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ABSTRACT. In this paper, we deal with a class of fractional abstract Cauchy
problems of order a € (1,2) by introducing an operator S, which is defined in
terms of the Mittag-Lefller function and the curve integral. Some nice proper-
ties of the operator S, are presented. Based on these properties, the existence
and uniqueness of mild solution and classical solution to the inhomogeneous
linear and semilinear fractional abstract Cauchy problems is established ac-
cordingly. The regularity of mild solution of the semilinear fractional Cauchy
problem is also discussed.
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1. Introduction

In history, the fractional calculus has drawn the attention from many pioneer-
ing mathematicians such as Euler, Laplace, Fourier, Liouville, Riemann, Laurant,
Hardy, and Riesz etc [14, 23, 25, 29]. The applications of the fractional calculus
in physics were initially undertaken by Abel and Heaviside [14, 29]. Nowadays,
it has been seen that fractional differential equations have been widely applied in
almost every scientific field, and in many realistic applications it appears to have
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better effects than the classical ones. Qualitative theory and its applications in
physics, engineering, economics, biology and ecology are extensively discussed and
demonstrated in [2, 5, 9, 11, 14, 20, 21, 22, 23, 29, 30] and the references
therein.

In the past decades, considerable attention has been attracted to the time frac-
tional diffusion-wave equations which arise in electromagnetic, acoustic and me-
chanical phenomena etc [20], and are derived from the classical diffusion or wave
equations by replacing the first- or second-order time derivative by a fractional de-
rivative of order o with « € (0, 2]. For v € (0, 1], it is a fractional diffusion equation,
which was explicitly applied to physics by Nigmatullin [24] to describe diffusion in
media with fractal geometry (special types of porous media). For a € (1,2], it is
a fractional wave equation, which governs the propagation of mechanical diffusive
waves in viscoelatics media that reveals a power-law creep and thus provides us a
physical interpretation in the framework of dynamical viscoelaticity [20, 21, 28].

Let us briefly recall some known methods and results on fractional abstract
Cauchy problems. Bajlekova [3] applied the solution operator (fractional resolvent)
to investigate abstract Volterra integral equations [27] and to discuss the associated
fractional abstract Cauchy problem. Under certain conditions that the coefficient
operator is the generator of a solution operator, the existence and uniqueness of mild
solution of an inhomogeneous abstract Cauchy problem with order o was established
in [10, 15, 16, 17, 18]. However, as Bajlekova [3] pointed out, the necessary
and sufficient condition under which an operator generates a solution operator
appears too strong. In many partial differential models of real-life problems, partial
differential operators with respect to space variables usually generate the associated
Cy-semigroups in the given functional spaces. So if the coefficient operator generates
a Cy-semigroup, one needs to construct a corresponding operator to deal with the
fractional abstract Cauchy problem, which is usually described by the Cy-semigroup
and the probability density function ¢ (2) = >-77, WZYH@, where a € (0,1).
By using properties of the probability density function ¢, (z) and the Cyp-semigroup,
the mild solution of fractional Cauchy problems of order a € (0, 1) was extensively
investigated [6, 7, 8, 31, 32, 33, 34].

Note that the order of the fractional derivative is frequently considered between
0 and 1 in the literature, because ¢, (z) is a probability density function defined for
a € (0,1). As far as our knowledge goes, not much has been undertaken with mild
solutions and classical solutions of fractional evolution equations of order o € (1, 2)
[19]. However, some physical phenomena in nature can be modelled and described
by equations and systems with fractional derivatives of o € (1,2). For example,
particles in turbulent flows have long jump step and rapid diffusion speed. In
the diffusion equation, one uses « € (1,2) to indicate superdiffusion. So studying
such fractional partial differential models will enable us to better understand how
the diffusion flux goes from regions of higher concentration to regions of lower
concentration.

In the present paper, following the previous work [19], our purpose is to intro-
duce an operator in terms of the generalized Mittag-Leffler function and the curve
integral, and present its properties which will be used to discuss the fractional
Cauchy problem. Under certain assumptions on the linear term, we explore the ex-
istence and uniqueness of classical solution to the linear inhomogeneous fractional
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Cauchy problem
Dgu(t) + Au(t) = f(t), t € (0,71,
(1.1) { u(0) = zg, u'(0) = 1.

By means of the Banach fixed point theorem and the Schauder fixed point theorem,
we consider the existence and uniqueness of mild solution and classical solution to
the semilinear fractional Cauchy problem

Du(t) + Au(t) = f(t,u(t)), t € (0,T],
(1.2) { u(0) = zg, u'(0) =1,

where a € (1,2) in (1.1) and (1.2), D represents the Caputo fractional derivative
of order o, A is a sectorial operator of angle 6 € [O, (1 - %) 7r) , and xg, 1 € X,
where X is a Banach space.

The rest of this paper is organized as follows. After presenting some preliminar-
ies on fractional calculus and the Mittag-Leffler function in Section 2, we construct
an operator S, (t) and discuss its properties in Section 3. Section 4 presents the
existence of classical solution of the problem (1.1). Section 5 is dedicated to the
existence and regularity of mild solution of the problem (1.2). In Section 6, an
example is illustrated.

2. Preliminaries

For convenience of statement, we let X be a Banach space and B(X) denote the
space of all bounded linear operators from X to X. If A is a closed linear operator,
p(A) and o(A) denote the resolvent set and the spectral set of A, respectively, and
R(X\, A) = (M — A)~! denotes the resolvent operator of A. L'(R*, X) represents
the Banach space of X-valued Bochner integrable functions, namely, u: RT — X
with the norm

Nl x) = / u(t)dt.

