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On some degenerate non-local parabolic equation associated

with the fractional p-Laplacian
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ABSTRACT. Let Q C RN be an arbitrary bounded open set. We consider a
degenerate parabolic equation associated to the fractional p-Laplace opera-
tor (—A)y (p > 2, s € (0,1)) with the Dirichlet boundary condition and a

monotone perturbation growing like ‘qu—2 7, ¢ > p and with bad sign at in-
finity as |7| — oo. We show the existence of locally-defined strong solutions
to the problem with any initial condition ug € L"(€2) where r > 2 satisfies
r > N(q—p)/sp. Then, we prove that finite time blow-up is possible for these
problems in the range of parameters provided for r,p, ¢ and the initial datum
ug.
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1. Introduction

The article is concerned with the following non-local initial-boundary value
problem for the degenerate parabolic equation

(1.1)
atu(xvt) + (7A);u(.’£,t) - |u(1’7t)|q72u(xat) = f(l’,t) (l’,t) €N x (OvT)
u(z,t) =0 (z,t) € (RN\Q) x (0,7)
u(z,0) = up(z) x € Q.

Here up € L"(Q2), 2 < p,q,7 <00, T >0, f is a given function, (—A); denotes the
fractional p-Laplace operator and (2 is an arbitrary bounded open subset of R,
N > 1. To introduce the fractional p-Laplace operator, let 0 < s < 1, p € (1,00)
and set

Ju(z) P~

—1mNYy._ ), . N
LP7HRY) = {u R™ — R measurable, /RN A+ )

dz < oo}.
For u € LP7H(RY), 2 € RY and € > 0, we let

—pu(z) —u(y)
(~8); @) = Cips [ fufr) —u(y) P> N gy

e " Jern Jy—o|>e} | — y[ Ve

where the normalized constant
2s s+p+N—-2
ooy (msmgnes)
T2T(1—s)

and T is the usual Gamma function (see, e.g., [5, 8, 9, 10, 11] for the linear case

p = 2, and [24, 25] for the general case p € (1,00)). The fractional p-Laplacian
(—=A); is defined by the formula

CNypys =

(—A) u(z) =Cnp P.V. /RN lu(x) — u(y)\”*QMdy

! |z —y|NHes

(1.2) =lim(-A), .u(r), =€ RY,

10 ’
provided that the limit exists. We notice that if 0 < s < (p — 1) /p and u is smooth
(i.e., at least bounded and Lipschitz continuous), then the integral in (1.2) is in
fact not really singular near x.

The case p = 2 and f = 0, which corresponds to the case of a semilinear frac-
tional heat equation, sufficient conditions for the existence of weak solutions with
up € L? (), and strong solutions for ug € L* (), have already been proved in
[13]. Additionally, further dynamical properties (i.e., existence of finite dimensional
global attractors and global asymptotic stabilization to steady states as time goes
to infinity) were also derived for a semilinear parabolic problem of the form

(1.3)  Qu+ (—A)u+h(u)=0 in Qx(0,00), u=0 on (RV\Q) x (0, 0),

with nonlinearity h (7) which has a good sign at infinity as |7| — oo, and which is
coercive in a precise sense. Finally, some blow-up results were also proved in [13]
for (1.3) with h (1) ~ — |7|9 % 7, as |7| — oo, emphasizing the same critical blow-up
exponent ¢ = p = 2 as for the corresponding parabolic equation associated with the
classical Laplace operator —A. We extend our work of [13] to prove the local in time
existence of solutions to parabolic equations with degenerate fractional diffusion and
more singular kernels using an approach based on [3, 4] and also developed further
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in [2]. Although our general scheme follows closely that of [2, 3, 4], many of the
key lemmas used in the case of the classical p-Laplace operator cannot be adapted
or exploited in their classical form to deal with the fractional p-Laplacian (—A);
for s € (0,1) and p € (1,00). Hence, we develop some new techniques including
some new functional inequalities allowing us to extend the results of [2] in the
present setting. Among these new tools that we derive it is worth mentioning a
nonlinear version of the classical Stroock-Varopoulos inequality (see Lemma 3.9)
which is an important inequality in the theory of Markovian semigroups, and a
new coercitivity estimate (see Lemma 3.10) which is also crucial in the proofs
for the energy estimates. In particular, Lemma 3.9 extends the classical Stroock-
Varopoulos inequality which was available only in the case p = 2 (see [20, 21]) and
covers also the case when p # 2. Lemma 3.9 is the main tool in proving our first
main result of Theorem 2.3. Then we also generalize the blow-up results of [13] to
the present case (see Theorem 2.5) when ¢ > p following a technique adapted from
[18]. We emphasize that our results hold without any regularity assumptions on
Q). There is vast literature on degenerate parabolic equations involving the classical
diffusion operator —A,. We refer the reader to the following list [2, 3, 4, 6, 18]
(and references contained therein) which is not meant to be exhaustive.

To the best of our knowledge, little is known about parabolic problems asso-

ciated with the fractional p-Laplacian (—A); with the exception of [22, 24, 25].
In [25], some regularity results are provided for the quasi-linear parabolic equation
dyu+ (—A)5u = 0 and Dirichlet boundary condition v = 0 in R¥\Q, whereas in
[22] for the same quasi-linear problem, it is proven the eventual boudedness of u in
L ((r,T); L (Q)), for every 7 > 0, provided that the initial datum ug € L? (Q).
Most recently an integration by parts formula for the regional fractional p-Laplace
operator has been also derived in [24].
Outline of paper. In Section 2.1, we state the relevant definitions and notation of
fractional order Sobolev spaces. Furthermore, in Section 2.2 we give a summary of
the main results but reserve the proofs for subsequent sections. In Section 3, we
introduce an auxiliary and a regularized version of the original problem and prove
some local existence results for them. Finally, the local existence result for the
original problem and then a finite time blow-up result are proved in Section 4.

2. Outline of results

2.1. Fractional order Sobolev spaces. In this subsection, we recall some
well-known results on fractional order Sobolev spaces. To this end let © C RY be
an arbitrary open set with boundary 9. For p € [1,00) and s € (0,1), we denote

by
|u(z) — u(y)|”
|z — y|NHes

WP(Q) i {u € 17(Q) /Q i

the fractional order Sobolev space endowed with the norm

O juz) —u()l 7
— p P, Ju(z) —uly)”
llullwsr ) (/Q |u|P dx + 5 /Q oy dxdy | .

In order to handle a non-smooth  C RY in the case when  is simply an open
and bounded set, we let

dxdy < oo}

WeP(Q) WeP(Q)

WP (Q) = D(Q) and W*P(Q) := Ws»(Q) N C(Q)
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By definition, W;P(Q) is the smallest closed subspace of W*P(€2) containing the
space D(Q) := C° () (equipped with the topology that corresponds to conver-
gence in the sense of test functions). If p € (1,00), then one may characterize the

space WP (Q) as follows (considering W (£2) as a subspace of WeP(Q))
WEP(Q) = {fu e W*P(Q) : @ =0 quasi-everywhere on 90},

where @ is the quasi-continuous version of u with respect to the capacity defined
with the space W*P(Q) (cf. [23, Theorem 4.5]). Finally we define the space

W5 (Q) ={ue WsP(RY): u=0 ae. on RV \Q}.

It is clear that WP(Q) and W;*P(Q) are both subspace of W*P(€2), but there
is no obvious inclusion between WP () and W;P(Q). We notice that W (Q)
contains the space of test functions D(€2) but the latter space is not always dense
in WP (2). It has been proved in [14, Theorem 1.4.2.2] (see also [12] for some
more general spaces) that if 2 has a continuous boundary, then D(2) is dense in
WP (). In addition if Q has a Lipschitz continuous boundary and s # 1/p, then
WP (Q) = Wy () with equivalent norm.

Throughout the remainder of the paper, we make the convention that if we

write u € WP () we mean that u € W*P(RY) and u = 0 a.e. on RV\Q. In that
sense, a simple calculation shows that

s u@)lf N
(2.1) ulllwsr @) = ( /RN /RN |x7 |N+sp T aTN+ep 0TAY

defines an equivalent norm on the space W7 (Q). We shall always use this norm
for the space W;"P(Q) even when (2 is simply an open bounded subset of RY. Let
p* be given by
(2.2) p* = Np if N>sp and p* € [p,00) if N =sp

’ N — sp ’ '
Then by [11, Section 7], there exists a constant C' = C' (N, p, s) > 0 such that for
every u € Wy*(Q),

(2.3) [ullg.0 < Cllullysr@, ¥a€pp]

Since €2 is bounded, we have that (2.3) also holds for every ¢ € [1,p*]. Moreover,
the embedding WP (Q2) < L4(f) is compact for every ¢ € [1,p*). The following
version of the Gagliardo-Nirenberg inequality for the space W3?(Q) in the non-
smooth setting will be used. Let p € (1,00), ¢, € [1,00] and 0 < o < 1 satisfy
1 a l—a N-—sp 11—«
o+ .

