Dynamics of PDE, Vol.14, No.2, 125-158, 2017

Analyticity and dynamics of a Navier-Stokes-Keller-Segel
system on bounded domains

Vincent R. Martinez and Kun Zhao

Communicated by Dong Li, received May 20, 2016.

ABSTRACT. We consider a coupled chemotaxis-fluid model :
oru+u-Vu+ VP =vAu—nVo,
V-u=0,
on+u-Vn=D,An—V - (nx(c)Ve),
Otc+u-Ve= D.Ac—nf(c),

describing the interplay of hydrodynamics and chemotaxis in bacterial suspen-
sions, on bounded domains in R? (d = 2,3). In the first part of the paper, by
assuming ¢, x and f are analytic functions, we show that solutions on periodic
domains become instantaneously analytic with respect to spatial variables for
rough data, due to the parabolic smoothing effect. The result holds for all
space dimensions, d > 2, for short time when the initial data is large and for
an arbitrarily long given time when initial data is small in a suitably strong reg-
ularity class. However, if the initial data belongs to a weaker regularity class,
then the smoothing effect is shown to hold for only small data and large time.
The second part of the paper is devoted to the study of long-time asymptotic
behavior of classical solutions in two space dimensions when x(¢) =0 = f(c)
and ¢ = x4. By using LP-based energy methods, it is shown that when v > 0
and D, > 0, the equilibrium determined by the no-flow boundary condition
for u and a naturally stabilizing boundary condition for n is globally asymp-
totically stable regardless of the magnitude of initial data. In addition, by
developing a novel energy method, we show that when v = 0 and D,, > 0,
the naturally stabilizing boundary datum for n is still globally asymptotically
stable. These appear to be the first such results for the model on bounded
domains with physical boundaries. In addition, the method for proving the
last result can be of independent interest.
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1. Introduction

In this paper, we consider a mathematical model describing the so-called “chemo-
tactic Boycott effect” associated with concentrating hydrodynamic flows arising
from the interplay of chemotaxis and diffusion of nutrients or signaling chemicals
in bacterial suspensions [26]. The model was originally proposed to describe the
dynamics of swimming bacteria, Bacillus subtilis, as part of the effort to understand
the interaction of viscous incompressible fluid flows, chemotaxis and oxygen diffu-
sion and consumption. In dimensionless form, the chemotaxis-fluid model reads:

oru+u-Vu+ VP =vAu—nVo,
V-u=0,

on+u-Vn=D,An—V - (nx(c)Ve),
Otc+u-Ve= D.Ac—nf(c),

(1.1)

x € R (d =2,3), t > 0, where u, P,n, ¢ denote the fluid velocity field, scalar pressure,
bacteria density, and oxygen concentration, respectively. The constants v, D.,, D,
are the kinematic viscosity coefficient, bacteria diffusion coefficient, and oxygen
diffusion coefficient, respectively. The functions x(c) > 0 and f(c) > f(0) = 0 are
two given smooth functions of ¢ denoting the chemotactic sensitivity and oxygen
consumption rate, respectively. In the derivation of the model, the Boussinesq
approximation was applied to reflect the effect due to heavy bacteria. The function
¢ denotes the potential function produced by various physical mechanisms, e.g.,
gravitational force (¢(x) = zq) or centrifugal force (¢(x) = g(|x])).

The system (1.1) is closely connected with classic models in fluid dynamics
and chemotaxis research. On one hand, when n = 0 = ¢, one gets the well-known
Navier-Stokes/Euler system :

otu+u-Vu+ VP =vAu, v >0,
{ V-u=0,
which gave birth to mathematical fluid dynamics.

On the other hand, when the hydrodynamic effect is ignored, the model reduces

to the classic Keller-Segel model of chemotaxis :

On = DpAn —V - (nx(c)Ve),
Orc = D.Ac —nf(c),

which has prominent applications in biological modeling and has been studied in-

tensively in the mathematics literature [2]. The case when x(c) = 1/c was originally

proposed by Keller and Segel in [14], while the case when f(c) = ¢ was proposed
by Levine, Sleeman, and Nilsen-Hamilton [17]. Extended applications of the case
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x(c) = 1/c can be found in [24]. The mathematical study of the case D. > 0 was
initiated by Li and Wang [19], and a summary of subsequent theoretical studies can
be found in the recent works [2, 27]; for the particular case when x(c) = f(c) = ¢,
one is referred to the review paper [2].

In addition, when the chemotactic movement becomes inactive, i.e., when
x(c¢) = 0= f(c), the model reduces to the following system of equations:
ou+u-Vu+ VP =vAu—nVe,

V-u=0,
o +u-Vn=D,An,
Oic+u-Ve= D.Ac.

(1.2)

In particular, when the potential function is produced by gravity, the above system
contains the incompressible Boussinesq equations for buoyancy driven fluid flows:

oru+u-Vu+ VP = vAu — neq,
(1.3) V-u=0,
on+u-Vn=D,An,

which have been frequently used to model atmospheric and oceanographic turbu-
lences, as well as other astrophysical situations where rotation and stratification
play a dominant role [22, 25]. Mathematically, when d = 2, the model shares a
similar vortex stretching effect as in three-dimensional fluid flows, and when v =0
and D, = 0, it is formally identical to the three-dimensional incompressible Euler
equations for axisymmetric swirling flows [23]. Due to its close connection with
classic models in fluid dynamics, the 2D Boussinesq equations have attracted con-
siderable attention in recent years. A large body of literatures has been contributed
to the mathematical analysis of the model under various conditions on the system
parameters, see, for example, [1, 15, 18, 29], just to mention a few.

Following standard terminology, we shall call (1.1) the “Navier-Stokes-Keller-
Segel” (NSKS) system. To the authors’ knowledge, the NSKS system is among
the first generation of such models bridging classic models in mathematical fluid
dynamics and chemotaxis research. Not only does the coupled system find inter-
ests and applications in biosciences, it also brings challenging questions into the
mathematical community. For example, it is a well known result that the two-
dimensional Navier-Stokes/Euler equations are globally well-posed in the regime
of large-amplitude classical solutions. However, such a property is not easily en-
joyed by (1.1), due to additional nonlinearities in the chemotactic component and
coupling through potential forcing and advection.

In this paper, we study (1.1) on bounded domains in R%. In the first half, we
study the relation between the structure of the system (1.1) and its well-posedness,
and thus, consider the domain Q = [—, 7], where d > 2, with periodic boundary
conditions. In the second half, due to physical considerations, we restrict ourselves
to the case of bounded domains in d = 2,3 subject to the appropriate boundary
conditions. To put things into perspective, we briefly survey the literature in con-
nection with this work.

In the direction of numerical studies, Chertock et. al. [5] simulated (1.1) on
a two-dimensional rectangular domain with mixed type (stress-free, no-flow, no-
flux, periodic) boundary conditions and produced plumes for the same species of
bacteria in [10], assuming x(c) and f(c) are constant multiples of each other (i.e.,
x(¢) = uf(c)). Results produced in [5] showed significant consistency with the



128 VINCENT R. MARTINEZ AND KUN ZHAO

experimental observations reported in [10]. For rigorous analysis, recently, Liu-
Lorz [20], Lorz [21], and Winkler [28] studied the existence of weak solutions to
(1.1) on bounded domains in two and three space dimensions subject to no-flow and
no-flux boundary conditions. A search in the database shows that so far these are
the only rigorous mathematical results concerning the qualitative behavior of (1.1)
on bounded domains with physical boundaries, while many important features of
the model have not been explored yet.

Our contributions to this contemporary body of knowledge are to establish
spatial analyticity and determine long-time asymptotic behavior of solutions to
(1.1) on bounded spatial domains subject to various boundary conditions. We would
like to mention that the study of spatial analyticity is motivated by the numerical
studies in [5], since it is well known that such a property can inform numerical
computations, see Section 5 for more discussion. On the other hand, the study of
long-time behavior of solutions is also strongly motivated by the numerical evidence
observed in [5]. Indeed, it was observed in [5] that in two space dimensions, in the
region where the chemotactic movement becomes inactive (i.e., x(c) = 0 = f(c)),
bacteria stop directed swimming and continue (along with the fluid) to sink down
into the bottom part of the domain and a pile of bacteria is formed, due to gravity.
Motivated by such an observation, we prescribe a special type boundary condition
for the bacteria density function to corroborate the numerical result obtained in
[5], and study the stability of equilibrium states determined by such boundary
condition.

NoTAaTION 1.1. Throughout this paper, || - ||ze,|| - [z~ and || - ||ws» denote the
norms of the usual Lebesque measurable spaces LP(Q), L™ () and the usual Sobolev
space W*P(Q), respectively. For p = 2, we denote the norms || - ||z and || - ||ws.2
by || - || end || - ||as, respectively. Unless specified, C denotes a generic constant
which is independent of the unknown functions and time, but may depend on Q, the
system parameters, and initial data. The value of the constant may vary line by
line according to the context.

1.1. Spatial Analyticity. The first part of this paper is devoted to the study
of the parabolic smoothing effect of (1.1). For this, we consider (1.1) on the domain
Q = [-m, 7%, where d > 2, with periodic boundary conditions. Then, under the
notation defined in Section 2, we have

THEOREM 1.1. Suppose that x, f are real analytic on R with majorants gy, g¢,
respectively, and that ¢ is analytic on Q. Let o € (—1,0], ¢ € (0,1], and R > 0.
Suppose (uo,no,co) is given, each periodic over Q, with ug,no having zero spatial
mean over Q such that
(1.4) > k7o) + Y (k|7 [Ro(k)[ + D (1+ [KI*)?|é (k)] < R < oo,

kezd kezd kezd
where to(k),70(k), éo(k) denote the k' Fourier coefficient of the corresponding
Fourier series of uo,no, co, respectively.
(1) (e > 0) There exist T = T(R) > 0, an absolute constant C > 0, and a
solution (u,n,c) of (1.1) for t € (0,T] that is real analytic with uniform
spatial analyticity radius bounded below by > C/t.
(2) (e > 0) Given T > 0, there exists R = R(T) > 0, an absolute constant
C > 0, and a real analytic solution (u,n,c) of (1.1) for t € (0,T] with
uniform spatial analyticity radius bounded below by > C\/t.
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(3) (e=0) Given T > 0, there exists R = R(T) >0, C > 0, and a real analytic
solution (u,n,c) of (1.1) for t € (0,T] with uniform spatial analyticity
radius bounded below by > Cv/t.