Let us recall some notations and definitions. We use ‘*’ to define the convolution
of functions by

(fxg)(t /ft—T T)dr, t>0.

The Laplace transform of the convolution f*g is equal to the product of the Laplace
transforms of these two functions provided both of their Laplace transforms exist.
Let go (o > 0) denote the function

tal
t >0,

o(t) =< Tla)p
9o (t) {0, t<0,

where go(t) = do(t), is the Dirac delta function.
The Riemann-Liouville fractional integral of order a > 0 of the function f is
defined by

JEF() = (ga % )(2) = / Galt — 5)f(s)ds.

The Caputo fractional derivative of order o > 0 of f is defined by

DESO = (oo G ) 0, 1€ 0.T]

m

dtm
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while f € C™([0,T], X), where m is the smallest integer greater than or equal to «.
The condition of f € C™(]0,T], X) can be weakened to f € C™~1([0,T], X) and

Im—a * (f(t) - ZZ()l f(k)(O)gk+1(t)) € C™([0,T], X). For more details about the

fractional calculus, we refer to [13, 23, 26] etc.
The Mittag-Leffler function is defined by

o0

z" 1 pePer
Ea = —_— = — - d 9 9 0; C)
#(2) Zof(om—i-ﬂ) 27Ti/cluo‘—z o @f>0, z¢€

where the path C is a loop which starts and ends at —oco, and encircles the disc
lu| < |2|% in the positive direction. Usually, we denote Eq(z) = Eq.1(2). As we
know, a Mittag-Leffler function has properties as follows [26]:

dm (03 a—m (03
(2.1) dt—mEa(ﬂt ) = pt Ea,aferl(,ut ), me ZJF,
(2.2) Ja—1 % Bo(ut®) = t*7 Eq o (ut®),
o0 )\a—ﬁ
(2.3) / e MR, p(ut™)dt = SR Re) > |u|=.
0 K

The following lemma is regarding the asymptotic formula and estimates of the
Mittag-LefHler functions.

LEMMA 2.1. [26, Theorem 1.4, Theorem 1.6] If 0 < o < 2 and 3 € R, then for
an arbitrary integer N > 1 there holds

N—1 n
z yiye%
2.4 E, =y — -, — <
(2.4) 8(2) ; 05 —an) +O(l2[77), & <largz| <
as |z| — oo, and
(2.5) B ()] < —C ™ gz <
' BN T0) 2 B2 =T,

where C' is a real constant.

REMARK 2.2. Since =2+— =0 (n =0,1,2,...), from (2.4) we know if 3 — o =

T(—n) —
—n (n=20,1,2,...), then there holds
C T
(26) |Ea)ﬁ(z)| S 1+ |Z|2, 7 < |a:rgz| S ™,

where C'is a real constant.

DEFINITION 2.3. [4, Definition 1.2.1] Let A be a densely defined and closed
linear operator in the Banach space X, then A is called a sectorial operator of
angle w € [0, ), denoted by A € Sect(w), provided that

(1) o(A) C X, where

oo {z€C:2#0and |argz| <w}, w >0,
“ ] (0,00), w=0.

(2) For every w' € (w, ), sup {HzR(z,A)H 1z € (C\E_w/} < 0.

For a closed linear operator A in the Banach space X, it has
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LEMMA 2.4. [1, Proposition 1.1.7] Let A be a closed linear operator on X and I
be an interval in R. Let f: I — X be Bochner integrable. Suppose that f(t) € D(A)
forallt €I and Af: I — X is Bochner integrable. Then we have

/1 F(t)dt € D(A) and A /1 F(t)dt = /1 Af(t)dt

In the sequel, the letter C' may be used to represent various positive constants
and C|, is used to represent various positive constants depending on «.

3. Properties of Operator S, (¢)
Define the operator family {S, (¢)}+>0 by

5m7 I,y Bout®)(ul + A)~tdp, t >0,

(3.1) s&ﬂ—{j 0

where the integral path T'r_g = {RTe!"=9} U {Rte~i("=9} is oriented in the
counterclockwise direction and A is a sectorial operator of angle 6 € [0, (1 — §)7)
with 0 € p(A). Here we only restrict our attention to the case of o € (1, 2).

Let us present some fundamental properties of {S, (¢)}+>0 which will be used
in the next two sections.

THEOREM 3.1. For everyt > 0, S, (t) is well defined and {Sq(t)}i>0 is a family
of uniformly bounded linear operators on X . It indicates that there exists a constant
M > 1 such that ||Sa(t)|| < M for all t > 0.

PRrROOF. For € I'x_g, t >0 and 6 € [0, (1 — §)7), we know that
o e’
Jara(ut®)] =7 — 0> T
y (2.5) there exists a constant C' > 0 such that
3.2 Eo(utY)| < ———.
(32) Balpt™)| < 15T

In view of A € Sect(f), we see that

(3.3) Yo Cp(—A) and ||(u + A7 < =, peTr_o)\ {0}

ul |
It follows from (3.2) and (3.3) that S, (t) is well defined. For p € T'r_g, since

(uI +A)~! is a linear operator, it is easy to see that S, (¢) is also a linear operator.
Let ¢t > 0 be fixed. From the Cauchy’s integral theorem, since 0 € p(A), we
may rewrite the contour I'z_g in (3.1) as T =Tt UT? UT3, where
= {re'™9 p > ¢},
M ={t7%", —(n—0) <o <1 — 0},
3 = {re "0 r > 7o},
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By (3.2) and (3.3), we can estimate the integral on I'" as follows:

