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ABSTRACT. In this paper, we consider the focusing mass-critical nonlinear
fourth-order Schrédinger equation. We prove that blowup solutions to this

56—3d++/137d2
equation with initial data in HY(R%),5 < d < 7, 26—3d+ é?;j+§21)712d+3136 <

v < 2 concentrate at least the mass of the ground state at the blowup time.
This extends the work in [35] where Zhu-Yang-Zhang studied the formation of
singularity for the equation with rough initial data in R*. We also prove that
the equation is globally well-posed with initial data up € HY(R%),5 < d <
7, % < v < 2 satisfying ||U0||L2(Rd) < ||Q||L2(]Rgz)7 where @ is the solution
to the ground state equation.
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1. Introduction

Consider the focusing mass-critical nonlinear fourth-order Schrédinger equa-
tion, namely

(NL4S) {iaw@,x)m%(t,x) = (ulfu)(t,x), t>0,0€RY

w(0,2) = wuo(z) € HY(R?),

where u(t, z) is a complex valued function in R* x R¢. The fourth-order Schrédinger
equation was introduced by Karpman [20] and Karpman-Shagalov [21] taking into
account the role of small fourth-order dispersion terms in the propagation of in-
tense laser beams in a bulk medium with Kerr nonlinearity. Such a fourth-order
Schrodinger equation is of the form

(1.1) i0pu + A%+ eAu + plultu =0,  u(0) = uo,
where € € {0,+1}, p € {£1} and v > 1. The (NL4S) is a special case of (1.1) with
e=0and p=-1.

The (NL4S) enjoys a natural scaling invariance, that is if u solves (NL4S), then
for any A > 0,

(1.2) ux(t,z) == A" Tu(A A )

solves the same equation with initial data ux(0,2) = A~ %ug(A~'z). This scaling
also preserves the L?-norm, ie. [Jur(0)|z2ma) = [luollr2ma). It is known (see
[11, 12]) that the (NL4S) is locally well-posed in H”(R9) for 4 > 0 satisfying for
d+1,2,4,

(1.3) [ﬂ§1+3

where [v] is the smallest integer greater than or equal to . This condition ensures
the nonlinearity to have enough regularity. Moreover, the unique solution enjoys
mass conservation, i.e.

M (u(t)) = [lu(t)l|72a) = luollZ2 (ga),

and H?-solution has conserved energy, i.e.

B(ut) == [ 5l8u(t, o) - 5z lult,a)

In the sub-critical regime, i.e. v > 0, the time of existence depends only on the
H7-norm of the initial data. Let T be the maximal time of existence. The local
well-posedness gives the following blowup alternative criterion: either 7% = oo or

| 2d+48

T dr = E(up).

T <oo, T [u(t)] -ty = o0

The study of blowup solutions for the focusing nonlinear fourth-order Schrodinger
equation has been attracted a lot of interest in a past decay (see e.g. [15], [3], [34],
[35], [4] and references therein). It is closely related to ground states @ of (NL4S)
which are solutions to the elliptic equation

(1.4) A2Q(z) — Q(x) + |Q(x)|Q(x) = 0.

The equation (1.4) is obtained by considering solitary solutions (standing waves) of
(NL4S) of the form u(t, z) = Q(x)e~". The existence of solutions to (1.4) is proved
in [34], but the uniqueness of the solution is still an open problem. In the case
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lluoll L2mey < |Q|lL2(ra), using the sharp Gagliardo-Nirenberg inequality (see [15]
r [34]), namely

2 8 1+ 4
(L5)  Jull?t, oy S C@OI Ean | Al agay,  Cld) = W
L2(R%)

together with the energy conservation, Fibich-Ilan-Papanicolaou in [15] (see also [3])
proved that the (NL4S) is globally well-posed in H?(R?). Moreover, the authors
in [15] also provided some numerical observations showing that the H?-solution to
(NL4S) may blowup if the initial data satisfies ||uol/z2ray > ||Q| £2(re). Baruch-
Fibich-Mandelbaum in [3] proved some dynamical properties of the radially sym-
metric blowup solution such as blowup rate, L?-concentration. Later, Zhu-Yang-
Zhang in [34] removed the radially symmetric assumption and established the profile
decomposition, the existence of the ground state of elliptic equation (1.4) and the
following concentration compactness property for the (NL4S).

THEOREM 1.1 (Concentration compactness [34]). Let (vn)n>1 be a bounded
family of H*(RY) functions such that

hmsupHAvnHLz(Rd) <M<oo and hmsupanHL2+ >m > 0.

Then there exists a sequence (Ty,)n>1 of R? such that up to a subsequence
On (- + ) = V weakly in H*(RY) as n — oo,

8 8
. 8 i m*td
with Hszz(Rd) > L2(Rr4)

= (Ve where @ is the solution to the ground state equa-
a
tion (1.4).

Consequently, the authors in [35] established the limiting profile and the L2-
concentration for (NL4S) with initial data ug € H”(R?), 9+2—\/Om < v < 2. Recently,
Boulenger-Lenzmann in [4] proved a general result on finite-time blowup for the
focusing generalized nonlinear fourth-order Schrodigner equation( i.e. (1.1) with
p = 1) with radial data in H?(R?).

The goal of this paper is to extend the results of [35] to higher dimensions d > 5
and to prove the global existence of (NL4S) for initial data ug € HY(R%),0 < v < 2
satisfying |luol|L2(ray < [|Q||L2(re). Since we are working with low regularity data,
the energy argument does not work. In order to overcome this problem, we make
use of the I-method. Due to the high-order term A2u, we requires the nonlinearity
to have at least two orders of derivatives in order to successfully establish the almost
conservation law. We thus restrict ourself in spatial space of dimensions d = 5,6, 7.
Our main results are as follows.

- VIBTEFITI243136
THEOREM 1.2. Letd = 5,6,7 and ug € H7(R?) with 0=3LE 370 I2A L3156

~v < 2. If the corresponding solution to the (NL4S) blows up in finite time 0 < T* <
00, then there exists a function U € H*(R?) such that Ul 2y > @l L2(ra) and

there exist sequences (tn, An, Tn)n>1 € RT x R} X R? satisfying
t, /T asn — oo and Anﬁ(T*—tn)%, Vn >1
such that
)\éu(tn, An - +,) = U weakly in H**)~(RY) as n — oo,
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where
B 4d~y? + (2d + 48)y + 16d

~16d + (56 — 3d)y — 1692’
and @ s the solution of the ground state equation (1.4).

a(d,):

The proof of the above theorem is based on the combination of the I-method
and the concentration compactness property given in Theorem 1.1 which is similar
to those given in [32] and [35]. The I-method was first introduced by I-Team
in [7] in order to treat the nonlinear Schrédinger equation at low regularity. It
then becomes a useful way to address the low regularity problem for the nonlinear
dispersive equations. The idea is to replace the non-conserved energy F(u) when
v < 2 by an “almost conserved” variance E(Iu) with I a smoothing operator which
is the identity at low frequency and behaves like a fractional integral operator of
order 2—+ at high frequency. Since Iu is not a solution of (NL4S), we may expect an
energy increment. The key is to show that on intervals of local well-posedness, the
modified energy E([u) is an “almost conserved” quantity and grows much slower
than the modified kinetic energy ||AT uH%g(Rd). To do so, we need delicate estimates
on the commutator between the I-operator and the nonlinearity. Note that when
d = 4, the nonlinearity is algebraic, one can use the Fourier transform technique
to write the commutator explicitly and then control it by multi-linear analysis. In
our setting, the nonlinearity is not algebraic. Thus we can not apply the Fourier
transform technique. Fortunately, thanks to a special Strichartz estimate (2.5),
we are able to apply the technique given in [32] to control the commutator. The
concentration compactness property given in Theorem 1.1 is very useful to study the
dynamical properties of blowup solutions for the nonlinear fourth-order Schrédinger
equation. With the help of this property, Zhu-Yang-Zhang proved in [34] the L?-
concentration of blowup solutions and the limiting profile of minimal-mass blowup
solutions with non-radial data in H2(R9). In [35], they extended these results for
non-radial data below the energy space in the fourth dimensional space.