(4) (e = 0) There exist R,T > 0 sufficiently small such that a real analytic
solution (u,n,c) of (1.1) exists fort € (0, T with uniform spatial analyticity
radius bounded below by > C+/t.

REMARK 1.1. We explicitly identify the restrictions on T and R in Section 2.5.
In particular, we require T, R > 0 to satisfy (2.116) and (2.120).

Theorem 1.1 ensures that as long as the initial data belongs to sufficiently
strong regularity class, then the corresponding solution instantaneously regularizes
to become not only smooth, but analytic in space. Such results for the Navier-
Stokes equations are well-known and, by now, classical (cf. for instance [7]). In
fact, it was shown by Ferrari and Titi [6] that solutions to a very general class of
parabolic equations enjoy such a property provided that its nonlinearity is given as
a real analytic function in its arguments and the initial data belongs to a suitable
Sobolev class, i.e., H*(Q), for s > d/2. Although for convenience the analysis in
[6] was performed on a scalar equation, the analogous statement for systems of
such equations also holds. However, if we denote the space whose norm is given
by the condition (1.4) imposed on, for instance, the initial velocity, uo, by V., then
H® — V, for s > d/2 + o, where o € (—1,0]. Thus, our result can be viewed as an
extension of the work [6] in the particular case of (1.1).

While one expects a result in the generality of [6] to hold for this more general
class of initial data, the above result demonstrates that the situation is clearly more
delicate in the case of systems of equations. Indeed, Theorem 1.1 (and Theorem
2.24) show that structural obstructions to this smoothing effect become possible
when the regularity of the initial data is taken to be sufficiently low. This phenom-
enon can be traced to the apparent “criticality” of the nonlinear term, V- (nx(c)Ve),
appearing in the n-equation, which has order equal to that of the dissipative term
—D,An. We show that as long one works in a “subcritical setting,” i.e., ¢ > 0, then
the usual small-data/large-time and large-data/small-time dichotomies for well-
posedness hold. This work, therefore, identifies a “critical setting,” i.e., e = 0, in
which the structure of (1.1) appears to preclude a “small-time/large-data” type
result. We emphasize that the structural criticality in (1.1) appears only in the
n-equation. Thus, a result analogous to Theorem 1.1, but in the generality of [6]
for systems must necessarily address the issue of “anisotropies” in the regularity
classes with respect to the components of the system.

Furthermore, it will be clear from our proof that if the interaction potential
instead took the form V- (nx(c)|V|®c), where 0 < a < 1 , then the desired small-
time/large-data result can be recovered in the borderline case ¢ = 0 (see Remarks
2.1, 2.2, and Theorem 2.24 below), which suggests the genuineness of the “critical-
ity” we have identified. Nevertheless, this work leaves open the problem whether
a small-time/large-data type well-posedness result in Gevrey classes can be estab-
lished for (1.1) in the case e = 0.

The difficulties expressed by Theorem 1.1 appear to be consistent with those
expressed by other results in the literature for the model (1.1). For instance, in
[21] existence of local weak solutions is established in the case of no-flux boundary
conditions when d = 2,3, and for non-homogeneous Dirichlet boundary conditions
when d = 2, assuming that x, f are positive constants. On the other hand, under
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certain restrictions on x, f, one can recover global existence of weak solutions [20].
We lastly point out that our proof of Theorems 1.1 and 2.24 combines ideas from
[3, 4] and [6], and, to our knowledge, is the first such result for the system (1.1).
Results concerning the spatial analyticity of solutions to a 2D Boussinesq system
on a periodic domain are also available (cf. [8]).

1.2. Global Stability of Chemotactically Inactive Equilibria. The sec-
ond part of this paper is devoted to the study of long-time asymptotic behavior of
large-amplitude classical solutions to (1.1) on a two-dimensional bounded domain
with physical boundary. We consider a special case in which the chemotactic move-
ment is inactive and the flow is primarily influenced by hydrodynamic effects. It was
mentioned before that in this case the coupled system (1.1) reduces to (1.2). Note
that the first three equations in (1.2) form a closed system of equations. Hence, we
shall focus on the long-time behavior of solutions to (1.3).

Motivated by the numerical evidence observed in [5], we consider a naturally
stabilizing boundary condition for the bacteria density. Precisely, we consider the
following initial-boundary value problem :

dru+u-Vu+ VP =vAu - nes,
V-u=0,

(1.5) on+u-Vn = D,An;
(u,n)(x,0) = (o, n0)(x), x €€

ulan =0, nlan =7 — oy,

x = (z,9)T €Q, t >0, where es = (0,1)T, Q@ c R? is a bounded domain with smooth
boundary 92, n is the unit outward normal vector to 992, and 7, @ > 0 are constants.
The boundary condition for n indicates that the deeper the flow, the denser the
bacteria population, which is a naturally stabilizing condition. To the authors’
knowledge, this is the first time that such kind boundary condition is prescribed
for the KSNS model or the 2D Boussinesq equations. Our goal is to prove that
the equilibrium, (0,7 — ay), is globally asymptotically stable under arbitrarily large
perturbations. The result is recorded in the following theorem.

THEOREM 1.2. Consider the initial-boundary value problem (1.5). Suppose
that the initial data (ug,no) € H*(Q) satisfy V -uo = 0 and are compatible with the
boundary conditions. Then there exists a unique solution (u,n) € L*(0,00; H*(Q))N
L?(0,00; H*(2)), such that for any t > 0, it holds that

la(@®)ll72 + I(n — 2+ ay) (B[ 5= < Be ™,
for some constants 3 > 0 and v > 0 which are independent of t > 0.

REMARK 1.2. Theorem 1.2 indicates that the bacteria population is ‘rearranged’
by gravity to rapidly lose dependence on the horizontal variable and stratifies in the
vertical direction, as time evolves, and a uniform linear gradient of the bacteria
density is quickly established, due to diffusion and the naturally stabilizing boundary
condition. The result shows consistency with the numerical observations reported
in [5], and roughly explains the sinking and piling of bacteria in a chemotactically
inactive region.
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In the last part of this paper, we study the global stability of the naturally
stabilizing equilibrium for the following initial-boundary value problem :
Jdu+u-Vu+ VP = —nea,
V-u=0,
(1.6) on+u-Vn=D,An;
(u,n)(x,0) = (a0, n0)(x), x €y
u-nlpo =0, nloo =0 — ay,

n,« > 0, which can be obtained from (1.5) by letting » = 0 and replacing the no-
slip boundary condition by the slip boundary condition. Comparing with (1.5), the
major technical difficulty for establishing certain time-asymptotic behavior for (1.6)
comes from the vanished viscosity coefficient, resulting in a partially dissipative
system, and the non-homogeneous boundary condition. Hence, it is natural to
ask, in the absence of viscous dissipation, whether a uniform linear gradient of the
bacteria density is still established as time evolves. By switching to a different
approach, we can show the following:

THEOREM 1.3. Consider the initial-boundary value problem (1.6). Suppose
that the initial data (uo,no) € H*(Q) satisfy V -uo = 0 and are compatible with the
boundary conditions. Then there exists a unique solution u € L*=(0,T; H*(Q)) and
n € L>=(0,T; H3(Q)) N L*(0,T; H*(Q)) for any 0 < T < oo, such that

Jim (0= 7+ @) (¢) 2 = 0.

REMARK 1.3. The last line recorded in Theorem 1.3 shows that the naturally
stabilizing profile for the bacteria density is globally asymptotically stable even in the
absence of viscous dissipation. This appears to be the first such result describing the
long-time behavior of large-amplitude classical solutions to the inviscid 2D Boussi-
nesq system with thermal diffusivity and subject to a non-homogeneous boundary
condition.

REMARK 1.4. We would like to mention that the global well-posedness of classi-
cal solutions to (1.6) can be established by slightly modifying the proofs constructed
in [18, 29] for the inviscid 2D Boussinesq system with linear or nonlinear thermal
diffusivity. However, when the long-time asymptotic behavior of (1.6) is concerned,
the arguments in [18, 29] are not sufficient to generate uniform-in-time energy es-
timates leading to the decay of the perturbation, mainly due to the non-homogeneous
boundary condition. Roughly speaking, the idea we use here is to show that as a
function of t, the square of ||(n — 7+ ay)(t)||72 belongs to Wh'(0,00), which yields
the desired decay property.

The rest of the paper contains the proofs of Theorems 1.1-1.3, which are given
in Sections 2—4, respectively. The paper is finished with some concluding remarks
in Section 5.

