Dynamics of PDE, Vol.12, No.3, 265-288, 2015

Pullback dynamical behaviors of the non-autonomous
micropolar fluid flows

Caidi Zhao, Wenlong Sun, and Cheng Hsiung Hsu

Communicated by Yuncheng You, received April 26, 2014 and in revised form, December 2,

2014.

ABSTRACT. The purpose of this work is to investigate the pullback asymp-
totic behaviors of solutions for non-autonomous micropolar fluid flows in two-
dimensional bounded domains. On the base of the known results concerning
the global well-posedness of the solutions, we apply the technique of enstrophy
equality, combining with the estimates on the solutions, to prove the existence
and regularity of the pullback attractors for the generated evolution process for
the universe of fixed bounded sets and for another universe with a tempered
condition in different phase spaces. Then we use the estimates of the solu-
tions to analyze the tempered behavior and H2-boundedness of the pullback
attractors.
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1. Introduction

The purpose of this work is to investigate the pullback asymptotic behaviors
of solutions for the micropolar fluid model. The micropolar fluid model were firstly
established by Eringen [11] in 1966, which describe fluids consisting of randomly
oriented particles suspended in a viscous medium. According to [11], the model
equations for micropolar fluid flows can be described by the following system:

(1.1) % — (v +v)Au — 2vrotw + (v - V)u+ Vp = g,
(1.2) V-u=0,
(1.3) aa—c: — (o + ca)Aw + dv,w + (u - V)w — (¢ + ¢q — ¢)Vdivw — 2v,rotu = g,

where u = (uy,us,us) is the velocity, p represents the pressure, w = (w1, ws,ws)
is the microrotation field interpreted as the angular velocity field of rotation of
particles. ¢ = (g1,92,93) and § = (g1, 02, 3g3) are external force and moments,
respectively. The positive parameters v, v,., cg, ¢4, Cq, Tepresent viscosity coefficients.
In fact, v represents the usual Newtonian viscosity and v, is called the microrotation
viscosity. From [11, 23], we see that system (1.1)-(1.3) expresses the balance of
momentum, mass, and moment of momentum. If v, = 0 and w = 0, then equations
(1.1) and (1.2) reduce to the Navier-Stokes equations. Therefore, the micropolar
fluid model can be regarded as an essential generalization of the Navier-Stokes
model in the sense that it takes into account the microstructure of the fluid [24].

Due to the wide applications in the real world, the micropolar fluid flows have
drawn much attention from mathematicians and physicists and have been well
studied. Here we only illustrate some known results. First, we must mention that
Lukaszewicz has obtained fruitful results in his monograph [23], including the ex-
istence and uniqueness of solutions for the stationary problems; the existence of
weak and strong solutions for the nonstationary problems, as well as the global
existence of solution for the heat-conducting flows; the applications of the microp-
olar fluids in lubrication theory and in porous media, etc. Also, numerous papers
are devoted to the existence and uniqueness of solutions for the micropolar flu-
ids, see, e.g. [12, 13, 14, 18, 20, 21, 22, 23, 24, 25|. At the same time, the
long time behavior of solutions for the micropolar fluids has been investigated from
various aspects. For example, the estimates of Hausdorff and fractal dimension of
the L?-global attractor was studied in [24]; the existence of H2-compact global
attractor was proved in [6]; the global and uniform attractor on unbounded do-
main was verified in [10] and [26, 32, 38], respectively; the uniform attractors of
non-homogeneous micropolar fluid flows in non-smooth domains was proved in [7];
the H!'-pullback attractor was obtained in [8, 27]. The existence of L?-pullback
attractor for the micropolar fluid flows in a Lipschitz bounded domain with non-
homogeneous boundary conditions was established in [9]. However, the pullback
asymptotic behaviors of the micropolar fluid flows as studied in this paper have not
been considered so far.

In this work, we will concentrate on studying the pullback asymptotic behaviors
of solutions for system (1.1)-(1.3) in two-dimensional bounded domains. More
precisely, we consider a cross section x3 = constant of the three-dimensional domain
QxR when the external fields and the flow itself do not depend on the x3 coordinate.
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Then, we may assume that the velocity component ugz in the zz direction is zero
and the axes of rotation of particles are parallel to the z3 axis. In this case,
the fields u,w, g, g are of the form u = (u1,u2,0), w = (0,0,ws), g = (91, 92,0),
g = (0,0, g3) and system (1.1)-(1.3) can be reduced to the following two-dimensional
non-autonomous incompressible micropolar fluid flow

(1.4) %f(1/+VT)Au721/rV><w+(u~V)u+Vp:g(sc,t),
(1.5) V-u=0,

ow -
(1.6) e —aAw +4vw =2,V X u+ (u- V)w = g(z,t),

where t > 7 for some 7 € R, a 1= ¢, + cq, T := (71,22) € Q C R?, u = (u1,uz),
g:=(91,92), w and g are scalar functions;

8uQ 8u1 Oow ow
\Y =" d V =(—,—=).
T 81‘1 81’2 o xw (81‘2 ’ 8.’171 )
In addition, we impose the following boundary and initial conditions:
(1.7) ulga =0,  wlon =0,
(18) u|t:‘r = Ur, w‘t:‘l’ = Wr,

where u, () and w,(-) are given functions of 2. Our goal is to study the existence
and reveal some properties of the pullback attractors for the processes associated
with equations (1.4)-(1.8). For simplicity, we assume {2 is a bounded smooth domain
such that the following Poincaré inequality holds

(1.9) MllelZai) < IVeliz ), Yo € Ho(9),

where A\; > 0 is the first eigenvalue of the operator —A in L?(2) with domain
H} () N H?(Q2) and satisfies the Dirichlet boundary condition. Note that \; is a
constant depending only on 2.

