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ABSTRACT. Asymptotic random dynamics of weak solutions for a damped sto-
chastic wave equation with the nonlinearity of arbitrarily large exponent and
the additive noise on R™ is investigated. The existence of a pullback ran-
dom attractor is proved in a parameter region with a breakthrough in proving
the pullback asymptotic compactness of the cocycle with the quasi-trajectories
defined on the integrable function space of arbitrary exponent and on an un-
bounded domain of arbitrary space dimension.
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1. Introduction

In this paper, we study the asymptotic dynamics of solutions of a damped
stochastic wave equation with nonlinearity of arbitrarily large exponent and additive
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noise defined on the entire Euclidean space R™ of arbitry dimension,
- dW;

(1.1) ue — Au+ Puy + f(z,u) + au = g(x) + & Zhj(x)W’
j=1

for ¢t > 7, with the initial condition

(1.2) u(z, 7) =up(x), ui(x,7)=ui(x),

where «, § and ¢ are positive constants, g and h; (j = 1,2,---,m) are given func-
tions defined on R™, fu, is a damping term, f(x,w) is a nonlinear interaction func-
tion satisfying some dissipative conditions, and {W;}; are independent, two-sided,
real-valued Wiener processes on a probability space which will be specified later.

Asymptotic dynamics of solutions for deterministic nonlinear wave equations
and nonlinear hyperbolic evolutionary equations with linear or nonlinear or local-
ized damping terms have been studied in last three decades by many authors, e.g.
[2]-[4], [8]-[11], [20]-[24], [26]-[27], [30, 31], [33]-[34], [37, 40]. The established
results naturally focus on the existence of global attractors by showing the ab-
sorbing property and the asymptotic compactness of the solution semigroups for
autonomous system [4, 22, 34, 40] or the skew-product flow for nonautonomous
system [10, 11, 27].

For stochastic wave equations, the solution mapping defines a random dynam-
ical system or called a cocycle, which is defined on a state space with a parametric
base space. Pullback random attractor (which is simply called random attractor)
is the appropriate object for describing the asymptotic random dynamics [5]-[6],
[12]-[17], [19, 25, 29, 32, 38]. The topics of random attractors for stochastic
damped wave equations have been studied by several authors [12, 15, 18, 19,
28, 29, 32, 36, 38, 39]. In regard to stochastic nonlinear wave equations driven
by additive noise, the existence of the random attractor has been established for
bounded domains [15, 19, 29, 32, 39] and with the critical exponents on the un-
bounded domain R3 recently in [35]. However, the existence problem of random
attractors remains open for the stochastic wave equations with a nonlinearity of ar-
bitrarily large exponents and on the unbounded domain R™ with arbitrary dimension
n. This is the topic as well as the main contribution in this work.

In case of high growth-order nonlinearity and high dimensional unbounded do-
main, the issue of pullback asymptotic compactness for a random dynamical system
becomes much more difficult to handle due to not only the lack of compactness of the
Sobolev embeddings but also the necessarily involved high-order integrable function
spaces, in addition to the cumbersome effect by the additive noise. In this work we
shall resolve this challenging problem and accomplish the proof of random attractor
by means of

1) the uniform estimates for absorbing property and norm-smallness of solutions

outside a large ball;

2) the grouping esimates of the extended energy functional for the compactness

in the space H*(R™) x L?(R");
3) the convergence criterion of Vitali type proved in Theorem 5.1 for the function
space LP(R™) with an arbitrary exponent and arbitrary space dimension n,
to circumvent the crucial difficulties.

The new insight of this work is a new approach to apply the Vitali-type con-
vergence criterion initially proved in this paper for the function space LP(R™) com-
bined with the grouping uniform estimates in the energy Hilbert space and the
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bootstrap method to directly prove the pullback asymptotic compactness for the
quasi-trajectories of random dynamical systems. This new approach will provide
great potential applications to many other stochastic PDEs and much further fields,
which will no longer be barricaded by high growth nonlinearity and high space di-
mension of any unbounded domain.

In Section 2, we recall basic concepts and results related to random attractors
and random dynamical systems. We shall transform the stochastic wave equa-
tion with additive noise to a pathwise random wave equation through Ornstein-
Uhlenbeck processes and define the associated cocycle. In Section 3, we shall con-
duct uniform estimates of solutions for random absorbing sets and tail parts. In
Section 4, we shall establish the intricate asymptotic compactness of the cocycle
with respect to the Hilbert energy space H*(R™) x L?(R™). In Section 5, we prove a
necessary and sufficient convergence criterion of Vitai-type for space LP(R™) and the
pullback asymptotic compactness of the first component of the cocycle in LP(R™),
which is crucial. Then the existence of a random attractor for this stochastic wave
equation with unlimited growth rate and additive noise on the unbounded domain
with unlimited dimension is finally proved.

In this paper, we shall use || - || and (-, ) to denote the norm and inner product
of L?(R™), respectively. The norm of L"(R™) or a Banach space X will be denoted
by ||+ || or || - ||x. We use ¢, C or C; to denote generic or specific positive constants.

2. Preliminaries and the Random Dynamical System

Let (2, F, P) be a probability space and (X, || - ||x) be a real Banach space
whose Borel o-algebra is denoted by #(X).

DEFINITION 2.1. Let a mapping 6; : R x Q — Q be (#(R) x F, F)-measurable
such that 6y is the identity on 2, 0,5 =60, 00, for allt, s € R,w € ), and PO, = P
for all t € R. Then (Q, F, P,{0;}+cr) is called a parametric dynamical system.

DEFINITION 2.2. A mapping ® : RT™ x Qx X — X is called a random dynamical
system or cocycle on X over (Q, F, P, {0 }1er), if @ is (B(RT) x F x B(X), B(X))-
measurable and for all w € Q and ¢, s € RT the following conditions are satisfied:

(1) ®(0,w, -) is the identity on X.

(ii) ®(t + s,w, ) = P(¢, Osw, (s, w, )).

(iii) ®(t,w,-) : X — X is strongly continuous.

Such a random dynamical system can be denoted by (@, 8) or simply by ®.

DEFINITION 2.3. A set-valued mapping D(w) : Q — 2% is called a random set
in X, if the mapping w — distx (x, D(w)) is measurable with respect to F for any
given z € X, cf. [1, 13, 14].

1) A bounded random set B(w) C X means that there is a random variable
7(w) > 0 such that || B(w)|| = sup,ep(o) 7] < r(w), w € Q.

2) A random set S(w) C X is called compact (reps. precompact) if for all w €
the set S(w) is a compact (reps. precompact) set in X.

3) If a bounded random set B(w) satisfies the condition that, for any constant
K >0,

tlim e B w)| =0, weQ,
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then it is called tempered with respect to {6; }+er. A random variable R : (Q, F, P) —
(0,00) is called tempered if

1
Jim = log" R(iw) =0, weq.

We shall denote by Zx or simply Z the family of tempered random subsets of
X, which is inclusion-closed and called a universe.

DEFINITION 2.4. Let ® be a random dynamical system on X over the para-
metric dynamical system (2, F, P, {0:}:cr). Let & be a given universe of tempered
random subsets of X.

1) A random set K = {K(w)}weq is a Z-pullback absorbing set for @ if for any
B € 2 there exists tp(w) > 0 such that

O(t,0_4w, B(0_4w)) C K(w), forall t >tp(w), a.e w el
2) @ is called Z-pullback asymptotically compact if for any w € Q,
{@(tm, O—t,,w, Tm)}oo_; has a convergent subsequence in X,
whenever t,, — oo and x,, € B(0_;, w) for any given B € 2.

DEFINITION 2.5. A random set A = {A(w)}weq € Z is called a random at-
tractor for a random dynamical system (®,6) with the attraction basin 2, if the
following conditions are satisfied:

(i) A is a compact random set.

(ii) A is invariant, ®(t,w, A(w)) = A(fw), for all t > 0 and w € Q.

(iii) A pullback attracts every set B € Z in the sense

tlim distx (p(t,0_w, B(0_1w)), Aw)) =0, w e,

where distx (-, -) is the Hausdorff semi-distance with respect to the X-norm.

The following result on the existence of random attractor for a random dynam-
ical system has been established in [1, 6, 13, 15, 35, 36].

THEOREM 2.6. Let & be a universe of nonempty tempered random subsets of a
Banach space X and let ® be a random dynamical system on X over (0, F, P, {0:}ier)-
Suppose that K = {K(w)}weq is a closed pullback absorbing set for ® with respect to
2 and @ is D-pullback asymptotically compact in X. Then ® has a unique random
attractor A = {A(w)}weq in X with the attraction basin 2, which is given by

(2.1) Aw) = 20w, K(0_1w)), we.

T>0 t>T7

However, for random dynamical systems generated by PDEs with nonlinearity
of higher growth exponents and on an unbounded domain, such as the problem
of stochastic wave equations in this work, it is very difficult to show the pullback
asymptotic compactness of cocycles. It is the advancing contribution of this paper
to prove the Z-pullback asymptotic compactness in the space (H!(R™)NLP(R™)) x
L?(R™) by a new approach shown in Section 4 and Section 5.
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Now we formulate the original problem (1.1)-(1.2). Let & = u; + du, where ¢ is
a positive number to be determined. Then (1.1)-(1.2) can be rewritten as

up + ou = &,
(2.2) & — 0+ 0%u+au— Au+ B(E — du) + f(xz,u) = g(z) +Ezh'—

u(z,7) = uo(x), &(z,7) = &o(r) = ui(x) + duo(z).

The autonomous wave equation driven by a stochastic perturbation with white
noise or colored noise has the nonautonomos nature as the parametric stochastic
processes W;(t) evolve. Hence the initial condition can be given at any initial time
TeR

Assumption I Assume that g € H!(R") and for each j = 1,2,---,m, the
function h; € H?(R™) N W?2P(R™), where p > 2 is arbitrarily given.