As a consequence of Theorem 1.2, we have the following mass concentration
property.

_ 11}, 36=3d-+V/T3TdP T 712413136
THEOREM 1.3. Letd = 5,6,7 and ug € H7(R?) with S0=3L31a-L U256 <

v < 2. Assume that the corresponding solution u to the (NL4S) blows up in finite
time 0 < T* < oo. If a(t) > 0 is an arbitrary function such that

T* —1)%
i DT
/T at)
then there exists a function z(t) € RY such that
tm sup | utt.o)fde > [ 1Q)Pds
toTr Jo—a(t)|<alt) R?
where @ is the solution to the ground state equation (1.4).

When the mass of the initial data equals to the mass of the solution of the
ground state equation (1.4), we have the following improvement of Theorem 1.2.
Note that in the below result, we assume that there exists a unique solution to the
ground state equation (1.4) which is a delicate open problem.

; —3d Td2+1712d
THEOREM 1.4. Let d = 5,6,7 and ug € H7 (R?) with 2=2ga A7 H2dE3130 <

v < 2 be such that |uolp2mey = [|Qllz2ray. If the corresponding solution u
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to the (NL4S) blows up in finite time 0 < T* < oo, then there exist sequences
(tn, €07, Ay, Tn)n>1 € RT x ST x RF x R? satisfying

t, /T asn— oo and Anﬁ(T*—tn)%, Vn >1
such that
5 0 d d
A2 e u(ty, Ay - +1n) — Q strongly in H*4)™(RY) as n — oo,

where
_ 4dy? + (2d + 48)v + 16d
" 16d+ (56 — 3d)y — 1672

and Q is the unique solution to the ground state equation (1.4).

a(d, ) :

Our last result concerns with the global existence of (NL4S) with rough initial
data () satisfying HUOHLz(Rd) < HQHLz(Rd)-

THEOREM 1.5. Let d = 5,6,7 and ug € H"(R?) with 5% < v < 2 be such that
luol| 2 (ray < [|Q|lL2(ray, where Q is the solution to the ground state equation (1.4).
Then the initial value problem (NL4S) is globally well-posed.

The proof of this result is inspired by the argument of [14] which relies on the
I-method and the sharp Gagliardo-Nirenberg inequality (1.5). Using the smallness
assumption of the initial data, the sharp Gagliardo-Nirenberg inquality shows that
the modified kinetic energy is controlled by the total energy. This allows us to
establish the almost conservation law for the modified energy.

This paper is organized as follows. In Section 2, we introduce some notations
and recall some results related to our problem. In Section 3, we recall some local
existence results and prove the modified local well-posedness. In Section 4, we prove
two types of modified energy increment. In Section 5, we give the proof of Theorem
1.2, Theorem 1.3 and Theorem 1.4. Finally, we prove the global well-posedness with
small initial data in Section 6.

2. Preliminaries

In the sequel, the notation A < B denotes an estimate of the form A < CB for
some constant C' > 0. The notation A ~ B means that A < B and B < A. We
write A < B if A < ¢B for some small constant ¢ > 0. We also use {(a) := 1 + |a]
and a= := a £ € for some universal constant 0 < ¢ < 1 and

2.1. Nonlinearity. Let F(z) := |z|72z,d = 5,6, 7 be the function that defines
the nonlinearity in (NL4S). The derivative F’(z) is defined as a real-linear operator
acting on w € C by

F'(2) - w = w0, F(z) + WOzF(2),
where
z

8 4. s

0:F(2) = ——lzl7,  0:F(2) = Slz] -

We shall identify F'(z) with the pair (0,F(z), 0zF(z)), and define its norm by
|F'(2)| := 10:F (2)| + [0=F (2)].

It is clear that |F’(z)| = O(|z]4). We also have the following chain rule

O F (u) = F'(u)dgu,
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for k € {1,---,d}. In particular, we have
VF(u)=F'(u)Vu.
We next recall the fractional chain rule to estimate the nonlinearity.

LEMMA 2.1 (Fractional chain rule for C! functions [6], [23]). Suppose that
G € CHC,C), and a € (0,1). Then for 1 < q< gz < oo and 1 < q; < oo satisfying
1,1

1 1 1
q q1 q2’

[IVI*G(u)llz S G (W)l Lo IIV]*ul 2.
We refer the reader to [6, Proposition 3.1] for the proof of the above estimate

when 1 < ¢; < 00, and to [23, Theorem A.6] for the proof when ¢; = co. When G
is no longer C'*, but Hélder continuous, we have the following fractional chain rule.

LeEMMA 2.2 (Fractional chain rule for C%# functions [33]). Suppose that G €
CYP(C,C),B € (0,1). Then for every 0 < a < 3,1 < q < oo, and F<p<l,

e
= 3
P a2
x

[IVI*Gu)llrs < H|U|ﬁ7|\Lgll\|V|pUHZ
provided % = q% + q% and (1 - %) ¢ > 1.

We refer the reader to [33, Proposition A.1] for the proof of this result. We
also need the following fractional Leibniz rule.

LEMMA 2.3 (Fractional Leibniz rule [22]). Let F € C*(C,C), k € N\{0}. As-
sume that there is v > k such that

|ID'F(2)] < |2|"7% VzeCyi=1,..,k.
1 1

Then for v € [0,k],1 < g < g2 < o0 and 1 < g1 < 00 satisfying % = ”q: +

(2.1) IVIF@)lzs < Il 7 11Vl oo

Moreover, if F is a homogeneous polynomial in w and w, then (2.1) holds true for
any v > 0.

The reader can find the proof of this fractional Leibniz rule in [22, Appendix].

2.2. Strichartz estimates. Let I C R and p, g € [1, o0]. We define the mixed

norm
1.1

lullLecr,Lay == (/I (/Rd |u(t,x)|‘1d:c)5);

with a usual modification when either p or ¢ are infinity. When there is no risk of
confusion, we may write L{ L% instead of L} (I, L%). We also use L} , when p = q.

DEFINITION 2.4. A pair (p, q) is said to be Schrédinger admissible, for short
(p.q) €5, if

(p.q) € 2,00]%  (p.q,d) # (2,00,2),

2.2 _f_ ¢z :
( ) Yp,q 2
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DEFINITION 2.5. A pair (p,q) is called bitharmonic admissible, for short

(p.q) € B, if
(p.g) €S, q<00, Ypq=0.

PROPOSITION 2.6 (Strichartz estimate for fourth-order Schrédinger equation
[11]). Let v € R and u be a (weak) solution to the linear fourth-order Schrédinger
equation namely

t
u(t) = 2%y, +/ ei(tfs)AzF(s)ds,
0

for some data ug, F. Then for all (p,q) and (a,b) Schrodinger admissible with
q < oo andb < oo,

23) VP ullpepay S NVIFPsug) pz + [V AR s gy

Here (a,a’) and (b,b') are conjugate pairs, and ~yp q, Vo »r are defined as in (2.2).

We refer the reader to [11, Proposition 2.1] for the proof of Proposition 2.6. The
proof is based on the scaling technique instead of using a dedicate dispersive estimate
of [1] for the fundamental solution of the homogeneous fourth-order Schrédinger
equation. Note that the estimate (2.3) is exactly the one given in [27], [28] or [29]
where the author considered (p, ¢) and (a, b) are either sharp Schrodinger admissible,
ie.

9 2 d d
p.q € [2,00%, (p,q,d) # (2,00,2), PRIt
or biharmonic admissible.

