¢ € W} and A = (a,b,q0) € R®. We consider the Sturm-Liouville
problem with the generic boundary conditions,

—p%(ﬁf’)’ —M, PO —af©) =0,  f(1)+bf(1)=0.

Let iy, = pn(g, A),n = 0,1,2,...be the eigenvalues of the Sturm-Liouville problem.
It is well known that
fin(a; A) = ) + co + [in(q, A),  where (1) € €2, o = [lg|*.
Following [15], we introduce the norming constants
p(1)fn(l, g, A) ’

fa(0,q,4) |

where f,, is the n-th eigenfunction. Thus for fixed A € R? we have the mapping
Ya:q—Palg) = ((Anlg, A))aly s (Pnlg, A))nZy) -

Let p = G(q),q € W}. We use Theorem 3.1. Consider the Sturm-Liouville
problem

Spy=—y" +p@)y, ¥ (0)—aoy(0) =0,  ¢'(1)+boy(1) =0,
G,b,QOeR, ap = a — qo, b0:b+qO

(3.9) Pn(q, A) = log n=>0

3

Denote by 0, = 0,(p), n > 0 the eigenvalues of S, and let s, (p) be the correspond-
ing norming constants given by
yn(la b, ao, bO)

3.10 »n(p) = lo
( ) (p) s y;l(oapa aOabO)

Recall that due to [15] (see Proposition 5.4 in [15]) for each ag, by € R the mapping
(3.11) Pag,by : P = Pag b (P) = (00 (P))nZr5 (e (P))ns)

is a real-analytic isomorphism between Ho and M x ¢3.

n > 0.

3
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Due to Theorem 1.4 we obtain the identity
(I)aoybo(G(Q)) = \IJA(Q)a Vaqe W(}

The mapping ¥ 4(+) is the composition of two mappings ®,, s, and G, where each
of them is the corresponding analytic isomorphism (see (3.11) and Theorem 1.4).
Then for each A € R? the mapping

Vg (g A))nzr s (9nlg, A))nzr)

is a real-analytic isomorphism between W} and M; x /. B

3.3. Dirichlet boundary condition. On the interval [0, 1] we consider the
operator —A, = —p%(p2 f) with Dirichlet boundary condition. We consider the
case v =1, go € Rand E; = 0. Denote by p,, = pn(q),n = 1,2,. .., the eigenvalues
of —A;. It is well-known that all u,, are simple and satisfy

1
(3.12) pin = piy + o+ fin, pip = (nm)*, (Fn)7° €67, o= / (40 + q)*de,
0

where 19 = (7mn)?, n > 1, are the eigenvalues for the unperturbed case r = 1. We
introduce the norming constants

n>1

- 3

where f, is the n-th eigenfunction of —A,. Note that f},(0) # 0 and f], (1) # 0.
The inverse problem for S, with the Dirichlet boundary condition was solved in
[21]. Therefore, applying Theorem 1.4 and the result of the inverse problem for S,
[21], we have the following theorem.

THEOREM 3.3. Let v =1 and E; = 0. For any qo € R the mapping

Vg = ((n()nZr 5 Ganl@))nZ)
is a real-analytic isomorphism between WY and My x €3, where My is given by
(1.21) with p2 = (7n)?,n > 1. In particular, in the symmetric case the spectral
mapping
(3.14) L Wyt — My, given by q—

s a real-analytic isomorphism between the Hilbert space Wé’Odd and Mi.

Proof. The proof repeats the proof of Theorem 3.2, based on Theorem 3.1 and the
well-known results from [21]. B

3.4. Mixed boundary condition. We consider the operator —A, = —p%(p2 Y
with mixed boundary condition f(0) =0, f/(1)+bf(1) = 0, where (b, ) € RxW?.
We consider the case v =1, go € R and Fq = 0. Let pup, = pun(g,b),n=10,1,2,...
be the associated eigenvalues. They satisfy

1
(315)  pn(e:b) = 10+ co + Fin(@b), () € 2, o= / (qo + q)?dz,
0

where p) = 7%(n + 3)? + 2b are the eigenvalues for the unperturbed case r = 1.
We introduce the norming constants

e fa(1, g, b)
(3.16) Xn(q,b) = log m’ )
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where f,, is the n-th eigenfunction satisfying f/,(0,q,b) # 0 and f,(1,¢,b) # O.
When ¢ = b = 0, a simple calculation gives X := x,,(0,0) = —logm(n+3).

