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Stability and uniqueness of traveling waves of a nonlocal
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ABSTRACT. This paper is mainly concerned with the exponential stability and
uniqueness of traveling waves of a delayed nonlocal dispersal SIR epidemic
model. We first prove the stability of traveling waves by using the weighted
energy method, where the traveling waves are allowed to be non-monotone.
Next we establish the exact asymptotic behavior of traveling waves at —co by
using Ikehara’s theorem. Then the uniqueness of traveling waves is obtained by
the stability result. Finally, we discuss how the nonlocal dispersal affects the
stability of traveling waves. The conclusion shows that the nonlocal dispersal
slows down the convergence rate of the solution to the traveling waves.
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1. Introduction and Main Results

Nowadays, lots of emerging infectious diseases spread more and more quickly
worldwide since globalization has made travels more convenient. It is not enough
any more to use reaction diffusion equations to model the long range transmission of
these diseases, and nonlocal dispersal is better to describe the transmission process,

1991 Mathematics Subject Classification. Primary 37, 76, 92, 70; Secondary 34, 35, 82, 80.
Key words and phrases. Weighted energy method, traveling waves, exponential stability and
uniqueness, nonlocal dispersal, the convergence rate.

(©2017 International Press

87



88 YAN LI, WAN-TONG LI, AND GUO-BAO ZHANG

see [42,43]. In this paper, we consider the following delayed nonlocal dispersal SIR,
epidemic model [21]

2t = dy[(J xwr) —w) (@) + B — oua(t,2) — SR,

(1.1) § 22280 — dy[(( 5 u) — up)(t,2)] + 2alLE2lnt) () 4 yuy (¢, ),
Qus(h2) — gy [((J * ug) — uz)(t, )] + yuz(t, x) — prus(t, z), € R,t > 0,
with the initial data
u1(0,2) = uyg(x), uz(0,2) = uge(x), € R,
us(s, ) = ugo(s,z), s €[—7,0], z € R.

(1.2)

Here, w1, us, uz denote the susceptible class, infective class and removed class,
respectively. J(r) denotes the probability distribution of rates of dispersal over
distance r and J *u; —u;, ¢ = 1,2,3 can be interpreted as the net rate of increase
due to dispersal of class u; (see [14]), where .J % u; is the standard convolution with
space invariable. B, «, (3, v, o, u, p are all positive parameters (see e.g. [21] for
detailed interpretation).

ag

Taking ﬂl(x t) Eul(xvé)a 2(x>t) = Bu2( 7%)7 ’l~j,3(£L' t) %Uﬁ(xvé)a

andlettlngd—d,a—d,ﬂ BB & = TBH—an’Y d,dg ﬁ,ﬂlzd—,
and dropping the tilde for convenience, system (1.1) reduces to

Q) — d[((J + ur) = w)(t2)] + 0 — ous (t, 2) — Pipllalors)

(13) {25 = ((F # ug) — ua)(t,2) + LR — (0t yua(t, ),

Qusl) — du[((J * ug) — ug)(t, x)] +yus(t, ) — prus(t, z).

Note that the corresponding reaction system of (1.3)

dujt(t) =0 —ou(t) — %ﬁ,
du w wo (b

(1.4) ljtit; _ salalon) ()
dus(t)

g = yu2(t) — pus(t)
always has a disease-free equilibrium F = (1,0, 0). Furthermore, if 5 > p+ ~, then
(1.4) admits a unique endemic equilibrium E = (S*, I*, R*), where
ao + f3 (1 +7)(ao + B) I

It is not difficult to see from (1.4) that F is unstable and E is stable.
The traveling wave solution of (1.3) connecting F and E is a special solution
in the form of (uy,us,us)(z,t) = (¢1, P2, d3) () satisfying

e (&) = d[(J % $1)() — ¢1(8)] + 0 — o (€) — FrEiealezcD)
cg(€) = (J * $2)(€) — $a(&) + ZRERLEE) — (14 7)0s(9),
cps(§) = d3[(J * ¢3)(§) — d3(E)] + vh2(8) — p1s(§),

(¢1, P2, ¢3)(—00) = (1,0,0), (91, P2, ¢3)(+00) = (S*,I*, R*),

where £ := x 4 ¢t and ¢ > 0 is the wave speed.
Recently, under the following assumption (J )

: S , J(xr) = —z) > r = 1 an is compactly
J): J e CYR), J J 0, JgJ z)dx = 1 and J 1
supported.

(1.5)
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Li et al. [21] obtained the existence and nonexistence of traveling waves of the
subsystem

(1.6) { Pt = d|(J xw)(t,2) — w(t,2)] + 0 — ow (@) - PEEERETD,

14+aus (t—7,x)

Oua(t,z) _ (J*UQ)(t,.’IJ) _ UQ(t7-'I;) + Bus(tx)us(t=7,x) _ (,U/—f—")’)u2(t7$)

ot 1+aus (t—T7,x)

as follows:

PROPOSITION 1.1. (Existence). Suppose that Ry := % and (J). If the thresh-
old value Ry > 1, then there exists ¢* > 0 such that for every ¢ > ¢*, the system

(1.6) admits a traveling wave solution (¢1(§), #2(&)) satisfying
¢1(7OO) = 1a ¢1(+OO) = S*v ¢2(7OO) = 07 ¢2(+OO) = I*7
and ) lim e 8@, (&) = 1, where A is the smallest positive real root of the following

equation
[0 7 = 1y = ex-+ e — () o
R

If Ry < 1and ¢ > 0; or Rg > 1 and ¢ € (0,c*), then (1.6) admits no traveling
wave solution. In particular, if Ry > %ﬁﬂ, then (1.6) admits a traveling wave

(91(€), P2(€)) with wave speed ¢ = c*.

Since ug in (1.3) can be determined completely by us, Proposition 1.1 implies
that the system (1.3) admits traveling waves connecting F and E for Ry > 1 and
¢ > ¢*, while it has no traveling waves if Ry < 1 and ¢ > 0; or Ry > 1 and ¢ € (0, ¢*).
In particular, if Ry > %ﬁ, then (1.3) admits a traveling wave (¢1, ¢, ¢3) with
wave speed ¢ = c*.

As is known, the stability of traveling waves for epidemic models is an inter-
esting and important issue in the study of disease invasion since it has a strong
influence on the dynamical behavior of the epidemic models. In the past decades,
there have been extensively investigations on the stability of wavefronts for various
diffusive equations, see e.g. [5,6,15,19,25-32,34-36,40] and references therein.
One of the most effective methods to study the stability of monostable waves is the
weighted energy method used by Mei and coauthors (see [25-30]) for the Nichol-
son’s blowflies equations. Recently, Huang et al. [19] obtained the global stability
of wavefronts of monotone monostable nonlocal dispersal equations by combining
the weighted energy method with the comparison principle and the Fourier trans-
form. Note that these stabilities in [19,25-30] depend on the monotonicity of both
the equations and the waves. However, under some conditions, the equations in
those papers may not be monotone. Due to the lack of monotonicity, the equations
do not possess the comparison principle. Hence, the weighted energy method to-
gether with the comparison principle fail in obtaining the stability of the traveling
waves. Fortunately, the technical weighted energy method does not require the
monotonicity of the equations and works for any non-monotone equations. More
recently, by using the technical weighted energy method, Chern et al. [8], Lin et
al. [23] and Wu et al. [39] respectively established asymptotic stability of non-
monotone traveling waves of the Nicholson’s blowflies equation with local diffusion.
Zhang and Ma [47] considered a nonlocal dispersal equation and proved that the
monotone/non-monotone waves with sufficiently large ¢ > 1 are locally stable.
Huang et al. [20] further studied the nonlocal dispersion equation, and established
the local stability of non-monotone traveling waves with speed greater than the
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minimum speed. We should point out that the works mentioned above are mainly
devoted to scalar equations. For delayed diffusive systems, little has been done
for stability of traveling waves up to now (see [41,44,45]). Particularly, to the
best of our knowledge, there has been no results on stability of traveling waves for
nonlocal dispersal systems, even in quasi-monotone cases. As a result, this paper is
concerned with the stability of traveling waves of nonlocal dispersal system (1.3),
where the traveling waves are allowed to be non-monotone. It is much more chal-
lenging since the difficulties raise from the nonlocal diffusion term and the lack of
monotonicity.

Regarding uniqueness of traveling waves, much work has been done for various
scalar equations (see e.g. [1,2,4,5,7,9,10,12,13,33,38]). More recently, Aguerrea
et al. [1] established the uniqueness of semi-wavefronts of nonlinear convolution
equation and achieved an important extension of the uniqueness results in [2,4,
9,10,12,33|. For systems, the results are rather limited. When the system is
quasi-monotone, the uniqueness of traveling wavefronts can be obtained by sliding
method, see e.g. [16]. For systems without quasi-monotonicity, the topic becomes
more difficult since the traveling waves lack of monotonicity and the work is much
less, see e.g. [3,11], where they studied some specific diffusive epidemic models and
obtained the uniqueness of traveling waves by showing that the stable manifold at
the endemic equilibrium is one-dimensional.

Based on the above facts, we are mainly concerned with the exponential sta-
bility and uniqueness of traveling waves of system (1.3) in this paper. To overcome
the difficulties raised from the nonlocal term and the lack of monotonicity, we adopt
the technical weighted energy method and construct the weight function w(§) sat-
isfying w(4o00) = 0, which is motivated by [23]. Note that [23] uses the nonlinear
Halanay’s inequality to get the desired exponential decay estimate when ¢(x + ct)
is near vy (or, say, © — +00). However, it is difficult, if not possible, to extend
the nonlinear Halanay’s inequality for scalar equation to system. Here we establish
the desired decay estimate of (¢1(z + ct), pa(x + ct), p3(x + ct)) near (S*, I*, R*)
with a new development (see Lemma 3.7). In addition, it is necessary to point out
that, in [23], the uniform convergence 5lim u(t,&) = 0 for all t € [0,7] can not

— 00

imply the uniformly boundedness u(t,&) < € for all ¢ € [0,00) when & >> 1, see
also [8, Observation 3]. To avoid such a trouble, inspired by [8], we first establish
the global existence and uniqueness of solutions of the perturbed system and then
the a priori estimates by the weighted energy method. Next, we get the exact as-
ymptotic behavior of traveling waves at —oo by using Ikehara’s theorem, and then
establish the uniqueness of traveling waves of system (1.3) based on the stability
result. Finally, we claim that the nonlocal dispersal affects the stability of traveling
waves a lot. More precisely, we conclude that the nonlocal dispersal slows down
the convergence rate for the solution to the traveling waves.