Assumption IT Assume that the nonlinear term f € C*(R™ x R, R) and its
antidrivative F(z,u) = [;' f(, s)ds satisfy the following conditions:

(2.3) |f(z,u)] < CilulP~" + ¢1(x),  ¢1(z) € H'(R™),
(2.4) [z, u)u— CoF (z,u) > ¢a(x), ¢a(x) € L'(R™),
(2.5) F(xz,u) > Cslul? — ¢3(x), ¢3(x) € L'(R™),

where C4,Cs and C3 are positive constants and the arbitrarily given p > 2 is the
same as in Assumption I.

The Assumption II on the heterogeneous nonlinearity is standard for determin-
istic or stochastic wave equations and reaction-diffusion equations on an unbounded
domain.

Assume that {W;}7"; are independent, two-sided, real-valued Wiener processes
on the canonical probability space (£2, F, P), where

N ={w = (wi,wz, - ,wn) € C(R,R™) : w(0) =0},

F is the Borel g-algebra induced by the compact-open topology of 2 and P is the
corresponding Wiener measure on (€, F). We will identify a w € Q with a sample
path

w(t) = (w1(t),wa(t), - ,wm(t)), teR.
Define the time-shift operartor 6, by
Orw)(-) =w(-+1t) —w(t), wef, tekR.

Then (2, F, P, (0;)ter) is a parametric dynamical system.

To define a random dynamical system for the formulated problem (2.2), we
now convert the stochastic wave equation with the additive noise to a deterministic
equation with a time-dependent random parameter 6;w and corresponding random
initial data. Given j = 1,2, ..., m, introduce one-dimensional Ornstein-Uhlenbeck
equation

(26) de + 5Zjdt = de(t), t e R.
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Here § is the same constant as in (2.2). A solution to (2.6) is given by
t 0
zj(t,w;) = / e 0= qW; (s, w) = —5/ %% (Opw;) (s) ds

=z (0, 0w;) == z;(Ow;), teR.

The random variable |z;(w;)| is tempered and z;(6;w;) is continuous in ¢. It follows
from Proposition 4.3.3 in [1] that there exists a tempered function ro(w) > 0 such
that

(2@ +12(w)") < ro(w).

j=1
For the positive constant o specified later in (3.16), the random variable ro(w)
satisfies

(2.7) ro(iw) < e/ PMrg(w), teR, as.
It follows from (2.7) that

(2.8) > (125 (Bw)|? + |2 (0w IP) < e 7/Nrg(w),  tER, a.s.

j=1
The abstract-valued Ornstein-Uhlenbeck process z(6;w) = ZT:l hjz;(0yw;) satisfies
the stochastic differential equation

(2.9) dz + 0zdt =y h;dW;.
j=1
We make a transformation
(2.10) v(x,t) =&(z, 1) — ez(Gw).
and convert the problem (2.2) to the following initial value problem:

uy = v + ez(w) — ou,
(2.11) v — v+ (62 + a+ Au+f(z,u) = g — Blv + ez(w) — du) + 2e02(Ow),

u(z, 7) =ug(xz), v(r,7)="20(2) = u1() + dug(x) — £2(0;w),
where A = —A. Define the phase space
E = (H'(R™) N LP(R™)) x L*(R™)

endowed with the norm
(212) ()l sz e = (1Yl + ful® 4+ [0]2)® + Jullzo, for (u,v) € E.

LEMMA 2.7. Under the Assumptions 1 and 11, for every w € Q and any given
go = (uo,vo) € E, the initial value problem (2.11) has a unique global weak solution

(u(+,w, 7, u0),v(-,w, T,v9)) € C([1,0), E).

Moreover,

1) The solution (u(t,w,T,up), v(t,w, T,v0)) is (B(RT) x F x B(R))-measurable
in (t,w, ) for any given go = (uog,vg) € E.

2) For anyw € Q and t > 7 € R, (u(t,w, 7, up), v(t,w, T,vg)) is weakly continu-
ous with respect to go = (up,vo) in E in the sense that

(u(t,w, T, ug,m), v(t,w, T, v0,m)) = (u(t,w, T, ug), v(t,w, T,vp))
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weakly in E, provided that gom = (40.m,Vo,m) — go = (uo, vo) weakly in E.

PROOF. The local existence and uniqueness of a weak solution for this w-
parametrized PDE problem (2.11) in the phase space E = (H'(R™) N LP(R™)) x
L?(R™) and its weakly continuous dependence on the initial data can be established
by the Galerkin approximation method as in [10, Chapter XV] with some adaptions
and the result in Lemma 3.1 of [35]. Also see [34, 36, 38]. The proof of the global
existence of weak solutions will be included in the proof of Lemma 3.1 below. [

DEFINITION 2.8. A family of mappings S(¢, 7;w) : X — X on a Banach space
X fort > 7 e Randw € Qis called a stochastic semiflow, if it satisfies the following
properties:

(i) S(t, s;w)S(s, T;w) = S(t, T;w), forall 7 < s <t and w € §;

(ii) S(t, 7;w) = S(t — 7,0;0,w), for all 7 < t and w €

(iii) The mapping S(¢, 7; w)z is measurable in (¢, 7, w) and continuous in = € X.

Here for the formulated problem (2.2) and the converted version (2.11) we define

S(t? 75 w)(u()’ UO) - (U’a ’U)(t, W, T, (UO, UO))

(2.13)
= (u(t,w, T,up), v(t,w, T, u1 + dug — €2(0,w))),

where (u,v)(t,w, T, (ug, vg)) is the weak solution of the initial value problem (2.11),
shown in Lemma 2.7. This mapping S(¢,7;w) : E — E is a stochastic semiflow.
Then define a mapping ® : R* x Q x E — E by
(2.14) D(t —7,0,w, (ug,v0)) = S(t, 7; w)(uo, vo),
which is equivalent to
(2.15) D(t, w, (ug,v0)) = S(t,0;w)(up, vo)

' = (u(t,w,0,up), v(t,w, 0, us + dug — ez(w))).

LEMMA 2.9. The mapping ® : RT x Q x E — E defined by (2.14) is a ran-
dom dynamical system (or called a cocycle) on E over the canonical parametric
dynamical system (Q, F, P,{0,}). Moreover, for any given gy = (ug,vo) € E,

D(t, 0w, (up, vo)) = (u(0,w, —t, up), v(0,w, —t, vp))
= (u(oa w, _tv ’U,O), 5(05 W, —t, 50) - sz(w)), t Z O,

will be called a pullback quasi-trajectory.

(2.16)

3. Uniform Estimates of Pullback Quasi-Trajectories

In this section, we shall derive uniform estimates on the solutions of the random
wave equation (2.11) defined on R™ in a long run as ¢t — oo. These a priori estimates
pave the way to proving the existence of pullback absorbing sets and the pullback
asymptotic compactness of the cocycle ®. In particular, we will show that tails of
the solutions for large spatial variables are uniformly small when time is sufficiently
large.

Define a new norm of E by

1
(3.1) 1w, )|z = (I0ll* + (a + 6% = BO)|ull® + | Vull*)* + ul e,
in which and hereafter let § be a fixed positive constant satisfying
(3.2) a+06>-p35>0 and B—36>0.
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Obviously the norm || - [|g in (3.1) and the Sobolev norm || - [|(g1ALe)x 2 in (2.12)
are equivalent. We make an assumption on the intensity of stochastic perturbation.
Assumption ITI. Let the intensity € > 0 of the additive noise satisfy

0C2Csp
Ci(p—1)’

where p > 2 and C;(i = 1,2, 3) are the positive constants in Assumptions I and II
and ¢ is the fixed constant in (3.2).

(3.3) 0<e<

3.1. Pullback Absorbing Set. The next lemma shows that there exists a
random absorbing set in the universe ¥ = g for the random dynamical system @
associated with the problem (2.11).

LEMMA 3.1. Under the Assumptions 1, 11 and 111, there exists a Z-pullback
absorbing set K = {K(w)}weq € Z for the cocycle ® associated with the problem
(2.11). For any B = {B(w)}wea € Z and P-a.e. w € ), there exists a finite
Tp(w) > 0, such that

O(t,0_4w, B(0_w)) C K(w), forall t > Tp(w).

PROOF. Take the inner product of the second equation of (2.11) with v in
L2(R™) to get
1d

(3.4) 5 7 10l = 8ll0]* + (a4 6%)(u, 0) + {Au, ) + {f(z, ), v)

= —(B(v — du+ ez(Ow)), v) + 20e(z(Orw), v) + (g(x), v).

By the first equation of (2.11), we have

(3.5) v =u — ez(w) + du.
and
(3.6) = (B(v + e2(0w) — 6u),v) < =Blv]|* + Bellz(Gew) V]| + 56 (u, v).

Substituting (3.5) into the third and fourth terms on the left-hand side of (3.4), we
find that

1d
(3.7) (u, v) = (u, g + 6u — e2(0iw)) > 5= [[ull” + dlull* —el|=(6:w) [l
and
(Au,v) = (Vu, Vv) = (Vu, Vu, + 6Vu — eVz(6w))
(3.8) 1d ) )
2 52 IVull” + 8 Vul|” — el Vz(6:rw) | Vull.