Ba(ut®)(ul + A)lduH
Fl

1
SC/ B ()| = |dy
rt |l

E, (Tei(”fe)to‘)

o 1
—dr

r

<C

t—«o

e 1 1
<C ———dr
f—a L1t

SC/ r 3 %dr
t—a
=C

A similar estimate holds for the integral on I'®. For the integral on I'2| we have

H / Ea<uta><uI+A>lduH

vy 1
sc/ | Ea(ut )Iﬁldul

<C/ ") |dy
(ﬂ' 9)
<CE,(

Since || S (0)]] = 1, there exists M > 1 such that ||S,(t)|| < M for all ¢ > 0. O
Let 6y € (3,2=2), p> 0, and
lo, == {re % p<r < ool U{pe’?, |o| <} U{re?, p<r< oo}
be oriented in the counterclockwise direction.
THEOREM 3.2. Ift > 0, then the integral fleo eMANTH AT + A)~Ld\ converges

in the uniform operator topology, and

1
(3.4) Su(t) = —— / AL £ AVLdN, ¢ > 0.

21 J; o

PROOF. We know that A € Sect(f) implies that [[((A*I + A)71|| < |)€1| for
NS Fgo, and

<C Re()\t)| ||d>\|

<C/ trcosHD dT+C/ tpcosgp d(ﬁ

As 0y € (£, =2), the integrals f etreosboldr and f e'Pcos® Ldyp converge for

t > 0. So the integral [, e eMae- 1()\O‘I—|—A) 1d)\ converges for t > 0 in the uniform
0

operator topology.

/ MANTINT + A)~dA

log
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On the other hand, if A € Sect(f), then Y9 C p(—A). If A € X;_p, then
(M + A)~! exists and is a bounded linear operator in X. Since 6y < =2, we see
that A\ € ¥,y and (AT + A)~! exists for A € ly,. It follows from the Cauchy’s
integral formula that

1
(3.5) (AT +A)7! = 37 (I +A) TN = p) ", A € g,

T Tr_p

For p € Tr_p and X € lp,, by using (2.3) we find

1
(3.6) E,(ut*) = —/ MNTIONY — ).
271 log
As t > 0, combining (3.6) with (3.5) leads to
1
alt) = -— e’ « -t
Sull) = /E () (I + A)~dp
_ L L eAt)\afl()\a —;L)ild)\(,uI—FA)ild,u
211 Tr_p 21 lo,
1 Aya—1 L / -1 -1
= — AT — *— I+ A) dud
el 5t /- B(A )~ (ul + A)~ dpdA
1

211

= —/ AT + A)~Lan.
logy
0

REMARK 3.3. By the Cauchy’s integral theorem and (3.4), one can see that
the inverse Laplace transform of A*~1(A*1 4+ A)~1 (A\* € p(—A)) is S, (t) and there
holds

/ e NS, (t)dt = XNTHNT + AL AY € p(—A).
0

THEOREM 3.4. {S,(t)}i>0 is a family of strongly continuous operators. That
is, for each x € X, the mapping t — Sa(t)x is continuous from [0, 00) into X.

PROOF. In view of Theorem 3.2, fixing ty > 0, for t > 0 and = € X we have

1
Sa(t)x — So(to)r = — (M — MONTHNYT + A) " d.
271 log
By the dominated convergence theorem, it gives lim;_¢, Sqo(t)x = Sq(to)z.
To prove ||Sa(t)z —z| — 0 as t — 0T, we choose 6y € (%, Z=2). For 2 € D(A),

by Theorem 3.2 we have “

So(t)r —a = i NN + A) T rrd) — 2
271 log
1
=— [ M+ AT = A zdA
2mi log
1

=— [ ANMOT+ A) TN (—A)x.

211 leo
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Let At = p, then lg, turns to be [ , and

! SN -
w(r — x| < — — (=) I+A dull| A
ISty x|_2ﬂ/% &) 1+ 4]l an)

<c [ Ll jaullslee
U, |l

< Col|Az|2?,

where the integral fléo |#||ET“+|1|d/L| exists because of 6y € (%, Z=2). Thus, we get

lim S, (t)x = x for x € D(A).
t—0+

Using ||Sa(t)|| < M and D(A) = X, we obatin

lim S, (t)x =« for all z € X.
t—0t

THEOREM 3.5. For x € X, the following three statements are true.

(i) Ift > 0, then So(t)z € D(A) and ||AS, ()] < S=.

(i1) Ift > 0, then (ga * Sa)(t)x € D(A) and A(ga * Sa)(t)x = — S (t)x.
(iii) Ift > 0, then S, (t)x € C°((0,00), X) and D{S,(t)x = —ASy(t)z.

