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Multiple nontrivial solutions for a class of nonlinear
Schrödinger equations with linear coupling

Jun Wang and Zhaosheng Feng

Communicated by Y. Charles Li, received September 9, 2016.

Abstract. In this paper, we are concerned with the existence and multiplicity
of nontrivial solutions of a class of nonlinear Schrödinger equations which arise
from nonlinear optics. We prove that there are two families of semiclassical
positive solutions, which concentrate on the minimal and maximum points of
the associated potentials, respectively. We also investigate the relationship
between the number of solutions and the topology of the set of the global
minima of the potentials by the minimax theorem. The novelty is that it
might be the first attempt to explore multiplicity and concentration of positive
solutions for such kind of coupled Schrödinger equations.
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1. Introduction and Main Results

Consider the nonlinear Schrödinger equations

(Kε)

⎧⎪⎨
⎪⎩
−ε2Δu + V (x)u = g(u) + λv, x ∈ R

N ,

−ε2Δv + M(x)v = f(v) + λu, x ∈ R
N ,

u(x), v(x) → 0, as |x| → ∞,

where ε is a small positive parameter, λ > 0, V,M ∈ C(RN , R) are positive func-
tions, and f and g are superlinear and subcritical nonlinearity.

The system (Kε) is initially generated from the following time-dependent non-
linear vector Schrödinger equations

(1.1)

⎧⎪⎨
⎪⎩

i�∂φ1
∂t = − �

2

2mΔφ1 + V (x)φ1 + g(φ1) + λφ2, (t, x) ∈ R
+ × R

N ,

i�∂φ2
∂t = − �

2

2mΔφ2 + M(x)φ2 + f(φ2) + λφ1, (t, x) ∈ R
+ × R

N ,

φj = φj(t, x) ∈ C, φj(t, x) → 0, as |x| → ∞, j = 1, 2,

where i is the imaginary unit, Δ is the Laplacian operator, and � > 0 is the
Planck constant. System (1.1) arises in nonlinear optics (cf. [3, 5]). As we know,
nonlinear Schrödinger equations (NLS) have been broadly investigated in many
aspects, especially in standing wave solutions [2, 3, 35, 36]. A standing wave
solution of system (1.1) takes the form

(φ1(t, x), φ2(t, x)) =
(
u(x)e−

iEt
� , v(x)e−

iEt
�

)
, (t, x) ∈ R

+ × R
N .

If we assume that f(eiθu) = eiθf(u) and g(eiθu) = eiθg(u) for all u ∈ R. Then,
(φ1, φ2) solves system (1.1) if and only if (u, v) solves the system

(1.2)

⎧⎪⎨
⎪⎩
− �

2

2mΔu + (V (x)− E)u = g(u) + λv, x ∈ R
N ,

− �
2

2mΔv + (M(x)− E)v = f(v) + λu, x ∈ R
N ,

u(x), v(x) → 0, as |x| → ∞.

In this study, we are concerned with positive solutions of system (Kε) for small
� > 0. In this case, the standing waves are referred to as semiclassical states.
Let ε2 = �

2m . For our convenience, by replacing (V (x) − E) and (M(x) − E) by
V (x) and M(x) respectively, it turns out to be system (Kε). In this framework, our
interests focus on the existence of solutions and their asymptotic behaviors as ε → 0.
Typically, solutions tend to concentrate around critical points of V or M (which
are called spikes). In order to study the concentration phenomena of solutions of
system (Kε), we start with the constant coefficient problem (cf. [1, 2, 4, 6, 9] and
the references therein):

(1.3)

⎧⎪⎨
⎪⎩
−Δu + μu = g(u) + λv, x ∈ R

N ,

−Δv + σv = f(v) + λu, x ∈ R
N ,

u(x), v(x) → 0, as |x| → ∞,

where μ and σ > 0 are constants. System (1.3) can be regarded as a limit problem
after a suitable re-scaling of system (1.1). Before stating our results, let us briefly
recall some definitions of solutions of system (1.3). It is well-known that a solution
(u, v) of system (1.3) is called a bound state. If a bound state (u, v) �= (0, 0),
we call it a nontrivial bound state. A solution is called a ground state solution
if (u, v) �= (0, 0) and its energy is minimal among the energy of all the nontrivial
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bound states of system (1.3). A ground state solution which satisfies u > 0 and
v > 0 is called a positive ground state solution. Ambrosetti et al considered the
case where f(s) = g(s) = s3, σ = ρ = 1, small λ > 0 and N ≤ 3, and proved the
existence of multi-bump solutions for system (1.3). When g = (1 + a(x))|u|p−2u
and f = (1 + b(x))|v|p−2v (2 < p < 2∗ and 2∗ = 2N

N−2 is the Sobolev critical
exponent), system (1.3) was investigated in [1] with the dimension N = 1 and in
[2] with the dimension N ≥ 2, respectively. The existence of nontrivial bound
state was proved. Recently, Chen and Zou [6] dealt with the existence of positive
ground state solution for system (1.3) with the critical growth. They also studied
positive ground state solutions of system (1.3) with a more general nonlinearity in
[9]. Based on these existing results, we will establish some properties of the least
energy solutions for the limit problem (1.3) in Section 3.

Considerable attention is also dedicated to the semiclassical case [7, 8, 14, 22].
For example, Ikoma and Tanaka [22] considered the following system

(C ∗ε )

{
−ε2Δu + V1(x)u = μ1u

3 + βv2u in R
N ,

−ε2Δv + V2(x)v = μ2v
3 + βvu2 in R

N ,

where N = 2, 3, μ1, μ2, β > 0, and V1 and V2 are positive continuous functions.
Let P ∈ R

N and m(P ) be the least energy level for nontrivial vector solutions of
the problem

(C ∗∗ε )

{
−Δu + V1(P )u = μ1u

3 + βv2u in R
N ,

−Δv + V2(P )v = μ2v
3 + βvu2 in R

N .

Assume that there exists an open bounded set Λ ⊂ R
N such that infP∈Λ m(P ) <

infP∈∂Λ m(P ). By using the idea from [20, 21], it shows that there exists a suf-
ficiently small ε0 > 0 such that for ε ∈ (0, ε0], system (C ∗ε ) possesses a family
of positive solutions {(uε, vε)}, which concentrates, after extracting a subsequence
εn → 0, to a point P0 ∈ Λ with m(P0) = infP∈Λ m(P ). Moreover, (uε, vε) converges
to a least energy nontrivial solution of system (C ∗∗ε ) after a suitable re-scaling of x.
The multiplicity and concentration of nontrivial solutions of system (C ∗ε ) was pre-
sented in [14]. The existence and concentration of ground state solution of system
(Kε) with the subcritical growth was discussed in [7]. Very recently, Chen and Zou
[8] considered the following equations with the critical growth

(1.4)

⎧⎪⎨
⎪⎩
−ε2Δu + a(x)u = up−1 + λv, x ∈ R

N ,

−ε2Δv + b(x)v = v2∗−1
+ λu, x ∈ R

N ,

u > 0, v > 0 in R
N , u(x), v(x) → 0, as |x| → ∞,

where 2 < p < 2∗, λ > 0 and ε > 0 is sufficiently small. Assume that a has a local
minimum. It shows that system (K )ε has a positive solution, which concentrate
on the local minimum of a.

To the best of our knowledge, all these elegant results mentioned above are
concerning the existence and concentration of positive solutions for system (K )ε.
It is quite natural to ask that: can one obtain the multiplicity and concentration of
positive solutions for system (K )ε in the semiclassical case? Since the semiclassical
state solutions describe a kind of transition from quantum mechanics to Newtonian
mechanics from the point of view of physics [10], such phenomenon of concentration
has been of interest to both mathematicians and physicists. It is also one of main
motivations for this study.
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Before stating assumptions for V and M , let us introduce the following nota-
tions:

V0 = min
x∈RN

V (x), Vmax = max
x∈RN

V (x), and V∞ = lim inf
|x|→∞

V (x);

M0 = min
x∈RN

M(x), Mmax = max
x∈RN

V (x), and M∞ = lim inf
|x|→∞

M(x);

M1 = {x ∈ R
N : V (x) = V0} and M2 = {x ∈ R

N : M(x) = M0}.
Assume that the bounded functions V and M satisfy the following three con-

ditions:
(V0) V,M ∈ C(RN , R) such that 0 < V0 < V∞ < ∞ and 0 < M0 ≤ M∞ < ∞,

and there exists xv ∈M1 such that M(xv) ≤M∞.
(V1) V,M ∈ C(RN , R) such that 0 < V0 ≤ V∞ < ∞ and 0 < M0 < M∞ < ∞,

and there exists xm ∈M2 such that V (xm) ≤ V∞.
(V2) V,M ∈ C(RN , R) satisfy

0 < inf
x∈RN

V (x) ≤ V∞ = lim sup
|x|→∞

V (x) ≤ V (x),

and
0 < inf

x∈RN
M(x)M∞ = lim sup

|x|→∞
M(x) ≤M(x).

Moreover, there holds |C1| > 0 or |C2| > 0, where C1 = {x ∈ R
N , V (x) >

V∞} and C2 = {x ∈ R
N ,M(x) > M∞}.

The hypothesis (V0) was first introduced by Rabinowitz [36] in the study of
a nonlinear Schrödinger equation. For f and g, the following three conditions are
imposed:

(F1) Suppose that f, g ∈ C(RN ), f(t) = o(t) and g(t) = o(t) as t → 0, and
f(t)t > 0 and g(t)t > 0 for all t > 0. Moreover, one of the following
cases holds: (1) F (|t|) ≥ F (t) (∀t ∈ R) and g(t) = 0 (∀t ≤ 0); (2)
G(|t|) ≥ G(t) (∀t ∈ R) and f(t) = 0 (∀t ≤ 0), where F (t) =

∫ t

0
f(s)ds and

G(t) =
∫ t

0
g(s)ds.

(F2)
f(t)
|t| and g(t)

|t| are strictly increasing on interval (0,∞) for f(t) �= 0 and
g(t) �= 0.

(F3) Both |f(t)| ≤ c(1 + |t|p−1) and |g(t)| ≤ c(1 + |t|q−1) holds for some c > 0,
where 2 < p and q < 2N

N−2 if N ≥ 3, or 2 < p and q < ∞ if N = 1, 2.

Moreover, there holds F (t)
t2 →∞ and G(t)

t2 →∞, as t →∞.
From conditions of (F1)-(F2), it is easy to see that

(1.5) F (v) > 0, 2F (v) < f(v)v and G(u) > 0, 2G(u) < g(u)u, ∀ u, v �= 0,

where F (u) =
∫ u

0
f(s)ds. Following [30, 31, 37], in order to obtain some concen-

tration phenomena for positive solutions, when condition (V0) holds, without loss
of generality, we can assume M(xv) = minx∈M1 M(x) and define the set

V := {x ∈M1 : M(x) = M(xv)} ∪ {x �∈M1 : M(x) < M(xv)}.
Similarly, when condition (V1) holds, we assume V (xm) = minx∈M2 V (x) and define
the set

M := {x ∈M2 : V (x) = V (xm)} ∪ {x �∈M2 : V (x) < V (xm)}.
Clearly, if M1 ∩M2 �= ∅, one can deduce that V = M = M1 ∩M2.
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Let

Xε,λ(u, v) :=
∫

RN

(−ε2|∇u|2+|∇v|2+V (x)|u|2+V (x)|v|2)−(G(u)+F (v))+λ

∫
RN

uv,

denote the energy function of system (Kε).
Set

γε = inf{Xε,λ(u, v) : (u, v) �= 0 is a solution of (Kε)}.
The solution (ψ0, ϕ0) �= 0 with γε = Xε,λ(ψ0, ϕ0) is usually called a ground state
solution. If z0 = (ψ0, ϕ0) is a solution of system (Kε) with ψ0 > 0 and ϕ0 > 0,
we call z0 a positive solution of system (Kε). We say z0 = (ψ0, ϕ0) > 0 (or ≥ 0)
means that ψ0 > 0 (or ≥ 0) and ϕ0 > 0 (or ≥ 0). Let L ′

ε denote the set of all
positive ground state solutions of system (Kε).

We summarize our main results as follows.

Theorem 1.1. Suppose that (V0) and (F1)-(F3) hold. Then for all sufficiently
small ε > 0 and 0 < λ < δ := min{1, V0,M0}, there exists at least one ground state
solution wε = (uε, vε) in E = H1(RN )×H1(RN ) to system (Kε). In addition, if V
and M are uniformly continuous functions, and g(t) = g1(t) + c1|t|q−2t and f(t) =
f1(t) + c2|t|p−2t, where p and q are given in (F3), c1, c2 > 0, 1

2g1(t)t −G1(t) ≥ 0
and 1

2f1(t)t − F1(t) ≥ 0, and G1(t) =
∫ t

0
g(s)ds and F1(t) =

∫ t

0
f(s)ds, then the

following three statements are true.
(G1) Lε is compact in H1(RN )×H1(RN ).
(G2) There exists a maximum point xε of wε such that

lim
ε→0

dist(xε, V ) = 0.

For any sequences of such point xε → x0 as ε → 0, hε(x) = wε(εx + xε)
uniformly converges to a positive ground state solution of the system

(KV0)

⎧⎪⎨
⎪⎩
−Δu + V (x0)u = g(u) + λv in R

N ,

−Δv + M(x0)v = f(v) + λu in R
N ,

u > 0, v > 0, in R
N , u, v ∈ H1(RN ),

as ε → 0.
(G3) There holds

lim
|x|→∞

wε(x) = 0 and lim
|x|→∞

|∇wε(x)| = 0,

where wε ∈ C1,σ
loc (RN ) with σ ∈ (0, 1). Furthermore, there exist two con-

stants C, c > 0 such that

|wε(x)| ≤ Ce−
c
ε |x−xε|

for all x ∈ R
N .

Theorem 1.2. Suppose that (V1) and (F1)-(F3) hold. Then for all sufficiently
small ε > 0 and 0 < λ < δ := min{1, V0,M0}, there is at least one ground state
solution wε = (uε, vε) in E to system (Kε). Moreover, if V and M are uniformly
continuous functions, and g(t) = g1(t) + c1t

q−1 and f(t) = f1(t) + c2t
p−1, where p

and q are given in (F3), c1, c2 > 0, 1
2g1(t)t − G1(t) ≥ 0 and 1

2f1(t)t − F1(t) ≥ 0,
by replacing V with M in (G2), then all three statements of (G1)-(G3) remain true.