Notations. Throughout the paper, C' > 0 always denotes a generic constant,
while C; > 0(i = 1,2, ...) represents a specific constant. Let I be an interval. L?(I)
is the space of the square integrable functions defined on I, and H*(I)(k > 0) is the
Sobolev space of the L?-functions f(z) defined on the interval I whose derivatives

dd—; (i =1,2,...,k) also belong to L?(I). L?(I) denotes the weighted L?-space with
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a weight function w(x) > 0 and its norm is defined by

1£llzz = </Iw(x)|f(a:)|2dx>é.

HE(I) is the weighted Sobolev space with the norm
2 3
dac) .

|m%=<2/

Let T > 0 be a number and B be a Banach space. We denote by C([0,T]; B) the
space of the B-valued continuous functions on [0, T]. L2([0,T]; B) is the space of
the B-valued L2-functions on [0, T]. The corresponding space of B-valued functions
on [0,00) can be defined similarly.

Define

dml

A= [ T) [ = 1y = A+ 5T = (i)

Then for Ry := % > 1, there exist ¢* > 0 and A, > 0 such that

IA(N, ¢)
12D ’()\*,c*)
Moreover, if ¢ > ¢*, then A(\,¢) = 0 has two positive solutions Aj(c) < Aa(¢) such
that A(X, ¢) <0 for A € (A1(c), A2(¢)), while A(A, ¢) = 0 has no real roots if ¢ < ¢*
(see [21, Lemma 2.1]). In the rest of this paper, we always assume Ry > 1.
Now define a weight function as

=0, A, =0.

(1.7) w(€) = e M%) with a sufficient large number & > 1.

We are in position to state our main results.

THEOREM 1.2. (Stability). Suppose that (J) and 7 < 79 with 79 a positive
constant. For any given traveling wave solution (¢1(x + ct), da(x + ct), ¢3(x + ct))
of (1.3) with speed ¢ > max{c*,¢}, where ¢ > 0 is a constant defined in (3.23), if
the initial perturbation satisfies

uio(x) — ¢i(x) € C(R) N Hy(R), i = 1,3,
u20(s, ) — ¢2(x + es) € C([=7,0;; C(R) N HL(R)) N L2([-7,0]; H,(R))

and lm (ui(x) — ¢i(x)) = Uin,eo, ¢ = 1,3, lUm (ugo(s,x) — ¢2(x + cs)) =
T—+00 xr—+00

U20,00(8) € C[—T,0] exists uniformly with respect to s € [—7,0], then there exist

some constants 0,kg,v0 > 0 and 0 < k < min{ko,vo}, all independent of x, ¢,

U;(t,x),i=1,2,3, when the initial perturbation is small:

> w0 — ¢:)(0)[[2 + o [1(uz0 — ¢2)(s)I1Z

i=1,3
0

+ZHM)@ W+ [ a0 = 62)(6) By ayds < 6

—T

the solution (U1 (t7 x),Us(t, ), Us(t, z)) of the Cauchy problem (1.3) and (1.2) exists
uniquely and globally in time, and satisfies

Ui(t,z) = di(z +ct) € C([~mi,+00); C(R) N H,(R))
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NL*([—7i, +00); HL(R)) N Cunif[—Ti, +00)
and

sup |U(t,x) — ¢s(z + ct)] < Ce ¥, t >0, i=1,2,3,
z€R

where 71 = 73 =0, 70 = 7, and Cypnif[—r,T], for r > 0 and 0 < T' < oo, is defined
by

(1.8)  Cunif[—rT] = A{u(t,z) € C([-r,T] x R) such that
ligl ety (t, x) exists uniformly in ¢t € [—7, T]}.

REMARK 1.3. Note that w(§) > 1 only for & < &, and 5lim w(§) = +oo,

) lim w(&) = 0. It differs from the previous works (see e.g. [25,26,28,29]), where
——+o00

the weight functions are selected to be greater than 1 for all £ and the initial per-
turbation in H!(R) with w(¢) > 1 implies that the initial perturbation at +o0o must
be 0. Here we restrict the initial perturbation in C(R) N H}(R) with w(+00) = 0,
which allows the initial perturbation at 400, namely, w;0 0, ¢ = 1,3, and u20,00($),
to be uniformly bounded but may not be 0. See also [23, Remark 1].

REMARK 1.4. Theorem 1.2 ensures that when the wave speed is not too close
to ¢*, the wave is asymptotically stable. However, the stability problem for ¢ close
to the critical wave speed c*, especially for ¢ = ¢*, is still open. And we will leave
it for study.

By the stability result, we can further obtain the following uniqueness result.

THEOREM 1.5. (Uniqueness). Suppose that (J) and 7 < 79. Then any traveling
wave solution (¢1(z + ct), p2(x + ct), p3(x + ct)) of (1.3) with speed ¢ > max{c*, ¢}
is unique up to translations.

The rest of this paper is organized as follows. In Section 2, we reformulate
the original system to the perturbed system around the given traveling waves, and
state the stability results for the perturbed system. Section 3 is devoted to the
proof of the stability theorem. We first prove the global existence and uniqueness
of solutions to the perturbed system (see Proposition 3.2), and then establish the
a priori estimates (see Proposition 3.3), which immediately derive the stability
theorem. To establish the a priori estimates, it is much crucial to get the desired
decay estimate of (¢1(z + ct), po2(x + ct), d3(x + ct)) near (S*, I*, R*) (see Lemmas
3.7-3.9). In Section 4, we first obtain the exact asymptotic behavior of traveling
waves at —oo and then prove the uniqueness result based on the stability theorem.
Section 5 discusses the effect of the nonlocal dispersal. The conclusion implies that
the nonlocal dispersal slows down the convergence of the solution to the traveling
waves of (1.3).

2. Reformulation of the Problem

Let (U (t, x), Us(t, z), Us(t, z)) be the solution of the Cauchy problem (1.3) and
(1.2), and (¢1(x + ct), da(x + ct), d3(x + ct)) be a given traveling wave solution of
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(1.3). Let £ := x + ¢t and

{ i(8,6) = Ui(t,2) = i(€) = Us(t,€ — ct) = 1(€), i =1,2,3,
(2.1) i(0,€) = wio(x) — ¢i(x) :== Vio(§), i = 1,3, v € R,
Va(s,€) = u20(s, ) — ¢p2(x + cs) 1= Vao(s,§), s € [-7,0], z € R.
Then (Vi (t,x), Va(t, ), Vs(t, z)) satisfies
(2.2)
M +c3V1 —d [ J()Vi(t, & — y)dy + (d + o)Vy = Pi(V1, Vay),
"’V2 +c8V2 Jo JW)Va(t, & = y)dy + (14 p +7)Va = Po(Vi, Var ),
8V‘°’ + cav3 d3 [ J(y)Va(t, € —y)dy + (dz + p1)Vz —yVa = 0,
V1(0 §) = V10(€) V3(0,8) = Vao(€), Va(s,§) = Vao(s,€), s € [-7,0], £ € R,

where Py(V3,V3) = f2age — SUAEGHCAES) and Py(14,Vh) = —Pi(V4,Vh) with
‘/27' = ‘/Q(t_Tag_CT) and ‘/1 = ‘/Z(tyf)’ i = 1’2
Furthermore, linearize the delay term P;, ¢ = 1,2, then the original problem

(1.3) and (1.2) can be reformulated as

Wl Wl Ba (& — er)
ﬁ¢1(§) B
" (1+ap(€ - CT))2V2(t Trémen) = Qi mri—en),
ovy OV Ba(€ — cr)
Bp1(€)

Valt—71,6 —cr) =Q(t — 7, —¢7)

(14 aga(€ —c1))?
and
V- V-
2342
ot 8§
with the initial conditions

(2.6) V1(0,8) = Vio(§), V3(0,€) = V30(€), Va(s,§) = Vao(s,§), s € [-7,0], { € R,

where

(2.5) ds / T)Va(t, € — y)dy — Va + (ds + pn)Vs = 0

Qt—1,&—c7)
BVAE,E) + ¢1())(Va(t — 7,6 —cm) + ¢2(§ —cT))  Br(§)d2(€ — cT)
1+ a(Va(t — 71,6 — 1) + ¢2(§ — 1)) 1+ age(€—cT)
Bo2(§ —cT) Bé1(§)

Vo(t — 7,6 — c7).

Tram-en 09T
For r > 0, T > 0, define
X(r—7r+1T)
= {(Vi,Vo,W3)|Vi € C(Ir — 7,7 + T}; C(R) N Hy,(R))
NLA([r — 73,7+ T1; Hy (R)) N Cunig[r — 73,7 + T,
i=1,23,1=73=07m="1}

(14 age(& —c1))?
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with
3 r+T
Mf,vm—Z( sup (||v¢<t>||%+\|v¢<t>||§ﬁ)+/ ||v;«(s>||%1ids>
i—1 telr,r+T) r
and

3 r
:2< swp (V02 + IV ) + | ||v27»<s>||%[;ds>7

i=1 \tE€[r—mir]

where 7 > 0 and 7" > 0. When r = 0, we denote M~ (T") = Mo v (T).
Now we state the stability result for the perturbed system (2.3)-(2.6), which
implies Theorem 1.2 immediately.

