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ABSTRACT. Both existence and backwards topological property of pullback at-
tractors are discussed for 3D Navier-Stokes equations with a nonlinear damp-
ing and a non-autonomous force. A pullback attractor is obtained in a square
integrable space if the order of damping is larger than three and further in
a Sobolev space if the order belongs to (3,5), the latter of which improves
the best range [7/2,5) given in literatures so far. The new hypotheses on the
force used here are weaker than those given in literatures. More importantly,
the obtained attractor is shown to be backwards compact, i.e. the union of
attractors over the past time is pre-compact. This result is a successful ap-
plication of some new abstract criteria on backwards compact attractors if
an evolution process is backwards pullback limit-set compact or equivalently
backwards pullback flattening.
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In this paper, we study the existence and backwards compactness of pullback
attractors for the non-autonomous damped 3D Navier-Stokes equation (NSE) on a
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smooth bounded domain O C R3:

wy L edu (Vo e Vp = glat), w€ O, bz
’ divu=0, wu(z,7)=uy, ulpo =0, xz e Q,

where 7 € R, g > 0 is the kinematic viscosity, « > 0 and 8 > 1 are constants in
the nonlinear damping, v and p denote the velocity field and pressure field, g is a
body force which will be special later.

The 3D NSE, arising from the flow of fluids, has been widely investigated in the
non-damping case (i.e. a = 0), see [8, 11,12, 13, 14, 18, 23] for both deterministic
and stochastic equations. In this case, the uniqueness of weak solutions and the
global existence of strong solutions are still open questions, see [9, 25, 28].

Actually, the damping arises from the resistance to the motion of the flow
and describes various physical phenomena, such as porous media flow, drag or
friction effects, and some dissipative mechanisms, see [1, 16]. The appearance of
the damping makes sure the global well-posedness of weak solutions and strong
solutions for the 3D NSE.

Since the force is time-dependent, the dynamics is non-autonomous, which is
described by a concept of pullback attractor. For the theoretical results of pullback
attractors, we refer to [4, 5, 6, 7, 19]. For some applications, especially on non-
Newtonian fluids related to Eq. (1.1), we refer to [2, 15, 31].

This paper will discuss a relatively new subject about backwards compactness
of a pullback attractor A(-), which means Us<;.A(s) is pre-compact for all ¢ € R.

Specifically, for the problem (1.1), this article deals with the following 3 aspects:

(1) The existence of a backwards compact attractor in H for all 5 > 3.

To discuss the existence of a pullback attractor in H, where H is a subspace
of the square integrable space, we do not need to restrict the upper bound of 5.
This existence result can be regarded as a non-autonomous generalization of the
corresponding result given in [17]. In fact, the authors in [17] shows that Eq. (1.1)
(which is also termed as the convective Brinkman-Forchheimer (CBF) equation)
has a global attractor in H for more general nonlinearity without the restriction of
the upper bound.

To obtain the backwards compactness, we need only to assume that the force
is backwards tempered. In this case, we can prove there is a backwards-uniform
absorbing set which is bounded in the Sobolev space V. This fact simply proves
the backwards compactness in H.

(2) The existence of a backwards compact attractor in V' with g € (3,5).

Since obtaining the existence of the attractor in V is more difficult, we will
restrict the upper bound of the order by § < 5, which is similar to the range
B € [7/2,5] given in [26, 27]. However, our method can reduce the lower bound of
the growth rate.

In fact, the existence of an attractor in V' relates to the global well-posedness
of strong solutions, which was proved by [30] for § € (3, 5] (improved the range in
[3]). Only in a special case of u = 1 and « = 1, the paper [34] treats the strong
solution for # > 5. On the other hand, even for the simpler BF equation, the paper
[24] restricted the order to obtain the attractor in V. This similar critical exponent
case was also assumed in [29] for the stochastic wave equation.
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To obtain the backwards compactness in V', we further assume that g is back-
wards limiting in the sense of (3.6). This assumption is weaker than global bound-
edness used in [27] and can be deduced by the backwards absolutely continuity (see
(3.7)) together with the backward temperedness.

(3) Abstract results on backwards compactness of pullback attractors.

To prove the backwards compactness of the pullback attractor in V', we need
to establish some theoretical criteria. We will prove that a non-autonomous system
has a backwards compact attractor if it has an increasing, bounded and pullback
absorbing set and it is backwards pullback flattening (see Theorem 2.7). By intro-
ducing several other backwards notions, we also establish some equivalent criteria
for such backwards compactness (see Theorems 2.10 and 2.11), which can be con-
veniently applied to different non-autonomous models.

2. Theoretical results on backwards compact attractors

We review the theory of pullback attractors for an evolution process, and prove
several equivalent results for the backwards compactness of pullback attractors.