2. Instantaneous Smoothing Effect

To prove Theorem 1.1, we will view (1.1) as an infinite system of ODEs over a
sequence space. Indeed, we will eventually identify the sequence as the correspond-
ing sequence of Fourier coefficients of a periodic function over Q = [—7,7]% d > 2.
We make the necessary preparations in the following section. In what follows, we
may assume that f,y are smooth real-valued functions in R and ¢ is a smooth
real-valued function in Q with Fourier coefficients given by (¢k)xeza-
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2.1. Preliminaries. Let d > 2 and Q = [—7,n]%. Consider the following se-
quence spaces:

d
K1 o= {()geza € (CH* 110 =0, 1w =1u"y, kix=0},

~ d ~ ~ A~k ~ "
(2.7) Ko = {(ix)xeza € C¥ 100 =0, =0, > bdebd_ =0},
Lezd
d
s := {(ﬁlk)kezd S CZ T Wk = 7i)ik}v
each whose topologies are induced by coordinate-wise convergence, where a* = a,
denotes complex conjugation (cf. [3]). Note that tip = 0 corresponds to the zero spa-
tial mean condition, G = 0* , to the reality condition, k- tix = 0 the divergence-free
condition, and =, ,4 9e€d_¢ = 0 enforces the mean zero condition for the veloc-
ity equation. For convenience, we will often use the shorthand & = (Gk)yecze and
@ = (Qx)keza, and let u denote the function whose corresponding Fourier coefficients
are given by a.
Our ambient space will be defined as the following direct sum:
(248) =K1K P Ks.
Given o € R, we define
(2.9)
— VA — z?
Vo = {(t)xeza € (C7)" :lufly <oo} and Vo :={(u)reza € C" : |lullo < oo},
where we define
(2.10) lulle == > (14 k|*)7* il ,
kezd

and similarly for vector-valued sequences a. Note that when o =0, V, C W, where
W is the Wiener algebra. Then for & = (01, 02,03) € R?, we define the subspace

(2.11) Vi=Vo, NK1) ® (Voo NK2) & (Vo NK3) C K.
Now let A = —A with periodic boundary conditions. Let us define the Gevrey norm
for scalar-valued sequences by
/2 o N
(2.12) lulne = 1M Fullo = 37 e (14 1?) 7 fan
kezd

For time-dependent sequences, u = u(t), with A = \(¢) we define
lu()lIx@.o = llu®)llrw,o

and similarly for vector-valued sequences, u = u(t). Finally, we define for X €
(R+)3 = {()\1,)\2,)\3) : )\j > O,j = 172,3}, = RS, and U = ((uk)k, (’Uk)k7 (wk)k) S V5’
the following norm:

1Ul5,5 := llullxi,or + [vlrz,00 + [[wllxs,05,

and we may similarly define the Gevrey norm for time-dependent elements, U =
U(t) € Vz, t > 0. We define the analytic Gevrey class by

(2.13) Gro = { ()i € C" : Jfulr0 < 00},

and similarly for vector-valued sequences t. We recall the relation between real
analytic functions and the analytic Gevrey classes in the following proposition (cf.
[13, 16]):

PROPOSITION 2.1. Let 0 € R and A > 0. Let u be a function with Fourier
coefficients (lyx )k € Vs
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(1) If u € Gr», then u admits an analytic extension on {x+iy : |y| < A}.
(2) If w admits an analytic extension on {x+1iy : [y| < A}, then u € Gy 5, for
all0 < XN < A

We will view (1.1) as a system of ODEs over a sequence space:

4 e+ v [K[? e = —B(61, 0)(k) + Fog(i)(k), k-t =0, i(k,0)= fo(k),

dt
(214) e+ Do P e = =B, ) () + T, x(0): A1), n(0) = (k).
L D [ e = ~B(0,0)() — C(0, F@) (1), a(0) = éo(k)
where 110(k), 7o (k), ¢o(k) are the Fourier coefficients of ug, no, co, respectively, and
(2.15) B(V, W) (k) :=iP > (Ve k)W,
4
(2.16) Fu (0)(k) := PZ@mk,e,
(2.17) B(v, ) (k) := zZ Ve K) ke,
(2.18) T(it, 0, %) (k) :=k Y > Ul —e(k — m) bk m,
£ m
(2.19) C(0,w)(k) := — Z’f}eﬁ}\kfg,
£

where P denotes the Leray projection onto divergence-free sequences, i.e.,
k k

<77 {’k> ITHE |(
k| K|

Observe that for all @,v € K1, we also have

(221) B, W)(K) =iP Y Ve (k—OWie, B, b)(k) =i Ve (k - £)idis,
Y4

(2.20) (PV)ic = Vi — Po] < 2% -

and also that
(2.22) B(Vv,w)(0) =0, B(v,w)(0)=0.

Next, we define a weak solution to (1.1) as follows.
DEFINITION 2.1. Let 7 € (0,00], x(-), f(-),¢(-) be smooth functions, and
(ﬁo, ’ﬁo, éo) c K.

A weak solution to (1.1) is any element U(-) = ((t(-)), (7 (-)), (& (-))) € €([0,7]; K)
such that

(2.23) |B(a / |Fvs(n)(k,s)| ds < oo,
and

(2.24) B(a,7)(k,1)],, |T(,x(c),&)(k,1)] < oo,
and

(2.25) 1B(a,&)(k. )], |C(R, F(0))(k,1)] < oo,

hold for all k € Z* and a.e. t € [0,7], and U(-) satisfies (2.14) for all k € Z* and
a.e. t€0,7].

We also define a mild solution to (1.1) as follows.
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DEFINITION 2.2. Let 7 € (0,00] and x(-), f(-),¢(-) be smooth functions, and
(tig, 7o, Go) € K. A mild solution to (1.1) is any element U(-) = ((tw), (), (éx)) €
€ ([0,7]; K) such that

t t
(2.26) / e B, a) (k, 5)| ds, / e~ B (7) (K, 8)| ds < oo,
0 0

and

(2.27) /t e I B 7 (K, 8)| ds, /t eI 17 3(6), ) (K, 8)| ds < oo,
and ' i

(2.28) /Ot e~ IPeP B o) (K, s)| ds, /Ote—“—swc'kﬁcm, 7(©)(k, s)| ds < oo,
hold for all k € Z¢, and U(-) satisfies

t
ﬁk(t):e*"f‘kﬁﬁo(k)f/ eI B @ a) (K, s) ds
0

t
—/ e KPR (7) (K, 5) ds,
0
t
() :e_D"”k‘zﬁo(k)—/ e~ =IPnIR B 7Y (k,5) ds
(2.29) , 0
e (S
0

t
e (t) :e*Dct'k‘Qeo(k)_/ e (=D B aY(k, s) ds
0

—

N /te,(tfs)de‘QC(ﬁ’f(C))(k7 s) ds,

0
forallo<t<r.

Finally, we define Gevrey regular functions as follows:

DEFINITION 2.3. A mild or weak solution U(-) € €(0,7];K) of (1.1) is Gevrey
regular if there exist & € R* and X : Ry — (Ry)® with X(0) = 0 such that

(2.30) sup [|U(¢)15,),5 < o0-
o<t<r

For convenience, will use the following notation in the analysis below.

REMARK 2.4. We will denote by A < B the relation that A < ¢B, for some
absolute constant ¢ > 0, and use subscripts on < to emphasize dependencies of this
constant, ¢, on certain parameters. We will also use

(2.31) AANB :=min{A,B} and AV B:=max{A, B}.

Let us point out here that in the analysis we perform below, we may often abuse
notation and use ¢, C' to denote generic constants which may change line-to-line in
the estimates.

2.2. Convolution inequalities and Heat Semigroup estimates in Gevrey
Spaces. To prove the required heat semigroup estimates, we will make use of the
following elementary convolution inequalities. Note that we will state the most
of the following inequalities for scalar-valued sequences, but they hold as well for
vector-valued sequences. We will omit most of the details in the proof of some of
these statements as some of them can either be found in [3, 4], or are otherwise



ANALYTICITY AND DYNAMICS OF A NAVIER-STOKES-KELLER-SEGEL SYSTEM 135

readily adaptable. Otherwise, we prove slightly modified versions of them here. We

recall that we denote A = —A with periodic boundary conditions, i.e.,
(2.32) AB/2y(k) = |k[Pd(k), ke 2z
PROPOSITION 2.2. Let A > 0,7 > 0. Then
(2.33)
> SMK@sw)mIS | Y MKk > MKk -
kezd\{0} kezd\{0} kezd\{0}
Moreover, we have
(2.34) 9% Dx~ S lollxllwllxy

PROOF. The inequality (2.33) is precisely Proposition 5.12 in [3]. To prove
(2.34), observe that for v > 0,

[0 % @llxy < Z [0(@)[[(—0)] +C Y MM [K|7|(0 ) ()|

k0

< <Z|@(k)l> (le(kN) + ol llwllxy

< Clfv][aqllw]

Ay
where we have applied (2.33) and the facts that 1 < e ¥l and max{1, |k|"} <
(1 + |k|?)7/2 to obtain the final and penultimate inequalities. O

We will assume from now on that x, f are real analytic functions on R with
majorants g,,gs, respectively, and that ¢ is a real analytic function on T?. In
particular, we may assume that the majorants take the following form (see for
instance [12]):

(2.35) gn(z) = lea(h)|z”, h(z) = ca(h)z", for h=x,f.

We have following fact regarding majorants and our norms.

PROPOSITION 2.3. Let h: R — R, be a real analytic function with majorant g
and u € Gy, for some X\ >0,y > 0. Then

(2.36) 1R(@)lIx~ S gn(llvlxg)-
PROOF. Since u € G », the function defined by
_ Z ikex .
= e Uk
kezd
admits an analytic extension to the set {z =x + iy : |y| < A}. Since
) = co+ 3 en(v(@)",
n>1

it follows that
(237) h/(;)( = 0060 + Z Cn(v k

n>1
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where do denotes the Dirac delta function supported on {k = 0} and 9*" denotes
the n-fold convolution product. It follows from repeated application of Proposition
2.2 that

1R() 1 < leol + D leal 107" 5 S gnllvllaq),

n>1

as desired. 0

We will also make crucial use of the following Gevrey-norm adapted version of
the mean value theorem.

PROPOSITION 2.4. Let A > 0,7 >0 and M > 0. Suppose h is real analytic on R
with a majorant g, and u,v € Gz such that ||ul|x, [v|[xy < M. Then

[R(u) = h(v)[[x~ S g1 (M)|u - v]
PROOF. Since u,v € G\,», the functions defined by

ikex » ikox A
= Z e Tk, v(x)= Z e Oy,

kezd kezd

Ay

admit analytic extensions to the set {z = x + iy : |y| < A}, where 4 denotes the
Fourier transform of u. We know

(2.38) h(u(@)) =co+ Y en(u(@)”, h(u)(k) = codo(k) + D _ en(@™)

n>1 n>1
Let @ =4 — o and let
(2.39) Clit = 0™ x i # 4L
Observe that

(ﬁ*n)k _ (’LZ) % ﬁ*(nfl))k + ('D * ﬁ*(nfl))k

=@ " )+ (D x0T + (02 w2 7D)
=@ ")+ (O ")+ (0T )+ (0
(2.40) = > (Cliaph+ (0.
0<j<n—1

Now consider

Then from (2.38) and (2.40) we have

—

(2.41) Al = R =Y en D (Cillamrmpid)ie

n>1 0<j<n—1
Hence, from Proposition 2.2, 2.3, and (2.41) we deduce that
1h(w) = h(0)[ay < D lenll@™ =075,

n>1

Slhwlay D leal Do Nl

n>1 0<j<n—1
S wliag Y nlea| M
n>1

(2.42) < lwllxqgn (M),

nlj




ANALYTICITY AND DYNAMICS OF A NAVIER-STOKES-KELLER-SEGEL SYSTEM 137

as desired. 0

PROPOSITION 2.5. Let p > 0 and 3,\ > 0. Then for any o € R and o with
B0 £ 0
(LA P 2lle™0lIx 048 Sous [I0]

Ao
If 60 = 0, then
P2 e?