THEOREM 2.1. (Stability). Suppose that 7 < 7y. For any given traveling wave
solution (¢1(x + ct), pa(x + ct), p3(x + ct)) of (1.3) with speed ¢ > max{c*, ¢}, if

Vio(€), Vao(€) € C(R) N HL(R),
Vao(s, &) € C([=7,0]; C(R) N HL(R)) N L*([—7,0]; HL(R)),

and ghrf Vio(€) == Vi, ¢ = 1,3, and §liIle Vao(s,€) == Vagee(s) € C[—7,0]

exists uniformly in s, where w(§) = e~ (6-80) with a large number & > 1. Then
there exist some positive constants dy and k such that, when My (0) < dp, the solu-
tion V (¢, &) := (Vi(t,€), Va(t, &), V5(t, §)) of the Cauchy problem (2.3)-(2.6) uniquely
and globally exists in X (—7,00) and satisfies

3

t
2.7) Z(IIW(t)II%HI%(t)II%i o e-%<t-s>||vi<s>||%gds) < OMZ(0) "

i=1
for ¢t € [0, 00).

3. Stability of Traveling Waves

This section is devoted to prove Theorem 2.1, which mainly depends on the
results about global existence and uniqueness of solutions for the perturbed system
(2.3)-(2.6) (see Proposition 3.2) and a prior estimate (see Proposition 3.3). We first
show the local existence result which will be used later.

PRrROPOSITION 3.1. (Local existence). Consider the Cauchy problem with the
initial time r > 0,
(3.1)

5 , P —CT
ML | DL g [ J(y)Va(t, & — y)dy (d+o+%@_;)>%(t7€)

Jr%%( 7§ —cr) = —-Q(t —7,§{ —c7),

OVl 4 OB — [ T(y)Va(t, € — y)dy + (1+ p+7)Va(t, €) — Thzlssrs
xv1<t75> %w—r §—or)=Qt—T7,§ —c7),

OVl 4 OV — dy [ J(y)Va(t, & — y)dy — Y Va(t, ) + (ds + ) V(£ €)
=0, (t,§) € [r,+00) x R,

Vi(r,§) = uir(§) — ¢i(§) :=Vir(r,§), i=1,3, (€R,

Va(s,§) = uzr(s,€ — cs) — ¢2(§) = Var(s,8), (s,8) € [r—7,7] xR
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If (Vir(r, &), Var(s, &), Var(r,§)) € X(r — 7,7) and M, (0) < 4, for a given con-
stant 0; > 0, then there exists tg = #p(d1) > 1 such that the local solution
V(t, &) of (3.1) uniquely exists for ¢t € [r — 7,7 + to] and satisfies V(¢,&) :=
(V1(t,€), Va(t,£), V5(t,&)) € X(r — 7,7 + to) and M, v (to) < ¢ M, v(0) for some
constant ¢ > 1.

PROOF. The local existence of the solution can be proved by th standard iter-
ation technique (see e.g. [24]). In contrast to previous works, here we need to show
that the local solution V' € Cypif[r, 7+ to] X Cuniflr — 7,7 +to] X Cynif[r, r + to] for
some small ¢y > 0, which will be determined later. The proof is motivated by that
of [23, Proposition 2.2] and we sketch the proof as follows.

Let (V1 (t £), V20)(t §), V3(0)(t €)) € X(r—7,7+tp). Let n > 7o be a constant,
where 7 is a positive constant being specified in Lemma 3.8. Let a; =n —d — o,
ao=n—1—(u+7), a3 =n—ds— p1. For i = 1,2, 3, we define the iteration
v = PV for n > 0 by

8v("+1) av(n+1) n n
b+ P VY = d [ TV (€ — )y
(3:2) +hy (Vl(n), Vs, ) (t—m1,&—c1)),

Vl(n+l) (7’7 5) = Vl'r(rv g)a g S Rv

avzgt*” n Cav%";” i 77Vz(nﬂ fR (n (t,€ — y)dy
(33) +ha(V" V" (1 =76~ cT>>7
V" (5,8) = Var(5,8), selr—m7), R
and
(3.4)
P 4 P Vi = dy [ VA (1,6 — y)dy + by (VP V),
‘/:B’(n+1) (T’, 5) - V3T(r7 5)7 5 € ]Ra
where
MV (097 76— er)) =V (n.6) + S E= )
BV () +619) (VA" (t = 7€ = er) + 62( — o))
1 a (Vi (t = 7.6 = er) + ga(€ — o)) ’
V(0,9 Vit 7.6 = er)) = V) (r.6) - S E= )
K (V.8 + 619)) (V™ (¢ = 7.6 = er) + dal€ — e7))
1 a (V" (=76 = er) + da(€ — o))
and

hs (V™ (4,€), V3" (1,€) = asVs™) (1,€) +9V3™ (1, €).
Then (3.2)-(3.4) can be written in the integral form

35 V"9
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t
= "V (r, € — ct) + / e nt=s) [di/ TV (5,6 =y + (s — ))dy
R

i (V" (5,6 + e(s = ), V3" (s = 7,6+ ols = t = 7)),
Vi (5,6 + (s — t))) ]ds
for i = 1,2,3, where dy = d, ds = 1, and
gV V) = b s (VT V), ga (T VI V) = ha (Vi V).
Furthermore, we have
VI (1 e) = e (€ — et) + / et g {di / J(y)
T R
XV (5,6 =y + ols = )y + g5 (V" (5.6 + cls — 1)),
VIV (s =76 s =t = 7)), Vi (5,6 + s — 1)) }ds.

Note that V(n) € Cuniflr — 7i,7 + to] with 74 = 73 = 0 and 7» = 7, ie.,

5hm e”otV(n)(t §) = e”"tV(n)( t) € Cr — 7, r + to] exists uniformly in ¢ for i =
— 400
1,2,3. We now prove Vi( ) ¢ Cuniflr — Ti, 7 + to]. It is easy to see that

li V(n—i—l) ¢
dim Vi €)

t
=e G Vir(r,§ —ct) + /T e =) [di/J(y)
x  lim V- ( & — y+c(s—t))dy+ hm gz(V1 (s, &+ c(s—1)),

—>+oo

VQ(n)(s —1,é+c(s—t—1)), V},(n)(s,f +e(s — t))) ]ds

Vi) + [ eI, m V(o €+ cls - )
—|— hm gi (Vl (s, &+ c(s—1)), VQ(n)(s —1,é+c(s—t—1)),
(n)(s E+c(s— t))) }ds

t
Vi 4 [ a0 + g5 (W6 L = 1) V() Jas

1 . .
=: VZ(Z: )( t), uniformly with respect to t € [r — 7;, 7 + to].

We claim that e'y"tVi(nH)(t, €) is uniformly convergent as £ — +o0. In fact, since

lim sup
€400 terrto]

e’mtVZ_(n) (t, &) — e'yotv(" ‘ -0

and

G (Vi (5,6 + c(s — 1), Vi (s — 7,6 + c(s — t — 7)), Vi™ (5,€ + c(s — 1))
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(Vi (), Vi (s = 7). VAT (s)|

3
< s (L[ el 0) - V)

sE[r,r+to] i—1

+ ’Vz(n)(s —né+e(s—t—71))— ‘/2(,2)(3 — 7')) ),
it follows that

lim sup
€=+ te[r,r+to]

t
~ lm sup / o=(t=5) 0 (t=s+7) [di / J(y)en(s=)
5—’+°°te[rr+to] R

VI €) — oV 1))

x|V (5.6 =y o+ e(s = 1) = VE(s) | dy + 0

x|V (5,6 4 s = ), V™ (s = 7€ elis = = 1), Vi (5,6 + s — 1))

— g (Vi (), Vi) (s — 7), V;j;g(s))‘ } ds

1,00 2,00

¢
< sup /e_"(t_s)e%(t_erT) {dl/J(y) lim (=7
R

te[r,r+to] Jr §—to0

Vi (5,6~ y o+ els = 1) = Vi (s) dy

3
+C lim sup (Z

§= 00 temrtto] N iy

V" (s, + els = 1) = V()

[V = ol =t )~ (s - )] ) e
=0.

Here we also used the uniform boundedness of

t
/ o= (t=3) gro(t—s+7) g _ (1 _ e(n—vo)(r—t)) < .
. =0 -

evoT evoT

Furthermore, by taking

/ /Z (0k(3.2) - 9V + 0F(3.3) - oV
R
+0F(3.4) - 0F V"V ) dgds,

then for all ¢ € [r — 7,7 + to], we can get

t
3O X (VN + [ e i)

i=1

T 3 t
(Sl + [ v oBas+ 3 [ IV as)
r—T i—1 7T

i=1

IN

97
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for some constant C' > 0. From (3.5), we have

3
X]WW“Hch<§ijm4»w+cm sup HW“@@M)

i=1 i=1 te[r—m7;,r+to]

for t € [r — 7;,7 + to]. Combining (3.6) and (3.7), we get

M,y (to) SC( D Vie(r)l[E + Lmax [Var (s ||c+Z||Vzr iz

i=1,3

1
T 3
+/|%@&w)+%mwmw

Then, we can prove that V" +1 = (P (V") PV ) Py (V" T1)) defined by
(3.2) and (3.3) maps X (r—7,r+tp) into X (r—7,r+1%¢) and is a contraction mapping
in X(r — 7,7 + to) providing 0 < tgp < 1. Hence, by applying the Banach fixed
point theorem, we can obtain the local existence of the solution in X (r — 7, r +to).
Since the convergence ) HI_P Vi(n) (t,&) = V;(t, &) is uniform for (¢,£) € [r,r+1to] xR

and Vi(n) S Cumf[r — 7,1 + to], we get that V; € Cum-f[r — 7, r+ ], i = 1,2,3,
71 =73 =0 and 7 = 7. This completes the proof. O

Now we show the global existence and uniqueness of solutions of system (2.3)-
(2.6).