Suppose (X, || - ||x) is a Banach space. A non-autonomous set in X is defined
by a time-dependent family D = {D(t) C X : ¢ € R}, and it is said to have a
topological property (such as closedness, boundedness or compactness) if D(t) has
this property for each t € R. We also say D is increasing if D(s) C D(t) for s < t.

DEFINITION 2.1. A non-autonomous set D is called backwards compact (resp.
backwards bounded) if Us<;D(s) is pre-compact (resp. bounded) in X for each
teR.

DEFINITION 2.2. An evolution process S in X is a family of mappings S(¢,7) :
X — X with t > 7, which satisfies

S(r,7)=1dx, S(t,7)=S(t,s)S(s,7), forallt >s>7 with ¢t € R,
and (¢, 7,2) — S(t,7)z is continuous for ¢t > 7 and = € X.

DEFINITION 2.3. A non-autonomous set D in X is called pullback attracting
at time ¢ with ¢ € R if, for each bounded subset B in X,

(2.1) TlLIrolo dist(S(t,t — 7)B,D(t)) =0,

where the Hausdorff semi-distance is defined by dist(A, B) := sup,¢ 4 infrep [|a —
bl|x for A,BC X.

DEFINITION 2.4. A non-autonomous set A in X is a pullback attractor for an
evolution process S if

(i) A(t) is compact for each ¢ € R;

(ii) A is invariant, i.e. S(t,7)A(T) = A(t) for all t > 7

(iii) A is pullback attracting in the sense of (2.1);

(iv) A is the minimal closed pullback attracting set.

DEFINITION 2.5. A non-autonomous set K in X is called a pullback absorbing
set at time ¢ € R for an evolution process S if, for each bounded subset B in X,
there is 79 := 70(¢, B) > 0 such that

S(t,t —7)B C K(t), for all 7 > 79.

In order to study the backwards compactness of a pullback attractor, we gen-
eralize the concept of pullback flattening given in [6, 19].
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DEFINITION 2.6. An evolution process S in X is called backwards pullback
flattening if, given a bounded set B C X, t € R and ¢ > 0, there are 79 :=
To(g,t, B) > 0, a finite-dimensional subspace X, of X and a mapping P- : X — X,
such that

Ur>r, Us<t P-S(s,s — 7)B is bounded, and
I(I = Po)(Urzro Us<e S(s,8 = 7) B[ x <e.

THEOREM 2.7. Let S be an evolution process in a Banach space X, then S has

a backwards compact attractor A if

(i) S has an increasing and bounded pullback absorbing set K,
(i1) S is backwards pullback flattening.

PRrooFr. By (i), K is obviously a pullback attracting set, then for each t € R,
s <t and bounded subset B in X, by the increasing property, we have

lim dist(S(s,s —7)B,K(t)) < lim dist(S(s,s —7)B,K(s)) =0.

This indicates S is strongly pullback bounded dissipative in the sense of [6, Defini-
tion 2.22]. By (ii), S is evidently pullback flattening. Hence, by [6, Theorem 2.27],
S has a pullback attractor A.

Since A is the minimal closed pullback attracting set, then

A(s) € K(s) € K(t), for each s <t with ¢t € R,

where we use the fact that K is increasing. Then, Us<;.A(s) C K(t) and thus A is
backwards bounded.

To obtain the backwards compactness of A, we need to prove Us<.A(s) is pre-
compact for each fixed ¢t € R. This is equivalent to prove x(Us<¢A(s)) = 0, where
k(+) denotes the Kuratowski measure of non-compactness, i.e. for A C X,

k(A) :=inf{d > 0 | A has a finite cover {4;} with diamx (4;) < d}.
Since A is backwards bounded, there is a bounded subset B such that
Us<tA(s) C B.
It follows from the invariance of A that
A(s) =S(s,s —71)A(s — 1) C S(s,s —7)B, for all s <tand 7> 0.

Then, by the backwards pullback flattening property of S, for given £ > 0, there is
a 79 = To(t, B, ) such that

s(|JAGs) < s | S(s.s=7)B)

s<t T>70 s<t

< K( U U P.S(s,s —7)B)+ k((I — P.)( U U S(s,s —1)B))

T>70 <t T>To s<t
<0+ Kk(Bx(0,¢)) < 2,

which implies A is backwards compact from [20, Lemma 2.7]. O

We also give two equivalent concepts, which relates to the past time.
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DEFINITION 2.8. An evolution process S in X is called backwards pullback
limit-set compact if, for each t € R and bounded set B C X,
lim k(Ur>r, Us<¢ S(s,s —7)B) =0,

To— 00

where k(-) is the Kuratowski measure mentioned above.

DEFINITION 2.9. An evolution process S in X is called backwards pullback
asymptotically compact if, for each t € R,

{S(8n,8n — Tn)Tn tnen has a convergent subsequence in X,
whenever s,, <t, 7, — oo and {x,} is bounded in X.