=24t
For the last term on the left-hand side of (3.4), we have
<f({E, U), U> = <f($, U), ug + 0u — Ez(otw»

(3.9) d

= F(z,u)dz+ 6(f(x,u),u) — e(f(z,u), z(6w)).
R"
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By Assumption II, we get

(3.10)
5<f($, ’U,), u> - <f(:E, ’U,), 52((%(.«))}

2502/ F(z,u)dz+ ¢ (bgd:c—scl/ |u|p71|z(9tw)|d:c—5/ |p1||2(0w)|dx
n RTL

R™

ECl( )

Z5Cz/n Fz, u)dr + 6| goll L — lullZe = —l12(6:0) 1%

3 3
e EOm &

Ci(p—1 C
250, [ Flewde+ ol — L[ py e - Lo,

eC € €
= S0, ~ Gl — S (0]

> (502_%) [ Fwwde- (% A0, §|z<9tw>|2) —ca

where

ECl(p — 1)

eI

€
Ca = 5llén]* = dllga]l o +
For the last term on the right-hand side of (3.4),

lgll>  B—=6,
(3.11) {g,v) < lgllllv]l < 55-0) T 2 [[ o]

Substitute (3.6)-(3.11) into (3.4). Then we obtain

(3.12)
1d 1 d
sl = llvll® + 5 (a+ 6% = 88) —llull® + 6 (o + 6% = B0) [Jul”
1d
— & (a4 6% = 69) [l2(6w)[l[ull + 5 ZVull* + 0] Vul®

e||Vz(0w) ||| Vul| + ﬁ/ F(x,u)dx+ (502 — M) / F(x,u)dx
dt R~ Cgp n

C
(L0l + S0P ) = ot Blel? = el

o> B=3,
< st + g I+ 28l ol
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Grouping some terms together in (3.12), we obtain

N =

d
|10l 4 (82— 08) P+ (9l 2 [ PG e
RTL
5
2 ol + (o4 62 = ) Jull + 7))

5502—501031) )>/nF(x,u)d:c

(3.13)
30 =0, 19 llgll® e*(a 4 9% — B9) 5 | € 2
<—
ST g ey @I + 5 1950
2(26 + B)* C
+ EE LI 0 + S0 + S0 + O
D 2
2
__ll

5557+ Co (1@ + V26 + 12(0)7,) + Ca.

where Cp > 0 is a constant and by (3.2) the term (36 — 3)|v[|?/2 < 0. Since
z(Oyw) = 3770 hjzj(0w;) and h; € H?(R™)NW?2P(R"), by (2.7) and (2.8)

8) there is
a constant Cs > 0 such that for P-a.e. w € (),

1 (6sw) := Co (||2(6:)|1* + [V 2(6:0)|1* + | 2(Bw) |70 )
(3.14) m ) .
Z 125 (Bew)|* + [l (Brwj)15) < Cs €27 Mrg(w),  for all ¢ € R.

It follows from (3.13)-(3.14) that
d
G |10l 4 (82— 08) P+ (9l 2 [ PG e
RTL
—1
+ 8 [0l + (at 62— 66) ull® + [Vul?] +2 (502 - M) / (

Cgp
lgl*
<3 s+ 21(0w) +2C;, tER, we.

x,u)dx

It leads to the differential inequality

pr [|v|2 a—|—52—65) HuH2—|—HVuH2+2/ (F(z,u)+ ¢3(x)) d:c]
RTL
+ 6 [[[ol]* + (a4 6% = 86) |lul® + [[Vul?]

ECl(p — 1)
T) /n(F(x,u)—F(bg(x))d:c
_ lgl?

Ci(p—1
=+ 2F1(9ﬁ4)) + 2 502 - w H¢3HL1 + 204
-6 Csp

3) in the Assumption III, let o be a fixed positive constant:

(3.16) o= min{5, dCy — M} > 0.
Csp

(3.15)

Q

In view of (3.
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Note that [, (F(z,u)+ ¢3(x)) dz > 0 due to (2.5) in the Assumption II. Tt follows
from (3.15) and (3.16) that

2 101+ (o 82 = 38) P + 17 ulP 2 [ (FCov) + ontoy ]

(3.17) +o [||v||2 + (a+ 6% = Bo) ||lul|* + || Vul® + Z/RH(F(x,u) + ¢3(z)) d:c]

< lglP?
6 0

+ 2T (w) +Cs, tER, weQ,

where

M) lpallr + 2C4.
Csp

Thus we can apply Gronwall inequality to (3.17) to confirm that for any w € 2 and
t > 7 the weak solution of (2.11) satisfies

[o(t,w, 7, v0)[I* + (e + 62 = 85) ||u(t, w, T, uo)|®

Ce =2 (502—

n

+ | Vu(t, w, 7, u0) ||* + 2/ (F(z,u(t,w, 7,u0)) + ¢3(z)) dz
(3.18)

n

< o—olt=) [||v0||2+ (o + 6% — 3) ||u0||2—|—||Vu0||2—|—2/ F (2, uo) dfc]

+ 267707 | gl 1 +2 /

T

o(s— t)rl( w) d5+ Co + ~Z1 ||gH2
s 3-5

Replace the time interval [7, t] by [—t, 0] and consider any given tempered set B € 2.
For (ug(0_1w),vo(0_w)) € B(0_1w), we have

(3.19)
[0(0, w, =t,v0(0—w))[|* + (a + 6% = B8) [|u(0, w, —t, ug(f—w))||”

+ |[Vu(0, w, —t, ug(0_w))||* + 2/ (F(z,u(0, w, —t,up(f_w))) + ¢3(x)) dx

<e™ 7" [|lvo(0-w)|* + (a + 6% — 55) f|uo(6- tw)||2+|\Vuo( —w)||?]

B—46

2
+2e“[/ F(a, uo(0- dI+||¢3||L1]+ 7Ty () ds + (06+“9”)
< ([fon(0—ew) 2 + (o + 8 — 5) [[un(6— tw>||2+ |V uo(6 7tw)||2+2||¢3||L1)

+2e7 7" /n F(z,ug(0_4w)) do + 205/

—t

— e (J[oo (0| + (0 + 8 — 35) [[uo(O—) |2 + | Vuo(6 ol %)

1 2
+ 26"”/ F(2,uo(0—yw)) dz + 2¢ || psll 11 + p (405 ro(w) + Cs + ggl\ 5)

for t > 0 and P-a.e. w € Q. Note that (2.3) and (2.4) imply that there is a constant
¢ =¢(Cy,Cy, ¢1, ¢2) > 0 such that

os+%o|s| ( )d5+ Co+ -2 ||gH2
B—19

(3.20) /n F(, up(0-w)) do < ¢ (1 + [luo(0—ew)||* + lluo(0—w)|2,) -
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For any set B € 2, which is a tempered set in E, since (ug(6_iw), vo(0_iw)) €
B(0_iw), there exists a constant C' > 0 and a finite T(w) > 0 such that for all
t > Tp(w) one has

= Deo(O—e) [+ (o + 8 = ) o8| + Vo6
a2y +2e | [ P unl0-w) di o+ [oal

<0 (1+ Juo(@-)II” + luo(B-) I3 + o (0-)II%,) < 1.

Substitute (3.21) into the right-hand side of the last equality of (3.19) and note
that (2.5) implies

2 [ (B0, @ —t,u(0-10)) + 63(2)) di > 2Cs (0, 0, —t, ual0-1) [

Then it results in
00, w, —t, vo(0—w))|I” + (e + 6% = B6) [[u(0, w, —t, ug(6—_,w))||*
22) -+ Va0, @~ w0 ) +2Cs (0, w, ~t, uo(0_w))I,
lgl*
B8—46
By (2.16) and (3.22), we conclude that ®(¢,0_,w, B(0_;w)) C K(w) = Bg(0, R(w
y (2.16) (3.22), (t, , B(0-w)) (w) (0, R(w))

for t > Tp(w), a.e. w € 2, where the radius of the closed ball Bg(0, R(w)) in the
space E is

1
<14+ = (4051"0( )+ Cs + ) fort > Tp(w) and a.e.w € (.
o

Rlw) = (mm{1, (oz41—52 —50)} [1 v (40”0( JCes gg|1>]>l

e (i 1+ (s + s ;QI;)DI

Since ro(w) is a tempered random variable, K = {K(w)}y,eq € 2. Therefore,
K = {K(w)}weq is a Z-pullback absorbing set for the cocycle ®. O

(3.23)

3.2. Tail Estimates. Next we conduct uniform estimates on the tail parts
of the weak solutions for large spatial and time variables. These estimates play
key roles in proving the pullback asymptotic compactness of the random dynamical
systems ® generated by the random wave equation (2.11) on the unbounded domain
R™.

LEMMA 3.2. Under the Assumptions 1, I and 11, for every B = {B(w)}ueq €
2,0<n<1andP-a.e. we€Q, there exists T =T(w,B,n) >0 andV =V (w,n) >
1 such that the cocycle ® associated with the problem (2.11) satisfies
3.24)  ||®(t, 0w, B(0—w))lprnp,) = max [@(t 0w, go)xse |z <,

goE€EB(H_tw)
for allt > T and every r > V', where xpc(x) is the characteristic function of the
set {x € R™: |z| > r}.

PROOF. Choose a smooth nondecreasing function p such that 0 < p(s) <1 for

all s € [0, 00) and

0, if 0<s<1,

(3.25) p(s) =
1, if s>2,
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with 0 < p/(s) < 2 for s > 0. Taking the inner product of the second equation of
(2.11) with p(|z|?/r?)v in L2(R™), we get

(3.26)

%% (I >|v|2d:c—5/ ( >|v|2d:c+(a+52)/np(|f_l2>uvdx
+/ (Au)p (u>vd:c+/np(|jf—f> flz,u)vd

Eils

2
(| x| ) (g + 20ez(6iw)) v dx — /n p (i—2> Bv + ez(0w) — du)v dx.
Substltute

_ /R ) (%2) B + 22(6,0) — Su)v da

6/ (' |2>|v|2d:c+65/ ( >uvd:c+sﬂ . ('f—f) |2(0;w)]|v] da.

into (3.26) to obtain
(3.27)

%% Rnp<|x|2> lv]* dx + (o + 62 — 65)/Rnp(|i—l2> uv dx
2 2 2
—|—(5—5)/Rnp<|r| >|v|2d:c—|—/n(Au)p (%)vdm+/np<%> flz,w)vdx
2\ /¢ 2 32 2
< /Rnp<|f—l> (§|v|2+ €2§ |z(0tw)|2> d:c+/Rnp<|T| )(g+25sz(9tw))vd:c.