PROPOSITION 3.2. (Global existence and uniqueness). Let (¢1(z + ct), d2(x +
ct), ds(x + ct)) be a given traveling wave solution, and the initial perturbation
(Vio(&), Vao(s,€), V30(&)) € X(—7,0) be arbitrary. Then the solution V(¢,£&) :=
(VA(t, &), Va(t, &), Va(t,€)) of (2.3)-(2.6) globally and uniquely exists in X;o.(—7, 00)
with

Xioe(—7,00) = {(Vi, V2, Va)|V; € Cioc([—T4,00); C(R) N HL(R)) N L7, ([,
o0); HX (R)) NCunif[—Ti,00),i=1,2,3, 1 =73 =0,70 = T} ,
where L} ([—7;,00); HL(R)) denotes the space whose HJ-valued functions are L*-
integrable on [—7;,T] for any 0 < T' < oo, and Cjo([—T7i,0); C(R) N HL(R)) are
similarly defined.

PROOF. The proof is mainly motivated by that of [8, Proposition 2.2], see
also [22, Proposition 3.2]. When ¢ € [0, 7], motivated by [37], system (2.2) with
the initial value (Vi9(§), Vao(s, &), Vao(s,€)) € X(—7,0) can be uniquely solved as

(3.8) Vi(t,€)
— e @ty s e—ait=s)| 1. (5. & — cls —
V(. —a)+ [ [0 [ TV =+ el = )iy
+P(Vi(s, &+ c(s—1t),Vao(s — &+ (s —t— 7'))} ds.

We are going to prove (Vi(t,£), Va(t,€), V3(t,€)) € Xioe(0,7).
Multiplying Vi-equation in (2.2) by w(£)V; and using Cauchy-Schwarz inequal-
ity

dert

LéJ@W@nuu@mu@ymﬂ
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< g / J)w(€) (VE(HE) + VAL E — 1)) dy
R

d d
= SOVEEE) + 5 [ J©VEEE - .
R
and integrating it with respect to £ over R, we have

1d
5@“‘/1”%3 +ma||[Vall72 < / w(EViP1(Vi(t,€), Voot — 7,& — c7))dE,
i
where my := e, — 1 [z[e™Y — 1]dy + ¢ > 0 by the definition of ¢ (see (3.23)).
Now we claim that, for ¢ € [0, 7],
3.10)  P(i(t,6), Vao(t = 7,§ — 7)) < C([Vao(§)] + [Vao(t — 7, —e7)]).-

By Taylor’s formula, it is not difficult to verify that, (3.10) holds in [0, o] for some
small positive constant to << 7. For ¢ € [to,2to], again by Taylor’s formula, it
holds

(3.9)

Py (Vi(t, &), Vao(t — 1, —c71)) < C ([Va(to, &) + |Vao(t — 7,€ — eT)]) -
By (3.8),
Vi(to, )] < Ci(|[Vio(§ —ct)| + [Pr(VA(t, €+ c(s — 1)),
Vao(t =7, +c(s =t —1)))|)
< Co(|Vio(&)| + [Vao(t — 7,& — e7)|) with 0 < ¢ < ¢,

for some constants C; and Cy, where the last inequality is true due to the initial
condition (V10(&), Vao(s, &), Vso(s,€)) € X(—7,0). Then (3.10) holds for ¢ € [tg, 2to].
Doing this procedure in each of the intervals [ntg, (n + 1)to], n = 1,2,3, ..., one by
one, we obtain that (3.10) holds for all ¢ € [0, 7].

Using Cauchy-Schwarz inequality again, we have

/RW(S)V1P1(V1 (t,8), Vao(t — 7,& —e7))d€

IN

c / WEVA(Vio(©)] + |Vaolt — 7, € — er)|)de
R

IA

C
2€lVi(®)1132 + = (IIVio(O)I 3z + [1Vao(t = )12 )
for some small constant € > 0. Substituting this into (3.9), we have

(3.11) VillZs + (ma = 26)[[VallZs < CIIVio(0)lIZ2 + [[Vao(t — 7)IIZ2)-

L,
2 dt
Integrating (3.11) over [0,¢] for ¢ € [0, 7], and taking e < "5+, we have

t
||v1|\ig,+/0 Vi(s)[2 ds

IN

t t
C(IVio(0)][2 + / [Vio(0)]2 ds + / [Vaos — 7|32 ds)
0 0

IN

0
C(IVio (0172 +/ [1Vao(s)lIZ ds) < oo for t € [0,7].

-7

Similarly, we can prove

t
Vall2, +/0 Va(s) |12 ds
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0
Zuvm Mz + [ Van(o)lEzds) < 0 for t € 0.7]

and
t
Vall2: + / 1Va(s) |2 ds

< C(IVaol0)[12 + [IVao(s)I12: ) < oo for t € [0,7].
Thus,

3 t
(3.12) > (Il + [ I as)

=1

3 0
< O<Z||vio<o>|ig+ / |v20<s>||%3ds>, te o7
i=1 -7

Furthermore, by differentiating (2.2) with respect to £ and multiplying the

resultant equations by w(&)Vie(t,€), i = 1,2, 3, respectively, and by the same argu-
ments as above, we obtain

3 t
(3.13) > (||vig|%3 +f ||wg<s>||igds)

3 0
< (ZHV;U ||H1 / ||V20(s)|%{ids> < oo for t € [0, 7].
=1 -7

Now by (3.8) and (3.10), we have

t
||Vz(t)||c < e_aitHViO(O)”C+di||Vi(t)||C/0 e_ai(t_s)ds

s—1€[—T1,0]

t
C<I|V10(0)|Ic+ sup |V20(3_7)||C>/ e—ai(t=3) I,
0

Since d; fot e~ %(t=%)ds < 1, we can further get

(3.14) [[Vit)lle < e

Wo(0)||c+C<IIVw(0)Ilc+ sup |V20(3)||C>

s€[—7,0]
< oo for t € ]0,7].

On the other hand, for Vig € Cynif[—T,0], by Proposition 3.1, we have V; €
Cunif[0, to] for some small ¢y > 0. Again using Proposition 3.1 in each of the interval
[nto, (n+ 1)to), we can prove V; € Cyunif[nto, (n+1)to], n = 1,2, ..., and hence, V; €
Cunif|0,7]. Then it follows from the above arguments that (Vi, Vs, V3) € X,.(0,7)

f f
an

3 t
(315) (IIWII%HI%II%; +/ |Vi(5)||§1},d5>

3 0
< C (Z E[Sup |[Vio(s ||C+Z||VZO W + / ||V20(8)|?q;d8>
i=1 S —‘f'i, —T
for t € [0, 7).
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When t € [7,27], System (2.2) with the initial data (Vi (s, &), Va(s, £), Va(s,€)) €
Xi0c(0,7) can be uniquely solved as

t
Vi(t,§) = e “Wi(r, —md | J(y)Vils, €~ y)d
49 = e Witn+ [ Ia [ Teils.e -y
+P;(Vi(s,8), Va(s — 7,8 — cr)]ds.

By the same arguments as (3.12)-(3.15), we can prove that (V1,V,V3) €
Xioe(T,27) and

3 t
(181 + 118y + [ Vi)
=1
3
< C(Z:%?W Hc+§]W'IMrﬁ/H% HHwﬁ
i=1 5€ 7il
3
< C? <Z ?up ]HVzO Hc+ZHVzo ||H1 +/ ||V20(3)||?{3)d3>
=1 se[—T;,0 -7

for t € [r,27], where the last inequality is by (3.15).
Repeating the above procedure, step by step, we can get that (V;, Vs, V3) €
Xioe((n — 1)7,n7) uniquely exists, and satisfies

3 t
ZQw%wwa+/mmmMﬁ

3 0
< C”(Z sup HVm Hc+ZHVzo iz + /II‘/zo(S)II?{;d«?)

i—1 S€[-T:,0

fort € [(n—1)7,n7], and finally we proved that (V1, Va, V3) is unique and (V7, Va2, V3)
€ Xjoe(—7,00) with, for any T > 0,

3 t
ZQM%+M%NJWWﬁ@w)

3 0
< Cr (Z sup |[Vio(s) I|C+Z||Vzo HH1+/ |V20(s)||§,ids>

i—1 s€l-Ti,
with ¢ € [0, T]. This completes the proof. O

Next we establish the a priori estimates.

PROPOSITION 3.3. (A prior estimate). Let V(¢,£) € Xjoc(—7,00) be a local
solution of the Cauchy problem (2.3)-(2.6). Then there exist some positive constants
k, 62 and Cy such that when My (0) < da,

3

t
(3.16) > (HVi(t)H%' + Vi)l +/ 6_2k(t‘s)||%(5)||§1;d8> < CoM3(0)e ™
0

i=1
for t > 0, where V(¢,¢) := (V1, V2, V3)(¢,§).

Then by Propositions 3.2 and 3.3, Theorem 2.1 is immediately followed.
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In the following we prove Proposition 3.3 by a series of lemmas. We first prove
three key inequalities. Define

W _B¢a€—cr)
BAT) Birwl§) = —emdd+20+ 700 S

_ Bp1(€) B wEty)
1+ age(€ —cr))? d/RJ(y) ) dy — 2k,

W Bea(§—er) Bé1(&)
(B18) Bapwl€) = =0 = T ) T (Ut ot - M1

WELY) o e BA(Eter)
1= [ o© V2 T amey 2R

!
(3.19) Bsw(§) = —C% +d3+2p — 7y — ds/ J(Q)Mdy — 2k
R

w(§)
and
(3.20) Cy(k) == ch, — d/ J(y)e ™Y — 1]dy + 20 — L — 2k,
R
(3.21) Co(k) == ch— / J)e ™Y —1]dy +2u+~— L — 3L
R

—2k — 2L (e**" — 1),

(322 Gk = A —dy [ )Y~ tdy+ 240~y — 2k
R

where
g PP2(E—er) s Ber(€)
D et —er) TR AT ada(e —en))?

Furthermore, let

d [ J(y)e ¥ —1)dy + L — 20
C1 = A y

_ds Jp J(y)e MY — Ndy + v — 2m
- » ,

C3 .

o Jo J@)e ™Y — 1dy + L+ 3L — (2u+ )
9 1= ;

A

and
(3.23) ¢:=max{cy,ca, 3}
Now we give the following lemma.