A0l x048 Sp vllne-

PROOF. Suppose that 09 # 0; the case 09 = 0 will be clear from the proof.
Then observe that

_ o — 2.
lle pAU|>\,a+B _ Z e)“kl(1+|k|2)( +6)/2—rlk| ||
kezd
— || + Z ex\k\(lJr‘k‘2)(0+6)/2e*p\kl2 AR
kezZa\ {0}
Thus
— o —_ 2 ~
le ™" vlxots Sos lvlre + > e k|70 e iy
kezd\ {0}
Sos [ollne + [ sup (k|7 e @2 oy,
kezd\{0}

Sos (1V ) |[v]| 0.
Observe that

(2.43) AV A Ap)P? <1
Thus
AP 2lle™ " vlIxoss Sous [V]lne,
as claimed. O

PROPOSITION 2.6 ([4]). Let « > 0 and o € R. Let A : Ry — Ry be a sublinear
function. Then

— —s)A — —s)A
le™" " % 0lx0,0 S Cls,t)lle™ 250 0
for all 0 < s <t, where
1 A(t—s)?
C(s,t) :== — .
(5.6) = s (5 20—

PROPOSITION 2.7 ([3, 4]). Let A\,v > 0. Suppose that v,€ K1. Then for any
6 €eR

le™ " B, W)lxs S5 p~ " ORIy

AW lln-

The adaptation of Proposition 2.7 to our definition of the Gevrey norm can be
gleaned from the proof of following variant of it.

PROPOSITION 2.8. Let \,v > 0 and p > 0. Suppose that v € K1. Then for any
deR

||e_”A — max{O,(l/Q)(l-Hs—’Y)}||V||>\7,Y||w|‘>\y,y

BV, 0)|xs Svs p
as well as

A ~ _ , S5
e B, ) x5 Sv.s p~ OGO vl 541
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PROOF. Since Vo = 0 and Vi-k = 0, it follows from (2.21), (2.22), Proposition 2.2,
and (2.32) that

2
le "B @)as S Y MUK 2N T S [k — £ [

keza\ {0} £€z9\{0}
5—~ _—plk|? 1/2
S sup (1K e ) v, 4 2wl
kezd

< p7 0TI vy ]l x4,
as desired. O
For the other nonlinear terms, 7' and C, we have the following.

PROPOSITION 2.9. Let A,y > 0,p > 0, and § € R. Suppose that x is real analytic
on R with majorant g,. Then

lle™ P4 (5, x(w), ©) || x5 Sy p~ X OE2DAE=0T 1y

A gx ([wllx)lwllx -

PRroOF. Suppose that 1+ ¢ —~ > 0. Observe that since x is majorized by gy,
by repeated application of Proposition 2.2, and then Proposition 2.3 and (2.32), we
have

(2.44) le™ AT (8, x(w), B)| x5
S Y e AR ST S o [x () gyl — m [t
kezd\ {0} €24 mezd
< ( sup e_"klzkl“_”) S Mo« Y(w) * A/2w) (k).
kezd\ {0} kezd\ {0}
< 7O 26w x (w) + (A 2w)] 15
(2.45) S p T2 )5 g (lwll ) W]l a1
Otherwise, 1 4+ — v < 0, and we have
oA R — R
(2.46) le™ " T(0, x(w), W) [Ix5 S Nvllagx (lwlx) lwlxq-+1,

as desired. O

PROPOSITION 2.10. Let A,y > 0,p >0, 6 € R, and M > 0. Suppose that x is
real analytic on R with majorant g,. Suppose that ||wl|x,, |w2llx,y < M. Then
le™ AT (9, x(w1) = x(w2), ®)|x,5
(2.47) Sos Gy (M) p~ e OQWDAFETI |y — wa [ l[w]]x, 14+

~

PROOF. The proof proceeds as in Proposition 2.9, except that we apply Propo-
sition 2.4 (instead of Proposition 2.3) in conjunction with Proposition 2.2. In par-
ticular, we have

e AT (8, x(w1) = x(w2), @) x5 S p~ T F7 2|0 % (x(wi) — x(w2)) * (A ?w)][a4
(2.48) S g (D)~ Ty Jwllt1s
as desired. 0O

arllwr — wallxy

PRroPOSITION 2.11. Let A,y > 0,p > 0, and 6 € R. Suppose that [ is real
analytic on R with majorant g;. Then

le™4C(®, F(w)lxs Svs (LA p)~ " OWDC 015 g ([lw]las)-
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ProOF. Using the fact that f is majorized by gy and Proposition 2.2, we esti-
mate

lle ™20, F(w))l|x.s

~ 7N Ak 5/2 —plk|? A
S 3 el |[Flw) g+ D0 P2 (gl F(w)y
eczd kezd\{0} eczd
— max{0, 2)(6—
Socr [ollaalF @) lxe + p~ ™02y fw)
— max{0, 2)(6—
Soy (LV p~ O g (faw).

The result then follows from (2.43). O

PROPOSITION 2.12. Let \,v > 0,p > 0,M >0, and 6 € R. Suppose that f is real
analytic on R with majorant gy. Suppose that |[wil|x,, ||w2|[xy < M. Then

lle™"4C (0, f(wr) — F(w2))llxs v g (M)A A p)~ "PHOADE=DH g5 lwr — wal|x -

PROOF. The proof proceeds as in Proposition 2.11, except that we apply Propo-
sition 2.4 (instead of Proposition 2.3) in conjunction with Proposition 2.2. In par-
ticular, we have

e "AC (0, f(wr) — flw2))l|x.e

— max{0, 65—
Soov Wl 1f (1) = flw2)llxq +p OO 1yl 3 o 1 (wr) = f(ws2)l|x
o (M)A Y p ORI 1wy — wal|x4).-

The result then follows from (2.43). O

PROPOSITION 2.13. Let \,v > 0 and p > 0. Suppose v € Ko. Then for any
6 €eR

le™ " Fvo(8)lIns Svs p "D 05 V1.

PRrOOF. We need only observe that Fy,(0)(0) = 0 since & € Ko. The proof
then follows as in Proposition 2.8. 0

Next, we prepare the abstract setting in which we prove Theorem 1.1.

2.3. Abstract framework for Theorem 1.1. Let 7 > 0. Suppose o > —1,
B >0, and € € (0,1]. We define the Banach spaces

X1 = e OO 7k Vo) s ullx,. < oob e, = sup a0z,
(2.49) Azr = {v e C(0,7] Vo) : vllxe,, <o}, vllae, = sup [[v(t)ll\yz,0-
0<t<r
Xar = {w € C(0,7[iVe) : lullxs - <00} wllxs- := sup [lw®)svi.e

and
(2.50)

Vi ={uel((0,7];Voip) : [ully, , <oo}, |ully,, = Sup )" a(®) s t.0s 55
Va,r i={v € C((0,7]; Vorip) : [[vlly, . <00},  vlly,, = Sup (D)0 ()| 5.4 55
Var = {w € C((0,7; V1) : |wllys., < oo}, |lullys, := Sup (LA (D)2 lw(t) |y vz

Then we define the Banach spaces
(251) X = Xl,r X XQ,T X X3,7-7 Yr = yl,T X yQ,T X yB,‘rv
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and
(2.52)
Zl,T = Xl,Tﬂyl,Ty Zj,T = Xj,Tmyj,T7 j:2,37 ZT = Zl,T@ZZ,T@ZS,T7

equipped with the usual induced norms, i.e.,

(2.53) |lullx, = l[ullx, , Vullxs, Viulxs ., vy, = lvly . Vil Vv,
and

(2.54) lullz, ., = llullx,, Viully, ., lvlz., = vz, Vivly,.,

(2.55) lwlzs,. = lwlxs, Vw|lys.,

and

(2.56) 1Ullz, = llullz, . + vz, + vz, U=(a,v,w).

Also, we will denote the zero element of X,,), and Z, as
(2.57) 0= (0,0,0).

Consider (tig, 10, ¢0) € Vig,0,e)- We define @1, @2, $3 as follows:
(2.58) ®,(7)(t) = e "ag(k), Pa(t) =e P g(k), Ds(t) = e PeMe0 (k).
Let

W (a,7,8)(t) = G(R)(t) + W (a,a)(t),
(2.59) Wa (@, 7, e)(t) = WP (&,7)(8) + Wi (7, x(c), &)(t),
Wi (@, 7, e)(t) = Wib (a,8)(t) + Wi (n, F(c))(t),
where
G0 =~ [ O Ry (i) s) s
W2 (a,0)(t) := o IAB(q, a)(s) ds,
Wi (@, n _ [ erumapaag B(1,7)(s) ds,
(2.60) - 0 -
W (7, X(0), &)(t) = / (=9DuAT (32, 6)(s) ds,
W (& / ~@=9)DeA B (g 8)(s) ds,

W (4, 8)(t) = / mIPAC(R, F(@)(s) ds.
0
Now define the following maps over C([0, 7]; Vi 0.) )
(2.61)  Si(u,n,c)(t) == ®1(¢) + Wi(t), S;(u,n,c)(t) :=@;(t) + W;(t), j=23.
Then define

(262) S(uu n, C) = (81 (u7 n, C), Sa (u7 n, C), Ss (u7 n, C))
Observe that for ® = (P41, P2, P3) and W = (W1, Wa, W3), we have
S=d+W.

