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ABSTRACT. We study asymptotic synchronization at the level of global at-
tractors in a class of coupled second order in time models which arises in
dissipative wave and elastic structure dynamics. Under some conditions we
prove that this synchronization arises in the infinite coupling intensity limit
and show that for identical subsystems this phenomenon appears for finite in-
tensities. Our argument involves a method based on “compensated” compact-
ness and quasi-stability estimates. As an application we consider the nonlinear
Kirchhoff, Karman and Berger plate models with different types of boundary
conditions. Our results can be also applied to the nonlinear wave equations
in an arbitrary dimension. We consider synchronization in sine-Gordon type
models which describes distributed Josephson junctions.
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1. Introduction

Our goal in this paper is to study long-time dynamics of a class of coupled
systems consisting of two second order in time evolution equations. These systems
are abstract models for studies of elastic and wave dissipative dynamics in various
situations. Under some set of hypotheses concerning the model we first prove
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the existence of finite dimensional global attractors and study their dependence
on interaction operators. Then we apply these results to analyze synchronization
phenomena. In this paper we understand these phenomena at the level of global
attractors. This means that in synchronized regime the attractor of coupled system
becomes “diagonal” in some sense.

Our main results are presented in Theorems 3.12 and 3.14. In particular, The-
orem 3.12 proves asymptotic synchronization in the limit of large coupling and
Theorem 3.14 dealing with interaction of identical systems shows that synchroniza-
tion is possible for finite values of a coupling intensity parameter. As a preliminary
step we obtain a result on uniform dissipativity with respect to coupling intensity
parameters (see Theorem 3.5). We also discuss possibility of synchronization in
infinite-dimensional systems by means of finite-dimensional interaction operators.
As application of these results we consider a range of nonlinear elastic plate models
and also wave dynamics of different types.

We note that recently the subject of synchronization of coupled (identical or
not) systems has received considerable attention. There are now quite a few mono-
graphs [4, 28, 30, 34, 38, 40] in this field, which contain extensive lists of refer-
ences. In the case of infinite dimensional systems the synchronization problem has
been studied in [5, 7, 8, 24, 36] for coupled parabolic systems. Synchronization
in Berger plates (they are a particular case of our abstract models) was considered
in [31, 32, 33]. Master-slave synchronization of coupled parabolic-hyperbolic PDE
systems was considered in [10, 11]. The methods involved in these publications
relies either on the parabolic regularization (see [5, 8, 24]) or on a special structure
of the model (see [31, 32, 33]). Our approach is different.

As an important technical tool we involve the method developed in [19] (see also
also [20, Chapter 8] and [12]) based on an observability-type estimate which allows
us to establish uniform quasi-stability estimates in the case of critical nonlinearities
(such as in the von Karman and Berger models). In the standard way (see, e.g.,
[12], [19] or [20, Chapter 8]) these quasi-stability estimates lead to appropriate
uniform bounds for attractors which are important for asymptotic synchronization.

The paper is organized as follows. The next Section 2 is devoted to preliminary
considerations. We describe here our abstract model, formulate main hypotheses
and provide well-posedness result for rather general situation. Section 3 contains
our main results on attractors and synchronization. In Section 4 we discuss pos-
sible applications. The Appendix contains some general facts from the dissipative
dynamical systems theory.

2. Preliminaries

In this section we describe the problem and state our basic notations and hy-
potheses. Then we provide a well-posedness theorem which is easily derived from
the known results.

2.1. Abstract model and main hypotheses. In a Hilbert space H we deal
with following coupled equations

(1a) Ut + I/1A’LL + Duut + Dlgvt + K11U + K12’U + Bl (’LL) = 0,

(].b) Vet + I/QA’U + D217.Lt + DQQ’Ut + Kglu + KQQ’U + BQ(’U) = 0,
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equipped with initial data

(1c)

u(0) = ug, u(0) = uy, v(0) = v, v:(0) =0y,

under the following set of hypotheses.

ASSUMPTION 2.1. (i) Ais a self-adjoint positive operator densely defined

(iii)

(iv)

on a domain D(A) in a separable Hilbert space H, vy,vs > 0 are param-
eters. We assume that the resolvent of A is compact in H. This implies
that there is orthonormal basis {ex} in H consisting of the eigenvectors
of the operator A :

Aek:)\kek, D<A <A< lim A = oo.

k—o0

We denote by ||-|] and (-, -) the norm and the scalar product in H. We also
denote by H® (with s > 0) the domain D(A®) equipped with the graph
norm || - |s = ||A% - ||. H~* denotes the completion of H with respect to
the norm || - ||=s = [][A™* - ||. The symbol (-,-) denotes not only the scalar
product but also the duality between H® and H~°. Below we also use the
notation H* = H® x H®.

The damping operators D;; : H'Y/? v H~'/2 are linear mappings such
that the matrix operator

D (Dn D12) CHY2 o g2 g2 5 g2
Doy Do

generates a symmetric nonnegative bilinear form on H'/2 = HY/2 x H'/2,
The interaction operators K;; : H 1/2 , H are linear and

K1 Ko 1/2 1/2
K= c HY2x HY? - Hx H
<K21 K

generates a symmetric nonnegative bilinear form on H'/2.

The nonlinear operators B; : H'/? — H are locally Lipschitz, i.e., for
every o > 0 there exists a constant L(o) such that

1Bi(u) = Bi(v)|| < L(o)llu = vl[1/2, i = 1,2,

for all u,v € HY? such that |[ul/1 2, [|[v][i/2 < 0. In addition we assume
that B;(u) are potential operators. This means that B;(u) = II;(u), where

7
II, : HY? — R is a Frechét differentiable functional on H/2, i.e.,

{Hi(u 4 o) — I () — (I (u), v)] —0.

lim ———
Ivll1/2—0 |[v][1/2

We also assume that IT; (u) = Ip;(u) 4 ITy;(u), where ITp;(u) is a nonneg-
ative locally bounded functional on H'/2 and

Yy > 030, |My(u)| < n|AY?u)? + o (w)] + Cy, uwe HY2

The problem in (1) can be written as

(2)

Uy + AU + DU, + KU + B(U) = 0, U(0) = Uy, U3(0) = Uy,

where the operators D and K are defined above and

U= (g) L A= <’61 VOQ) A, B(U) = (g;EZD .



4 IGOR CHUESHOV

As it was already mentioned in Introduction our main motivation for (1) (and
(2)) and also for the hypotheses in Assumption 2.1 is related with applications to
coupled plate and wave systems (see Section 4). For instance, one can show see
[19] or [39]) that Assumption 2.1(iv) holds in the case of the wave system in (14)
under the conditions

i € CHR), |i(s)] < C(1 + s?), limsupm >0,i=1,2.

ls|>Foc

2.2. Well-posedness. Now we consider the existence and uniqueness theorem
for (2). We start with adaptation of the standard definition (see, e.g, [19] and the
references therein) to our model.

DEFINITION 2.2. A function U(t) € C([0,T]; H'/?) 0 C'([0,T]; H) possessing
the properties U(0) = Uy and U;(0) = U is said to be
(S) strong solution to problem (2) on the interval [0, T, iff
e u € W}(a,b; H/?) and u; € Wi (a,b; H) for any 0 < a < b < T,
where
Wi(a,b; H) = {f € C(a,b;H) : f' € Li(a,b;H)},

o AU(t) + DU,(t) € H for almost all ¢ € [0, T7;
e cquation in (2) is satisfied in H for almost all ¢ € [0, T;
(G) generalized solution to problem (2) on the interval [0, T}, iff there exists a

sequence of strong solutions {U,(t)} with initial data (Uyy,, Ui, ) instead
of (Uy,Uy) such that

lim max {H(’)tU(t) — 8 U, (1) + | AY2(U(t) - Un(t))\l} =0.

n—00 te[0,T]
Application of Theorem 1.5 from [19] gives the following well-posedness result.

