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Faedo-Galerkin approximations to fractional

integro-differential equation of order o € (1, 2| with deviated

argument
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ABSTRACT. In this paper, we consider a fractional integro-differential equation
of order a € (1,2] with deviated argument in a separable Hilbert space X.
We used the a-order cosine family of linear operators and Banach fixed point
theorem to study the existence and uniqueness of approximate solutions. We
define the fractional power of the closed linear operator and used it to prove
the convergence of the approximate solutions. Also, we prove the existence and
convergence of the Faedo-Galerkin approximate solutions. Finally, an example
is provided to illustrate the application of these abstract results.
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1. Introduction

We consider a fractional integro-differential equation of order o € (1, 2] with
deviated argument in a separable Hilber space X

‘Dix(t) + Ax(t) = f(t, x(a(t)), z[h(z(t), 1)])
-|-/ k(t —s)g(s,z(s))ds, te (0,T],
0
(1.1) x(0) = 2o, 2'(0) = yo,

where ¢Dy' is the Caputo fractional derivative, —A is the infinitesimal generator of a
a-order cosine family (Cy(t))¢>0 on a separable Hilbert space X. x : J(=[0,T]) —
X is the state function and k : Ry — R is the kernal function. f: J x X x X —
X, h: X x[0,T] =R, a:[0,7] - [0,7] and g: J x X — X are the functions
satisfying some suitable conditions to be specified later.

The theory of fractional calculus started with a correspondence between L’Hospital
and Leibniz in 1695. Lots of literature available on theoretical as well as numeri-
cal work on this topic. It has application in numerous fields, for example, control
theory, signal and image processing, aerodynamics and biophysics etc. Few years
back, many scientists and engineers have shown a great interest in fractional theory
due to the memory character of fractional derivative, which is the generalization of
integer-order derivative and can describe many phenomena of physics, biology and
finance etc. that integer-order derivative can’t explain.

For the details on the different kind of fractional differential equations, we
refers to [1]- [9] and the references cited in these papers. Recently, Li Kexue et
al. [5] studied the exact controllability of the fractional differential system of order
a € (1, 2] with non-local conditions in an infinite dimensional Banach space by using
the Sadovskii fixed point theorem.

Initial studies concerning existence, uniqueness and finite-time blow-up of so-
lutions for the following equation

u'(t) + Au(t) = g(ut)), t=0,
u(0) = ¢,

have been considered by Segal [10], Murakami [11] and Heinz and Von Wahl [12].
Bazley [13, 14] has considered the following semilinear wave equation
(1.2) u’(t) + Au(t) = g(u(t)), t>0,

u©0) = ¢, U(0) =,
and has established the uniform convergence of approximations of solutions to (1.2)
using the results of Heinz and von Wahl [12]. Goethel [15] has proved the conver-
gence of approximations of solutions to equation (1.2) but assumed g to be defined
on the whole of H.

To my knowlege, Gal [16] was the first person who has considered the nonlinear
abstract differential equations of order one with deviated arguments and study the
existence and uniqueness of solutions by using the semigroup of linear operators.
After the Gal [16], some authors [17]-[19] have worked on different types of abstract
differential equations with deviated arguments. Several authors [17]-[24] studies the
existence and convergence of approximate solutions of abstract differential equations
of order one by using the analytic semigroup of linear operators in a separable
Hilbert space.
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To the best of author’s knowledge, there are no papers discussing the fractional
differential equations of order « € (1, 2] with deviated arguments in infinite dimen-
sional spaces. Therefore, we consider a fractional integro-differential equation (1.1)
with deviated argument of order « € (1, 2] in a separable Hilbert space and studied
the Faedo-Galerkin approximations . The results of this paper will also be true if
g(t,xz(t)) = 0. Also, we can extend these results to nonlocal problems with some
additional suitable conditions.

The work of this manuscript is motivated by [3, 5] and [13]. We use the ideas of
Bazley [13], Miletta [21] and Muslim [22] to establish the existence and convergence
of finite dimensional approximate solution of system (1.1).

In the first and second section, we give the introduction and provide some of the
notions and the results required for later sections. In the third section, we studies
the existence of approximate solutions and seciton 4 deals with the convergence of
the approximate solutions obtained in section 3. In section 5, we study the existence
and convergence of Faedo-Galerkin approximate solutions and in the last section,
we have given an example to illustrate the application of these results.