LEMMA 3.4. (Key inequalities). Let w(§) be given in (1.7) and ¢ > max{c*, ¢}.
Then

Birw(§) > Ci(k) >0

for all ¢ € R, and 0 < k < ko := min{ky, ko, k3}, where k; > 0 are respectively the
unique positive solution of equations C;(k) =0, i =1,2,3.
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PROOF. Since ¢ > max{c*,¢}, we have
Ay — d/ Jy)e ™Y —1]dy + 20 — L > 0,
R

CAx —/J(y)[e_’\*y —1]dy +2u+~v — L — 3L > 0,
R

Ay — d3/ J(y)[e ™Y — 1)dy + 211 — v > 0.
R

Then C;(k) = 0 exists a unique positive solution, say, k;, i = 1,2, 3.

Since w(§) = e~ (E0) % = — A, we get

B1,k,w(§) = ch —d/ y_l]dy+20+m
B (€

T a¢z(§ e

> e — d/ J(y)[e ™Y —1]dy + 20 — L — 2k
R

Cl(k) >0for 0 <k < ky.

Similarly,
Bopw(€) = cA— /R J(y)[e™¥ = Udy + 2+ — m
L BRO) g BBiE )
(1+ aga(§ —c7))? (1+a¢2(§))2
> A — / J)[e ™Y —1]dy +2u+~ — L — L — 2k — 2Le?*™
R

= c)\**/J(y)[ef)‘*yfl]dy+2u+’ny73I~/
R
—2k — 2L (€7 — 1)
= Cy(k)>0for 0 <k < ko,

and Bs k(&) = Cs(k) > 0 for 0 < k < k3. Thus, B, x.(§) > C;(k) > 0 for all
EeRand 0 <k < ko :=min{ky, ke, k3}, i = 1,2,3. This completes the proof. O

LEMMA 3.5. Let V(t,§) € Xjpe(—T,00). Then for 0 < k < ko, it holds that
3

t
(3.24) (w0l + [ e v i)

i=1

0
< ce (S Va0 + [ 1o )

i=1
provided My (00) < 1, where kg is defined in Lemma 3.4.

PrOOF. We first estimate V(¢,z) in L2(R). Multiplying (2.3) by e**'wVi,
where k is a constant and will be specified later, we obtain

(3.25) {iwv} e {éwv} — e [ IOV OV(E - )y
t I3 R
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2k cuw' Ba(§ — cT) 2
+e t{_2w+d+0—+1—i-0w¢2(§—c7')_k}w‘/1
n Bei(§)

(14 aga(&§—cr))?

By the Cauchy-Schwarz inequality, we have

VIVt — 7,€ — 1) = —e®FWVIQ(t — 7, € — 7).

2kt

/J VAL VAt € — y)dy‘
d o2kt
< J V1 (t, &) + VP(t, & — y)) dy
d 2kt d okt 2
= GEOVERO + 5 [ TWweVE(E — )iy
Integrating (3.25) over R x [0,¢] with respect to £ and ¢, and noting that

{LewVi?} |iooo = 0 since ywV; € H'Y(R) which implies that (y/wV;) =0,
then

t
o ) ks w' 2B¢3(§ —c7)
320) Wil + [ [ {c+d+2“+1+a¢2<5—m>2’“}

xwV?2(s, €)déds — d / / / e J(y 5,& —y)dydéds

= / Tl V5, OVals - 7.6 — er)deds

|i<x>

< WOl -2 [ [ e Qs — 7. — er)deds.
Using the Cauchy-Schwarz inequality, we get

' 20¢1(€)
(1+ apa(&—cr))
Bo1(€)

(14 age(€ —c1))?

5 2R3 (E)Vi (s, 6)Va(s — 7,6 — cT)

M w(€) [VE(s,6) + V3 (s — & —er)].

Then

’ﬂ / / 1+oz¢2 — e OVi(s ) Vals — 7€ - er)deds
././ 1+oz¢2 —cT) 262k8w(f)v12(3»f)d5d5
*5/ / 1+a¢2 —oEe WV (s 76— er)deds

- ﬂ// 1+a¢2 —cr) 262ksw(f)V12(8,§)d§ds

t—1
QkT (bl é- + CT 21%
g [ | el + er) Vi s €)deds

ﬁ// 1+a¢2 —cr) 262ksw(§)V12(375)d5d5

IN

IN
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2kT ¢1 g + CT
/ 1 + 04(152

2k'r/ (bl €+ CT
—T 1 + OZ¢2

Furthermore, by changlng variable f y — &, one has

/ / / e J(y s,§ — y)dydéds
- / / 2hs [/ £+y>dy} VE(s, €)dds
_ / [ [/ %y)dy} W(E)VR (s, €)deds.

Therefore, (3.26) reduces to

¢ , B
3.27)  MVil[7. + 62’“ _ Y gyoey B0 —er) oy
L2 w

e w (& + er)Vi (s, €)dEds

M w(€ + 1) Vg (s, §)déds.

1+ aga(€ —cr)

B (€ f+ Z/ 2
_ T atle - o) —d A J(y }le (s,&)dEds
2k7’ (bl 5 + CT) w 6 + CT) 2ks
per [ [ e S e s, gyacas
< [[Vio(O)I12; + e [ el + en) V(s €)deds

—2/ / sy )Q(s — 7,& — cT)déds.

Similarly, multiplying (2.4) by e***w(£)Va(t, €), we have
329 {yeant | v e flam] — e [ e ovis - vy
t ¢ R

cw oGt 1,2 Bpa(§—cT) oy
+{—2w—k+1+(,u+7)} wVs —me wV1Va
Bp1(&)

“TFadele —empe WYVt mmE—en) = FHWlaQ(t - g - en).

By the Cauchy-Schwarz inequality, we have

62kt

/R ()& Va(t, O)Valt, € — y>dy|

2o / J@)w(€) (VA(L,E) + VE(LE —y)) dy
R

IN

— SO0 + 5 [ TV .6~ iy
R

Integrating (3.28) over R x [0, t] with respect to & and ¢, it follows that

(3:29)  M||Va|f72 + / / 2hs {cf} +142p+7) - Qk} WV (s, &)deds
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/ / / e J(y)w(6)VE (s, € — y)dydEds

_CT B
_26//1+a¢2 e w(&)Vi(s, &) Va(s,§)déds

—C’T

_25/ / L+ a¢2 —c7) 262k8w(£)v2(3’5)v2(5 -1, —cr)déds

= Vao(0)] 25 +2 / / PF () Va5, E)Q(s — 7, — er)dds.

By Cauchy-Schwarz inequality, one has

2B¢2(€ — 1) .
T amE e w(f)Vl(&E)Vz(s,g)’

Me%sw 2(g 2(g
1+O¢¢2(§—C7') (5) [Vl( 7§)+V2( 75)]

and

I E 1+a¢2 POVl OVals - 7.6 er)deds

2ks 2
< [ [ )@ s € deds

kr ¢1§+CT ks
+62/ T aoa el + en)Vi(s,deds

27@7’ (bl §+ CT ka
/—7' (1+ aga(6))? w(& 4 1) Vi (s, §)déds.

Furthermore, by changing variable § y — &, we get

/ / / e J(y s,§ — y)dyd&ds
/ / 2hs { / f+y)dy}vz<s €)dgds
= / / 2he [/ J(y 5“’ }w(ﬁ)‘@(&f)dfds-

Then (3.29) reduces to

a0l o [ [ 2 v eas

—CT

2ks ) . o 5¢2(£_C7—)
+/o /]Re { CwH”(/HV) 2T e —cn)

Bé1(&) ezmw(f +c7) Bér(€§ 4 cT)
(14 aga(€ —cr))? w(§)  (I+ag2(8))?

/ J(y “ P }w<f>%2<s,£>dfds

WanO + e [ [ P e enpi s 0t

IN
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t
2 /0 /R Ru(€)Va(s,£)Qs — 7€ — er)déds.

By the same arguments as above for (2.5), we can obtain
t W'
(3.31) e | V312, +/ /62’“ —c— +d3+2m —v—2k
¢ o JRr w

~a [ Iy tY) dy}w(g)Vf(s,g)dsds

E w(§)
t
_7/0 Ae2ksw(§)%2(s,§)d§ds < [[Vao(0) I3 -

Combining (3.30), (3.31) with (3.27), we get

3 t
(3.32) > (e%tmnig + / / B,-,k,w@)e?’%(f)vz?(s,£>dsds)
=1

2kt ¢1 €+CT) (§+CT)
: Z"Vm ”L”Zﬂ/,T/ (1 +an©F  w@
e w(E) VR (s, €)deds — 2 / / s (EVA(5,6)Q(s — T, & — eT)déds
+2// 2R3 (E)Val(s,€)Q(s — T,& — cT)dEds
< va;o )22 + 2L / | Vi dsds

L /0 /R (Vi (s, €)Q(s — 7€ — er)dgds
' 2ks B e
+2/0 /Re W(E)Va(s,)Q(s — 7.6 — er)deds,

due to % = e~ M7 < 1, where B o (€), i = 1,2,3, are respectively defined

in (3.17)- (3.19).
By Lemma 3.4, (3.32) reduces to

3

(3.33) S (emmnig -/ t / Ci(k)e%sw(f)‘/?(s,5)d5d8>

i=1

3 5 0
g [Vio(O)|[2 + 2Le?:™ / T / €25 (E)V2 (5, €)deds

—Q/Ot/Re%sw(ﬁ)Vl(s,ﬁ)Q(s —71,& — cT)dEds

t
+2/0 /Re?’%(g)vg(s, 6)Q(s — 7,& — cr)déds.