For the second term on the left-hand side of (3.27), by (2.11) we have

(o + 62 —65)/ P (E—f) uv dx
RTL

| 2

= (a+ 0% = B6) / p (f—l) u(uy + ou — ez(Oyw)) dx

> (o + 6% — B5) (M/ ('“2) |u|2d:c+5/ ( >|u|2d:c>
— (o + 8% - 35) /Rp(ff—g (§|u|2+;—2z(9tw)|2> da.

For the fourth term on the left-hand side of (3.27),

/n(Au) p ('f—f) vdr = /n(A”) p ('f—f) (us + 0u — e2(0,w)) dx
_ /n(Vu)V (p ('f—f) (g + Su — 52((%(.«)))) dz

_ / (Va) (Q_fp/ ('%2) (e + 6 — e2(6iw)) + p (' '2> V(g + u — 52((%(.«)))) do

r

_ /n(VU)Z—fp/ ('fP) vdx —|—/n(Vu)p ('%2) V(s + 6 — e2(61w)) da

(3.28)

r
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2 2
- ('”3| ) ;%/ p(m >|Vu|2d:c+5/ ( >|Vu|2d:c
R’n

- s/n P (' '2> (Vu)(V2(0,w)) da.

Since 0 < p/(s) < 2, it follows that
(3.29)

/ (du)e (|T|2>vd$> /<|x|<\/_r 4|x||( v |d$+;jt/ p('f—f) |Vl dz
+5/ (' |2>|Vu| da — /Rnp(|f|2>(Vu)(Vz(9tw))d

2 1d 2
*f/ (vap + by de+ 55 [ o (S5 )|Vu|2dsc
<|z|<var 2dt

() v 2 f ot

For the fifth term on the left-hand side of (3.27), by (2.3)-(2.5), we have
(3.30)

[ o(BE) st = [ o) et -
[ (5 rtegaers [ () orte < i

—e0n [ o (B ) seite—c [ o(ER) or@la(0)ias
L (Y rmins [ () orte o
o ()i (i

-5 Lo(5) |z<otw>|2d:c—§/wp(' ) s

L (Y re s (- ) [ ()

Ll

~or [ (—) (1=(0)]” + |2(60) )

2 C
~ [ o () (BB gal — 16l + o)

where C7 = C7(¢) > 0 is a constant and we used the Holder inequality in the second
inequality as well as

22 [ (MY e > -2 [ (BDY (o) + a0 o

Z_
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in the third inequality. For the last term on the right-hand side of (3.27), we have

(3.31)
/n p (|T|2> (g + 20ez(6,w)) v dw

< s [0 () (ol + 2ot an+ 222 [ (B ) upa,

Now substitute (3.28)-(3.31) into (3.27), we obtain

(3.32)
T 2
& Lo (B5) o+ o 2= g0l 4 19+ 2P (0, )

2 5 2
Loo(Br)pranes [ o(50) (oo - go? + 19u) o

5¥) [ () rera

el ) (V20 + (0 + 62 — 6)|2(0)]? + B)=(0) ) dv

N = W

d

_|_

_|_

IN
eql

Eils

(5
/ cppevg VU P do Cr I (—) (I(0)|P + |=(01) ) d
) (19l + 46%% 2(000) ) do
(/x2><(50>1( g 4)—|¢ |— 8¢ |+5|¢ |2>d
C ° 2T gienl A
f

v /<|x|<w('w'2+'“”
von [ ("’”'2) (IV2(00)? + [2(0)]? + |2(00)P) de
vof. ( )|g|2+|¢1|2+|¢2|+|¢3|>

\Q‘

where Cs = Cg(e) > 0 and Cy = Cy(e) > 0 are constants. In grouping the
coefficients of the terms [, p(|z|?/r?)|v|* dz appearing on both sides of (3.32), we
used (3.2) to get (B—19)/2=(8-30)/24+6 > 9.

Since g, ¢1 € L?(R") and ¢, ¢p3 € L'(R™), for any given > 0, there exists
Ky = Ko(n) > 1 such that for all r > Ky,

O [ o(BF) ol + 1612 + 162l + oa) o+ 20 [ (B ) ion(oll o

(3.33)
= 09/ (lgl* + |¢1I2+|¢zl+|¢3|)d:c+2a/ |65 (z)| d < 1.
|I|ZT Rn
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By (3.16) and (3.32)-(3.33), there exists K7 = K1(n) > 1 such that for all » > K,

d o , , i

E/Rn ( ) W2+ (a+ 6% — BO)|ul® + |Vul® + 2(F(z,u) + ¢3)) da
|2 24 2 _ 2 2

o Lo () st

<n 1—|—/ (IVul® + |[v|?) dx
r<|z|<v2r

+C8‘/||> (|VZ(9¢L«))|2_|_|Z(9tw)|2+|z(9tw)|p) .

Integrating the above inequality over the time interval [—t, 0], we see that for any
t>0,we Qandr > Ky,

(3.34)
/n P (ﬁ> (J0(0,w, —t, vo(0—w))|* + (a + 6% = B6) [u(0, w, —t, uo(f—w))|?) da

r2

o (B 0.0t i

+2/Rn (|x|2> (z,u(0,w, —t, ug(f_w)) + ¢3(x)) da
<o | (mjlm( )P + (a4 8 — 50) uo(0_w)? + [Vuo(6_1)[?) da

+ 26*“/ p ('35'2) (P, up(0-1w)) + ¢ (x)) da + 7

r2

+ 77/ / (IVu(s,w, —t, uo(ﬁ,tw))|2 + |v(s,w, —t, vo(ﬁ,tw))|2) dx ds
—t <|z|<V2r

0
+ Cg/ e’ / (|Vz(95w)|2 + |z(95w)|2 + |2(0sw)|P) dx ds.
—t |z|>r
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Next we conduct estimate of the terms on the right-hand side of in (3.34). For the
first two terms we have

(3.35)
eigt/ P (ﬁ> (lvo(0—w))|* + (a4 6% = 86) uo(0—1w))* + |[Vuo(6—w)[?) da
RTL

r2

r2

w2t [ (M) (PG unto-) + o) o
<ot [ (o0 + (o + 8 = D)o 0-) +[Vua(0-)P?)

200 [ | (ColunlO-)l? + l0-1)[61(0)] + () + [6a(c)] | o

< e (|[vo(O-ww)|* + (0 + 62 — B) uo(0—w) | + [| Vo (0—1w) )

1

+ 27| (o0 + Cilluo0-) 8, + [l + 162112) + sl

<Croe™ " ([[vo(B-s)[|* + luo(B—1)[|* + [|Vauo(0-sw)[|* + [0 (B—10) 170

+ Croe™ ([lon > + lldallLr + llgsllLr) <m,  forall £ > 1T,
where C19 > 0 and 77 = T1(B,w,n) > 0 are constants, and the last step follows
from the tempered property of B € Z.

Note that 2(fw) = 37, hjz;(0w;) and h; € H*(R™) N W*P(R™). Thus there
is a constant Ko = Ky(w,n) > 1 such that for all » > Ko,

) 2 (NP ) 2 < an
330 [ (@P @ TP e < T

where ro(w) is the tempered function in (2.8). By (2.8) and (3.36) we obtain the
estimate of the last integral term in (3.34),

(3.37)

0
cg/ e“/ (19200502 + |2(60) % + |2(6,0)[P) da ds
—t |z|>r

0 m
<y f e Z/| (TPl 0) Pl 0t P 6
— j=1"lzl=r

< / 7 S (2 O+ |25 Buioy )7 ds < = / 5% ro(w) ds <
< e zi (Osw; zi(O0sw; s < e ro(w) ds < 1.
2ro(w) Jo,o T TR 2ro(w) S

Finally we estimate the third integral term on the right-hand side of (3.34).
Applying the Gronwall inequality to (3.17) while taking the spatial integral over
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the region < |z| < v/2r, with (3.16) in mind, we can get
(3.38)

/ / (IVu(s,w, —t, uo(ﬁ,tw))|2 + |v(s,w, —t, vo(ﬁ,tw))|2) dx ds
—t <|z|<V2r

<770 ([lug (8- + (o + 82 — 8) o (6-1)[” + [[Vero(6-)]”)
I 267(!(5+t)/ (F(z,uo(0—1w)) + ¢3(x)) dx

2 —o(s—T1) 0
2 (Cot g5l?) +2 [ a0 ar

In the last integral of (3.38), due to (3.36) and (2.8), similar to (3.14) we find that
for r > Ko,

T2(0; w) = Cy /<| v (|Z(9tw)|2 + | V2(0w)|? + |z(9tw)|P) dx

= Co Z/ (IV 1212 (0ew))|* + |25 (Bewy) [* + [hy [P |25 (Bewy)[P) dae

|z|>r

_Coon - Coon .,
- 2087”0 Z 12 (00w;)? + |25 (Gew;)P) < ﬁe( /2l

J:1

Based on (3.38) and the above inequality as well as the tempered property of B € 2,
there exists Th = T>(B,w,n) > 0 such that
(3.39)
/ / (IVu(s,w, —t, uo(0—sw))|* + |v(s,w, —t, vo(0—¢w))|?) dz ds
—t <|z|<V2r

<Cte! [|(U0,Uo)(9tw)|2+|vuo( WP + / (F (2, uo(6_w)) + ¢a(x)) do

1 9 Cocm/ /
- oT— 2UTd d
1 (Cot slol?) + ) s

<Cte™ (||(uo, v0) (O-ew)[|* + Vo (0—1w)[|* + |63/ 1)

C
tote’ (Culluo(O-ew) s + lluo(0—w)|I* + [l61]1* + | $2 1)

1 40077
Cs + ——||g|I? <M, forall t>T,,
+ 2 (Cok glal?) + G2 < M, forall ¢ T,

where the constant

1 40077
M=1 Cs + —llglI? :
e G )
Now assemble all these estimates and substitute (3.35), (3.37) and (3.39) into (3.34).
It shows that for any B € 2,0 < n <1 and a.e. w € Q, aslongasr >V =
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max { Ky, K1, Ko} and ¢ > max{Ty,T>} one has
(3.40)

/ ([0(0, w, —t, vo(B_1w))|? + (@ + 62 — B8) (0, w, —t, up(6_w))|?) dax
|2|>v/2r
* / (1Vu(0,w, —t, uo(0_1w)) 2 + [u(0,w, —t, uo(0_w))[?) da

|| >v/2r

< [ o(F) (0.0t wo0- )+ (0 87 = 38) (0,0, w0 P) o

. (ﬁ) Vu(0, 0, —t, ug(6 1)) ? da
42 / p (%2) (F(x,u(0,w, —t, ug(A_1w)) + ¢3) da < (1 + ci> (2+ M)n.