2. Preliminaries and Assumptions

In this section, we briefly review some basic definitions and notions which will
be used in the subsequent sections. Let X be a separable Hilbert space with norm
[l.]| and the space of all bounded linear operators form X into X is denoted by
L(X). LP([0,T],X),1 < p < oo denote the space of X-valued Bochner integrable

functions f : [0,7] — X with the norm

Il = (/OTllf(t)det)%.

C([0,T], X), C*([0,T], X) denote the spaces of functions f : [0, 7] — X, which are
continuous, continuously differentiable respectively and endowed with the norms

1
flle = itelgllf(t)ll, fller = iglszzo”fk(t)”'

DEFINITION 2.1. The Riemann-Liouville fractional integral of order o > 0 is
defined by

Tea(t) = ﬁ/@ (t — 5)°a(s)ds,

where x(t) € L*([0,T], X) and T(.) is the gamma function.

DEFINITION 2.2. If x(t) € L'([0,T], X), then the Riemann-Liouville fractional
derivative of order « € (1,2) is defined by

2
Dpa(t) = S TE (),
where Dx(t) € LY ([0,T], X).
DEFINITION 2.3. The Caputo fractional derivative of order o € (1,2] is defined
by

'
“Dfa(t) = T2 alt)

where z(t) € L*([0,T], X) N C([0,T], X).
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Consider the following fractional order differential problem
(2.3) “D2at) = Ax(t), 2(0) =1, a/(0) = 0,

where a € (1,2], A: D(A) C X — X is a closed densely defined linear operator in
separable Hilbert space X. By applying the Riemann-Liouville fractional integral of
order « € (1, 2] on both sides of (2.3), we have

1 ! a—1
(2.4) x(t) =n+ o) /0 (t—s)* " Ax(s)ds.

DEFINITION 2.4. ([4]). A family (Ca(t))i>0 C L(X), o € (1,2] is called the
solution operator (or a strongly continuous a-order fractional cosine family) for
(2.3) and A is called the infinitesimal generator of Cy(t), if the following conditions
are hold:

(i) Cqa(t) is strongly continuous for t > 0 and Cy(0) = I, where I is identity
operator;

(ii) Co(t)D(A) C D(A) and AC,(t)n = Cu(t)An for alln € D(A), t > 0;

(iii) Co(t)n is solution for (2.3) for allm € D(A).

DEFINITION 2.5. The fractional sine family Sy, : [0,00) — L(X) associated with
Cy s defined by

(2.5) Sa(t) _/Ot Cu(s)ds, t > 0.

DEFINITION 2.6. The fractional Riemann- Liouville family P,, : [0,00) — L(X)
associated with Cy, is defined by

(2.6) Po(t) = J*71COL(t).

DEFINITION 2.7. The a-order cosine family C(t) is called exponentially bounded
if there are constants My > 1 and w > 0 such that

(2.7) [|Calt)]| < Mie®t, t > 0.

An operator A is said to belong to C*(X; M, w), if the problem (1.1) has an
solution operator C,(t) satisfying (2.7). Throughout this paper, we assume that
A e CYX;M,w) for a € (1, 2], hence from Theorem (3.3) in [4], A generates an
analytic semigroup and hence the fractional power A% 0 < 3 < 1 is defined. For
the details on the fractional power of operators please see Pazy [25].

In order to prove the existence and convergence of approximate solution of the
problem (1.1), we need the following assumptions.

(A1). Operator A is a closed, positive definite, linear, self-adjoint with domain
D(A) dense in X, A has the pure poitn spectrum,

D<M < <<\, <

with A\,, — 0o as m — oo and a corresponding complete orthonormal
system of eigenfunctions ¢;,i.e

Api = Nigi, and (@i, ¢5) = dij,

where ;; = 1 if ¢ = j and zero otherwise.
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If the condition (A1) is satisfied then —A is the infinitesimal generator of an analytic
semigroup S(t) in X (cf., [Pazy [25], pp. 69-75]). Therefore, the fractional powers
AP of A are well defined from domain D(A?) into X. D(A”) is a Banach space
endowed with the norm

lzllg = | 4%].

We denote this space by Xg. Also, for each 8 > 0, we define X_3 = (X3)*, the dual
space of Xj is a Banach space endowed with the norm ||z||_g = [|[A=Pz||.