From Theorems 1.1 and 1.2, we can obtain the following corollary immediately.
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Corollary 1.3. Suppose that (V0)-(V1) and (F1)-(F3) hold. Then for all suf-
ficiently small ε > 0 and 0 < λ < δ := min{1, V0,M0}, system (Kε) has two positive
ground state solutions z1

ε and z2
ε , which satisfy the concentration phenomena as de-

scribed in Theorems 1.1 and 1.2 if V and M are uniformly continuous functions.
Moreover, the two positive solutions zj

ε (j = 1, 2) are distinct if V ∩M = ∅.
Now, we shall state the existence of multiple positive solutions for system (Kε).

To do this, we recall that, if Y is a closed subset of a topological space X, the
Ljusternik-Schnirelmann category catX(Y ) is the least number of closed and con-
tractible sets in X which cover Y . We assume that the following condition holds:

(K1) If M1 ∩M2 �= ∅, we set O = M1 ∩M2.
In view of (V0) or (V1), the set O is compact. For any δ > 0, we denote

Oδ = {x ∈ R
N : dist(x,O) ≤ δ}.

Theorem 1.4. Suppose that (V0) or (V1), (K1) and (F1)-(F3) hold. If V
and M are uniformly continuous functions, and g(t) = g1(t) + c1t

q−1 and f(t) =
f1(t) + c2t

p−1, where p and q are given in (F3), c1, c2 > 0, 1
2g1(t)t − G1(t) ≥ 0

and 1
2f1(t)t − F1(t) ≥ 0, then for each δ > 0, there exist an εδ > 0 such that for

any ε ∈ (0, εδ) and 0 < λ < δ := min{1, V0,M0}, the following three statements are
true.

(I1) There are at least catOδ
(O) positive solutions to system (Kε).

(I2) If wε = (uε, vε) denotes one of these positive solutions and σε ∈ R
N such

that wε(σε) = maxx∈RN wε(x), then we have σε → y0 ∈ O.
(I3) There holds

lim
|x|→∞

|wε(x)| = 0 and uε ∈ C1,σ
loc (RN ) with σ ∈ (0, 1).

Furthermore, there exist two constants C, c > 0 such that

|wε(x)| ≤ Ce−
c
ε |x−σε|

for all x ∈ R
N .

Theorem 1.5. Suppose that (V2) and (F1)-(F3) hold. Then for any 0 < λ <
δ := min{1, V0,M0}, there is no ground state solution for all ε > 0 to system (Kε).

Remark 1.6. In the present paper, we devote to the study of the multiplicity
and concentration of positive solutions of system (Kε), see Corollary 1.3 and The-
orem 1.4. We wish that these results can fill in the gap of some existing results in
the literature.

Remark 1.7. The conditions (V0)-(V1) and the sets V and M were introduced
in [30, 31], where they were used to study the concentration of solutions of Dirac
and Schrödinger equations.

Making the change of variable εy = x, we can reduce system (Kε) to an equiv-
alent system

(Pε)

⎧⎪⎨
⎪⎩
−Δu + Vε(x)u = g(u) + λv, x ∈ R

N ,

−Δv + Mε(x)v = f(v) + λu, x ∈ R
N ,

u(x), v(x) → 0, as |x| → ∞.

Throughout the paper we will often use the notation c to denote a generic positive
constant. The value of c is allowed to vary from place to place.
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The paper is organized as follows. In Section 2, we present some technical
lemmas. In Section 3, we study some properties of the least energy solutions of
the associated systems. Section 4 is dedicated to the concentration phenomena of
ground state solutions of system (Pε). In Section 5, we demonstrate the proofs of
our main results on the existence and concentration of positive solutions for system
(Pε). In Section 6, we apply the Ljusternik-Schnirelmann category to discuss the
multiplicity of positive solutions of system (Pε).

2. Variational Setting and Nehari Manifolds

Let X and Y be two Banach spaces with norms ‖·‖X and ‖·‖Y , respectively. De-
note by X×Y the product space of X and Y with the norm ‖(x, y)‖X×Y := (‖x‖2X+
‖y‖2Y )

1
2 . If X and Y are Hilbert spaces with the inner products (·, ·)X and (·, ·)Y ,

then X × Y is also a Hilbert space with the inner product ((x, y), (w, z))X×Y =
(x,w)X + (y, z)Y .

Let | · |q denote the usual Lq-norm and (·, ·)2 denote the usual L2 := L2(RN )-
inner product. For the Hilbert space H1(RN ), the inner product is denoted by

(u1, u2) =
∫

RN

(∇u1∇u2 + u1u2),

and correspondingly the norm is denoted by ‖u‖ = (u, u)
1
2 .

Let E = H1(RN ) × H1(RN ). For any ε > 0, let H1
ε = {u ∈ H1(RN ) :∫

RN V (εx)u2 <∞} denote the Hilbert space endowed with the inner product

(u, v)ε =
∫

RN

∇u∇v + V (εx)uv, for u, u ∈ Hε,

and the induced norm is denoted by ‖u‖2ε = (u, u)ε. Clearly, ‖ · ‖ε and ‖ · ‖ are
equivalent norms for any ε > 0 and V∞ < ∞. Similarly, one can define a Hilbert
space by

H2
ε =

{
u ∈ H1(RN ) :

∫
RN

M(εx)u2 <∞
}

.

Let Eε = H1
ε × H2

ε . Clearly, E = Eε for each ε > 0. On Eε we define a
functional as

Jε,λ(z) = Jε,λ(u, v)

=
1
2

∫
RN

(
|∇u|2 + |∇v|2 + V (εx)|u|2 + M(εx)|v|2

)
−

∫
RN

(F (v) + G(u))− λ

∫
RN

uv.

for u ∈ Eε. Obviously, Jε,λ ∈ C1(Eε, R) and a standard argument shows that
critical points of Jε,λ are solutions of system (Pε) (see [2, 6, 7]).

We may use the Nehari method to achieve our goal. This method has been
widely used and developed in the past several decades, for instance, see [2, 3, 16,
39, 40, 41]. Following [16], we define the Nehari manifold corresponding to Jε,λ

by

Nε =
{
(u, v) ∈ Eε \ {(0, 0)} : J ′

ε,λ(u, v)(u, v) = 0
}

.
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One can see that for z = (u, v) ∈ Nε, it has

∫
RN

(|∇u|2 + Vε(x)|u|2 + |∇v|2 + Mε(x)|v|2) =
∫

RN

(f(v)v + g(u)u) + 2λ

∫
RN

uv,

(2.1)

where Vε(x) = V (εx). This implies that for u ∈ Nε, there holds

Jε,λ|Nε(u, v) =
∫

RN

[(
1
2
f(v)v − F (v)

)
+

(
1
2
g(u)u−G(u)

)]
(2.2)

Here, let us present some elementary properties for Nε.

Lemma 2.1. Under the assumptions of Theorem 1.1, for 0 < λ < min{1, V0,M0}
and ε > 0, we have that for all z = (u, v) ∈ Sε = {z ∈ Eε : ‖z‖ε = (‖u‖2ε +‖v‖2ε)

1
2 =

1}, there exists a unique tz > 0 such that tzz ∈ Nε. Moreover, mε(z) = tzz is the
unique maximum of Wε,λ on Eε. Conversely, for each z ∈ Nε, we define

m̌ε(z) = m−1
ε (z) =

z

‖z‖ε
∈ Sε.(2.3)

That is, the mapping mε is a homeomorphism between Sε ⊂ Eε and Nε, and Nε is
a Nehari manifold.

Proof. Following [11, 12], for each z = (u, v) ∈ Sε and t > 0, we define
k(t) = Jε,λ(tu, tv). It is easy to verify that k(0) = 0 and k(t) < 0 for the large
t > 0. Moreover, we claim that

k(t) > 0 for t > 0 small.(2.4)

Indeed, from the conditions (F1)-(F3), we deduce that for each ε > 0 there exists
a Cε > 0 such that

|f(v)| ≤ ε|v|+ Cε|v|p−1 and |F (v)| ≤ ε|v|2 + Cε|v|p,
|g(u)| ≤ ε|u|+ Cε|u|q−1 and |G(u)| ≤ ε|u|2 + Cε|u|q,

(2.5)

where p and q are given in (F3). It follows that

k(t) =
t2

2

∫
RN

(|∇u|2 + |∇v|2 + V (εx)|u|2 + M(εx)|v|2)

−
∫

RN

(F (tv) + G(tu))− t2λ

∫
RN

uv.

≥ δ0t
2

2
(‖u‖2 + ‖v‖2)− εt2(|u|22 + |v|22)− Cε(tp|v|pp + tq|u|qq)− λt2|u|2|v|2

≥ t2

2
(δ0 − λ)(‖u‖2 + ‖v‖2)− t2(‖u‖2 + ‖v‖2)− cCε(tp‖v‖p + tq‖u‖q)

=
t2

2
(δ0 − λ− cε)(‖u‖2 + ‖v‖2)− cCε(tp‖v‖p + tq‖u‖q),

where δ0 = min{1, V0,M0}. Since p, q > 2, if ε is small enough such that λ+cε < δ0,
we find that k(t) > 0 for the small t > 0. Hence, maxt>0 k(t) is attained at a
t = tz > 0 so that k′(tz) = 0 and tzz ∈ Nε. Suppose that there exist tz,1 > tz,2 > 0
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such that tz,1z, tz,2z ∈ Nε. Then we have

t2z,1

(
‖u‖2ε + ‖v‖2ε

)
=

∫
RN

(f(tz,1v)tz,1v + g(tz,1u)tz,1u) + λt2z,1

∫
RN

uv,

t2z,2(‖u‖2ε + ‖v‖2ε) =
∫

RN

(f(tz,2v)tz,2v + g(tz,2u)tz,2u) + λt2z,2

∫
RN

uv.

(2.6)

A direct calculation gives

0 =
∫

RN

(
f(tz,1v)

tz,1v
− f(tz,2v)

tz,2v

)
v2 +

∫
RN

(
g(tz,1u)
tz,1u

− g(tz,2u)
tz,2u

)
u2,

which makes no sense in view of (F2) and tz,1 > tz,2 > 0. Conversely, the inverse
of mε is given by (2.3). That is, the mapping mε is a homeomorphism between
Sε ⊂ Eε and Nε. �

Lemma 2.2. Under the assumptions of Lemma 2.1, for 0 < λ < min{1, V0,M0}
and ε > 0, the following three properties are true.

(A1) The set Nε is bounded away from 0. Furthermore, Nε is closed in Eε.
(A2) There is α > 0 such that tu ≥ α for each u ∈ Sε and for each compact

subset W ⊂ Sε, there exists CW > 0 such that tu ≤ CW , for all u ∈ W.
(A3) cε = infNε

Jε,λ ≥ ρ > 0 and Jε,λ is bounded below on Nε, where ρ > 0
is independent of ε.

Proof. (A1) For u ∈ Nε, it follows from (2.1) and (2.5) that

‖u‖2ε + ‖v‖2ε ≤ cε(‖u‖2ε + ‖v‖2ε) + cCε(‖u‖q
ε + ‖v‖p

ε) + λ|u|2|v|2

≤ cε(‖u‖2ε + ‖v‖2ε) + cCε(‖u‖q
ε + ‖v‖p

ε) +
λ

2V0
(‖u‖ε + ‖v‖ε).

(2.7)

From (2.7), we have(
1− cε− λ

2V0

)
(‖u‖2ε + ‖v‖2ε) ≤ cCε(‖u‖q

ε + ‖v‖p
ε).

Since λ < V0, we can choose ε small enough such that 1− cε− λ
2V0

> 0. There
is a σ > 0 (independent of ε) such that

‖u‖q−2
ε + ‖v‖p−2

ε ≥ σ.

It further gives

‖z‖p−2
ε + ‖z‖q−2

ε ≥ ‖u‖q−2
ε + ‖v‖p−2

ε ≥ σ.(2.8)

That is, the set Nε is bounded away from 0. To prove that the set Nε is closed in
Eε, we let {zn} ⊂ Nε such that zn → z in Eε. We know that J ′

ε,λ(zn) is bounded,
and then from

J ′
ε,λ(zn)zn −J ′

ε,λ(z)z = (J ′
ε,λ(zn)−J ′

ε,λ(z))z + J ′
ε,λ(zn)(zn − z)

→ 0, as n →∞,

we see that J ′
ε,λ(z)z = 0. It follows from (2.7) that

‖z‖2ε = lim
n→∞ ‖zn‖2ε ≥ δ > 0.

So we arrive at z ∈ Nε.
(A2) For {zn} ⊂ Eε \ {0}, there exist tzn

such that tzn
zn ∈ Nε. From Part

(A1), one can see that ‖tzn
zn‖ε = tzn

‖zn‖ε ≥ σ > 0. It is impossible to have that
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tzn → 0, as n →∞. To prove tz ≤ CW for all z ∈ W ⊂ Sε, by way of contradiction,
we suppose that there exists {zn} ⊂ W ⊂ Sε such that tn = tzn →∞. Since W is
compact, there exists z = (u, v) ∈ W such that zn = (un, vn) → z = (u, v) in Eε

and zn(x) → z(x) a.e. on R
N after passing to a subsequence. Then, it follows from

(F3) that
Jε,λ(zn)

=
t2n
2

∫
RN

(
|∇un|2 + |∇vn|2 + V (εx)|un|2 + M(εx)|vn|2

)
−

∫
RN

(F (tnvn) + G(tnun))− λt2n

∫
RN

unvn

≤t2n

[
1
2
(‖un‖2ε + ‖vn‖2ε) + λ‖un‖ε‖vn‖ε −

∫
RN

(
F (tnvn)
(tnvn)2

v2
n +

G(tnun)
(tnun)2

u2
n

)]
→−∞, as n →∞.

However, from (2.2) we know that Jε,λ(tnzn) ≥ 0. This yields a contradiction.
(A3) For ε > 0, λ > 0, s > 0 and z = (u, v) ∈ Eε \ {0}, similar to the proof of

Lemma 2.1, we can see that for each ε > 0, there exists a Cε > 0 such that

Jε,λ(sz) =
s2

2

∫
RN

(|∇u|2 + |∇v|2 + V (εx)|u|2 + M(εx)|v|2)

−
∫

RN

(F (sv) + G(su))− λs2

∫
RN

uv

≥ s2

2
(δ0 − λ− cε)

(
‖u‖2 + ‖v‖2

)
− cCε (sp‖v‖p + sq‖u‖q) ,

where ε is small enough such that λ + cε < δ0. So, there is a ρ > 0 such that
Jε,λ(sz) ≥ ρ > 0 for small s > 0. On the other hand, it follows from Lemma 2.1
that

cε = inf
Nε

Jε,λ(u) = inf
w∈Eε\{0}

max
s>0

Jε,λ(sw) = inf
w∈Sε

max
s>0

Jε,λ(sw).

Hence, we obtain cε ≥ ρ > 0 and Jε,λ|Nε ≥ ρ > 0. �

Let us move to the functionals Ûε,λ : Eε \ {0} → R and Uε,λ : Sε → R defined
by

Ûε,λ(z) = Jε,λ(m̂ε(z)) and Uε,λ = Ĵε,λ|Sε
,

respectively, where m̂ε(z) = tzz = tz(u, v) is the unique maximum of Jε,λ on Eε.