Let R > 0 and define
(2.63) Bz (®,R) :={U = (u,v,w) : [U — ||z, < R}.

Then our main task is to ensure that
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(1) S: BZ,— (CD,R) — BZ,— (@,R), and
(2) S is a contraction.

We establish these claims in Section 2.5 below. Before we do so, we make some preliminary
estimates for ® and W.

2.4. Estimates of ® and W. We will establish the basic estimates needed for ®
and W in order for S to be a self-map on Bz, (P, R), and ultimately a contraction map.
2.4.1. Estimate of ®.

LEMMA 2.14. Let 0 > —1, € € (0,1], and 3 > 0 such that o + 3 > 0. Then for
v =0+ [ we have

1®1llz, . S luolle,  [[P2llzo, S lnolle,  [[Ps]lzs, S llcolles
and
: B/2 s B/2
tliré1+(vt) 1®1(t)lnyzy = tgr;l+(Dnt) (1P2()] 5z~
(2.64) = lim (1A (D)~ 92)[|®5(8)]]5 7., = O.

t—0+

ProOOF. It suffices to consider ®;1, $3; P2 can be treated similarly to ®1. Let us treat
&, first. By Proposition 2.6, we have

—UtA —(v A
(2.65) 121 lrvee S e ollayze S e uolls < fluols-
On the other hand, by Proposition 2.5 we have
(2:66) [|®1(D)]lsyz S e uollave, S @0 2lle” P a0y r0 S )72 o]l
Upon taking supremum over [0, 7] (resp. (0,7]) of (2.65) (resp. (2.66)), we obtain
(2.67) [®1llzy, < lluoflo-
Now observe that for all N > 0
—vtA
WO 21210 s vt o S @8 2le™ (I = Pr)uollsyzors + (02| Prttolls s, o9
ST = Pr)uollo + (v8)*2N||uo |-

where Py denotes the operator that truncates sequences up to the terms |k| < N. Since
N is arbitrary and ug € V., it follows that

Jim ()21 s yr o S (T = Pa)utolla =0 as N — oo,
as desired.
Let us treat ®3 now. Similar to before, by Proposition 2.6 we have
(2.68) 1@3(8)lavze S lle” 2= eollnyz,e S lle” PP el < lleolle,

while Proposition 2.5 implies
(2.69) 1R3(D)laves S e eollvsq—re S (LA (Det)) ™72 leo]c.
Therefore, taking the supremum over [0, 7] (resp. (0, 7]) of (2.68) (resp. (2.69)), we obtain
[®3]lzs - < llcolle:
Similarly, we can show that for all N > 0
(LA (Det) M2 @3()l[xyza S 1T = Pr)eolle + (LA (Det) !~ /2N' || Pyeol 1.

This implies
lim (1A (Det) "™ |@a(t)[l5yz1 S I = Pa)eolle =0 as N — oc.

t—0t
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2.4.2. Estimate of W. To estimate W in Z,, we estimate W1, Wy, W3 in
Zi7, 2217, 23,1,
respectively. We do this in Lemmas 2.15, 2.18, and 2.21 below.
LEMMA 2.15. Let —1 < 0 <0 and 8 € [0,1) such that o + 3 > 0. Then

IWillz,, S v (en)' =7 v en) =272 (un) (Co(n)lInllys . + [ull3, )

~

where Cy(7) := |[V@||\ /7. In particular, we have

IGlz, . S Cor™ ((vr)' =7 v (vr))lInlly, .,

2 — _
WPz, < Cor ™ ((wr) vV (o)D) ul3, ..

~

(2.70)

We immediately obtain the following corollary.
COROLLARY 2.16. Let p >0 and U = (u,n,c). Suppose that U € Bz_ (0, p). Then
IWillz,,, < v Cois(7)(Co(r) + p) U3,
where
(2.71) Ca15(7) := Co((vr) P v (vr) P2 v (u1)),

for some absolute constant Co > 0. In particular, C2.15(T) is an increasing function of
7>0.

PrOOF OF LEMMA 2.15. Let v = o+/3, so that v = 0. Observe that for0 < s <t <7
by Proposition 2.6 and 2.13 we have

e A PG4 (1) (5)lavte S lle” P Fos (3)(5)lays.0
S Wt =) 2 Fos(3)(5)llays.y
SIVelavsqlin(s)lias,
SIVElaymalinllys - (v(t =)~ 2(ws) =2,
It follows that
IGOxvie S IVOlayzlInllys, . /Ot(V(t — )" ws) P2 ds

(2.72) S AIVElayzlinllys v )=
On the other hand, observe that by Proposition 2.7 we have
t
2 —(t—s)rvA PPN
W (1)l vs,0 5/ le™ = AB (1, 0) (5) [ y5,0 ds
0
t
S [ wle= ) PP )l s, ds
0

t
S, , [ =) 0D ws) 7 ds
0
(2.73) Sy, vt 272
Thus, upon adding (2.72) and (2.73), and taking supremum over [0, 7], we arrive at

(2.74)
S [Wa®)lyzo S v (@002 @r) )96l yms il + ).
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On the other hand, Propositions 2.6 and 2.13 imply

—s)VA ~ —(v —s)A ~
e A Fop () (5)llave, S e /P Fog(R)(5)aysy
S IVElavslin(s)liasy

(275) S IVellayz o lInlys, . (vs) =72,
Upon integrating (2.75) over (0,t), then taking supremum over (0, 7], we obtain
(2.76) ,Sup W) 2IFO)lavey S IVSlaym o Inllve, v (v7)-

For ng), we apply Propositions 2.6 and 2.7 to estimate

t
W Ollyve, < / le™ = AB(@, )(s) ||y yz 4 ds
t
< [ wle= ) ae) Ry ds
0
t
Sl [ 0= 9) 20 as.
0

It follows that
(2.77) sup_ W)W O)sves S v wr) P23,

0<t<

Upon adding (2.76) and (2.77), taking supremum over (0, 7], we arrive at

(2.78) Sup W1 ()llavey S v () V @) P2) (V7

nlly,., + ull3, ,)-
Combining (2.74) and (2.78) completes the proof. O

To obtain the estimates for Wy and W3, we will make use of the following elementary
fact. A variation of this was used in [3, 4]. We provide the proof here for the sake of
completion.

ProrosiTION 2.17. Let a,b,c > 0 such that a,b <1 and a +b < 1. Then

(2.79) /t(l Ae(t —5)) """ ds Saw ((ct)™* V1) £,
and
(2.80) /O (t—8) (1A (cs))™" ds <aw ((ct)*b v 1) £

ProOOF. Let B(a,b) fo 1—s)¢ s7b ds denote the beta integral. By symmetry, it
suffices to consider (2. 7()) Suppose that ¢ < ¢7*. Then for 0 < s < ¢, we have ¢(t —s) < 1.
This implies that

t
/ (1A (c(t —s))) s~ ds = B(a, b)e “¢' .
0
On the other hand, if ¢ > ¢!, then

' et —8)) %7 ds = B(a,b)c ' 5% ds
/0(1/\((t ))) ds = B(a,b) -l—/c d

—1

— Bla, b)Y 4 lib(tl"’ _ by

1-b
< (a,b) Vil_b)t .
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Therefore
t
/ (1A (e(t —8)))"%s~" ds < (B(a,b) v %b) ((et)y™ v 1) £,
; -
as desired. O

LEMMA 2.18. Let —1 < 0 <0 and 8 € [0,1) such that o + 3 =0. Then

M} l) 1 / / l) (1-8)/2 /2 (1+8)/2
< Dn Dn € —+
2,7 ~ n U l) T l) T

D.
< (lally, - + gx(llellxs Dlellys -) Iy, -

In particular, we have

wo < p-1(Dn o D7) 1=8)/2
W7 llzs,, <D (== ) (DnT) [allyy - lInlly,
2) <p-t(Dn v D.rV/2 N\ (D) 1+8)/2
W2z S D (57 (Der)” "V (Der) gx(llellxs - )llellys - Inlly, - -
As before, we obtain the following corollary.

COROLLARY 2.19. Let p > 0 and U = (u,n,c). Suppose that U € Bz_(0,p). Then

(2.81) Wz, . < Dyt Cons(e, )p(1+ gx (p) U]y,
where
(2.82)
._ D, \"? (Du (1-8)/2 /2 (1+48)/2
Coas(e, 7)== Co W vip ((Dn1) V (De1) "V (Dnr) ),

for some absolute constant Co > 0. In particular, Cs.15(e,T) is an increasing function of
7 >0 for e > 0, while C5.15(0,7) is constant in T for T sufficiently small.

Proor OF LEMMA 2.18. Let v = o + 3, so that v = 0. First, we have

2
IWa()llsvio < IWSD Olsvzo + WD Ollsvs.o-

It follows from Propositions 2.6 and 2.8 that

t
[ZRIOTIw S/ (Da(t =)~ u(s) 1 g5, In(5)llays, ds
0

t
S Hullyl,fIIHHyz,TD;MV"’/Q/ (t—s) MR8 gy
0

(D2 (1-8)/2
(289) Sl Al 077 (22) (Dur)
On the other hand, by Propositions 2.6, 2.9, 2.17, and the fact that ¢ > 0, we have
2
W52 )20

t
—(1/2)(1—
5/ (Dt =)~ 20D nly gz gxlelayzo)lellys ds
0

t
S Iy, gx(llelxs )lellys - Do /* D27 (/O (t =)D (LN (Des)) "m0/ d8>

(2.84)

- Do\ /2 .
< D7 el el (52) (0o v (Do) 27).
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Upon combining (2.83) and (2.84) and taking supremum over [0, 7] we arrive at

(2.85) sup [Wa(t)llyyz,0 S
0<t<r

D\ P2 Do\ /2
D;* (J) Vi ( ") ((DnT)(l_ﬂ)/Q V. (DCT)€/2 v (DnT)(1+B)/2)
v

D.