THEOREM 2.3. Let T' > 0 be arbitrary. Under Assumption 2.1 the following
statements hold.

e Strong solutions: For every (Up;Us) € HY2 x HY2, such that AU, +
DU, € H there exists unique strong solution to problem (2) on the interval
[0,T] such that

(Ui Un) € Loo(0,T5 H'/? x H), Uy € Co((0,T); H'V?),

Utt S Cr([O,T),H) and .AU(t) + DUt(t) S Cr([O,T),H),

where we denote by C,. the space of right continuous functions. This so-
lution satisfies the energy relation

t
(3) EU®),U(t)) + / (DUL(1),Us(7))dr = E(Uy, Uy),
0
where the energy £ is defined by the relation

EUo,Ur) = & (uo, ur) + E2(vo, v1) + Eint (1o, v0),
WZth U() = (Uo;’Uo), U1 = (ul;vl),

Eiluo, u1) = Ei(ug, ur) + Wi(uo) = 5 (Jlua |2 + il A 2ug]|) + i (uo).

DO | =
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and )
Eint(ug,v0) = i(ICUm Uo).

e Generalized solutions: For every (Up;U;) € HY? x H there exists
unique generalized solution. This solution possesses the property DY2y, €
Ly(0,T; H) and satisfies the energy inequality

(4) EU0), Ui(1)) + / (DU,(r). Uy(r))dr < E(Uo, V7).

IfU' and U? are generalized solutions with different initial data and Z = U' — U?,
then

1Z:0)I + A2 Z ()2 + K22 (1))
< (102 + 1A2Z(O) 2 + K2 Z (1)])?) e

provided ||U{ (0)[|* + | AY2U(0)[|* + [|[KM2U* (0)||* < R?.
By Theorem 2.3 problem (2) generates a dynamical system (H, S;) in the space
H=HY?xH=H"YxHY?x HxH
with evolution operator defined by the relation
Si(Uo; Ur) = (U(t); Ur(t)),

where U(t) is a generalized solution to problem (2).

3. Global Attractors

In this section we prove the existence of a global attractor for the dynamical
system (H,S;) and study its properties. Keeping in mind further application we
impose additional hypotheses concerning the damping operator D and the source
term B.

AssuMPTION 3.1. Let Assumption 2.1 be in force and
(i) D is strictly positive, i.e. exists ¢y > 0 such that

(DW, W) = co|[W|?, W € H'?;

(ii) either B; are subcritical, i.e., for every ¢ > 0 there exists a constant
L(p) such that

[Bi(u) — Bi(v)|| < L(o)llu = vll1/2-5, i = 1,2, § >0,

for all u,v € H'? such that |lully/2,[[v]1/2 < o, or else the potential
energies II; are continuous on H'/27% for some § > 0 and the mapping
u +— A7'B;(u) is continuous from H'/279 into H~! for some §,1 > 0,
i=1,2.

We note that in the case of wave model (14) the corresponding nonlinearities
are subcritical if ¢; € C1(R) and |/ (s)| < C(1 + |s|?>~?) for some § > 0. If § = 0,
then one can show (see [19]) that the second alternative of Assumption 3.1(ii) is in
force. Other examples of this hypothesis are provided by Kirchhoff, von Karman
and Berger plate models (see Section 4).



6 IGOR CHUESHOV

PROPOSITION 3.2. Let Assumption 3.1 be in force. Then the system (H,St)

generated by problem (2) is asymptotically smooth (see the definition in the Appen-
diz).

PROOF. We apply Theorem 3.26 and Proposition 3.36 from [19]. Since
(DV,W)| <[(DV,V)]V2[(DW, W)]'/? < C[(DV, V)]'/2||A 2w ||
<C:(DV,V) +e| AW,
relation (3.60) in [19, p.54] obviously holds in a simplified form. O

One can see from the energy inequality in (4) that the system (H, S;) is gradient
with the full energy £(Uy; Uy) as a strict Lyapunov function (see the Appendix for
the corresponding definitions). Therefore by Corollary 2.29 [19] (sec Theorem A.2
and Remark A.3 in the Appendix) to guarantee the existence of a global attractor
we need boundedness of equilibria. This leads to the following assertion.

THEOREM 3.3. Let Assumptions 3.1 be in force. Assume in addition that there
exist v < v; and C > 0 such that

(5) VI|AY?u)|? + (Bi(u),u) + C >0, we HY? i=12.

Then the system (H,S;) generated by problem (2) possesses a compact global at-
tractor.

PROOF. Stationary solutions U = (u;v) € H'/? solve the problem
v1Au + Kiou + Kiov + Bl(u) =0,

I/QA’U + K21u + KQQU + BQ(’U) =0.

Using the multipliers u for the first equation and v for the second and also positivity
of the operator I, we obtain that

vi| AY2ul|? + ve | A0 + (Bi(w), w) + (Bi(v),v) < 0

By (5) this yields ||AY2u||? + ||A/2v||?> < C (with C independent of D and K).
Thus the set of stationary solutions is bounded. O

3.1. Uniform dissipativity. For synchronization phenomena it is important
to have bounds for the attractor independent of interaction operators D and K.
In spite of the set of stationary solutions is uniformly bounded with respect to D
and C Theorem 3.3 does not provide appropriate bounds for the attractor. Below
we use an approach based on Lyapunov type functions which allows us to prove
uniform dissipativity of the system (H,S;). To simplify argument it is convenient
to introduce intensity factors o and s for interactions in velocities and displace-
ments. Moreover, we assume a particular structure of D related with the interaction
operator K. So instead of (2) we consider

(6) Utt +AU—|— (Do +Oé’C)Ut + %]CU—FB(U) = O7 U(O) = Uo, Ut(O) = Ul,

where o and » are nonnegative parameters. We note that the main reason why we
introduce the factor « is the desire to compare our result on uniform dissipativity
with the corresponding statement in [1].

In addition to Assumption 2.1 we impose the following hypotheses.
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ASSUMPTION 3.4. (i) The operator Dy is bounded from H'/? into H and
there exist cg > 0 and & > 0 such that

(Do + GKYW, W) = col W2, W e H'/%;
(i) there exists by < 1 and §,C > 0 such that!
(7) 0Io(U) = (B(U),U) < bl AV2U|* +C, U e H'2,
where Tlo(U) = Moy (u) + Moo (v) with U = (u;v).
THEOREM 3.5. Let Assumptions 2.1 and 3.4 be in force. Then for every a > &
and »x > 0 the system (H,S;) generated by problem (6) is dissipative’ with an

absorbing ball of the size independent of (o; ) € A = {a > @, » > 0}. More
precisely, there exists R independent of («v; ») € A such that the set

(8) B — {(UO; Ub) € H : U2 + || AY2Up || + »|| K200 |2 < R2}
is absorbing.

We note that the estimate in (8) improves the corresponding finite-dimensional
statement in [1] which requires uniform boundedness of the ratio a/s. As it is
shown in Proposition 3.8 we need the latter property for uniform quasi-stability
only.

PROOF. We use a slight modification of the standard method (see, e.g., [3, 9,
39]) based on Lyapunov type functions. Let U(t) = (u(t); v(¢)) be a strong solution,

B(t) = B0, = 5 (0O + |40 + U ()

with TI(U) = II; (u) + o (v), and ®(t) = n(U, U;) + u(KU,U), where 7 is a positive
constant which will be chosen later and 2u = s + na. We consider the functional
V = F + ®. One can see that there exist 0 < 19 < 1 and 3; > 0 independent of
(cv; 5) such that

(9)  Bo[Bx(t) + | KPU)P] = B1 < V < Be[ Ew(t) + u| KU @] + B3

for all n € (0,n], where
1
E.(t) = E(U:U) = 5 ([T + [A2U @) + To(U).

Now on strong solutions using the energy relation in (3) we calculate the derivative

dv
E = - ((DO + O[’C)Ut, Ut)
+n[IU? — (DoUs, U) = (AU,U) = (KU, U) — (B(U),U)]
Since Dy is bounded from H'/2 into H, we obtain that
(DoUy, U)| < || AY2U||? 4 Ce7 Y| U2, Ve > 0.
Thus by Assumption 3.4(ii) there exist b; > 0 independent of («, 5¢) such that
dV
- S [((DO + alk)U, Up) — byn||Us| ] — bg’l][E*(t) + »(KU, U)] + nbs,
IThe relation in (7) is the standard requirement in many second order in time models, see,
e.g., [19].
2See the Appendix for the notions related with this theorem.
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This implies that there exists 0 < 1. < 19 independent of (a, ) € A such that

dv;
(10) 2+ ban[E(t) 4 (KU, U)] < b
for all («, ) € A and n € (0,7.], where V3 =V + 31 > 0.
Now we split the parametric region A into several subdomains.
We start with the following case. Let sz, > 0 and «, > @ be fixed. We take

0 < 3 < s, such that a, > /n, Then we take n = za~!. In this case n < 7, and
1 1 .
p=50etna)=5(x+3) <o

Thus for all 2 > s, and o > a, we have that

dV,
b [EL(0) + (KU, U)] < bs.