Lemma 2.3. (See [16, Corollary 3.3]) Under the assumptions of Lemma 2.3,
for λ �= 0 and ε > 0 we have that

(B1) Uε,λ ∈ C1(Sε, R), and

U ′
ε,λ(w)z = ‖mε(w)‖εJ

′
ε,λ(mε(w))z for z ∈ TwSε.

(B2) {wn} is a Palais-Smale sequence for Uε,λ if and only if {mε(wn)} is a
Palais-Smale sequence for Jε,λ. If {un} ⊂ Nε is a bounded Palais-Smale
sequence for Jε,λ, then m̌ε(zn) is a Palais-Smale sequence for Uε,λ, where
m̌ε(z) = m−1

ε (z) = z
‖z‖ε

.
(B3) infSε Uε,λ = infNε Jε,λ = cε. Moreover, z ∈ Sε is a critical point of Uε,λ

if and only if mε(z) is a critical point of Jε,λ, and the corresponding
critical values coincide.
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Remark 2.4. By Lemma 2.1, we note that the infimum of Jε,λ over Nε has
the following minimax characterization:

cε = inf
Nε

Jε,λ(u) = inf
w∈Eε\{0}

max
s>0

Jε,λ(sw) = inf
w∈Sε

max
s>0

Jε,λ(sw).(2.9)

3. Ground State Solutions for Autonomous Equations

In this section, we shall prove some properties of the least energy solutions of
the autonomous equations. Specifically, for each μ ≥ V0, σ ≥ M0 and λ �= 0, we
consider the following system

(Pμσ,λ)

⎧⎪⎨
⎪⎩
−Δu + μu = g(u) + λv in R

N ,

−Δv + σv = f(v) + λu in R
N ,

u(x) → 0, v(x) → 0, as |x| → ∞.

For any μ > 0, let

Hμ =
{

u ∈ H1(RN ) :
∫

RN

μu2 <∞
}

be the Sobolev space endowed with the norm ‖u‖2μ =
∫

RN |∇u|2 + μ|u|2. Clearly,
the norms ‖ · ‖μ and ‖ · ‖ are equivalent. Let Eμσ = Hμ × Hσ. It is easy to see
E = H1(RN )×H1(RN ) = Eμσ for each μ, σ > 0. We define the functional on Eμσ

by

Jμσ,λ(z) = Jμσ,λ(u, v) =
1
2

∫
RN

(|∇u|2 + |∇v|2 + μ|u|2 + σ|v|2)

−
∫

RN

(F (v) + G(u))− λ

∫
RN

uv

for u ∈ Eμσ. Obviously, Jμσ,λ ∈ C1(Eμσ, R) and a standard argument shows that
critical points of Jμσ,λ are solutions of system (Pμσ,λ) (see [2, 6, 7]). In order
to find critical points of the functional Jμσ,λ, we will employ the Nehari manifold
methods. We define the Nehari manifold associated with Jμσ,λ by

Nμσ = {u ∈ Eμσ \ {0} : J ′
μσ,λ(u, v)(u, v) = 0}.

For u ∈ Nμσ, one can see that

∫
RN

(|∇u|2 + μ|u|2) +
∫

RN

(|∇v|2 + σ|v|2) =
∫

RN

(f(v)v + g(u)u) + 2λ

∫
RN

uv.

(3.1)

This implies that for u ∈ Nμσ, there holds

Jμσ,λ|Nμσ
=

∫
RN

[
(
1
2
f(v)v − F (v)) + (

1
2
g(u)u−G(u))

]
.(3.2)

Similar to Lemmas 2.1 and 2.2, we know that Nμσ has the following elementary
properties.

Lemma 3.1. Under the assumptions of Theorem 1.1, for 0 < λ ≤ δ0 =
min{1, V0,M0} and μ, σ > 0, the following statements are true.

(C1) For all z ∈ Sμσ = {z = (u, v) ∈ Eμσ : ‖u‖2μ + ‖v‖2σ = 1}, there exists a
unique tu > 0 such that tzz ∈ Nμσ. Moreover, mμσ(z) = tzz is the unique
maximum of Jμσ,λ on Eμσ.

(C2) The set Nμσ is bounded away from 0. Furthermore, Nμσ is closed in Eμσ
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(C3) There is δ > 0 such that tz ≥ δ holds for each u ∈ Sμσ and for each
compact subset W ⊂ Sμσ, there exists CW > 0 such that tz ≤ CW holds
for all z ∈ W

(C4) Nμσ is a regular manifolds diffeomorphic to the sphere of Eμσ.
(C5) cμσ = infNμσ

Jμσ,λ > 0, and Jμσ,λ|Nμσ
is bounded below by some positive

constant.

From (C1) of Lemma 3.1, we know that for each z ∈ Eμσ \ {0}, there exists
a unique tz > 0 such that tzz ∈ Nμσ. So we can define the mapping: m̂μσ:
Eμσ \ {0} → Nμσ by

m̂μσ(z) = tzz.

Clearly, mμσ = m̂μσ|Sμσ
.

Let

Ûμσ,λ : Eμσ \ {0} → R,

Ŷμσ,λ(w) := Jμσ,λ(m̂μσ(w)),

Uμσ,λ := Ûμσ,λ|Sμσ
.

If the inverse of the mapping mμσ to Sμσ is given by

m̌μσ = m−1
μσ : Nμσ → Sμσ and m̌μσ =

u

‖u‖μσ
,

then by using the same arguments as in [16, Corollary 10] we have the following
lemma.

Lemma 3.2. Under the assumptions of Lemma 3.1, for

0 < λ ≤ δ0 = min{1, V0,M0}
and μ, σ > 0 and ε > 0, the following statements are true.

(i) Uμσ,λ ∈ C1(Sμσ, R), and

U ′
μσ,λ(w)z = ‖mμσ(w)‖μσJ ′

μσ,λ(mμσ(w))z, for z ∈ TwSμσ.

(ii) {wn} is a Palais-Smale sequence for Uμσ,λ if and only if {mμσ(wn)} is
a Palais-Smale sequence for Jμσ,λ. If {zn} ⊂ Nμσ is a bounded Palais-Smale
sequence for Jμσ,λ, then m̌μσ(zn) is a Palais-Smale sequence for Jμσ,λ, where
m̌μσ(z) = m−1

μσ (z) = z
‖z‖μσ

.
(iii) There holds

inf
Sμσ

Uμσ,λ = inf
Nμσ

Jμσ,λ = cμσ.

Moreover, z ∈ Sμσ is a critical point of Uμσ,λ if and only if mμσ(z) is a critical
point of Jμσ,λ, and the corresponding critical values coincide.

Remark 3.3. By Lemma 3.1, we note that the infimum of Jμσ,λ over Nμσ

has the following minimax characterization:

0 < cμσ = inf
z∈Nμσ

Jμσ,λ(z) = inf
w∈Eμσ\{0}

max
s>0

Jμσ,λ(sw) = inf
w∈Sμσ

max
s>0

Jμσ,λ(sw).
(3.3)

To prove compactness of minimizing sequences for Jμσ,λ, we need the following
technical lemma [18].
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Lemma 3.4. Let r > 0 and q ∈ [2, 2∗]. If {zn} is bounded in H1(RN )×H1(RN )
and satisfies

lim
n→∞ sup

y∈RN

∫
Br(y)

|zn|q = 0,

then we have zn → 0 in Lp(RN ) × Lp(RN ) for p ∈ (2, 2∗). Moreover, if q = 2∗,
then zn → 0 in Lp(RN ) × Lp(RN ) for p ∈ (2, 2∗], where 2∗ = 2N

N−2 if N ≥ 3 and
2∗ = ∞ if N = 1, 2.

The following lemma is regarding the property for minimizing sequences.

Lemma 3.5. Let {zn} ⊂ Nμσ be a minimizing sequence for Jμσ,λ. Then {zn}
is bounded. Moreover, there exist r, δ > 0 and a sequence {yn} ⊂ R

N such that

lim
n→∞ inf

∫
Br(yn)

|zn|2 ≥ δ > 0,

where Br(yn) =
{
y ∈ R

N : |y − yn| ≤ r
}
.

Proof. We first prove the boundedness of {zn}. By way of contradiction,
we suppose that there exists a sequence {zn} ⊂ Nμσ such that ‖zn‖μσ → ∞ and
Jμσ,λ(un) → cμσ. Let

wn =
zn

‖zn‖μσ
and zn = (z1

n, z2
n).

Then wn ⇀ w and wn(x) → w(x) a.e. in R
N after passing to a subsequence. We

have two cases: either {wn} is vanishing, i.e.,

lim
n→∞ sup

y∈RN

∫
Br(y)

|wn|2 = 0,(3.4)

or it is non-vanishing, i.e., there exist r, δ > 0 and a sequence {yn} ⊂ R
N such that

lim
n→∞ inf

∫
Br(yn)

|wn|2 ≥ δ > 0.(3.5)

As shown in [19, 23], we will reveal that neither (3.4) nor (3.5) takes place, which
leads to the desired contradiction.

If {wn} is vanishing, it follows Lemma 3.4 that

wn → 0 in Lt = Lt(RN )× Lt(RN )

for t ∈
(
2, 2N

N−2

)
. From (2.5), we see that

|F (v) + G(u)| ≤ ε(|u|2 + |v|2) + C ′ε(|u|t + |v|t),

where t = max{p, q} and C ′ε > 0. This gives∫
RN

(G(rw1
n) + F (hw2

n)) → 0 as n →∞
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for each h, r ∈ R, where wn = (w1
n, w2

n). Making use of inequalities 0 < λ <
min{1, V0,M0}, μ ≥ V0 > 0 and σ ≥M0 > 0, we have

cμσ + o(1) ≥ Jμσ,λ(zn) ≥Jμσ,λ(hwn)

=
h2

2

∫
RN

(|∇w1
n|2 + |∇w2

n|2 + μ|w1
n|2 + σ|w1

n|2)−
∫

RN

(F (hw2
n) + G(hw1

n))

− λh2

∫
RN

w1
nw2

n

≥ 1
2
h2(1− λ)−

∫
RN

(F (hw2
n) + G(hw1

n))

→ 1
2
h2(1− λ), as n →∞.

This yields a contradiction when h is large enough.
On the other hand, if non-vanishing occurs, we set vn(x) = wn(x + yn). Since

‖vn‖μσ = ‖wn‖μσ, vn is bounded in Eμσ. Then we extract a subsequence again,
and then there holds vn(x) ⇀ v0(x) in E. By (3.5) we know that v0 �≡ 0. In
particular, we can find a set O ⊂ R

N × R
N such that

meas(O) > 0 and vn(x) → v0(x) �= 0 for x ∈ O.(3.6)

From condition (F3), for the large n we deduce that

0 ≤ Jμσ,λ(zn)
‖zn‖2μσ

=
1
2
− λ

∫
RN

w1
nw2

n −
∫

RN (F (z2
n) + G(z1

n))
‖zn‖2μσ

≤ −
∫

RN (F (z2
n) + G(z1

n))
‖zn‖2μσ

= −
∫
O

(F (z2
n(x + yn)) + G(z1

n(x + yn)))
|z2

n(x + yn)|2 + |z1
n(x + yn)|2 |wn(x + yn)|2

< 0.

This is, obviously, a contradiction.
Note that {zn} is bounded. If

lim
n→∞ sup

y∈RN

∫
Br(y)

|zn|2 = 0,

from Lemma 3.4 we deduce that

un → 0 in Lt = Lt(RN )× Lt(RN )

for t ∈
(
2, 2N

N−2

)
. Since J ′

μσ,λ(zn)zn = 0, we get∫
RN

(|∇z1
n|2 + |∇z2

n|2 + μ|z1
n|2 + σ|z2

n|2) =
∫

RN

f(z2
n)z2

n + g(z1
n)z1

n + 2λ

∫
RN

z1
nz2

n,

and ∫
RN

(|∇z1
n|2 + |∇z2

n|2) + (μ− λ)
∫

RN

|z1
n|2 + (σ − λ)

∫
RN

|z2
n|2

≤
∫

RN

f(z2
n)z2

n + g(z1
n)z1

n → 0, as n →∞.
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Consequently, we see that zn → 0 in Eμσ as n → ∞. This is a contradiction with
the fact that Nμσ is bounded away from 0. �

Theorem 3.6. Under the assumptions described in Theorem 1.1, the following
three statements are true.

(A1) There is at least one positive ground state solution zμσ,λ = (uμσκ, vμσκ) in
Eμσ to system (Pμσ,λ) when 0 < λ ≤ δ0 = min{1, V0,M0} and μ, σ > 0.

(A2) When 0 < λ ≤ δ0 = min{1, V0,M0} and μ, σ > 0, there holds

lim
|x|→∞

|uμσ,λ(x)| = lim
|x|→∞

|vμσ,λ(x)| = 0,

and
lim
|x|→∞

|∇uμσ,λ(x)| = lim
|x|→∞

|∇vμσ,λ(x)| = 0,

where uμσ,λ, vμσ,λ ∈ C1,σ
loc with σ ∈ (0, 1). Furthermore, there exist C, c >

0 such that

uμσκ(x) + uμσκ(x) ≤ Ce−c|x−xμσ,λ|,

where
|zμσ,λ(xμσ,λ)| = max

x∈RN
|zμσ,λ(x)|.

(A3) If g(t) = g1(t) + c1t
q−1 and f(t) = f1(t) + c2t

p−1(p and q are given in
(F3)), c1, c2 > 0, 1

2g1(t)t−G1(t) ≥ 0 and 1
2f1(t)t−F1(t) ≥ 0, then Lμσ,λ

is compact in Eμσ when 0 < λ ≤ δ0 = min{1, V0,M0} and λ < μ, σ, where
F1(t) =

∫ t

0
f1(s)ds, G1(t) =

∫ t

0
g1(s)ds, and Lμσ,λ denotes the set of all

least energy solutions of system (Pμσ,λ).

Proof. (A1) We follow the idea of [16]. From (C5) of Lemma 3.1 we know
that cμσ > 0 for μ, σ > 0. If z0 ∈ Nμσ satisfies Jμσ,λ(z0) = cμσ, then m̌μσ(z0)
is a minimizer of Uμσ,λ and a critical point of Uμσ,λ. According to Lemma 3.2,
z0 is a critical point of Jμσ,λ. It remains to show that there exists a minimizer
z of Jμσ,λ|Nμσ . By Ekeland’s variational principle [17], there exists a sequence
{νn} ⊂ Sμσ such that

Uμσ,λ(νn) → cμσ and U ′
μσ,λ(νn) → 0, as n →∞.