2.4 -=—= =
(2:4) q p*+ r Np r

Then there exists a constant C' > 0 such that for every u € W;*(Q),
(2.5) el ooy < Nullgor o) Ul (o < Clllulllfye s l1ul L-(o)-

If0 < s<1,pe (1,00) and p' = p/(p—1), the space W~ (Q) is defined as usual to
be the dual of the reflexive Banach space Wi (Q), that is, (W3 (Q))* = W=7 (Q).
For more information on fractional order Sobolev spaces we refer the reader to
[1, 11, 14, 15, 17, 23] and the references contained therein.
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2.2. Main results. Let Q C RY be an arbitrary bounded open set. As usual
for a Banach space X, we denote by C([a,b]; X) the set of all X-valued weakly
continuous functions on the interval [a,b]. We also denote by (-,-) y. y the duality
between X* and X. First, we introduce the rigorous notion of solution to the
system (1.1).

DEFINITION 2.1. Let 0 < s < 1,2 <p,q,r <oo,p =p/(p—1), v =r/(r—1)

and ¢ = q/(q —1). Let up € L"(Q) and
F e WH((0,T); WP () + L7 () N L7((0,T); L' ()

for some v > 0 and T' > 0. A function u is said to be a (strong) solution of (1.1) if
we L=((0,7); L"(R2)) N LP((0, T); Wy () N LI((0,T); LI(9)),
deu € LT ((0,7); W=7 () + L (1)),
u(t) e WP (Q)N L™ (Q), ae. t € (0,T),
u € Wl ((0,7); L2(@),

(2.6)

and, a.e. t € (0, T) for every v € WP (Q) N L"(Q) =: V, with r > %pfp%
@7 (G

CN,;D, / / |u Qit _u y7 )‘p 2( u{zr t) (y7t>)( ( )_U(y))da:dy
RN JRN ‘

xr — ‘N+5p
<IU( T2 (t),v)y (), 0) ey

and u satisfies the initial condition

u(-,t) — ug strongly in L"(Q2) as t — 07,
REMARK 2.2. Notice that (|u (t)[7"?u(t),v),,. \, on the right-hand side of
(2.7) is well-defined since for r > %p_p), V C L?(£2) boundedly (see also (3.7)
below).

The following is the first main result of the article.

THEOREM 2.3. Let T > 0 be fized, 0 < s < 1 and p,q,r € [2,00) be such that
p < q and assume that

N(q—p)
sp

r>
Let ug € L"(2) and assume
F e WH((0,T); W P(Q) + L7 () N LY7((0,T): L ()

for some v > 0. Then the following assertions hold.

(a) Ifvy >0, then there exist a non-increasing function Ty : [0,00) x [0,00) —
(0,T) independent of T,ug and [ and

Ty =T, <|Uo||LT(Q)7 / 1O dt>

such that (1.1) has at least one strong solution on (0,Tp).

(b) If v = 0, then there exist a non-increasing function Ty : [0,00) — (0,T]
independent of T and ug, and Ty := Ty(|luol| L)), such that (1.1) has at
least one strong solution on (0,Tp).
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(¢) The strong solution has in addition the following regularity:

{ [ul 7w € LP((0,To): We ™ (@), (~A)ju € L7 (0, To): W=7 (@),
tru € Cyw([0, Tol; WP (), Vtdwu € L2((0,Ty); L2 ().

The proof of Theorem 2.3 relies on rewriting (1.1) as a first order Cauchy
problem which is governed by the difference of two subdifferential operators in
reflexive Banach spaces following the work of [2]. A family of approximate problems
and refined energy estimates will be employed to construct solutions with initial
data ug € L" (2). The primary new difficulty, due to the nonlocal character of the
fractional p-Laplacian, is obtaining a new comparison lemma for various energy
forms (see Lemma 3.9) and several other critical lemmas properly modified from
[2] to handle our case. Solutions are first constructed for some auxiliary problems
associated with (1.1).

The second main result deals with blow-up phenomena for the strong solutions
of (1.1). To this end, we define the following energy functional

CNpS lu(z,t) — u(y,
(2.8) E(t) = /]RN/]RN T —y ‘N+sp /|u (z,t) |dx

and notice that when f =0,
d
dt
for as long as a smooth solution exists. In fact, every strong solution of Theorem
2.3 satisfies an energy inequality, as follows.

(2.9) E(t) = — [0 (t)|[}2(q) < 0

PROPOSITION 2.4. Let u be a solution in the sense of Theorem 2.3 and further
assume that ug € W5'(Q) and f =0. Then

(2.10) E(t) < E(0),
for almost all t € (0,Ty), for as long as a strong solution exists.

THEOREM 2.5. Let u be a strong solution of (1.1) in the sense of Theorem 2.3
and f = 0. Let ug € Wy (Q) such that E (0) < Ey and H|UOH|W§‘IJ(§) > o with
4 1
P q

where Cy > 0 is the best Sobolev constant in (2.3) and q € (p,p*]. Then the strong
solution blows-up in a finite time t, > 0 with

(%) ||“0||L2 (Q) |Q|7_1

(2.11) T (1) (1 m) (¢—p)

)

for some B > «.

REMARK 2.6. These results can be also extended to degenerate parabolic equa-
tions of the form

Ou+Lyso(u)—gu) = f(zt), (x,t) € 2x(0,7),

subject to the condition u = 0 in R\, where

Lyso(u(z)):= P.V./ a(u(z),u(y)) (W) dy

RN
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with a € C' (R?, R} ) satisfying the following condition
eplm =P < a(r,2) < co(l+ |m — P73,

for all 7,72 € R, for some ¢y, ¢, > 0. The function g is a maximal monotone graph
in R? such that |g (s)| < ¢, |s|7"" as |s| — oo. We leave the details to the interested
reader.

3. Auxiliary and regularized problems

3.1. Subdifferentials. In this subsection we introduce some useful properties
of subdifferentials of proper, convex and lower semi-continuous functionals on a
Banach space.
DEFINITION 3.1. Let X be a reflexive Banach space.
(a) A mapping ¢ : X — (—00,00] is called proper if its effective domain
D(p) ={r e X :p(r) < oo}
is not empty. For a proper mapping ¢ : X — (—o0, 0], we define the
convex conjugate p* by

o X" (—o0,00], ¢7(a%) = sup a”(2) — ().
rzeX

Note that ¢* is convex even if ¢ is not.
(b) Given a mapping ¢ : X — (—o0,00] and zy € X, a functional z* € X* is
called a subgradient of ¢ at z¢ if for all z € X, we have
at(x —x0) < () — (o).
The set of all these subgradients is called the subdifferential of ¢ at x¢ and
is denoted by Ox¢(xg). The domain D(0x) of the subdifferential dxp
is given by
D(0xy) :={z € X : dxp(x) # 0}.
Obviously, D(0xy) C D(p).
It is well-known (see e.g. [6, 19]) that every subdifferential of a proper, convex

and lower semi-continuous functional is maximal monotone. Moreover, if X = H
is a Hilbert space then the subdifferential 9y can be written for u € D(p) as

opp(u) ={we H: o) —o(u) > (w,v —u)g, forall ve D(p)},

where (-,-)g denotes the inner product of H, and also 9y becomes a maximal
monotone operator on H. For a proper, convex and lower semi-continuous func-
tional ¢ on H, the Moreau-Yosida approrimation py of ¢ is defined as follows:

1
(3.1) ox(u) = 1é11fq {2)\||u — |3 + w(v)} , forallue H, A>0.

We recall that the Yosida approximation of a maximal monotone operator A on a
Hilbert space H is defined as

(3.2) Ay = % [I I+ AA)*} L A>0.

The following result provides some useful properties of Moreau-Yosida and
Yosida approximations. Its proof can be found in [6, Proposition 2.11, p.39].
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PROPOSITION 3.2. Let ¢ be a proper, conver and lower semi-continuous func-
tional on H and py be its Moreau-Yosida approximation. Then @y is convex,
Fréchet differentiable in H, and its Fréchet derivative Op(py) coincides with the
Yosida approximation (Ogp)a of Omp. Moreover, the following properties hold:

oa(u) = 3xllu— JSull3 + o(JSu),  for allu € H,X >0,
(3.3) o(JZu) < pa(u) < @(u), for allu e H,\ > 0,
o(J{u) T p(u) as X — 0F, for allu € H,

where J{ := (I + \Opp) ™' is the resolvent operator of O p.

The following type of chain rule for subdifferentials is taken from [2, Proposition
5].