The following result is a direct consequence of (2.3).

COROLLARY 2.7. Let v € R and u a (weak) solution to the linear fourth-order
Schrodinger equation for some data uy, F'. Then for all (p,q) and (a,b) biharmonic
admissible,

(2.4) IV ullpre 2y S MVollz + NIV FI o g 1)
and
(2.5) [AullLp@,pay S |Auollzz + [[VE|

2d .
L(R,L: %)
2.3. Littlewood-Paley decomposition. Let ¢ be a radial smooth bump

function supported in the ball |£] < 2 and equal to 1 on the ball |{] < 1. For
M = 2% k € Z, we define the Littlewood-Paley operators

Poaf() = (M9 f(6),
Ponf(€) == (1= o(MT€)f(€),
Purf(€) = (p(M'€) — p(2M 1)) f (¢),
where * is the spatial Fourier transform. Similarly, we can define
Py i= Pay— Py, Poyri= Popyr + P,
and for Ml S MQ,

Py <<ty = P, — Paay = E Pyy.
My <M<DMs

We recall the following standard Bernstein inequalities (see e.g. [2, Chapter 2] or
[31, Appendix]).
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LEMMA 2.8 (Bernstein inequalities). Let v > 0 and 1 < p < g < oco. We have
[Ponsfllee S M7V Porcflze,
[P<as V" fllz < M| P<ns fll e,
1Pae| VI fll e ~ M| Pag fll 2,
lP<arflle S M%7§|\P§Mf|\L£a
Py flle S M™% Parfllg.

2.4. I-operator. Let 0 <~ < 2 and N > 1. We define the Fourier multiplier
IN by
Inf(§) :=mn(§)f(8),
where my is a smooth, radially symmetric, non-increasing function such that
. 1 if || < N,
= (vrjgpe i o

We shall drop the N from the notation and write I and m instead of Iy and my.
We recall (see [13, Lemma 2.7]) some basic properties of the I-operator in the
following lemma.

LEMMA 2.9. Let 0 <o <y<2and 1< q<oo. Then

(2.6) I1fllrg < I f1ce

(2.7) IVI7Ponflirs S NT2IALf] L,
(2.8) (V)7 fllze S KA Ifllze.
(2.9) ez S Wz < N* 70 f s
(2.10) 11 £l 2 < N* 70 f gy -

When the nonlinearity F'(u) is algebraic, one can use the Fourier transform to
write the commutator like F(Iu) — IF(u) as a product of Fourier transforms of
u and Ju, and then measure the frequency interactions. However, in our setting,
the nonlinearity is no longer algebraic, we thus need the following rougher estimate
which is a modified version of the Schrédinger context (see [32]).

LEMMA 2.10. Let 1 <y <2,0<d<vy—1and 1< q,q,q2 < oo be such that

L=l L 7p
= = —. n
q Q1+Q2 €

—(2— —y+4
(2.11) 11(fg) = (If)glles S N~C I Lf| Lo | (V)2 gl oz

We refer the reader to [13, Lemma 2.9] for the proof of this result. A direct
consequence of Lemma 2.10 with the fact that

VF(u)=YVuF'(u)
is the following commutator estimate.

COROLLARY 2.11. Let 1 < v <2,0<d<~vy—1and 1< q,q1,q2 < oo be such
that % = q% + q%. Then

(2.12) [|VIF(u) = (IVu)F'(u)l| g S N~V T g [| (V)77 F/ ()] o
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3. Modified local well-posedness
We firstly recall the local theory for (NL4S) in Sobolev spaces (see [11, 12]).

PROPOSITION 3.1 (Local well-posedness in Sobolev spaces). Let5 < d < 7,0 <
v < 2 and ug € HY(R?). Then the equation (NL4S) is locally well-posed on [0, Tiwp)
with
_a
Thwp ~ 1ol 13-
Moreover,

sup [ull Lo o1y, 1wty < llwollmz-
(a,b)eB

The implicit constants depend only on the dimension d and the regularity .
PROOF. Let us introduce

2(d+4) ~2d(d+4)

d—2v 1T e isy

It is easy to check that (p,¢) is biharmonic admissible. We next choose (m,n) so

that

(3.1) ==

+ +

3

S e
3 |xloo

Q| =

1
L

K=

~

3

or
_Adtd) 2d+4)
Td@2+) 0 d-2y°

With this choice of n, we have the Sobolev embedding Wg 4 L7,
Now, we consider

X i= {u € Lp(0, 71, W) | lullpo.mwaey < M}
equipped with the distance

d(u,v) == [lu — v Lr(j0,1,29)

where T, M > 0 to be chosen later. By Duhamel’s formula, it suffices to prove that
the functional

t
D(u)(t) := eim2u0 — z/ ei<t*5)A2|u(s)|l’7lu(s)ds
0
is a contraction on (X, d). By Strichartz estimate (2.4),
([ (u
[®(u) — @

Wepmwesy S Nuollaz + IF@ 1y o 712
( )HLP [0,7,LY) HF( ) (’U>HLf/([O,T],Lg/)’

where F(u) = |u|7u and similarly for F(v). Using (3.1), we apply Lemma 2.3 with
k=2,v€(0,2),r=1+2 to have

8 8
IE )l S Nll Zpllullwz o S lullfq o llullwy-o.

Note that v > k since 5 < d < 7. Using again (3.1), the Holder inequality and

Sobolev embedding then imply

145
HF(UJ)HLf/([O,T],WJ’q/) ~ HUHLm(O T, W;v,q)HuHLf([O,T] W21~ ST d HUHLP(dO T,W2 )
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Similarly, we have

HF(U’) - F(’U)HLf/([O,T],Lg/)

2y 8 8
ST (Jully oz + 101 o ay iz ) 10 = V2o, 20y
< 7% (Jul? :
ST (lf oy e + 1000 ryawzee )1 = Ol ory o).

This shows that for all u,v € X, there exists C' > 0 independent of T" and ug € H
so that

24 8
(3.2) 1@ ()| 2y (o.ry.wz ) S Clluollmy + CTT MM,
A(®(u), ®(v)) < CTT Mid(u,v).

If we set M = 2C||uo|| gy and choose
_a
T ~ uoll 57

then X is stable by ® and ® is a contraction on (X, d). The fixed point argument
proves the local existence. Moreover, by Strichartz estimate (2.4),

< , ;<
0 elzggomwzy S ol + IF oy & ol

The proof is complete. O

COROLLARY 3.2 (Blowup criterion). Let 5 < d < 7,0 < v < 2 and ug €
HY(RY). Assume that the unique solution u to (NL4S) blows up at time 0 < T* <
oco. Then,

(3.3) lu@®lmy 2 (T* =8)"7,
forallO <t <Tr.