Set
zn = mμσ(νn) = (un, vn) ∈ Nμσ

for all n ∈ N. We find

Jμσ,λ(un) → cμσ and J ′
μσ,λ(un) → 0, as n →∞.

By Lemma 3.4, we know that {zn} is bounded and there exist r, δ > 0 and a
sequence {yn} ⊂ R

N such that

lim
n→∞

∫
Br(yn)

|zn|2 ≥ δ > 0.

So we can choose a r′ > r > 0 and a sequence {yn} ⊂ Z
N such that

lim
n→∞

∫
Br′ (yn)

|un|2 ≥
δ

2
> 0.(3.7)
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Note that Jμσ,λ and Nμσ are invariant under translations. We may take {yn}
being bounded in Z

3. So zn ⇀ z = (u, v) �= 0 and J ′
μσ,λ(z) = 0. To prove

Jμσ,λ(z) = cμσ, using Fatou’s lemma and (1.5), we get

cμσ = lim
n→∞ inf

(
Jμσ,λ(zn)− 1

2
J ′

μσ,λ(zn)zn

)

= lim
n→∞ inf

∫
RN

(
1
2
f(vn)vn − F (vn) +

1
2
g(un)un −G(un)

)

≥
∫

RN

(
1
2
f(v)v − F (v) +

1
2
g(u)u−G(u)

)

= Jμσ,λ(z)− 1
2
J ′

μσ,λ(z)z

= Jμσ,λ(z).

That is, Jμσ,λ(z) ≤ cμσ. However, the reverse inequality follows from the definition
of cμσ due to z = (u, v) ∈ Nμσ. So we get Jμσ,λ(z) = cμσ.

To find a positive ground state solution for system (Pμσ,λ), we know that, for
each z = (u, v) ∈ E = H1(RN )×H1(RN ), there exists a t > 0 such that

t|z| = (t|u|, t|v|) ∈ Nμσ.

It follows from condition (F1) that

Jμσ,λ(t|u|, t|v|) ≤Jμσ,λ(tu, tv).

Since z ∈ Nμσ, there holds Jμσ,λ(tu, tv) ≤Jμσ,λ(u, v). This leads to

Jμσ,λ(t|u|, t|v|) ≤Jμσ,λ(u, v)

and (t|u|, t|v|) is a nonnegative ground state solution. It follows from Harnack’s
inequality [24] that

zμσ,λ := (uμσ,λ, vμσ,λ) = (t|u|, t|v|) > 0

for all x ∈ R
N .

(A2) Suppose that zμσ,λ(x) = (uμσ,λ(x), vμσ,λ(x)) is a positive ground state
solution of system (Pμσ,λ). By the standard arguments as shown in [25, 26], we
find ub, vb ∈ Lq(RN ) for all q ∈ [2,∞]. Using a similar proof to that of [26, Theorem
2.1], one can see that

lim
|x|→∞

vμσ,λ(x) = 0, lim
|x|→∞

uμσ,λ(x) = 0,

lim
|x|→∞

|∇vμσ,λ(x)| = 0 and lim
|x|→∞

|∇uμσ,λ(x)| = 0,

where uμσ,λ, vμσ,λ ∈ C1,σ
loc (RN ) for some σ ∈ (0, 1).

To prove
|zμσ,λ(x)| ≤ Ce−c|x−xμσ,λ|,

where
|zμσ,λ(x)| = max

x∈RN
|zμσ,λ(x)|,

by following [26] we choose a fixed number ξ ∈ (0, δ), where δ = min{√μ− λ,
√

σ − λ},
and let η = δ2 − ξ2. Since zμσ,λ(x) = (uμσ,λ(x), vμσ,λ(x)) → 0 as |x| → ∞, there is
a r > 0 such that

g(uμσ,λ(x))
uμσ,λ(x)

≤ η and
f(vμσ,λ(x))

vμσ,λ(x)
≤ η, ∀ |x| ≥ r.(3.8)
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Let
K(x) = Ge−ξ(|x−xμσ,λ|−r),

where

G = max{|uμσ,λ(x)| : |x− xb| = r}+ max{|vμσ,λ(x)| : |x− xμσ,λ| = r}.
For M > r, we define the set ΠM by

ΠM = {x ∈ R
N : r < |x− xμσ,λ| < M,

uμσ,λ(x) + vμσ,λ(x) > K(x), uμσ,λ(x) > 0, vμσ,λ(x) > 0}.
We claim that ΠM is empty. Suppose, by contradiction, that ΠM �= ∅. For

x ∈ ΠM we have

Δ(K − uμσ,λ − vμσ,λ) =
(

ξ2 − ξ(N − 1)
|x|

)
K(x) + (g(uμσ,λ)− (μ− λ)uμσ,λ)

+ (f(vμσ,λ)− (σ − λ)vμσ,λ).

Using (H2) and (3.8) yields

Δ(K − uμσ,λ − vμσ,λ)

≤ξ2K(x) + uμσ,λ

[
g(uμσ,λ)
uμσ,λ

− (μ− λ)
]

+ vμσ,λ

[
f(vμσ,λ)

vμσ,λ
− (μ− λ)

]
≤ξ2K(x) + uμσ,λ(η − (μ− λ)) + vμσ,λ)(η − (σ − λ))

≤ξ2K(x) + uμσ,λ(η − δ2) + vμσ,λ)(η − δ2)

=ξ2 [K(x)− uμσ,λ − vμσ,λ] .

(3.9)

From the definition of ΠM and (3.9), it has Δ(K − uμσ,λ)− vμσ,λ)) < 0 in ΠM . By
the maximum principle, we find

K(x)− uμσ,λ(x)− vμσ,λ(x) ≥ min
∂ΠM

(K − uμσ,λ − vμσ,λ).

Since |x− xμσ,λ| = r does not belong to the boundary of ΠM , we have

K(x)− uμσ,λ(x)− vμσ,λ(x) ≥ min
{

0, min
|x−xμσ,λ|=M

(K(x)− uμσ,λ(x)− vμσ,λ(x))
}

.

Let M → ∞. Note that uμσ,λ and vμσ,λ decay to 0 at infinity. So for each fixed
|x− xμσ,λ| > r, there holds

K(x)− uμσ,λ(x)− vμσ,λ(x) ≥ 0.

This obviously contradicts the definition of ΠM . So, the set ΠM is empty, i.e., for
|x− xμσ,λ| > r such that uμσ,λ > 0 and vμσ,λ > 0, we have

vμσ,λ(x) + vμσ,λ(x) ≤ K(x).

That is, for |x− xμσ,λ| > r, it has

|uμσ,λ(x)|+ |uμσ,λ(x)| ≤ K(x) = Ge−ξ(|x−xμσ,λ|−r).

Hence, there exist C, c > 0 such that

|zμσ,λ(x)| ≤ Ce−c|x−xμσ,λ|.

(A3) Take a bounded sequence {zn
μσ,λ} ⊂ Lμσ,λ∩Nμσ. Clearly, Jμσ,λ(zn

μσ,λ) =
cμσ and J ′

μσ,λ(zn
μσ,λ) = 0. Without loss of generality, we assume that zn

μσ,λ =
(un

μσ,λ, vn
μσ,λ) ⇀ zμσ,λ = (uμσ,λ, vμσ,λ) in Eμσ. As shown in the proof of Lemma
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3.4, one can easily see that {zn
μσ,λ} is non-vanishing. Namely, there exist {yn} ⊂ Z

N

and δ, r > 0 such that

lim
n→∞

∫
Br(yn)

|zn
μσ,λ|2 ≥

δ

2
> 0.

By the invariance of Jμσ,λ and Nμσ under translations of the form z �→ z(·−k)
with k ∈ Z

N , we may assume that {yn} is bounded in Z
N . So zn

μσ,λ ⇀ zμσ,λ �= 0 and
J ′

μσ,λ(zμσ,λ) = 0. Moreover, as shown in (A1), we know that Jμσ,λ(zμσ,λ) = cμσ.
It follows that

cμσ = Jμσ,λ(zμσ,λ)

= Jμσ,λ(zμσ,λ)− 1
2
(J ′

μσ,λ(zμσ,λ), zμσ,λ)

=
∫

RN

1
2
g1(uμσ,λ)uμσ,λ −G1(uμσ,λ) +

1
2
f1(vμσ,λ)vμσ,λ − F1(vμσ,λ)

+
(

1
2
− 1

p

) ∫
RN

|vμσ,λ|p +
(

1
2
− 1

q

) ∫
RN

|uμσ,λ|q

≤ lim inf
n→∞

[∫
RN

1
2
g1(un

μσ,λ)un
μσ,λ −G1(un

μσ,λ) +
1
2
f1(vn

μσ,λ)vn
μσ,λ − F1(vn

μσ,λ)
]

+ lim inf
n→∞

[(
1
2
− 1

p

) ∫
RN

|vn
μσ,λ|p +

(
1
2
− 1

q

) ∫
RN

|un
μσ,λ|q

]

= lim inf
n→∞

[
Jμσ,λ(zn

μσ,λ)− 1
2
J ′

μσ,λ(zn
μσ,λ)zn

μσ,λ

]
= cμσ.

So, we get

lim
n→∞

∫
RN

|un
μσ,λ|q =

∫
RN

|uμσ,λ|q and lim
n→∞

∫
RN

|vn
μσ,λ|p =

∫
RN

|vμσ,λ|p.

It follows from Brezis-Lieb’s lemma [17] that un
μσ,λ → uμσ,λ in Lq(RN ) and vn

μσ,λ →
vμσ,λ in Lp(RN ). Note that zn

μσ,λ satisfies

(3.10)

⎧⎨
⎩
−Δun

μσ,λ + μun
μσ,λ = g1(un

μσ,λ) + |un
μσ,λ|q−2un

μσ,λ + λvn
μσ,λ in R

N ,

−Δvn
μσ,λ + σvn

μσ,λ = f1(vn
μσ,λ) + |vn

μσ,λ|p−2vn
μσ,λ + λun

μσ,λ in R
N .

Using un
μσ,λ − uμσ,λ as a test function for the first equation of system (3.10),

we have ∫
RN

[
∇un

μσ,λ∇(un
μσ,λ − uμσ,λ) + μun

μσ,λ(un
μσ,λ − uμσ,λ)

]
=

∫
RN

[
g1(un

μσ,λ)(un
μσ,λ − uμσ,λ) + λvn

μσ,λ(un
μσ,λ − uμσ,λ)

]
+

∫
RN

|un
μσ,λ|q−2un

μσ,λ(un
μσ,λ − uμσ,λ).

(3.11)
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Clearly, it follows from (F1) and (F3) that for each β > 0, there exists a Cβ > 0
such that ∣∣∣∣

∫
RN

[g1(un
μσ,λ)(un

μσ,λ − uμσ,λ) +
∫

RN

|un
μσ,λ|q−2un

μσ,λ(un
μσ,λ − uμσ,λ)

∣∣∣∣
≤β

∫
RN

|un
μσ,λ||un

μσ,λ − uμσ,λ|+ cCβ

∫
RN

|un
μσ,λ|q−1|un

μσ,λ − uμσ,λ|

≤cβ + cCβ |un
μσ,λ − uμσ,λ|Lq(RN ).

(3.12)

Since |un
μσ,λ − uμσ,λ|Lq(RN ) → 0 as n →∞, by (3.11) and (3.12) we have∫

RN

[
∇un

μσ,λ∇(un
μσ,λ − uμσ,λ) + μun

μσ,λ(un
μσ,λ − uμσ,λ)

]
=

∫
RN

λvn
μσ,λ(un

μσ,λ − uμσ,λ) + on(1),
(3.13)

where on(1) denotes a quantity approaching zero as n → ∞. Similarly, using
vn

μσ,λ − vμσ,λ as a test function for the second equation of (3.10), we have∫
RN

(∇vn
μσ,λ∇(vn

μσ,λ − vμσ,λ) + σvn
μσ,λ(vn

μσ,λ − vμσ,λ))

=λ

∫
RN

un
μσ,λ(vn

μσ,λ − vμσ,λ) + on(1).
(3.14)

Furthermore, since zμσ,λ satisfies the system

(3.15)

⎧⎨
⎩
−Δuμσ,λ + μuμσ,λ = g1(uμσ,λ) + |uμσ,λ|q−2uμσ,λ + λvμσ,λ in R

N ,

−Δvμσ,λ + σvμσ,λ = f1(vμσ,λ) + |vμσ,λ|p−2vμσ,λ + λuμσ,λ in R
N .

Using the same arguments as for (3.13) and (3.14), we deduce that∫
RN

(∇uμσ,λ∇(un
μσ,λ − uμσ,λ) + μuμσ,λ(un

μσ,λ − uμσ,λ))

=λ

∫
RN

vμσ,λ(un
μσ,λ − uμσ,λ) + on(1),

(3.16)

and ∫
RN

(∇vμσ,λ∇(vn
μσ,λ − vμσ,λ) + σvμσ,λ(vn

μσ,λ − vμσ,λ))

=λ

∫
RN

uμσ,λ(vn
μσ,λ − vμσ,λ) + on(1).

(3.17)

Combining (3.13), (3.14), (3.16) and (3.17), we infer that∫
RN

|∇(un
μσ,λ − uμσ,λ)|2 + μ

∫
RN

|un
μσ,λ − uμσ,λ|2

+
∫

RN

|∇(vn
μσ,λ − vμσ,λ)|2 + σ

∫
RN

|vn
μσ,λ − vμσ,λ|2

=2λ

∫
RN

(un
μσ,λ − uμσ,λ)(vn

μσ,λ − vμσ,λ) + on(1)

≤λ

∫
RN

|un
μσ,λ − uμσ,λ|2 + λ

∫
RN

|vn
μσ,λ − vμσ,λ|2 + on(1).

(3.18)
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Since λ < μ, σ, we can deduce that ‖un
μσ,λ − uμσ,λ‖H1(RN ) → 0 and ‖vn

μσ,λ −
vμσ,λ‖H1(RN ) → 0 as n →∞. That is, ‖zn

μσ,λ − zμσ,λ‖Eμσ
→ 0 as n →∞. �

Remark 3.7. We point out that our arguments in this section can be applied
to the case of periodic potentials. That is,

(P̂V M,λ)

{
−Δu + V (x)u = g(u) + λv in R

N ,

−Δv + M(x)v = f(v) + λu in R
N .

where V (x) and M(x) are positive continues functions and periodic in x. By an
analogous argument, the conclusions of Theorem 3.6 still hold.

4. Some Useful Results

In this section we shall present some preliminary results which will be used in
the next section.