In particular, (9) yields

‘%ﬁ + bonBy 'V < nby with by = bs + ﬂl;ﬁ?’
2

where b; and (; do not depend on o and . This implies that

b2a

ba /32
+ by

Since the value bsbs 13, is independent of 7 > 0 and o > &, we can conclude from
the previous argument that the set 9 is absorbing for all 2 > 0 and « > & with R
independent of s and «.
In the case when > = 0 from (10) we obtain
dVs

2B L bonEL(t) < nbs.
o Fhen (t) < nbs

Now we take o > 7, and n = a~ 1. In this case n < 7, and u = 1/2. Therefore the
conclusion follows from the estimate [|K'/2U|| < ¢||.AY2U]|| by the same argument
as above.

Inthecase sy =0and a < a < n*_l the conclusion is obvious.

So the remaining case is » > 0 and o = &. Now we can take n = min{n,, >a =1}
when & > 0. It is clear that p < s¢ for this case. Thus we can argue as above. In
the case & = 0 the relation pu < 3¢/2 holds automatically. This completes the proof
Theorem 3.5. (]

V(t) < Vg(0)e b2nia 't

This theorem and Proposition 3.2 immediately imply the following result on
the existence of a global attractor.

THEOREM 3.6. Let Assumptions 2.1, 3.1(ii) and 3.4 be in force. Then for every
(av; 52) € A the system (H,S:) generated by problem (6) possesses a compact global
attractor A. For every full trajectory Y = {(U(¢t); U¢(t)) : t € R} from the attractor

(1) sup { U012 + [A2U )2 + AU 0)]12}
teR

+ /Oo (DO +OZIC)Ut(T),Ut(T)) dr S R2

— 00

for some R independent of (a; ) € A.
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PROOF. We first apply the standard result on the existence of a global attrac-
tor, see Theorem A.1 in the Appendix. This attractor belongs to the set % defined
in (8). This implies an uniform bound for the supremum in (11). Using the energy
relation in (4) we obtain the corresponding bound for the dissipation integral in
(11). |

3.2. Quasi-stability. The uniform bounds for the attractor given by The-
orem 3.6 are not sufficient to perform the large coupling limit & — 400 and/or
»% — +o0 in the phase state of the system. One of achievements of this section
is stronger uniform estimates for the attractor size. For this we apply the quasi-
stability method in the form suggested in [19] (see also [13, 15, 16, 18, 20] and
the survey in the recent monograph [12]). This method makes it also possible to
proof finite-dimensionality of the attractor and obtain its smoothness properties.

To apply the quasi-stability method we need additional hypotheses concerning
the nonlinear forces B;(u).

ASSUMPTION 3.7. Assume that
e B;(u) = I(u) with the functional TI; : H'/2 + R which is a Fréchet
C3-mapping.
e The second H§2)(u) and the third Hz(-g) (u) Fréchet derivatives of IL;(u)
satisfy the conditions

(12) (P @) 0,0)| < Cpllavw)?, v e B2,

for some o < 1/2, and

(13) [ @gsen,vn,05)| < Gyl AP0 A 20 usll, vi € HY2,
for all u € H'/? such that ||AY/?u| < p, where p > 0 is arbitrary and C,
is a positive constant. Here above (Hgk)(u); v1,...,v;) denotes the value
of the derivative Hgk) (u) on elements vy, ..., vg.

This assumption concerning nonlinear feedback forces B;(u) appeared earlier in
the case of systems with nonlinear damping (see [19, p. 98] and also [14]) to cover
the case of critical nonlinearities. We note that Assumption 3.7 holds in both cases
of the von Karman and Berger models (see [19] p. 156 and p. 160 respectively).
Moreover, as it is shown in [19, p.137], this Assumption 3.7 is also true in the case
of the coupled 3D wave equation in a bounded domain € C R? of the form

(14a) g + o1ur — Au+ ki (u —v) + p1(u) = fi(z), u‘(m =0,
(14Db) Vgt 4 020 — Av + ko (u — v) 4+ @2(u) = fa(), U’aﬂ =0,

provided ¢; € C?(R) possesses the property |¢(s)| < C(1 + |s|) for all s € R, the
parameters o; and k; are nonnegative. Thus our abstract model covers the case of
3D wave dynamics with a critical force term. We refer to Section 4.2 for a further
discussion concerning nonlinear wave equations.

Recall that the Fréchet derivatives TI®)(u) of the functional IT are symmetric
k-linear continuous forms on H'/? (see, e.g., [6]). Moreover, if II € C?, then
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(B(u),v) = (II'(u);v) is C?-functional for every fixed v € H'/? and the following
Taylor’s expansion holds

(15) (B(u+w) — B(u),v) = (H(Z)(u);w,w —|—/0 (1- A)(H(3)(u—|— Aw); w, w, v)dA

for any u,v € H'/? [6]. If we assume that u(t) and z(t) belong to the class
C!(a,b; D(A?)) for some interval [a,b] C R, then, by the differentiation rule
for composition of mappings [6] and using the symmetry of the form 1) (u), we
have that

%(H(Z)(u);z,z> = (0P (u);uy, 2, 2) + 20 (u); 2, 2,).

Therefore from (15) we obtain the following representation which is important in
our further considerations:

d

(16)  (Bi(ult) +2(t)) = Bi(u(®)), 2.(t)) = 7 Qi(t) + Ri(t), t€la,b] CR,
with
(17) Qi(t) = 5 (T (u(t)); (1), 2(1)
and

1 1
(18) zmw:fym”wm%za+/X17mm9w+xaaa%mx

0

As we will see below the representation in (16) and the hypotheses listed in As-
sumption 3.7 can be avoided if the nonlinear forces B;(u) are subcritical, i.e.,
(19) Jo0 <1/2: ||Bi(w) = Bi(uz)| < L(o)I[A™ (w1 —uz)l,  ¥[AY?us < .

The representation in (16) leads to the following assertion which, in fact, is
proved in [19] (see (4.38), p. 99), but without control of the parameters o and .

PRrROPOSITION 3.8. Let Assumptions 2.1 and 3.4 be in force. In addition we
suppose that either Assumption 3.7 or relation (19) holds. Let M C H be a bounded
forward invariant set with respect to Sy and U' = S UJ, i = 1,2 be two solutions
to (6) with (different) initial data U, € M. Let Z = U' — U?. Then there exist
C,~v > 0 such that

(20) Ez(t) < CEZ(0)e™ " + CIE%aT(HA"Z(T)HQ, vt > 0,
t
where 0 < o < 1/2 and
1
By(t) = 5 (1ZIF + A2 (@) + K2 2)12)
If M is a uniformly bounded in H with respect to (a; ) € A and

() eNg={(s») €N : a<PB(l+3x)}

for some 3 > 0, then the constants C,~ independent of (a; ») but can depend on 3.
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PROOF. We use the same line of argument as in [19] and start with the fol-
lowing relation (which follows from Lemma 3.23 in [19]):

TEz(T) + /OT Ez(t)dt SC{/OT((DO +OélC)Zt,Zt)dt

T
+ / (Do + aK) Zs, Z)| dt + (U, U2)}
0
for every T' > Ty > 1, where ¢ > 0 does not depend on «, »,T and

V(U U?) = / (G(r), Zu(r))dr

+/0 (G(t), Z(t))dt +/O dt/t (G(7), Z(T))dT

with

G(t) = BU'(t)) — B(U*(t)).
Since every point (a;s) € A belongs to Ag for some § > 0. it is sufficient to
consider the case when (a; ) € Ag for some (. In this case we have that

|(Do + aK)Zi, Z)| <((Do + aK)Zy, Z:)Y*((Do 4+ aK) Z, Z)'/?
<Ces((Do + k) Zy, Zy) + cEz(t)

for every € > 0. Thus choosing € in an appropriate way we obtain that
T T
TEL(T) +/ By ()t < 05/ (Do + aK)Zs, Z))dt + oW (U, U2).
0 0

Under Assumption 3.7 we have from Proposition 4.13 in [19] that for any € > 0
and T > 0 there exist a(e,T) = apm(e,T) and b(e, T) = baq(e, T) such that

(21) sup
te[0,7]

| ©.zmar| << [ [1ZGE + 1472 200) ] ar

T
+ a(&T)/ d(r)| A2 Z(7)|*dr + be,T) sup |lA7Z(7)|?
0 T€[0,T
for all € > 0, where o < 1/2 and

d(t) = d(t; Uy, Uz) = |U{ (O + |UZ ()]1*.