&

PROOF. (i) Since A is a sectorial operator of angle 6§ < (1 — %) 7, we have

T—0 w
o 2
and
1 C
(3.7) T+ 41 < 200 2 €200\ (0

Choose 0y € (%,%=2) for A € T'g, and let A\t = p. Then lp, changes to lp,- Using
the identity (A*I + A)(A*I + A)~! = I, we deduce that

1
AS,(t) = =— [ eMATLANT + A)~tdA
271 log
1 1
=— [ Mxlan— —/ MANTINY(NCT 4+ A)LdA
2mi log 2mi log

1 pyoe-t 1 1 201 e —11

[ [ () e

omi lée(t) ¢ 2m'/lée ¢ i)t ¢

0 0

11 1 o -1
—— ety — — TR [(ﬁ) I—|—A} dp.
to 27 l, 271 1, t
0 0

It follows from (3.7) that

C o Ca
A0 < 4= [ el ldul < G2
)

(74) From Part (i) and using the closeness of A, we see A(gq * So)(t)x =
(ga * ASq)(t)z. In view of the identity A(NYI + A)~! =T — X¥(\*T + A)~L, the
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Laplace transform property of the convolution, as well as Theorem 3.2, we have
A(ga * Sa) ()7 = (9o * ASa)(t)z

= ga * € MATIANYT 4 A) " rzd)

2mi J, 0

1 1
= o ¥ —— MNTLrdN — g ¥ — e)‘t)\o‘fl)\a()\a]—i- A)rad)
271 log 271 log

_ L e)\t)\fa)\aflxd)\_ ZL/ eAt)\fa)\afl)\a()\aI_i_A)flxd)\

2mi J, 0 Sy,

=z — Sa(t)x.
(7i) By (2.1) and the dominated convergence theorem, we get

am 1
——Sa(t)r = -— " B o1 () (ul + A)"radp, (m € Z7),
2w Jp__,

which is convergent. So it means S, (t)x € C*°((0,00), X). Taking the a-th differ-
entiation with respect to ¢t on both sides of

(go * ASo) () = A(ga * So)(t)x = — So (),
one can see that DS, (t)r = —AS,(t)z.

O
THEOREM 3.6. When t > 0, we have
(i) [[(ga—1* Sa) (Bl < Cat®™;
(ii) for everyxz € X, (ga—1%Sa)(t)z € D(A) and ||A(ga—1%Sa)(t)|| < & and

(iil) S, (t) = —A(ga—1 * Sa)(t).
PROOF. (i) In view of (2.3), for i € I'r_p and X € lp, (6o € (Z,22)), the

inverse Laplace transform of (A% — p)~! has the following form:

1
(3.8) t* By o (ut®) = / MY — ) la

o 211 leo

By virtue of the Fubini theorem and the Cauchy’s integral formula, using (2.2) and
(3.8) leads to

1 N -
(G180 = 55 [ lgama(®) % Ealpst™)] (u + 4)
™ Tr_g
1
=— 07 B o (ut®) (ul + A) " dp
2w Jp__,
1 1

== — | MO — ) (I + A)dp

21 Tr_o 21 leo

_ L Ati/ e | -1
=5 1906 ot ). 9()\ W) (ud + A)" dpdA
1
(3.9) =— [ NI+ A

21 J; o
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So it further gives

_ 1 At (ya -1
oo+ 5000 = | [ 0er+ 47
1 I « -11
=— s (Y 144 4
|, L) 1] G
0
c ot
<o [ lerlzlda
m Loy, |l
= Cot™ .

(73) For x € X and t > 0, by (3.9) and Lemma 2.4 we have
(Ga—1 % Sa)(t)r € D(A)
and

A(ga—1+#S5a)(t) = (ga—1 % ASa)(t)

= i/ MANYT + A)~LdA
271 log

B i/ MAY(NT 4+ A)"LdA
logy

2w log 211

L ! 1 ATAY 11
R ON R

omi Jy C M T am ), ) 1G0T ~dp

0 0
Combining this equality with (3.7) gives
C C

wwmw&WWSYAwm@g?,

)

(7i7) Using the Cauchy’s integral theorem, for any R > 0 we have

/ Eoo (ut®) dp
| A"’}

%) T—0
= / Eo.o (rei(”*e)to‘) =0y —|—/ Eq o (Re“"to‘) iRe“dyp
R —(m—0)

-|-/ Euo (Teﬂ'(”fe)to‘) e =0 gy,
R

From Remark 2.2, we see that
/ Eu.a (Tei(ﬂ'*e)to‘) el m=0) g _|_/ Eo.a (Tefi(ﬂ'fé))ta) e—i(m=0) g,.
R R

o C
< 572 T
r 14713t

— 0, as R — oo,

and

CR

SWHO, as R — oo.

T—6
|/ Eq o (Re“"to‘) iRe“dyp
—(m—0)
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Thus, we obtain
(3.10) / Eo o (ut*)du = 0.
Fro

By the dominated convergence theorem, using (2.1) and (3.10) we have

su = (i. / Ea(ut“)(uI+A)1du>

271
= [ e B () (ul + Ay
27TZ Tr_o ?
1 1
= t* By o (put®)dp — —/ At VB, o (ut®) (I + A) " tdp
2w Jpr__, 2w Jpr__,
1

=5 A(ga—1* Bo(pt®)) (ul + A)~ dp
™ Jr —®

— —A(ga-1 + 5a)(0).

The following result is regarding the compact criterion.

THEOREM 3.7. If (A + A)~! is a compact operator for X € p(—A), then S, (t)
s also a compact operator fort > 0.

PROOF. Let © C X be a bounded set. For ¢ > 0, we need to prove that S, (1)
is compact. Since (Al + A)~! is compact for A € p(—A), it is easy to see that
AT+ A)7LS,,(t)$2 is also compact. On the other hand, by Theorem 3.5, we know
So(t)x € D(A) for x € Q. Then for X € p(—A), we have

AN + A)7LS, (H)x — Su(t)
=— AN+ A)7'S, (H)x
— (M + A)"TAS, ().
Thus, we further have
IAAT + A)7LS, (H)x — Su(t) ||
:H()\I + A)TLAS, (D)

|)\| HAS (t)z]| — 0, as |A| — oo.
Consequently, given the compactness of A(A\I + A)71S, (#)Q, we know that S, (t)Q
is also compact. O

REMARK 3.8. From Theorem 3.7, we see that, if A generates a compact Cp-
semigroup, then S, (¢) is a compact operator for ¢ > 0.