Lemma 4.1. Suppose that assumptions of (F1) − (F3) are satisfied. If k =
min{μ1 − μ2, σ2 − σ1} ≥ 0, then cμ1σ1 ≥ cμ2σ2 holds for all λ > 0. Moreover, if
k > 0, then cμ1σ1 < cμ2σ2 holds for all λ > 0. In particular, we have cμ1σi > cμ2σi

if μ1 > μ2, and cμiσ1 > cμiσ2 if σ1 < σ2 (i = 1, 2).

Proof. For μ1, μ2, σ1, σ2 > 0, one has that Eμiσj
= E (i, j = 1, 2). Let

z1 = (u1, v1) ∈ Nμ1σ1 satisfy

cμ1σ1 = Jμ1σ1,λ(z1) = max
w∈Eμ1σ1

Jμ1σ1,λ(w).

On the other hand, let z2 = (u2, v2) ∈ Eμ2σ2 satisfy

Jμ2σ2,λ(z2) = max
w∈Eμ2σ2

Jμ2σ2,λ(w).

So we see that
cμ1σ1 ≥Jμ1σ1,λ(z2)

= Jμ2σ2,λ(z2) + (μ1 − μ2)
∫

RN

u2
2 + (σ2 − σ1)

∫
RN

v2
2

≥ cμ2σ2 + (μ1 − μ2)
∫

RN

u2
2 + (σ2 − σ1)

∫
RN

v2
2 .

�

To prove the concentration phenomena of ground state solutions of system
(Pε), we start with an auxiliary system

(P̂ε)

⎧⎪⎨
⎪⎩
−Δu + V̂ε(x)u = g(u) + λv, x ∈ R

N ,

−Δv + M̂ε(x)v = f(v) + λu, x ∈ R
N ,

u(x), v(x) → 0, as |x| → ∞,

where V̂ε(x) = V̂ (εx) and M̂ε(x) = M̂(εx). Correspondingly, the energy functional
is given by

Ĵε,λ(z) =
1
2

∫
RN

(|∇u|2 + V̂ε(x)u2) +
1
2

∫
RN

(|∇v|2 + M̂ε(x)v2)

−
∫

RN

(F (v) + G(u))− λ

∫
RN

uv,
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where
z = (u, v) ∈ H1(RN )×H1(RN ).

As in the first section, we can define

ĉε = inf
w∈Êε

Ĵε(w),

where

Êε = Ĥ1
ε × Ĥ2

ε , Ĥ1
ε = {u ∈ H1(RN ) :

∫
RN

V̂ (x)u2 <∞}

and

Ĥ2
ε = {u ∈ H1(RN ) :

∫
RN

M̂(x)u2 <∞}.

Lemma 4.2. Under assumptions of (V0)− (V1) and (F1)− (F3), The following
two statements are true.

(i) There holds
lim sup

ε→0
cε ≤ cV (y0)M(y0)

for y0 ∈ R. In particular,
lim sup

ε→0
cε ≤ cV (0)M(0)

holds for all ε > 0. Moreover, if M1 ∩M2 �= ∅, then limε→0 cε = cV0M0 .
(ii) If V̂ε(x) → ϑ1 and M̂ε(x) → ϑ2 uniformly on bounded sets of x as ε → 0, then
there holds

lim
ε→0

ĉε ≤ cϑ1ϑ2 .

Proof. (i) Since V and M are bounded functions, for each ε > 0 and μ, σ > 0,
it has Eε = Eμσ = E = H1(RN )×H1(RN ). Let z = (u, v) ∈ NV (y0)M(y0) satisfy

cV (y0)M(y0) = JV (y0)M(y0)(z) = inf
w∈EV (y0)M(y0)\{0}

max
t>0

JV (y0)M(y0)(tw).

For wε(x) = z(x − y0
ε ) = (uε, vε) = (u(x − y0

ε ), v(x − y0
ε )), there exists a tε > 0

such that tεwε ∈ Nε. It is not difficult to see that tε is bounded for small ε > 0.
Conversely, if tε →∞ as ε → 0, there holds

0 < cε ≤ Jε(tεwε)

=
1
2

∫
RN

(|∇(tεuε)|2 + V (εx)|tεuε|2) +
1
2

∫
RN

(|∇(tεvε)|2 + M(εx)|tεvε|2)

−
∫

RN

(F (tεvε) + G(tεuε))− λt2ε

∫
RN

uεvε

≤ t2ε[
1
2

∫
RN

(|∇(uε)|2 + (Vmax + λ)|uε|2) +
1
2

∫
RN

(|∇(vε)|2 + (Mmax + λ)|vε|2)

−
∫

RN

(
F (tεvε)

t2εv
2
ε

v2
ε +

G(tεuε)
t2εu

2
ε

u2
ε)]

= t2ε[
1
2

∫
RN

(|∇(u)|2 + (Vmax + λ)|u|2) +
1
2

∫
RN

(|∇(v)|2 + (Mmax + λ)|vε|2)

−
∫

RN

(
F (tεv)
t2εv

2
v2 +

G(tεu)
t2εu

2
u2)]

→ −∞, as ε → 0,
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where
Vmax = max

x∈RN
V (x) and Mmax = max

x∈RN
M(x).

This is certainly impossible.
Now we claim that

tε → 1 as ε → 0.(4.1)

Since z = (u, v) ∈ NV (y0)M(y0), we know that

∫
RN

(|∇u|2 + V (y0)|u|2) +
∫

RN

(|∇v|2 + M(y0)|v|2) =
∫

RN

(f(v)v + g(u)u) + λ

∫
RN

uv.

(4.2)

Since tεwε ∈ Nε, it gives

t2ε

∫
RN

(|∇uε|2 + V (εx)|uε|2) + t2ε

∫
RN

(|∇vε|2 + M(εx)|vε|2)

=
∫

RN

(f(tεvε)tεvε + g(tεuε)tεuε) + t2ελ

∫
RN

uεvε.

(4.3)

From (4.3) we further have

t2ε

∫
RN

(|∇u|2 + V (εx + y0)|u|2) + t2ε

∫
RN

(|∇v|2 + M(εx + y0)|v|2)

=
∫

RN

(f(tεv)tεv + g(tεu)tεu) + t2ελ

∫
RN

uv.

(4.4)

For each ε > 0, there exists a R > 0 such that∫
|x|>R

(K(εx + y0)−K(y0))|u|2 < cε,

and ∫
|x|≤R

(K(εx + y0)−K(y0))|u|2 → 0, as ε → 0.

That is, ∫
RN

K(εx + y0)|u|2 =
∫

RN

K(y0)|u|2 + oε(1),(4.5)

where oε(1) → 0 as ε → 0.
Similarly, we can deduce that∫

RN

M(εx + y0)|u|2 =
∫

RN

M(y0)|u|2 + oε(1).(4.6)

Substituting (4.5) and (4.6) into (4.4) yields

t2ε

∫
RN

(|∇u|2 + K(y0)|u|2) + t2ε

∫
RN

(|∇v|2 + M(y0)|v|2)

=
∫

RN

(f(tεv)tεv + g(tεu)tεu) + t2ελ

∫
RN

uv + oε(1).
(4.7)

From (4.2) and (4.7), we find

0 =
∫

RN

(
f(tεv)
(tεv)

− f(v)
v

)v2 +
∫

RN

(
g(tεu)
(tεu)

− g(u)
u

)u2 + oε(1).

So it follows from (F2) that we arrive at (4.1).
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Since tεvε ∈ Nε, it gives

cε ≤Jε,λ(tεwε)

= JV (y0)M(y0),λ(tεwε) +
t2ε
2

∫
RN

(V (εx)− V (y0))u2
ε

+
t2ε
2

∫
RN

(M(y0)−M(εx))v2
ε

= JV (y0)M(y0)(tεwε) +
t2ε
2

∫
RN

(V (εx + y0)− V (y0))u2

+
t2ε
2

∫
RN

(M(y0)−M(εx + y0))v2

= JV (y0)M(y0)(tεwε) + oε(1).

(4.8)

It follows that

lim sup
ε→0

cε ≤ lim sup
ε→0

JV (y0)M(y0)(tεwε) + lim sup
ε→0

oε(1)

=JV (y0)M(y0)(u, v)
=cV (y0)M(y0).

In particular, we take y0 = 0, it has

lim sup
ε→0

cε ≤ cV (0)M(0).

For the case of V ∩M �= ∅, we can assume that 0 ∈ V ∩M and use an indirect
argument to prove cε ≥ cV (0)M(0). Namely, assume that cε < cV (0)M(0) for some
ε > 0. By the definition of cε (see (2.9)), we can choose an w ∈ Eε \ {0} such that

max
s>0

Jε,λ(sw) < cV (0)M(0).

By the definition of cV (0)M(0) (see (3.3)), we know that

cV (0)M(0) ≤ max
s>0

JV (0)M(0)(sw).

Since Vε(x) ≥ V (0), Mε(x) ≥ M(0) and Jε,λ(z) ≥ JV (0)M(0)(z) for all z ∈ Eε,
we have

cV (0)M(0) > max
s>0

Jε,λ(sw) ≥ max
s>0

JV (0)M(0)(sw) ≥ cV (0)M(0).

This is, obviously, a contradiction. So we have

cV (0)M(0) ≤ lim
ε→0

cε ≤ lim sup
ε→0

cε ≤ cV (0)M(0).

That is,

lim
ε→0

cε = cV0M0 .

(ii) Take z ∈ Nϑ1ϑ2 such that

cϑ1ϑ2 = Jϑ1ϑ2(u) = max
w∈Eϑ1ϑ2\{0}

Jϑ1ϑ2(w).
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Then we take z1 = (u1, v1) ∈ Êε \ {0} such that

ĉε ≤ Ĵε(z1)

= max
s>0

Ĵε(sz)

= Jϑ1ϑ2,λ(z1) +
∫

RN

(V̂ε(x)− ϑ1)u2
1 +

1
2

∫
RN

(M̂ε(x)− ϑ2)v2
1 .

Using the same argument as that of Part (i), one can easily check that∫
RN

(V̂ε(x)− ϑ1)u2
1 +

1
p

∫
RN

(M̂ε(x)− ϑ2)|v1|2 → 0, as ε → 0,

and
ĉε ≤ max

w∈Eϑ1ϑ2\{0}
Jϑ1ϑ2,λ(w) + o(1) = Jϑ1ϑ2(u) + o(1) = cϑ1ϑ2 + o(1).

Consequently, we have completed the proof. �

5. Positive Solutions for System (Pε)

5.1. A Compactness Condition. In order to obtain the existence of positive
solutions for system (Pε), we should prove some lemmas on compactness. So, the
main purpose of this subsection is to present the Palais-Smale sequences properties
for the functional Jε,λ. Since V0 < V∞ and M0 ≤ M∞, we can choose μ, σ > 0
such that

V0 ≤ μ < V∞ and M0 ≤ σ ≤M∞.(5.1)

Lemma 5.1. Assume that assumptions (V0) and (F1)− (F3) hold. Let {zn} ⊂
Nε satisfy Jε,λ(zn) → c, 0 < c ≤ cμσ < cV∞M∞ (μ and σ are given in (5.1)) and
zn ⇀ 0 in Eε. Then one of the following statements is true.

(i) zn → 0 in Eε;
(ii) there exist a sequence yn ∈ R

N and two constants r, δ > 0 such that

lim inf
n→∞

∫
Br(yn)

z2
n ≥ δ.

Proof. Suppose that Case (ii) does not occur, i.e., there exists a r > 0 such
that

lim
n→∞ sup

y∈RN

∫
Br(y)

u2
n = 0.

By Lemma 3.4, we can derive that zn → 0 in Lt(RN ) × Lt(RN ) for t ∈ (2, 2∗).
From J ′

ε,λ(zn)zn = 0, we get∫
RN

(|un|2 + Vε(x)|un|2) +
∫

RN

(|vn|2 + Vε(x)|vn|2)

=
∫

RN

(f(un)un + g(vn)vn) + λ

∫
RN

unvn

→0, as n →∞.

Since V and M are positive bounded functions, it follows that zn → 0 in Eε as
n →∞. �

As in [28, Lemma 5.2] (also see [27, 38]), we have the following results.
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Lemma 5.2. Under the assumptions of Lemma 5.1, Let {zn} ⊂ Nε satisfy
Jε,λ(un) → c, 0 < c ≤ cμσ < cV∞M∞ and zn ⇀ 0 in Eε. Then we have zn → 0 in
Eε for small ε > 0.

The next lemma is regarding the functional Uε,λ and the Palais-Smale condi-
tion.

Lemma 5.3. Under the assumptions of (V0) and (F1) − (F3), for 0 < λ <
δ = min{V0,M0, 1}, if {wn} ⊂ Sε satisfy Uε,λ(wn) → c and U ′

ε,λ(wn) → 0 with
0 < c ≤ cμσ < cV∞M∞ , then {wn} has a convergent subsequence in Eε.

Proof. Let

zn = mε(wn) = tnwn.

Then it follows from Lemma 2.3 that {tnwn} ⊂ Nε, and

Jε,λ(zn) → c, J ′
ε,λ(zn) → 0 and J ′

ε,λ(zn)zn = 0.(5.2)

To prove the boundedness of {zn}. By way of contradiction, we assume that
‖zn‖ε →∞, as n →∞. Let

kn =
zn

‖zn‖ε
= (k1

n, k2
n).

Then kn ⇀ k = (k1, k2) and kn(x) → k(x) a.e. in R
N after passing to a subse-

quence. There are two cases: {kn} is either vanishing, i.e.,

lim
n→∞ sup

y∈RN

∫
Br(y)

|kn|2 = 0,(5.3)

or non-vanishing, i.e., there exist r, δ > 0 and a sequence {yn} ⊂ R
N such that

lim inf
n→∞

∫
Br(yn)

|kn|2 ≥ δ > 0.(5.4)

As shown in [19], we will demonstrate that neither (5.3) nor (5.4) occurs and then
arrive at the desired result.

If {kn} is vanishing, by Lemma 3.4 we have

kn → 0inLp(RN )× Lp(RN ) for p ∈ (2, 2∗).

It follows from (2.5) that

∫
RN

(F (Rk2
n) + G(Rk1

n)) → 0 as n →∞

for each R ∈ R. For each ε > 0, from the boundedness of V and M , we know that
two norms ‖ · ‖ and ‖ · ‖ε are equivalent. From the equality ‖kn‖ε = 1, we see that
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there exists a d > 0 such that ‖kn‖ ≥ d, and

c + o(1) ≥ Jε,λ(zn)

≥ Jε,λ(Rkn)

=
R2

2
‖kn‖2ε −

∫
RN

(F (Rk2
n) + G(Rk1

n))− λR2

∫
RN

k1
nk2

n

≥ δR2

2
‖kn‖2 −

λR2

2
‖kn‖2 −

∫
RN

(F (Rk2
n) + G(Rk1

n))

≥ R2

2
(δ − λ)d−

∫
RN

(F (Rk2
n) + G(Rk1

n))

→ dR2

2
as n →∞.