We remark that the existence of the pullback attractor of Navier-Stokes equa-
tions in space V (for definition, see Section 2) and its tempered behavior were
studied in [16]. Motivated by this work and following its main idea, we generalize
their results to micropolar fluid flows. In contrast to the Navier-Stokes equations
(w =0, v, =0), we emphasize that the micropolar fluid flows consist the angular
velocity field w of the micropolar particles, which leads to a different nonlinear term
B(u,w) and an additional term N(u) in the abstract equation (see (2.8)). Due to
these differences, more delicate estimates and analysis for the solutions are required
in our study.

The paper is organized as follows.

In section 2, we recall the known results concerning the global existence and
uniqueness of solutions for equations (1.4)-(1.8). According to the estimates on
the solutions, we see that the evolution process generated by the solution maps is
continuous, which possesses a family of bounded pullback absorbing sets.

In section 3, we prove the existence and regularity of the pullback attractors in
L? and H' norms for the universe of fixed bounded sets and for another universe
with a tempered condition, respectively. Note that Lukaszewicz and Tarasinska
proved, using a method based on the concept of the Kuratowski measure of non-
compactness of a bounded set as well as some new estimates of solutions, the
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existence of the H'-pullback attractors for nonautonomous micropolar fluid equa-
tions in a bounded domain ([27]). Here our key steps are to verify the existence
of the pullback absorbing set and the asymptotical compactness of the generated
evolution process. To establish the existence of the pullback absorbing set, we
use the Galerkin approximate solutions and combine the embedding between func-
tional spaces (see Lemma 3.1) to prove the higher regular estimates of the solutions.
Then we employ these estimates and the method of enstrophy equality to verify
the asymptotical compactness of the generated evolution process.

In sections 4 and 5, using the regular estimates of the Galerkin approximate
solutions and the embedding between the relevant functional spaces, we prove the
tempered behaviors of the pullback attractors as the initial time tends to —oc in
H , V and (H?(Q))? norms, respectively, as well as the boundedness of the pullback
attractors in V and (H?(9))? norms, respectively. Note that the above spaces ﬁ, 1%
and (H?(€2))? will be introduced in Section 2. We want to point out that the earlier
research on the H? global attractor (see [6]) was from the viewpoint of measuring
noncompactness, and the semidistance in the attracting property of the H? compact
global attractor are still in H space. Here the regularity of the obtained pullback
attractor, as well as it’s tempered behaviors and boundedness in (H?(2))? norm,
illustrates the pullback asymptotic smoothing effect of the addressed miropolar
fluid flows in the sense that the solutions become eventually more regular (lying in
(H%(2))3) than the initial data (lying in H).

2. Global existence and uniqueness of solutions

In this section, we will establish the global existence and uniqueness of solutions
for system (1.4)-(1.8). To state our investigations in a clear way, we first introduce
the following notations.

Let us denote by LP(2) and W™P(Q)) the usual Lebesgue space and Sobolev

space (see [1, 3]) endowed with norms | - ||, and || - ||, p, respectively,
lellp = (/ plPda) /P and  @llmp = () / |DPefPda)! .
¢ 81<m 7

Especially, we denote H™(2) := W™2(Q) and HE(Q) the closure of {¢ € C5°(Q)}
with respect to H'(£2) norm. Then we introduce the following functions spaces:

Vi={p e 5 (Q2) x C5°(Q)] ¢ = (p1,2), V- ¢ =0},
H := closure of V in L*(Q) x L*(Q), with norm || - ||z and dual space H*,
V := closure of V in H'(Q) x H'(2), with norm || - ||y and dual space V*,
H := H x L*(Q) with norm || - | 5 and dual space H*,
V=V x H}(Q) with norm || - | and dual space v

Note that || - || &, || -

lv, || - [z and || - ||p are defined by
(s ) = (ull3 + [[0]3)"2, (s v) v o=l + [[olF0) "2,
(s v, w) |77 = (I 0) [+ [wll3)2, (1w v, w) [l = (1w, 0) [ + [lw]F:) 2.

Throughout this article, we simplify the notations || - [|2, || - [[z and || - [z by the
same notation || - ||, if there is no confusion. According to the above notations, we
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further denote

LP(I; X) := space of strongly measurable functions on the closed interval I,

with values in a Banach space X, endowed with norm

lolzsron i= ([ ol%an!?, for 1 < p < ox

I

C(I; X) := space of continuous functions on the interval I, with values
in the Banach space X, endowed with the usual norm;

space of locally integrable functions from the interval I to H ;

{G| Ge L} (I;H)and G’ € L},.(I; H)}, here “ 7 means the

loc

5> :@
Wi

derivative with respect to time variable.

In addition, we denote by (-,-) the inner product in L?(Q2), H or H, and by ()
the dual pairing between V and V* or between V and V*.

To write equations (1.4)-(1.6) into the abstract form, we further introduce the
following three operators:

-~

(Aw, @) == (v +1,)(Vu, VD) + a(Vaw, Vg), Yw = (u,w) € V, Vp = (,6) €V,
(Blu,w),p) == ((u-V)w,p), Yu € V, w € ‘7, Yo € ‘7,
N(w) := (=21, V X w, =21,V X u + dv,w), Yw = (u,w) € V.

From the above definitions, one can check that A is a linear continuous operator
both from V to V* and from D(A) := V N (HQ(Q))3 to H; B(-,-) is continuous
from V x V to V* and N(-) is continuous from V to H. Some useful estimations

for the operators A, B(+,-) and N(-) have been established in the works [24, 26].
For completeness, we recall them as following.

LEMMA 2.1.

(1) There are two positive constants ¢1 and ¢y such that
(2.1) c1{Aw,w) < Hw||%7 < co(Aw, w), Yw e V.
Furthermore, for any w € D(A), there holds
(22) min{v + v, a}[Vol* < (Aw, w) < [Jwl|Aw]] < Ay * || Vwl|]| Aw].