4. Linear Problem

In this section, we apply the properties presented in the preceding section to a
linear fractional Cauchy problem

Diule) + Au() = f(0), ¢ € 0.7},
(4.1) {um)—xo, 0) = 1,
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where z, 21 € X, A € Sect() with 6 € [0, (1 — %) «) and f € L'((0,T); X).
In order to present the definition of mild solution of the problem(4.1), we need
the following two technical lemmas.

LEMMA 4.1. Suppose that u € C([0,T]; X) satisfies (ga—a *u) € C*((0,T7;
If for t € [0,T), u(t) € D(A) satisfies the problem (4.1) and Au € L*((0,T);

then we have

)

X).
X,

(4.2) u(t) = Sa(t)xo + (1 % Sa)(t)x1 + (ga—1 * Sa * f)(1).
PROOF. If u(t) satisfies all assumptions, it can be rewritten as
(4.3) u(t) = xo + to1 — A(ga xu)(t) + (ga x f)(t), t€[0,T].

For A\ > 0, applying the Laplace transform to (4.3) yields
a(\) = A '@ + A2z — ACAA(N) + A ().
That is,
(4.4) 4(N) = AT AT+ A) oo+ AN T+ A) e + (AN T+ A) (L), A> 0.
According to Theorem 3.2, for A > 0 it gives
N2+ A) ey = AT O+ A) Ty

_ /Oo e M (1% S0) ()t
0

and
AT+ A7) = AN AT + 4) 7O
_ / e (gar # S % [)(1)dL.
0
So taking the inverse Laplace transform to (4.4), we arrive at formula (4.2). O

LEMMA 4.2. If f € L*((0,T); X), then the convolution (ga—1% Sa * f)(t) exists
and defines a continuous function.

Proor. If f € Ll((OaT)aX) and Ja—1 € Ll((OaT)aR)a then (gafl * f) €
L'((0,T); X). By Theorem 1.3.4 in [27], we know that (S, * go—1* f)(t) exists and

defines a continuous function. So (ga—1* S * f)(t) = (Sa * ga—1 * f)(t) exists and
defines a continuous function. g

DEFINITION 4.3. A function u € C([0,T], X) given by
u(t) = Sa(t)zo + (1% So)(t)x1 + (ga—1 * Sa * f)(t)
is called a mild solution of the Cauchy problem (4.1).

DEFINITION 4.4. A function v € C([0,T],X) is called a classical solution of
the problem (4.1) if D¢u € C((0,7], X), and for all ¢ € (0,T] u(t) € D(A) satisfies
the problem (4.1).

According to Definition 4.3 and Lemma 4.1, for any f € L*((0,7); X), the
Cauchy problem (4.1) has a unique mild solution. Now a natural question to the
problem (4.1) is that under what conditions on f, a mild solution is also a classical
solution when zq, 1 € X.
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THEOREM 4.5. Suppose that f € L'((0,T); X) and f is Hélder continuous with
an exponent vy € (0,1]. That is, there is a constant k > 0 such that

1f(t) = f() < k[t —s|", 0<tands<T.

Then w(t) := (ga—1 * Sa * f)(t) is the unique classical solution of the following
problem

Dfu(t) + Au(t) = f(t), t€(0,T7,
(4.5) { w(0) =0, w/(0) = 0.

PROOF. From Lemma 4.2, we know that w € C([0,T]; X). Firstly, we show
that w(t) € D(A) for ¢t € (0,T].
Write w(t) = I (t) + I2(t), where

1) = [ {gamr % Sa)(t = s)(1(s) — fe)ds, 0<t<T
0

and .

L(t) = / (Ga—1 % Sa)(t—s)f(t)ds, 0<t<T.

0

Then, it gives

Ir(t) = (1% ga—1 % Sa)(£) f(t) = (ga * Sa) () f(2).
By Theorem 3.5 (ii), we see that Iz(t) € D(A) and
(46)  AD(t) = Alga + S )(F(0) = () — Salt) (1), 0<t<T.

As t € (0,T], by Theorem 3.6 (i) and Holder continuity of f, we find

[A(ga—1 % Sa)(t = 8)(f(s) = FO)II <

Using Lemma 2.4, we have [ (t) € D(A).

In order to verify D¢w € C((0, T]; X), we need to show that Aw € C((0,T]; X)
and Dfw = —Aw(t) + f(t).

Let v(t) := —Aw(t) + f(t). By Theorem 3.6 (4i7), it gives that

v(t) = —A(ga—1 * Sa * f)(t) + f(t)
= (8o * N)(®) + f(t).
If Aw e C((0,T]; X), we know v € C(0,T]. It follows from the Fubini theorem that

/ //S (s—7) T)dfds+/0 F(s)ds
- / / S! (s — 7)f(r)dsdr + /O " H(s)ds
/ / S (s)f(r)dsdr + /  Hs)ds

:/O(s (t—r)— ds+/f

= (Sa * f)(ﬂa

%(t — )7 € L*(0,1).

which implies

(7) “(Sa % )M0) = ol0)
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Note that
(1.8) DEw(t) = DF (ga1 # Sa = 1) = (S0 1))

From (4.7) and (4.8), we obtain Dffw = —Aw(t) + f(t).