It can be seen easily that C; = C([0,1]; Xp), for all ¢ € [0, T, is a Banach space
endowed with the supremum norm,

[lles o= sup v(n)lls, v €C.
0<n<t

We set, €41 = C(10, T} Xo1) = {y € € : ly(t) — yls) o1 < LIt — s,V t,5 €
[0,T]}, where L is a suitable positive constant to be specified later and 0 < 5 < 1.

(A2). f:JxXgxXz_1 — X is a continuous function and there exists positive
constants K7 and Ks such that

[t 21, 91) = [t 2, y)|| < Ly(llen — 2allp +[ly1 = v2llp-1)
for every x1, 22 € Xg and y1,y2 € Xg_1 and
max [ f(t, 2(t), 2[h((2), DI = K-
(A3). h: Xg x J — R* is a uniformly continuous and there exists a positive
constant Lj, = Ly («) such that
|h(z1,8) — h(z2,8)| < Lpl||lzr —x2llg, Vo, 20 € Xg 0<s<Tj

and satisfies h(.,0) = 0.
(A4). (i) g : J x X3 — X is a continuous function and there exists positive
constants L, and K, such that

g (t; 1) — gt x2)|| < Lylz1 — walls

for every 1, z2 € X and maxic s ||g(t, z)|| = K4 for allt € [0,T], = € Xg.
(i) Kr = [) [k(t —s)|ds.

(iii) Delay function a : [0,7] — [0,T] is Lipschitz continuous; that is,
there exists a positive constant L, such that

|CL(t) —CL(S)| < La|t_ S|a VS,t € [OaT]

(A5). A is the infinitesimal generator of a a-order cosine family C,(t) on X and
there exists a constant M > 1 such that

1Ca(t)]] < M.

DEFINITION 2.8. A continuous function x € Cgil N Cg is said to be a mild
solution of equation (1.1) if x is the solution of the following integral equation

() = Caltha + SO+ | Put =) f(s.2(a(s).alhla(s).9)
(28) + [ (s = g a(m)an] s
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3. Existence of Approximate Solutions

In this section, we will study the existence of approximate solution of the
problem (1.1). Let X,, denote the finite dimensional subspace of X spanned by
{1,092, ,0n} and P™ : X — X,, be the corresponding orthogonal projection
operator forn=1,2,3,---.

We define

By : D(AP) x J — Ry as hy(x(t),t) = h(P"x(t), )
and
gn Ry x D(AP) — X as g,(t, z(t)) = g(t, P z(t))
Similarly, we define
fn:J x D(AP) x D(AP7Y) = X
such that
fa(s,z(a(s)), z[h(z(s), 5)]) = f(s, P"x(a(s)), P "z [h(P"x(s), 5)])-
We set
W={zeCp,nCp " i a(0) =0, '(0) =0, [elns <R}

Clearly, W is a closed and bounded subset of Cgil.
Forn=1,2,3, -, we define a map F, : W — W given by

(Fnz)(t) = Calt)zo + Salt)yo + /0 Po(t —s) [fn(s, (a(s)), x[h(z(s), s)])
(39) + [ ks = (o s(o))an]as.
THEOREM 3.1. If xo, yo € D(A) and all the assumptions (A1)-(A5) are sat-

isfied. Then, there exist an unique z, € W such that Fpx, = x, for each n =
1,2,3,---. i.e. x, satisfies the approximate integral equation

zn(t) = Calt)zo + Sa(t)yo +/0 Po(t —s) [fn(s, z(a(s)), z[h(z(s), s)])
(3.10) —|—/S k(s —n)gn(n, x(n))dn} ds, te€][0,T].
0
Proof: We denote

sup |[|[Pa(t) =p1 and  sup [[AP.(t)| = p2,
0<t<Ty 0<t<Ty

where p1, p2 > 0 and we choose a suitable R such that

M|lzolls + MllyollsTo + | AP p2[Ky + K1 K To = R.
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First, we need to show that F,z € C%jl for any z € C%jl. If z € C%jl and
Ty > ta > t; > 0, then, we get

I(Fuz)(t2) = (Faz)(t)lls-1 < A7 HI[(Caltz) = Caltr))aol
HIATH (Sa(t2) = Salta))yol

[ 1A Pt = 5) = Palts = 9 [l (), alh(a(). )]
+ [k = Dl (ratr)lar]ds
[ 1A Pt = 1125 2l (a5 D)