PrOPOSITION 3.3. Let X be a reflexive Banach space, T > 0 be fized and let
v : X — (—o00,0] be a proper, convex and lower semi-continuous functional. Let
p € (1,00) and let u € WHP((0,T); X) be such that u(t) € D(Oxg) for a.e. t €
(0,T). Suppose that there exits g € L ((0,T); X*) such that g(t) € dxp(u(t)) for
a.e. t € (0,T). Then the function t — @(u(t)) is differentiable for a.e. t € (0,T).
Moreover, for a.e. t € (0,T),

(3.4) 4 ou(ty) = <f, f;‘(t>>X*  Jorall § €Dyl

Next, let 6 be a maximal monotone graph in R2. In the following result, for
a given u € L?(Q) we discuss the representation of 6(u(-)) as the subdifferential
0r2(0)©(u) for some proper, convex and lower semi-continuous functional © on
L2(Q).

PROPOSITION 3.4. Let Q C RN be an open and bounded set and let 6 : R —
(—00,00] be a proper, convex and lower semi-continuous functional. Define the
functional © : L*(Q) — (—o0,00] with effective domain D(0) = {u € L*(Q) :
O(u(-)) € L*(2)} and given by

Ou) = /Qﬁ(u(x))dx if uwe D(O),
+00

otherwise.

Let J? and j)g\ (A > 0) denote the resolvent operators of the subdifferentials Or2(0)©
and Or0, respectively. Then the following properties hold.

(a) The functional © is proper, convex and lower semi-continuous on L* (Q

(b) For all f,u € L*(Q), we have that f € Or2()©(u) if and only if f(x)
RO (u(x)) for a.e. x € Q.

(¢) For allu € L*(Q), JPu(z) = j{u(z) for a.e. x € Q and for all X > 0.

(d) For every m € [1,00], if u,v € L™() N L(Y), then JQu, Or2(0)Ox(u) €
L™(Q) N L2(Q) for all A > 0 and

).
S

[J9u — JRv|| () < llu— v||pm(q),

2
[0r2(02)Ox(u) — Or2(0)OA(V)||Lm (@) < XHU —vllpm (@)
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(e) If OrO(0) > 0, then for every p € (1,00) and s € (0,1), we have that
J20=0, JQu e W5P(Q)NL2(Q) for all u € W"P(Q) N LA(Q) and for all
A > 0. Moreover,

| JQu(z) — JLu(y)| / / y)[P
3.5 d dy < — 77 dxd
(3:9) /R /RN [ — g o - |x—y|N+sp v

PROOF. The proof of parts (a), (b) (¢) and (d) is contained in [2, Proposition
6] (see also [19, Proposition 8.1] for parts (a) and (b) and also [6, Proposition 2.16,
p.47]).

Next, let A > 0, p € (1,00), s € (0,1) and u € WP(RY) N L2(RY). Tt follows
from part (d) that JOu € LP(RY) N L3(RY). Since

158 (u(@)) = 58 (u@))] < Ju(z) —u(y)| for ae. z,yeRY,

then we obtain (3.5) by using the assertion (c).
It remains to show the assertion (e). First, let A > 0, p € (1,00), s € (0,1) and
u € WP(RN) N L3(Q). It follows from part (d) that JOu € LP(Q) N L?(R). Since

(3.6) 58 (u(2)) = J3 ()| < Ju(z) —u(y)| for ae. z,yeRY,

then we obtain (3 5) by using the assertion (c¢). Next, assume that dg6(0) > 0. Then
it is clear that j{0 = 0 and hence, JY0 = 0 and |JQu ( )| < |u(z)] for a.e. x € Q. Let
ue WyP(Q)N LA Q) C W”’(RN) N L%(Q) and A > 0. Since JQu € LP(Q) N L2()
(see above), it follows from (3.6) and part (c) that JQu € W*P(RY)NL?(Q). Since
|JQu(z)| < |u(z)| for a.e. z € RY we also have that JPu = 0 on RN \ 0. Therefore
JOu € Wy () N L2(Q) and we have shown part (e). The proof of the proposition
is finished. (]

3.2. The auxiliary problems. We first write the system (1.1) as a first order
Cauchy problem. To this end recall that 0 < s < 1, p,r € [2,00) and denote
V= WP(Q) N L™ () as the Banach space equipped with the norm

lul|v = (Hu| QLTV(Q) + |||u|||€V0p(§))

where the second norm is given by (2.1). Let V* denote the dual of the reflexive
Banach space V. Then

VE=W P (Q) 4+ L7 (Q) == {u = uy + ug; uy € W5 (), uy € L ()},

where p’ = p/(p—1) and ' = r/(r — 1). For every r > 2, we have the continuous
injections V — L2(Q) — V*.

1
2

Next, for p,q,r € [2,00) satisfying p < ¢ and

N(qg—p) N + sr
3.7 > —— = ¢<
(3.7) r ” 4< =P
we have that V is continuously embedded into L4(2). Indeed, if ¢ < r, then V
is trivially continuously embedded into L9($2). If r < g, then it follows from (3.7)
that ¢ < p*. Since WP (Q) — LP"(Q), we also have V « LI(f).
Let us now define the functionals ® w : V. —[0,00) by

CN y)P 1
O(u) = —22 / / ———"dxdy, Y(u):= f/ ul?dx,
Ry Jry [T —ZJ|N+SP () q Q| |
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for all u € V. Tt is easy to see that ®,¢ € C1(V,R). We state the following basic
proposition whose proof is postponed until the Appendix.

PROPOSITION 3.5. Let Oy ® and dy1p denote the single valued subgradients of
D and v, respectively. Then Oy ® is an operator from V to V* and can be expressed
as

D(0oy®) =V and Oy ®(u) = (—A),u, forallueV.

More precisely, Oy® is a realization in V* of the fractional p-Laplace operator

(—=A)3 with the Dirichlet boundary condition u = 0 on RN\Q. Finally, under the

assumption (3.7), we also have that Oy is an operator from V to V* with
D(Ovy) =V and dyip(u) = |u|?u, for allu € V.

By virtue of Proposition 3.5, the system (1.1) can be rewritten as the following
abstract Cauchy problem

(3.8) CZ( )+ Oy ®(u(t)) — Ovep(u(t)) = f(t) in V*, 0<t<T,
U(O) = Uug-

Next, we also define the functional ¢ : L?(Q) — [0, 00| by

1
o) = ;/Q|u\rdm it we L™(Q)

+o00 otherwise.

We note that the energy functional ® (u) — ¢(u) is not bounded from below on
WP (Q)NLI(2) but the sum @ (u) —1p(u)+ I, where I denotes the characteristic
function over some ball X' in L" () turns out to be coercive provided that r satisfies
(3.7). In this respect, we can establish the following crucial result.

LEMMA 3.6. Let 0 < s < 1 and let p,q,r € [2,00) satisfy p < q and (3.7).
Then there exist a constant ¢ € (0,1] and an increasing differentiable function
F :[0,00) — [0,00) such that for every u € D(®) N D(y) = WyP(Q)NL"(Q) =V,
(3.9) () < F(o(u)[@(u) +1]'7°

PROOF. Let u € WSP(Q) N L"(Q). If ¢ < r, since Q is bounded then by the
classical Holder inequality, we have that there exists a constant C' > 0 such that

o[ de v <c ([ |urdx>g—0[¢<u>1 .

Hence, we have that (3.9) holds with ¢ = 1 and F(t) = Ct%/".
If r < g, then ¢ < p* (see (2.2)). Hence, using the Gagliardo-Nirenberg’s
inequality (2.5), one can find a constant C' > 0 such that

3

o

C’[\ﬂp7 |
(310)  [ullzeo gc( /RN /RN ‘x_ |N+5p D) =0 dwdy )l

where a € (0,1) is given by

1 a l—a N-—sp 11—«
3.11 -=— = .
( ) q p*Jr r Np ot r
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We notice that (3.11) and (3.7) imply that

(3.12) 0<ag=(q—r) <1 -

It follows from (3.10) that

D Ol v (1-a)q
w( ) ( /RN /RN |J;—y‘N+9p dxdy ||u||Lr(Q)

)a

= Clo(w)] 7 [o(u)]
Note that 0 < ag/p < 1 by (3.12). Thus we have shown (3.9) with the constant

e=1—aq/pand F(t) = " The proof of lemma is finished. O

Next, let 7 > 0 be fixed, up € D(®) = V = W;P(Q) N L"(Q) and f €
C1([0,T]; V). We shall introduce an auxiliary problem associated with the abstract
Cauchy problem (3.8). To do this, we let o := ¢(ug) + 1 and set

Vo={veV: ¢v) <o+ ||v||2T(Q) <ro}.
We define the proper, convex, lower semi-continuous functional ® : V' — [0, oo] by

i} if Vy,
5 (u) ::{ (u) ifue '
+00 otherwise.