Now, we show that Aw € C((0,T]; X). By (4.6) and Theorem 3.1, we see that
Al (t) is continuous on (0, T7.

When h >0 and ¢ € (0,T — h], we can rewrite Al (t + h) — AL (t) as

AIL(t + h) — AL (t) = hy + ha + hs,

where

hy = /0 Al(ga—1* Sa)(t +h = 5) = (ga—1* Sa)(t — 8)|(f(s) — f(t))ds,
hy = / Aga1 % Sa)(t +h — s)(f(t) — (¢t + h))ds,

t+h
hs = /t A(ga—1 % Sa)(t+h —3s)(f(s) — f(t+ h))ds.
For hq, it has
lim A(ga—1 % Sa)(t + h = 5)(f(s) = f(t)) = A(ga—1 * Sa)(t = 5)(f(s) = f(1))-

By Theorem 3.6 (i), we know that

[A(ga-1*Sa)(t + N —s)(f(s) = fO) S C(t+h—s)"'(t—5)"

<C(t—s)"teLY0,t).
Using the dominated convergence theorem gives
h1 —0ash—0.

Similarly, for hy and hg, we have

[[hel =

/O Algar % Sa)(t+h — 8)(F(t) — F(t+R))ds

t
< C/ (t+h—s)"thVds
0
— C(ln(t +h) — Inh)hY — 0 as h — 0,
and
t+h
||h3||§C/ (t+h—s) " t+h—s)ds
t

%
:C——>Oash—>0.

Thus, this means Aw € C((0,T]; X).
Note that w(t) = (ga_1* Sa * f)(t) and S, x f € CL. Using a similar proof to
(4.7), we have

w'(t) = %(ga_l * So % f)(1)

= [ga—1% (Sa * f)](£).
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It is easy to see that w(0) = 0 and w’(0) = 0. Consequently, by virtue of Lemma
4.1, w is a unique classical solution of the problem (4.5). O

For xg, z1 € X, let u(t) = Sa(t)xo + (1% So)(t)z1 (t > 0). It follows from
Theorem 3.5 (i) that u(t) is a classical solution of the following problem

{ Difu(t) + Au(t) = € (0,7},
u(O) = To, U (0)

Then w + @ is a classical solution of the problem (4.1). According to Lemma 4.1,
it is unique. So we obtain the following corollary.

COROLLARY 4.6. Suppose that f € L'((0,T); X) and f is Hélder continuous
with an exponent v € (0, 1]. Then, for zg, z; € X,

u(t) = Sa(t)xo + (L% Sa) (a1 + (gat * Sa * )(2)

is the unique classical solution of the problem (4.1).

5. Nonlinear Problem

Consider the nonlinear fractional Cauchy problem:

Du(t) + Au(t) = f(t,u(t)), te (0,T],
(5.1) { u(0) = zg, u'(0) =z1.

DEFINITION 5.1. A function u € C([0,T]; X) is called a mild solution of the
problem (5.1) if u satisfies

u(t) = Sa(t)zo + (1 % Su)(t)z1 —|—/0 (ga—1 * Sa)(t — 8) f(s,u(s))ds.

The following theorem is regarding the existence of mild solution of the problem
(5.1).

THEOREM 5.2. Suppose that the nonlinear mapping f(t,2z): [0,T] x X — X is
continuous with respect to t and there exists a constant L > 0 such that

(5.2) It x) = fty)ll < Lijz —yl| fort €[0,T] and z, y € X.
Then the Cauchy problem (5.1) has a unique mild solution for xg, x1 € X.
PROOF. Consider the Banach space C([0,T], X) with the norm

lulleo.ryx) = maxlju(®)]l

Define the operator by

(5.3)  (Fu)(t) = Sa(t)xo + (1 Sy)(t)x1 —|—/0 (ga—1 * Sa)(t — 8) f(s,u(s))ds.

Using a similar argument to the proof of Lemma 4.2, we know that F' maps
C([0,T], X) into itself. It suffices to prove that F' has a unique fixed point, which
is a unique mild solution of the problem (5.1).
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Assume that u, v € C([0,T]; X). Using (5.2) and Theorem 3.6 (4), for ¢ € [0, T]

we have

1(Pu)(t) — (Po)(0)] = H [ (g e 82300 )7 u(6) — 7G5 o0

S/ [(ga—1 % Sa)(t = )| (f(s,uls)) = f(s,v(s))llds
0

S/o Co(t —8)* " Ll|u(s) —v(s)||ds

Cul .
< o t*|u — vl e (jo,17:x)

CoL . _
o T 't — vl (o, x)-

(5.4) <

By the mathematical induction, we derive that

(Co LT 11)m

|(Fma)(t) — (Fro)(0)] < lu = vlleqax, te 0T

an!
That is,
(CoLT)™
[F"u — F"™0|[co,m):x) < QQTHU = vlleqo.ryx)-
Apparently, % < 1 asn — 4oo. Hence, F™ is a contraction map and has a
unique fixed point. Thus, F' has a unique fixed point. O

Now, by dropping the Lipschitz continuity of f with respect to the second
variable and imposing a proper condition on the operator A, we show the existence
of mild solution of the problem (5.1).

THEOREM 5.3. Suppose that A generates a compact Cy-semigroup and the non-
linear mapping f: [0,T] x X — X is a Carathéodory function. If for any r > 0,
there exists a function h, € LP((0,T); R") with p > 1 such that

(5:5) 1t 2)]| < R (D),
fora.e. t €[0,T] and x € X with ||z| <r, and

(56) lim infrﬁoo Hh'THL—p(O,T) =

0 < oo.