+ [ Ikt = 2l lgn(r, a(r) e s

(3.11) <L+ L+ I3+ 1.
We have,
ta
I = [|APY[(Calt2) = Ca(t))ol = IIA[HIIH/ AP (T)zodr||
ty
(3.12) < Ci(te — ta),
where Ciy = pal|ao| A%~
Similarlly,
ta
I = | AP Y[I(S(t2) = S(t))woll - = IIA[HHH/ Co(T)dr|l[|y0ll
t1
(3.13) < Ot — 1),

where Cy = | A7~ M||yo].
Third part of inequality (3.11) is calculated as follows

Iy = A7 /0 [Pa(te = 5) = Palts — 9)| [Ilfn(s, a(s), z[h(z(s), s)])|

+ [ ks =l (ra() ] as.

We have,
[Paltz = s) = Pa(ts — s)||

< P(a—1) (o —1)
+/t %IIQ(TWT
M

3 e [(tQ — ) g (g — S)CH]

We use the above inequality in I3 and get the following
MK+ Kr, K] /tl [ 1 _1}
ty — 5)* t1 —s)*"td
(a— 1T (a=1) Jy (f2 =) +(ti-9) s
(314) S CB(tQ — tl),

Iy < [|AP7
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where

M[Kf + KTOKg] 1

Cy = A" (@—Dfa—1) [5[—@2 — 1) 5 (b — t1) T 4] (b2 — £1) ).

Fourth part of the inequality (3.11) is calculated as
ta
Iy = ||A[H||/ ([ Pa(ts = sl [llfn(s,x(S),x[h(x(S),S)])ll
t1

+ [ bt = )llgutr. 7)) e s
(3.15) < Cutz — t1),

where Cy = py || APY|[K; + K1, K,].
We use the inequalities (3.12), (3.13), (3.14) and (3.15)) in inequality (3.11)
and get the following inequality

(3.16) [(Fa)(t2) = (Faz) (t)llp—1 < Llta — ],

where L = C1 4+ Cy + C3 + Cy4. Hence, Fpz € C%jl for any z € C%jl.
Our next task is to prove that F,, : W — W. For any t € (0,7p] and x € W, we
have

(Fnz) D)5 < [[Calt)zolls

HISa®)yolls + 1471 /0 [|APa(t = s)ll [Ilfn(s, a(s), z[h(z(s), )]

+ [ It = llga () e s
< Mlzolls + MllolloTo + 47 g2 K + Kr K, Th.

Thus, we get ||Frnz||ry,3 < R.

Hence, F,, : W — W.

Now, we want to prove that the mapping F,, is a strict contraction mapping on
W.

For any z,y € W, we have

[(F2a)(®) = Fa@lls < 14771 [ 1APa(e= )]
(1265, 2(a(s), 2 Th (), 9)]) = Fals, ylals), ylb(y(s), s))]
+ [ (s =l (7)) = g ) e s

< Al = yllzy -
Therefore, ||(Fnz) = (Fny)ll1y,5 < Alle = yllzy,5,

where \ = [||Aﬁ‘1||p2 [Lf(l"’LLh"’HA_l||)+KTDLg]:|TO. We choose Tp in such a way

that A < 1. Hence, F,, is a strict contraction mapping. Therefore, F,, has a unique
fixed point x,(t) in W which is the approximate solution of the equation (1.1). O

LEMMA 3.2. Let the conditions (A1)-(A5) are hold. If xo,yo € D(A) then
un(t) € D(A?) for allt € (0,T), where 0 <9 < 1.
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Proof: If zg,y9 € D(A) then Cy(t)zg € D(A) and S, (t)yo € D(A). From
proposition (3.3) in [3], fot Po(t — 8) fn(s, n(8), znlh(xn(s), s)])ds € D(A) for all
(s, 2n(s), xn[h(zn(s),s)]) € X. Hence, the required result follows from these
facts and the facts that D(A) C D(A?) for all 0 <9 < 1. O

LEMMA 3.3. Let all the conditions (A1) - (A5) are hold. If xo,yo € D(A), then
||-:Cn||Tg,19SUO; te [O,To], n:1525"'5
for some suitable constant Uy.