(2.86) < (I[ullyy - + gxllellxs llellys ) Iy,

Now we estimate

1 2
W)y < IWSD Ollsvis + W2 Bl s -
By Propositions 2.6 and 2.8, we have

t
(D)WY (O)llavs, S (Dnt)w/ (Du(t = 5) "2 u(s)llays A lIn(s)llxys ds
0

t
< 00"l s, D Do) [0 = )72 s
0
(D (1-8)/2
(28) Sl Al 077 (52) T (Dur)

On the other hand, by Propositions 2.6, 2.9, 2.17, and the fact that ¢ > 0, we have
2
(Dut) 2 IW5? )52

t
< Dut)? [ (Datt = )72l 03 ellags e ds
0
t
< s . ax (el )lellys , D7 V2 DE/24512 ( [ =@ n ey ds)
(2.88)

3 l)n 1/2
<07t (B) (@ v D) s, o llell el -

c

Thus, upon taking supremum over (0, 7], (2.87) and (2.88) imply

sup (Dnt)™?[Wa(t) |54,
o<t<t

B D, 8/2 D, 1/2
sont [(29) v () | (s +anlella el ) Dl

14
(2.89) X ((Dr) P2 (Der)/? v (Do) /2,
Combining (2.85) and (2.89) then completes the proof. O

Invoking Proposition 2.10 in place of Proposition 2.9 appropriately, similar to Lemma
2.18, we have that the following estimate holds as well.

LEMMA 2.20. Let —1 < 0 <0 and 8 € [0,1) such that o + 3 =0. Then
WS (7, x(c1) = x(c2), &)z, < Dy gl (M)Cas(7)ller — e2llas, llellys., Inlly,
where

D,
D.

~ 1/2
(2.90) Cs.15(e,7) : = Cho < ) ((DCT)E/Q . (Dn,]_)(1+5)/2)7

for some absolute constant Cy > 0. In particular, 5’2_18(6,7') is an increasing function of
7 >0 for e > 0, while C5.15(0,7) is constant in T for T sufficiently small.
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REMARK 2.1. Let 0 < a < 1. Suppose that the nonlinear term V- (nx(c)Ve) is given
instead by

(2.91) V- (nx(c)|V|%c).

Redefine the norms for X3 and Vs, by

(2.92) lellas,, = sup [le®)xzor llellys. = sup (1A (Det)**)[|e(®)l|x .0
o<t<r o<t<t

and, consequently, the spaces X.,Yr. Then, in the proof of Lemma 2.18, we may instead
estimate

(2.93)
W52 )5y,
t
5/0 (Da(t = )" YD Din|\ s nax (lellayso)liclysa ds
S nllys - gxllellxs llellys . Do 2 D2V (/t(t — ) IR (Des)) 0O/ dS)
(2.94) i

- D, 1/2 .
S Il gnCells el D5 (32 ) (D72 (D272,

Similarly, we have

2
(D)W )5 iy S

(2.95) (Det)? 2|1l s gx (lell s ellys , Do /2D P2
t
( / (t —8) V2L A (Des)) (/2 ds)
0
(2.96) S nllys,, gxllellxs )llellys . Dt
D \"* (1-a)/2 (148)/2
(2.97) D ((Det) V (Det) )
This implies that
(2.98) W2z, S Dot Cons(e, ) (ullyy . + gxllellxs )lellys. ) [Inlls. .
where
(2.99)
D\ (Da\"? (1-8)/2 (1-a)/2 (1+6)/2
Caas(e, 1) = W \% D ((Dn1) V (De.1) V (Dyp1) ).

In an entirely stmilar vein, we also obtain the analog to Lemma 2.20:
(2.100)

W5 (7, x(e1) = x(e2), &)l1z1, < Da' g (M)Cons (e )ler = eall . llellvs. . Il
where

D,
D.

B 1/2

(2.101) Co1s(e,7) := Co ( ) (D)1 =/2 v (D, 1) HP/2),

The inequalities (2.98) and (2.100), replacing the corresponding ones provided by Lemmas
2.18 and 2.20, will allow us to establish the analog of Theorem 1.1 corresponding to the
case where the “cubic” nonlinearity in (1.1) is given by (2.91), and the spaces Xr, Y- are
redefined according to (2.92) (see Remark 2.2).
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LEMMA 2.21. Let —1 < —0 <0 and €, € [0,1) such that o+ 3 =0. Then

4 [( D D.N\1°?
Wtz 50 [(22) v (B2)] Gl lelvn + il s el )
(2.102) X ((DJ)U%W V (Der) "2 v (D7) P2 (DCT)<3—<5+5>>/2) _

In particular, we have
) [ DN\"? (1-8)/2 1—¢/2
W0z, <027 (22) 7 ull el - ((Der)=72 v ()2 =72)

B/2
2 — Dc — —(e
W0z, <02 (52) sl ) (Do) =2 v (Der) =+,

COROLLARY 2.22. Let p >0 and U = (u,n,c). Suppose that U € Bz, (6, p). Then

W3z, , < Do 'Cooi(r)(p+ g5 (p)IU| 2.,

where
D. D.\1%?
(2.103) C2,21(7)200 |:( y )\/(Dn>:|
(2.104) ((DCT)(lfﬁ)/Q V (Der) /2 v (Dor) P2 (DCT)<37(6+B>)/2>

for some absolute constant Cy > 0. In particular, C2.21(7) is an increasing function of
T2>0.

PrOOF OF LEMMA 2.21. Let v = o + 3, so that v = 0. Proceeding as in the proofs
of Lemmas 2.15 and 2.18, we observe that

1 2
Ws(llaves < W5 Ollaves + 11Ws” @) llavrs

for any 6 € R. By Propositions 2.6 and 2.8, for 0 < t < 7 we have

t
WD Ollavze S / lle=Pe/DE=DAB (@ &)(s)||s . ds
0

t
< / (De(t — )™/ [ullxysrlleln s ds

t
< lullyy Nl , v~ / (t — 5)~/25~A=+D)/2 4
0

_y (DN\? _
(2:105) S lals lell 077 (2) 7 (Der) =2

By Propositions 2.6, 2.11, and 2.17, along with the fact that € + 3 < 2, we have
W Ol S [ e 200, F)6) s ds
0
< /Ot(l A (De/2)(t = )2 Inllsyz097 (lellayzo) ds
S nllya . 95 (llellxs, . ) Dy 272 /t(l A((De/2)(t = 5))) " /25772 ds

0

- D\ /2 - »
(2.100) < D s (el ) (52 (Do) =2 v (Dt 7).
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Taking supremum over [0, 7] (resp. (0,7]) in (2.105) and (2.106), then adding the results
(2.107)  sup [Was(t)llxyz,.e S
0<t<r
—1|( De D.\1%? (1-8)/2 1-6/2 1-(e+8)/2
D; [( > ) v <Dn)} ((DCT) V (Der) V (Do) )
(2.108)  x [l[ully, . llellxs - + Inllya, - g5 (llellxs )] -

On the other hand, for 0 < ¢t < 7, we use Propositions 2.6, 2.8, and 2.17 to estimate
—€ 1
(LA @)W (0l 320

t
SAADO)2 [P B(0,6)(5) 3 s ds
0
t
S D) [t =)™l ey ds
0

l) B/Q t
Sl el D7 2000 (2) 7 [0 7720 A (Do) 072 as
0

(2.109)
< p-1 D\ D.A=B/2\ (D 1yi-e/?
SDe | lully, rllellys,r ( (Der) V (Der) :
Using Propositions 2.6, 2.11, 2.17, and the facts (2.43) and e > 0, we also have

—€ 2
(LA D)W (1) |y 2

< (LA (Det)) 7972 / (LA ((De/2)(t = 9)) "2 n(s)1rys097 (Ies)Iays0) ds

t
S (Dct)(l_e)/zHnl\yz,fgf(IICng,T)Dn_‘m/ (LA ((De/2)(t = )~ 792s77/2 ds
0

(2.110)

< et D\ 1—p/2 B (e+8))/2
< D llys s (el ((Der)' =2 v (Der) )

D,

Upon taking supremum over (0,77, then adding (2.109), (2.110), we have
(2111) sup (Det) "= [Ws(0)ll vz <

o<t<r

1 [( De D:.\17"°

ot [(Z) v (59)] el + il a5l )
(2.112) % ((DCT)“*B)/Z V (Dor)' =2 (Dor) 82y (DCT)(37<6+5))/2) .
Combining (2.107) and (2.111) completes the proof. O

As before, with Lemma 2.20, we also have the following variant of Lemma 2.21,
whose proof follows along the lines of Lemma 2.21, except that we appropriately invoke
Proposition 2.12 in place of Proposition 2.11.

LEMMA 2.23. Let —1 < —0 <0, €€ [0,1), and B € [0,1) such that c + 3 =0. Then
W32 (#, fler) — Fle))lza., <D g5 (M)Cooi (T)[nllys., ller — e2ll ., s

where

~ D.\"? 1-8/2 (3—(c+8))/2
(2.113) Coo1 (1) := Co (D ) ((DJ) V (Der) )
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for some absolute constant Co > 0. In particular, C2.21(T) is an increasing function of
T2>0.

2.5. Contraction Mapping Argument. Let 0 > —1 and € € [0,1). Let 8 > 0 be
given such that § = min{0, —c}. Let v = ¢ + 8 and (uo, n0,c0) € V(s,s,¢)- From Lemma
2.14, there exists a constant C.14 > 0 such that

(2.114) [®llzr < ConallUoll(o,0,6) = R,
where
Uo = (uo,no,c0) and U = (u,n,c).
Let
Bz (®,R):={U € 2, : U — ®||z, <R}

We show that S is a self-map on Bz, (P, R) and that the map, S, given by (2.62) is a
contraction.