Then for xo, x1 € X, the problem (5.1) has at least a mild solution provided that
1
T(a=Dg+1 \ 7
5.7 Cod | ———— | <1,
57 ((a —1Da+ 1)
where Cy, is given as in Theorem 3.6 (i).
PROOF. Given xg, x1 € X, we define a mapping F: C([0,T]; X) — C([0,T]; X)
by

(Fu)(t) = Sa(t)xo + (1% So)(t)x1 + /0 (ga—1 * Sa)(t — 8) f(s,u(s))ds.

Let
B, ={ueC(0, T X): JJu(t)]| <rfor 0<t<T},
where r > 0 is to be determined.
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Firstly, we show that there exists a constant » > 0 such that F maps B, into
itself.

Suppose otherwise, then for every r > 0, there exists u” € B, and t € [0, 7]
such that ||[(Fu")(t)|| > r. On the other hand, by Theorem 3.6 (i) and (5.5), we
deduce that

r <[[(Fu") @)

< 1Sa@aoll + [[(1* Sa)(t)21 ]| +/0 [(ga—1 % Sa)(t = 5)f(s,u"(s))l|ds

t
< Ml + MTla]| + Ca [ (0= 9 he(s)ds
0

1
t i
< Mjzol| + MT |21 + Ca (/ (t— S)(al)%) e[l e (0,1)
0

T(a—=1)g+1

=M MT Co| —————
ool + 8Tl + G (oo

) TR

where g = %. Dividing both sides by 7 and taking the limit as r — oo, in view of

p(a=1)q+1

1
(5.6) we have 1 < Cnd (W) ‘. This yields a contradiction with (5.7). Thus,
there exists r > 0 such that F'(B,) C B,.

Now, we separate our discussions into three steps.
Step 1: F' is continuous on B,..
Let {u,}52, € B, with u, — u in C([0,T]; X). We have
f(s,un(s)) — f(s,u(s)) for a.e. s €[0,T].
For ¢t € (0,T], from Theorem 3.6 (i) and (5.5) we see that
[(ga—1 % Sa)(t = 8)(f(s,un(s)) = f(s,u(s)]| < 2CT*" hy(s) € L1(0, T).

Then, for ¢t € (0,77, it follows from Theorem 3.6 (i) and the dominated convergence
theorem that

|(Pun) () — (Fu)(®)|
< [ a1 xSt = 5)(S(5,un(5)) = S5, u()) [ ds
0
T
< CT™ [ 156 un() — Flsuls)llds = 0 as 0 ox,
0
which implies

Step 2: Q= {(Fu), v € B,} is a family of equicontinuous functions.
For 0 < t; <ty < T, we know that

[(Fu)(t1) = (Fu)(t2)|| < L+ T2 + Is + Iy,
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where

I = ||Sa(t1)zo — Sa(t2)zoll,
I =1 % Sa)(t)xr — (1* Sa)(t2)z]l,

I — / gt * Sa)(t = )£ (s, u(s))lds,

ty1

I = / (Gt * Sa)(t1 — ) — (Gar * Sa)(t2 — $)[[1 /(5. u(s)||ds.

From Theorem 3.4, we obtain that I; — 0 as t; — ts.
It follows from Theorem 3.1 that

IQ S MH{E1||(t2 —tl) — 0 as tl — t2.

Using Theorem 3.6 (i) yields

ta
I3 < Ca/ (ta — 8)* ' h,.(s)ds
t1

to —t (a—1)g+1
(5.8) < Ca (( 2(a _1)1)q+1 > [7rll e 0,1y

In order to estimate I, we start with an estimate of < 7 (ga—1%5a)(t). Tt follows
from the Laplace transform property of the convolution that

d

KAPREREAT0
=(ga-1*5,)(t) + Sa(0)ga—1(t)
=—ga—1*A(ga—1*Sa)(t) + ga—1(t)I

1
=—ga1*%=— | eMANT 4+ A) YA+ go_1 ()]

2mi J, 0

1
__ _,/ ML AT + A) LN+ g1 (8)]
2w Jy,
1 1
=— — e”AHdAJr—,/ MANT + A) 7Y\ + go 1 ()]
271 log 271 log
1 -l 1 BT\ -11
— P2 _ H L —_
T om ), € (t) dnto | e [(t) I+A] 71+ g (DT

t 271 1, t
0

According to (3.7), we get

H_g“ % 5) <>Hscata—2 [ el + g

le0

< Ot 2.
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Using the mean value theorem, we deduce that

I = / (Gt * Sa) (11— 8) — (Gor * Sa)(t2 — )|/ (5, u(s)) | ds

</
0

<C, /t2 [t — 5+ 0(t1 — t2)]**(t1 — t2)hr(s)ds
0

@ (o * 5a)(1)

7 (t1 = t2)[| f (s, u(s))l|ds

t:(t275+9(t17t2))

to
<c, / [0(t1 — t2)]°2(t1 — t2)hy (s)ds
0
to %
<c. ( / (b — t2><al>qu) Iellzoco.m)
0
(5.9) < Callhel| Le o,y (t — ta)( @Y,

where 6 € [0, 1] is a constant. From (5.8) and (5.9), one can see that both of them
are independent of u € B, and tend to 0 as t5 — t;.
For 0 =ty < t; < T, we have

[(Fu)(t1) = (Fu) )| <[[Saltr)zo — ol + [ (1 + Sa)(t1)21 ]|

+ / (g * Sa)(tr — $)] - (s, u(s)) | ds.