PRrOOF. We follow the argument of [5]. Let 0 < ¢ < T*. If we consider (NL4S)
with initial data u(t), then it follows from (3.2) the fixed point argument that if for
some M > 0

Cllu®)|my + C(T — )7 M < M,
then T' < T™. Thus,
Clu)| g + C(T* = )T MG > M,
for all M > 0. Choosing M = 2C||u(t)|| 7, we see that
(T* = )T Ju()l|f, > C.
This proves (3.3) and the proof is complete. 0

We next define for any spacetime slab J x R%,

Zi(J) = sup | (A) Tull s,
(p,q)€B

We have the following commutator estimates.
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LEMMA 3.3. Let 5 <d<T7,1<v<2,0<d<~v—1andJ a compact interval.
Then

(34) ITF@)| e S |JT(Z0(T)
L2(J,LET)
(3.5)
IVIF(u) = (IV)F ()| | e S NTCT(2Z5()) 5,
L2(J,L3T2)
(3.6) HVIF(U)HL%JL%) < |J|Z—”(ZI(J>)1+% NG (7 (7))
(3.7) IVIF(u)| < (Zi(J))E

_2d_
L2(J,LT)

PROOF. We firstly note that the estimates (3.5) and (3.7) are given in [13,
Lemma 3.1]. Let us consider (3.4). By (2.6) and Hoélder’s inequality,

<
HIF(u)|\L§(J7Lﬁ) < I\F(u)l\Lg(Jng%)

< F’ .
~ HUHL%%)_ (JLd 2;14%1:81!67 )H (U)|‘Ltf;(€+%’) (JL4dd+£?;f)8'v )
t M six

Since F’(u) = O(|u|7), the Sobolev embedding implies

8
d

1F(u 20 Slu u
BNy oty S 10 g | pssm 0l gy s

2y 8
< |J] 7 ]|u ul| ?
~ | | H HLjdgti?’) (JLEQ%L%)H HLjdgd*X?r) (J7L£2+£itg)7 )

2
S |J|Tv lull 2gats) _2d(d+8) NVIull 2@is) _2d(d+8)
Ltd74~, (J,Lf +4d+16~ ) Ltd74~, (J7L£ +4d+16~ )

2y 1+8
STV ull s 2a(ate)
Ltd74~, (J7L£2+4d+16'y )

ST (2 ()

Here we use (2.8) and the fact (igify), dffiflii)ﬁv) is biharmonic admissible to get

the last estimate.
It remains to prove (3.6). We have from (3.5) and the triangle inequality that

S (VIW)F (u) 20+ N™CTVE (7, ()

3.8) |VIF ™,
(38) [VIF()]| I

2d
L3(JL:T?)
By Holder’s inequality,
(3.9)
[(VIu)F' (u) 2 SIVIU| yas)  _cawss  [F' ()l s aars

L2(J,L372) LT (Ll F2HI6O-D) L2 (g FEFTo-87 )
We use the Sobolev embedding to estimate

3.10)  IVIull sussy _sawes  SIATU]l puis  _zawss S Z1(J).

Ltd74'y (J,L;i +2d+16(y—1) ) Ltd74'y (J,Lf +4d+16~ )
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Here 253?, dfi%ii)ﬁ,y) is biharmonic admissible. Since F'(u) = O(|u|7), the

Sobolev embedding again gives

8
S ull®
_d+8 _ d(d+8 S NU| T acags 2(d+8
LFET (gL T LI (g LT

([ (w)

2y 8
NEAE Hqu2(d+8) 2(d+8)
Ltd74~, (J,Lf+472" )

2~ 8

ek
STV ull sasy _auaie
Lt (JvLI )

8

(3.11) S ECACHES
Collecting (3.8) — (3.11), we obtain (3.6). The proof is complete. O

PROPOSITION 3.4 (Modified local well-posedness). Let 5 < d < 7,1 < v <
2,0<8<vy—1anduy € H'(R?). Let

~ _4
T = cl|Tuo 3

for a small constant ¢ = ¢(d,~) > 0. Then (NL4S) is locally well-posed on [0, lep].
Moreover, for N sufficiently large,

(3.12) ZI([O,lep]) S Mol m2-

Proor. By (2.9), [luol[#y < [[{uol[mz. Thus,

~ _4 _4
TIWP = CHIU’OHHJ% /S CHUOHH;IY < lepa

provided c is small enough. Here Tiy, is as in Proposition 3.1. This shows that
(NL4S) is locally well-posed on [0, ﬁwp]. It remains to prove (3.12). Denote J =
[0, lep]. By Strichartz estimates (2.4) and (2.5),
Zr(J) < sup |Lullzeesray + sup  [[Alulprsze)
(p,9)EB (p,q)EB
< Huollrz + HIF(U)HHU 2a. + [[Alugl L2 + [[VIF (u)]|

=2d_ _2d_
L) L2(J,LET?)

<
S [Huoll 2 + HIF(U)HLg(J,Lg%> + HVIF(U)HL?(JVL;%)-
We next use (3.4) and (3.6) to have
Zi(J) S oz + (1717 + N=E=40) (2, (7)) 41,

By taking ¢ = c¢(d,v) small enough (or |J] is small) and N large enough, the
continuity argument shows (3.12). The proof is complete. O

4. Modified energy increment

In this section, we will derive two types of the modified energy increment. The
first one is to show that the modified energy of u, namely E(Iu) grows much slower
than the modified kinetic of u, namely ||Alul||3,. It is crucial to prove the limiting
profile for blowup solutions given in Theorem 1.2. The second one is the “almost”
conservation law for initial data whose mass is smaller than mass of the solution to
the ground state equation (1.4). With the help of this “almost” conservation law,
we are able to prove the global well-posedness given in Theorem 1.5.
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LEMMA 4.1 (Local increment of the modified energy). Let 5 < d < 7, max{3 —
5.8} <y <2,0<d<y+%5—-3andugc H'(R?Y). Let

~ _4
Tiup = cllTuo |
for some small constant ¢ = ¢(d,~) > 0. Then, for N sufficiently large,

8 16
(41 s |B(Iu(t) = Bluo)l $ N-C7F (|l Tuoll 7 + [ 2uol s T ).
t€(0,Twp)

Here the implicit constant depends only on vy and ||uol| g7 -

PRrOOF. By Proposition 3.4, the equation (NL4S) is locally well-posed on [0, ﬁwp]
and the unique solution u satisfies

(4.2) Zr([0. Tiwp)) S [ Huo]| 2.
Next, we have from a direct computation that
O E(Iu(t)) = Re / T10u(A*Tu — F(Iu))dz.
The Fundamental Theorem of Calculus gives
t t
E(Tu(t)) — E(Tug) = / 0sE(Tu(s))ds = Re / /I@SU(AQIU — F(Iu))dxds.

0 0

As I0u = iA?Tu — il F(u), we have

E(Iu(t)) — E(Iug) = Re /0 / T10,(IF (u) — F(Iu)dxds
=1Im /0 /AQI’U, —IF(u)(IF(u) — F(Iu)dxds
=1Im /0 /AIuA(IF(u) — F(Iu))dxds
—Im /0 /IF(U)(IF(U) — F(Iu))dxds.

We next write

A(IF(u) — F(Iu)) = I(AuF"(u) + |Vul*F" (v)) — ATuF'(Iu) — |VIu|*F" (Iu)
= ALu(F'(u) — F'(Iu)) + |VIu*(F" (u) — F"(Iu))
+VIu- (Vu— VIu)F"(u) + [(AF'(u)) — (ATu)F'(u)
+I(Vu - VuF"(u)) — (VIu) - VuF" (u).
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Thus,
(4.3)

E(Tu(t)) — E(Tup) = Im /0 /mAIU(F/(u) — F'(Iu))dxds

(4.4) +Im /O t / ATu|VIu|*(F"(u) — F"(Iu))dzds
(4.5) +Im /t /mVIu~ (Vu — VIu)F"(u)dzds
0
(4.6) +Im /O t / ATu[I(AuF'(uv)) — (ATu)F'(u)]dzds
(4.7) +Im /t /m[I(VU -VuF"(u)) — (VIu) - VuF"(u)|dzds
0
(4.8) —Tm /O t / IF(u)(IF(u) — F(Iu))dxds.
Let J = [0, lep]. By Hélder’s inequality, we estimate
[(4.3)[ S |\AIUH;(J7L;TL12)HF’(U) - F/(IU)HLE(J,LI%)
S (2Pl = Tull + T E g
(4.9) S GOl g, T
By (2.7),
(4.10) 1Povull 35, SNPIATU 3 S NTEZ)
Here (%, 4) is biharmonic admissible. Similarly, by (2.8),
(4.11) lull ) S Z000)