THEOREM 3.4. Let v =1 and Fy = 0 and let b,qy € R. Consider the inverse
problem for (1.27) ~ (1.30) for any fized (b, qo) € R?.
(i) The mapping

g (g 0)oZrs (Xn-1(q,0) = X5 _1)n1)

is a real-analytic isomorphism between WY and My x €3, where My is given by
(1.21) with p = 7%(n + 3)? +2b,n > 1.
(ii) For each (q;b) € WY x R the following identity holds true:

too Xn(q,b)
(3.17) b=>_ (2—357)

n=0 m(ﬂna q, b)|
where the function w(\, q,b) is given by
n(q,b
(3.18) w(h4,b) = cos VA - Hxﬂiﬂ, recC.
1,

Here both the product and the series converge uniformly on bounded subsets on the
complez plane.

Proof. The proof is based on Theorem 3.1 and the results from [15]. We omit one,
since it repeats the proof of Theorem 3.2. B

3.5. Inverse problem for the curvature. We define the simple unitary
transformation U by

U: L2([0,1], rda) — L2([0,1],dx), y=Uf=7r%f, p=

Proof of Theorem 1.5. Consider the inverse problem for (1.43)-(1.45) for fixed
A= (CL, b, qo) € R3.
i) Let go = 0, > 1. We have two mappings £ = G(q) and

0= Way(a) = ((Fin(a 40721 5 (6n(a; 40))32,)
and the composition of these mappings
(3.19) £ = WU (GTHE)) = Wa, 0 GTHE).

Then due to Theorems 1.2 and 1.4, we deduce that the mapping ¥4, o G~1 is a
real-analytic isomorphism between Ho and M; x 3, where M is given by (1.21)
with 19 = (7n)? + 2(a + b).

ii) Let go € R,v =1, By =0 and (a,b,q) € R? x WY.

Consider the Sturm-Liouville operator —A, given by

(3.20) —Aqf:—pl—Q(pr’)’, F0)—af©) =0, (1) +b(1) =

=
o=

Let pn, = pn(q,a,b),n=0,1,2,... be the eigenvalues of the Sturm-Liouville prob-
lem (3.20). It is well known that

(3.21) o = 12 4 co + fin(g, a,b), where (fi,)° € 2, co = |q|*



336 HIROSHI ISOZAKI AND EVGENY L. KOROTYAEV

Here 49 = (mn)? +2(a + b), n > 1 are the unperturbed eigenvalues for r = 1. We
introduce the norming constants
1 n ]" 3 ,b
p(1)fn(1,4,a,b) n>0

(3.22) on(g.a.b) =log| =5 Gy |0 20

where f,, is the n-th eigenfunction. Note that f,,(1,a,q,b) # 0 and f,(0, ¢, a, b) # 0.
Under the transformation U : L?(]0, 1], p*dz) — L*([0,1],dx), given by y =
Uf = pf, we obtain

u(_Ap,u)uil - Sp + Cp, S;Dy - _y// + by,
where due to (3.6) the function y satisfies the following boundary conditions
(3.23)
J(0) =af(0) =0, { y'(0) = (a+ qo)y(0) =0,
& ,beRU .
P Y1)+ - au) =0, “PERIS

We have two mappings £ = G(q) and
0= Wan(@) = ((ina,0:0))3215 (000,03, )
and the composition of these mappings

(3.24) € — Wb (GTHE)) = Wup 0 GHE).

Then due to Theorems 1.2 and 1.4, we deduce that the mapping ¥, 0 G~1 is a
real-analytic isomorphism between Ho and My x £, where M is given by (1.21).
|

4. Spectral data mapping for the case ¢y =0

4.1. Non-linear mapping. In view of (3.1), we take p(z) as follows

(4.1) pla) = 2@, Q= / L og=0.