C3 Jr 3

By (3.1), the above inequality (3.40) demonstrates that for any B € 2 and a.e.
w € (, it holds that

1®(¢, 01w, B(0—w))l|p@m\Br) = max ||B(t,0_sw, go)llBE\Br)
goEB(O_w)
(3.41) ) 1/2 1 1/p
<|[(1+=)@+Mn| +|(14+=)C+Mny|
Cg CB

where R = /2r. (3.41) implies (3.24) according to (2.16) by renaming r to be
R and 7 to be (14 1/C3)(2 + M)n)*? + ((1 +1/C5)(2 + M)n)'/P. The proof is
completed. O

4. Pullback Asymptotic Compactness in Space H'(R") x L?(R")

In this section, we shall prove the pullback asymptotic compactness in the space
HY(R™) x L*(R™) of the random dynamical sytem ® associated with the stochastic
damped wave equation (2.2) which has been converted to (2.11).

LEMMA 4.1. The following statements hold for LP(R™), 1 < p < oo.
1) Let {¢m} be a sequence and 1 be a function in LP(R™) such that ||, —
U|lr — 0 as m — oo. Then there exists a subsequence {Wn,, } such that

klim Yy, () = (z), a.e. on R™

2) If a sequence {,,} and a function ¢ in LP(R™) satisfy the following two
conditions:
(4.1) lim ¢, (x) =(z), a.e. on R®™ and 1)y, is bounded in LP(R"),
then ¥, — ¥ weakly in LP(R™), as m — oo.

3) For 1 < p < o0, if a sequence {1, } and a function ¢ in LP(R™) satisfy the
following two conditions:

(42)  lim d(2) = 0(), ae on B and  lim (bl = ] or.

then limy,— o0 ||Vm — ¥||Lr = 0.
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PROOF. Since R™ with the Lebesgue measure is a o(-finite measure space, the
first item is a standard result in Real and Functional Analysis.

For the second item, since LP(R™) is a reflexive Banach space for 1 < p < oo,
the boundedness of {¢,} in LP(R™) implies that there is ¢ € LP(R™) such that
Ym — ¢ weakly as m — oo. By Mazur’s lemma, this weak convergence implies
there exists a sequence {(y,} € LP(R™) such that

(4.3) Cm € conv {Up,, Umi1, -+ } and (, — ¢ strongly in LP(R™).
It follows from the condition 1, — 9 a.e. and (,, € conv (|J;=,, 1;) that
(4.4) Cm — ¥ a.e in R".

On the other hand, by the first statement in this lemma, the strong convergence
in (4.3) implies that there exists a subsequence {(,, } such that (,,, — ¢ a.e. as
k — oo. Therefore, (4.4) leads to ¥ = ¢ a.e. on R™ and v,,, — ¥ weakly as m — oo.
The third item is a known result in Functional Analysis, cf. [7, Chapter 4]. O

Let us define the following energy functional on E: for (u,v) € E,
(45) Q(u,v) = [[of* + (a + 6% = B) [[ull® + [[Vu]* + 2/Rn (F(z,u) + ¢3(x)) dz.
Compare (3.1) and (4.5), we see that
(4.6) Q(u,v) < [[(u,v)||% + 2/ (F(z,u) + ¢3(x)) dz.

Rn

LEMMA 4.2. For every w € Q and any B € & and any integer k > 0, there
exists a constant My = My(B,w, k) > 0 such that for all m > My one has t,, > k
and

Q (u(ta w, _tma uoym)a U(ta w, _tma ’Uo’m)) S R(UJ) +1

(4.7 1 . 2

+ . ek [4051”0((.«)) + Cs + %] , te|—k,0],

for all (ugm,vo,m) € B(0_t,,w), where R(w) and ro(w) are the same as in (3.23)
and (2.7), respectively.

PROOF. Integrate the inequality (3.17) over the time interval [—k, ] C [—k, 0],
where 6 > o by (3.16). Similar to (3.22), there exists My = M;(B,w, k) > 0 such
that for all m > M, one has t¢,,, > k and

Q(u(t, W, —tm, uO,m)a 'U(ta w, —tm, 'UO,m))
S eig(t+k)Q(u(_ka w, _tma uO,m); ’U(—k, w, _tm; ’UO,m))

t 2
—|—/ e o(t=9) (2F1(95w) + Cs + —HgH ) ds
—k

(4.8) p—3d
! —crt+(cr—lcr)s 1 HgH2
<R(w)+1+4+2Cs e 27pg(w)ds + — | Cg + -
—k g 5—5
Ly Lot lgll? _
SR(w)+1+U de™ 2 C5r0(w)+06+5_5 , te[—k0].

Therefore, (4.7) holds. O
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THEOREM 4.3. Under Assumptions 1,11 and 111, for every B = {B(w)}wea € 2
and for any sequences ty, — 0o and go.m = (U0,m;Vo.m) € B(0_¢,, w), the sequence

{@(tm, 0—+,,w, 90,m) } o1

of a pullback quasi-trajectory of the cocycle ® associated with the problem (2.11
of the stochastic wave equation has a strongly convergent subsequence in H*(R™) x
L?(R™).

PRrROOF. The proof goes through the following five steps.
STEP 1. First by Lemma 3.1, there exist a constant My = Ms(B,w) > 0 such
that for all m > M, and go.m € B(0_¢,, w), we have

(49> ||(I)(tma oftmwa gO,m)HE < R(w) + 15 we Qa

where R(w) > 0 is given by (3.23). Then for any w € Q there is (4(w),v(w)) € E
such that, up to a subsequence relabeled the same,

D(ty, 01, w, go.m) — (4(w),0(w)) weakly in FE;
(4.10) B(tm, 0+, w, go.m) — (i(w),d(w)) weakly in H*(R™) x L*(R");
D(tm, 01, w, go.m) — (W(w),0(w)) weakly in LP(R"™).
Since F is a reflexive and separable Banach space, the weak lower-semicontinuity
of the E-norm and the norm of H'(R") x L?(R™) implies that
lim inf {|®(tm, 0—¢,,w, go.m)|| 2 = [[(@(w), D))l e,

4.11 e o
D i i 0t 01, 00 g0.m) 22 > @), 511

Next we shall prove that in the Hilbert space H'(R™) x L*(R"),
(4.12) D(tm, 0_1, w, go,m) — (@(w),0(w)) strongly.
It suffices to show that
(413)  lmsup [@(tm 0w g0l s e < (), 5() a1 22

m—00

Then (4.11) and (4.13) lead to
Tt Dt 01,0, o) 122 = (@), 5] a1

By the item 3 of Lemma 4.1, we shall obtain (4.12).
STEP 2. By Lemma 4.2 and (2.5), there exists a constant C' > 0 such that for
every w € () and any given integer k > 0, whenever m > M; one has t,, > k and

|| (u(ta w, _tﬂ’w uoym)a ’U(t, w, _tﬂ’w ’UO,m))HE

1 1o lgl2 \1"?
<C|R(w) + 14 —e27" [ 4Csro(w) + Cs + ——=
ag

(4.14) -6
. lgli> \ 1"
+C[R(w)+1+;e2 (4C5T0(w)+06+m>:| y tE[—k,O],

for any (ug,m, vo,m) € B(0—¢,,w). In particular, (4.14) is satisfied for ¢t = —k.
Then by the Banach-Alaoglu theorem, there exists a sequence {ux(w), O (w)}72 4
in the space E and subsequences of {—t,,}o>_; and {(%o,m,vo,m)}e—q again rela-
beled as the same, such that for all w € 2 and every integer k > 1,
(4.15)
(u(=k, w, —tm, wo.m), V(—k,w, —tm, vo.m)) — (ar(w), 0x(w)) weakly in E,
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as m — 0o, which can be extracted through a diagonal selection procedure.
By the weakly continuous dependence on the initial data of the solutions stated
in Lemma 2.7, the weak convergence (4.15) and the fact of concatenation,

(u(0, w, —tm, uo,m), v(0,w, —tm,vo.m))
(4.16)
- (U(O, w, _ka u(_ka w, _tﬂ’w ’Lbo)m)), U(Oa w, _kv ’U(—k, w, _tﬂ’w UO,m)));

imply that for all integers £ > 1 and w € €2, when m — oo,
(4.17) (u(0, w, —tm, uo.m), v(0,w, —tm, vo.m)) — (u(0,w, —k, ux), v(0,w, —k, Ux))

weakly in E. By (2.16), (4.10) and (4.17) we reach the following equality that for
every w € ) and all positive integers k,

(4.18) (1(w), v(w)) = (u(0,w, =k, tr(w)), v(0,w, —k, U (w))).

According to (3.4)-(3.9), the weak solutions (u,v) of (2.11) satisfies

%Q(u, v) + 20Q(u,v) < =2(8 — 8§ —o)||v)|* — 2(6 — o) (a + 62— 65) [|u)|?

—2(6 — )| Vul* + 40/ (F(x,u) + ¢3(x))de —26(f(z,u),u)
(4.19) k"
+ 2 (@ + 6% — 38) (2(w), u) + 26(Vz(Ow), Vu) + 2&(z(Ow), f(z,u))

+ (455 - 265) <Z(9tw)a ’U> + 2<ga ’U> = G(u(ta W, T, uO)a ’U(t, w, T, UO))'
From (4.18) and (4.19), for any integer k£ > 1 we have

Q(i(w), (w)) < e Q(ar(w), Tr(w))

(4.20) 0
+ / 7 Glu(€,w, —k, k) v(E w, k. 1)) dE.