(2) There exists a positive constant A which depends only on 2, such that for
any (u,w,p) € VXV xV there holds

1 Lo 1
(2.3) [(B(u, w), )| < Mu]| 2[[Vu|| 2 [w] 2 [ V|2 [Vl
Moreover, if (u,w,p) € V- x D(A) x D(A), then
1 1 1 1
(2.4) [(B(u, w), Ap)| < Allul[2[[Vul| [ Vwl|2 || Aw|| 2 [| Ap].
(3) There exists a positive constant c¢(v,) such that

(2.5) IN(W)] < elv)lwllp, Vwe V.
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In addition, there holds

Sl Aw]? + 2620, w2
(2.6) —(N(w), Aw) < 1 Yw € D(A),
Al + o)l

@7 (Aw,w) + (N(w),w) o], Ve 7,
hereinafter 6 := min{v, a}.

According to the above notations, we can formulate the weak version of equa-
tions (1.4)-(1.8) as following (see [38]):

(2.8) % + Aw + B(u,w) + N(w) = G(z,t), w= (u,w) €V, t>r,

(2.9) Wy = wr = (Ur,w;), TER,

hereinafter G(z,t) := (g(x,t),§(x,t)) and (2.8) is understood in the D'([r, ]; V*)
distribution sense. Therefore given 7 € R, we say that a function w = (u,w) €
C([r,T); H) N L2([r,T); V) for T > 7 is a weak solution of system (1.4)-(1.8) if
W|—r = wr = (ur,w;) and (2.8) holds in the D'([r,T]; V*) distributions sense.

The following global existence and uniqueness result of weak solutions can be
found in [24].

PROPOSITION 2.1. Assume G(x,t) € L2 (R; H).
(1) Ifw, € f[, then system (2.8)-(2.9) has a unique solution w satisfying
w € L®([r,00); H) N C([r,00); H) N LE,.([r,00); V), w' € L}, ([r,00); V).

Moreover, the solution w depends continuously on the initial value w, with
respect to the H norm.
(2) If wy €V, then system (2.8)-(2.9) has a unique solution w satisfying

w € L2([r,00); V) N C([r,+00); V) N L, ([7,00); D(A)), w' € Li,([r, 00); H).

Furthermore, the solution w depends continuously on the initial value w;
with respect to the V' norm.

REMARK 2.1. Let w be the solution of system (2.8)-(2.9) with initial value
w, € V, then w satisfies the following “enstrophy equality”:
d
5 g7 (Aww) + [[Awl? + (B(u, w), Aw) + (N(w), Aw) = (G(¢), Aw).
This enstrophy equality will play an important role in establishing the pullback
asymptotic compactness of the process in space V. In fact, since the uniqueness
of the strong solution to problem (2.8)-(2.9), equation (2.9) can be obtained by
passing limit n — oo in equation (3.18). Here we omit the detailed proof.

(2.10)

According to Proposition 2.1, we see that the maps defined by
(2.11) Ut,7): wp — U, T5w:) =w(t), t =T,

where w(t) is the weak solution of system (2.8)-(2.9), generate a continuous process
{U(t,7)}i>r in H and V, respectively.
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3. Existence and regularity of pullback attractors

In this section, we will prove that the process {U(t,7)}1>, defined by (2.11)
possesses pullback attractors for universe of fixed bounded sets and for another
universe given by a tempered condition in spaces H and \7, respectively. Also, we
reveal the regularity result of the pullback attractors by showing that these two
attractors coincide with each other.

For convenience, in the sequel, we denote by X the space H or ‘A/, and by
P(X) the family of all nonempty subsets of X. Let D be a given nonempty class
of families parameterized in time D = {D(t)|t € R} C P(X). We will denote by
D a universe in P(X), if D; € D and Dy(t) C Dy(t) for all t € R, then D, € D.
Furthermore, we introduce some definitions related to the pullback attractors. One
can refer to [5, 15, 16, 29, 30, 34] for general definitions and theory, as well as
the applications of the theory to [2, 17, 28, 27, 31, 37].

DEFINITION 3.1.

(1) A family of sets Dy = {Do(t)|t € R} C P(X) is called pullback D-
absorbing for the process {U(t,T)}i>- i X if for any t € R and any
D= {D(t)|t € R} € D, there exists a 1o(t, D) < t such that U(t,7)D(t) C
Dy(t) for all T < 7o(t, D).

(2) The process {U(t,T)}i>r is said to be pullback ﬁo—asymptotically compact
in X if for any t € R, any sequences {7,} C (—o0,t] and {z,} C X
satisfying 7, — —o0 as n — oo and x,, € Do(7,) for all n, the sequence
{U(t, Tn;xn)} is relatively compact in X. {U(t,7)}isr is called pullback
D-asymptotically compact in X if it is pullback ﬁ—asymptotically compact
for any DeD.

(3) A family of sets Ap = {Ap(t)|t € R} C P(X) is called a pullback D-
attractor for the process {U(t,T)}i>r on X if it has the following proper-
ties:

e Compactness: for any t € R, Ap(t) is a nonemply compact subset
of X;

e Invariance: U(t, 7)Ap (1) = Ap(t), Vit = 7;

e Pullback attracting: ,Zl\p is pullback D-attracting in the following
sense:

lim distx (U(t,7)D(7), Ap(t)) = 0, VD = {D(s)| s € R} € D,t € R,

T——00

where distx (Y, Z) := sup inf distx (y, z) means the Hausdorff semi-
yey 2€4
distance

fromY C X to Z C X in theAmetric space X.
e Minimality: the family of sets Ap is minimal in the sense that if
O ={0(t)|t € R} CP(X) is another family of closed sets such that
lim distx(U(t,7)D(7),0(t)) =0, for any D= {D(t)|t € R} € D,

T

then Ap(t) C O(t) fort € R.

To guarantee the existence of pullback attractors, we need the function G(z,t)
satisfies the following assumption:
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0
(H) Gla.t) € L2, (R; ) and / €| G (s)|2ds < +oo.
—o0
It is not difficult to check that the second condition of (H1) is equivalent to
t
(3.1) / e =9 ||G(s)[|?ds < 400, YVt €R.