Proof: We have
Ty (t) = Ca(t)wo + Salt)yo + /0 Po(t —s) [fn(sa Ty (a(s)), zn[h(zn(s), 5)])

Ban) o+ [ = g ()]s

Let 0 <9 < 1. By Applying the A” on the both side of equation (3.17), we get the
following

lzn@®lle < NCa®ONIA o]l + [1Sa @140l

+ /0IIAﬁ’lllllAPa(t—S)ll[Ilfn(s,xn(S),xn[h(xn(S),S)])II

[ ks =l o) ] s
(3.18) Uo,
where Uy = MH{EQHﬂ + TOMHyOHﬂ + szAﬂ*lH[Kf + KTgKg]TO' [l

IN

4. Convergence of Approximate Solutions

In this section, we will establish the convergence of the approximate solution
Zn € W to a unique mild solution = of equation (1.1).

THEOREM 4.1. Let all the conditions (A1)-(A5) are hold. If xo,yo € D(A),
then

lim sup |0 (t) — zm(t)]|s = 0.
M= fn>m, 0<t<To}

Therefore, {x,} is a Cauchy sequence in W which converges to the solution x of
equation (1.1).

Proof Let 0 < 8 < ¥ < 1. We have the following inequality
1

1
A%z ()] < —5=5Uo-

(B = P )em(@)ls < 147 (" = PP A2 (0] < 7= P

For n > m, we have

[ fn(ts 2n(t), @a[h(zn(t), )]) = fin (t, Tm(E), Tm[(@m(t), )]
St za(t), malh(@n (), )]) = fult, 2m (1), Tm[h(@m(t), 1))
H (s wm(t), Tm[(@m(t), )]) = fin(t; @m (), Tm[h(@m(t), )]
(4.19) <Jy + Jo.
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We calculate J; as follows:

J1 = [[fn(t, 2 (t), en[h(2n(2), D)]) = fo (b, 2m(8), Zm[A(2m (1), D]
S L[llP e (t) = Pram(t)]ls
P zn[A (P 2n(t),8)] = P @ [A(P 2 (t), )]l 1]
< Lilllza®) = zm(@)lls + [2n[h(P 20 (1), )] = Zm[A(P"2m (), D)]]| 5]
< Lilllen = @mlirs + 1A 2 — 2mll7,s]
(4.20) < L+ A7 llzn — @mllz.p-

Similarly, we calculate I as follows:

Jo = [[fn(t, 2 (8), 2 [W(@m (2), D)]) = fon (8 2 (8), T [P(2n (£), )]
< Le(l(P™ = P™)am(t)] 5
Pz [P 2 (), )] = P @ [A(P ™ 2 (1), )] 1]
< Le(l(P™ = P™)am(t)] 5
P wm [Pz (t), )] — mem[h(P"xm() lllp-1
+||Pm$m[( T (1), )] = P wm [R(P" 2 (1), 1)]]| 5]
S LeflP" = P™)zm )]s + [[(P™ = P™)am[h(P"2m (), 1)]]l 51
Fllzm[h (P Cm (1), 8)] = 2 [M(P" 2 (t), )] [ 5-1]
S Le(l(P" = P™)zm@)llg + [[(P" = P™)am[h(P"2m(t), )]l 51
FLIA(P"m (), 1) = h(P™xm(t), t)]]]
< Llll(P" = Pz (®)lg + IATHII(P™ = P™)am (P zm(t), )]l 5
FLLp||(P™ = P™)zm (t)]] 5]
S Ly[(L+ LL)[[(P™ = P™)zm(t)]] 5
HIATHI(P™ = P™)am[A(P 2 (t), )]l 5]

W\—/

~—

o~

Thus, we get

[fn(t, 2 (t), n[P(2n(t), O)]) = fin (8 2 (8), T [P(2 (£), £)])]]
< L[+ A 2 — @mllzs + Le[(1+ LL)[(P™ = P™)zm(t)]l5
HIATHIP™ = P™) g [P @ (1), )]l 8]

(4.21) < Lyt + A7 llen = zmllr,s + Ly (1 + LLp + |A7H]))

UO.