IA
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Now we estimate the nonlinear term on the right-hand side of (3.33). By
Taylor’s formula, we have

_ B e
QUE-me—enl = o ra ez BVl mTE—er)
afVi(t,§) 20 e
A avalt—r —ep 2 LT mETeT)
< LVt Va(t — 7€ — er)| + La|Va(t — 7,6 — e7)]?,
Wherevl=¢1+01V1,72(t—7,§—c7'):¢2+92V2(t—7,§—c7'),91,926(071),

— B N 2a8V 1 (t,€)
Ll o zgg (14+aVa(t—T,6—cT))2 and L2 o zgg (14+aVa(t—T,6—cT))3 " On the other hand’

by the definition of My (c0),
[Vi(t,8)] < CMy (), t >0, £€R, i=1,2.

Then

(3.34) e%sw(g)Vg(s, &Q(s — 1,6 — cT)déds

<C M~y (o0 // 2ks |V2 8—T§—CT)|2
+|‘/2( S, )%(S—T,g—CT)DdgdS

T 2k(s+1 2
<CMy(c0) / / M (€ 1 er) [Va(s, € deds

+ C My (0 // 2R w(€) [Va(s, €)|? deds

<C My (0 (//2’“ ) [Va(s, €)|? déds
T / / e%%(f)%o(s,oﬁdsds).

Similarly, we can get that

/ / 2ks (VA (s, E)Q(s — 7, € — e7)dEds

<CMy (oo { / T / 283, (€)| Vo (5, €) [P ds
// 2ks ) |d§ds+// s %3] dédS}

Substltutlng (3.34) and (3. 35) into (3.33), we obtain

€2kt 112, i -G 00)) e2Fs 2 s, s

t 2ks 2
+/0 /RC:&(k)e w(&)V5 (s, €)dEds

3 0
<O LMo + [ [ ot s asas)

(3.35)




NONLOCAL DISPERSAL SIR EPIDEMIC MODEL 109

for some positive constants C;, i = 1,2, 3.

Since C;(k) > 0 for 0 < k < kg, i = 1,2,3, now letting My (o0) < 1, for
example, let

o fam
(3.36) 0 < My (c0) < b9 := 22193{ 50 } )
then
3 t
(3.37) S (Wil + [ Al as)
=1

3
< (LMo + [ il
=1

Now we estimate V¢(t, &) in L2 (R).

By differentiating (2.3)-(2.5) with respect to £, and multiplying the resultant
equations by e2Mw(&)Vie(t,€), i = 1,2, 3, respectively, we obtain

1 1
{ 5 2ktwvlf} + ert ZCWX/EE}
t 3

Bp2(§ — c7) 2
1+ age(&—cT) B k} wVig

L deHt / J)w(E)Vie(t, ) Vie(t, € — y)dy
+e2M {—;Z/ +d+o+

2kt
a +ﬁ;¢2 (?5527))2 WVigVae(t =& —er) = —eMwVigQu(t = 7. —e),

1 1
{erona) e fJanz) o+ [ Iau@Vie(t OVactt € - )y
t g

Be*kt gy (€ — cT)
14+ aga(§ —cr)

WVoeVae(t — 1,6 — 1) = erthgng(t —7,§ —cT)

cw'
+€2kt{2w+1+(ﬂ+7)k}wv22£ wVigVog

B ﬁertd)l(E)
(14 age(€ —c1))?

and
1 1
{geava | e {Gok] +he [ (Ve OVielt.€ - vy
3

+62kt {_Qw + d3 + H1 — k} o.}‘/??g — '}/62]“‘(4}‘/25‘/3% = 07
where

Qi1(t —7,& —c7)
( BVa(t =1, —cT)+do({—cT))  Bda(§ —cT) )
1+a(Ve(t—1,& —er)+ p2(E—c7)) 14 aga(§ —cr)

BVA(t,§) + ¢1(£))

X(Vlﬁ(t7£) + ¢/1(§>) + (1 +a(Va(t — 7,6 — 7)) + ¢o(€ — c7))?

B (€) ,
‘1+a¢<5>> (Vag(t = 7,6 = 7) + 65(€ = 7).
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Integrating them over R x [0, ¢] with respect to £ and ¢, and then by similar argu-
ments as above, we can obtain

3 t
3 % (mielis + [ [ Bunateer s, erdeas)

1=

IN

3 t
;HVios(o)llig —2/0 /Re2ksw(f)vlg(s,§)Q1(5_7-75_07_)d§ds

+2 /Ot/Rersw(f)Vgg(s,f)Ql(s —7,& — cT)dEds.

Now using the same arguments as above for the last two terms of (3.38) and com-
bining the basic energy estimate (3.37), we can get that

3 t
(330 S (IWilly + [ e vi(o) s
i=1
3 0
< (I + [ Vo)
i=1 -7
Combining (3.37) and (3.39), (3.24) is proved. The proof is complete. O

Next, we establish the following Sobolev inequality.
LEMMA 3.6. Let V; € HL(R), i = 1,2,3. Then \/wV; € H'(R) and

(3.40) WVwVille < ClIVillmy

and

(3.41) sup  ||Vi(t,)|| < Ce ™, t>0,i=1,2,3.
56(700»‘50]

PROOF. Since V; € HL(R), i.e. VwV;, VwVie € L3(R), it yields that

Oc(VEV:) = VaVie — VY € L(R),

namely, \/wV; € HY(R). Then by using the Sobolev inequality H*(R) — C(R),
(3.40) follows. Furthermore, by (3.24) and note that w(¢) = e (E=%) > 1 for
€ € (—00,&), (3.41) holds provided My (c0) <« 1. This completes the proof. O

Finally, to complete the proof of Proposition 3.3, it is necessary to establish
the uniform decay estimate of V (¢, &) at £ = +oo for all ¢ > 0.

LEMMA 3.7. If 7 < 719. Then there exists a large number & > 1 (independent
of t) such that

Vi) Lo g0, 400) < CMy (0)e™ ™, >0, i=1,2,3.
PROOF. Since V(t,€) € Xjpe(—T,00), we have 5lim V(t,€) exists uniformly
— 400

in t € [0,00). Now we go back to the original system (1.3) and (1.2) and denote

‘/i(tax) = Ui(tax) - ¢1('T + Ct)ﬂ 1= 132337
V1(0,2) = u1o(z) — 1 () == ‘710(CU)>~‘73(07$) = uzo(x) — p3(x) 1= Vao(2),
(s,2) = uao(s, ) — pa(x + ¢s) := Voo (s,z), s € [-7,0], x € R.

S
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Then V(t,z) = V(t,£) and satisfies
MWir) g [ J(y)Vi(tx — y)dy + (d to+ —lfﬁgf“(jfctﬁ)) Vi(t,z)

+ (1+a€£%iﬁttot)07)) V2(t =T m) = _Q<t - T $)7

W) — [ J)Valt,w —y)dy + (1 + o+ 7)Va(t, @) - L2280 T (1, 0)

(1+aif%iitft)”))2 Vot —1,2) =Q(t —7,2), t >0, v € R,
D) — i [ () Va(t,w — y)dy — AVt @) + (ds + ) Va(t,2) =0,

Vl(O,x) = Vio(z), Va(0,2) = Vao(z), Va(s,z) = Vao(s,z), s € [-7,0], = € R.
By Proposition 3.2, V(t,€) € Cunif[0,00). Then lim V(¢,€) = hm Vit ,z) =

£—+o0 r—~+00

\Nf(t, 00) exists uniformly in ¢ € [0,00). Letting  — +o0o in above system, we get
(3.42)

‘71t(t,00) + (O’ + Tra I*) Vl(t OO) + (1+a[*)2 VQ( OO) = —Q(t — ’T,OO),
Vau(t, 00) — 1+0J* Vi(t,00) — WVQ( 7, 0)

_ +(,LL~+ 7)‘/2(t5 OO)~ Q(t - T, OO),

‘@t(tv OO) - 2/‘/2 (ta OO) i’ MIVB(tv Ool = Oa

V;(0,00) = Vip(0), Va(s,00) = Vag(s,0), i=1,3, s€[-T,0].

In order to estimate nonlinear delayed system (3.42), we first consider the

corresponding linear system
/

u(t) u(t) u(t —71)
(3.43) v(t) =A| vt) |+B| v(it-1)
w(t) w(t) w(t —T)
with
I BSs*
-7 _Il*fod* 0 0 0 el 0
A= T+al* (:u+,7) 0 ’ B = 0 (lfaI*) 0
0 Y —p1 0 0 0
~‘~/10(OO)
and the initial value ®(s) = | Vao(s,00) | for s € [—7,0], and the system of
Vgo (OO)
ordinary differential equations
u(t) \' u(t)
(3.44) u(t) =P o)
w(t) w(t)
with the initial value ®¥(s) and P = A + B.
Note that (1f5[*) = 1’12} . Then |A — P| = 0 if and only if

pI: op+)I"
A A2 A
( +M1){ Jr(UJrl—l—oJ*jL 14+ al* )

2 )a(u+v)f* 4 Bty
14+al*/) 1+ al* (1+ al*)? ’

and hence, it is easy to see that all the eigenvalues of the matrix P have negative
real parts.

+(a+
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Motivated by [17, Section 4.4.5], we can prove the following lemma.

LEMMA 3.8. Let X(t) be the solution of (3.43). Then there exist positive con-
stants 1o, Y0 such that, when T < 79,

IX(t)] < Ce ! t>0.

PROOF. Assume U(t,s) is a fundamental matrix of solutions of the system
(3.44), then by [46, Page 432, Theorem 8.18], there exists positive constants K and
h such that

[U(t, s)| < Ke "= for any t > s.
Let X(t) be any solution of system (3.43). Then

X(t) = U(t,0)X(0) +/O BU(t, s)(X(s — 1) — X(s))ds.
For t > 27, X(t) can be written as

27
X() = U(t0)X(0) + /0 BU(t, s)(X(s — 1) — X(s))ds

+/2 BU(t,s)(X(s — 1) — X(s))ds.