3.1. Preliminary results.

Before to prove the existence of pullback attractors, we first recall and estab-
lish some useful lemmas in the subsection, which play important roles in proving
the existence, regularity, tempered behavior and H? boundedness of the pullback
attractors.

LEMMA 3.1. (See [33].) Let X,Y be two Banach spaces such that X is reflezive,
and the inclusion X C'Y is continuous. Assume that {u,} is a bounded sequence
in L ([to, T); X) such that u, — u weakly in L([to, T]; X) for some q € [1,+00)
and u € C([tg, T];Y). Then u(t) € X and |Ju(t)|x < liggioléf llwn | oo ([0, 175y for all

te [to,T].

loc

LEMMA 3.2. Let G € L2 (R; H) and w be the solution of equations (2.8)-(2.9)

with initial value wr € H, then

t
3:2) eI < e s et e Gs)|Pds, fort >

t t
33) e +5 [ Jw@lEds < ol +eo [ IGE)Pds, fort >
where c3 and ¢4 are positive constants depending only on v, o and 2.

PROOF. Let w(t) be the solution of equations (2.8)-(2.9) with initial value
w, € H. Following the same derivation of (2.22) in [24], we can also obtain the
inequality

(3-4) %Ilw(t)HQ+c:a||w(lﬁ)||2 <alGOlP,

where
c3 = min{rA;,a)\;} and ¢g = max{r A\t a7 AT,
and \; > 0 is the first eigenvalue of the Stokes operator —PA in H (see [35]).
Note that P is the orthogonal projection from L?(Q) x L*(Q) to H with domain
VN (H?*(Q))?, and A1 a constant depending only on . Changing the variable ¢ of
(3.4) by s, multiplying it by e~ 3(!=%) and integrating it from s = 7 to s = t, we
have
¢

(3.5) [w(t)|? < [lw-|[2e=e =) + cyemest / %) G(s) |2 ds.

Hence, the inequality (3.2) holds. The inequality (3.3) can be proved similarly as
that of (2.24) in [24]. Here we omit the details. O

From now on, we use DH to denote the class of all families of nonempty subsets
D ={D(t)|t € R} C P(H) such that
(3.6) lim (e®” sup [lw|?)=0.

T weD(T)
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Also, we denote by Dﬁ the class of families D = {D(t) = D|t € R} with D a fixed
nonempty bounded subset of H. Evidently, we have DH - i,

LEMMA 3.3. Assume (H1) holds. Then for anyt € R and D = {D(t)|t €

~

R} € DH | there exists some 70(D,t) < t — 3, such that for any 7 < 70(D,t) and
wr € D(T ) there hold

(3.7) lw(r; 7, w,)|? < pu(t), Vre[t—3,t],

(3.8) |lw(r; T, wT)H%/ < pa(t), Vret—2,1,

(3.9) [ @ w)la0 < pate). e e~ Lt
r—1

(3.10) / ' (67, w,) |28 < pa(t), V€ [t—1,1],
r—1

where

(B11) (D)

t
1 4 cgeesB1 / 59| G (0) |26,

— 00

p2(t) := max {0205(p1(7a)+/r |G (0)]2d6)

reft—2,t] r—1
(3.12) x exp {cs[(p1(r) + /il 1G(6)]2d6)* + 1] }}’
319 )= )+ 0RO + [ GO)0).
(3.14) pa(t) = max{4, 27", cs} (p2(t) + pa(t)ps(t) + /t | lIlc@)|a0),

and all ¢; are positive constants.

PROOF. Obviously, (3.7) can be deduced from (3.2). To prove (3.8)-(3.10),
we need a higher regularity of the solutions. Hence, we consider the Galerkin
approximate solutions. For each integer n > 1, let us denote by

(3.15) wp(t) = wy (67, w,) wa e,

the Galerkin approximation of the solution w(t) of equations (2.8)-(2.9), where
&n;(t) is the solution of the following Cauchy problem of ODEs:

(3.16) %(wn(t),ej) + (Awn(t) + B(un(t), wn(t)) + N(wn(t)), e5) = (G(t), ¢;),
(317) (wn(T)7ej):(wT>ej)7 J:1727 y

here {e; : j > 1} € D(A), which forms a Hilbert basis of V and is orthonormal in
H. Multiplying equation (3.16) by A¢,;(t) and summing them for j = 1 to n, we
can obtain

(Awn, wy) + || Aw,||? + (B(tn, wy), Aw,) + (N (w,), Aw,)
(3.18) = (G(t), Aw,).

N | =
Q—-‘Q_‘
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By (2.4) and the facts
(3.19) lunl? < lwnl® and || Vug|* < [lwnlf?,
we can use the Young inequality to obtain
—(B(tn, wn), Awn) < [(B(tn, wn), Awn)| < M| 2 [|Vttn |2 | Vewy ||| Aw, | 2
(3.20) < 14wl + X Pl

Replacing the variable ¢ with 0, we follows from (2.6) and (3.18)-(3.20) that

1d 3
5 35 Awn wn) < = [ Awa |2 + [GO)II* = (B(un, wn), Awn) = (N(wp), Awy)

< =2 + GO + FlhAwn” + X Pl
20 fun} + 5l Awal?
(3.21) = GO + lwalZ (Xlwal?lwal + 26%(w))
By (2.1) and (3.21), we have

d
(3:22) = (Awn,wa) < 2[G(O)[2 + (Awn,wy) (200w [ + deac?(v,))

Let us set
H,(0) = (Awn (0), wn(0)),  1(0) = 2||G(0)]*
Kn(0) i= 26\ |0 (O)]1 1 () |3 + deac(w).
Then (3.22) can be written as

4
de
Using Gronwall inequality to (3.23), for all 7 <7 — 1 < s < r, we have

(3.23) H,(0) < K,(0)H,(0) + 1(0).
(3.24) H,(r) < (Hn(s) + /; 1(6)d8) exp { /il K, (6)do}.