Clearly, D(®°) =V, C V = D(®) and D(0y®?) =V, C V = D(0y®). It follows
from [7, Theorem 2.2] that for all u € D(dy @),

(3.13) 8V<I>"(u) = 8V<I>(u) + 8\/){\/0 (u)
where xy, denotes the indicator function of the convex set V, defined by
(u) = 0 ueV;
AV = o uéV,.

We notice that by [6, Example 2.8.2], the subdifferential dy yy, of the functional
Xv, is given by

) if uwgVy,,
(3.14) Ovxv, (u) =< {0} if ue Int(V,),
the normal exterior cone to V, if u € boundary(V,).

Corresponding to problem (3.8) we consider the following modified problem

as 0+ 00T w(0) ~ 0e(ul) 3 ) I VL 0<i<T,

We observe that a solution of problem (3.15) on (0,7') is also a solution of (3.8)

n (0,7) provided that one has in addition ¢(u(t)) < o. Indeed, in that case
Ovxv, (u(t)) = {0} by (3.14), and by (3.13), this implies Oy P (u (t)) = Iy P(u (t))
a.e. t € (0,7). Thus, in order to establish the existence of a solution to problem
(3.8) it suffices to construct a sufficiently regular solution to the Cauchy problem
(3.15) and to derive additional a priori estimates on this solution. To this end,
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we first define the extensions ® ,1/) of ®7 and v, respectively, to the Hilbert space

H = LQ(Q) by

—0 (o34 if

5 (u) = (u) ifue ‘./,

+00 otherwise.

and )
7/ |u|fdx if uw € LI(82),
q.Ja
+00 otherwise.

Then, & and + are proper, convex and lower semi-continuous on H = L?(Q).
Let 95 ®” and 9y ¢ denote the subdifferentials of ® and ¥, respectively. Then, it
readily follows

(3.16) D(®°) = D(®7), D(0g®°") C D(dyd7),
) Op® (u) C dy®° (u), for allu € DD’ ),
and
(3.17) P(u) =v(w)VueV, DOup)NV C D(vy),
) O (u) C Oyip(u) for all u € D(dxih) NV.

Now consider 1, as the Moreau-Yosida approximation (see (3.1)) of ¥, for A > 0.
Associated with problem (3.15), we introduce the following regularized problem in
H = L?*(),

(3.18)
0 0) 4 98 (ur 1)) — OB (ur (1)) 3 F(8) i H = 1), 0<t<T,
ux(0) = up.

Regarding the functionals defined above, we mention the following facts.

REMARK 3.7. (a) It follows from Lemma 3.6 that for every u € D(®7) =
Vo,
_ 1
(3.19) Y(w) < Flo(u)] [@(u) + 1] 7 < 72(u) + F(o).
(b) There exists a constant C' > 0 such that for every u € D(®7) =V,
P
2
(3200l =Nl gy = (Il + el e )
<C (Ilull gy + Nl By ) < € (27(0) +0%) -

(¢) The subdifferential dy1p : V. — V* is a compact operator. Indeed, let
C > 0 and let u, be a sequence in V such that ||u,|ly < C. Then, after
a subsequence if necessary, u,, converges weakly to some u in the reflexive
Banach space V. Since the embedding V' < L9(£2) is compact, passing to
a subsequence if necessary, we may assume that
U, — u strongly in L9(9).
Since Oy (up) = |u, |7 2u, we have that

Ay (uy) — Oy ip(u) strongly in LI ().
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Since L9 () < V*, it follows that
Ovip(u,) — Oytp(u) strongly in V™.

Hence, dy¢: V — V* is a compact operator.

(d) Finally, let Jf\b (A > 0) be the resolvent operator of dz1. By Proposition
3.4, parts (e) and (f), we readily have

(3.21) ¢(J?u) < ¢(u) < o, @(J;/?u) < ®(u), for all u € D(P7).
Moreover,
(3.22) 7 (JVu) < @7 (u), for all u € D(P7).
We conclude this subsection with the following lemma.

LEMMA 3.8. Recall 0 < s < 1 and let p,q,r € [2,00) satisfy p < q and (3.7).
Let w € L™(9) be such that v := |u|%u € WyP(Q). Let ¢, and ¢5 (A > 0) be
the Morreau-Yosida approximation of ¥ and ¢, respectively. Then there exist a
constant € € (0,1] and an increasing differentiable function F : [0,00) — [0, 00)
such that

(3.23) / O\ (u) O dx(u)dx

CN’p’ / / ‘P 1—¢
<F(¢(u) [1+ s ‘x_ |N+5p = 2 dady|

PRrROOF. Let A > 0 and let uw € L"(Q) be such that v := |u|%u € Wyt (Q).
Since |J{u(z)| < |u(z)| and |J:\¢’u(a?)| < |u(z)| for a.e. x € Q, we have that

/ O\ (w)On o (u)dz
Q
:/ [T (@) 2T (@) I u(@)" 2 I u(@)de < / fu()|"* 2 de.
¢ Q
In light of (3.7) we easily see that

N +rs B sp
(3.24) q+7’2<< N )p+r2(1+N>r+p2.

If sp < N, then
r+p—2 N
o () () )
N
—_— —2).
( > +<N—sp) w2
It follows from (3.24) and (3.25) that

o q+r—2 < p*
P=P\isp—2 b

Next, let v := |u|%u Then

[u|9t""2 = |p|? and |u|" = |v|7rz.
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Assume that v € WP (). Since 1 < < p < p*and

'r'+p 2

» 1
CN7P7 / / ( )| dmdy P )
7+p 2 (Q) RN JRN |SC — y|N+Sp

then using the Gagliardo-Nirenberg inequality (2.5), we have that there exists a
constant C' > 0 such that

(3.26)

Iolllwgr @) < [II |

|1a

Iollzr@) < Ol I,

19
C P v o
<O loll g g+ (a2 [ [ B ) o
L7 (Q) ey Jry | —y] P T2 (Q)

19«
CN s )|P P
<C oL dxd 1=a C
[( /]RN /RN |z —y IN“” e HUH 2(9)Jr ol - =2 (Q)

with 0 < a < 1 satisfying

« l-a)(r+p—2)
— + :
p rp

1
P

A simple calculation gives

(r+p—2) _ ( r+p—2 )
pr p(q+r—2) <1

(=) - (%)

0<a=

It follows from (3.26) that,
(3.27)

/\u|q+r 2d:lc—/ lv|Pdx
c OF )|
<o |(Bee [ ] s )| el
RN JRN |$— | P L7F5=2 (Q) L7727 (Q)
ap

1
CN P8 )| P @) (q4+r—2) gtr—2
( /RN /RN |z — |N+‘Sp dwdy v ”L’" (@) + C”””Lr Q) -

Letting

(1—o)(g+r—2) gir—2

f(t):zsup{t R e } £>0

we have that F : [0,00) — [0,00) is increasing and differentiable. Thus, (3.23)
follows from (3.27) together with the simple estimate

- N+rs _9
175‘:%:1 g2 <1 ( N )p =1

P - Cwe) () - ()

The proof of the lemma is finished. O
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3. Solutions to the auxiliary problems. In this subsection, we investi-
gate the existence and regularity of solutions to problems (3.15), (3.18) for regular
initial datum ug € D (®) =V and f € C'([0,T]; V). Before we turn our attention
directly to the Cauchy problem (3.18), we require the following two crucial lem-
mas. The first result is essential and is of independent interest. The second one
establishes a kind of coercitivity estimate. Their proofs are postponed until the
Appendix.

LEMMA 3.9. Letp € (1,00), r € [2,00) and let £ be the energy given by
(o) = [ [ @) = u)l (o) = uy))(o() ~ v(u)K (2,3) dedy,
RN JRN
for some positive kernel K : RN x RN — R, . Then

3.28 Cr € u%u,u%u < E(u, lul""?w),
(3.28) »

for all functions u for which the terms in (3.28) make sense, and where

Crpi=(r—1) (erf_Qy).

LEMMA 3.10. Let 0 < s < 1, p,q,r € [2,00) satisfy p < q and (3.7). Let
ue D(Oy®) and let J := (I + pdud)~', > 0. Then

r—2 s.p
Jou € D(Ov®), Oudu(u) €V, vy :=|Jlul® Jiu € WP ().

In particular, if u € D(Qy D7), then there exists a positive constant 3 independent
of u such that for all g € Oy D7 (u),

CNp.s
(329) e Np /RN /RN |v7$— N-&-(ep) drdy < <g,3H¢#( )> Ve

We have the following result of existence of solutions to the abstract Cauchy
problem (3.18).