—k
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STEP 3. From the concatenation (4.16) and (4.19), on the other hand, we have
(4.21)
Q(U(O, W, —tm, uO,m)a U(O; W, —tm, 'UO,m))

< e 2FQ(u(—k,w, —tm, o.m), V(—k, W, —tm, Vo.m))

0
- 2(6 - 5 - U)/ 62U§||’U(§7 w, _ka ’U(—k, w, _tma Uo)m))||2d§

—k

0
— 2(5 — O') (CY + 52 - 65) ‘/7k 62U§||u(§7wa _kvu(_kvwa Ma Uo m))” d§
0

95— o) / oV ulE, w0,k w0, — by ti0,m))|2 dE
+4a/ 5/ (@, u(€,w, —k, u(—k, w, —tm, 10.m))) + 3(x)) da dE

B 25/ 6265 f(‘rv U(f, w, _kv u(_ka w, _tﬂ’w uo,m)))'
—k Rn
(57 u(_ka w, _tﬂ’w uo,m)) dCC d§

+ 2 (a + 6% — 36) /Ok e27¢ /R 2(0cw)u(€, w, =k, u(—k,w, —tm, uo.m)) dr d&
+25/0 208 vz(egw)vu(g, =k, u(—k, w, —tm, uo.m)) d df
+25/ 2”5/n 2(0ew) f(, u(&, w, —k, u(—k,w, —tm, uo.m))) dr d&
+(455—255)/kez‘f’f/nz(ogw)v(g,w,—k,v(—k,w,—tm,vo,m))dxdg

0
+ 2/ 2ot / g(x)v(&, w, —k,v(—k,w, —tm, vo,m)) dz dE.
—k n

Below we treat all the terms on the right-hand side of (4.21).
1) For the first term on the right-hand side of (4.21), by (4.7) in Lemma 4.2,
for every w € Q and all m > M;(B,w, k) we have

672UkQ(u(_ka w, _tma uO,m) ( k W, m; Vo m))

(4.22) <e 2ok (R( )+1+ L tot [40 ro(w) + Ce + EQHZD

<efcrk R(w)+1+l 4CT()—|—C—|—H9H2
- p 5TolW 6 6 5

2) For the second term on the right-hand side of (4.21), by (4.15) and the
weakly continuous dependence of solutions on the initial data stated in Lemma 2.7,
we find that for every w € Q and all £ € [—k, 0], when m — oo,

’U(gv w, _kv U(_kv W, —tm, ’Uo’m)) - ’U(gv w, _kv ’Dk(w)) Weakly in L2(Rn>a
which implies that for all £ € [—E, 0],
(4.23) lim inf [[0(€, w, =k, v(=k, @, =tm, vo,m))|* > [[0(€, w, =k, Br(w)) .
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By (4.23) and Fatou’s lemma we obtain

m— 00

0
liminf/ 62‘75||v(§,w,—k,v(—k,w,—tm,vo,m))HQdf
—k
0
(4.24) > / €2°¢ lim inf [|v(€,w, —k, v(—k,w, —tm,vo,m))||2d§
7](5 m—0o0

0
> / Nl k()| e

Therefore, since (3.2) and (3.16) implies § —J — o > 3 — 26 > 0, (4.24) leads to

0
lim sup —2(8 — 6 — o) / P 0(E, w0, — s 0, 0, —Em v0)) 2 dE

m— o0 k
0

(4.25) = —2(8—06—o0)liminf / 62‘75||v(§, w, =k, v(—=k,w, —tm, Uo,m))||2 d¢
m—0o0 —k

IN

0
~25-5-0) [ ot~k @) de.

—k
Similarly for the third and fourth terms, by (4.15) and Fatou’s lemma we obtain
(4.26)

0
lim sup — 2(5 - U) (a =+ 52 - 65) / 62U§||u(§7 w, _kv u(_ka w, _tma uO,m))||2 d§
—k

m— 00

0
< —2(0 - o) (a+ 6% — ) /7k ¢ u(€, w, —k, an(w))|* dé,

0
1iInsup - 2(5_0)/ €2U§||VU(§,(JJ,—I€,U(—I€,UJ, mauo m))” d§

m— 00 —k
0
< 95— o) / V(g . —h ()

3) For the fifth term on the right-hand side of (4.21), we have

(4.27)
‘/ e27¢ /n (x,u(, w, =k, u(—=k,w, —tm, uo.m))) — F(x,u(&, w, —k, uy)))dxd
/ 2‘75/ (x,u(, w, =k, u(—k,w, —tm, uom))) — Fx,u(&,w, —k, u))|dxd
|m|>r
/ 2‘75/ (x,u(&, w, =k, u(=k,w, —tm, uom))) — F(z,u(,w, —k, ux))|dxdE.
|z|<r

A) For any given ) > 0, by the proof of Lemma 3.2 adapted to the time interval
(—o00, —k], there exist M5 = M3(B,w,n) > My and K = K(B,w,n) > 1 such that
for w € Q and £ € [k, 0], whenever r > K and m > Mjs one has
(4.28)

|| (|u(§7 w, mauo m)| + |u(§7 w, tmauo,m)|p + |¢1|2 + |¢2| + |¢3|) dr < UE
x|>T
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In view of the Assumption II, there exists a constant L; > 0 such that for all w € )
and £ € [k, 0], one has

/| VPG ot o)
x|>r

S ‘/l | L1(|u(§7wa - tma uO,m)|2 + |u(§7wa _tma uO,m)|p + |¢1|2 + |¢2| + |¢3|)d$
x|>r

< Lin, forall r > K, m > Ms.
B) Since (4.15) shows that
ax (W) = (weak) lim u(—k,w, —tm,uom) in L*(R™) N LP(R™),

by the weakly continuous dependence of solutions on intial data stated in Lemma
2.7 and the weak lower-semicontinuity of the L? and LP norms, it follows from (4.28)
that

0
20¢ z.u(é w. —k. 0 T
/f /|m|>r'F(’ (€. w, —k, )| da dE

0

< / (20 / Lu(u(€, w, =k, @) + [ule, 0, =k, @)|P + |61 + [da] + o) dade
—k |z|>r
0

— / Ly (s = i) o) + o0, = T s, )

0
+ / 2 I, /lml>T<|¢1|2+|¢2|+|¢3|>d:cds

—k

0
< [ ot Latimint fu o, k1) Bagan s, 46
—k m—o0 r

0
+ ‘/7k 626rng 171%210%1, ||u(§7 w, _ka ﬂk)HiP(R"\BT) d§

0
L
—|—/ 62U§L1/ (|p11? + |p2| + |p3]) dx d€ < ﬁn, forw e Q,r > Ky,m > Ms.
—k |z|>r
The above two inequalities show that there exists a constant Ly = L1 (1+1/(20)) > 0

such that the first term on the right-hand side of (4.27) satisfies
(4.29)

/ 2‘75/ (x,u(&, w, =k, u(=k,w, —tm, uo.m))) — F(z,u(,w, —k, ux))| ded
|z|>r

<[ 0 [t o) 1B (e, ) e dE < Lo,
x|>r
for all w € Q,r > K and m > Ms.
C) For the second term on the right-hand side of (4.27), by (4.15) we have
w(&,w, —k, u(—k,w, —tm, uo.m)) — u(&,w, —k, i) weakly in H*(B,) N LP(B,).

Since H 1(IBBT) is compactly embedded in L?(B,.), it follows that for any w € Q and
5 € [_kv 0]5
(4.30)  u(&,w, —k, u(—k,w, —tm, uo.m)) — (€, w, —k, i) strongly in L*(B,).
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Then by the first item of Lemma 4.1 and the continuity of F(z,u), as m — oo,
(4.31)  F(x,u(&,w, —k,u(—k,w, —tm, uom))) — F(z,u(§,w,—k,a)) in B,.

On the other hand, by the Assumption IT and Lemma 4.2, we have a uniform bound
that there exists a constant L3 > 0 such that

(4.32)
/| (e bl o))

< Ly (|, w, =k, w(—F 0, ~tm wo,m)) 32,

Hlu€,w, =k, u(—k, w, ~tm, om0 5,y + 16117 + 2l L1 n) + ||¢3||L1(Rn))

1 2
<o R + 1+ 2 687t (4oma(o) + ot 4255 ) + 61l + [oalls + loale |

forallw € Q, £ € [k, 0] and m > M;. By the second item of Lemma 4.2, it follows
from (4.31) and (4.32) that as m — oo,

F(z,u(§w, =k, u(—k,w, —tm, uo.m))) — F(z,u(,w, —k,ux)) weakly in Lt (B,).

Consequently, when m — oo,
(4.33)

F(.I, u(§1 w, _ka u(_ka w, _tma U’O,m)))d‘r I F(.I, u(§7 w, _ka ak)) dx.

[z|<r |z|<r
Furthermore, by (4.32) we have
(4.34)

/| - [F(z,u(& w, =k, u(—k,w, —tm, uo.m))) — F(z,u(§, w, =k, ur))] dz

1 1 2
<Ia A +1+ 3 ¥t (4Coma(w) + ot 425 ) + 61l + [l + sl |

+ 1F (s ulS, w, =k, @) || oy

According to the Lebesgue dominated convergence theorem, (4.33) and (4.34) imply
that for every w € €, integer £ > 1 and any given r > K,

0
lim 2ot / F(z,u(§ w, =k, u(—k,w, —tm, uo.m))) dr d§
—k |z|<r

m—00

(4.35) ,
= [ e [ P k) dede.
—k |z|<r

Combine (4.27), (4.29) and (4.35), we obtain

m— 00

0
lim 2ot / (F(x,u(€,w, —k,u(—k,w, —tm, uom))) + ¢3(x)) da d§
(4.36) " !