In the above definition, we emphasize that {s, } is an arbitrary sequence from
(—00,t] and it may not be convergent or monotonous.

In an earlier work given in [33] (or see [21, 32] in the random case and [22] in
both non-autonomous and random case), the authors proved that the limit-set com-
pactness is equivalent to the asymptotic compactness with an additional assumption
of bounded absorption, while Kloeden et.al. [19] proved the equivalence between
pullback limit-set compactness and pullback asymptotic compactness without any
extra assumptions. We generalize the latter assertion to the backwards case. In
the proof, we use a new terminology of backwards omega-limit sets.

THEOREM 2.10. Let S be an evolution process in a Banach space X, then
S is backwards pullback limit-set compact if and only if it is backwards pullback
asymptotically compact.

ProoOF. Necessity. Suppose S is backwards pullback limit-set compact. Let
teR, s, <t, 7, — o0 and x,, € B with B bounded in X, then as m — oo,

K{S(8n,8n — Tn)xn,n > m} < K(Up>m Us<t S(s,8 — 7,,) B) — 0.
It follows from [20, Lemma 2.7] that {S(s,, s, — T )T} has a convergent subse-
quence in X.

Sufficiency. Suppose S is backwards pullback asymptotically compact. For
each bounded subset B in X and t € R, we define a backwards omega-limit set by

(2.2) Q(B, f,) = Nry>0Ur>r, Us<t S(S, s — T)B.

First, we prove = € Q(B,t) < there are s, <t, 7,, — 0o and x,, € B such that
x = limy,— oo S(Sn, Sn — Tn)Ty. Indeed, if x € Q(B,t), we obtain from (2.2) that

x € Ur>p Us<y S(s,s — 7)B, for each n € N.

For each n € N, choose s, < t, 7, > n and z,, € B such that |S(s,, $p — Tn) Ty —
z||x < % Taking n — oo, we have S(s,, $p, — Tn)xn — . Conversely, let s,, < ¢,
Tn — 00, T, € B and x = lim, oo S(Sn, $n — Tn)xn. For every 79 > 0, choosing
m > 0 such that 7,,, > 79, we obtain

2 € {S(8n,Sn — Tn)Tn :n > m} C Ursr, Us<y S(s,s — 7)B,

which implies © € Q(B, t).
Second, we show that (B, t) is non-empty and compact. We claim that there
is 79 > 0 such that

Ur>r, Us<t S(8, 8 — 7)B is bounded.
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If this is not true, for any 79 > 0, there are s, < t, 7, — o0 and z,, € B such
that any subsequence of {S(Sp, S, — Tn)zyn} is unbounded, which contradicts the
backwards pullback asymptotic compactness of the process. Since S is backwards
pullback asymptotically compact, then there are s,, <t, 7,, — o0 and z,, € B such
that, up to a subsequence,
(2.3) lim S(sp, Sn — Tn)Tn = T,
n—oo

which implies z € Q(B,t) and thus Q(B,t) is non-empty.

To prove the compactness of Q(B,t), let y, € Q(B,t), then there are s, < t,
T, — o0 and x,, € B such that

d(S(Sn,Sn — Tn)Tn,Yn) — 0, as n — oo.
By (2.3), we have
A(Yn,x) < d(S(SnySn — Tn)Tn, Yn) + d(S(Sn, Sn — Tn)Tn, ) — 0, as n — oo,

which implies Q(B,t) is compact.
Next, we show that Q(B,t) backwards pullback attracts B in the following
sense:
(2.4) lim supdist(S(s,s —7)B,Q(B,t)) =0, Vt € R.
T—00 SSt
Note that (2.4) is equivalent to lim, . dist(Us<;S(s,s—7)B,Q(B,t)) = 0. If (2.4)
is not true, then there are § > 0, s,, <t, 7,, — o0 and x,, € B such that

dist(S(Sn, Sn — Tn)@n, Q(B,t)) > 6, for all n € N,

which is a contradiction, since the backwards asymptotic compactness implies that,
passing to a subsequence, S(sy, s, — Tn)Tn — = € Q(B,1).

Finally, we prove that the evolution process is backwards pullback limit-set
compact. By (2.4), Q(B,t) backwards pullback attracts B, then, for each € > 0,
there is 7. > 0 such that

dist(Us<¢S(s,s — 7)B,Q(B,t)) < Z, for all 7 > 7,
which implies that
(2.5) Ursr. Us<t S(s,5 — 7)B C Bx (B, t), i).
Taking the Kuratowski measure on the both sides of (2.5), we find
A(Urzr, Usst S(s,s = 7)B) < n(Bx(Q(B.1), 7)) < 5,
where we use the compactness of (B, t). Then, S is backwards limit-set compact.

O

We also generalize the equivalence of pullback flattening and pullback asymp-
totic compact (see [6]) to the backwards case as follows.