Integrating (3.24) from s =7 — 1 to s = r, we can obtain

(3.25)  H,(r) < (/T;H"(S)dﬁ/;

1(6)d0) exp { / ' K (0)a6),
In addition, by (2.1) and (3.3), we have
/Tl Ho(s)ds + /le(e)de _ /T1<Awn(s),wn(s)>ds + /Tl 2 G(60)]20
<ot [ oz [ 6ok

(320 <esllluntr—DIP+ [ 1GO)Ia0),

T—
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where ¢5 := max{c; 1071, 2 + cqc; 1671} Also, by (3.3), we see that
| maes = [ e o, @), 0 + )8
<2aXt [ [(Juntr - 1)JP
b /T1 1G(9)]1246) [ (6) |2 ]d6 + 4esc3(v)

< 20N (J|wn (r — 1)||2—|-C4/ |G(6)]*d0) / Hwn(G)H%/d@-i-élchQ(Vr)
1 r—1

r—

<2e\ (Jun(r = D[P+ o [ 1G(0)]00)
1

r—

_ 12 r
(7”“’”(’"(S Dl +c45—1/ 1G(6)]%46) + deac? (vy)
r—1

(3.27) < cg [(||wn(r —-D|*+ /T 1 ||G(9)||2d9)2 + 1}7

r—

where ¢g 1= max {2coA* - max {1,67%,c3672, ¢}, 4eac®(v,)}. Then, by (2.1) and
(3.25)-(3.27), we conclude that for any r € [t — 2,t] and 7 < 70(D, t),

lwn ()13 < c2Ha(r) < eaes([Jwn(r — DI + / ) IG(6)[|*d0)

" 2
(3.28) x exp {c6[(lwn(r — 1)? —|—/ ) |G(0)[?d0)” + 1] }.
On the other hand, by (2.6) and (3.18)-(3.20), we have, replacing the variable

t with 0,

1d 1
3 qg AW, wn) < JHAwl* + GO = [Awn* = (B(un, wn), Awn) = (N (wn), Aw)

3 1
< = lAwal* + GO + [l Awnl* + X wn|* w15
1
+ 7 Awn]® + (@) llwal[E
1
= =4 I1Awa | + GO + A flwnl*[wnll + ¢ @)llwall,

which implies
d
dé
Integrating (3.29) from r — 1 to r and using (2.1), we have

(3:29) 2 (Awn, wy) + | Awy [ < 4G O] + X Jwn |* [ wall5 + 4e® () wa

| lAu@ P < swn o @Flun@)E) [ e @0

E[r—1,r]
(3.30) ter / IGO0 + crllwn(r — 1)[2,
r—1

for 7 < r — 1, where ¢7 := max{4\* 4c(v,), 4,2¢; '}
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Finally, multiplying equation (3.16) by &, (), summing them from j =1 to n
and replacing the variable ¢t with 6, we obtain

() + 5 A (6), w0 (6)) + (Blun(8), wa (8)), w (6)) + (N (wn (6)), 5, (6))

(3.31) = (G(6),w,,(8)) < iuw;w)u? +lGO))*
Moreover, by (2.2), (2.4) and the fact (3.19), we obtain
~(B(un(9), wn(6)), Wi (0)) < Mlun(0)]12 [|Vun (0) | 21| Vewn, ()| || Aw, (0) |12 | w], ()

n

A 1 1
< ——=lun(O)[> [V ()| % || Awn (0) || [}, (0) |
§1vV A1
A
< ———=|wa(0) |5 || Awn (0)]|||w), (6
51@” O)lp (| Awn (0)[l[|wy, (0)]
1 A
32 < 1wl O + —=lwa(O)[|% | Awn (6)]>
(3.32) 2 len O +51m|\w O 1 Awn ()17,
where 01 := min{v + v,, a}. Also, by (2.6), we have
1
(3.33) —(N (wn(6)), w,(0)) < 7 [[wh,(O)1* + () [on (O) I3+
Then it follows from equations (3.31)-(3.33) and the Cauchy inequality that
/ 2 li
@) + 1 (A (6), wa (9)
1 1 A
< —w 2 2 Ly 2 (012 [ Aw,, (0)[|2
wn @7 NGO + 3w ()] +51m||w ()15 1| Awn (0)]]

1
+ 7 Iwn O + @) lwn (O3

3 / 2 2 2 2 A 2 2
= LI O + IGOI + @ )lwa O + 5o 0) 3w, O)
that is
(I + 25 (A (6), w1 (6))
(334) < AGOI + esllun (@2 (1 + [ 4w @),

where cg := max {402(V,~)7 4A5f1A1_% } Integrating (3.34) from r —1 to r and using
(2.1), we see that

T

r 2
/ b )20 < (= DI +4 / REOIRY

(3.35) res, s @ (14 / | Aw, (6)]d6).
elr—1,r r—1

for any r € [t — 1,t] and 7 < 7o(D,t). Note that reference [24] has proved the
facts that w,(;7,w,) — w(-;7,w,) weakly in L2([t — 3,t]; D(A)), w!,(:;7,w,) —
w'(+; 7, w,) weakly in L2([t — 3,t];ﬁ), and w(;T,w,) € C([t — 3,t]; V). By Lemma
3.1, we can pass to the limit in (3.28), (3.30) and (3.35) to obtain the inequalities
(3.8)-(3.10). The proof is complete. O
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Note that if (H1) hold, then we have . lim e®’p;(t) = 0.

3.2. Pullback attractors in space H.
We now prove the existence and regularity of the pullback attractors for the

process {U(t,T)}i>- in space H.
According to the estimate (3.2), we can easily obtain the following lemma.
LEMMA 3.4. Assume (H1) holds. Then the family of sets Dy = {Dy(t)|t € R}
_ 1 -
with Do(t) = By (O,R%(t)) is pullback DH -absorbing for the process {U(t,7)}i>r

in H, where

(3.36) B (0.RE (1) = {w € H || < RE (1)}
is a closed ball in H and

t
(3.37) Rg(t) =1+ C4€763t/ e ||G(s)]|*ds.

LEMMA 3.5. Assume (H1) holds. Then the process {U(t,T)}i>r is pullback
DH _asymptotically compact in H.