Obviously the same relation (21) (even with a(e,T) = 0) remains true in the sub-
critical case (19). Thus

T
U (UL, U?) §£/ Ez(r)dr
0

T
+a(e,T) / d(T)||A1/2Z(T)||2d’T +b(e,T) sup ||.AUZ(7')||2
0 T€[0,T]

for every € > 0. From the energy relation we also obtain that

/T((DO +akK)Z;, Zy)dt < Ez(0) — EZ(T) + (U, U?)
0
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Thus after appropriate choice of € and T we arrive at the relation

T
Ez(T) < qEz(0) +a(T)/ d(r)[| A2 Z(7)|dr + b(T) sup |A7Z(7)]?,
0 T€[0,T)
where g < 1 and all constants depend on (. This inequality allows us to apply the
same procedure as in [19, p.100] to obtain (20). O

Now we are in position to obtain a result on the finiteness of fractal dimension
of the attractors and also additional bounds for trajectories from these attractors.

THEOREM 3.9. Let Assumptions 2.1 and 3.4 be in force. In addition we suppose
that either Assumption 3.7 or relation (19) holds. Then for any (a; ) € A the
following assertions hold:

1. The global attractor A** of the system (H,S;) generated by (6) has a
finite fractal dimension dim .

2. This attractor A%* lies in H' x H'? and for every full trajectory Y =
{(U(t); U(t)) : t € R} from the attractor in addition to the bound in (11)
we have that

(22) s (U + AU+ A U} < Bi(3)

for some R1(3) independent of (ov; »2) € Ag, where 3 > 0 can be arbitrary.
3. The attractors A** are upper semicontinuous at every point (au; ¢.) € A,
i.e.,
(23) nh_}rrgo [sup {distH(y,Qlo‘*’”*) RS Qlan’”n}} =0
for every sequence {(a™; %)} C A such that (™) — (u; ) € A as
n — o0o.

PROOF. By Proposition 3.8 the system (H,S;) is quasi-stable on every boun-
ded forward invariant set. Thus we can apply Theorems 3.4.18 and 3.4.19 from [12]
to prove the statements 1 and 2 (see also Theorems A.4 and A.5 in the Appendix).

To prove upper semicontinuity property we can use the methods developed in
[25, 26], see also [3] and [29]. In particular, we can apply a result due to [26] (see
Theorem A.6 in the Appendix). Indeed, let (a™; ™) — (a4;26) € Aasn — oco. In
this case it follows from (22) that

AU ()| + || AY2U(t)||? < C?, YVt € R,

for every full trajectory (U(t); Us(t)) from the attractor A*~*n where C' does not
depend on n. This means that the attractor 24%»*» belongs to the set

{(Uo; Un) = | AUG|? + AUy |? < C%}

which is compact in H. Thus we only need to show the property (ii) in Theorem A.6.
Let (U, UT) € A% and (Up; Up) € A**+. One can see that

(Z(t); Ze(t)) = S (Ug; UT) = 577 (Uos Un) = (U™ (t) = U(1); U (1) — Ue(1))
satisfies the equation
Zy+ AZ + (Do + a.K)Zy + 2. KZ = F,

where

F = —(an — a)KU" — Gen — 5)KU™ — B{U™) + B(U).
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On the attractors we obviously have that
1P < er(lan — au] + |56 = 5) + o] A2 2.
Therefore the standard energy type calculations gives the estimate
1877 Y5 — 877 Yolln < Cllan — a| + |30 — 52| + ¥ = Yollre)e™

for t > 0, where Y' = (UJ;U7") and Yy = (Up;Uy). Thus we can apply Theo-
rem A.6. ]

REMARK 3.10. The results stated in Theorems 2.3 and 3.9 deal with a general
model of the form (2) or (6) and thus they can be also applied in the case of several
interacting second order in time equations of the form

N N
(24) uit + I/iA’U,i + DOzui —+ OZZKUU‘Z —+ %ZKUUJ —+ Bl(ul) — O7 1= 1, . _’N’
=1 j=1

under obvious changes in the set of hypotheses concerning the operators in (24).

3.3. Asymptotic synchronization. Now we apply the results above to syn-
chronization. We switch on the interaction operators K of the standard (see, e.g.,
[8, 24, 31, 36] and the references therein) symmetric form. Namely we assume
that

1 -1
(25) K= (_1 1 ) K,
where K is a strictly positive operator in H with domain D(K) 2 H'Y/2. Thus we

consider the following problem

(26a)  wuy + v Au+ DY up + DYyvy + aK (up — vg) + 52K (u —v) + By(u) = 0,

(26b) vy + v Av + DY up + DYgvy + aK (v — ug) + 52K (v — u) + Ba(v) =0,
with initial data
(26¢) uw(0) = ug, ur(0) =wuy, v(0) =wvg, v:(0) =v;.

All theorems stated above can be applied to this situation.

Our goal is to study asymptotic synchronization phenomena and we are in-
terested in qualitative behavior of the system in the large coupling limit > — oo
(and/or @ — o). It is clear from the bound of the attractor given in (11) that it
is reasonable to assume that w = v in the this limit. Therefore we need to consider
a limiting problem of the form

(27) wy + vAw + Dw, + B(w) = 0, w(0) = wo, w(0) = w;.
where
vy +v 1< 1
_ it _ 0 —
v= 5 D = 51’]‘2:1 Dy;, B(w) = i(Bl(w) + Ba(w)).

Obviously the argument above can be applied to system (27) provided the damping
operator D is not degenerate. In fact we can easily prove the following assertion.
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PROPOSITION 3.11. Let Assumptions 2.1(i,iv), and 3.4(ii) be in force. Let
D : HY? — H be a strictly positive operator. In addition assume that either
Assumption 3.7 or relation (19) is valid. Then problem (27) generates a dynamical
system in the space H'/? x H possessing a compact global attractor of finite fractal
dimension. This attractor is a bounded set in H* x H/?,

Below we show that the attractors 2A** for problems (26) in some sense con-
verge to the attractor of the limiting system (27) when s — +o0.

THEOREM 3.12. Let Assumptions 2.1, 3.1(ii) and 3.4 be in force with K of the
form given in (25). Then for every (a;sx) € A the system (H,S:) generated by
problem (26) possesses a compact global attractor A**. For every full trajectory
Y ={(U(t); U(t)) : t € R} with U(t) = (u(t);v(t)) from the attractor

(28) sup {|UO + [ AU (@)|2 + | K2 (u(t)—0())]?}
teR

“+o0
4 a/ |Uw(r)|2dr < R
for some R independent of («; ) € A.

In addition assume that either Assumption 3.7 or relation (19) holds. Then for
any (o; %) € A the following assertions hold:

1. The global attractor A** of the system (H,S;) generated by (26) has a
finite fractal dimension dim .

2. This attractor A%* lies in H' x H'/? and for every full trajectory Y =
{(U(t); Us(t)) : t € R} from the attractor in addition to the bound in (28)
we also have that

(20)  sup V(0| + A2V + 2 (0) — ()]} < RED)

for some R1(3) independent of (ov; ) € Ag, where 3 > 0 can be arbitrary.
3. The attractors A** are upper semicontinuous at every point (a.; ».) from
A, i.e., relation (23) is valid for every sequence {(a™;»™)} C A such that
(™5 3¢™) — (o 22.) € A as n — oo.
4. Let u — Bj(u) be weakly continuous from H? into some space H!,
[ > 0. Then in the limit x — oo we have that

(30) lim [sup {distye, (V,20) : Y € ma’%}} —0,

where He = HY?7¢ x HY?7¢ and A = {(uo;uo;ul;ul) s (uosup) € 2[}
Here 2 is the global attractor for the dynamical system generated by (27).
Moreover, if instead of weak continuity of B; we assume that v = vy
and K commutes® with A, then the convergence in (30) holds in the space
H'Y? x AY?~¢ C H.