Collecting (4.9) — (4.11), we get
(4.12) |(4.3)] S N72(Z1(J))*+4.
Next, we bound

11V Iul? I 1 [1F"(w) — " (Tu)|

|(4.4)] < [[ALul A
L JLf 2 (J,Lﬁd 11 LS(J,L2°72%4)
< 2 " . n
S [JATul| = |V ITul| LB T \F (u) — F (IU)HL%G(J,LII;LTUZ“)

S Gl 1l e

51
S (D IPonvull? oy ama)
Lt d (J7L115—2d )

(4.13) < N2E(Z,())*HE

The third line follows by dropping the I-operator and applying (2.8) with the fact
v > 1. We also use the fact

[F"(2) = F(OI S |2 = ¢3!, ¥z,C€C,
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for 5 < d < 7. The last estimate uses (4.10). Note that

(32 8d )and (16(8—d) 4(8—d))

117 4d — 11 d 15-2d
are biharmonic admissible. Similarly, we estimate
@SS IAT o (VI e
JL§ LI (J,Lg )
IVu— Viu| g IO ——
Lll (J 4d 11 ) L%G(J,L11572d )
SEDPIVPvul g e [P,

Using (2.7), we have
IVPsnull s
ll

S N7YATLu|| s s SNT'Zi().
Ltll

(JyL;Ldgfdll) (JyL;Ldfll)

As F"(u) = (|u|37 ), the estimate (2.8) gives

8 _
A1) IO, e STy g SEODE

We thus obtain

(4.15) |(4.5)] S N7 Zi(J)* .

By Hélder’s inequality,

(@16) OIS IR A (0) ~ AP )] e

We then apply Lemma 2.10 with ¢ = d%r—d4, Q= %;36 and g = % to get

I(AuF’ — (AIu)F’ 20 S NTYAT 2d(d—3 \% dd’a
[1(AuF'(u)) — (Alu) (U)HL;MN [ UHL?%m{_JH ) ()H (s

where o = 2 — v + 4. The Holder inequality then implies

(4.17) | I(AuF'(w)) — (ATu)F' (u)) iy SN sy s
L2(J. ) L, 7 (JLd2 7d+16
< [ F'(w)ll A=)
L24=3) (5 [ 2Cd=7) )
We have
(4.18) (V)" F'(w)] sy S [F(u)] da=a)
L24=3) (5 [ 2d=T) ) L24=3) (5 [ 2T )
+IVITE W)l A=)

L (LIBTT)

As F'(u) = O(|u|7), the estimate (2.8) implies

8 8
4.19 F'(u —a o S fu|? s S (Z1(J))a
@19 W, ey Sl g SEOR

Here (@ 4(d_3)) is biharmonic admissible. In order to treat the second term

' 2d—7
. d(d—3 2d(d—3 2d(d—3
n (4.18), we apply Lemma 2.1 with g = 2((2d 7)) gL = —d2—£11d226 d2£3d_)2

to get

and ¢o =

(4.20) IVI*F' W) aws SIF" (W) _z2aa-s [[|V|*] 2443 .
Li(zd—n L;d2+11d—26 L5273d72
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Holder’s inequality then gives

[IVI*F' ()] . FIEESEESS
(d— '3)(JL2(2d 7))

HF”(’U,)H 2d(d—3) H|V|O‘u|\ 2d(d—3) -
L4(d g)(JL —d2411d—26 ) L4(d—3)(J7L;i2—3d—2 )

As F"(u) = O(Ju|a~1), we have

(4.21)
F//u . < d 7:(J % 1'
Pttt ST s s, S (20

Here (4(8 d(d=3) 28-d)(d— 3)) is biharmonic admissible. Since (4(d—3) M)

' = F11d—26 'V T—3d—2
is also a b1harmomc admissible, we have from (2.8) that
(422) H|V|O‘uH 2d(d—3) ,S Z[(J)

Lf(dfs) (J7L52—3d—2 )
Note that o < 1 <. Collecting (4.18) — (4.22), we show

(4.23) (V) F'(u)] was S (Zr(J)%.

Ly (L IBT)

Combining (4.16), (4.17) and (4.23), we get

(4.24) |(4.6)] S N=CTH) (Z4())* A
Similarly, we bound
(4.25)
< 7 _ . 7
[(4.7)] < JJATul| 4(JLd 2 (Vu - VuF"(u)) — (IVu) - VuF (u)HL%(JL%).
Applying Lemma 2.10 with ¢ = d+—2, Q= ﬁ and ¢ = 52 and using Holder
inequality, we have
(4.26)
I1(Vu- VuF" (1)) — (IVu) - VuF" (u )HLde+ : N™[IVull B T
VuF"(u .
<) (FuF @)l
The fractional chain rule implies
(4.27)
V) (VuF” < vyt F”
19 (Fur @)l 3, s, SO 0l e PO
1!
IVl g e WP @,

By our assumptions on v and J§, we see that o+ 1 < ~. Thus, using (2.8) (and
dropping the I-operator if necessary) and (4.14), we have

(4.28)
1TVul 2 —sa IVl 22 s (V) o sa < Zi(J),
LI (gL LI (g, L1 LT (LT 1T
(4.29) PGl e S (Zi)E

LiS(J,Lz°7*)
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Here (Q &d ) is biharmonic admissible. To bound || (V) F”(u)||

110 4d—11 LlG(JLﬁ),
we use o
(4.30)
« 1 < 1 o 1
IO P, e SIFG,ca +WVP 0]

We next use Lemma 2.2 with g = %— La=2—-~v490,q= 154%2(1 and q1, g2
satisfying

8 o o 4(8 — d)

—_ — 1 — —) = — = —,

(d 0) N pq2 15— 2d

%—lbyour

assumptmns. Wlth these choices, we have

(1 gp)‘” 15%12d>

for 5 < d < 7. Then,

8

. 5 a
[k "HLgIHIVIPUH"_qQ NHUIV(%,;%) HIVIPUH"
L

o

V> F" (w)]

1) 2d _‘72
L?

By Holder’s inequality,

8_1_a
[IVI*F" ()] L Sl Hd(%,ﬁ

1o, T 11V 1Pul?
Li°(J.L;"77%)

_1-72 a2

B, (4-5)n ne®)
>

16(8—d) 4(8—d) H|V|puH 16{8—d) 48—-d) >
L, 9 (J7L115—2d) L, 9 (J7L115—2d)

(2 o g)pl _ %pQ _ 16(8d— d)'

Since (M, 41(58 ;2) is biharmonic admissible, we have from (2.8) with the fact
0<p<1<~ythat

(4.31) |V |*F" (u)] S (Zi()EL
Li%(J,Lz"" ")

Collecting (4.25) — (4.31), we get
(4.32) (A7) S N-EH(Zy (7)),
Finally, we consider (4.8). We bound

[CEIIS IHVl*IIF(U)HL

provided

g(J,Lg—2>HV(IF(u) - F(IU))HL?(JVL;%)

< _
(4.33) SIVIF@, e IVOFG) = FED] o

By (3.7),

< 1+5
WIF(U)HL@(J,Lg%) S (Zi(J)) e

By the triangle inequality, we estimate
_ < !/ _ !/
IVUF@) =PI, g ST @) = F @) e

+ [|[VIF(u) — (VIu)F'(u)| 24 .
L2(J,L3)



312 V. D. DINH

We firstly use Holder’s inequality and estimate as in (4.9) to get
[(VIu)(F'(u) = F'(Iu))

HL?(J,Lf%) : HVMHL?"(J,L;{%)HF/(U) - F/(IU)HLf(J,LI%)
: HMUHL?O(J’LEE)HP>NUHL376<J7L§>Hu”fgu,m
(4.34) SN2 (7).
By (3.5),
(4.35) IVIF(u) — (VIu)F' (u)| 2 < N**”*”(Z,(J))”%

L2(J,L3F?)