-
m
Also, for n > m, we have

llgn(t, 2 (1)) = gm (£, 2m(?)) ]
< Algn(t, 2n(t)) = gn(t, 2m (1))l
Fllgn (b, 2m () = gm(t, 2m (D))

1
(4.22) < Lyllen = @mlim,6 + =5 Vo).
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Hence,
2 (t) — (D)l
< [ 1A AP~ [ 0(al), a (5), )
0
(5, (0(5)), 2 0 (5), 5))]
s = gm0 0) = g )i ds
0
< pall A7 T (L1 + 1AM+ Koy L) — 2l

1
HLp(1+LLy + A7} + KTDLg)WUO).

m

Therefore, we take the supremum and get
l2n = @mllz,s < p2l| A7 Ty ((Lf[l +IIATH] + K1, Lo) |0 — @mll7,8

1
+Lp(1+ LLy + A7 + KTDLg)WUO).

Hence,
p2||[ AP M| To(Ly [1 + [[A~"[] + K, Ly) 1
|zn — zm|1,8 < — — 53 Vo

1= pol[AP=H|To(Lp (L + LLp + A7) + K1y Lg) Ay

Therefore,
lim sup lzn(t) — zm(®)|lp =0
MO0 [ >m, 0<t<Tp}

since )\wlj — 0 as m — oo. This completes the proof of the theorem. O

With the help of Theorem (3.1)and Theorem (4.1), we can state the following
existence, uniqueness and convergence results.

THEOREM 4.2. If zg € D(A), yo € D(A) and all the assumptions (A1)-(A5)
are satisfied. Then, there exist an unique x, € W for each n = 1,2,3,--- and
x € W satisfying

zo(t) = Calt)zo+ Sa(t)yo + /0 Po(t —s) [fn(sa Ty (a(s)), znh(zn(s), 5)])
(4.2 [ ks = g )] s
and

o) = Calt)an+Sulthin+ [ Palt—9)Fls,2(a(e)). alb(ats). o)
(4.24) + [ ks = ot sto)an] as

such that x,, — x in W as n — oo, where f, and g, are defined as earlier.
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Proof: Existence and convergence of x,, is already proved in Theorem (3.1) and
Theorem (4.1). We only need to prove that the limit of z, is given by equa-
tion (4.24). We have
[n(t) — ()l
t
Sdl/ (s, 2n(als)), znlh(zn(s), s)]) — f (s, 2(s), z[h(x(s), s)])l|ds
0
t s
@25)  dy [ [ s = llgalr. 2 (0)) - g2 duds, ¢ € 073,
o Jo

where d; = pa||A°~!|. We have the following inequlities

[ fn(t, 20 (t), 20 [h(2n (1), 1)]) = f(E, 2(t), 2[h(z(t), )], T € [0, To]

S K [[[P e (t) — x()llp + | P en[h(za(t), )] — 2[h(z(t), ]| 5-1]
S K [[[P™(2n(t) —x()lls + (P = Da(®)] ]
HEL|ATH P @ [l(zn(t), )] — P [h((t), )]l

HELJATHI(P™ = Da[h(=(t), )]s
< Kalllzn = a7y, + |(P" = Dzf|z, 4]
+E A [ zn — 2|78 + KallATH|(P™ = Dzl 6-

and
gn(n, zn(n)) — g(n, ()|, t € [0, Ty
< LgHann(t) - 33( )Hﬁ
< Lo[|P™(@a(t) — 2(t)llp + |(P™ = D)a(t)]|4]
< Lylllzn — 2|z, + | (P = Dzl 7,]-

Hence, || fu(t, 2n(t), n[h(zn(t), 1)]) = f(t, x(t), 2[h(x(t), 1)])] — 0 and
llgn(n, zn(n)) —g(n, x(n))|| — 0 as n — oo because x,, — z and P"z — x asn — o0.
This completes the proof of the theorem. O

5. Faedo-Galerkin Approximation

For any 0 < t < Tj, we have a unique z € W satisfying the integral equation
(1) = Caltyao + Sl + [ " Palt = ) (5.0, alha(s). 5)
(5.26) + [ kls = matn () dn]ds.
Also, we have a unique solution z,, € W of the approximate integral equation
oalt) = Caltlro+ Salthmo+ | Palt = 5) [l u(als). (a5, )

(5.27) n / (s = 1)gu 1.2 n))dn] ds.
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The Faedo-Galerkin approximation of solution to equation (1.1) is defined as &, () =

P"x,(t). Faedo-Galerkin Approximate solution &, (t) = P™z,(t) satisfies the fol-
lowing equation

Tn(t) = Co(t)P"xo + Sa(t)P™yo
+ARN—QP%ﬁJW$M%W%@ﬁm
(5.28) +Al@—mw%mwmed&

Solutions x and &, which are given by equation (5.26) and equation (5.28) respec-
tively, have the following representation

(5.30) Za i, o (t) = (@a(t),di), i=1,2,...,n
The Faedo-Galerkin method approximates equation (1.1) by
d%f(t) = P"AP"z(t) + P"f(t, P"x(t), P"z[h(P"xz(t), t)])

t
+/k@—mw%mwwm@,tean
0
(5.31) P"z(0) = P"xg, P"2'(0) = P™y,.