PrOOF. All results except the last one easily follows from Theorem 3.9. Thus
we need to establish property (30) only. As in [25, 26] we apply contradiction
argument.

3We can take K = A° with some 0 < o < 1/2, for instance.
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Assume that (30) is not true. Then there exist sequences {5, — oo} and
Yot € A% such that
disty,, (Y3, A) > 6 >0, n=1,2,...

Since Yy" € A there exists a full trajectory Y™ = {(U"(t); U*(t)) : t € R} from
the attractor A% such that Y"(0) = YJ*. It follows from (28) and (29) and also
from Aubin-Dubinsky-Lions theorem (see [37], Corollary 4) that the sequence Y™
is compact in C(a,b; H.) for every a < b and sxweakly compact in Lo (R; HY? x
H'/?).Thus there exists

U(t) = (u(t);v(t)) € C"(R; HY*7°) N Lo (R; H'/?)
such that U, € Loo(R; H'/2) and along a subsequence
B sw {1070 =TI o + 1070 = TOIR oo} = 0, 0= o
for every a < b, and
(U™(t); UM (t)) — (U(t); Uy(t)) s-weakly in Lo (R; HY/? x H'/?), n — .

Since K is strictly positive, it follows from (28) and (29) that

n n n n R?
sup {[Jug (£) — o ()] + [Ju" () =" (®)*} £ — = 0, n — oo
teR Hn

By interpolation

sup || A2 (uf (1) — o} (1))
teR

1/2, n 1/2, n 1=2e n n 2e
< 0sup{(||A w1472 1) @) — v @) }
teR
< Csup |[ul(t) — v (t)]|* — 0, n — oo.
teR

Similarly

sup ||AY27E (u™(t) — 0" (1))]| — 0, n — oc.
teR

Since u — B;(u) is weakly continuous for i = 1,2, these observations allow us to
make a limit transition in the variational form of equations (26) and conclude that
U(t) = (u(t);u(t)), where u(t) is a solution to (27). Moreover, (u(t);us(t)) is a
trajectory bounded in H'/2 x H'/2. Thus it belongs to the attractor 2. It is also
clear from (31) that

Y = (U"(0);U1(0) — (U(0); U,(0)) € A in He
which is impossible.

In the case when v = 15 and K commutes with A taking sum of equations
(26a) and (26b) we can find that

(32) sup [A(u(t) +o(@))|| < C(Rgs)

for every trajectory (u(t); v(t); u.(t); vi(¢) from the attractor A** with (a; ») € Ag.
Taking the difference of (26a) and (26b) we obtain that

(33) ?lel]g |Az(t) + 22K z(t)|| < C(Rg) with z(t) = u(t) — v(t)
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for fixed . Since A and K commutes,
|Az 4+ 2K z||? = ||Az||? + 45| K2|* + 43¢(Az, K2)
A2 + KA + | ARV > A
Thus (32) and (33) yield additional estimate on the attractor:
sup {[[du(®)]] + [[Av@)[[} < €

with the constant C' independent of ». This provides us with compactness of U™ (t)
in C([a,b]; H'=¢) for every ¢ > 0 and makes it possible to improve the statement
in (30). O

REMARK 3.13. e The result in (30) means that the attractor 2A** be-
comes “diagonal” in the limit of large intensity parameter s with fixed
or even absent interaction in velocities. Thus the components of the sys-
tem becomes synchronized in this limit at the level of global attractors.
In particular, this implies that every solution U(t) = (u(t);v(t)) to (26)
demonstrates the following synchronization phenomenon: Ve > 0 3,
lim su [Hut(t) — w2 + AV 2u(t) — v(t))||2] <&, V>

t——+oo

e To achieve synchronized regime we can even assume the absence of the
damping in one of the equations in (26). For instance, the conclusions
of Theorem 3.12 remains true if we take D11 = ~ - id with v > 0 and
D13 = Doy = Dgz = 0.

e The same conclusion as in (30) can be obtain in the limit («a; ) — +00
inside of Ag for some 3. However as one can see from (30) large « is not
necessary for asymptotic synchronization. This observation improves the
result established in [24] for finite-dimensional systems which requires for
synchronization both parameters o and s to be large.

e The possibility to obtain synchronization for fixed small > and large «
is problematic. The point is that in the case » = 0 under appropriate
requirement concerning the nonlinear forces B; there are possible two
different stationary solutions which demonstrate absence of asymptotic
synchronization.

Now we consider the case of identical interacting subsystems, i.e., we assume
that

(34) vV =V =V, D11 = D22 = l)7 D12 = D21 = O, Bl(w) = Bg(w) = B(w)
In this case we observe asymptotic synchronization for finite values of .

THEOREM 3.14. Let the hypotheses of Theorem 3.12 and also relations (34) be
in force. Assume that « € [@, «.] for some fixed av.. Let

5, = inf {v(Aw, w) + s(Kw,w) :w € HY?, |w| =1}

There exists s, = s«(@, ) and w > 0 such that under the condition* s,, > s, the
property of asymptotic exponential synchronization holds, i.e.,

(35) Jim {e* [ljun(®) = v + |4 2u(t) = o(®)]P] =0

4One can see that s, > s¢-inf spec(K). Thus if K is not degenerate, then s, — 400 as
7 — +00.
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for every solution U(t) = (u(t); v(t)) to (26). In this case A** = A for all 3 such
that s,, > s..

PROOF. In the case considered w = u — v satisfies the equation
wy + VAW + Dwy + 2aKw; + 2xKw + B(u) — B(v) = 0, w(0) = wp, w(0) = wy.

where wg = ug — vp and wy = uy — vy.

We consider the case of the critical nonlinearity, the subcritical case is much
simpler. In the former case we use the representation (16) with z = w. Since
B, = By = B, below we omit the subscript i. It follows from (12) and (13) that
the variables @ and R defined in (17) and (18) admits the estimates

Q)] < Crl|A7w(®)|* and |R(t)] < Cr([lus(®)l| + [[o: (&) A 2w(®)]*
under the condition
(36) 1A 2u(®)]|? + | A 20()|* < R?
with R and thus Cg independent of o and ».
We consider a Lyapunov type function of the form
W(t) = E(t) + (1),
where )
Et) = 5 (lou@I? + v A 2w(0)]?) +Q(t)
and
Here 7 is a positive constant which will be chosen later and p = »+na. By uniform
dissipativity of the system (H,S;"”) we can assume that that (36) holds with the
same R as in (8) for all ¢ > t,.

One can see that there exists 0 < 79 < 1 and ; > 0 independent of (a; 5) such

that

Bo[Eo(t) + || K Pw(t)||* — crlw(®)|?] <
< Ba[Eo(t) + CRHw(t)HQ] + pll K2 w()]?,
for all t > ¢, and 0 < n < ng, where

1
Eo(t) = 5 (e (®)|2 + v A 2w(t)]?)
Now on strong solutions we calculate the derivative
dv
P ((D + aK)w, w) — R(t)
+n[[|lwe]|* = (Dwy, w) — v(Aw, w) — 23¢(Kw, w) — (B(u) — B(v),w)]
Since D is bounded from H'/2 into H, we obtain that
|(Dwy, w)| < el|AY?w||? + Ce™Y|wy| |2, Ve > 0.
Thus there exist b; > 0 independent of («, ») such that
dv
T [((D + aK)ws, wp) = binllw|*] + Cr([Juel| + [[voel) A" ?w]|?
~ ban[Bolt) + = KM wl] 4+ nerlw(®)]?
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Fixing o and taking s,, large enough we obtain that
dv

o7 TP = Cr(llu]® + lod ) 1A 2w]* <0, t > ¢,

for some w,C' > 0. Using finiteness of the dissipativity integrals:
o0
| el + ) < oc,
0

we obtain (35). The equality 2> = 2 for the attractors follows from (35). O

If B is critical, but not satisfies the structural hypothesis in Assumption 3.7 we
can still guarantee asymptotic exponential synchronization. However in this case
we need additional condition that the damping parameter « is large enough and K
is not degenerate. Here the role of large damping is the same as in the existence of
global attractors in the case of critical forces, see, e.g., [19, p.85]. If B are globally
Lipschitz we can even avoid the requirement of dissipativity of the system.