This yields a contradiction if R is large enough.
Let

k̂n = kn(x + yn) =
(
k̂1

n, k̂2
n

)
.

This means k̂n ⇀ k̂ = (k̂1, k̂2) in E. From (5.4) we know that there exists a subset
Ω̃ in R

N × R
N with the positive measure such that k̂ �= 0 a.e. in Ω̃. For the large

n, it has

0 ≤ Jμσκ,λ(zn)
‖zn‖2ε

=
1
2
−

∫
RN (G(un(x + yn)) + F (vn(x + yn))

‖zn(x + yn)‖2ε
− λ

∫
RN

k1
nk2

n

≤ 1 + c1λ

2
−

∫
RN

(G(un(x + yn)) + F (vn(x + yn))
|zn(x + yn)|2 |kn(x + yn)|2,

(5.5)

where c1 > 0.
Set

ẑ(x) = (û(x), v̂(x)) = z(x + yn).

By the equivalence of norms ‖ · ‖ and ‖ · ‖ε, we know that ‖zn‖ → ∞ as n → ∞.
Due to the fact ‖ẑ‖ε = ‖z(x + yn)‖ε ≥ c‖zn‖, there holds ‖ẑn‖ → ∞ as n → ∞.
Since |ẑn| = ‖ẑn‖ε|k̂n| → ∞ if k �= 0 as n →∞, it follows from (F3) that∫

RN

(G(ûn(x)) + F (v̂n(x))
|ẑn(x)|2 |k̂n(x)|2 ≥

∫
Ω̃

(G(ûn(x)) + F (v̂n(x))
|ûn(x) + v̂n(x)|2 |k̂n(x)|2

→∞, as n →∞.

(5.6)

Substituting (5.6) into (5.5) leads to another contradiction.
Thus, there exists z = (u, v) ∈ Eε such that zn ⇀ z in Eε, and z is a critical

point of J ′
ε,λ. Set hn = zn − z. By Brezis-Lieb’s Lemma (see [17]) we have∫

RN

|∇hn|2 =
∫

RN

|∇zn|2 −
∫

RN

|∇z|2 + o(1).

Moreover, as shown in [29], one can easily check that

Jε,λ(hn) = Jε,λ(zn)−Jε(z) + o(1) and J ′
ε,λ(hn) → 0, as n →∞.
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Thus, it follows from J ′
ε,λ(z) = 0 and (1.5) that

Jε,λ(z) = Jε,λ(u, v) =
∫

RN

(
1
2
f(u)u− F (u) +

1
2
g(v)v −G(v)) ≥ 0.(5.7)

That is,

Jε,λ(hn) = Jε,λ(zn)−Jε,λ(z) + o(1) → c− d1, as n →∞,

where d1 = Jε,λ(z) ≥ 0. Using Lemma 5.2 and d2 = c − d1 ≤ c ≤ cμσ < cV∞M∞ ,
we see that hn = zn − z → 0 in Eε. Apparently, z ∈ Nε. Since zn = tnwn and
tn is bounded, it gives tn → t �= 0 (if t = 0, then z = 0). From the boundedness
of {wn}, we infer that there exists a w such that wn ⇀ w in Eε. Consequently, it
follows from tn → t and zn → z that wn → w and z = tw. �

5.2. Existence and Concentration of Positive Solutions. We now are in
a position to present the proof of the existence of positive ground state solutions of
system (Pε).

Lemma 5.4. Under the assumptions of Theorem 1.1, for small ε > 0, cε is
attained by the positive function zε.

Proof. From Lemma 2.2, we know that cε ≥ ρ > 0 for each ε > 0. If zε ∈ Nε

satisfies Jε,λ(zε) = cε, according to Lemma 2.3, m̌ε(zε) is a minimizer of Uε,λ and
thus a critical point of Uε,λ, so that zε is a critical point of Jε,λ. It remains to show
that there exists a minimizer zε of Jε|Nε

. To this end, by Ekeland’s variational
principle [17], there exists a sequence {wn} ⊂ Sε such that Uε,λ(wn) → cε and
U ′

ε,λ(wn) → 0 as n →∞.
Set

zn = mε(wn) ∈ Nε

for all n ∈ N. Using Lemma 2.3 again, we derive that Jε,λ(zn) → cε, J ′
ε,λ(zn)zn =

0 and J ′
ε,λ(zn) → 0 as n →∞. As in the proof of Lemma 4.2, we let y0 = xv. By

virtue of Lemma 5.3 and lim supε→0 cε ≤ cV (xv)M(xv) < cV∞M∞ , there is z ∈ Eε

such that hn = zn − z → 0 in Eε. This implies that z ∈ Nε and Jε,λ(z) = cε.
Similar to the proof of Theorem 3.6, we can thus find a positive function zε such
that Jε,λ(z) = cε. �

Let L ′
ε denote the set of all positive ground state solutions of system (Pε).

The following lemma is regarding compactness of L ′
ε .

Lemma 5.5. Suppose that the assumptions of Theorem 1.1 are satisfied. Then
L ′

ε is compact in E = H1(RN )×H1(RN ) for small ε > 0.

Proof. Let the bounded sequence {zn} ⊂ L ′
ε ∩Nε satisfy Jε,λ(zn) = cε and

J ′
ε,λ(zn) = 0. Without loss of generality, we may assume that zn ⇀ z ∈ Eε. Since

J ′
ε,λ is weakly continuous, it gives J ′

ε,λ(z) = 0. Set hn = zn− z. By an analogous
discussion in the proof of Lemma 5.3, we arrive at hn → 0 in E. �

Lemma 5.6. Under the assumptions of Theorem 1.1, there is a maximum point
yε of |zε| such that dist(εyε,V ) → 0, εyε → y0, and kε(x) = zε(x + yε) converges
in H1(RN )×H1(RN ) to a positive ground state solution of⎧⎪⎨

⎪⎩
−Δu + V (y0)u = g(u) + λv, in R

N ,

−Δv + M(y0)v = f(v) + λu, in R
N ,

u, v > 0 in R
N , u, v ∈ H1(RN ),
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as ε → 0. In particular, if M1 ∩ M2 �= ∅, then dist(εyε,M1 ∩ M2) → 0, and
kε(x) = zε(x + yε) converges in H1(RN ) × H1(RN ) to a positive ground state
solution of ⎧⎪⎨

⎪⎩
−Δu + V0u = g(u) + λv, in R

N ,

−Δv + M0v = f(v) + λu, in R
N ,

u, v > 0 in R
N , u, v ∈ H1(RN ),

as ε → 0, where zε denotes the positive ground sate solution of system (Pε).

Proof. Let εj → 0 and zj ∈ L ′
εj

such that Jεj ,λ(zj) = cεj
and J ′

εj ,λ(zj) = 0.
Obviously, {zj} ⊂ Nεj . By the same arguments as shown in Lemma 5.3, it is
easy to see that {zj} is bounded in H1(RN ) × H1(RN ). Assume that zj ⇀ z in
H1(RN )×H1(RN ). Since Jεj ,λ(zj) = cεj

≤ cV (y0)M(y0) for each y0 ∈ R with large
j, for y0 = xv (xv is given in (V0)), we deduce that Jεj ,λ(uj) = cεj ≤ cV (y0)M(y0)

for large j, according to Lemma 4.2. Then we have

lim
j→∞

cεj ≤ cV (y0)M(y0) < cV∞M∞ .

We now separate our discussions into four steps.
Step 1. To prove that {zj} is non-vanishing, from the proof of Lemma 5.3,

there exist r, δ > 0 and two sequences {y′j}, {yj} ⊂ R
N such that

lim inf
j→∞

∫
Br(y′j)

|zj |2 ≥ δ > 0,(5.8)

and
|zj(yj)| = max

y∈RN
|zj(y)|.

We claim that there is a � > 0 (independent of j) such that

|zj(yj)| ≥ � > 0, uniformly for all j ∈ N.(5.9)

Otherwise, we assume that |zj(yj)| → 0 as j →∞. It follows from (5.8) that

0 < δ ≤
∫

Br(y′j)
|zj |2 ≤ c|zj(yj)|2 → 0 as j →∞.

This is a contradiction. Furthermore, from (5.8)-(5.9), one can check that there
exist R > r > 0 and δ′ > 0 such that

lim inf
j→∞

∫
BR(yj)

|zj |2 ≥ δ′ > 0.(5.10)

Step 2. The sequence {εjyj} is bounded. To accomplish this, we set

wj(x) = zj(x + yj) = (w1
j (x), w2

j (x)),

V̂εj (x) = V (εj(x + yj)),

M̂εj
(x) = M(εj(x + yj)).

Then along a subsequence we have wj ⇀ w = (w1, w2) �= 0 in H1(RN )×H1(RN )
and wj → w in Lp

loc(R
N )× Lp

loc(R
N ) (p ∈ (2, 2∗)). Apparently, wj solves

(Pε,1)

⎧⎪⎨
⎪⎩
−Δw1

j + V̂εj (x)w1
j = g(w1

j ) + λw2
j , in R

N ,

−Δw2
j + M̂εj

(x)w2
j = f(w2

j ) + λw1
j , in R

N ,

w1
j , w2

j > 0 in R
N , w1

j , w2
j ∈ H1(RN ).



MULTIPLE SOLUTIONS OF NONLINEAR SCHRÖDINGER EQUATIONS 187

The corresponding energy functional is denoted by

Oεj ,λ(vj) =
1
2

∫
RN

(|∇w1
j |2 + V̂εj (x)(w1

j )2) + (|∇w2
j |2 + M̂εj (x)(w2

j )2)

−
∫

RN

(F (w2
j ) + G(w1

j ))− λ

∫
RN

w1
j w2

j

= Jεj ,λ(wj)
= cεj

.

We are ready to show {εjyj} is bounded. Following [30], we assume by con-
tradiction that εj |yj | → ∞. Without loss of generality, we assume V (εjyj) → Ṽ∞

and M(εjyj) → M̃∞. It follows from (V0) that V (y0) < Ṽ∞ and M(y0) ≤ M̃∞.
Since both V and M are uniformly continuous functions, we have

|V̂εj (x)− Ṽ∞|
≤|V (εj(x + yj))− V (εjyj)|+ |V (εjyj)− Ṽ∞| ≤ cεj |x|+ |V (εjyj)− Ṽ∞|
→0, as j →∞,

and

|M̂εj (x)− M̃∞|
≤|M(εj(x + yj))− M̃(εjyj)|+ |M(εjyj)− M̃∞|
≤cεj |x|+ |M(εjyj)− M̃∞| → 0, as j →∞.

In addition, for each φ = (φ1, φ2) ∈ C∞0 (RN ), we deduce from wj ⇀ w in H1(RN )×
H1(RN ) and wj → w in Lp

loc(R
N )× Lp

loc(R
N )(∀p ∈ (2, 2

∗
)) that

lim
j→∞

O ′εj ,λ(wj)φ

= lim
j→∞

∫
RN

[(∇w1
j∇φ1 + V̂εj

(x)w1
j φ1) + (∇w2

j∇φ2 + M̂εj
(x)w2

j φ2)]

− lim
j→∞

∫
RN

(f(w2
j )φ2 + g(w1

j )φ1)− lim
j→∞

λ

∫
RN

(φ1w2
j + φ2w1

j )

=
∫

RN

[(∇w1∇φ1 + V̂∞w1φ1) + (∇w2∇φ2 + M̂∞w2φ2)]

−
∫

RN

(f(w2)φ2 + g(w1)φ1)− λ

∫
RN

(φ1w2 + φ2w1)

=0.

Thus, w = (w1, w2) solves

(PV̂∞M̂∞)

⎧⎪⎨
⎪⎩
−Δw1 + V̂∞(x)w1 = g(w1) + λw2, in R

N ,

−Δw2 + M̂∞(x)w2 = f(w2) + λw1, in R
N ,

w1(x), w2(x) → 0, as |x| → ∞.

Denote the associated energy functional by

O∞,λ(v) =
1
2
‖w1‖2

Ṽ∞ +
1
2
‖w2‖2

M̃∞ −
∫

RN

[
f(w2) + g(w1)

]
− λ

∫
RN

w1w2

≥ cṼ∞M̃∞ .
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Notice that
V (y0) < Ṽ∞ and M(y0) ≤ M̃∞.

By Lemma 4.1 we deduce that cṼ∞M̃∞ > cV (y0)M(y0). Since O ′εj ,λ(wj)wj =
J ′

εj ,λ(zj)zj = 0, it follows from Fatou’s lemma and (1.5) that

lim
j→∞

cεj
= lim

j→∞
Oεj ,λ (wj)

= lim
j→∞

[
Oεj ,λ (wj)−

1
2
Oεj ,λ (wj)

′ (wj) wj

]

≥ lim inf
j→∞

{∫
RN

[
1
2
f

(
w2

j

)
w2

j − F
(
w2

j

)]
+

[
1
2
g

(
w1

j

)
w1

j −G
(
w1

j

)]}

≥
{∫

RN

[
1
2
f

(
w2

)
w2 − F

(
w2

)]
+

[
1
2
g

(
w1

)
w1 −G

(
w1

)]}
= O∞,λ (w) .

(5.11)

From (5.11) it gives

cV (y0)M(y0) < cṼ∞M̃∞ ≤ O∞,λ(v) ≤ lim
j→∞

cεj
≤ cV (y0)M(y0).(5.12)

This is a contradiction, which implies that {εjyj} is bounded. Hence, we can assume
ỹj = εjyj → ỹ0. Then, w = (w1, w2) solves

(PV (ỹ0)M(ỹ0))

⎧⎪⎨
⎪⎩
−Δw1 + V (ỹ0)w1 = g(w1) + λw2, in R

N ,

−Δw2 + M(ỹ0)w2 = f(w2) + λw1, in R
N ,

w1(x), w2(x) → 0, as |x| → ∞.

Step 3. We claim that

ỹ0 ∈ V .(5.13)

We prove (5.13) by way of contradiction. Conversely, we assume that ỹ0 �∈ V . It
is easy to check that cV (y0)M(y0) < cV (ỹ0)M(ỹ0). Making use of the same derivation
as that for (5.12) (with Ṽ∞ and M̃∞ replaced by V (ỹ0) and M(ỹ0), respectively),
leads to

lim
j→∞

cεj ≤ cV (y0)M(y0) < cV (ỹ0)M(ỹ0) ≤ lim
j→∞

cεj .(5.14)

This is, obviously, a contradiction.
To prove that (w1, w2) is a ground state solution of system (PV (ỹ0)M(ỹ0)), we

choose y0 = ỹ0. From Lemma 4.2, we find

lim
j→∞

cεj
≤ cV (ỹ0)M(ỹ0).

By using the same derivation as shown in (5.11), one can infer that

cV (ỹ0)M(ỹ0) ≤ lim
j→∞

cεj .