THEOREM 2.11. Let S be an evolution process in a uniformly convexr Banach
space X, then S is backwards pullback flattening if and only if it is backwards
pullback asymptotically compact.
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PRrROOF. Necessity. Suppose that the process is backwards pullback flattening.
Lett e R, s, <t 7, — ocandzx, € Bwith B bounded in X. For each m € N, there
are T,, > 0, a finite-dimensional subspace X, of X and a mapping P,, : X — X,,
such that

U U P,,S(s,s — 7)B is bounded,

T2>Tm s<t
U US s—T1)B HX<%

7'>7'm s<t

This shows that for all n > n,, with some n,, > 0,

P, S(8n, 80 — Tn)y is bounded,

(I = Pp)S(Sns$n — Tn)an|x < %
Since the range of P, has finite dimensions, then {P,,S(sn, S — Tn)xn} is pre-
compact in X. Hence, for any m € N, {S(s,,, $,, — 7n)x,} has a finite covering by
balls of radius 2. Let m — oo, then {S(sy, s, — 7,,)x, } is pre-compact and thus it
has a convergent subsequence in X.

Sufficiency. Assume that the process is backwards pullback asymptotically
compact. Let Q(B,t) be the backwards omega-limit set as defined in (2.2), where
t € R and B is a bounded subset in X. It follows from the compactness of Q(B,t),
for any € > 0, there are i, € N and xy, 22, - -, ;. € Q(B,t) such that

e c
C UlBX(xj,Z)
P

which, together with (2.5), implies that

(2.6) U US(s,s —1)B € Bx(Q(B, 1), %) c U Bx (x5, %)
j=1

T>7e <t
Since X is a uniformly convex Banach space, we can define P. : X — X, by the
mapping onto the closest point in X, := span{zy,xa,- - -, x; } such that
(2.7) |z — P.x||x = dist(z, X:), for all x € X.

Since © = P.x + (z — P.x) and ||z — P.z||x < |z| x, then ||P.z||x < 2| x| x. This,
together with (2.6), shows
P.( U U S(s,s — 7)B) is bounded.
T>7e <t
By z; € X. and (2.6)-(2.7), we see
(I - F.) UUS ,8—T) ||X<§
T>Te <t

Then, S is backwards pullback flattening. O

By Theorems 2.7, 2.10 and 2.11, we have established three equivalent criteria
for the backwards compactness of pullback attractors.

Remark. The backwards asymptotically compactness (Def.2.9) is also termed
as strongly pullback asymptotically compactness in [4]. The authors proved the
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existence of a backwards bounded attractor for a backwards asymptotically com-
pact process with point-dissipation (or bounded-dissipation). However, our results
strengthen the conclusion from backwards boundedness to backwards compactness.

3. Preliminaries for the damped 3D NSE

3.1. The abstract equation on some function spaces. We take the func-
tion spaces used in this paper by

V= {u c (CSO(O))?’ cdivu = 0}7 H = Cl(Lz(o))3V, V.= CZ(H[%(O));’.V,

where clx denotes the closure taken in X.
It is well known that both H and V are separable Hilbert spaces with the inner
products and norms given by, for u = (u1, us, usz),v = (v1,v2,v3) € H,

3
(u,v) = Z/ u; - vide  and  |ulp = (u7u)%,
=170

and, for u = (uy,us,u3),v = (v1,v9,v3) € V,

3 1
((u,v)):Z/OVui~Vvidm and [l = ((u,u))?.

The injections V < H = H' < V' are dense and continuous. Besides, H? :=
(H?(0))3, L? := (LP(0))* with the norm |- [,, and (-,-) represents the duality
pairing between V and V.

Denote P by the Helmholtz-Leray orthogonal projection of L? onto H, and
apply it to Eq. (1.1) to obtain

(3.1) uy + pAu+ B(u) + F(u) = Pg(-,t), t>r,
’ ulpo =0, t > 7, and u(x,7) =up(x), x€O0,

where Pg(-,t) = g(-,t) since we will assume g(-,t) € H for each ¢ € R, the Stokes
operator A = —PA is defined by (Au,v) = ((u,v)), the nonlinearity F(u) =
P(alu/’~1u) and the bilinear operator B : V x V — V' satisfies (B(u,v),w) =
b(u,v,w) with the trilinear form b,

3
b(u,v,w) = ijzl/ouig?iwjdx.
We write B(u) = B(u, u) shortly.
It follows from [25, Propositions 9.1 and 9.2] that b has the following properties:
foru € H and v,w € V,
(32) b(u, v, w) = —b(u, w,v), b(u,v,v) =0,
and, for u € V,v € D(A) and w € H,

(3-3) b, v, w)] < cluls|Vols|wlz < cljull||o] 2| Av|3 [w]2.
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3.2. Assumptions on the non-autonomous force. To obtain a backwards
compact attractor in H for Eq.(3.1), we only assume that the force g € L? (R, H)
is backwards tempered, i.e.