We assume that the potential u = u(Q) is related to ¢ is the following way.

Condition U. The function u(-) is real analytic and satisfies

(4.2) u'(t) <0, VteR.

(4.3) ' @I < F(lall), a€W,

for some increasing function F : [0,00) — [0,00). Here || - | denotes the norm of
L2(0,1).

Since p, u are related with ¢ by (4.1) and the Condition U, we write A, instead
of A, .. Now, we recall the theorem from [10] about the following mapping

44) p=P@)=d+@+u@Q —co, o= / (d + ¢+ u(Q))dz.

THEOREM 4.1. The mapping P : WY — Ho given by (4.4) is a real analytic
isomorphism between the Hilbert spaces WY and Hq. In particular, the operator 81;

has an inverse for each ¢ € WY. Moreover, it has the following properties.
(1) Let p = P(q),q € W}. Then the following estimates hold true
1'% < lIpll* < llg'l1* + 2l 1* + 2{|u]l* — <5,

(4.5) l[ull < gl (lgll)-
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(2) The mapping P(q) — ¢’ : WY — Hy is compact.
Furthermore, the mapping ¢ — p = P(q),q € W?’Odd given by (4.4) is a real
analytic isomorphism between the Hilbert spaces W?’Odd and HE".

Remark. 1) The mapping ¢ — p = ¢ + ¢> +u — co : H1 — Ho was considered in
[13]. In some cases the mapping Ho into H_; is also useful (see [14], [2]).

2) In the case of inverse spectral theory for surfaces of revolution, we study the
case of the function u = Ep*%. Here d +1 > 2 is the dimension of the surface of
revolution and F > 0 is a constant.

Our second main theorem asserts that the mapping in Theorem 4.1 preserves
the boundary conditions and spectral data.

THEOREM 4.2. Let p = P(q),q € WY, be defined by (4.4). Then the operators
Sp and Ay are unitarily equivalent. In particular, they have the same boundary
conditions, eigenvalues and the norming constants.

Therefore, the inverse problem for A, is solvable if and only if so is for S,. Let
us consider the following three cases separately.

4.2. Dirichlet boundary condition : a = b = oo. Consider the Sturm-
Liouville operator A, defined in L2((0, 1); p?(x)dx), where p(z) = ¢?(*) having the
form Ay f = —p%(pr’)’ + u(Q)f equipped with the boundary condition f(0) =
f(1) = 0. Here Q(z) = [ q(t)dt, qo = 0 and u satisfies Condition U.

Denote by p, = pn(g),n > 1, the eigenvalues of A, subject to the boundary
condition f(0) = f(1) = 0 for the case a = b = co. It is well-known that all p,, are
simple and satisfy

1
pn = 10 4 o + fin, where (fi,) € 2, ¢ = / (¢* + u)dt,
0

where 12 = (7n)?, n > 1, denote the unperturbed eigenvalues. The norming
constants are defined by

(4.6) #,(q) = log

p(1) (1, q) ’
fh0,q) |’

where f, is the n-th eigenfunction. Note that f/ (0) # 0 and f/ (1) # 0. We recall
theorem from [10].

THEOREM 4.3. Let a = b= oc. Then the mapping

Vg = ((n(@)nZr s (4n(@))nZn)

is a real-analytic isomorphism between WY and My x 2, where My is defined by
(1.21) with p2 = (7n)?,n > 1. In particular, in the symmetric case the spectral

mapping
~ 0,0dd . ~
(4.7) we W — My, given by p— I

s a real-analytic isomorphism between the Hilbert space W?’Odd and Mi.



338 HIROSHI ISOZAKI AND EVGENY L. KOROTYAEV

4.3. Mixed boundary condition : a = oo0,b € R. Consider the Sturm-
Liouville operator A, defined in L2((0, 1); p?(x)dx), where p(z) = €2 > 0, having
the form A, f = —p%( )Y +u@)f equipped with the mixed boundary condition
f(0) =0, /(1) +bf(1) = 0. Here Q = [ q(t)dt, qo = 0 and u satisfies Condition
U.