ProOOF. The proof is similar to that of Lemma 3.8 in §3.3 and we omit the
details here. (]

By Lemmas 3.4 and 3.5, we can use the abstract result of [16] to obtain the
existence of the pullback attractors for the process {U(t,7)}:>- in space H.

THEOREM 3.6. Assume (H1) holds. Then the process {U(t,T)}i>r defined by
(2.11) in H possesses the minimal pullback DE - and DH -attractors

Apg ={Apr(O)|t €R} and Apz = {Apa(t)|t € R} € DY,
respectively. Furthermore,

.A,D?(t) c A.Dﬁ(t) - Eﬁ (O,R (t)), vt € R.

m)mha

3.3. Pullback attractors in space V.
Hereinafter, we will use D7V to denote the class of all families Dy of elements
of P(V) of the form

Dy = {Dy(t) = D(t) N V|t € R} with D = {D(t)| ¢ € R} € DH.
Also, we use Dg to denote the universe of nonempty fixed bounded subsets of V.
It is clear that both classes DAV and Dg are universes in P(‘A/) and Dg c pHYV.
Moreover, let us denote by {Bj (O,plé (t))|t € R} the family of closed balls in H
centered at zero and with radius plé (t), then
{B5(0.p{ (1)t e R} € DT
According to the above notations and Lemma 3.3, we can easily derive the fol-

lowing existence of bounded family of pullback DH-V-absorbing sets for {U#, 1) s
in space V.
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LEMMA 3.7. Assume (H1) holds, then the family of sets
~ _ 1 -~ 5

(3.38) Dy = {Dyp(t) =By (0,pf () N V[t € R} € DTV,
Furthermore, for any t € R, ﬁ\”/ = {Dp(t) = D(t) N X//\'|t € R} € DHV with, any
D = {D(t)| t € R} € DX, there exists a 71(D,t) <t such that
(3.39) U(t,7)D(r) € Dy (1), ¥r < 71(D,1).

Next, we prove the pullback asymptotically compact of {U(t,7)}i>- in V for
the universe D'V by using the enstrophy equality.
LEMMA 3.8. Assume (H1) holds, then the process {U(t,T)}>, is pullback

Dﬁ"?—asymptotically compact in space V.

Proor. Let us fix some t € R and consider any family 5‘7 = {Dp(t) =
D(t)NV|t € R} € DHV | any sequences {r,} C (—o0,t] and {w,, } C V, satisfying
T, — —00 as n — +00, and w,, € Dy(7,) = D(1,) NV for all n. Our goal is to
show that the sequence {w™ (t)} defined by
(3.40) w™ () == w™ (57, wr,) = U, mswr,).
is relatively compact in V.

By Lemma 3.3 we see that there exist a 7 (ﬁf,, t) <t — 3 such that the subse-
quence {w™ ()| 7, < T()(B‘A/, t)} is uniformly bounded in

L[t = 2,1; V) N L2([t - 2,4]; D(A)),

and {(w™)(-)} is uniformly bounded in L2([t — 2,t]; H). Then, following the
standard diagonal procedure, there exists a function w(-) such that (by extracting
a subsequence if necessary)

~

(3.41) w™(-) —=* w(-) weakly star in L®([t — 2,t]; V),
(3.42) w™ () = w(-) weakly in L2([t — 2,t]; D(A)),
(3.43) (W™ (-) = w'(-) weakly in L2([t — 2,t]; H).
By the Aubin-Lions compactness theorem (see, e.g. [19, 4, 36]) and the compact

embedding D(A) < V — H, it follows from (3.42)-(3.43) that
(3.44) w(™ (-) — w(-) strongly in V, a.e.on|t— 2,1,
(3.45) w () ec(it—2,4;V), w(-)ec(t—2t;V),

~

and {w™(-)} is uniformly bounded in C([t — 2,t]; V). According to (3.41)-(3.44), we
see that w satisfies equation (2.8). Since
S2 R
(3.46) w™ (s9) — w™(s1) :/ (w™) (r)dr in H, Vsi,s9 € [t —2,1],
s1
and {(w(™)'} is uniformly bounded in L?([t—2, t]; ﬁ), we conclude that {w(™ ()} is
equicontinuous on the interval [t —2,¢] with values in H. Thus, by the Ascoli-Arzeld

theorem, we have

(3.47) w™(-) — w(-) stronglyin C([t — 2,t]; H).
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Then, by the uniform boundedness of {w™ ()} in C([t—2,#]; V) and (3.47), for any
sequence {s,} C [t — 2,t] with s,, — s, as n — oo, there holds
(3.48) w™ (s,) = w(s,) weaklyin V.

Next, we claim that

(3.49) w™ () — w(:) stronglyin C([t — 1,t]; V),

which implies the relative compactness of w(™ (¢) in V. Suppose (3.49) is false, then
there exists an ¢y > 0 and a sequence {t,,} C [t — 1,¢] satisfying ¢,, — ¢, such that

(3.50) w™ (t,) — w(ts)llp = €0, Vn = 1.

Since the norm [|w/||¢ is equivalent to the norm induced by (Aw,w) (see (2.1)), we
can assume that

(3.51) (Aw™ (t,) — w(t)), w™ (t,) — w(t,)) > €, ¥n > 1.
Then, by (3.48) we have
(3.52) (Aw(t,),w(t.)) < 1innli£f<Aw<">(tn),w<n> (tn)).