T

Now we estimate |X(s —7) — X(s)|. By the fundamental theory of ODE, it is
not difficult to get that, for 0 < s < 27,

X (s)| < 2IAHEDT] |
where |A4| = su<p1 |Ax| and |x| is the Euclidean norm (see e.g. [17, Page 39], then
|A| is given blylz/K, where A is the largest eigenvalue of the matrix A’A,’ denotes
the transpose). Then for 0 < s < 27, it follows that
X (s — 7) — X(s)] < 26204141ED7 g .
For s > 27, we have

X)X = [ X [

S—T
S

[AX(n) — BX(n — 7)]dn,

hence

[X(s —7) = X(s)| < (|A| +|B])r  sup  [X(n)].

s—27<n<s

It follows that

27
IX(t)] Ke " |®|| + 2/ |B|Ke (=) 2UAIFIBDT| 1@ ||ds
0

IN

t
+ [ |B|Ke " =9(A| + [B))r sup |X(n)|ds
9y 5—27<n<s
2
_ Ke_htH‘I’H + E(thT . 1)|B|K6_ht62(|A|+|BDT|“I’H

t
+K|B|(|A|+|B|)T/ eh=9  qup (X (n)|ds.

27 s—27<n<s
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Let

Lo = KI] (14 2~ DB ) = KB4 + B])7

Then

t
IX(t)| < Loe ™+ M [ e "= sup  |X(n)|ds.
27 s—27<n<s
Now let
t
Y(t) =e M <L0 +M [ e sup |X(77)|ds> .

27 s—27<n<s

We have

t
—he M (LO +M [ e sup |X(n)|ds)

2T 5—27<n<s

Y'(t)

+e MMM sup | X(n))

t—27<n<t
= —hY(t)+M sup |X(n)l|
t—27<n<t

Since |X(£)] < Y(t), sup; _gr<p<¢ [X(n)] < sUp;_2,<y<; Y (n). Thus,
Y'(t) < —hY(t)+M sup Y(n).

t—27<n<t
If M < h, namely,
v < 2IBI(1A|+ |B) = 7o,
then by [17, Lemma in Page 378], there exist constants C' and 7o such that
Y(t) < Ce "t t>0.
and hence a similar inequality holds for |X(¢)|. This completes the proof. O

Thus, as a nonlinear perturbation to the linear delay system (3.43), by Lemma
3.8 and [18, Corollary 9.2.2], (3.42) satisfies the following nonlinear stability.

LEMMA 3.9. Let Voo(t) := (Vi(t,00), Va(t,00), Va(t,0)) be the solution of
(3.42). If T < 79, then

[Veo(t)] < CMg(0)e™ ™", ¢ >0,
provided Mg (0) < 1, where 19,70 > 0 are defined in Lemma 3.8.

For i =1,2,3, since

lim
Tr——+00

0 (t, x) — V(L oo)‘ = 0 uniformly in ¢ € [0, 00),

namely, for any given positive number € > 0, there exists a positive number &, =
&o(e) sufficient large and independent of ¢ such that when z > &g,

[0Vt 2) — P Tt 00)| < e,
which implies that

V(L z)| — 67°t|‘~/i(t,oo)|’ < ‘e”"tf/i(t,x) — ePT(t, 00)| < e
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From Lemma 3.9, €7!|V;(t, 00)| < CMz(0) is uniformly bounded with respect to
t, then
Vit z)| < CMg(0) + € for x> &, t € [0,00).
Let € = Mg(0), then
sup  |V(t,z)| < CMg(0)e= " for t € [0, 00).
z€[€o,+00)

Note that V(¢,&) = V(t,z) and { = x4 ct > x > & for x > & and t > 0. Thus we
have
sup  |V(t,€)] < CMy(0)e ! for t € [0, 00).
£€[€o,t00)
This completes the proof of lemma 3.7. O

PROOF OF PROPOSITION 3.3. Now by Lemmas 3.5-3.7, we can get
(3.45) M (o0) < CaMZ(0)e 2k ¢ >0,
with 0 < k < min{kg,vo} and some positive constant Cy, and hence, Proposition
3.3 is followed.

In order to guarantee the estimates My (00) < do (see (3.36)), we take dg > 0
as

By (3.45), we have My (c0) < /CyMvy (0)e=¥ for t > 0. Then when My (0) < do,
we can guarantee

Mv(oo) < v/ C4Mv(0)67kt < 4/ C4Mv(0) = 09.
This completes the proof. (I

4. Uniqueness of Traveling Waves

The aim of this section is to show the uniqueness of traveling wave solutions
of (1.3). It suffices to consider the subsystem (1.6). We first establish the exact
asymptotic behavior of traveling waves as £ — —oo by using a modified version of
Ikehara’s theorem (see Lemma 4.1), and then prove the uniqueness by using the
stability result in Theorem 1.2.

LEMMA 4.1 ( [16]). Let F(\) = fEOO u(€)eMde, where u(€) is a positive in-
creasing function for £ € R. Assume that F(X) can be written in the form

H(A)
F\)=——2—
( ) (Oé _ A)k'i‘l’
where k > —1, o > 0 and H(X) is analytic in the strip o — e < ReA < « for e > 0.
Then
u(§) H(X)

i = .
el JefFer T TN+ 1)

To prove the results, it is more convenient to work on (U, I), where U = 1 —uy,
I = us. Then system (1.6) is equivalent to

(4.1) {wﬁ“=ﬂ@*wuww4mmﬂ—anm+“““mW“ﬁ%

14+al(t—7,z)

UG = (D) (tw) — (k) + USRS — () (8 ).

1+al(t—7,2)
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The wave solution equation of system (4.1) is

cU'(€) = d[(J * U)(€) = U(§)] — aU(§) + LU ZENIEer),
(4.2) eI'(€) = (J * 1)(€) — I(§) + PUE RIS — (4 1)1(9),

(U, I)(—00) =(0,0), (U, I)(+0)=(1-5%1%).
We first give a lemma as follows.
LEMMA 4.2. Any nonconstant positive solution (U,I) of (4.2) satisfies
U() = 0(e"), 1(€) = O(e*) as € — —o0,
where v = min{A\1, \y}, and Ay is the unique positive root of the following equation
d/+°° J)[e ™ = 1]dy — cA — o = 0.
—0

PROOF. By Proposition 1.1, I(¢) = O(e*¢) as & — —oo. We further claim
that there exists a number &, < 0 sufficient negative and a constant C>0 large
enough such that U(&) < Ce¥€ for £ < &, and hence the conclusion follows.

Indeed, by [21, Lemma 2.3], I(£) < eM& := [, (¢) for all ¢ € R. Moreover,

by [21, Remark 2.9], it is easy to get that U(§) < aaﬁ+6 for £ € R. Letting

Uy (&) := min {66”5, aaﬁ—I— 5} ,

and taking C > 1, then there exists a number & < 0 such that Cevé = Mﬁ_w. We

aim to prove that Uy () is an upper solution of the U-equation of (4.2), namely,
U, () satisfies

B - U ()4 (€ —cT)
14 ali(§—cr)

For £ > &,UL(§) = %w It is not difficult to verify that (4.3) holds.

For ¢ < &, Uy (€) = Ce¥t. Since

(4.3) UL (&) Z d[(J Uy )(§) = Ur(§)] — oU (&) +

BA—U ()1 (€ —cT)
1+ali(§—cT)

—~ &1 . +oo
cu'Ce’jg—d[/ J(f—y)-C’e”ydy—k/ J(g_y).aaﬁ—i—ﬁ

(4.4) UL —d[(J + Up)(§) = Us(§)] + U (8) —

vV

dy
—66V5:| +0-Ce” — gerrE=en)

= cu-Ce”g—d[/ J(§—y)'Ce”ydy—Ce”5] +0-Ce"t

— 00

+oo N
+d/ J(E—v) [Ce”y — ] dy — Ber(E=en)

ao + [

= (cu - d/ J(y)le™" —1]dy + 0') - Cevt — peti(é—en)
R

+o0 N
+d/ J(E—y) {C’e”y — aaﬂ—i-ﬁ] dy.
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Note that if Ay > Ay, then v = A\; and c\; — de J(y)[e ™Y — 1]dy + o > 0, while
if Ay < \q, then v = A4 and cA\y — de J(y)[e= ¥ — 1]dy + 0 = 0. Now take

a>max B+d ;1 5.
dfo J(& —y)ervdy’

Since £ < &1 < 0, we have

(44) > d / joo J(E— ) [aeuy _

p
o+ f

> ad/OOOJ(f—y)e”ydy—(d—&-ﬁ) >0

Hence (4.3) is true. Consequently, U (&) < Uy (&) for all £ € R.
Then for any & < & < 0, we can get that U(¢) < Ce¥ for all ¢ < &. The
conclusion follows and the proof is completed. ([

:| dy o 66)\1(57&')

Now we have the following results on asymptotic behavior at —oo

THEOREM 4.3. (Asymptotic behavior at —oo). Let (U, I) be a nontrivial posi-
tive solution of (4.2). Then the following statements hold.
(i) there exist a constant 67 € R such that
. I(E+6y)
I TeFeme b
where £ = 0 for ¢ > ¢*, and k =1 for ¢ = ¢*.
(ii) there exist constants 11, 72, 13 € R such that

. U(E+m) .
fl}g}wW =1 lf )\4 > )\1,
. U(&+n2) .
Egznm |E[FtLeME = LiftAa =2,
U
im ZEE) e <

N
where k£ = 0 for ¢ > ¢*, and k =1 for ¢ = ¢*.

PROOF. (i) By Lemma 4.2, we can define the following two-sided Laplace trans-
forms

“+oo
LNU) = / e MU(6)dE, MeC, 0< Re) < v,

+oo
L) = / e MI(€)dE, M€ C, 0< Rel < Aj.
Now we claim that U’(¢) = O(e*¢), I'(€) = O(eM¢) as & — —o0. In fact, by
Lemma 4.2, we have
BQA—UE)I(§ —cr)

_ A1 — —
14+ al(¢ —cT) =0 as € o

an

JU(E /J U~ y)dy = O(e"), T+ I(€ /J I(¢ — y)dy = O(eM)
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as & — —oo. Then the conclusion follows by (4.2).