Combining (4.33) — (4.35), we get
|(48)| S (Ze (D) FANT(Z ()34 N-CTH(Z, (7))

(4.36) < N-CvH0)(Z, ()2
Combining (4.12), (4.13), (4.15), (4.24), (4.32), (4.36) and using (4.2), we prove (4.1).
The proof is complete. O

We next introduce some notations. We define

(4.37) A(t) := sup flu(s)uy, X(t):= sup [[Inu(s)|mz-
0<s<t 0<s<t

PROPOSITION 4.2 (Increment of the modified energy). Let 5 < d < 7 and
56—3dVI3Td 11712443136 — < 2. Let ug € HY(R?) be such that the corresponding

2(2d+32)
solution u to (NL4S) blows up at time 0 < T* < co. Let 0 < T < T*. Then for
a(y)
(4.38) N(T) ~ A(T)2z=,

we have

| E(Ineryu(T))] S AMT)* .
Here the implicit constants depend only on v, T* and |lugl| gy, and 0 < a(y) < 2 is
given by

4 arsgeny
(4.39) alr) = [%_1—(2—7)(%6+%)}_'

PROOF. Let 7:= cZ(T)f% for some constant ¢ = ¢(d, ) > 0 small enough. For
N(T) sufficiently large, Proposition 3.4 shows the local existence and the unique
solution satisfies

Zryry (614 7)) S I nayu®) a2 < (D),

uniformly in ¢ provided that [¢t,¢ 4+ 7] C [0,T]. We next split [0, 7] into O(T/T)
subintervals and apply Lemma 4.1 on each of these intervals to have

(4.40)

T 6
sup_|E(Lcryu(t)] S |E(Iyryuo)| + —N(T)~ =40 (5(1)2+F 4 £(1)*+ )
tel0,7) T

(4.41) S| E(Iyryuo)| + N(T)~ =710 (2(T)2+%+% T 2(T)2+%+%),
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formax{3— 2,8} <y <2and0<é§<vy+3—3. Next, by (2.9), we have
(4.42) S(T) < N(T)*"A(T).
Moreover, the Gagliardo-Nirenberg inequality (1.5) together with (2.10) imply

248
|E(Inryuo)|l S |AIneryuolz + HIN(T)UOHsz%

S 1A Ineryuol|7: + HIN(T)U@H%gHAIN(T)UOH%EE
S N@PC (Jluo 3y + lluoll3)

(4.43) < N2@=),

Substituting (4.42) and (4.43) to (4.41), we get

(4.44)

sup |E(Ineryu(t)] S N(T)2Z 4 N(T)~G-r+0+C0(243+3) A (1)2+3+5
t€[0,7)

+ N(T)7(27'y+6)+(27'y)(2+§+%)A(T)QJr%Jr%'
Optimizing (4.44), we observe that if we take
N(T)2(27’Y) ~ N(T)7(277+6)+(277)(2+%+%)A(T)QJF%JF%,

or
241044
N(T) ~ A(T) (277+5)*(2*‘7)(%+%)
then
2(2448+4)(2—)
sup |B(Ineryu(t)] S N(TPC) ~ A@) & liEs),
t€[0,T)
Denote

2(2+%+§)(2—~y)
a(y) = PEAT
@-7y+0) - -y (%+14)

Since2—~y—|—5<%—1,weseethat

2(2+%+4)2-)
[i-1--7(¥+4)]-
In order to make 0 < a(7y) < 2, we need
i-1-2-7) §+%)
(2+%+4)2-7)

a(y) =

(4.45)

Solving (4.45), we obtain

_ 56 —3d + VI37d” + 1712d + 3136
2(2d + 32) '

This completes the proof. O
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PROPOSITION 4.3 (Almost conservation law). Let 5 < d < 7,max{3 — 5,8} <
y<2and 0 <6 <y+5—3. Let ug € H'(RY) satisfying |uollL2 < |QllL2,
where Q is the solution to the ground state equation (1.4). Assume in addition that
E(ITug) <1. Let

~ _4
Tiup = el Tuo |
for some small constant ¢ = ¢(d,~) > 0. Then, for N sufficiently large,

sup |E(Iu(t)) — E(Iug)| S N~C=7+9),
t€[0,Trwp)

Here the implicit constant depends only on v and E(Iug).

REMARK 4.4. Using the sharp Gagliardo-Nirenberg inequality together with
the conservation of mass, the modified energy is always positive for initial data
satisfying |luo| 2 < [|@l/z2. Indeed,

B(1un) = A0l - Iy
Z%HAlu(t)H%g—_( I|Ué| )% [ATu(t)]|7
> LA, - —(%)%mmwig
> glanl: 5 () Ianols,

> 0.

Here we use the fact that || Tu||r2 < ||u[[z2 which follows from the functional calculus
and that [|1(§)[|l e < 1.

Proof of Proposition 4.3. By Lemma 4.1, we have for N large enough,

—(2— 2+ % 241
sup |E(Tu(t) = B(Tuo)| S N~ (| Fug 5% + 1 Tuo 7).
t€[0,Tiwp)

We only need to control |[Iug| g2. To do so, we use the sharp Gagliardo-Nirenberg
inequality (1.5) and (2.6) to have

2+d

1 HIUOH

d

[ Tuoll 2 ~ [|ATuol| 72 + | Tuol|72 = 2E(Tug) + + [ Tuol 72

[[Tuol|z2 \ & 2 >
< 25 (Tug) + ( )" 1A Tuol 3y + 1 2uoll3

1@l 22
l[uol| 2

1@l z2

8
d
< 2B(Tug) + ( ) 1 wollss + lluolz-

Thus

8

luollzz \ 4
(1= (Tgr=) " ) 1 uolide < 2B(Tuo) + luoll3s-
1Qlz2 : x

By our assumptions [uol[zz < [|@||zz and E(lug) < 1, we obtain |[lug|lgz < 1.
The proof is complete. O
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5. Limiting profile
In this section, we prove Theorem 1.2, Theorem 1.3 and Theorem 1.4.

5.1. Proof of Theorem 1.2. As the solution blows up at time 0 < 7™ < oo,
the blowup alternative allows us to choose a sequence of times (t,)n>1 such that
tn, — T* as n — oo and |lu(t,)||gy = A(tn) — 0o as n — oo (see (4.37) for the
notation). Denote

d
Y () := M In(e, ) u(tn, AnT),
where N(t,) is given as in (4.38) with 7" = ¢,, and the parameter \,, is given by

A
(5.1) A2 = [AQ]| L2 '
AN, utn)l| Lz
By (2.9) and the blowup criterion given in Corollary 3.2, we see that
A .
)\721 S H QHL?E S (T* _tn>z or \, S (T* _tn> )
()l my
On the other hand, (¥,),>1 is bounded in H?(R?). Indeed,
[¥nllzz = [Inaultn)llzz < Jlutn)llzz = luoll Lz,
(5.2) 1A%z = AN AIn,yuta)lrz = [AQ| 2.
By Proposition 4.2 with T' = t,,, we have
E(‘/’ﬂ) = )‘iE(IN(tn)u(tn)) s )‘iA(tnYl(’Y) S A(tn>a(7)72-
As 0 < a(y) < 2 for 26=8dEVISTA41T12d43136 — 4 < 2 we see that E(y,) — 0 as

2(2d+32)
n — oo. Therefore, the expression of the modified energy and (5.2) give

2+3 4 2
(5.3) el — (14 2)1AQI2,

248
L, 9

002

as n — oo. Applying Theorem 1.1 to the sequence (¢, )n>1 with M = [[AQ| 2 and
m = ((1 +3) HAQH%g) ﬁ, there exist a sequence (7,),>1 C R? and a function
U € H*(R?) such that |Ul|z2 > [|Q]z2 and up to a subsequence,