On the other hand, similar to the derivation of (3.29) and using the enstrophy
equality as that as (2.10) for w(™ and w, we have

(A (s2), w0 (s) + 5 [ 14w(0)|Pds

S1

< (Aw (s1), 0™ (51)) +2/ IIG(9)||2d9+202(Vr)/ 1™ (6|40

S1 S1

L ont / o™ ()12l (6) 4 do

S1
s

< (Au () 0 ) +en [ IGO0+ o [ ™)

S1

s2
3.53 + ¢ w™ (0 édt9, fort —2 < s1 <89 <
%

S1

and
(u(sa) w(se)) + 5 [ aw(o)]ar
< (oo u(sn) +2 G600 +26(r,) | Jw(6)[3.d0
2 [ ) u(o)]s
< (u(sp)w(sn) +eo [ IGO0 e [ o) 300
(3.54) won [ o)ban

where ¢g 1= max {2, 2¢*(v;), 2\*p1(t)} . Now, for s € [t — 2,1], let us define
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L) = (Au(9.0(0) ~ o [ 6O —co [ Ju0)[20

t—

33) [ @)
() i= (Au(s)w) ~an [ [GOPD e [ Ju@)]bas
(3.56) — ¢y /:2 [w(0)][%d.

It is obvious from the regularity of w and all w(™) that T',,(-) and T'(-) are continuous
on [t — 2,t]. By (3.53), for any t — 2 < s1 < $2 < ¢, we have

Fn(SQ) - Fn(sl)

= (A2, 0 (52)) = (A0 (1), w0 51)) — o [ GO0

S1

So S2
e / o) (9) 2.6 — o / 0™ (6) 4.6

S1 S1

1 [
(357 <3 / | Aw™ (6)[2d6 < 0.

S1

Thus, for each n, T',,(+) is non-increasing on [t — 2, ¢]. Similarly, using the definition
of T'(+) and (3.54), we see that the function I'(s) is also non-increasing on [t — 2,].
Then, from (3.44), we obtain when n — oo that

(358)  Jw™OIE — lwOlF o™ O — lw()lIf, ae.on [t —2,.

Since, w™(-) is a bounded sequence in L>([t—2, ¢]; V), we see that both |jw™ ()||%7
and ||w(”)(-)||“17 are bounded in L>®([t — 2,¢t]). Then, by the Lebesgue dominated
convergence theorem, it follows that

(3.59) /t ||w(")(9)||‘27d9—>/t_2 lw(@)]2d6, ae. s t—2,1, n— o,

-2
(3.60) / ™ (0)]5.d0 — / lw(@)50, ac. s € [t—2,1, n— oo
t—2 t—2
By (3.44), (3.59), (3.60) and again the equivalence between the norm ||w|p and
the norm induced by (Aw,w), we have
(3.61) Ih(s) — T'(s) ae. se[t—2,t],n— oo.
Therefore, there exists an increasing sequence {t} C [t — 2,t,] such that

(3.62) lim t, =t, and lim ', (tx) = I'(ty), forall k € N.

k—o0

By the continuity of I'(+), for any € > 0, there exists some k. such that

(3.63) IT(tr) — D(t.)| < €/2, for allk > k..
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Also, by the non-increasing property of I';, and (3.62), for each n > n(k.) we may
choose t,, > t;_ such that
Ln(tn) = T'(t) < Fn(zke) = I'(t)
~ ~ ~ € €
(3.64) SIPalte) = T(te )|+ [0(Ek) —T#) < 5+ 5 =€
Then we obtain

tn
limsup I, (t,) = limsup ((Aw™ (t,,), 0™ (t,)) — cg / G(6)]]2d6
t—2

n—oo n—0o0

tn tn
N 09/ ™ (6)]2.d0 — cg/ 2 (™ (6)]%,d6)
t t—

-2

<T(t) = (Aw(t.), wit.)) - co / le@)Pas

tx Ty
(3.65) o f T(O)]3d0 <o / (@[55
t— t—
By (3.44) and (3.59)-(3.60), we further obtain
tn Ty
(3.66) [ @lds — [ ju@3de, oo,
t—2 t—2
tn Ty
(3.67) / 0™ (6)]15.d0 _>/ Jew(0)|Ld0, n — .
t—2 t—2

tn ta
Hence, it follows from (3.65)-(3.67) and the fact / 1G(6)]]2d6 — / |G(6)]/2d6
t—2 t—2
that
(3.68) (Aw(t,), w(ty)) = limsup(Aw™ (t,), w™ (t,)).

n—o0

Since V is a Hilbert space, (3.52) and (3.68) give a contradiction with (3.51). Hence
the claim (3.49) follows and the proof is complete. O

Combining the results of Lemmas 3.7, 3.8 and the abstract result of [16], we
can obtain the main result of this section as follows.

THEOREM 3.9. Assume (H1) holds, then the process {U(t,T)}i>r possesses the

manimal pullback Dg- and DAV _attractors

ADZ = {‘Apg Ot eR} and Apme ={Apmv(t)|t € R},
respectively. Furthermore, the following statements hold.
(1) For anyt € R, we have
(3.69) Apg (1) € A (1) € Apir (1) = Ap o (1),

where A\Dﬁ ={A, a(t)|t € R} and .Zpﬁ = {Apz(t)|t € R} are the min-
F F

imal pullback DFﬁ— and D _attractors of {U(t,7) 1>+ in space ﬁ', which
are obtained in Theorem 5.0.
(2) For anyt € R and D € D, there holds

(3.70) Tli)r_noo dist (U (¢, 7)D(7), Apz(t)) = 0.
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(3) Suppose G satisfies

(3.71) sul)(e_c3sJ/ ¢“||G(6)[12d9) < +oo.
s<0 —00
Then, for any t € R and fized bounded subset B of ﬁ, we have
and
(3.73) lim distg (U(t,7)B, Az (t)) = 0.

Proor. By [16, Theorem 3.11 and Corollary 3.13] and Lemlnas 3.3, 3*7—3.8,
we can obtain the existence of the minimal pullback attractors AD‘F7 and Apzv.
Also, (3.69) follows form [16, Corollary 3.13 and Theorem 3.15] and Lemma 3.7.
Obviously, (3.70) can be obtained immediately from (3.69). Moreover, if G satisfies
(3.71), then the equality Apg(t) = A, () is a corollary of [16, Remark 3.14] and
(3.11). Again, by [16, Theorem 3.15] and (3.69)-(3.70), we have AD};’ (t) = Apg(t)
and (3.73) follows obviously. The proof is complete. O

4. Tempered behaviors of the pullback attractors

In this section, we will investigate the tempered behaviors of the pullback at-
tractor A,z with respect to the norms of H, V and (H?(2))? as t tends to —oo.