Equation (5.30) leads to the following system of fractional differential equations

d%a n n n n n
dto‘ Za A¢15¢J>+f1(a 1 aan)+gi (taala"'aan>a

a?(o)_<x0’¢i>’ ’7(0):<y05¢1> i:1525"'5n5
where ¢ € (0, Tp],

fin(tv O/lla T aQZ) = <f( Z (bla Za Z )¢1a ))(bl)a ¢1>

1=1 1=1
and g'(t,al, -, fo (t —1)g(r, i, a(T)¢i)dr, ¢;). Since ¢;, i =
1,2,3,--- are the elgenfuncmons of A w1th corresponding eigenvalues \;, these above
equation becomes
d*az(t)

dta - Ala?(t) +fzn(ta O/lla ce aQZ) +g?(ta O/lla e aQZ)a le (OaTO]a
i'(0) = (o, ¢i), ' (0) = (yo,¢s) i=1,2,---,n

THEOREM 5.1. Let all the assumptions (A1)-(A5) are satisfying and xq, yo €
D(A). Then, we have the following

lim — sup (A%, (1) — & (1)]]| = 0.

N0 {n>m, 0<t<Ty}

(07
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Proof For n > m, we have

1A [0 () = Em@l = [A°[P"2n(t) — P"am(t)]]
[P [2n(t) = 2m ()]s + [ (P" = P™)zmlls

IN

IN

1
|70 (t) = 2m(®)lls + =5 Vo-

We use the Theorem (4.1) and Lemma (3.3) to get the desired result. O
Now we can state a theorem which will ensure the existence and convergence
of Faedo-Galerkin approximate solution of equation (1.1).

THEOREM 5.2. If all the assumptions (A1)-(A5) are satisfying and o, yo €
D(A). Then, there exists a unique function T, € W given by

Tn(t) = Co(t)P"xo + Sa(t) Py
+ [ Palt =) [P fu(o. 2 (a() aulhan(s). )

+ /0 k(s —n)P"gn(n, x(n))dn} ds

and x € W given by
z(t) = Cal(t)ro+ Salt)yo + /O Po(t —s) [f(s, z(a(s)), x[h(z(s), s)])
+/0 k(s — n)g(n,x(n))dn} ds

such that &, — x as n — oo in W on [0, Tp].

Proof: Proof of this theorem is the consequence of Theorems (3.1) and Theo-
rem (4.1). O
We have the following convergence theorem for {af(t)}.

THEOREM 5.3. Let all the assumptions (A1)-(A5) are satisfied and xo, yo €
D(A). Then, we have the following.

n

lim sup [ A28y (t) —a?(t)|2] = 0.
0

N—=00 4 <4< T =

Proof: We have

AP[a(t) = (0] = A7 Yo(at) = af ()ss] = YN (u(t) = af (1)
1=0 1=0

where af'(t) = 0 for all i > n.
Therefore, we have

1A% () = En(OIF = D A (au(t) — o (1)
=0

Result follows from Theorem (5.2). O
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6. Application

Let X = L2[0, w]. We consider the following partial differential equations with
deviated argument,

CDQZ(t y) = 0y Z(t,y) + f2(y, Z(a(t), y)), +f3(t,y, Z(t,y))
+f0 (t—1)(t,y, Z(t,y))dr, ye (0,7, t>0,

(6.32) Z(t,0) =Z(t,m) =0, t€[0,T], a(t) <t, 0 < T < o0,
Z(an) = o, Y € (Oaﬂ)a
atZ(an) =Y,y € (Oaﬂ)a

where

€12, fs(t,y, Z(t,y) = : K(y,5)Z(s, h(t)(a1]| Z(t, s) + b Z(t, 5)[))ds.