This implies that
cV (ỹ0)M(ỹ0) = lim

j→∞
cεj

and (w1, w2) is a ground state solution of system (PV (ỹ0)M(ỹ0)). In particular, if
U1 ∩U2 �= ∅, then V = U = U1 ∩U2. It is easy to see that

lim
ε→0

dist(εyε,U1 ∩U2) = 0
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and wε converges weakly in H1(RN ) × H1(RN ) (up to subsequences) to a least
energy solution of ⎧⎪⎨

⎪⎩
−Δw1 + V0w

1 = g(w1) + λw2, in R
N ,

−Δw2 + M0w
2 = f(w2) + λw1, in R

N ,

w1(x), w2(x) → 0, as |x| → ∞,

as ε → 0.
Step 4. Since wj and w satisfy systems (Pε,λ) and (PV (ỹ0)M(ỹ0)), respectively,

we shall prove that wj → w = (w1, w1) in H1(RN )×H1(RN ). It follows from (5.10)
that w �= 0. By using the same argument as shown in the proof of (A3) of Theorem
3.6, we have

(5.15)
∫

RN

∇w1
j∇

(
w1

j − w1
)
+V̂εj (x) w1

j

(
w1

j − w1
)

= λ

∫
RN

w2
j

(
w1

j − w1
)
+o (1) ,

(5.16)
∫

RN

∇w2
j∇

(
w2

j − w2
)
+V̂εj (x) w2

j

(
w2

j − w2
)

= λ

∫
RN

w1
j

(
w2

j − w2
)
+o (1) ,

(5.17)
∫

RN

∇w1∇
(
w1

j − w1
)
+V (ỹ0) w1

(
w1

j − w1
)

= λ

∫
RN

w2
(
w1

j − w1
)
+o (1) ,

(5.18)
∫

RN

∇w2∇
(
w2

j − w2
)
+M (ỹ0) w2

(
w2

j − w2
)

= λ

∫
RN

w2
(
w2

j − w2
)
+o (1) .

Combining (5.15)-(5.18), we get

∫
RN

[∣∣∇(w1
j − w1)

∣∣2 + V̂εj (x)
∣∣w1

j − w1
∣∣2 + (V̂εj (x)− V (ỹ0))w1(w1

j − w1)
]

=λ

∫
RN

(
w1

j − w1
)
(w2

j − w2) + o(1).

(5.19)

From ỹj → ỹ0 and εj → 0 as j → ∞, we see that for each β > 0 there exists a
R = R(β) > 0 such that∫

RN

(
V̂εj

(x)− V (ỹ0)
)

w1(w1
j − w1)

=

(∫
|x|>R

+
∫
|x|≤R

)
(V̂εj

(x)− V (ỹ0))w1(w1
j − w1)

≤ c

[∫
|x|>R

(w1)2
] 1

2
(∫

|x|>R

∣∣w1
j − w1

∣∣2)
1
2

+ c
∣∣∣V̂εj (x)− V (ỹ0)

∣∣∣
L∞(BR(0))

≤ cβ + o(1).

This implies that ∫
RN

(V̂εj (x)− V (ỹ0))w1(w1
j − w1) = o(1)
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as j →∞. So we have

∫
RN

[∣∣∇(w1
j − w1)

∣∣2 + V̂εj (x)
∣∣w1

j − w1
∣∣2] = λ

∫
RN

(w1
j − w1)(w2

j − w2) + o(1).

(5.20)

Similarly, from (5.16) and (5.18) we get

∫
RN

[∣∣∇(w2
j − w2)

∣∣2 + M̂εj
(x)

∣∣w2
j − w2

∣∣2] = λ

∫
RN

(w1
j − w1)(w2

j − w2) + o(1).

(5.21)

Combining (5.20) and (5.21) leads to∫
RN

[
|∇(w2

j − w2)|2 + M0|w2
j − w2|2

]
+

∫
RN

[
|∇(w1

j − w1)|2 + V0|w1
j − w1|2

]
≤

∫
RN

[
|∇(w2

j − w2)|2 + M̂εj
(x)|w2

j − w2|2
]

+
∫

RN

[
|∇(w1

j − w1)|2 + V̂εj (x)|w1
j − w1|2

]

=2λ

∫
RN

(w1
j − w1)(w2

j − w2) + o(1)

≤λ

∫
RN

|w1
j − w1|2 + λ

∫
RN

|w2
j − w2|2 + o(1).

(5.22)

Since λ < min{V0,M0}, we see that wj → w in H1(RN )×H1(RN ). Moreover,
it follows from w2

j , w1
j > 0 in R

N and (5.10) that w1, w2 ≥ 0, w1 �≡ 0 and w2 �≡ 0.
Consequently, it follows from Harnack’s inequality (see [24]) that w1, w2 > 0 in
R

N . �

In order to obtain some exponent decay for the solution of system (Pε), we
need the following regularization results. For the details of the proofs, one can see
[24, 32, 33].

Lemma 5.7. Let z ∈ H1(RN ) satisfy

−Δz + (Q(x) + H(x))z = f(x, z), z ∈ H1(RN ),

where H ∈ L
N
2 (RN ), Q(x) ≥ 0 in R

N , Q ∈ L∞loc(R
N , R+), and f is a Caratheodory

function such that
0 ≤ f(x, s) ≤ Cf (s + sr−1), ∀s ≥ 0,

where 2 < r < 2N
N−2 . Then z ∈ Lp(RN ) for all 2 ≤ p < ∞. Furthermore, there is a

positive constant Cp depending on p, Cf and Q such that |z|Lp(RN ) ≤ Cp‖z‖H1(RN ).
The dependence on Q of Cp can be given uniformly on Cauchy sequences Qk in
L

N
2 (RN ).

Lemma 5.8. Suppose that t > N , k ∈ L
t
2 (Λ) and z ∈ H1(Λ) satisfies

−Δz ≤ k(x),
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in the weak sense, where Λ is a open subset of R
N . Then for any ball B2R(y) ⊂ Λ,

we have
sup

BR(y)

z ≤ C
(
|z+|L2(B2R(y)) + |k|

L
t
2 (B2R(y))

)
,

where C depends on N , t and R.

The following lemma is concerning the exponent decay of the positive ground
state solution of system (Pε).

Lemma 5.9. Under the assumptions of Theorem 1.1, if zε = (uε, vε) is a positive
ground state solution of system (Pε), then for small ε > 0 we have

lim
|x|→∞

uε(x) = lim
|x|→∞

vε(x) = 0,

lim
|x|→∞

|∇uε(x)| = lim
|x|→∞

|∇vε(x)| = 0,
(5.23)

where uε, vε ∈ C1,σ
loc (RN ) for σ ∈ (0, 1). Furthermore, there exist C, c > 0 such that

uε(x) + vε(x) ≤ Ce−c|x−yε|,

where |zε(yε)| = maxx∈RN |zε(x)|.
Proof. By the proof of (A2) of Theorem 3.6, we know that for each small

ε > 0, (5.23) holds and uε, vε ∈ C1,σ
loc (RN ) for σ ∈ (0, 1). In the following we shall

prove the exponent decay for the positive solution of wε = uε + vε. Let εj → 0 and
zj = (uj , vj) ∈ L ′

εj
such that Uεj ,λ(zj) = cεj

and U ′
εj ,λ(zj) = 0. As in the proof of

Lemma 5.6, we have qj(x) = (q1
j (x), q2

j (x)) = zj(x + yj) = (uj(x + yj), vj(x + yj))
that solves

(Pε,2)

⎧⎪⎨
⎪⎩
−Δq1

j + V̂εj (x)q1
j = g(q1

j ) + λq2
j , in R

N ,

−Δq2
j + M̂εj (x)q2

j = f(q2
j ) + λq1

j , in R
N ,

q1
j , q2

j > 0 in R
N , q1

j , q2
j ∈ H1(RN ).

From the first two equations, there holds

(Pε,3) −Δw̃j +(M̂εj
(x)+ V̂εj

(x)−λ)w̃j = f(q2
j )+g(q1

j )+M̂εj
(x)q1

j + V̂εj
(x)q2

j

in R
N , where w̃j = q1

j + q2
j . Furthermore, we know that q1

j → q1 and q2
j → q2

in H1(RN ), and |zj(yj)| = maxy∈RN |zj(y)|. So, we deduce from Lemma 5.7 that
w̃j ∈ Lt(RN ) for all t ≥ 2 and

|w̃j |Lt(RN ) ≤ Nt‖w̃j‖H1(RN ),(5.24)

where Nt does not depend on j. Clearly, for each l ∈ (2, 2∗] there holds

lim
R→∞

∫
|x|≥R

[
(q1

j )2 + (q1
j )l + (q2

j )2 + (q2
j )l

]
= 0, uniformly for j ∈ N.(5.25)

Let gj(x) = f(q2
j ) + g(q1

j ). Then system (Pε,3) is equivalent to

(Pε,4) −Δw̃j + (M̂εj (x)− λ)q2
j + (V̂εj (x)− λ)q1

j = gj(x) in R
N .

This gives
(Pε,5) −Δw̃j ≤ gj(x) in R

N .

On the other hand, it deduces from (5.24) and (2.5) that for all t ≥ 2, there
exists a C > 0 such that

|gj |Lt(RN ) ≤ C, for all j ∈ N.
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By Lemma 5.8, for all y ∈ R
N we find

sup
B1(y)

w̃j ≤ c(|w̃j |L2(B2(y)) + |gj |Lt(B2(y))).(5.26)

This implies that |w̃j |∞ is uniformly bounded. Combining (5.25) with (5.26) yields

lim
|x|→∞

w̃j(x) = 0 uniformly for all j ∈ N.

Namely, there is an ε0 > 0 such that

lim
|x|→∞

w̃ε(x) = 0 uniformly for all ε ∈ (0, ε0].

Consequently, by using the same arguments as shown in the proof of (A2) of
Theorem 3.6, we know that there exist C, δ > 0 (independent of ε) such that

w̃ε(x) ≤ Ce−δ|x|,

where
w̃ε = uε(x + yε) + vε(x + yε) and |zε(yε)| = max

y∈RN
|zε(y)|.

�

Now we are ready to prove Theorems 1.1 and 1.2.

Proof of Theorems 1.1 and 1.2. To prove Theorem 1.1, we go back to sys-
tem (Kε) with the variable substitution: x �→ x

ε . By Lemma 6.1 there is at least
one positive ground state solution to system (Kε) for small ε > 0, by Lemma 6.2
Part (G1) holds, and by Lemmas 6.3 and 6.6 Parts (G2) and (G3) hold too.

To prove Theorem 1.2, we replace the condition (V0) by (V1), and the proof
follows along the lines of the proof of Theorem 1.1. As stressed differences in the
proofs of Lemmas 5.1-5.3, and 6.1-6.6, in (5.1) we take μ, σ > 0 such that

V0 ≤ μ ≤ V∞ and M0 ≤ σ < M∞.(5.27)

In addition, in the proofs of Lemmas 6.1 and 6.3, we take y0 = xm and replace V
by U . �

6. Multiplicity of Positive Solutions of System (Pε)

In this section, we present the proof of the existence of multiple positive solu-
tions of system (Pε) by using the Ljusternik-Schnirelmann category theory. To ac-
complish this, we shall make good use of the ground state solution of (PV (y0)M(y0),λ)
for y0 ∈ R. In the following discussion, we only consider the case of V0 < V∞. In-
deed, the proof of the case of M0 < M∞ is almost the same as that of the case
of V0 < V∞. Let us consider δ > 0 and I ∈ C∞0 (R+, [0, 1]) denote a smooth
nonincreasing function such that I (s) = 1 if 0 ≤ s ≤ δ

2 and I (s) = 0 if s ≥ δ. If
O = M1 ∩M2 �= ∅, we let z1 = (u1, u2) denote a positive ground state solution of
the problem (PV0M0). For any y ∈ O, we define

ψi,ε,y(x) = I (|εx− y|)ui

(
εx− y

ε

)
, i = 1, 2.(6.1)

Apparently, (ψ1,ε,y(x), ψ2,ε,y(x)) ∈ Eε. Then there exist a t1,ε > 0 such that

t1,ε(ψ1,ε,y(x), ψ2,ε,y(x)) ∈ Nε.
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Define the mapping Ψε: O → Nε by

Ψε(y) = t1,ε(ψ1,ε,y, ψ2,ε,y).(6.2)

We know that Ψε(y) has a compact support for any y ∈ O. By using almost the
same argument as described in [27, 28, 34], one can obtain the following results.

Lemma 6.1. Under the assumptions of (V0) and (F1)-(F3), we have

lim
ε→0

Jε,λ(Ψε(y)) = cV0M0 , uniformly fory ∈ O.

For each δ > 0, let � = �(δ) satisfy Oδ ⊂ B�(0). Define γ: R
N → R

N by

γ(x) = x for |x| ≤ � and γ(x) =
�x

|x| for |x| ≥ �.

Also, we define a barycenter type map βε: Nε → R by

βε(u, v) =

∫
RN γ(εx)u2

2
∫

RN u2
+

∫
RN γ(εx)v2

2
∫

RN v2
.

As shown in Lemma 6.1, by using Lebesgue’s Theorem it is easy to see that

βε(Ψε(y)) =

∫
RN γ(εx)(ψ1,ε,y(x))2

2
∫

RN (ψ1,ε,y(x))2
+

∫
RN γ(εx)(ψ2,ε,y(x))2

2
∫

RN (ψ2,ε,y(x))2

=

∫
RN γ(εx + y)|u1(x)I (|εx|)|2

2
∫

RN |u1(x)I (|εx|)|2 +

∫
RN γ(εx + y)|u2(x)I (|εx|)|2

2
∫

RN |u2(x)I (|εx|)|2

=
y

2
+

∫
RN (γ(εx + y)− y)|u1(x)γ(|εx|)|2

2
∫

RN |u1(x)γ(|εx|)|2 +
y

2

+

∫
RN (γ(εx + y)− y)|u2(x)γ(|εx|)|2

2
∫

RN |u2(x)γ(|εx|)|2
= y + o(1),

(6.3)

as ε → 0 uniformly for y ∈ O. Hence, we see that

lim
ε→0

βε(Ψε(y)) = y

uniformly for y ∈ O.

Lemma 6.2. Suppose that the assumptions of (V0) and (F1)−(F3) hold. If O =
M1 ∩M2 �= ∅, we take zn = (un, vn) ⊂ NV0M0 such that JV0M0,λ(zn) → cV0M0 .
Then either {zn} has a subsequence strongly convergent in H1(RN ) ×H1(RN ) or
there exists {yn} ⊂ R

N such that the sequence wn(x) = zn(x+yn) converges strongly
in H1(RN )×H1(RN ). In particular, there exists a minimizer of cV0M0 .