PROPOSITION 3.11. Let 0 < s < 1, p,q,r € [2,00) salisfy p < q and (3.7).
Let T > 0 be fized, ug € D(®), A\ > 0 and f € C*([0,T);V). Then there exists a
unique function uy € Cy ([0, T]; V) NW2((0,T); L?(2)) which is a strong solution
of (3.18) on (0,T). Moreover,

(3.30) sup ¢(up(t)) <o and vy := |u,\|%2u>\ € LP((0,T); WP (Q)).
te[0,7)

In addition, the function t — ®° (ux(t)) is absolutely continuous on [0,T).

PRrOOF. First, we notice that by Proposition 3.2, dgv, coincides with the
Yosida approximation (9g)), of the maximal monotone operator 1 (see (3.2)).
Hence, by Proposition 3.4 8HE)\ is Lipschitz continuous in L"(2) as well as in
L2(Q). Since ®° is proper, convex and lower semi-continuous on H = L?(£2) and
the mapping ¢ — f(t) belongs to L?((0,T); L?(f)), we can exploit [6, Proposition
3.12 and Theorem 3.6] to infer that for every ug € D(®") = L?(Q), the Cauchy
problem (3.18) has a unique strong solution uy. Moreover, it holds

VIS (1) € 22((0,); L2().
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In particular, if ug € D(®”) we have
uy € Co([0, T]; V)N WE2((0,T); L2(2)) and uy(t) €V, ¢(ux(t)) < o,

for all ¢t € [0,7]. Hence, the function t — ®7(uy(t)) is absolutely continuous

n [0,7] and the first statement of (3.30) also follows. It remains to show the
second part of (3.30). To this end, multiplying (3.18) by Om ¢, (ux(t)), i > 0, then
employing the chain rule formula (3.4) (see Proposition 3.3), we obtain

d’LL)\

331 our®)+ [ 0m0,(a(0) |10~ %20) + (i) | a
— [ 0us(us)Ous,lus®)o + [ FO0u0, (un(0)do
Q Q

Let vn,(t) i= |Jur()| 7 J2ua(t). Note that vy, (t) € Wy (@) N L7(Q) = V.
Recall that by Lemma 3.10 and virtue of (3.16) it holds

CN,p, / / ‘UAM x,t) U/\’M(%t)lpdxdy
RN JRN |z — y|N+sp

(3.32) ,<8H<I> (ux(t)), Om dp(ur(t))) v+ v

By Proposition 3.4, Oy, is Lipschitz continuous from L"(Q) to L"(£2). Hence,
Holder’s inequality together with Proposition 3.2 yields the estimate

/Q e (s (1)) D (ua (1)) d < 0y (ua (1))
(3.33) < Caop(ur(t)) < Cho,

(ux(O)l L (@)

for some constant C\ > 0 depending only on A > 0 but not on y > 0. Moreover,
exploiting Holder’s inequality once again, one can find a constant C' > 0 such that

| 1006, (u(0)ds < Co¥ 0o

Combining (3.32) together with (3.33), then integrating (3.31) over (0,1), and using
Proposition 3.2 once more, we deduce

t
CNps |vA H(I7T) — Ux M(y77-)‘p
. 4 P ; ;
(3.34) ¢u(u,\(t))+ﬁ/0 —5 /RN /RN g drdydr

<(uo) + CroT + Bt / 17|

Lr(o)d

for all ¢t € [0,7]. Now passing to the limit as g — 07 in the foregoing uniform
estimate, by virtue of Proposition 3.2, we obtain

Jﬁ’ (uy) — uy strongly in C([0,T]; L*(2)).
Finally, since 2(p + 7 — 2)/p < r, it follows from (3.34) that as u — 07,

J9 (un) — ux  weakly-star in L>°((0,T); L" (%)),
Un,p — Ua weakly-star in L°>°((0,T); L*(Q)),
U, — U weakly in LP((0,7); WP (2)),

where vy = |U>\|%2U>\. The proof is finished. O
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Having obtained a solution to the regularized problem (3.18), we can now pass
to the limit as A — 07 to deduce a solution to problem (3.15). We have the
following.

PROPOSITION 3.12. Let 0 < s < 1, p,q,r € [2,00) satisfy p < q and (3.7). Let
T > 0 be fized, ug € D(®) and f € C*([0,T);V). Then there exists a unique func-
tion u € Cy([0,T); V) N WL2((0,T); L?(Q)) which is a strong solution of problem
(3.15) on (0,T).

PROOF. Let ug € D(®) and f € C'([0,T];V). Let A > 0 and let uy be the
unique strong solution of (3.18) which exists by Proposition 3.11. In the subsequent
proofs, C' > 0 will always denote a constant that is independent of ¢, f, A, which
only depends on the other structural parameters of the problem. Such a constant
may vary even from line to line. We multiply (3.18) by d“d#t(t) and we integrate the
resulting identity over (0,¢). Using (3.19), (3.20) and Proposition 3.3, we get that
there exists a constant C' > 0 such that

dux dt + sup D7 (uyr(t)) < C.

T 2
(3.35) / )
0 dt L2(Q) t€[0,T]

The estimates (3.20) and (3.35) imply that

(3.36) sup |lux(®)|lv < C.
te[0,T]

)

Furthermore, we also have there exists a constant C' > 0 such that

(3.37) sup [|7{ua(t)]lv < C
te[0,T]

on account of (3.22) and (3.35). Let now
dU)\

g = f(8) = == () + 0dx (ua(t)) € O ®’ (ux(t)).
Then, passing to a subsequence of {\} if necessary, we get that as A — 0T,
uy — u, J/\E (uy) — u weakly star in L>((0,7); V),
(3.38) ux = u, J? (uy) — u weakly in WLQ((O,T);ILQ(Q))
Oty (ua(-)) = Ovep(u(-))  strongly in C([0,T]; LT (),
gr — g € Ov D7 (u(+)) weakly in L2((0,T); V*).

The first two foregoing convergence properties follow from (3.35), (3.37) and (3.36).
The third convergence property follows from (3.35) in light of Remark 3.7, part (c).
On the other hand, the last convergence property follows from the second and third
of (3.38) on the account of the fact that L2(€2) and L7 () are both continuously
embedded into V*. Clearly, (3.38) also yields

du (t)
) = f(t) —
o) = (1)~
Finally, since uy(t) — ug strongly in L"(92) as t — 07, we may conclude that the

limit function w is the unique strong solution to the auxiliary problem (3.15) on
(0, T). The proof of the proposition is finished. O

+ v (u(t)), ae. t € (0,T).

4. Proof of the main results

In this section we prove the main results stated in Section 2.2.
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4.1. Proof of Theorem 2.3. We can now complete the proof of the first
main result of the article. This program will be divided into several steps.

Step 1 (Additional uniform estimates). We give further (uniform) estimates
of solutions to the regularized problem (3.18) that will be needed in the sequel.
Recall that p,q,r € [2,00) satisfy p < ¢ and (3.7). Let A > 0 and consider the
unique strong solution uy to (3.18). Multiplying (3.18) by w(t), integrating the
resulting identity over (0,t¢) and using (3.20), we deduce

t
(41) SOl + [ 7 )

Lo E—

§§Hu0||L2(Q)+/O ||3H¢(U/\(7'))HLQ'(Q)HU/\(T)”LQ(Q)dT
T

+ [ 1R Lo var

1 t T ,
<5luolle +C [ v+ [ Ir.ar

1

o T »
—|—f/ O (ux(r))dr + —or.
2 )y 2

Lemma 3.6 together with (3.19) thus gives

T
sup [lus(®)Fz@y + [ B (ur(r)dr
te[0,7] 0

T ’
<C (uOI%zm) +Tf(0)+/0 |f(7')||p*d7'> :

Next, multiplying (3.18) by td"d#t(t) and using the fact that

/Q f(t)tdugt(t) dx :% (t /Q f(t)u,\(t)dw) _ /Q F(t)un(t)dz

—t [ SOt

we obtain

dux(t)]?
dt

' \ + @ (1) - T a0)

L2(Q)

g% [t (ux(t))] — 1 (ua(t)) +% (t/Qf(t)uA(t)dx)

daf
,/Qf(t)u/\(t)dxft/Qa(t)uA(t)dz.
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Integrating the foregoing inequality over (0,¢) and using (3.19) and (3.20) once
more, we readily see that

(4.2) /OtT’dW(T) 2

dr
<ty (ux(t ))+/ 37 (ux(t dT+t/f u (¢

//f T)ux (T dde—/ / T)dxdr
to

<59 (u ())+Ca£ & (ur(r))dr +C sup_ 7| f(r)[}.