2.5.1. S is a self-map, S : Bz, (®,R) — Bz, (®,R). Observe that from (2.114), for
U= (u,n,c) € Bz (®,R) we have

(2.115) IUllz, < U = ®l|z, + 19|z, < 2R.
Suppose that 7, R > 0 and ¢ satisfy
(2.116)

max {1/716’2,15(7)(6@(7’) + R), Dy, ' Co15(e, T)R(L + gy (2R)), D ' Con1 (T) (R + g5 (2R))}

(2.117)
1

<77
— 48

where C2.15(7), C2.15(¢, 7), C2.21(7) are given by (2.71),(2.82),(2.103), respectively. Then
by Corollaries 2.16, 2.19, and 2.22, we have

1 1 1
2.11 \"4 < —U W < o W <y
( 8) ” 1||Zl,7' = 24H ||y77 ” 2HZ2,1— = 24” Hy7'7 ” 3”23,1— = 24” Hyr’

It follows from (2.115) and (2.118) that

IS(U) = @z, = IS1(u,;n,¢) = 1|z, + [[S2(w,n,¢) = o[z, . +[[S3(w,m,¢) — B3z, ,
Wiz, , + [Well 2., + [Wsllzs,,
1

. < -
(2.119) <R

IN

as claimed.
2.5.2. § is a Contraction. Let U1 = (u1,n1,c1), Uz = (u2,n2,¢2) € Bz, (P, R). In
addition to (2.116), suppose that ¢ and 7, R > 0 satisfy

(2.120) Dy, 'Coas(e, 7T)R(1 + g (2R)R) < %, D;'Cooi(7)(R + g5 (2R)R) < %,
Co.15(7), Ca.01 (1) are given by (2.90), (2.113), respectively. Observe that

(2.121) IS(U1) = S(U2)|| 2, = [[Wi(Ur) = Wi(U2)| 2, .+
[Wa(Ur) — W2 (U2)||z,,, + [[W3(Ur) — Ws(U2)|| 2., -
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Since (2.120) holds, we see from Lemma 2.15 and (2.118) that
(2.122) Wi (Uh) = WA(U2)]| 2, .
<G — f2)llz,, + WD (a1, 01) — Wi (2, )| 2,
1 R N N oa R
< ﬁllm — sy, + W (a1 — G2, 02) ||z, + WP (A2, 01 — 02|z, ,
1 1
< ﬂ”nl —nally,, + EHul —uz|ly, .
(2123) < %||U1 AN
Similarly, (2.120), Lemmas 2.18 and 2.20, and (2.118) imply
W2(Ur) — W2 (Us)|| 2, .
(2.124) < WiV (a1, 71) — Wi (2, 72) | 2.,
+ WS (1, X (1), é1) = WP (fa, x(c2), )| 2.,
< WP (g — a2, 7| 2o, + [WaD (B2, 1 — 722) || 2,
(2.125)  + W52 (71 — 2, x(c1), &)l 2z, + WS (2, x(e1) — x(c2), &)l 2,
+ WP (2, X(e2), é1 — é2) ||z,
1 1 1 1
< gpllw —uelly, - + o2lng = na2llye . + ollng —nally - + Sller = e2llys .
5
2.126 < —||U; — U: .
(2126) < llth — Ually,
Finally, (2.120), Lemmas 2.21 and 2.23, and (2.118) imply
(2.127) ||W3(U1) - Wg(UQ)HZ;;)T
< IWEP (a1 — 82,81) ||z, + [WAD (B2, 81 — 2|2,
WP (A1 — i, F(en)llzs, + WA (A2, Fler) — Fle2))llzgr
< Sl — uallyy, + ol — nallya, + s ller — ol
S oyl 2l T gl 2llyz,r T gl 2(| Vs,
1
(2.128) < 6HU1 — Ually, -

Upon combining (2.122)-(2.127), we may therefore conclude that

(2.129) [S(UL) = S(U2 )IIZT_QIIUl Uzl zr,

so that S is a contraction, as desired.

This proves that there exists a unique U € Bz_(®, Ry), for some Ry := Ro(Uop), that
satisfies (1.1) as a mild solution, provided that Uy € V(5 0. Moreover, the solution is
Gevrey regular by definition of Zp. The fact that it is weak solution also follows from
Propositions 2.7, 2.9, and 2.11, which ensure that the mild solution formulation can be
differentiated in time. To avoid repetition of argument, the reader is referred to [3] for
additional details. This completes the proof of Theorem 1.1.

REMARK 2.2. We recall that when ¢ = 0, then Cs1s(e,7) < 1. Thus, even when
T 1is sufficiently small, (2.116) and (2.120) can be satisfied only when R > 0 is chosen
sufficiently small. In particular, when € = 0, we are unable to obtain a “small-data/large-
time” type result.

From another point of view, in light of Remark 2.1, by replacing the constants

02,18(6,7)752-18(6:7')
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with (2.99), (2.101), and changing (2.116) and (2.120) accordingly, then we may repeat
the above argument to produce the analog to Theorem 1.1 in the case where the “cubic”
nonlinearity in (1.1) is given by (2.91), and the spaces X-,Y, are redefined according to
(2.92). This theorem is stated below for convenience.

THEOREM 2.24. Let 0 < o < 1. Suppose that x, [ are real analytic on R with
magorants gy, gy, respectively, and that ¢ is real analytic on Q. Let o € (—1,0] and
(uo,mo,c0) € Vo X Vo X W. Then there exist R, T > 0 sufficiently small such that if

(2130) ||(u0’ n07 CO)”ZT S CR7

then there is a unique solution (u,n,c) € Zr of NSKS., corresponding to (uo,no,co),
where NSK S, is given by

ou+u-Vu+ VP =vAu—nVg,

V-u=0,

On+u-Vn=D,An—V - (nx(c)|V|¥c),
Oic+u-Ve=D.Ac—nf(c).

(NSKS.)

3. Long-time Behavior of (1.5)

In this section, we prove Theorem 1.2. Let us consider the following initial-boundary
value problem:

atu+u~Vu+Vﬁ:yAu—fLe2,
V-u=0,

(3.131) on+u-Vin=au-e;+ D,An;
(u,n)(+,0) = (uo,no + ay — n)(-) € H2(Q)7
u|39 =0, ﬁ,|ag =0, t>0,

which is obtained from (1.5) by letting n = # — ay + 7 and P = P + 2y® — ny. We
begin with the estimate of the zero frequency part of the solution. We point out that
although the energy estimates performed below are formal, they can be made rigorous
by standard arguments, e.g., studying Galerkin approximations of (3.131) to establish
existence of strong solutions in the class H*(Q).

3.1. L?-Estimate. By taking the L*-inner products of the first equation of (3.131)
with au and the third equation with n, and using the boundary conditions, we have

1d - _
(8.182) 5 37 (@llall® + 171%) + av|[Vul® + D |[Va|* = o,
which will later be coupled with different levels of energy estimates to generate the ex-
ponential decay of the solution. Next, we move on to the estimate of the first order

derivatives of the solution.

3.2. H'-Estimate. Taking the L*-inner product of the third equation of (3.131)
with —An and using the boundary conditions, we have

1d

1 = ~2DnA~2:/
(3.133) 2dtIIVnII + Dy ||An||

Q

(u- VA)(AR)dx — a / (u - e2)(Afi)dx.

Q
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For the first term on the RHS of (3.133), by using the Holder, Gagliardo-Nirenberg and
Young’s inequalities, we have

/ (u- Vi) (AR)dx| < [[ul| s | Vil s ]| A
Q
(3.134) < Ol 2 (|Vul| % | V#l|? | A7l 2
N D, .
< CllalPIVulP [V + = A2

For the second term on the RHS of (3.133), we apply the Cauchy-Schwarz inequality to
get

(3.135) ‘—a/(u : eg)(Aﬁ)dx‘ < C|lul* + %HMH?.
Q

Taking (3.134) and (3.135) back to (3.133), we have
1d
2 dt
After applying the uniform estimate of ||u||? obtained from Section 3.1, and applying the
Poincaré’s inequality to the last term on the RHS of (3.136), we update (3.136) as

1d
2dt
Applying the Gronwall’s inequality to (3.137), and using the uniform temporal integrabil-
ity of ||[Vul|? obtained from Section 3.1, we then have

(3.138) [Va)|? < C

~ D’n, ~ ~
(3.136) VAl + S IAG]* < Cllall*[Val*[ V3l + Cllu]*,

_ Dy 1 - N
(3.137) IVal* + AR < OVl Val* + O vl

for some time-independent constant. Hence, we update (3.137) as
1d
2 dt
for some time-independent constant.

Next, taking the L2-inner product of the first equation of (3.131) with d;u and using
the boundary conditions, we find
vd
2 dt

where the first term on the RHS can be estimated as

- Dy -
(3.139) IVal* + S IAR]* < C| V|

(3.140) IVul? + 0rul? = —/(u-Vu) . (atu)dx—/ﬁeg-(&gu)dx,
Q

Q

- / (u-Vu)- (atu>dx\ < lufl 2 [ Vull o 9eu]
Q
1 1
< Cllull [Vl Aull |9yl

1
(3.141) < glowall* + Cllull|Vul* || Auj

IN

1 _
glowall” + Cllulllvul® (19va] + [[72]] + fu] [V ulf*)

IN

1
Floaall® + ¢ (Ivual* + [[Vul*)

where we have invoked the classic results on the Stokes equation and the uniform estimates
of ||lu|| and ||72|| obtained from Section 3.1. In addition, for the second term on the RHS
of (3.140), we have

1
Q

1 _
< llowal* +Clval®.



ANALYTICITY AND DYNAMICS OF A NAVIER-STOKES-KELLER-SEGEL SYSTEM 153

Hence, we update (3‘140) as

(3.142) Ival? + *HatUHQ < G (IVull* +[Vul*) + Ol Val*.

2 dt
Applying the Gronwall’s inequality to (3.142) and applying the uniform-in-time integra-
bility of both ||Vul|? and ||V#i|* obtained from Section 3.1, we find

(3.143) [Vul*> < C

for some time—independent constant. So we update (3.142) as

(3.144) Ival? + *Ilﬁtul\z < C(Ivul® +||val*)

2dt

for some time-independent constant. Next, we estimate the second order spatial deriva-
tives of the solutions.