Yn (- + x,) = U weakly in H*(R?),
as n — oo. That is
(5.4) AL Iney it A - ) — U weakly in H2(R%),

as n — 00. To conclude Theorem 1.2, we need to remove Iy, from (5.4). To do
so, we consider for any 0 < o < 7,

d
A7 (u = Inge,)u) (tny An - 420l e = A0 P2, wltn) |l g,
S AN () [ Po e,y ultn) gy

(e—vy)a(y)

SA(tn)TEA(t) T | Pone,yultn) |z
(5.5) < At 7B

Using the explicit expression of a(y) given in (4.39), we find that for

_ 4dy? + (2d 4 48)y + 16d

o < ald %) = 1556 — 3d)y — 1692
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the exponent of A(ty,) in (5.5) is negative. Note that an easy computation shows
that the condition a(d, ) < = requires

24 — 3d + \/9d? + 368d + 576 -

2
) v <2
which is satisfied by our assumption on . Thus,
a
(56) H)‘ﬁ (u - IN(tn)u)(tna An - +xn)HH;(dﬁ)f — 0,

as n — o0o. Combining (5.4) and (5.6), we prove
d
A u(tn, A - +i,) = U weakly in H*4)~(RY),

as n — 00. The proof is complete. O

5.2. Proof of Theorem 1.3. By Theorem 1.2, there exists a blowup profile
U € H?(R?) with |Ullzz > [|Q]|z2 and there exist sequences (tn,An,Tn)n>1 C
R4 x R% x R? such that t, — T*,

An

o @ =t ©

for allm > 1 and )\,%u(tn, A - 42,) — U weakly in H4@)~(R?) (hence in L?(R%))
as n — oco. Thus for any R > 0, we have
lim inf)\fll/ [u(tny An + 1) |Pd > / |U (2)|*d.
e lz|<R |lz|<R
By change of variables, we get
lim inf sup / |u(tn, z)|*dx > / |U (2)|%d.
7% yeRd |z —y|<RA, lz|<R

(T —t,) %
a(ty)
as n — 00. We thus obtain for any R > 0,

i inf sup / (u(tn, 2)[2dz > / U () 2da.
lz—y|<a(tn)

N0 yeRd |z|<R

An

attyy — 0

Using the assumption — 0 as n — oo, we have from (5.7) that

Let R — oo, we obtain

Jim inf sup / (ut, 2)|2dz > U2,
|lz—y|<a(tn) ’

n—oo yGRd
This implies

lim sup sup / lu(t, z)|*dz > ||Q||3 -
t/T* yeRd J|z—y|<a(t) :

Sine for any fixed time ¢, the map y +— f|x7m<a(t) |u(t, x)|?dx is continuous and
goes to zero as |y| — oo, there exists z(t) € RY such that

sup/ |u(t,x)|2d:c:/ lu(t, z)|*dz.
yeR? J]z—y|<a(t) lo—z(t)|<a(t)

limsup/ lu(t, z)]*dx > ||Q||72.
t/T Jjz—z(t)|<alt) ¢

The proof is complete. O

This shows
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5.3. Proof of Theorem 1.4. We firstly recall the following variational charac-
terization of the solution to the ground state equation (1.4). Note that the unique-
ness up to translations in space, phase and dilations of solution to this ground state
equation is assumed here.

LEMMA 5.1 (Variation characterization of the ground state [34]). Ifv € H?(R?)
is such that ||[v||p2 = [|Q||L2 and E(u) =0, then v is of the form

v(x) = eie)\%@()\:c + ),
for some 6 € R, \ > 0 and xg € R?, where Q is the unique solution to the ground
state equation (1.4).

Using the notation in the proof of Theorem 1.2 and the assumption [lugl|zz =
Q122 we have

[¥nllez < luollz = |Qllz < [|U]Lz2-
Sine ¥, (- + z,) — U weakly in L?(R%), the semi-continuity of weak convergence
implies
[Ullz2 < liminf [[¢n]| Lz <@Lz
n—oo

Thus,

(5.8) 100z = @2z = lim [4hallzz.
Hence up to a subsequence

(5.9) (- + x,) — U strongly in L?(R?),

as n — o0o. On the other hand, using (5.2), the Gagliardo-Nirenberg inequality
(1.5) implies ¥ (- + 2,,) — U strongly in L2+@ (R9). Indeed, by (5.2),

lhu - a) = UIPE5, < I+ 20) = Ul fa 1AW (- +20) — Ul

e
8
< (1AQlIzz + AU 2)?[9(- + 2n) = Ullf2 — O,

as n — oo. Moreover, using (5.3) and (5.8), the sharp Gagliardo-Nirenberg inequal-
ity (1.5) also gives

1 I H2+% < (HUHLg
1+3 1@l 22
or [AQ||z < ||AUJ[zz. By the semi-continuity of weak convergence and (5.2),

JAU] 22 < liminf [ Atz = |AQ 2.

8
I1AQIf3, = ) IAUIE: = 1AU] 3.,

248 —
L, 9

Therefore,
(5.10) 1AUlz2 = [1AQlzz = lim [1Avnlze.
Combining (5.8), (5.10) and using the fact ¥, (- + 2,,) — U weakly in H?(R9), we
conclude that 1, (- + x,,) — U strongly in H?(R?). In particular,
EU) = lim E(Yy) =0,
as n — oo. This shows that there exists U € H?(R?) satisfying
[Ullz = 1Qlz2, [AUllLz = [|[AQ|lz2, E(U) =0.
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Applying the variational characterization given in Lemma 5.1, we have (taking
A=1),

Uz) = e?Q(z + o),
for some (6, z0) € R x R%. Hence

d ,
A2 In(eyu(tn, An - +2n) — €PQ(- + x0) strongly in H?(RY),

as n — oo. Using (5.6), we prove

d ,
A2 U(tn, A - +n) — €9Q(- 4 x0) strongly in HHEV~(RY),

as n — 00. The proof is complete. O

6. Global well-posedness

In this section, we will give the proof of Theorem 1.5. By density argument, we
assume that ug € C§°(R?). Let u be a global solution to (NL4S) with initial data
ug satisfying ||uol| gz < ||Q||z2. In order to apply the almost conservation law given
in Proposition 4.3, we need the absolute value of modified energy of initial data is
small. Since E(Iug) is not necessarily small, we will use the scaling (1.2) to make
E(Iux(0)) is small. We have

E(Iux(0)) < %HAMA(O)H%g S NP Aun(0)] 72 = N2EIA 2 Jug 3,

~

Thus, we can make E(Iux(0)) < % by taking

(6.1) N~ AT

Moreover, since the scaling (1.2) preserves the L*-norm, we have [Jux(0)||2 =
luol|zz < [|Q[|z2- Thus, the assumptions of Proposition 4.3 are satisfied. Therefore,
there exists 7 > 0 so that for N sufficiently large,

B(ur(£)) < E(Iux(0)) + CN—C=1+0),
for t € [0,7] where max{3 — 2,8} <y <2and 0 < 6 < v+ & —3. We may

reapply this proposition continuously so that E(Iuy(t)) reaches 1, that is at least
C1N?~719 times. Therefore,

(6.2) E(Tuy(Cy7N?77H9)) ~ 1,
Now, given any 7' > 1, we choose N > 1 so that

T ~ 017_%47%
Using (6.1), we have
(6.3) T ~ N2-YH0- 257

AsO<d<vy+ % —3or2—v+9< % — 1, the exponent of N is positive provided

that 8 4(2 — ) 8d
-7
- —1-——>0 > .
d 5 7 3d+8
Thus the choice of N makes sense for arbitrary 7' > 1. A direct computation and

(6.1),(6.2) and (6.3) show
E(Iu(T)) = N E(Tux(\*T)) = M E(Tuy(C17N277H0) ~ \*

1(2—7) 1(2—7)
<N ~ T @=F8&v—42—) |
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This shows that there exists Cy = C3(7, ||ug|| gy) such that

E(Iu(T)) < CoTe=F9=1a=

for any T > 1. Finally, by (2.9),

w7 < Hu(D)lz ~ IATW(T)|Z; + [ Tu(T)|Z; S E(Iu(T)) + [luollZ2

~

4(2—7v)
§ CyTE—Fom—1= + (Cy,

where C3,Cy depends only on [[ug||y. The proof is complete. O

Acknowledgments

The author would like to express his deep thanks to his wife-Uyen Cong for her

encouragement and support. He would like to thank his supervisor Prof. Jean-Marc
Bouclet for the kind guidance and constant encouragement. He also would like to
thank the reviewer for his/her helpful comments and suggestions.