We assume that a1,b1 >0, (a1,b1) # (0,0), h: Ry — R is locally Holder continu-
ous in ¢ with h(0) =0 and K :[0,7] x [0,7] = R, b e X. We define an operator A,
as follows,
d2

(6.33) Az = _d—yf with 2 € D(A) = {x € H}(0,7)N H*(0,7): 2" € X},
where H?(0, ) and HJ(0,7) are the sobolev spaces.

Let m be a positive integer and let 1 < p < oo, we define the Sobolev space
WP (Q) as

(6.34) WmP(Q) ={x € LP(Q) | D"z € LP(Q) for all |n| < m},

where [|z]lmp.a = (3, 1<m HD”xHip)%. Here, 1 is a multi-index. If p = 2, we write
H™(Q) instead of W™2(Q). If m = 1 and p = 2 then W12(Q) = H!(Q). The closure
of the space D(2) in H'(Q) is a proper closed subspace of H*(£2) and denoted by
H}(Q). Here, D(2) denote the space of test functions in 2. For the more details on
Sobolev spaces, we refer to [26].

We observe some properties of the operators A defined by equation (6.33). Let
x € D(A) and X\ € R such that Az = —2” that is

(6.35) 2 + A\ = 0.

Also, (Az, z) = (Az,z). Hence, (—z”, x) = |2/|7. = A|z|7.. Therefore, A > 0.
Solutions (orthonormal eigenfunctions) of equation (6.35) are given by z,(s) =
V/2/msinns,n = 1,2,3,---, and eigenvalues are given by )\, = n?. Since D(A) is
a seprable Hilbert space hence for any x € D(A), there exists a sequence of reals
numbers (o) such that
x = Z Ty
n=1

with
Zan < o0, Z ? < .
n=1

Here, o, = (z, x,,). We apply the operator A on x and get the infinite series repre-

sentation
o0
2
Az = E n“{x, xn)x
n=1



366 M. MUSLIM

Moreover, the operator A is the infinitesimal generator of a strongly continuous
cosine family C'(t);eg on X which is given by

Ct)x = Z cosnt(r, Ty)ty, x€ X,
n=1
and the associated sine family {S(¢)}ier on X which is given by
— 1
Sz =" =sinnt(z,zn)rn, X.
(t)x ;nsmn(x,x )z S
For more details on operator A and their representation please see [21, 25, 27, 28,
29].
For o = 2, the equation (6.32) can be reformulated as the following abstract
equation in X = L2[0, ]:

2 () + Ax(t) = f(t,z(a(t)), z[h(x(t),1)]) —|—/0 k(t —s)g(s,z(s))ds, t>0,
(6.36) x(0) =9, 2'(0) =yo, a(t) <t,

where x(t) = Z(t,.) that is 2(t)(y) = Z(t,y), y € [0, 7]. The operator A is same as
in equation (6.33). The function g : Ry x X — X is given by

(6.37) 9(t,9) () = 91(t,y, ),
where g1 is given by
y
(6.39) 0. 20) = [ Koz 5)ds
The function f: Ry x X x X — X, is given by
where fo : [0, 7] x X — H{(0,7) is given by
y
(6.40) 109 = [ Ko@)z,
0
and
(6.41) 3ty ) < V(y, )1 + 9]l m2(0,1))

with V(.,t) € X and V is continuous in its second argument. For more details
see [16]. Thus, the theorem (3.1) can be applied to the problem (6.32).

For « € (1,2), since A is the infinitesimal generator of a strongly continuous cosine
family C(t)ier, form the subordinate principle (Theorem 3.1, [4]), it follows that
A is the infinitesimal generator of a strongly continuous exponentially bounded
fractional cosine family C,(t) such that Cy(0) = I, and

Cult) = / raa(s)C(s)ds, ¢ >0,
0

where ¢y /2(s) = t‘o‘/Qqﬁa/Q(st_o‘/Q), and

e (="
(bv(y)—;n!r(_mﬂ_w 0<7y<1.
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Thus, the equation (6.32) can be reformulated as the following fractional differential
equation in X = L2[0, 7]

‘Dix(t) + Ax(t) = f(t,z(a(t)), z[h(z(t), t)]) + /0 k(t — s)g(s,z(s))ds, t>0,

(6.42) 2(0) =z, z'(0) = yo, a(t) <t.

Therefore, Theorem (3.1), Theorem (4.1) and other abstract results of the manu-
script can be obtained for the problem (6.32).
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