3.3. H? Estimate. In order to build up higher order spatial regularity of the so-
lution, we now turn to the estimate of the temporal derivatives, and then invoke the
classic theory on elliptic regularity. Taking the temporal derivatives of the first and third
equations of (3.131), we have

{ Ouu+ V- (Ju@u) +u-Vou + VP = vAdyu — d;iies,

(3.145) B B 5 B
8tt7'b + \vr (n@tu) +u- V&gn = a@tu - eg + DnABm.

Taking the L? inner products of the two equations of (3.145) with ad;u and 9,7, respec-
tively, we find

1d

@ (alloeull® + [12:7]1%) + av||VOru||* + Dy ||V O:R|*

= — a/ V- (0ru®@u)]- o dx — / [V - (ndyu)] 0yn dx

(3.146) @ @

= a/ u-[Opu- Vou]dx + / n (Opa - Von) dx
Q Q

IA

av 2 Dy ~ 2 2 ~2 2
7 IVoual® + =IVaa|” + C (Jlullzs + [I7]1Z4) 19l Z4.
We note that, by the Gagliardo-Nirenberg interpolation inequality,

C (llullzs + 12l1Z2) 8rul7s < C (lall[IVull + |7l VAl |9l Veull
(3.147) < Clloul[[[V Ozl

< T IVol® + Cllol”.

Using (3.147) we update (3.146) as

1d

3.148
( ) 2.dt

D,, ~
(alldral + 19:*) + S IV o + 2 [Voil < Cllorull®.

3.4. Coupling and Decay. So far, we have established the following energy esti-
mates:

o 1d -

(3.132): 5 (allall® + [17]1%) + av[|Vul® + Dn||V#||* =

o 1d

(3.139): S lVa ) +*HA 1> < C||Vul?,

. vd _

(3140): 2 STl + Lol < € (190l + [ 97))
1d

- DTL ~
(3.148) : al|dcu])* + [|0eal|*) + %HV&UHQ + S IVaa|® < Cllovul*.

gt (
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It is easy to see that the RHS of (3.148) can be absorbed by the LHS of a suitably large
constant multiple of (3.144). Then the RHS of the resulting estimate, together with the
RHS of (3.139) can be absorbed by the LHS of a suitable large constant multiple of (3.132).
The final resulting estimate then reads

(3.149) %Kl(t) +Di(t) <0,

where
Ki(t) 2 [lufl* + [|2])* + [ Val|* + [ VAl* + |0ca]* + [|0:3]%,
D1 (t) = ||Vu\|2 + HVﬁH2 + Hf)tu||2 + ||Aﬁ\|2 + HV@tuH2 + ||V8tﬁ|\2.

By Poincaré’s inequality, it is then easy to derive the exponential decay of Ki(t), which
yields the exponential decay of the H? norm of the perturbation, due to the classic Stokes
estimates and elliptic regularity. This completes the proof of Theorem 1.2.

O

4. Long-time Behavior of (1.6)

In this section, we prove Theorem 1.3. We note that the perturbed system associated
with (1.6) around the naturally stabilizing equilibrium reads

u+u-Vu+ VP = —nea,

V-u=0,
(4.150) on+u-Vin=oau-ex+ D,An;

(u,7)(x,0) = (uo,n0 — 7 + ay)(x), x € Q;

u-nlon =0, njan =0,
where P = P — %yQ +ny and 7 =n —n + ay. As in Section 3, the estimates we perform
below are formal, but can be made rigorous by standard arguments.

By taking the L? inner products of the first equation of (4.150) with cu and the third
one with 7, then adding the results, we have

1d ~ -
5 g (@llull® + [7]%) + Dal|Val|* = o,
which yields
¢
(4.151) allu@®)|)® + |a)]* + 2Dn/ IVa(r)|® = alluol®> + |70, VYV t>0.
0
Since 7ilso = 0, applying the Poincaré’s inequality to (4.151), we have

t
(4.152) / |a(r)||5dr <C, Yt >0,
0

for some constant independent of time. If we define Gi(t) = ||a(t)||* for ¢ > 0, then
according to (4.151) and (4.152), we see that

t
(4.153) / [Gi(T)Pdr <O,  Vt>0,
0

for some constant independent of time.

Note that, by taking the L? inner product of the third equation of (4.150) with 7, we
have

(4.154) 2 e = 2a/ (u- e2)i dx — 2Dn | Vi,
Q
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We note that the first term on the RHS of (4.154) is not uniformly integrable with respect

to time. Hence, it is not possible to conclude ||7(¢)|> € W'1(0,00). However, we observe

that

(4.155)

L
0

= dr

(G (7))?

ar=1 [ Jae)?

a/Q(u~e2)ﬁ, dx — Do || Vit
<da [ la@IP L@ lla(dr +4D, [ Il |Vam)|Fdr

t
<c / V()| 2dr,
0

where we have used the Poincaré’s inequality and the uniform estimates of ||u(t)|| and
|[7(t)|| obtained from (4.151). Here, the constant C' is independent of time. Then, accord-
ing to (4.151) and (4.155), we see that

t
d 2
4.156 —
(1156) | 46
for some constant independent of time. From (4.153) and (4.156) we see that
7" = [GL(B)]* € W0, 00).

This dictates that lim;—o [|2(t)]|* = 0, and hence ||n(t) — 7 + ay|| — 0 as t — oc.
Therefore the naturally stabilizing profile, n — ay, for the bacteria density function is
globally asymptotically stable, even in the absence of viscous dissipation. We further
remark that the global stability result is indeed far from being trivial. This is because
the third equation of (4.150) contains the second component of the velocity field, while
there is no indication from the first equation that the velocity field is decaying. Finally,
we note that higher order regularity of solutions to (4.150) can be established by slightly
modifying the proofs constructed in [18, 29] for the 2D inviscid Boussinesq equations with
linear or nonlinear thermal diffusivity. The technical details are omitted in this paper.

O

dr < C, Vit>0,

5. Conclusion

In this paper, we studied the qualitative behavior of the coupled chemotaxis-fluid
model, (1.1), on bounded domains in R? subject to various boundary conditions. First,
by adopting approaches from [3, 4], we showed that in any space dimension, that starting
with potentially rough initial data, solutions to (1.1) on periodic domains become instan-
taneously spatially analytic, and the spatial analyticity radius grows like /¢ at least up
to some time T'. Since real analyticity can be characterized by exponential decay in the
Fourier spectrum with rate proportional to the analyticity radius, this result can be used
to identify the number of degrees of freedom in the system. Indeed, the reciprocal of the
analyticity radius at time ¢ indicates a wave-number beyond which the remaining ones
experience exponential decay. Thus, from the point of view of numerical computations,
wave-numbers beyond this cut-off are irrelevant. Theorem 1.1 appears to be the first such
result in the field for (1.1). In addition, since the coupled system consists of the parabolic-
parabolic type Keller-Segel model and the incompressible Navier-Stokes and Boussinesq
equations, our result shows that this instantaneous smoothing effect is also enjoyed by
these classic models in chemotaxis and fluid dynamics.

In the second part of the paper, we studied the long-time asymptotic behavior of
large-amplitude classical solutions to the model on a bounded domain in two space di-
mensions with physical boundary. In particular, we considered a scenario in which the
chemotactic movement is inactive. In this case, the model reduces to the standard 2D
incompressible Boussinesq equations for buoyancy driven fluid flows. Inspired by the nu-
merical studies conducted in [5], we prescribed a naturally stabilizing (non-homogeneous)
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boundary condition for the bacteria density function to corroborate the numerical ev-
idence observed therein. Under such setting, it is shown that for the fully dissipative
system (i.e., when v > 0,x > 0), the naturally stabilizing profile is globally asymptot-
ically stable regardless of the magnitude of initial data. The result is proved by using
standard L2-based energy method. On the other hand, by developing a novel approach,
we showed that even in the absence of viscous dissipation, the naturally stabilizing profile
is still globally asymptotically stable. Our results show consistency with the numerical
results obtained in [5] and appear to be the first ones describing the long-time behavior of
large-amplitude classical solutions to the 2D Boussinesq equations on bounded domains
with physical boundaries subject to non-homogeneous boundary conditions. In particular,
the second result concerning the inviscid model is highly trivial, due to the appearance
of the second component of the velocity field in the perturbed equation for the bacteria
density function, and the non-decaying of the velocity field. Moreover, the analytical ap-
proach developed for proving the last result can be of independent interests, and can be
adopted to study the long-time behavior of other partially dissipative PDE systems.

However, we would like to mention that many fundamental questions, concerning the
qualitative behavior of the coupled model, still remain open at the present time. Here we
just mention a few:

e The global well-posedness (GWP) of classical solutions under biologically rele-
vant structural conditions on the chemotactic sensitivity and oxygen consump-
tion functions is still unknown even in two space dimensions (of course it is too
ambitious to pursue the GWP in three space dimensions since the model con-
tains the 3D incompressible Navier-Stokes equations whose GWP still remains
open as one of the Millennium Prize Problems). We shall provide definite an-
swers to such a question in a forthcoming paper.

e From Theorem 1.1 we see that the instantaneous smoothing effect holds for
large time when the initial data is sufficiently small and for short time when the
initial data is large, provided that the initial data belongs to a suitably strong
regularity class. However, if the initial oxygen concentration belongs only to
W, i.e., the space of functions whose Fourier series converge absolutely, then
our methods are unable to deduce a short-time/large-data result. Hence, it is
interesting to ask whether the coupled model may still enjoy this type of result
in that setting. Indeed, this apparent obstruction to the well-posedness theory
of (1.1) presents itself as a type of critical phenomena. We leave investigation
of this criticality for the future.

e In [5], the authors numerically produced plumes aligned with the vertical direc-
tion, which showed consistency with the experimental observation reported in
[10]. Nevertheless, a rigorous mathematical explanation of such a phenomenon
is still missing in the literature, which corresponds to the study of steady state
solutions of the model subject to appropriate boundary conditions. We suspect
that the underlying mechanisms for the emerging of plumes are gravity and the
interaction between hydrodynamic effect and chemotactic movement, resulting
in bifurcation or spectral instability. We also leave the detailed study for the
future.
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