T€[0,T)

t t y T
+Z(I) (UA(t))+C/() Il (D)l *dT—i—/O

On the other hand, using the fact that

T T
tes[%p]t\lf()l\ *<c</0 £ @)l *dt+/0

we further get from (4.2) that

(4.3) /0 Y ‘

dr + 13’ ( / by (ux(T

L2()

(N}

’
p

dr + TF (o).

p/
dt |,

df
TE(T)

df
ta(t)

M 4)

- 60
o dt + sup t® (ux(t))

L2(Q) te[0,T]

) T , T df P/
SCHWWmﬁTﬂ®+AHﬂWRﬁ+A %#) dt | .
Letting A — 0T, from (3.38) and (4.1) we infer
T
sup [u(®)F)+ [ 87 (u(r)dr
te[0,T] 0
T /
(4.4) <c <|uo||iz<m +TF() + / ol *dt>
and
T Y du 2
(4.5) / t‘ g dt + sup 107 (u(t))
0 dt L2(Q) te[0,7]
) T , T df p’
<C (luolltaey + TF@) + [ M@-at+ [ |e50)| at).
0 0 dt VvV

for some constant C' > 0 independent of ¢, f and A > 0.

Step 2 (Passage to limit). Let 7 > 0 be fixed, ug € D(®) and f € C1([0,T); V).
Let ¢, be the Moreau-Yosida approximation of ¢ for 4 > 0 and let uy (A > 0) be
the unique strong solution to (3.18). Multiplying (3.18) by O ¢, (ux(t)) and using
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the chain rule formula (see Proposition 3.3), we have
d
G0+ [ 0r(006,(ux(0)da
= [ O us(0)0n 0, ur(®)e + | 5000, ur(0))d

Let vx,, (t) = [J7ux (t) |%JEUA (t) for a.e. t € (0,7) and note that vy ,(t) €
WyP() on account of Lemma 3.10. Inserting the estimates of Lemmas 3.10 and
3.8 into the foregoing identity, we readily have

i ﬁC’N,p7 |U)\ " — U)X ,u(yv t)|p
@6 Lfoun) ANAN R ey
CN,p, |U)\ “w ’U/\,u(ya t)| e
[ AQAN m—v“w ey
+/f@%mwwmm
Q

Hélder’s inequality and (3.21) allow us to deduce

(4.7) /Qf(t)aH%(UA(t)) da <[|f )l - @ 19m S (ur(®) | L o)

1
7

<C| f(t) ”LT(SZ)QS(J;?(UAU))) v
<Co7 | f(t)]l -

Integrating (4.6) over (0,t), using (4.7), and recalling that the function vy, €
LP((0,7); Wg'P(€2)), there holds

Cn [ox,u( —uxu(y, 7)P
4.8 —I,p,s SH ST drduyd
(4.8)  dulua(t) +ﬁ/ /RN/RN |x,y|N+sp rayar
1—¢

C v v ,
<u(uo) + F(0) / [ o /RN/RN nalt e L=l DF gy ar

t
+cbfj/\uwﬂuqmdﬂ
0

for some C' > 0 independent of y > 0. Therefore, since ¢, (ug) < ¢(ug), after

passing to a subsequence of {p} if necessary, we can infer the existence of a function
wy € LP((0,T); Wy'P(2)) such that, as p — 0T,

(4.9) va — wy weakly in LP((0,T); Wg"P(€2)).
Next, it follows from Proposition 3.2 that
1 6 2 o
(410) ﬂ Hu/\(t) - Jp, ’U/)\(t)HLQ(Q) = d)ll«(U’)\(t)) - (ZS(J/J,U)\(t)) <o.

Estimate (4.10) implies that J{ux(t) — ux strongly in C([0, T]; L*(Q)), as u — 0*.

Hence, by (4.9) we can deduce that wy = vy = |u,\|%2uk. Moreover, by lower
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semi-continuity it follows that

C p
/ CNps / / lo(z, ) —vay, 7)] dudydr
RN JRN |5U —y|Ntep

C p
§hm1nf/ Nth / / |U)\»N z, T U)\»M(va)| da:dydT
u—0+ RN JRN |£E — |N+Sp

Passing to the limit in (4.8) with respect to u — 07, and applying Young’s inequal-
ity, we get that

(411) ﬂ/ CNps/ / |'U>\ 'U)\(y, )| dl’dyd’]’
RN JRN |$—y|N+SP

<o(u0) + 17(0) 415+ Co¥ [ 1) luniartr
0

for all ¢t € [0,T]. Next, since the embedding V' < L9(2) is compact, the application
of Ascoli’s compactness lemma together with (3.38) yields
ux — u strongly in C([0,7]; L(£2)).

Since ¢(ux(t)) < o for all t € [0,7] and 2(p+r —2) /p < r, then letting A — 0
n (4.11), we also obtain that

uy —u  weakly star in L ((0,7); L"(Q2)),
(4.12) vy — v weakly star in L>((0,T); L3(Q)),

vy —ov  weakly in LP((0,T); WsP(Q)),

where vy = \u,\\%u,\ and v := |u|%2u We can then conclude from (4.11) and
(4.12) that there exists a constant C' > 0 such that
(4.13) + 8 / ON.p.s / / N+y’ N dwdydr

RN JRN |x—y| P

<¢(uo) +tF (o) + tg +Cov / If(T)lLrydT
0

The final estimate (4.13) implies that
(4.14) lim sup ¢(u(t)) < ¢d(uo).

t—0t

Since u € C([0,T]; L*(2)) and ¢ is lower semi-continuous, we have that

(4.15) liminf o(u()) > o).

Since L™(€2) is uniformly convex, we obtain from (4.14) and (4.15) that

(4.16) u(t) — ug strongly in L"(Q2) as t — 0.

Step 3 (Solution to the original problem) Let T' > 0 be fixed, ug € D(®) and
(4.17) Fewl? (0, T; W= (Q) + L" (Q)) N L' (0, T; L' (Q)) =: Yy

for some v > 0. Let F : [0,00) — [0,00) be an increasing differentiable function
satisfying the conclusion of Lemmas 3.6 and 3.8.
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e If v > 0, we take a non-increasing function T} : [0, 00) x [0,00) — (0,7
independent of T', ug and f such that
B 1 I T |
T, &) |Fn+ 1)+ 5| + O+ 1) T, ) 776 < o
o If v = 0, we take a non-increasing function Ty : [0,00) — (0,T] which
depends on f but not on 7" and ug such that

)
Ty |7+ 1)+ 5|+ 0+ 07 [ 1 e < 5

Let now
T 1
Ty =T, (gb(uo),/o ||f(7')HLf?Q) dT) >0 if v>0

and
To :=Tp(d(uo)) if v=0.
Since o = ¢(up) + 1, it follows that

sup ¢(u(t)) < o.
t€[0,To]

Since ¢(u(t)) < o for all t € [0, Tp], it follows from (3.14) that dv xv, (u(t)) = {0},
a.e. t € [0,Tp]; thus by (3.13), Oy ®7 (u(t)) = dy ®(u(t)) for a.e. t € [0,Tp]. We have
shown that u is a strong solution of (3.8) on (0,7p) and hence, a strong solution of
(1.1) on (0,Tp) if the initial datum ug € D (P).

Step 4 (Final argument). In this final step, we remove the assumption on the
initial datum up € D(®). To this end, for fixed time T > 0, consider ug € L"(f2)
and a function f satisfying (4.17). Let ug,, € D(®) and f, € C*([0,7];V) be
sequences such that ug, — ug strongly in L"(Q) and f,, — f strongly in Vs. Let
o = ¢(up) + 2. Then for sufficiently large n > ng, we have

T T
) < o) +1 and [ ILOITyde < [ 1AOI e+ 1.

Moreover, there exists a function h € L'*7(0,7) such that, after passing to a
subsequence if necessary, we also have

I fn(lr) < h(t) forae. te(0,T).
We now consider the n-approximate problem

du,,

) B 4) 1 Oy B0 (1)) — v (uat) = Fuld). 1€ (0.T)
Un (0) = ug p-
Note that (4.18) possesses a strong solution u,, on (0,Tp) satisfying

(4.19) sup ¢(un(t)) < Glug) +1 <0
t€[0,To)

for some T independent of n. Indeed, employing Step 1 once again, we have the
following alternatives.
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e If v > 0, then it is clear that

T
T. <¢<uo,n>, / fn|1;zﬂdt> ( w)+1, [ ||f|1tgmdt+1>.

o If v = 0, since | fn(t)l[zr) < h(t), then we can choose the function
Ty, : [0,00) — (0,77 such that

L Tn()
7o) [For+ 0+ 5]+ coren? [ ol < 4 and 73, 2 o

for any 7 € [0, 00).