Proof. By Lemma 3.5, we know that {zn} is a bounded sequence. From
Lemma 3.2, wn = m̌V0M0(zn) is a minimizer sequence of UV0M0,λ. By Ekeland’s
variational principle [17], we may assume that

MV0M0,λ(wn) → cV0M0 and M ′
V0M0,λ(wn) → 0.

So it follows that

JV0M0,λ(zn) → cV0M0 , J ′
V0M0,λ(zn) → 0 and J ′

V0M0,λ(zn)zn = 0,(6.4)

where zn = mV0M0(wn). For some subsequence, still denoted by {zn}, we may
assume that there exists z = (u, v) ∈ H1(RN ) × H1(RN ) such that zn ⇀ z in
H1(RN )×H1(RN ). We divide our discussions into two cases.



194 JUN WANG AND ZHAOSHENG FENG

(a1) If z �= 0, then z ∈ NV0M0 and

cV0M0 ≤ JV0M0,λ(z)

= JV0M0,λ(z)− 1
2
(J ′

V0M0,λ(z), z)

=
∫

RN

(
1
2
g1(u)u−G1(u)

)
+

∫
RN

(
1
2
f1(v)v − F1(v)

)

+ c1

∫
RN

uq + +c2

∫
RN

vp

≤ lim inf
n→∞

[ ∫
RN

(
1
2
g1(un)un −G1(un)

)
+

∫
RN

(
1
2
f1(vn)vn − F1(vn)

)

+ c1

∫
RN

uq
n + +c2

∫
RN

vp
n

]

= lim inf
n→∞

[
JV0M0,λ(zn)− 1

2
J ′

V0M0,λ(zn)zn

]
= cV0M0 .

So we have

lim
n→∞

∫
RN

|un|q =
∫

RN

|u|q and lim
n→∞

∫
RN

|vn|p =
∫

RN

|v|p.

It follows from Brezis-Lieb’s lemma and Sobolev’s inequality that un → u in Lt(RN )
(∀t ∈ [2, q]) and vn → v in Lt(RN ) (∀t ∈ [2, p]). Since

J ′
V0M0

(zn)(zn − z) = o(1) and J ′
V0M0

(z)(zn − z) = 0,

by using the same argument as shown in the proof of Theorem 3.6, we obtain

‖un − u‖H1(RN ), ‖vn − v‖H1(RN ) → 0 as n →∞.

(a2) If z = 0, according to Lemma 3.5, there exist {yn} ⊂ R
N and r, δ > 0 such

that

lim inf
n→∞

∫
Br(yn)

|zn|2 ≥ δ.(6.5)

Set wn(x) = zn(x + yn). We know that

‖wn‖V0M0 = ‖zn‖V0M0 , JV0M0,λ(wn) → cV0M0 and J ′
V0M0,λ(wn) → 0.

Clearly, there exists w ∈ H1(RN ) × H1(RN ) with w �= 0 such that wn ⇀ w in
H1(RN )×H1(RN ). Then we arrive at the desired result by following the argument
used in the case of z �= 0. �

By using an analogous argument as shown in Lemma 5.6, we can obtain the
following result immediately.

Lemma 6.3. Under the assumptions of (V0) and (F1) − (F3), if εn → 0 and
{zn} ⊂ Nεn such that Jεn,λ(zn) → cV0M0 , then there exists a sequence {yn} ⊂ R

N

such that ỹn = εnyn → y ∈ O.

Let E (ε) denote the positive function such that E (ε) → 0 as ε → 0. We define
the set:

Bε = {z ∈ Nε : Jε,λ(z) ≤ cV0M0 + E (ε)}.
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In fact, for any y ∈ O we deduce from Lemma 6.1 that

E (ε) = |Jε,λ(Ψε(y))− cV0M0 | → 0 as ε → 0+.

That is, Ψε(y) ∈ Bε and Bε �= ∅ for ε > 0.

Lemma 6.4. Suppose that the assumptions of Lemma 6.1 are satisfied. Then

lim
ε→0

sup
z∈Bε

dist(βε(z),Oδ) = 0

holds for any δ > 0.

Proof. Take {εn} ⊂ R
+ such that εn → 0. By the definition there exists

{zn} ⊂ Bεn such that

dist(βεn(zn),Oδ) = sup
z∈Bεn

dist(βεn(z),Oδ) + o(1).

It suffices to find a sequence {ỹn} ⊂ O satisfying |βεn
(zn) − ỹn| = o(1). Since

JV0M0,λ(tzn) ≤Jε,λ(tzn) for t ≥ 0 and {zn} ⊂ Bεn
⊂ Nεn

, it gives

cV0M0 ≤ cεn
≤Jεn,λ(zn) ≤ cV0M0 + E (εn),

which leads to
Jεn,λ(zn) → cV0M0 .

By Lemma 6.3 there exists a sequence {yn} ⊂ R
N such that ỹn = ynεn ∈ Oδ for

the sufficiently large n. So we have

βεn
(zn) = ỹn +

∫
RN (γ(εnz + ỹn)− ỹn)u2

n(z + ỹn)
2

∫
RN u2

n(z + ỹn)

+

∫
RN (γ(εnz + ỹn)− ỹn)v2

n(z + ỹn)
2

∫
RN v2

n(z + ỹn)
.

Note that εnz + ỹn → y ∈ O. Hence, we obtain βεn
(zn) = ỹn + o(1) and then the

sequence {ỹn} is the desired one. �

Lemma 6.5. Suppose that the assumptions of Theorem 1.4 are satisfied. If
zn = (un, vn) satisfies Jεn,λ(zn) → cV0M0 , and there exist r, δ > 0 and a sequence
{yn} ⊂ R

N such that

lim inf
n→∞

∫
Br(yn)

|zn|2 ≥ δ > 0,

and wn(x) = (ũn, ṽn) = zn(x + yn) satisfies the problem

(Pε,5)

⎧⎪⎨
⎪⎩
−Δũn + V̂εj (x)ũn = g(ũn) + λṽn, in R

N ,

−Δṽn + M̂εj (x)ṽn = f(ṽn) + λũn, in R
N ,

ũn, ṽn > 0 in R
N , ũn, ṽn ∈ H1(RN ),

where V̂εn(x) = V (εnx+εnyn), M̂εn(x) = M(εnx+εnyn) and yn is given in Lemma
6.4. Then we have that wn → w in H1(RN )×H1(RN ) with w �= 0, wn ∈ L∞(RN )
and ‖wn‖L∞(RN ) ≤ C for all n ∈ N. Furthermore,

lim
|x|→∞

ũn(x) = lim
|x|→∞

ṽn(x) = 0

holds uniformly for n ∈ N and ũn(x) + ṽn(x) ≤ ce−c|x−yn|.
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Since wn satisfies system (P1
ε ), we know that J ′

εj ,λ(wn) = 0 and Jεn,λ(wn) →
cV0M0 . By using the same arguments as shown in the proofs of Lemmas 5.6 and
5.9, we can arrive at the desired result. So here we omit the details.

Lemma 6.6. Under the assumptions of Theorem 1.4, there exist at least catOδ
(O)

positive solutions to system (Pε) for small ε > 0.

Proof. We prove the existence of at least catOδ
(O) positive solutions to system

(Pε) by using the Ljusternik- Schnirelman category theory. Usually this theory
needs Nε to be a C1-submanifold of Eε. However, here Nε is not a C1-submanifold.
So, we can not apply this theory to system (Pε) directly. Fortunately, from Lemma
2.2, we know that the mapping mε is a homeomorphism between Nε and Sε, and
Sε is a C1-submanifold of Eε. So, we can apply this theory to the functional

Uε,λ(w) = Jε,λ(m̂ε(w))|Sε
= Jε,λ(mε(w)),

where Uε,λ is given in Lemma 2.3.
Define

Υε(y) = m−1
ε (t1,ε(ψ1,ε,y, ψ2,ε,y)) = m−1

ε (Ψε(y))

= t1,ε

(
ψ1,ε,y

‖tεψε,y‖
,

ψ2,ε,y

‖tεψε,y‖

)
=

(
ψ1,ε,y

‖ψε,y‖
,

ψ2,ε,y

‖ψε,y‖

)

for y ∈ O. It follows from Lemma 6.1 that

lim
ε→0

Uε,λ(Υε(y)) = lim
ε→0

Jε(Ψε(y)) = cV0M0 .(6.6)

Set

B̃ε := {w ∈ Sε : Uε,λ(w) ≤ cV0M0 + E (ε)},(6.7)

where E (ε) → 0+ as ε → 0+. It follows from (6.6) that

E (ε) = |Mε,λ(Υε(y))− cV0M0 | → 0

as ε → 0+. Thus, Υε(y) ∈ B̃ε and B̃ε �= ∅ for any ε > 0.
Recall that Bε := {z ∈ Nε : Jε(z) ≤ cV0M0 + E (ε)}. From Lemmas 2.1-2.3,

and 6.1 and 6.4, we know that for sufficiently small ε > 0, the diagram

O
Ψε−−→ Bε

m−1
ε−−−→ B̃ε

mε−−→ Bε
βε−→ Oδ

(6.8)

is well-defined. By a similar derivation of (6.3), we get

lim
ε→0

βε(Ψε(y)) = y, uniformly in y ∈ O.(6.9)

For small ε > 0, we denote βε(Ψε(y)) = y + ζ(y) for y ∈ O, where |ζ(y)| < δ
2

uniformly for y ∈ O.
Denote

η(t, y) = y + (1− t)ζ(y).

Then η: [0, 1]× O → Oδ is continuous, and

η(0, y) = βε(Ψε(y)), η(1, y) = y, for all y ∈ O.

Let
Ψ̃ε = m−1

ε ◦Ψε and β̃ε = βε ◦mε.
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The composite mapping β̃ε ◦ Ψ̃ε = βε ◦ Ψε is homotopic to the inclusion mapping
id: O → Oδ. So it follows from Lemma 2.2 of [34] that

catB̃ε
(B̃ε) ≥ catOδ

(O).(6.10)

Choose a function E (ε) > 0 such that E (ε) → 0 as ε → 0 and such that (cV0M0 +
E (ε)) is not a critical level for Uε,λ. For small ε > 0, from Lemma 5.3 one can see
that Uε,λ satisfies the Palais-Smale condition in B̃ε. So it follows from Theorem 2.1
of [34] that Uε,λ has at least catB̃ε

(B̃ε) critical points on B̃ε. By virtue of Lemma
2.3 and (6.10), we obtain that Jε,λ has at least catOδ

(O) critical points. �

Lemma 6.7. Suppose that the assumptions of Theorem 1.4 hold. Let zε =
(uε, vε) denote one of positive solutions of system (Pε) and kε is a maximum of
|zε|. Then we have

lim
ε→0

V (εkε) = V0, lim
ε→0

M(εkε) = M0,

lim
|x|→∞

uε(x) = lim
|x|→∞

vε(x) = 0 and lim
|x|→∞

|∇uε(x)| = lim
|x|→∞

|∇vε(x)| = 0,

where uε, vε ∈ C1,σ
loc (RN ) with σ ∈ (0, 1). Furthermore, there exist constants C, c > 0

(independent of ε) such that

uε(x) + vε(x) ≤ Ce−c|x−kε|

for all x ∈ R
N .

The proof of this lemma can be completed by a similar idea described in [38],
so we omit the details here.

Now we are in the position to prove Theorem 1.4.

Proof of Theorem 1.4. From Lemma 6.6, we know that there are at least
catOδ

(O) positive solutions to system (Pε). Making the variable substitution:
x �→ x

ε to system (Kε), we see that there are at least catOδ
(O) positive solutions

to system (Kε). As shown in Lemma 6.7, the function hε(x) = zε(x
ε ) is a posi-

tive solution of system (Kε), then the maximum points σε and kε for hε and zε

respectively, satisfy the equality σε = εkε. Consequently, we arrive at

lim
n→∞V (σn) = lim

n→∞V (εnkn) = V0

and
lim

n→∞M(σn) = lim
n→∞M(εnkn) = M0.

�

Lemma 6.8. Under the assumptions of Theorem 1.5, there is no positive ground
state solution to system (Pε).

Proof. For each ε > 0, we know E = H1(RN )×H1(RN ) = Eε. By following
[11], it is easy to check that cε = cV∞M∞ . By way of contradiction, we assume that,
for some ε0 > 0 there exists a positive ẑ such that ẑ ∈ Nε0 and cε0 = Jε0,λ(ẑ).
From Lemma 2.2, there exists ê = (ê1, ê2) ∈ Sε0 such that ẑ = mε0(ê) = s1ê, where
s1 > 0. By virtue of Lemma 2.2 again, we can infer that mε0(ê) = m̂ε0(ê) is the
unique global maximum of Jε0,λ on E. Note that

cV∞M∞ ≤JV∞M∞,λ(mV∞M∞(ê)) = max
z∈E

JV∞M∞,λ(z).
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By (V2), it follows that

V (x) ≥ V∞ and M(x) ≥M∞

for all x ∈ R
N , and

JV∞M∞(z) ≤Jε0,λ(z)

for each z ∈ E. So we have

cV∞M∞ ≤JV∞M∞(mV∞M∞(ê))

≤Jε0,λ(mV∞M∞(ê))

≤Jε0,λ(mε0(ê))
= cε0

= cV∞M∞ .

That is,

cV∞M∞ = JV∞M∞(mV∞M∞(ê)) = Jε0,λ(mV∞M∞(ê)).

Moreover, we can see that z∞ = mV∞M∞(ê) = (u∞, v∞) satisfies

(P∞,1)

⎧⎪⎨
⎪⎩
−Δu∞ + V∞u∞ = g(u∞) + λv∞, in R

N ,

−Δv∞ + M∞v∞ = f(v∞) + λu∞, in R
N ,

u∞, u∞ > 0 in R
N , u∞, u∞ ∈ H1(RN ).

However, we know that

JV∞M∞(z∞)

=Jε0,λ(z∞) +
1
2

∫
RN

(V∞ − V (ε0x))(u∞)2 +
1
2

∫
RN

(M∞ −M(ε0x))(v∞)2.

(6.11)

From (V2) it gives

1
2

∫
RN

(V∞ − V (ε0x))(u∞)2 +
1
2

∫
RN

(M∞ −M(ε0x))(v∞)2 < 0.(6.12)

Combining (6.11) and (6.12) leads to JV∞M∞(z∞) < Jε0,λ(z∞). This is a con-
tradiction. �

Proof of Theorem 1.5. It is not difficult to see that, Theorem 1.5 exactly
follows Lemma 6.8. �
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Birkhäuser, Basel, 1996.

[18] P. L. Lions, The concentration compactness principle in the calculus of variations: The locally
compact case. Parts 1, 2, Ann. Inst. H. Poincaré Anal. Non Linéaire, 1 (1984), 109-145 and
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