(3.4) sup/ V=) g(-,r)|2dr < oo, for all t € R and v > 0.

s<t J—o0o

Remark. In fact, we can reduce the assumption g € LIQOC(R, H), replaced by
g € L? (R,L?(0)3). In this case, since |Pg(-,t)l2 < ||P|l|g(-,t)]2 and ||P]| is a

loc >~
constant, it follows that (3.4) still holds true for Pg. However, we do not pursue
this weaker assumption in this paper.
Next, we prove that (3.4) is equivalent to the backwards translation bounded-

ness, which means

S

(3.5) sup/ lg(-,7)|3dr < oo, for some T' € R and some a > 0.
s<T Js—a

So, this assumption is obviously weaker than the translation boundedness (by taking

the supremum over all time in (3.5)), which was assumed in [27].

PROPOSITION 3.1. Let g € Li (R, H), then g is backwards tempered if and

loc
only if g is backwards translation bounded.

PRrROOF. Assume (3.5) holds for some T' € R and some a > 0. We prove it holds
forallt e R. If t > T, by g € L} (R, H), we have

supu/’ |9(,Tﬂgdrfisup‘/j lg(r)2dr + sup y/' 9,7 2

s<t Js—a s<T Js—a T<s<tJs—a
s t
<swp [ g+ [ gt < oc
s<T Js—a T—a
If t <T, then it is obvious that the result holds. This shows that for all ¢ € R and
v >0,

oo

S s—na
sup [ gl —suwp - [ eIyl
s<t J—o0 s<t ,,—5Js—(n+1)a
o0 s—na
< sup Z e-me / lg(-,r)|3dr
s<t s—(n+1)a

1 5
< — sup/ lg(-,7)|3dr < .
5

T l-em sy Jsa
The inverse is similar to that given in [10, Proposition 4.1]. O

To prove backwards compactness in the Sobolev space V', we assume further g
is backwards limiting, i.e.

(3.6) lim sup/ eV =|g(-,r)|2dr = 0, for all t € R.

ToHeo s<t J o

In fact, this condition can be deduced from the backwards temperedness together
with an easy-verified condition. We say g is backwards absolutely continuous if

(3.7) lim sup/ lg(-,7)|3dr =0, for all t € R.

a—0+ s<t Js—a
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PROPOSITION 3.2. Let g be backwards translation bounded and backwards ab-
solutely continuous, then g is backwards limiting.

ProoOF. Fix t € R. Let {v;} be a sequence ordered v;y; > ~7; such that
Yit1 — 00 as @ — 0o. Define

H(i) := sup/ (=9 |g (.. r)|2dr, for all i € N.
Sgt — 00

It follows from Proposition 3.1 that H(i) < oco. Obviously, H(i) is non-negative
decreasing, and thus lim; ., H(i) = 6 > 0. To this end, we prove § must be zero
by contradiction.

If § > 0, then there exists a > 0 such that, since g is backwards absolutely
continuous,

s 1)
sup [ lgCr)lgdr < 5.
s<t Js—a 4
which implies
S S 5

(3.8) sup [ IgCer)dr <sup [ gt < 5.

s<t Js—a s<t Js—a 4
Besides, by Proposition 3.1, we have as ¢ — oo,

(39)  suwp / S 9)g(,r)2dr = sup / 50| g (.. 1) 2dr

s<t J—c0 s<t—a J—oco

S
< e~ gup / =g, ) Bdr

s<t J—o0

S
<e M@ sup/ =) g (-, 7Y 2dr — 0.
Sgt — 00

It yields from (3.8)-(3.9) that for a large i,
S sS—a 6
H(i) = sup/ eV =) g (. r)|2dr +sup/ V=) g (-, ) 2dr < = < 6.
s<t Js—a s<t J—o00 2

This contradicts with lim; .., H(i) = ¢ > 0. O
3.3. The deduced evolution process.

PROPOSITION 3.3. Assume 3 > 1 and g € L? (R, H), then for every 7 € R,

loc

ug € H and given T > T, there is a weak solution of Eq. (3.1) such that
u(t, 7,up) € L (1, T; H) N L*(1, T; V) N LA (7, T; LP T,

with u(T,7,u0) = ug. Moreover, when 3 > 3, the weak solution is unique and the
map uy — u(t, T, ug) is continuous in H. If § > 3 and ug € V N LP*Y then the
weak solution becomes a strong solution (unique) such that

u(t, 7,ug) € L=(7,T; V)N L>(7,T; Lﬁ+1) N LQ(T, T; H2),
ue(t, T,u0) € L*(1,T; H),
and in fact u(t, ,up) € C([1,T}; V).
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PROOF. For the existence and uniqueness of weak solutions, we refer to [3,
Theorem 1] and [17, Lemma 4.1] respectively. For the existence of strong solutions,
we refer to [3, Theorem 2] for § > 7/2 and [30, Theorem 3.1] with 8 € (3,7/2).
The readers can also see Lemmas 4.1 and 4.2 in the next section.