0
- / ¢3¢ / (F (o, u(€, w, —k, i) + da(x)) du de.
—k n
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4) By an argument similar to the proof of (4.36) shown above, we can also prove
the convergence of the sixth term on the right-hand side of (4.21). Namely,

0
hm 6265 f(x,u({,w, _kau(_kawa _tm,uoym))>.
m—oo [ . R
(4.37) cu(& w, =k, u(—k, w, —tm, uo.m)) dr d§

0
:/% 76| Pl k. @)l 0.~k () d

5) The convergence of the remaining terms on the right-hand side of (4.21) can
be shown even simpler:

m—00

0
lim e27¢ / 2(Oew)u(€, w, —k, u(—k,w, —tm, wo,m)) dx d§
—k n
0
:/ 62‘75/ 2(Oew)u(§, w, —k, Uy (w)) da dE,
—k n
0

lim e27¢ Vz(lew)Vu(€, w, —k, u(—k,w, —tm, uo,m)) dr d§

m— 00 —k Rn

0
= / e2o¢ Vz(lew)Vu(é, w, —k, tp(w)) dz d§,
—k R

0
tin [ [ 0010~ u( i, s ) s d
7k n

m— 00

0
- / 20 / 2 (Be) (s (€, 0, —k, () da de,
7k n
0
lim 6205/ Z(ofw)v(gawa_kav(_kawa_tmavo,m)) d$d§
m—00 7k n
0
= [ e [ slbewpn( o~k onlw)) do e
—k n

0
lim e2o¢ / g(x)v(&, w, =k, v(—k,w, —tm, vo.m)) dx d§
—k n

= / Ok e / () v(€,w, —n, By(w)) da dE.

STEP 4. Take the limit of (4.21) as m — oo and assemble together the results
shown above in the items 1) through 5) of Step 3. Then we get



370 HONGYAN LI AND YUNCHENG YOU

lim sup Q(U(O, w, _tma uO,m)a U(Oa W, _tma Vo m))

m— 00

< ook R(w)+1—|—l ACs7o(w) + Cg + 22 ||g||2
— o 5To(W 6 6 5

0
2B -5-0) / 278 (€, w, k. T (w)) |2 de
—k
0
—2(6 — o) (a + 6% — 65) /k 62‘75||u(§, w, —k, ﬂk(w))HQ dg
0 :
26— 0) / 98 |Vu(E, w, —k, an(w)) | de
—k

0
+ 4o /7k %ot /H(F(x,u(f,w, —k, up(w))) + ¢3(x)) dx dg
(4.38) 0
— 25/ e27¢ flz,u(, w, =k, ap(w)))u(é, w, —k, gk (w)) de dE
—k Rn
0
+ 2 (o + 6% — 36) / 62‘75/ 2(Oew)u(€, w, —k, tg(w)) de dé
+25/ e*?¢ | Vz(0ew)Vu(é, w, —k, i (w)) dz d¢
RTL

+25/ 2Uf/n 2(0ew) f(, u(&, w, —k, g (w))) da d¢

+ (46e — 23¢) /7k 6205/n 2(0ew)v (€, w, —k, T (w)) do d€

0
+2~/7k 2ot /n g(x)v(&, w, —k, O (w)) da dE.

It follows from (4.20) and (4.38) that
lim sup Q(U(O, w, _tma uO,m)a U(Oa W, _tma Vo m))

m—00

—0 1- 2
<e k(R(w)—Fl—F; _4057"0( )+Cﬁ+gg”5 >

0
+ / €278 G(u(€, w, —k, ), v(€, w, —k, Oy)) dE,
(4.39) "
B—46
+ Q(i(w), B(w)) — e *7*Q ik (w), T (w))

[|_}|g|| ' ) + Q(i(w), B(w)),

because —e~27%Q (g (w), Tr(w)) < 0 due to (2.5) and (4.5). Take limit & — co. We
obtain

(4.40) limsup @ (u(0, w, —tm, uo,m), V(0,w, —tm, vo,m)) < Q (a(w), 0(w)).

m— 00

1 r 2 7
=k (R(w)+1—|—; 4Csro(w) + Cs + ——— Hg” >

Lt
<e ok (R(w) +1+ . 4Csro(w) + Cs +
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On the other hand, from (4.18), (4.31) and (4.32) we get

(4.41) lim F(z,u(0,w, —tm, ug,m)) dx = / F(z,u)dz,

m—00 Rn n

which along with (4.40) shows that

lim sup (H’U(O, w, —tm, voym)HQ + (a+ 5% — B)||u(0, w, —tp,, uoym)HQ
(4.42) Mo

+ V(0 w, =tm, uo.m)[I?) <[18]1* + (a+ 6% = Bo)[|al® + ||Vl

STEP 5. Note that the norm of H'(R") x L*(R™) is equivalent to
[l (w v) | d:CfQ(u,v)—Q/ (F (2, u)+¢3(x)) dz = [[v]|* +(a+6% = B8) |[ul* +[| Vul >

Same as the second inequality in (4.11), from the weak convergence shown by (4.10),
for any go.m = (4o,m, Yo,m) € B(0_¢,,w) we have

lim it (6, 01,0, o)1t = [[(5(w), 5())lln.
Meanwhile, (4.42) implies that

limsup [[®(tm, 0, @, go.m)llm < [|(@(w), 0(w))[1-

m—00

It follows that
(4.43) i [ @, 0,05 go,m) |11 = [[(@(w), 8(w))[[11-

Finally, for the Hilbert space H(R™) x L?(R"), the weak convergence (4.10) and
the norm convergence (4.43) imply the strong convergence. Therefore, up to a finite
steps of subsequence selections always relabeled as the same in this proof, we reach
the conclusion that

B(tym, 0+, w, go.m) — (@,9) strongly in H'(R™) x L*(R™).
Thus the proof is completed. O

5. The Existence of Random Attractor

In this section we shall first prove an instrumental convergence theorem in the
space LP(X, M, ) of Vitali type. It will pave the way to prove pullback asymptotic
compactness of the cocycle ® in the space LP(R™) for 2 < p < oo. This is the crcucial
and final step to accomplish the proof of the existence of a random attractor for this
random dynamical system ® generated by the stochastic wave equation (1.1)-(1.2).

THEOREM 5.1. Let (X, M, ) be a op-finite measure space and assume that a
sequence { fm}oe—1 C LP(X, M, ) with 1 < p < oo satisfies

(5.1) lim frn(z) = f(z), ae.
Then f € LP(X, M, 1) and
(5.2) Jim | fn = Fllsoxan, i =0

if and only if the following two conditions are satisfied:
(a) For any given € > 0, there exists a set Ac € M such that p(Ae) < oo and

(5.3) / | fm(2)|P dp < e, forall m>1.
X\ A.
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(b) The absolutely continuous property of the LP integrals of the functions in
the sequence is satisfied uniformly,

(5.4) lim / | fm(2)|P dpp = 0, uniformly in m > 1.
mwY)=0Jy

PROOF. First we prove the necessity. Statement (a): Under the condition (5.2),
for an arbitrarily given € > 0 there exists an integer N = N(g) > 1 such that

g
(5.5) 1 = £ 0 xop,y < 35 forall m> N,

Since [ € LP(X, M, p), there exist measurable sets B, and S. both of finite measure,
such that
£

60) [ If@Pdi< g,
X\B.
Put A, = B-US,. Then u(A:) < oo and we have

/ o (@)|P dp = / (fm () — £(@)] + | F@))? du
X\A. X\Ac

<ot ( [Vt = s@Pau+ [ y

Besides it follows from the second inequality in (5.6) that

/ |fm($)|pdﬂ S‘/ |fm(x)|pdlu <§g, for m = 15 e aN'
X\ Ae X\Se

and / |fm($)|pd,u <eg, form=1,---,N.
X\SE

|f(x)|pdu> < g+§:s, for m > N.

=

Therefore, the statement (a) is valid.

Statement (b): By the absolutely continuous property of Lebesgue integral on
a op-finite measure space, for any given £ > 0, there exists g = dp(g) > 0 such that
whenever p(Y) < dp one has

(5.7) / |f(2)|Pdp < = and / |fm(z)|Pdu <e, form=1,--- N,
Y 2P v

where N = N(¢) is the same integer in (5.5). Then for any measurable set Y C X
with 1(Y) < o one also has

[ 1@l a2 ( [ \tnte) = s+ [ If(x)lpdu> <e, form>N.

Thus the statement (b) is also valid.

Next we prove the sufficiency. Suppose the two conditions (a) and (b) are
satisfied. First of all, by the condition (a) and Fatou’s Lemma, for an arbitrarily
given € > 0 there exists a set A, of finite maesure with

sup / (@) du < e,
X\ A.

m>1

which implies that the limit function f in the assumption (5.1) satisfies

5.8 )P d lim inf m(x)|Pd .
(5.8) /X\Asw Py < /X\A5|f<>| p<e

Hence it follows that
(5.9) feLP(X\A:) and  ||fin — fllzr(x\a.) < 2e1/P for all m > 1.
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Therefore, the proof of f € LP(X, M, u) and (5.2) is reduced to proving that
(5.10) feL(Y) and tim [[fu— fliew) =0,

for any given measurable set Y C X with u(Y) < oc.
Then by the condition (b), for any given € > 0, there exists 6; = d1(¢) > 0 such
that for any S C X with p(S) < d; one has

(5.11) / | fn(2)|P dpe < €P,  uniformly in - m > 1.
S

Consequently, by Fatou’s lemma,

(5.12) / [f(2)Pdp < 1iminf/ | frn (2)|P dpe < €P.
S m— 00 S

By Egorov’s theorem on Lebesgue integral over such a set Y of finite measure in
the space (X, M, u), there exists a measurable subset B C Y with p(Y\B) < §;
such that

lim f,(z) = f(x), uniformly a.e. on B,
so that there exists an integer mg = mg(e) > 1 such that
(5.13) [ fm — fllo () <, for all m > my.
Combining (5.11), (5.12) and (5.13), we see that

[ fm = Flleeeyy S W fmlleeorimy + 1 flLevimy + 1 fm = flloe sy < 3e, form = me.
Therefore, (5.10) is proved. The proof is completed. O

Finally we present and prove the main result of this work on the existence of a
pullback random attractor for this random dynamical system ® associated with the
concerned stochastic wave equation on the product Banach space E with arbitrary
exponent and arbitrary space dimension.