Set f(U,I) = 5(11;5[)]. For any 0 < k < A1 + v, we can get

FU©), 1)) — 92£(0,0)1(6) = O(|U(&)] - [1(£)]) = O(e"*) as £ — —o0.

Let
e - — CT
Q=5 [ (1t er) - LTI g

Then Q(A) is analytic in the strip Re\ € (0, Ay +v). Moreover, it is not difficult to
get that Q(A) > 0 for ReA € (0, A1 + v). Then equations (4.2) can be rewritten as

(45)  d(J*U)E) — U©)] - U'(€) — oU(e) = — 2L TEDIE —c7)

14+al(—cr)
(4.6)
(TAI)E) =)<l (€1 4A1(§cr)~(42) () = BI(E-er)- H T EHEST),
Note that
e (T # = e — e ME—w)
[eusvee = [ [ve-y dedy

_ e~ Y

= 2O [ eIy
and

/ e (T xI)(€)de = LN ) / e~ M J(y)dy.
R

R

Multiplying (4.5) and (4.6) by e~*¢ and integrating both sides of the equations
from —oo to +o0, we get
(4.7)

(d/ J(y)e ™™ — 1]dy — cX — a) LOU) =Q(\) — Be " L(N\, I), ReX € (0,v),
R
(4.8)

(/R J(y)[e ™ — 1]dy — eA + Be T — (u + 7)) LNT) =Q(N), ReX € (0,\).

Let J(A\u) = [°_ u(€)e  éde. Then by (4.7) and (4.8),

QW) e _
TOT) = 5 - /0 I(€)ede, Red € (0.),),
_ QW) e [ oy . ,

where Pi(A) =d [ J(y)[e™* — 1]dy — cA — 0 and P(X\) = Pi(A)A(X, ¢).
Denoting H(\,v) = J (A, v)(Ar — A)¥F1, then
Q) k1 /+Oo Y:
N = — (A=A 1 d
H( ) ) A()\,C)/(}\l — /\)k+1 ( 1 ) 0 (5)6 57
where k =0 for ¢ > ¢* and k = 1 for ¢ = ¢*, since A(\, ¢) = 0 has a simple root \;
when ¢ > ¢* and a double root A\; when ¢ = ¢*.

Now we prove that H is analytic for 0 < ReA < A;. Since [ is bounded
and (A; — AP [FI(€)e™d¢ is analytic for ReX > 0, it suffices to show that
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Ao Sy = F(A) is analytic for 0 < Re < Ay Since F(A) = L, )(\ —
NP and £(A, 1) is well defined for 0 < ReA < A1, we get that F()\) is analytic
for 0 < ReA < A1. It remains to show that F(\) is analytic for ReXA = A;. We
claim that A(X, ¢) = 0 does not have any zeros with ReX = Ay other than A = A;.
In fact, let \g = Ay + bi, then by A(Ao, ) = A(\q,¢) =0, we have

b b
/ J(y)e= MY sin® ydy + Be M gin? g =0,
R

and
/ J(y)e Y sin(by)dy + cb + Be~ M7 sin(ber) = 0,
R

which implies that b = 0. Thus F()) is analytic for ReA = A\;. Hence, H(\, I) is
analytic for 0 < Re\ < \;. Furthermore, since Q(A1) > 0 and (\;—\)**1/A(\, ¢) >
0 at A = A1, we have H(A1, 1) > 0.

Note that I(£) may not be monotone on (—o0,0), we claim that there exists a
m > 0 such that I(£) := I(€)e™ is monotone increasing on (—o0,0). Indeed, by

! ~
(4.2), we have cI’ + (1 4+ pu+~)I > J = I, then (I(g)e”‘:”f) > 0 and hence I(€)

is monotone provided m > H’”% Thus we can apply Lemma 4.1 to 1:(5) More
precisely, let

0
TNI) = / I(6)e™de = TN —m, I).
It follows that _ _
TN =HOA /(A +m) = X,

where H(A, I) = H(A — m, I) is analytic for m < ReX < Ay + m.

By Lemma 4.1, we have

HOwD) _ Hatm D) o 19 1)

P\ +m+1) T\ +m+ 1) £——o0 |£|k(3(>‘1+"n)5 £——o0 |§|k€)‘1£.

Then for any 0 € R,

H(A,I) I I(§+0) AT I(¢+0)

Tyt mt 1) oo eropen@n ¢ 20 JefFene
Let 6, be the constant such that e’ H (A, I)/T'(A\; +m + 1) = 1, then

. I(E+6y)
i HE20)

(ii) For ¢ > ¢*, by (4.9) and note that
H(A,U) TNU) (v = N)F
_ Q()\) ﬁeiACTQ( ) o (1/ o k:+1/ U 7)\5615

=1

P (A)/(v = N PA) (v = A)FH
for 0 < Re\ < v, where k =0 for Ay # A1 and k = 1 for Ay = A1, we know H(\,U)
is analytic for 0 < Re) < v. By similar arguments as (1), we can get that H(\, U)
is analytic for ReA = v. Moreover, since Q(v) > 0 and (v — A\)*T1/A(\,¢) > 0 at
A = v, we have H(A;,I) > 0. Then by Lemma 4.2 (if necessary we replace U(£) b
e™ U (€) for some m >> 1), we have
v _ HwU)
1 —
oo [EFe€ T T(w+ 1)
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where kK = 0 for \y # Ay and k = 1 for Ay = A\;. Then there exist constants
U(é+m)

M,n2,M3 € R such that gliElooW =1 for Ay > Aq, ggr_noo Uéﬁ}’f? =1 for
Ay = A1, and f1im % =1 for Ay < Ay. Thus, the case for ¢ > ¢* is proved.
——00

The case for ¢ = ¢* can be done similarly and we omit it. The proof is complete. [
Now it is in a position to prove the uniqueness result.

PROOF OF THEOREM 1.5. It is sufficient to consider the subsystem (1.6) with
the initial condition

(4.10) u1(0,2) = uro(x), ua(s, ) = uzp(s, ), s € [-7,0], x € R.

Let (¢1(z + ct), pa(x + ct)) and (¢1(x + ct), p2(z + ct)) be two different traveling
waves with the same speed ¢ > ¢* and the same exponential decay at —oco. By
Theorem 4.3, let

(1= ¢1(8), 92()) = (Are”®, Are™*) as € — —o0
and
(1—@1(8), 92(§)) = (Bre"®, Bae™®) as £ — —o0

for some constants Ay, Az, By, B2 > 0. We now shift (p1(z + ct), p2(x + ct)) to
(pr(x+ct+m1), p2(x+ct+x2)) with some constant shifts x1 and xq, z; = %1
i =1,2. Then by a simple calculation, we get

(1= 1€+ a1), p2(€ + 22)) = (Are”®, AzeM®) as £ — —oo.

=

Ai
B’

Thus,
lp1(& + 1) — 31() = O(1)e™,  |@a(& + 22) — Pa(&)| = O(1)e’*

for all @ > v and b > A\; as £ — —oo, which implies that

Pr&+a1) = ¢1(E),  pa(€+a2) — $2(€) € C(R) N HL(R).
Now take the initial data in (4.10) as
uo(x) = p1(z+ 1), wu20(s,2) = p2(x +cs+ ax2), s € [—7,0], x €R.
Then the corresponding solution to (1.6) is
(Ur(z, 1), Us(z, 1)) = (p1(x + ct + x1), p2(x + ct + x2)).
By Theorem 1.2, we have

limsup |p1(z+ct+x1) — pr(x+ct)| =0
t——+oo,z€R

and

limsup |p2(z + ct + x2) — ¢pa(z + ct)| = 0,
t—4o0,xeR

namely, @1 (x +ct + 1) = ¢1(x + ct) and pa(x + ct + x2) = ¢p2(x +ct) for all z € R
as t >> 1. This proves the uniqueness of the traveling waves up to shift. O
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5. Discussion

Up to now, we have established the exponential stability and uniqueness of
traveling waves of system (1.3). Especially, Theorem 1.5 implies that, the global
solution of Cauchy problem (1.3)-(1.2) is exponential decay tending to the traveling
waves of system (1.3), where the decay rate kg is determined by Lemma 3.4.

In the following we shall discuss how the nonlocal dispersal affects the stability
of traveling waves, namely, how the range of the nonlocal interaction affects the
decay rate ky. Define

(5.1) Jp() = %J(f»

where p quantifies the range of the nonlocal interaction. It is not difficult to verify
that J,(z)*u — u as p — 0 and hence (1.3) reduces to the corresponding reaction-
diffusion equations.

Using (5.1), C;(k) = 0,4 =1,2,3 in (3.20)-(3.22) can be rewritten as

Ci(k) = ¢\ —d/ J,(y)e™ ™Y — 1]dy + 20 — L — 2k
R

= A\ — d/ J(y)e P —1)dy + 20 — L — 2k,
R

/RJp(y)[e‘k*y —1dy +2u+~— L —3L — 2k — 2L (%7 — 1)
= - /RJ(w[e‘A*”y —1)dy +2u+~ — L — 3L — 2k — 2L (%7 — 1)
and

Cs(k) = chi— dg/RJp(y)[e_A*y —1)dy + 2p1 — v — 2k.

By Lemma 3.4, there exist unique positive numbers k; such that C;(k;) = 0, i =
1,2,3. Now by a simple computation, we can get

dk;  di\. dky Mo [oyJ(y)e=Pvd
= /yJ(y)eﬂ*ﬂydy, dhy _ M JpydWe 2y gy
dp 2 Jr dp 2 4 4LTe2k2T

Let h(p) = Av [ yJ(y)e *+P¥dy. Since h(0) = 0 and

W(p) = =\ / y*J(y)e M PVdy <0,
R

we have
dk;
<0, 1=1,2,3.
dp
That is, k;(i = 1,2, 3) and hence ko := min{ky, ko, k3} are decreasing with respect
to p > 0.

Thus we conclude that the range of the nonlocal interaction slows down the
convergence rate of the global solution of Cauchy problem (1.3)-(1.2) to the traveling
waves of (1.3).
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