REMARK 3.15. The results similar to Theorems 3.12 and 3.14 can be also
established for N coupled second order in time equations of the form

up, + 1 Aut + Dyul 4+ oK (up — u?) + 2K (u' —u?) 4+ By (u') =0,
wl, + v Au’ 4 Diul — oK (ul T — 2ul +ul ™)

— Kt =20 i)+ Bj(w) =0, j=2,...,N—1,
ul + vy Au + Dyul + oK (ul —ul ™) + 2K (u — oV + By(u) = 0.

This system can be reduced to (6) with

Di 0 0 .. 0 1 -1 0 0

0 Do 0 ... 0 -1 2 -1 0
D= |0 0 Ds ... 0| |0 -1 2 0f g

0 0 0 .. Dy 0 0 0 1

Thus the general results of this section can be applied with the same hypotheses
concerning the operators A, D;, K and B;. We note that the energy for for this IV
coupled model has the form

N N—-1
1 ; . . > . .
5=§jb(@2+mmwwwyﬂuwﬂ+2§wKWWﬁ%wﬂ?
j=1 j=1

In the ODE case (v; = 0, K = id) synchronization for this model was considered
in [24] with assumption that both o and s become large or even tend to infinity.
Our approach allows us observe asymptotic synchronization for fixed o and in the
limit 5c — +oo (for identical subsystems it is sufficient to assume that s is large
enough). The limiting (synchronized) regime is described by problem (27) with

1 1 1
V:N;yj’D:N;Dj’ B(w):N;Bj(w).

In the case of a plate with the Berger nonlinearity the same result was obtained in
[32] with DOj = dj . ld, a=0and K =1d.
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3.4. On synchronization by means of finite-dimensional coupling.
One can see from the argument given in Theorem 3.14 that asymptotic synchro-
nization can be achieved even with finite-dimensional coupling operator. Indeed,
the only condition we need is

v(Aw, w) + »(Kw,w) > ¢|w|?, Yw e HY?,

with appropriate ¢ depending on the size of an absorbing ball. As it was already
mentioned if K is a strictly positive operator, then the requirement s,, > s, holds for
large intensity parameter ». However it is not necessary to assume non-degeneracy
of the operator K to guarantee large s,.. For instance, if K = Py is the orthopro-
jector onto Span{ey : k=1,2,..., N}, then

N oo
v(Aw, w)+x(Kw,w) Z v + 50)|(w, er)|* + v Z el (w, ex) 2

k=1 k=N+1
> (VA1 + ) Z |(w,er)® +vAnr D |(w,en)l
k=1 k=N+1

> min{vA; + s, vAni1 Hwl.

Thus if 5 > v(Ayy1— A1), then we can guarantee large s,, by an appropriate choice
of N.

This fact admits some generalization which based on an assumption that K is
a “good” approximation (in some sense) for a strictly positive operator.

Let V' C H be separable Hilbert spaces and K, L be linear operators from V'
into H. Assume that L is a strictly positive on V, i.e., there exists ar, > 0 such
that

(Lu,u) > CLL||quLI7 ueV.
We introduce the value
e(L,K) = ell (L, K) = sup{||Lu — Kullz : |jully <1}.

In the case when L = id is the identity operator this value is known (see [2]) as the
global approximation errorin H arising in the approximation of elements v € V' by
elements Kwv.

Now we take V = H'/2. Tt follows from the definition that

|Lu — Kullg < e(L, K)||AY?ul|, uw e HY?2
In this case we obtain
v(Aw, w) 4+ »(Kw,w) =v||AY?w||? + s(Lw,w) + »((K — L)w,w)
>v| AY2w|? + apsw|® - se(L, K) wl|| A ?w]

> (g - 2D

Thus according Theorem 3.14 under the condition

2e2(L,K)
apx — ————= > s,
4dv
we have asymptotic exponential synchronization. The latter inequality is valid,
when e?(L, K) < 2vaps ' and » > 2s,a; " for instance. So e(L, K) should be small
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and s large. We note that in the case L = id and K = Py we have e(L, K) = )\;,14_/12
and ar, = 1. So the inequalities above can be realized for some choice > and N.
Now we describe another situation where synchronization can be achieved with
finite-dimensional coupling. For this we use interpolation operators related with
a finite family £ of linear continuous functionals {l; : j = 1,...,N} on H'/2.
Following [9] (see also [19, 20]) we introduce the notion of completeness defect of
a set £ of linear functionals on H'/? with respect to H by the formula
(37)
ec=ec(HY2 Hy=sup{ || w|mweHY? l(w)=0,1€L, || wlip<1}.

It is clear that ez, > €, provided Spanl; C Spanly and €, = 0 if and only if the
class of functionals £ is complete in H'/2, i.e, the property I(w) = 0 for all [ € £
implies w = 0. For further properties of the completeness defect we refer to [9,
Chapter 5].

We define the class R, of so-called interpolation operators which are related
with the set of functionals given. We say that an operator K belongs to R if it
has the form

N
(38) Kv=> 1), Vvoe H

Jj=1

where {1,} is an arbitrary finite set of elements from H'/2. An operator K € R,
is called Lagrange interpolation operator, if it has form (38) with {¢;} such that
lp(1j) = 0k;. In the case of Lagrange operators we have that [j(u — Ku) = 0 and
thus (37) yields

lu— Kul| < ecllulli/2, ve HY?,

Hence the smallness of the completeness defect is important requirement from point
of view of synchronization. We refer to [9, Chapter 5] for properties of this char-
acteristic and for description of sets of functionals with small e¢,. The simplest
example is modes. In this case £ = {l;(u) = (u,e;) : j=1,2,..., N}, where {e;}
are eigenfunctions of the operator A. The operator P, given by
N
Prv= Z(ej,v)ej, Vove HY?,

J=1

is the Lagrange interpolation operator. Moreover, ¢, = e(id, Pr) = )\;\,1/12 . Thus
the completeness defect (and the global approximation error) can be made small
after an appropriate choice of V. This shows that the situation with K = Py can
be included in the general framework.

Unfortunately in the general case an interpolation operator of the form (38)
is not symmetric and positive. Therefore formally we cannot apply the result on
uniform dissipativity with K of the form (38). The situation requires a separate
consideration and possibly another set of hypotheses concerning the model. We
plan to provide with the corresponding analysis in future. Here we give only one
particular result in this direction.

We consider the following version of the equations (26)

(39a) ugt + vAu + Duy + »K(u — v) + B(u) = 0,

(39b) vy + vAv + Do + xK (v —u) + B(v) =0,
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(39¢) u(0) = ug, ut(0) =uy, v(0) =wvg, v:(0) =vy.
THEOREM 3.16. Assume that A satisfies Assumption 2.1(i), B(u) is globally

Lipschitz and subcritical, i.e.,

dog < 1/2 : HB(ul) — B(UQ)l < LBH,AUO(ul — UQ)H7 Yu; € H1/2.

Let D : HY? — H be strictly positive operator and K = K be a Lagrange interpola-
tion operator for some family L of linear continuous functionals {l; : j =1,...,N}
on HY?. Then for every initial data Uy = (uo;ve) € HY? and Uy = (uy;vy) € H
problem (39) has unique generalized solution U(t) = (u(t);v(t)) and there ewist
5. > 0 and €.(3) such that for every s > s, and ex < e.(3) the solution
U(t) = (u(t);v(t)) is asymptotically synchronized, i.e., relation (35) holds with
some w > 0.

PRrROOF. This is globally Lipschitz case and therefore the well-posedness easily
follows from [19, Theorem 1.5].

Following the same idea as in Theorem 3.14 we find that the difference w = u—v
satisfies the equation

wy + VAW + Dwy + 250w + G, £(u,v) =0, w(0) = wo, w(0) = ws.
where wg = ug — vg, w1 = u; — vy and
G c(u,v) = —25¢(id — Kz )(u —v) + B(u) — B(v).
We have the obvious estimate
|G (1, )| < 202 AY2w] + Ll Aw] < 2(seec + 6)]| AV2w] + Cs ]
for all 6 > 0. This implies
(Ger(u, ), w)| < 6(3ce, + 6)2||AY 2w||? + Cs|jw]|?, ¥ > 0,
and

2(%6[; + (5)2

|(Gieye (u,0), we)| < pollwe | + 1AY 20| + Cs ullw]]?, ¥ 1,6 > 0.