Hence, we can take T, > 0 uniformly with respect to n. In the remainder of
the proof, C' > 0 will denote a constant that is independent of ¢, f, n, and initial
data, which only depends on the other structural parameters of the problem. Such
a constant may vary even from line to line. It remains to derive uniform estimates
for the solution w, with respect to n. First, by estimates (4.4) and (4.5),

P
(4.20) sup ||un(t)||L2(Q)+/ ’p’ / / [un (2, 8) = tn(y, t) dzdydt < C
RN JRN

tG[O,Tg] |'CL. - y|N+Sp
and
(4.21)
o |ld ? t) £
/ t ’ &(t) dt + sup ’p’ / / [un (2, ;L,Z(Sy’ ) dxdy < C.
0 dt "z telo.m] Ry Jry |z —y|NEeP

Since Oy ®(un(t)) = (=A)jun(t) (see Proposition 3.5), then using (4.20) and the
fact that (see the proof of Proposition 3.5)

Cn |tn (2, 1) — un(y,t)|P
Ayt vy = 5 O gz
(=Bnunhyy = g [ [ PO Ll g

we infer

T[] ,
(4.22) /O H@wb(un(t))||€V,5’p,(9)dt <C.

Application of Lemma 3.6 also yields
To

T, )
| 1000 )] it <C [ st

To
(4.23) <F(0) / (®(un(t)) + 1)\ dt < C.
0
Therefore, since L (Q) < V*, it follows from (4.18) that
To q
(4.24) / LN (el
0 dt

Estimate (4.13) with v = u,, v = v, = = Up, Uy = Up,n, and f = f, gives the

uniform estimate

To Oy |vn (2, 1) — vn(y, t)|P
p s n n\Y»
(4.25) / /]RN /]RN o — gV dxdydt < C.

Since 2(p +r — 2)/r < r, it follows from (4.19) that the sequence v,, is bounded in
L>((0,Tp); L?(£2)). We also notice the solution wu,, satisfies the estimates (4.4) and
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(4.5) with a constant C' > 0 independent of n. These uniform estimates allow us
to pass to the limit, after a subsequence if necessary, such that as n — oo,

Up — U weakly star in  L°°((0,Tp); L™ (),

Up — U weakly in LP((0,Tp); V),

tru, — tru weakly start in L>((0,Ty); WP (),

Up — U weakly star in  L>°((0, Tp); L3(9)),
(4.26) Up — weakly in L ((0 To); W5P(Q)),

B, du weakly in L9 ((0,Ty); V*),

\fd"" — Vit weakly in L ((O To); L2(%2)),

Oy B(un()) — () weakly in LF (0, To); W=7 (2)),

O ib(un()) — h () weakly in LY (0, To); LY ().

The first two of (4.26) follow from (4.19) and (4.20). The third and seventh con-
vergence properties of (4.26) follow from (4.21). The fourth and fifth convergence
properties are derived from the fact that v, is bounded in L>((0,Tp); L(£2)) and
from (4.24). The sixth convergence is an immediate consequence of (4.23), while
the convergence Oy ®(u,(-)) — ¢ is a consequence of (4.22). Finally, the last of
(4.26) follows from the sixth of (4.26) and dy P (u,(-)) — g. Thus, we have shown
u € Cy([0, To; L7(2)) N C((0, To]; L*(2)).-

We can now pass to strong convergence properties for the sequence w,,. Since the
embeddings V «— L9(Q) and L"(2) — V* are compact, it follows that

(4.27) u, — u strongly in LP((0,Tp); L9(2)) N C([0, Tp]; V*),
which together with (4.26) implies that v = |u\%u Moreover, it follows from
(4.23) and (4.27) that u(t) — up strongly in V* as t — 0.

It remains to show that dyu¥(u(t)) = h(t) and g(t) = Oy P(u(t)) for a.e. t €
(0,T0). Indeed, if r < ¢, as in the proof of Lemma 3.6 we have using (3.12) that

T
(4.28) /Huno u(t)|2,

Tt
0 C(N Un - .Z‘ t) _ (un - U) (yvt)|p
<C ’p’ drdydt
</ /RN /]RN Iw—yIN“p o
. RS
: </0 ||un(t) —u(t )HLr Q)q dt) )

with @ > 0 given by (3.11) and v = £

agq
P

(4.19) and (4.27) that
U, — u strongly in LI~ ((0,Ty); L™(Q)).

and, from (4.20) and (4.28), that

(4.29) un, — u strongly in L9((0,Tp); LI(£2)).

We notice that dy¢)(u) = dpa)re(u) if u € V, where e : LI(Q2) — [0,00) is
defined by

Yra(u) : / |u|?dx, for all uw € LY(Q).
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Since the subdifferential 974 (q)¥ L« is demi-closed in L9(2) x Lq/(Q), we can apply
[16, Proposition 1.1] to infer that h(t) = Oy (u(t)), a.e. t € (0,Tp). If ¢ < r, then
(4.29) follows from (4.19) and (4.27). Hence, we have shown the first claim that
h(t) = Oy p(u(t)) for a.e. t € (0,Tp). In order to show that g(t) = Oy P(u(t)), a.e.
t € (0,Tp), we use (4.27) to take a set I C (0,7p) such that w,(7) — u(r) strongly
on LYQ) for all 7 € T and |(0,Tp) \ I| = 0. Hence, for all 7 € I,

To

To
/ Oy D (1 () 0 () e v = / (1), (D) v+ vt

T

To
T / (Ot ()t () v

1 1
- §||Un(T0)||2L2(Q) + §||Un(7)||%2(9)-

Since by (4.26), u € Wbh2((r,Tp); L3(€)), then letting n — oo in the preceding
equality, we deduce
To

limsup/ 0(8V<I>(un(t)),un(t)>v*,vdtS/ (f(t),ut)) v vat

n— oo T

To
+ [ @it ule)y- v
1 1
- §||U(T0)||i2(9) + §||U(T)||2L2(Q)

— [t u®)- v

It follows from (4.26) that g(t) = Oy ®(u(t)), a.e. t € (,Tp). Since T was arbitrary
and [(0,Tp) \ I| = 0, we have that g(t) = Oy ®(u(t)), a.e. t € (0,Tp).

It remains to show that u(0) = ug in the sense of L"(Q2). Estimate (4.13) with
U= Uy, V= "Up, Uy = Uy, and f = f, allows us to pass to the limit as n — oo, to
get

¢
ou(t) < 8(un) + ¢ |[F(0) + 5| +Co¥ [ 110 erayer

for all ¢ € [0,Tp]. Arguing exactly as in (4.14)-(4.16) we easily find that u(t) — ug

strongly in L"(Q2) as t — 07 and u € C([0,Tp); L*(2)). We have shown that u

is a strong solution to problem (3.8) on (0,7y) and hence, a strong solution to

the initial-boundary value problem (1.1) on (0,7p). The proof of the theorem is

complete.

4.2. Proof of Theorem 2.5. In this subsection we prove Theorem 2.5. We
adapt a technique exploited by [18] to derive blow-up type results for the parabolic
equation associated with the classical p-Laplace operator. We divide the proof into
two parts.

Step 1 (Positive potential energies). We first establish that there is a constant
[ > « such that

(4.30) llw @l » @) =6
and

(4.31) [ (Ol Loy = CB
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for all t > 0 (and for as long as the strong solution exists). First, we notice that by
definition (2.8) and the embedding (2.3), it holds

1 1
4.32 E(t) >~ P ., = — —CF A LT
(4.32) ) = 2l Ol @y = 5 e Ol 0 ()
1 i, de
= ip - 2 ¥ (5),
p q
where we have set 7 := |||u(t)H|Wosp a)- Clearly, the continuous function h is

increasing on (0,«) and decreasing on (a,o0) while h (Z) — —oco as & — oo and
h(a) = Ey. Then, since E (0) < Ey it immediately follows that one has a constant
B > «a such that h(8) = E(0). On the other hand, setting o = H|u0|||W5,p(§)
then h(Zg) < E(0) = h(B) and &y > ( on the account of (4.32). In order to
show (4.30), we proceed to prove it by contradiction. To this end, let us assume
that |||u (to)]] |W;,p(§) < [ for some tg € (0,7p) on which the strong solution exists.

By the continuity of this norm we can choose ty > 0 such that |||u (t0)|||W(.;,p(§> >

a. By (4.32), we find that E (to) = h (lllu(to)llly(m)) > A (8) = E (0) which
contradicts the fact that E (t) < E(0), for all ¢t € (0,7p), on which the strong
solution exists, with the latter following easily by (2.10). Hence, we have proved
(4.30). To prove (4.31), it remains to exploit (2.10) once again together with the
definition of F (¢) and (4.30) in order to see that

1 Cclpa

Zgp_ —

HU( Moy > p\ll ) —E(0) = 25" = h(B) = =

from which (4.31) follows. Next, defining H (t) := Ey — E (t), we have from [18,
Lemma 4] that

(4.33) 0<H()<H()< *IIU()HLQ @

provided that E (0) < Ey and |||u0|||Ws r(@@) > for as long as the strong solution

exists.