Let,un:,un( q,b),n

/

, be the eigenvalues of —A, subject to the boundary
condition f(0) =0, f'(1

>0
+5b ()—Oforthecasea—oo b € R. We then have

1
pn = 10+ co + fin(q,b), where (fi,);° € 2, o= / (¢* + u)dt,
0

and 19 = 72(n+3)%+2b, n > 0, denote the unperturbed eigenvalues. The norming
constants are defined by

(4.8) Xn(q,b) = log

p(1)fn(1,q,b) ’
fh(0,q,0) |’

where f,, is the n-th eigenfunction. Note that f/(0,q,b) # 0 and f,(1,q,0) #0. A
simple calculation gives

X0 =xn(0,0) = —logm(n+1),  where /il =m(n+d).
We recall theorem from [10].
THEOREM 4.4. i) For each fixed b € R the mapping
U g (g, 0)nZy s (Xn—1(a,0) = Xn_1)721)

is a real-analytic isomorphism between WY and My x (3, where M is defined by
(1.21) with p% = 72(n + 1)? + 2b,n > 1.
ii) For each (q,b) € W} x R the following identity holds true:

e eXn(Q>b)
(4.9) 5—2(2—&07)

n=0 m(,un; q, b)|
where
n(g,b
(4.10) w(h4,b) = cos VA - Hxﬂij’, recC.

Here both the product and the series converge uniformly on bounded subsets on the
complez plane.

4.4. Robin boundary condition : a,b € R. Consider the Sturm-Liouville
operator A, defined in L?((0,1); p?(x)dzx), where p(z) = ¢?@) > 0, having the
form Ay f = —p%(p2 1)+ w(Q)f equipped with the generic boundary condition
£/(0) —af(0) =0, f (1) +bf(1) = 0. Here Q = [ q(t)dt, go = 0 and u satisfies
Condition U.

Let pun = pin(q

,a,b),n > 0, be the eigenvalues of A, subject to the boundary
condition f/(0) — af(0)

=0, f'(1) 4+ bf(1) = 0 for the case a,b € R. Then we have

1
Hn = /L?z +co + ﬁn(Qa a, b)a where (ﬁn)(l)o € €2a Co = / (q2 =+ u)dt,
0
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and pO = (7mn)? + 2(a + b) denote the unperturbed eigenvalues. We introduce the
norming constants

p(1)fa(1,,a,5)
ATV

where f,, is the n-th eigenfunction. Note that f,,(1,a, ¢, b) # 0 and f,(0, g, a, b) # 0.
We recall the results from [10].

(4.11) ¢n(q,a,b) = log

THEOREM 4.5. For any a,b € R, the mapping

\Ija,b tq = ((ﬁn(% a, b))zozl ; ((bn(qa a, b))zozl)

is a real-analytic isomorphism between WY and My x €3, where My is given by
(1.21) with 42 = (7n)? + 2(a +b).

4.5. Proof of Theorems 1.1 ~1.3. Recall that due to (1.2) we obtain that
the Laplacian on (M, g) is unitarily equivalent to a direct sum of one-dimensional
Schrédinger operators, namely, —A (s g) 2 @©,>14,, where the direct sum acts in
®,>1L%(]0, 1], dx). We consider the inverse problem for the operator A, for fixed
v >1and gy =0.

Proof of Theorem 1.1. We consider the inverse problem for the operator A,
given by

r2’

(4.12) .
= pera Q(x) = / (qo + Q)dta qc W?a
0

under the Dirichlet boundary conditions f(0) = f(1) = 0 and for each v > 1.

Consider the case go = 0. We apply Theorem 4.3 to our operator A, since the
function u = % = E,e~wQ satisfies Condition U. Then Theorem 4.3 gives that
the mapping ¥ : ¢ — ((1in(q))5° 5 (320.(¢))5°) is a real-analytic isomorphism between
WY and My x 2, where M; is given by (1.21) with 2 = (7n)?. In particular, in
the symmetric case the spectral mapping p : Wé odd My given by ¢ — 1 is a
real analytic isomorphism between the Hilbert space Wé 0dd and M.