Now as in the proof of Theorem 3.14 we can use Lyapunov type functional
1
(w,we) = 5 (ool + A 20]2) + sl + nw, we),

with s large, »e, small and with an appropriate choice of p and §. (I

4. Applications

In this section we shortly outline possible application of the general results
presented above.

4.1. Plate models. We first consider the plate models with coupling via elas-
tic (Hooke type) links. Namely, we consider the following PDEs

(40a) wgs + y1up + A%u+ 2K (u —v) + @1 (v) = f1 in Q C R?,

(40b) Vg + YUy + A2’U + %K(’U — u) + <p2(u) = f2 inQC Rz,
with the hinged boundary conditions
(40c¢) u=Au=0, v=Av =0 on 09,
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where K is an operator which will be specified later. The nonlinear force term
©i(u) can take one of the following forms:

e Kirchhoff model: ¢ € Lipjoc(R) fulfills the condition
o(s)

liminf =2 > —\%,
|s|—o00 S
where \; is the first eigenvalue of the Laplacian with the Dirichlet bound-
ary conditions.
e Von Karman model: p(u) = [u,v(u) + Fy], where Fy is a given function

in H*(Q) and the bracket [u,v] is given by

_ 92 2 2 2 2 2
[u,v] = 05 u- 05,0+ 0p,u- 0y v —2-05 4 u-05 0.

The Airy stress function v(u) solves the following elliptic problem
0
A?v(u) + [u,u] = 0 in Q, g(u) =v(u) =0 on 0f.
n
Von Karman equations are well known in nonlinear elasticity and describes
nonlinear oscillations of a plate accounting for large displacements, see [20]
and the references therein.
e Berger Model: In this case the feedback force has the form

o(u) = — {/@/Q |Vu|*dz —F} Au,

where kK > 0 and I' € R are parameters, for some details and references
see [9, Chap.4].
In all these cases we have that H = L?(Q2) and
Au=Au, uweDA) ={ueH (Q):u=Au=0o0n00}.

It is clear that A satisfies Assumption 2.1 (i) and D(AY?) = H?(Q) N H3(Q).

The nonlinear force ¢ in the Kirchhoff model is subcritical with respect to the
energy space (it is locally Lipschitz from H'*%(Q) into Ly(Q) for every § > 0). In
contrast, the von Karman and Berger nonlinearities are critical (they are locally
Lipschitz mappings from H?(f2) into Lo(€2) which are not compact on H?()).
Other requirements concerning the corresponding forcing terms B; can be verified
in the standard way. For details we refer to [14] for the Kirchhoff forces, to [19,
Chapter 6] for the von Karman model and to [19, Chapter 7] for the case of Berger
plates.

The interaction operator K can be of the following forms K = id and K = —A,
or even K = A° with 0 < 0 < 1/2. In the purely Kirchhoff case with globally
Lipschitz functions ¢; we can also use the Lagrange interpolation operator with
respect to nodes, i.e., with respect to the family of functionals

lj(w) = w(z;), where z; € Q, j=1,...,N,

with appropriate® choice of nodes ;. This means that two Kirchhoff plates can be
synchronized by finite number of point links.

We note that in the case when both ¢; and ¢y are Berger nonlinearities (pos-
sibly with different parameters) the results on synchronization with K = id can be
found in [31], see also [32, 33].

5 For details concerning smallness of the corresponding completeness defect we refer to [9,
Chapter 5].
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We also mention some other plate models for which the abstract results estab-
lished can be applied:

e First of all we can consider the plates with other (self-adjoint) boundary
conditions such as clamped and free and also combinations of them (for
a discussion of these boundary conditions in the case of nonlinear plate
models we refer to [20]).

e The plate models with rotational inertia can be included in the frame-
work presented. Instead of (40) coupled dynamics in these models can be
described by equations of the form

(41a) (1 = yA)ug + p(1 — yA)uy + A%u + 2K (u —v) + @1 (u) = f1,
(41b) (1 = ~vA)vy + u(l — yA)vy + A%y + »K(v—u) + pa(u) = fo,

on a bounded domain in R?. Here v is positive. It is convenient to
rewrite (41) as equations in H = H}(Q2) (equipped with the inner prod-
uct (u,v)g = (1 —yA)u,v)r2(q)) in the form (26) with the operator A
generated by the form a(u,v) = (Au, Av) 20y on Hg(Q).

e We can also include into consideration the plates with Kirchhoff-Boussi-
nesq forces of the form

p(u) = —div{|Vul’Vu} + alu|?u

with a,q > 0, see [19, Chapter 7] and also [17, 21] concerning models
with this force.

4.2. Coupled wave equations. In the case of coupled wave equations (14)
the standard (critical) hypotheses concerning the source term ¢ € C?(R) in the 3D
case have the form:

l‘irlninf{cpi(s)sfl} > =M1, @l (s)] < C(1+]s]), s €R,

§|—0C
where A; is the first eigenvalue of the minus Laplacian with the Dirichlet boundary
conditions, see, e.g., [19, Chapter 5] for details.

We can also consider several versions of damped sine-Gordon equations. These
are used to model the dynamics of Josephson junctions driven by a source of current
(see, e.g., [39] for comments and references). For instance, we can consider the
sys‘uem6

(42a) Ugr + yur — Au+ Bu + »2(u —v) + Asinu = f(x),

(42b) Ve + vy — Av + Bo + (v —u) + Asinv = f(x),

in a smooth domain Q C R? and equipped with the Neumann boundary conditions
ou v

42 vl _y, 7’ -

(42¢) onloa onloo

It is easy to see that in the case of the Dirichlet boundary conditions the general
theory developed above can be applied. The same is true when 5 > 0. In the case
[ = 0 the situation is more complicated because the corresponding operator A is
—A on the domain

D(A) = {u € H*(Q) : % =0on aﬂ}

6For simplicity we discuss a symmetric coupling of identical systems only.
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and thus becomes degenerate. So we concentrate on the case 5 = 0.

It is convenient to introduce new variables
U —v u—+v

and z = .
2

In these variables problem (42) with 8 = 0 can be written in the form

(43) w =

(44a) Wy + ywy — Aw + 23cw + Asinw cos z = 0,
(44b) Zu +v2 — Az + Acoswsinz = f(x),
ow 0z
44 Rl p— —’ -
(44c) dn lag onloq

The main linear part in (44a) is not degenerate when s > 0. Therefore the same
calculations as in the proof of Theorem 3.14 shows that there exists s, such that

0 >0 Jwt)F ) + lwe(@®)]> < Cpe™, t >0,

when > > s, for all initial data from a bounded set B in H'(Q)x La(€2). This means
that every trajectory is asymptotically synchronized. Moreover, it follows from
the reduction principle (see [12, Section 2.3.3]) that the limiting (synchronized)
dynamics is determined by the single equation

0z
— Az+Asinz = f(z), —| =0.
Ze + vz z+ Asinz = f(z) 5 loe
The long-time dynamics of this equation is described in [39, Chapter 4]. We also
refer to [27, 28] for the studies of synchronization phenomena for (42) in the

homogeneous (ODE) case.

Another coupled sine-Gordon system of an interest is the following one

(45a) Uy +yue — Au+ Asin(u —v) = fi(z),
(45b) Vit + 70 — Av + Asinv — ) = f(a),
(45(‘,) u‘ag = 0, ’U|3Q =0.

Formally this model is out of the scope the theory developed above. However,
using the ideas presented we can answer some questions concerning synchronized
regimes.”

In variables w and z given by (43) we have equations

(46a) wy + ywy — Aw + Asin 2w = g(x),
(46b) zit + vz — Az = h(z),
(46¢) wlog =0, zlan =0,

where g(z) = (fi(z) — f2(z))/2 and h(z) = (f1(z) + f2(x))/2. One can see that
lze )17 + [V (2(8) = 21 < C (l2e(0)]* + [V (2(0) — 2)|1%) e™", ¢ > 0,
for some C,w > 0, where z, € H() solves the Dirichlet problem

—Az = h(z), z|sq = 0.