We then prove the continuity of strong solutions wu(t, 7, ug) from [7,T] into V.
Since u(t, 7,up) € L?(t,T;H?) and wy(t,7,u0) € L*(7,T; H), it follows from [25,
Corollary 7.3] that u(t, 7,up) € C([1,T]; V). O

Note that, we restrict 5 € (3,5) to prove the backwards compactness of pullback
attractorsin V. If 8 € (3,5), then V' — LS — L?*! since O c R3 is regular enough.
From now on, ug € VN L is substituted by up € V because of the equivalence
of V and V N LA

By Proposition 3.3, we can use the unique weak solution to define an evolution
process S(t,7) : H— H by

(3.10) S(t, T)ug = u(t,7,up), for all t > 7 and ug € H.
4. Backwards compact attractors in H

We first prove the evolution process has an increasing bounded pullback ab-
sorbing set in H for § > 1. The letter ¢ > 0 represents a universal constant which
may vary in different places.

LEMMA 4.1. Let 8> 1 and g be backwards tempered, then for each t € R and
R > 0, there exists 1o := 19(R) > 0 such that for all T > 79 and |ug|2 < R,

(4.1) sup|u(s,s — T, u0)|g < c(1+G(1)),
s<t

(4.2) sg;t)/ eW‘l(’”_s)(Hu(r, s—T, Uo)H2 + |u(r,s — 7, u0)|gﬁ)dr < (14 G(t)),
RS

where A\ is the first eigenvalue of A and G is a non-negative increasing function
defined by

(4.3) G(t) := sup/ M=) |0 () 2dr < oo,

s<t J—c0

PROOF. Let t € R be fixed. For each s < ¢, we multiply Eq. (3.1) with
u:=u(s,s — T,ug) and integrate it over O to obtain

d 1 ,U)\l
5 7 ez + ullull® + alulGl = (g(),u) < == [uls + T\g( s)13,
where we have used (3.2). Since ||u||? > A;|u|3, then
d I 1
(4.4) Tl pdaful + 5l + 20jul5E < clg(5)3.
Multiplying (4.4) by e#*1% and integrating it over [s — 7, s], we have
° 1(r—s) K 1

() + [ eIl + 20fur)lfDdr

(4.5 <l e [ e Iglr)

<e(1+ / e =g () 3dr),
—o0
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for all 7 > 7y with some 7y := 19(R) > 0.
Taking the supremum with respect to the past time s < ¢ in (4.5), we obtain
(4.1) and (4.2). By the hypothesis (3.4), G(t) is obviously finite and increasing. [J

We then give the backwards estimates in V. In this case, we need to assume
8> 3.

LEMMA 4.2. Let 3 > 3 and g be backwards tempered, then, for each t € R and
R > 0, there exists 1o := 19(R) > 2 such that for all T > 19 and |ug|l2 < R,

(4.6) bli[z [bupl ](||u(7“, s —1,u0)||? + |u(r,s — T, u0)|gﬁ) < (14 G(1)).
ssStrejs—1,s

where G(t) is given in (4.3).

PROOF. Let t € R be fixed and s < ¢. We multiply Eq. (3.1) with Au and us
respectively and integrate them over O, then the results are

d _
3 el + il + g [ a1 Vupda
& o

(4.7 = (9(-,9), Au) — / (u- V)uAudx
o
I
< 40 + el (- ) + el Vyul3
and
(48) |uf3+5 H (- il’ulﬁ+1 = (9(s),u )*/W'V)uu dz
s12 2d ﬁ—f—ldS B+1 ’ ) s o s

1
< Slusls +elg(c, )3 + el (w - V)uls.

Since # > 3, we have § — 1 > 2. By the Young inequality, we deduce

(4.9) cl(u-V)ul3 < c/ Jul?|Vul*de < %ﬂ/ lul? =Y Vul2dx + c|jul)®.
o o
Let § = min{p + 1, %}, then it yields from (4.7)-(4.9) that for all s < ¢,
d
(4.10) o (lull* + [ul511) + plAul3 <cllull® + clg(-, 5)[3.

Integrate (4.10) over [rq,7] with 71 € [s —2,s — 1] and r € [s — 1, 5] to obtain

lu(r, s — T, u0)||2 + |u(r, s — 7, up) |gﬁ

< cllu(r)|* + [u(r)I55 +6/ [[u(ra)l d?"2+0/ lg(-72) 3drs.