THEOREM 5.2. Under the Assumptions 1, 11 and 111, the random dynamical
system ® generated by the damped stochastic wave equation (1.1) on the Banach
space E = (HY(R™) N LP(R™)) x L*(R™) over the parametric dynamical space
(Q, F, P, (0)ter) has a unique Z-pullback random attractor A = {A(w)}wea € Z.

PRrROOF. Lemma 3.1 shows that there exists a Z-pullback random absorbing
set, the K = {Bg(0, R(w))}weq in the space E for the cocycle ®. Thus it suffices
to prove that the cocycle ® is Z-pullback asymptotically compact in E.

(1) Theorem 4.3 shows that for every B = {B(w)}ueq € Z and any sequence

{(I)(tﬂﬂ G*tmwa gO,m)}ﬁzl )

where t,, — oo and gom = (Uom,V0,m) € B(0_¢, w), along a pullback quasi-
trajectory of the cocycle ® has a subsequence, which is denoted by the same, such
that

(5.14)  B(ty,0_¢, w, go.m) — (W(w),d(w)) strongly in H*(R™) x L*(R"),
and consequently
(5.15) Py ®(tm, 0+, W, go.m) — @(w) strongly in L*(R™).

Here P, : (u,v) — u is the projection.
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(2) Apply the first item in Lemma 4.1 to L*(R"). It follows from (5.14) that
there exists a subsequence {® (¢, 0—t,, w, go,ms) oz of {P(tm, O—+t,,w, go,m) }or=1
such that

(516> klinolo (I)(tmk ) oftmkwv go7mk>(x) - (ﬁ’(w) (x)a

=t}

(w)(x)), a.e. in R".
Hence we have

(5.17) klirrgoPuQ(tmk,G,tm,cw,goymk)(x) =u(w)(z), a.e. in R".

Therefore, the assumption (5.1) in Theorem 5.1 is satisfied by the sequence of
functions {Py®(tm,, 0—t,., W, go,mi) () }7Z; in LP(R™).

(3) By Lemma 3.2, for a.e. w € Q and any € > 0, there exists an integer
ko = ko(B,w,e) > 0 and V = V(w,e) > 1 such that for all & > ko one has
(5.18)

|]P)u(1)(tmk ) oftmkwv go7mk>(x)|p dx < |H(I)(tmk ) G*tmkwv gO,mk>|HpE(Rn\BV) <§g,
R\ By

for any go,m, € B(0-+,,, w), where By is the ball centered at the origin with radius
V in R™. Then there exists Vj = Vp(w,e) > 0 such that

(5.19) / Py @ty s O—t,,, W, Go,mi ) (@)|Pdz <&, for k=1,--- ko.
R\ By,

Here (5.18) and (5.19) confirm that with A. = Byax{v,v,} in (5.3) of the condition
(a) in Theorem 5.1 is satisfied by the sequence {Py®(tm,, 0—t,, w, go,m,)(T)}3Z, in
LP(R™).

(4) Finally we show that the uniform absolutely continuous condition (b) of The-
orem 5.1 is satisfied by the sequence of functions {Py®(tm,, 0+, w, go,m,)(T)}3Z,
in LP(R™).

According to the Assumption II, for any measurable set Y C R"™, we have

Cg/ |u|P da < / (F(x,u) + ¢3(x))de < Qy(u,v), for (u,v) € E,
Y Y
where Qy (u,v) is analogous to (4.5) and defined by

(5.20)
Qy (u,v) = [[v]|72(yy+ (e + 6% = B8) [ullfay)+ I VullF2y)+2 /Y(F(x, u)+¢s3(z))da.

We integrate the inequality (3.17) over the time interval [—t,,, 0] to get

QY(U(O, w, —lm, uO,m)a U(O; w, —tm, 'UO,m))

5.21 0 gll7-
(5.21) et <2r{(9tw)+06(1/)+ lollz (Y)>dt,

< e~ tm QY((UO,ma 'UO,m)) +/

_ B—06

tm

where, in view of (3.14) and the set-up of the constants C; and Cp in Section 3.1,
we have

TY (6uw) = Co (112(00) 3y + IV 2(0) 2y + 12(600) %y

and
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(5.22)
Cs(Y) =2 (502 _sGlb=l)

20) lallr) + el

eCi(p—1)
—0lpallLr(v) + ICTH%HLI(Y) <ellill7z vy + 20Cold3l L1 (v)-
Note that z(6;w) = 37", hj(x)z;(6iw;). By (2.8), we obtain

IY (0w) = € max {155y 05y 30 (12O o+ 2 (Bo)7)
(5.23) T j=1

<€ max {11513 iy Il } e3r0(w),

1<j<m

where C' > 0 is a constant.
Substitute the expression of Qy ((ug,m,vVo,m)) for (wom,vom) € B(0_t,,w) and
(5.22), (5.23) into the inequality (5.21). Since (2.3)-(2.4) yield

1
/Y (F(o,0) + da(a)) do < o [Cullullngy) + [l Faqry + 101l Eacr + 12l ]
for every w € Q and B € & and any go.m = (%0,m,Vo,m) € B(0_¢,,w) it holds that
(5.24)

03 / |u(05 w, _tﬂ’w uo,m)|p dCC S QY(U(Oa w, _tma uO,m)a U(Oa W, _tma ’Uo’m))
Y

<etm [HUO,mH%?(Y) + (a4 6% = B0)|[uo,ml 72y + ||Vu0,m||%2(y)}

1

e o [Crlluo gy + ooy + 1911y + 02l crcv)]

0
+/ zeﬂtclgljagxm{l|hj||§fl(y)a||hj||ip(y)}€75t7"o(w) dt

tm

0 . ) 0 ecrt )
" (10110 + loallnon) et [ Flallagy de

Due to the absolute continuity of the respective Lebesgue integrals of the func-
tions ¢1(x), p2(x), p3(x), hj(x),7 =1, --,m, and g involved in the above inequality
(5.24), for an arbitrarily given n > 0, there exists g = po(w,n) > 0 such that for
any measurable set Y C R™ with u(Y") < po one has

(5.25)
o 1
e o (lo1lar) + o2l

+ (e +26C5) /

tm

0
+/ 2@‘7tC1I§Iljagxm{”th§{1(Y)a||hj||:zp(y)}€7§t7"0(w) dt

tm

0 0 ot
. e
+ (e + 2502)/ et (||¢1||%2(y) + ||¢3||L1(y)) dt+/t —5 — 5”9”%2(Y) dt

tm

1 4C
< & (I01lar) + I92llur) + o) max {1l vy 5150y }

1<j<m

1
+ e +200) (6120 + 95l ) + 55—l < 5

SH
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Moreover, since it has been specified in the beginning of Section 3.1 that the universe
9 = 9 and here B € 9, there exists a constant C* > 0 such that

e 7t [Hvo,mﬂiz(y) +(a+68 - 55)Huo,m|\%2(y) + HVUO,mﬂiz(y)
1 —0tm 2
g [Cullun iy + ol |

< 7m0 (I1BO-1,) i) + 1BO-0,) [y

where || B(0—¢,,w)|p(y) = maXgep(o_,,, w) 90 Cy || with ¢y being the characteris-
tic function for the set Y. Since lim; o ¢~ 7| B(6_;w)||r = 0, for the aforemen-
tioned arbitrary n > 0 there exists an integer mg = mo(B,w,n) > 1 such that

e C* (IBO-1,0) [y + IBO-1,0) I3y, )

(5.26) t . ;
<e 7' C* (|| B(O-y,,w)||% + | B0, w)||%) < 2 for all m > my.

Then there esists p1 = p1(B,w, mo,n) > 0 such that for any set Y with u(Y") < pq
one has
Lot ok n
(27) 0 (IBO-@) o) + 1BO- @)y ) < 1
Put together (5.24), (5.25), (5.26) and (5.27). It shows that, for every w € €,
whenever a measurable set Y C R™ satisfies p(Y) < min{uo, p1} one has

jzla"'amO'

(5.28) 03/ 16(0, W, —tm, Uo.m)|P dz < g + g =, forall m>1.
Y

Therefore,

(5.29) lim / [Py ®(tm,, 0—t,, w,go.m)(x)|P de =0, uniformlyin k> 1,
w(¥)—0 Jy :
so that the condition (b) of Theorem 5.1 is satisfied by the sequence of functions
{]P)uq)(tmk ) oftmkwv go7mk)(x)}io:1 in LP (Rn)

As checked by the steps (2), (3) and (4) in this proof, all the conditions in Theo-
rem 5.1 are satisfied by the sequence of functions {Py® (¢, , 0+, w, go,m,)(7)}32,
in LP(R™). Thus we apply Theorem 5.1 to obtain

(5.30) klim Py ®(tmy, 0-t,., W, go,m,) = W(w), strongly in LP(R").

Finally, combination of (5.14) and (5.30) shows that there exists a convergent
subsequence {®(t,,0-t,,, w,go,m,)} ey of the sequence {®(t, 0_¢,,w, go,m)}m=1
in the space £ = (H'(R"™) N LP(R™)) x L*(R™). Therefore, the random dynamical
system ® on E is Z-pullback asymptotically compact.

According to Theorem 2.6, we conclude that there exists a Z-pullback random
attractor A = {A(w)}ueq € Z for this random dynamical system ® on E generated
by the original stochastic damped wave equation (1.1). The proof is completed. O
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