In the ODE case the synchronization phenomena in (45) was studied in [27, 28].
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Problem (46a) equipped with the Dirichlet boundary conditions possesses a compact
global attractor 2 in the space W = H{(Q) x L2(€), see [39, Chapter 4]. Hence

u(t) ; Zs z(t) ; Zs w(tt)
v(?)t(—)z* = Z(tz)t(_)z* + i”;((t)) — {(_ww) e 2{} as t — 0o

(7 (t) Zt(t) — Wy (t)

in the space W x W. Thus we observe some kind of shifted asymptotic anti-phase
synchronization.

Acknowledgement. The author thanks the anonymous referees for valuable com-
ments and suggestions which allow us to improve the presentation.

Appendix A. Some facts from the theory of dynamical systems

In this section we collect several definitions and general theorems from the
theory of dissipative dynamical systems. For more complete presentation we refer
to one of the monographs [3, 9, 23, 39].

Recall that a dynamical system (see, e.g., [9, 23, 39]) is a pair (X7 St) of a
complete metric space X and a family of continuous mappings S; : X — X, t > 0,
satisfying the semigroup property: (i) Siyr = Sy o S, for any ¢, 7 > 0, and (ii) So
is the identity operator. It is also assumed that ¢ — Sz is a continuous mapping
for every z € X.

A system (X, St) is said to be dissipative if it possesses a bounded absorbing
set B. A closed set B C X is said to be absorbing for S; if for any bounded set
D C X there exists to(D) such that S;D C B for all t > to(D). If the phase space
X is a Banach space, then the radius of a ball containing an absorbing set is called
a radius of dissipativity of the system.

A system (X, St) is said to be asymptotically smooth if for any closed bounded
set B C X such that S;B C B for all ¢t > 0 there exists a compact set £ = K(B)
which uniformly attracts B, i.e.,

. lir+n sup{dist(S:y,K) : y € B} =0.

A system is called gradient if it possesses a strict Lyapunov function. The latter
is defined as a continuous functional ®(z) on X satisfying (i) ®(S,z) < ®(x) for
all t > 0 and x € X, and (ii) if ®(a) = ®(S;x) for all t > 0, then z is a stationary
point of S, i.e., Syx = x for all ¢t > 0.

A global attractor of a dynamical system (X, S;) is a bounded closed set 2 C X
which is invariant (i.e., S;2 = ) and uniformly attracts all other bounded sets:

tlim sup{dist(S:y, ) : y € B} =0 for any bounded set B in X.
—00

It is known [3, 9, 23, 39] that the global attractor consists of all bounded full
trajectories. We recall that a curve {y(¢t) : t € R} C X is said to be a full
tragectory if Syy(r) = y(t 4+ 7) for all 7 € R and ¢t > 0.

The standard criterion (see, e.g., [9, 23, 39]) for the existence of a global
attractor is the following assertion.

THEOREM A.1. Let (X,S;) be a dissipative asymptotically smooth dynamical
system on a complete metric space X. Then S; possesses a unique compact global
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attractor A such that

A=w(By) = ﬂ U S, By for every bounded absorbing set By.

t>071>t

For gradient systems it is also useful the following criterion of the existence of
a global attractor (see, e.g., [35, Theorem 4.6]).

THEOREM A.2. Let (X7 St) be an asymptotically smooth gradient system which
has the property that for any bounded set B C X there exists T > 0 such that
Y+ (B) = U, SiB is bounded. If the set N of stationary points is bounded,
then (X, St) has a compact global attractor A which coincides with the unstable
set MLy (N) emanating from N, i.e., A = My (N).

We recall (see, e.g., [3]) that the unstable set My (N') emanating from N is a
subset of X such that for each z € My (N) there exists a full trajectory {y(t) : ¢t €
R} satisfying u(0) = z and dist(y(¢),N) — 0 as ¢ — —o0.

REMARK A.3. We note that the hypothesis that ~,(B) is bounded in Theo-
rem A.2 can be changed in the following (additional) requirements concerning the
Lyapunov function ®(z): (i) ®(x) is bounded from above on any bounded set, and
(ii) the set ®p = {z € X : ®(x) < R} is bounded for every R (see, e.g., [19,
Corollary 2.29]).

An important feature of a global attractor is its (fractal) dimension. We recall
that the fractal dimension dim;( M of a compact set M in a complete metric space
X is defined (see, e.g., [39]) as

dimf M = lim sup % ,
e—0 ln(l/a)

where N (M, ¢) is the minimal number of closed sets in X of diameter 2¢ needed to
cover the set M.

Now we state several facts related with asymptotically quasi-stable systems (for
details we refer to the recent monograph [12] and the references therein).

Let X and Y be reflexive Banach spaces; X is compactly embedded in Y. We
endow the space H = X x Y with the norm ||(uo; u1)[|% = ||[uoll% + [Ju1]/?. Assume
that (H,S;) is a dynamical system with the evolution operator of the form

(47) Sy = (u(t);wi(t), y = (uo;m) € H,

where the function u(t) possesses the property u € C(Ry, X) N CHR,,Y).

A dynamical system (H,S;) with an evolution operator of the form (47) is said
to be asymptotically quasi-stable on a set B C H if there exist a compact seminorm
px () on the space X and nonnegative scalar functions a(t), b(t), and ¢(t) on Ry
such that (i) a(t) and ¢(t) are locally bounded on [0, c0), (ii) b(t) € L1 (R4 ) possesses
the property lim; ., b(t) = 0, and (iii) for every y;,y2 € B and t > 0 the following
relations

[Seyr — Seyallzr < alt) - llyr — w2l

and

(48) ISty — Sey2llFr < b(t) - llyr — y2llF + e(?) - S [x (u' (s) = u?(s))]

2
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hold. Here we denote Syy; = (u(t);ui(t)), i« = 1,2. The theory of quasi-stable
systems was started with [15] and has been developed in [12, 19, 20, 22]. The
main outcome of this theory is the following assertion.

THEOREM A.4 (Global attractor). Assume that the system (H, Sy) is dissipative
and asymptotically quasi-stable on a bounded forward invariant absorbing set B in
H. Then the system (H,Sy) possesses a compact global attractor A of finite fractal
dimension.

Another consequence of quasi-stability is the following assertion which states
some regularity of the attractor and provides additional bounds for trajectories in
it.

THEOREM A.5 (Regularity). Assume that the dynamical system (H,S) pos-
sesses a compact global attractor A and is asymptotically quasi-stable on A. More-
over, we assume that (48) holds with the function c(t) possessing the property
Coo = SUPsep, c(t) < oco. Then any full trajectory {(u(t);u(t)) : t € R} that
belongs to the global attractor enjoys the following reqularity properties

Ut ELOO(R,X)QC(R7Y), Ut ELOO(R7Y)

Moreover, there exists R > 0 such that ||u:(t)||% + [[uwe(®)||3 < R? for all t €
R, where R depends on the constant co,, on the seminorm px, and also on the
embedding properties of X into Y.

In the study of synchronization phenomena we deal with stability of attractors
with respect to interaction intensity. Variations of the intensity parameter is treated
as a perturbation of the dynamical system. To describe these variations at the
abstract level we consider a family of dynamical systems (X, S;) with the same
phase space X and with evolution operators S;* depending on a parameter A from
a complete metric space A. The following assertion is proved by Kapitansky and
Kostin [26] (see also [3, 23, 29] for related results).

THEOREM A.6 (Upper semicontinuity). Assume that a dynamical system (X, S})
in a complete metric space X possesses a compact global attractor A for every
A € A. Assume that (i) there exists a compact K C X such that 2* C K, and (ii)
if A — o, Tx — xo and xi € UM, then

(49) SMexy — S2xq for some T > 0.

Then the family {A*} of attractors is upper semicontinuous at the point \o; that
18,

dx {2 A} = sup {distx (z,A) : 2 € A} — 0 as A — Ao.

Moreover, if (49) holds for every T > 0, then the upper limit A(No, A) of the
attractors A* at \g defined by the formula

AN, A) = [ J{* s A €A, 0 < dist(\, o) <}
60>0
is a nonempty compact strictly invariant set lying in the attractor A and possess-
ing the property
dx {2 |A(No, A)} — 0 as A — .
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