Note that

/0 (g * Sa)(tr — $)] - (s, u(s))ds
SCQ/O (t1 — 8)* "hy(s)ds

t1
<O / (fr — )@ E [y | 1o

t(afl)qul %

1
= o - - hfr p.
¢ ((a—1)q+1> e le

Thus, we have (Fu)(t1) — (Fu)(0) — 0 as t; — 0.

Step 3: for each t € [0,T], {(Fu)(t) : u € B,} is precompact in X.

When t = 0, we see that {(Fu)(0) : v € B} = {9 : uw € B} is precompact.
Let ¢ > 0 be fixed and € > 0 be sufficiently small. We set

(Feu)(t) = Sa(t)xo + (1% So)(t)z1 + /0 / B Ja—1(t —s — 7)Sa(T)dT f (s, u(s))ds.

Since A generates a compact Cp-semigroup, by Remark 3.8 we know that S, () is
a compact operator, and then the set {(F.u)(¢) : u € B,.} is precompact in X. For
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u € B,., we have

u)(t) — (Feu)(8)]
//gal Salt — s — 7)ldrll £ (5, u(s)) | ds

< A{jé jé o (7)drh(5)ds

t
:Mga(s)/ hy(s)ds
0
< Mga(e)t||he| Lo

This implies that {(Fu)(t) : w € B,} is bounded, i.e, it is precompact in X.

Based on Steps 1-3 and using the Ascoli theorem [12, Theorem 7.18], one can
see that F'is a compact operator. Consequently, by virtue of the Schauder’s fixed
point theorem, we conclude that F' has a fixed point in B,., which is a mild solution
of the problem (5.1). O

The following result is regarding the regularity of the mild solution.

THEOREM 5.4. Suppose that for any k > 0, there exists a constant L(k) such
that f: [0,T) x X — X satisfies
(5.10)
[t )= f (s, 0)| < Lk)([t=s]+[u=vl), 5 €[0,T], u,v € X with [ul, [[o]| < k.

Ifxg € D(A), z1 € X, and u € C([0,T]; X) is a mild solution of the problem (5.1),
then w is a classical solution of the problem (5.1).

PROOF. Let h >0 and t € [0, — h]. A direct calculation shows that

w(t + h) — w(t) =Su(t + h)o — Sa(t)z0 + (1% Sa)(t + h)z1 — (1% Sa) ()1
h
4 / (Gor * St + I — 5) (5, u(s))ds
0

b [ o S0)0 = )5+ s+ 1) = (s, u(s))ds.
Let k = maxo<i<7 |[|u(t)||. There holds
[£(s + hyu(s + h)) — f(s,u(s))]| < L(k)(h + |lu(s + h) — u(s)]]).
For any z¢ € D(A), it follows from Theorem 3.5 (i) and Theorem 3.6 (7) that

[Sa(t + h)zo = Sa(t)zoll = [[(ga * Sa)(t + k) Azo — (ga * Sa) (t) Azo||
< hll(ga—1 * Sa) (t + yh) [ Azo
< Co T Y| Ao B,

where 7 € [0,1] is a constant.
Using Theorem 3.1 gives

[(1# Sa)(t + h)wy — (1# Sa) )z ]| < Mlza][h,
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and
u(t+h) —u)]
< CoT | Azollh -+ M|+ CaT h mas [1f(s,u(s))]

+CT L) [ s+ 1)~ u(s) ) ds

t
< Clh+02/ [|u(s+ h) —u(s)||ds.
0

According to the Gronwall’s inequality, there exists C' > 0 such that
[u(t+h) —u@)|| <Ch, 0<t<t+h<T.

That is, u: [0,7] — X is Lipschitz continuous. In view of (5.10), we know that
F(-,u()): [0,T] — X is Lipschitz continuous too. Consequently, by Theorem 4.5,
we complete the proof. O

6. An Example

Consider a fractional wave equation

{ Dfu— Au+au = f(t,u), t € (0,T], = e€R"™,

(6.1) u(0,2) = up(x), u(0,z) =ui(z), = eR™,

where 1 < o < 2 and a > 0.
Let
Au= —Au+au, D(A)={uc L*R"): Auc L*(R")},
Following Theorem 2.3.3 in [4], we know that 0 € p(A) and A is a sectorial operator
with angle 6 = 0.
Take f(t,u) = g(t) sinu, where g € C([0,T]; RT). Then we have

2

£t ) = F(t, )| L2q@n) = (/

R™

<o) ([ (o) (o)

< llglleqo,rm+yllu — vl L2 @n),

g*(t)(sinu(z) — sin v(az))Qd:c>

2

which implies that the function f satisfies all conditions of Theorem 5.2, so the
problem (6.1) has a unique mild solution for ug, u; € X.

If we choose f(t,u) = g(t)u, where g € LP((0,T);RT) with p > 1, and take
hy(t) = g(t)r with r > 0, then we derive that

hellLeo,1)

liminf, .. = |lgllzr0, 1) <00

and

2

£ w2 n) = (/R g2(t)u2(x)dsc> = g(t)||u] 2 @n)-
So, for a.e. t € [0,7T] and u € L*(R™) with |[ul|L2gn) < 7, it gives
Hf(ta u)HL2(R") < hr(t)
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Furthermore, when the inequality

T(afl)qul %
Callgllze (o, (m) <1

holds, it follows from Theorem 5.3 that for ug, u; € X, the problem (6.1) has at
least a mild solution.
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