The case v = 1 and E; = 0 has been considered in Theorem 3.3. B

Proof of Theorem 1.2. We consider the inverse problem for the operator —A,
given by (4.12), under the mixed boundary conditions f(0) = 0, /(1) + bf(1) =0
for any fixed (b,v) € R x N.

Consider the case qo = 0. We apply Theorem 4.4 to our operator —A,,, since
the function v = % = El,e*%Q satisfies Condition U. Then Theorem 4.4 gives
that the mapping

U:g = ((n(g,0)5%1 5 (Xn—1(g:0) = Xp—1)n1)

is a real-analytic isomorphism between W} and M; x 2, where M is given by
(1.21) with p8 = (mn + $)% + 2b. Moreover, for each (¢;b) € WY x R the following
identity holds true:

too Xn(Q>b)
(4.13) b= (2—67)

n=0 %(Nm q, b)|
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where the function w(\, ¢,b) is given by

n(q,b
(4.14) w(h,q,b) = cos V3 - Hxﬂiﬂﬂ, A€,

where both the product and the series converge uniformly on bounded subsets on
the complex plane.

The case v = 1 and E; = 0 has been considered in Theorem 3.4. l
Proof of Theorem 1.3. We consider the inverse problem for the operator —A,
given by (4.12), under the generic boundary conditions f'(0) — af(0) = 0, f'(1) +
bf(1) = 0 for any fixed (a,b,v) € R? x N.

Consider the case qo = 0. We apply Theorem 4.5 to our operator —A,,, since
the function v = % = E,e~w@ satisfies Condition U. Then Theorem 4.5 gives
that the mapping

Wap: g ((En(g,a,0)7%15 (@n(g; a,0))52)
is a real-analytic isomorphism between W} and M; x £, where M is given by
(1.21) with p2 = (7n)? + 2(a + b).

The case v = 1 and E; = 0 has been considered in Theorem 3.2. B
Acknowledgments. Various parts of this paper were written during Evgeny Korotyaev’s stay
in the Mathematical Institute of University of Tsukuba, Japan and Mittag-Leffler Institute, Swe-
den. He is grateful to the institutes for the hospitality. His study was supported by the RSF
grant No. 15-11-30007. H. Isozaki is partially supported by Grants-in-Aid for Scientific Research
(S) 15H05740, and Grants-in-Aid for Scientific Research (B) 16H03944, Japan Society for the
Promotion of Science.

References

[1] D. Aberra, K. Agrawal, Surfaces of revolution in n dimensions. Internat. J. Math. Ed. Sci.
Tech. 38, no.6 (2007), 843-851.

[2] A. Badanin, M. Klein, E. Korotyaev, The Marchenko-Ostrovski mapping and the trace for-
mula for the Camassa-Holm equation. J. Funct. Anal. 203, no.2 (2003), 494-518.

[3] R. Beuther, B.G. Knopelchenko, Surface of revolution via the Schrodinger equation : Con-
struction, integrable dynamics and visualization, Appl. Math. Comput. 101 (1999), 13-43.

[4] P. M. Bleher, Distribution of energy levels of a quantum free particle on a surface of revolution.
Duke Math. J. 74, no.1 (1994), 45-93.

[5] J. Briining, E. Heintze, Spektrale Starrheit gewisser Drehflachen, Math. Ann. 269 (1984),
95-101.

[6] S.Y. Cheng, S.T. Yau, On the regularity of the solution of the n-dimensional Minkowski
problem, Comm. Pure Appl. Math. 29 (1976), 495-516.

[7] M. Engman, Sharp bounds for eigenvalues and multiplicities on surfaces of revolution. Pacific
J. Math. 186, no.1 (1998), 29-37.