We then integrate the above inequality on 1 € [s — 2, s — 1] with s < ¢, it follows
from (4.2) that

up ]<||u<r, s —7u0)|? + Ju(r, s — 7, u)|517)
rels—1,s
(4.11) <e / 2(||u<r>||2+ lu(r) |31 )dr + / 2|g<-,r>|§dr

<c(1+G(1)),

whenever 7 > 79 with some 79 := 79(R) > 2. Hence, we get (4.6) by taking the
supremum in (4.11) with respect to s € (—oo, t]. O
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Finally, we derive a backwards compact attractor in H for g > 3.

THEOREM 4.3. Assume 8 > 3 and g is backwards tempered, then the evolution
process S generated by the non-autonomous damped 3D NSE possesses a pullback
attractor A = {A(t) }1er in H. Moreover, the attractor is backwards compact in H.

PROOF. Define a non-autonomous set by
K(t) := {w € V;|w|?* < ¢(1+ G(t))}, for each t € R,

where G(t) is given in (4.3). By the compactness of the Sobolev embedding, K(¢) is
compact in H. By (4.6), K is a (backward uniformly) pullback absorbing set in H.
Hence, there is a pullback attractor A. On the other hand, since K is increasing,
compact and uniformly pullback absorbing set, it follows easily that the process
is backwards pullback asymptotically compact. Then Theorem 2.7 and 2.11 imply
that A is backwards compact. ]

5. Backwards compact attractors in V'

We show in this section the pullback attractor in H is also a backwards compact
attractor in V' but we restrict 3 € (3,5). To do this, let {e;}$2, be the orthonormal
basis consisted of the eigenfunctions of A in the space H and let {\;} be the
corresponding eigenvalues ordered A;1; > A; such that A\;1; — oo as i — oo.
Denote P; : H — H; by the orthogonal projection with H; = span{ej,ea, - -, €;}.
Note that {e;}$2; C VN D(A) and it is also orthogonal in V' N D(A).

For any Solutlon u €V of Eq. (3.1), we consider the unique orthogonal decom-
position given by

u= Pu® (I — PZ)U =u1; O ug,, Vi € N.

We require a Poincaré-type inequality about wus;, and present its proof for

completeness although it may be known.

LEMMA 5.1. For each w € (I — P;)(V N D(A)) C VN D(A), we have
[wl* = Xeyawl3 and [Aw]3 = Niga ||w]|.

PROOF. Since w € Hi* = span{e;.1,¢€;12, -}, then

(oo} o0

w= Y (we)e; and |w|z= Y |(we;)*.

j=it1 j=it+1
Since A: D(A) C H — H is a closed operator, it follows that

Aw=A Z (w,ej)e; = Z (w,ej)Ae; = Z Aj(w, ej)e
j=it+1 j=it+1 j=it+1

Therefore, we have for w € (I — P~)(V ND(A))

|lw]]? = (Aw, w) Z Al (w, e)[? > Nip1|wl3.
J=i+1
Similarly,

oo
|Aw|3 = (Aw, Aw) Z Nlw, e) = Xixr > Al(w, e)* = Xiga|Jw]3-
Jj=i+1 j=i+1
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We next show the following assertion in order to prove the backwards pullback
flattening property in V.

LEMMA 5.2. Under the same assumptions of Lemma 4.1, for each t € R and
R > 0, there exists 1o := 179(R) > 2 such that for all T > 19 and ||ug] < R,

(5.1) sup/ |Au(r, s — 7,u0)[3dr < c(1 + G(t)),
—1

s<t

where G(t) is given in (4.3)
PROOF. By (4.7) and (4.9), we have for all s <,

d
(5-2) 2 lull® + plAul < cllull® + clg(-, 5)[3-

Integrating (5.2) over [s — 1, s], we deduce from (4.11) that for all s < ¢,
(5.3) ,u/ | Au(r)|3dr
s—1

<luts =P +e [ Ju)lPdre [ g < e+ Go)

Therefore, we obtain (5.1) by taking the supremum in (5.3) over all the past time
s <t. O

We also need the following Gagliardo-Nirenberg inequality.
Let O C R™ be bounded (or unbounded) and v € (C§°(O))™, then there is
¢ > 0 such that

| D7ul, < e D™ ultulg ™,

where 2 =2 +a(t —2)+(1-a)l, 1 <pgr<oo,0<j<m L <a<land
c only depends on n,m, j,q,7,a. If m —j — = is a nonnegative integer, then the
above inequality holds for £ <a < 1.