Step 2 (Blow-up in L2?-norm). As in [18] (and references therein), setting
2
G(t):=1 [u(®)l72(q), We have

G (t) = t) Oyu (t) dz = N da — Wl OIIF .
0 = [ a®au@)de = [ O do = llu @00
= (1=p) [ (Ol o~ pH ()~ pEo
owing to the definition of H. By Step 1, (4.30)-(4.31), it is easy to check that

a’(q—p) a’(q—p)
(4.34) pEy = chﬁq T [Ju (2 )”Lq Q)
for as long as the strong solution exists. Setting d = (1 — a?/89) (¢ —p) > 0, it
follows that

(4.35) G (t) = d|lu(t)l|%.q) +PH (t) > 0.
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On the other hand, by Holder’s inequality we observe that

q
a 1\2 q_
(436) G4 (1)< Lo u(Ol ey« o= (3) 1915

Thus, combining (4.35)-(4.36), we get G (¢
rectly integrate this inequality over (0,¢), ¢

o (o gt (-4

which shows that G (¢) blows-up in finite time with a time ¢ < t,, given by (2.11).
The proof is finished.

) > (d/Ly0) G (t) and one can di-
> 0. It follows that

5. Appendix

We now prove Proposition 3.5, Lemma 3.9, Lemma 3.10 and Proposition 2.4.

Proof of Proposition 3.5. Let f € V* and u € V = WP (Q) N L"(Q). We
claim that f = dy®(u) if and only if for every v € V,

(5.1) (f;v)
CN,p, - 2 (u(@) — u(y)) (v(@) — v(y)) ,
/]RN /]RN y)| dxdy.

|z —y[ NP

Indeed, let f € V* and u € V = WP(Q) N L"(Q) be such that (5.1) holds for every
v € V. Then (5.1) holds with v replaced by v — u. Using the following well-known
inequality

L
> |a|P~a(b— a), for any a,b € R,
p p
we get that for every v € V,
D(v) — D(u
CN Cnps YIP = Julz) —uw)()”
/RN / v ey
CNP, [ [ o) - a2 LN = 06 = 0= 0D
]RN RN lz =yl
<f7 v — U V=V

Hence, f = dy®(u). Conversely, let u € V and set f := dy®(u) € V*. Then by
definition, for every v € V, we have that

(5.2) D(v) — (u) > (f,v —u)v+v.

Let t € [0,1], w € V and set v = tw + (1 — t)u in (5.2). Then
(5.3)

t(f,w —

Y v
CNop,s |(tw + (1 = Hu)(x) — (tw + (1 = u)(y)|” — |u(z) —u(y)[’
< —= /RN /RN dxdy.

2p | — y|NFsp
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Using the Dominated Convergence Theorem, we get from (5.3) that

(5.4)
(o — uyyey < hm D(tw + (1 —tt)u) — P (u)
CNp, [P 2 (u(@) —uy))(w —u)(z) — (w—u)(y))

[, v e oy

Replacing w by u 4+ w in (5.4), we get that for every w € V|

(5.5) (f,w
CN,p, o 2 (u(2) — uy))(w(z) —wly))

t@NAQ ) oy

Since (5.5) holds with w replaced by —w, it follows that

ey =22 [ uta) w2 @)~ U @@ —w @)

|z — y|N+ep

and we have shown (5.1). The proof of the claim is finished. O

Proof of Lemma 3.9. We prove the inequality by elementary analysis. Let
the function g : R x R — R be given by

r—2 r—2 |P
(5:6) gzt =l =t (=) (|1 2= 1" t) = Crp |12 7 2= 117 1],

where we recall that

P
p
Or,p = (7’ - 1) (r—"—p—2> .

Using the definition of &, we first notice that (3.28) is equivalent to showing that
(5.7) g(z,t) >0, V (2,t) € R
Second, we mention that it is easy to verify that

9(z,t) = g(t,2), 9(2,0) 20, g(0,¢) >0 and g(z,t) = g(—2, —1).

Therefore, without any restriction, we may assume that z > ¢ and hence, we have
that

r—2 r—2 |P
g(zt) = (2= (o722 = 0 8) = Crp |27 2= 17 o

A simple calculation shows that

(5.3) L[l -1 ) = [ a
: — 5 |IA&l P 2~ P = T| P dT.
r+p—2 t
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Since the function ¢ : R — R given by ¢(7) = |7|P (p > 1) is convex, then using
the well-known Jensen inequality, it follows from (5.8) that

p r—2 r—2 P
Crp |15 2= 11174 = (= 1) |2 [l 2 = 17 ¢]
r+p—2
z R p
=(r—1) |7| 7 dr
t

=(r—-1(-t)7"

: z—t
# dr
< _ _4\p r—2 '
<=1y [ 1
= (r—1)(z — t)P! / 7|72 dr
t
(2 — 1Pt (|z|“2z - W*?t) .

We have shown (5.7) and this completes the proof of lemma

O
Proof of Lemma 3.10. Let v € D(0y®) = V and p > 0. It follows from
Proposition 3.2 that Ju € V = D(dy ®). Therefore,

u—J¢
Or¢u(u) = T eV, forallueV.

Next, let w € D(Oy®) N D(Op¢) = V be such that dyp(w) € V. Since

opo(w) = |w|" 2w € WP (Q), it follows from Lemma 3.9 that there exists a
constant 3 = B(r,p,s) > 0 such that

(5.9)
) (@) w(z) - [w(y)] 7 wiy)|
50Np /RN/RN’ Yy

|x— |N+5p dxdy
_ r—2 _ r—2
CN,p, / / ()P 2 (w(z) —w(y))(jw()[" w(z) — [w(y)| w(y))da:dy
RN JRN @ — y|Nop

:/ (- Al wds = / Al wdz = (G B(w), D)y v

Q R
Now, let v, := |J$u|%qu Note that v, = 0 on RY \ Q and using that
quﬁ(Jffu) = 0no,(u) € V, we get that

/ o, |? dx:/ o, |? d:s:/ Toulr 2+ da:g/ "2+
RN Q Q Q
1 p=1
< / lu|" " HuP~ da < (/ u[Pr =D dx) </ [ul? dx) < 00.
Q Q Q

Since Jyu € D(dy®) =V and dgd(Jou) = Oud,(u) € V, (5.9) allows us to deduce
that v, € W5 (Q). We have shown the first claim (3.29).

Finally, assume that v € D(9y®?) = V,. Then by Propositions 3.2 and 3.4,
there holds J?u € V,. Hence, for all u € D(dy®7) =V, and g € dy @7 (u), we have
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the estimate
(5.10) (9, 0m0x()vy 2A7 (@7 (w) = @7 (JF (u)))
A7 () — DS (w)]
“Hove(JY () u— JY (u)vev
“HOv (IR (w)), Drda(w)) v v
Combining (5.9) together with (5.10), we easily obtain (3.29). This finishes the
proof of lemma. U

Proof of Proposition 2.4. As in Step 4 of the proof of Theorem 2.3, we
can pick a sufficiently smooth sequence of initial data ug, € D(®) NV such that
ug.n — ug strongly in V.= WP (Q) N L"(Q) as n — oco. Then we consider again
the approximate problem (4.18) on (0, 7)) (of course, now f, = 0) which we test it
again with d,u,, € L? ((0, To); L? (Q)) We note that every smooth solution of the
approximate problem (4.18) does possess such regularity. We obtain

d
(5.11) — By (8) + 9t (D720 = 0,

dt
for all t € (0,Tp), and where we have set

n(x,t) — un(y,t)P 1
By () = e [ [ 1D O gy 2 [ a0 1
RN JRN |93_ y|NFsp q.Jo

Integrating (5.11) over the interval (0,¢) allows us to deduce
E, (t) < En (0)

forallt € (0,75). We can now easily conclude the proof of Proposition 2.4 exploiting
N(a—p)
sp

the foregoing inequality. Indeed, recalling that r > with ¢ > p, we see that
U (t) — u(t) strongly in L2 (), a.e. for t € (0,7p), owing to (4.29). Passing to
the limit as n — oo, we first have E,, (0) — E (0) and then also

/ [y, (z,t) |1dz — / |u(x,t) |%dz a.e. for t € (0,Tp) .
Q Q

This basic fact together with the weak lower-semicontinuity of the W*?(Q)-norm
entails that E (t) < liminf, . F), () and this concludes the proof of (2.10). O
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