[8] J. Gravesen, M. Willatzen, L.C. Lew, Schrodinger problems for surfaces of revolutionthe finite
cylinder as a test example. J. Math. Phys. 46, no.1 (2005), 012107, 6 pp.

[9] D. Gurarie, Semiclassical eigenvalues and shape problems on surfaces of revolution. J. Math.
Phys. 36, no. 4 (1995), 1934-1944.

[10] H. Isozaki, E. Korotyaev, Global transformations preserving Strum-Liouville spectral data,
RJM Phys, 24, no.1 (2017), 51-68.

[11] P. Kargaev, E. Korotyaev, Inverse Problem for the Hill Operator, the Direct Approach.
Invent. Math., 129, no.3 (1997), 567-593.

[12] B.G. Konopelchenko, I.A. Taimanov, Constant mean curvature surfaces via an integrable
dynamical system. J. Phys. A 29, no.6 (1996), 1261-1265.

[13] E. Korotyaev, Invariance principle for inverse problems. Int. Math. Res. Not. no. 38 2002,
2007-2020.

[14] E. Korotyaev, Characterization of the spectrum of Schrodinger operators with periodic dis-
tributions. Int. Math. Res. Not. no. 37 2003, 2019-2031.



[15]

[16]
(17]
(18]
(19]

(20]

[21]
[22]
23]
[24]

[25]

INVERSE SPECTRAL THEORY FOR THE SURFACE OF REVOLUTION 341

E.L. Korotyaev, D.S. Chelkak, The inverse Sturm-Liouville problem with mixed boundary
conditions. (Russian) Algebra i Analiz 21, no.5 (2009), 114-137; translation in St. Petersburg
Math. J. 21, no. 5 (2010), 761-778.

B.M. Levitan, Inverse Sturm-Liouville problems (Russian), Moscow: Nauka, 1984. English
Translation: Utrecht: VNU Science Press, 1987.

C.T. Lin, Lower-bound estimates for eigenvalue of the Laplace operator on surfaces of revo-
lution. Taiwanese J. Math. 7, no.2 (2003), 20715.

V.A. Marchenko, Sturm-Liouville operator and applications, (Russian). Kiev: Naukova
Dumka, 1977. English Translation: Basel: Birkh&user, 1986.

R.F. Millar, The analytic continuation of solutions of the generalized axially symmetric
Helmholtz equation. Arch. Rational Mech. Anal. 81, no.4 (1983), 349-372.

A.V. Pogorelov, The Minkowski multidimensional problem. (Russian) [Hilbert’s fourth prob-
lem] Izdat. “Nauka”, Moscow, 1974. 79 pp. English translation by V. Oliker. Introduction by
Louis Nirenberg. Scripta Series in Mathematics. V. H. Winston & Sons, Washington, D.C.;
Halsted Press [John Wiley & Sons|, New York-Toronto-London, 1978.

J. Poschel, E. Trubowitz, Inverse spectral theory. Pure and Applied Mathematics, 130. Aca-
demic Press, Inc., Boston, MA, 1987.

J. Sanders, J. Wang, Integrable systems in n-dimensional Riemannian geometry. Mosc. Math.
J. 3, no.4 (2003), 1369-1393.

M. Santoprete, Gravitational and harmonic oscillator potentials on surfaces of revolution. J.
Math. Phys. 49, no.4 (2008), 042903, 16 pp.

1. Taimanov, Surfaces of revolution in terms of solitons. Ann. Global Anal. Geom. 15, no.5
(1997), 419-35.

S. Zelditch, The inverse spectral problem for surfaces of revolution. J. Differential Geom. 49,
no.2 (1998), 207-264.

INSTITUTE OF MATHEMATICS, UNIVERSITY OF TSUKUBA, TSUKUBA, 305-8571, JAPAN
E-mail address: isozakih@math.tsukuba.ac.jp

SAINT-PETERSBURG STATE UNIVERSITY, UNIVERSITETSKAYA NAB. 7/9, ST. PETERSBURG,

199034, Russia

E-mail address: korotyaev@gmail.com, e.korotyaev@spbu.ru




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