LEMMA 5.3. Let 6 € (3,5) and let g be backwards tempered and backwards
limiting, then for each e >0, t € R and R > 0, there exist 7 := 11(¢, R) > 2 and
N := N(g, R) > 0 such that for all > 71,1 > N and ||uo|| < R,

(5.4) sup ||(I — Pu(s, s — T,up)||* < €.

s<t
PRrROOF. Let i € N be fixed. Multiply Eq. (3.1) with Aus; to find

1d
(55) 5zl Aual

= (g(-,1), Aug ;) — / (u- V)uAug ;dx — a/ |U|B_1UAu2’ide'
@) 1)
1 3 H 2
< cllulf|ullz|Aul3 [Ausz ]2 + Z|Au2,z'|§ +clul 3} + clg (-, )3

0
< 5 lAuz i3+ cllull®|Auly + elg (-, D)I3 + elul3,

where we have used (3.3) in the second step. Let p = 28, ¢ = 4+ 1, j = 0,

r=m = 2 and n = 3 in the Gagliardo-Nirenberg inequality, then a = Z((g;;)) We
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know 0 < a < 1if 8 > 3. Hence, the last term in (5.5) is bounded by

|u|2,3 < c|Aul, |u‘,@+1

6(8—1)
U <2

By Lemma 5.1, |Aug ;|3 > Ai1luz;[|>. Then (5.5) can be rewritten as

Note that, in what follows, we need 3 < 5 to ensure the exponent

d
(5.6) %Hum”2 + pAig [Juz,q?

3 6(;;1) 2(B25+45+3> )
< cllul]’|Aulz + e[ Aul, "7 fulg 7T+l 1)

Multiplying (5.6) by e**i+1% (s € [r,t]), integrating the result in s € [r,¢] and then
integrating it once again in r € [t — 1,¢], we find

t
(5.7) [z, (£)]I2 S/ e 0 g i (r) | 2dr
t—1

t
*c/ 0 u(r) || Au(r) odr

t—1
6(8—1) 2(ﬁ2+45+3>

¢
+c/ eMi+1(T—t)|Au(r)\ﬁ|U(T>|ﬁ+1ﬁ+ dr
t—1

¢
+ c/ ehit1(r=t) lg(-, 7“)|%dr.
t—1

We now take into account the supremum of each term in (5.7) over the past time.
For the first term on the right side, since ||ua ;|| < |Ju||, we see from (4.6) and the
increasing property of G(-) that

(5.8) Sup/ e g i (ry s — 7)||*dr
1

s<t

< ¢(14+ G(t))sup / it (r=9) g < (1+G(1),
-1

s<t HAG41

for all 7 > 79 with some 79 := 79(R) > 2. By (4.6) and (5.1), we obtain

(5.9) sup/ e (=) (r s — 7)||1P| Au(r, s — 7)|odr
-1

s<t

< C(l + G(t))% sup/ el‘)‘i+1(’"*s)|Au(T)|2dT‘
s<t Js—1

<1+ Gnsupl( [ AuBani([ ek

s<t —1
(&

P —
V28N

(1+G(1)%
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; 6(8—1)
and, (since 8 € (3,5), then =7— < 2)
(5.10)

6(B=1) 2(8%+45+3)

S
sup [ eI Aur)l, T ) dr
s<t 1

(8+43) s 6(8—1)
<e(1+G(1) 7 sup / e )| Au(r) |, T dr
1

s<t

c(1+G(t)) Sita sup((/ |Au(r )|2d7=) =g (/ 62@’4575) #Ai+1(’l"—5)dr) 2(55;73))
s—1

s<t s—1
C

M1

V(1 a()
for all 7 > 71 with some 71 > 79. By (3.6), we see

(5.11) lim sup/ et i (r=9) g (. 1) 2dr = 0.

i—00 5<t J oo
Therefore, it follows from (5.7)-(5.11) that for all 7 > 7y,

sup ||[(I — Py)u(s,s — 7,up)||* — 0, as i — oo,
s<t

which finishes the proof. O

By using the previous auxiliary results, we now present the backwards compact
attractor in V.

THEOREM 5.4. Assume 3 € (3,5) and g are both backwards tempered and
backwards limiting, then the evolution process S induced by the non-autonomous
damped 3D NSE has a backwards compact attractor A = {A(t) }ser in the Sobolev
space V. Furthermore, the attractor is the minimal closed pullback attracting set in
V.

PrOOF. We prove all conditions in Theorem 2.7 are fulfilled. By (4.6), the
pullback absorbing set in V' is given by

Ki(t) := {w € V;|w|? < (1 +G(t))}, for every t € R,

where G(t) is defined in (4.3). It is obvious, by (3.4), that K; is bounded and
increasing in V. By (4.6) and (5.4), the process S defined on V is backwards
pullback flattening in V. Therefore, by Theorem 2.7, the process S related to Eq.
(1.1) has a pullback attractor A in V', which is also backwards compact in V. O

REMARK 5.5. It seems that # = 5 is critical for the existence of attractors for
the damped 3D NSE in the Sobolev space V. In this case, 6(5[3;71) = 2 in (5.10),
then the bound given in (5.10) is independent of 4, and thus (5.10) does not tend to
zero as ¢ — oo. Actually, there exist similar problems in [26, 27] when the authors
tried to prove the boundedness of |Auls. So they did not prove the case of 8 =5
although claimed in their papers.
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