(1]
(2]
(3]
(4]
(5]
(6]
(7]

(8]

[9]

[10]

(11]
(12]
(13]
(14]
15]
[16]
(17]

(18]

References

M. Ben-Artzi, H. Koch, J. C. Saut, Disperion estimates for fourth-order Schrédinger equa-
tions, C.R.A.S. 330, Série 1 (2000), 87-92.

H. Bahouri, J. Y. Chemin, R. Danchin, Fourier analysis and non-linear partial differential
equations, A Series of Comprehensive Studies in Mathematics 343, Springer, 2011.

G. Baruch, G. Fibich, E. Mandelbaum, Singular solutions of the biharmonic nonlinear
Schrédinger equation, STAM J. Appl. Math. 70 (2010), 3319-3341.

T. Boulenger, E. Lenzmann, Blowup for biharmonic NLS, Ann. Sci. Ec. Norm. Supér. 50,
Fascicule 3 (2017), 503-544.

T. Cazenave, F. B. Weissler, The Cauchy problem for the critical nonlinear Schroédigner
equation in H*®, Nonlinear Anal. 14 (1990), 807-836.

M. Christ, I. Weinstein, Dispersion of small amplitude solutions of the generalized Korteweg-
de Vries equation, J. Funct. Anal. 100, No. 1 (1991), 87-109.

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao, Almost conservation laws and global
rough solutions to a nonlinear Schrodinger equation, Math. Res. Lett. 9 (2002), 659-682.

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao, Global existence and scattering
for rough solutions of a nonlinear Schrédinger equation on R3, Comm. Pure Appl. Math. 57
(2004), 987-1014.

R. Coifman, Y. Meyer, On commutators of singular integrals and bilinear singular integrals,
AMS 212 (1975), 315-331.

D. De Silva, N. Pavlovic, G. Staffilani, N. Tzirakis, Global well-posedness for the L?-critical
nonlinear Schrédinger equation in higher dimensions, Commun. Pure Appl. Anal. 6, No. 4
(2007), 1023-1041.

V. D. Dinh, Well-posedness of nonlinear fractional Schrodinger and wave equations in Sobolev
spaces, arXiv:1609.06181, 2016.

V. D. Dinh, On well-posedness, regularity and ill-posedness for the nonlinear fourth-order
Schrédinger equation, arXiv:1703.00891, 2017.

V. D. Dinh, Global existence for the defocusing mass-critical nonlinear fourth-order
Schrodinger equation below the energy space, arXiv:1706:06517, 2017.

D. Fang, S. Zhong, Cauchy problem for the L2-critical nonlinear Schrédinger equation below
H?', Nonlinear Anal. 62 (2005), 117-130.

G. Fibich, B. Ilan, G. Papanicolaou, Self-focusing with fourth-order dispersion, STAM J. Appl.
Math. 62 (2002), 1437-1462.

C. Guo, Global existence of solutions for a fourth-order nonlinear Schrédinger equation in
n + 1 dimensions, Nonlinear Anal. 73 (2010), 555-563.

C. Hao, L. Hsiao, B. Wang, Well-posedness for the fourth-order Schrédinger equations, J.
Math. Anal. Appl. 320 (2006), 246-265.

C. Hao, L. Hsiao, B. Wang, Well-posedness of the Cauchy problem for the fourth-order
Schrédinger equations in high dimensions, J. Math. Anal. Appl. 328 (2007), 58-83.



320

(19]
(20]
(21]
(22]

(23]

(24]

[25]

26]
(27]
(28]
[29]
30]
(31]
(32]
33]
(34]

35]

V. D. DINH

Z. Huo, Y. Jia, The Cauchy problem for the fourth-order nonlinear Schrédinger equation
related to the vortex filament, J. Differential Equations 214 (2005), 1-35.

V. I. Karpman, Stabilization of soliton instabilities by higher-order dispersion: Fourth order
nonlinear Schrédinger-type equations, Phys. Rev. E 53, No. 2 (1996), 1336-1339.

V. I. Karpman, A.G Shagalov, Stability of soliton described by nonlinear Schrédinger-type
equations with higher-order dispersion, Phys. D 144 (2000), 194-210.

T. Kato, On nonlinear Schrodinger equations. II. H?®-solutions and unconditional well-
posedness, J. Anal. Math. 67 (1995), 281-306.

C. E. Kenig, G. Ponce, L. Vega, Well-posedness and scattering results for the gereralized
Korteveg-de Vries equation via the contraction principle, Comm. Pure Appl. Math. 46 (1993),
527-620.

C. Miao, G. Xu, L. Zhao, Global well-posedness and scattering for the defocusing energy
critical nonlinear Schrédinger equations of fourth-order in the radial case, J. Differ. Eqn. 246
(2009), 3715-3749.

C. Miao, G. Xu, L. Zhao, Global well-posedness and scattering for the defocusing energy
critical nonlinear Schrodinger equations of fourth-order in dimensions d > 9, J. Differ. Eqgn.
251 (2011), 3381-3402.

C. Miao, H. Wu, J. Zhang, Scattering theory below energy for the cubic fourth-order
Schrédinger equation, Math. Nachr. 288, No. 7 (2015), 798-823.

C. Miao, B. Zhang, Global well-posedness of the Cauchy problem for nonlinear Schrédinger-
type equations, Discrete Contin. Dyn. Syst. 17, No. 1 (2007), 181-200.

B. Pausader, Global well-posedness for energy critical fourth-order Schrodinger equations in
the radial case, Dynamics of PDE 4, No. 3 (2007), 197-225.

B. Pausader, The cubic fourth-order Schrodinger equation, J. Funct. Anal. 256 (2009), 2473-
2517.

B. Pausader, S. Shao, The mass-critical fourth-order Schrodinger equation in higher dimen-
sions, J. Hyper. Differential Equations 7, No. 4 (2010), 651-705.

T. Tao, Nonlinear dispersive equations: local and global analysis, CBMS Regional Conference
Series in Mathematics 106, AMS, 2006.

M. Visan, X. Zhang, On the blowup for the L2-critical focusing nonlinear Schrédinger equation
in higher dimensions below the energy class, STAM J. Math. Anal. 39 (2007), 34-56.

M. Visan, The focusing energy-critical nonlinear Schrodinger equation in dimensions five and
higher, PhD Thesis, UCLA, 2006.

S. Zhu, H. Yang, J. Zhang, Limiting profile of the blow-up solutions for the fourth-order
nonlinear Schrédinger equation, Dyn. Partial Differ. Equ. 7 (2010), 187-205.

S. Zhu, H. Yang, J. Zhang, Blow-up of rough solutions to the fourth-order nonlinear
Schrédinger equation, Nonlinear Anal. 74 (2011), 6186-6201.

(V. D. Dinh) INSTITUT DE MATHEMATIQUES DE TOULOUSE, UNIVERSITE TOULOUSE III PAUL

SABATIER, 31062 TOULOUSE CEDEX 9, FRANCE

E-mail address: dinhvan.duong@math.univ-toulouse.fr




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