First, we consider the tempered behavior of ,Zl\Dg in H norm. Since A\Dﬁ e pH ,
by Theorem 3.6, we see that the tempered behavior is given by

(4.1) Jim (e sup [w|*) =0.
- weA_ 4 (t)
D

Next, for the tempered behavior of ./zl\,Dﬁ in 17, we have the following result.

THEOREM 4.1. Assume (H1) and (3.71) hold, then
(4.2) lim (e®’ sup ||wH%/) =0.

t——o00 u;GADﬁ(t)

PRroOF. First, by [39, Theorem 4.1], we see that the condition (3.71) is equiv-
alent to

(4.3) mm/)HGwN%9<+m.
s<0Js—1
According to the equivalence, it is easy to verify that the tempered behavior (4.2)

is a consequence of the invariance of the pullback attractor A\Dﬁ and the estimates
(3.8), (3.11) and (3.12). The proof is complete. O

Finally, we study the tempered behavior of ﬁpﬁ in (H%(Q))3. To investigate
the tempered behavior, we further assume G satisfies the condition:

(H2) G € Wﬁ)f(R, H) satisfies (3.71), and

t
(4.4) Jim (e"|G(t)]|*) =0 and Jim (ec3t/ IG'(9)]|*d) = 0.

t—1
First, we establish some estimates of a higher regularity of the solutions.
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LEMMA 4.2. Assume (H1) and (H2) hold. For anyt € R, D= {D(t)|t e R} €
DH there exists a T5(D,t) < t — 3 such that for all v € [t — 1,1], there hold

(4.5) [0’ (r; 7, w,) |2 < ps(t), V7 < 7o(D,t), w, € D(7),
(4.6) | Aw(r; 7, w)|1? < po(t), V7 < m(D,t), w, € D(7),
where

(A7) ps(t) == (pa(t) + 3 A2 +A7?) / _; IG(9)[2d6) - exp (4x*a7 p3(1)),

(4.8) po(t) = cri(ps(t) + max [G(r)l|* + pa(t) + p1(t)p3 (1)),

reft—1,t]

11 := max{8,4\*, 4c%(v,)}.

PROOF. Let wy,(t) = wy(t; 7,w,) be the Galerkin approximate solution defined
by (3.15). Differentiating equation (3.16) with respect to ¢, multiplying the resulting
equalities by ¢, () and summing them from j =1 to n, we have

N O + Sl OV + (B (0), wi(0)), w4 (0)
+ (Blua(0),14,(0)), 0}, (0)
< 5 O + (Aus, (0), w), (6)) + (Nt ), (6)
B0 (0). 0 + (300, 500)
$1/2 1/2
< &Tluu;(e)n? + 2 O + 5

1 - _
(49) <Gl @l + 55 AT+ AT O,

D N el Ol

where we have also used (2.7) and the Pioncaré inequality. Also, by (2.3) and the

facts [l | < e, [V, ]| < )1, we can obtain

(B, (0), wn(6)), wr, (0))] < Al (0)]12 [V, (8) 12 [0 (6) |2 | Ve ()] | Ve, (6)
< My, ()12 ([}, (012 1w (0) 1 [ (0) | 2|, (8) 1

< M), (0)]12 [[wn (0)]1-|w;, (0)]

4

(110) < Sl (O3 + =l 0)? o (0}

3
2
o

Similarly, we have

(411)  [(B(un(6), w,,(0)), wy, ()] < %Hw;(G)H% + Agllwé(ﬁ)||2||wn(9)||§*7-
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Then, for a.e. § > 7, it follows from (4.9)-(4.11) that

d 1,<_ -
on @1 <llur @I + <A77+ ATAIE O + llwr, (613
4Nt
+ 5w OIP [wa (O) [ — 20]1wr, D)1
S=1/2 =172 gz L AN 4
(412) = AT AT O + 25 [, 0) wa O)]5-

Integrating (4.12), for 7 <r —1 < s < 7, we have

(I < ()P + 5 552 4 A7 72) / [AOIRT

4
(4.13) L4 / ey (B)]1 [ (6) 4 0.

Applying Gronwall 1nequahty to (4.13), we see that

Juh()IP < (it + 5057240 [ @)

r—1
4 T
(4.14) xop (5 [ un(0)5a0).
r—1

Furthermore, integrating (4.14) with respect to s for s € [r — 1, 7], we obtain

)P < ([ elPas + 5077477 [ 6 0)Ras)

g \
(4.15) xexp (M /T_1 la(0)]1%.d6).

Hence, by (3. 8) (3.10), (4.15) and the fact that w,(;7,w,;) = w(:; 7, w,) weakly
in L2([t — 1,1]; V) and w(-;7,w,) € C([t — 1,#]; V), the inequality (4.5) follows.

Next, we prove the inequality (4.6). Similar to (3.18), we have

(wy, (1), Awn (1)) + | Awn (1)[|* + (B(un (1), wn (1)), Awn (1))
+ (N (wn(r)), Awn (1))

(@16) = (G0), Awn(r) < GO + ¢ dwa ()]
By (2.4) and (2.6), we easily get

(4.17)  [(B(un(r), wn(r)), Awn(r))| < illz‘mn(T)H2 + X [Jwn (1) ]| wn () 15

(4.18) (N (), A ()] < 711 Awn(r)[? + () () 2.
From (4.16)-(4.18) and the fact
W (), Awn ()] < ol ) Awn ()] < 20, () + 5 [ Awn (]
we can obtain
| Awn ()12 < (40 o (M [wa(r)[3 + 462 (0) ) llwn ()3
(4.19) +8]G(r) 2 + 8w, () [
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Since the embedding Wﬁ)’f(R; H) < C(R;H) is continuous, we see that G €
C(R; H). According to (3.7)-(3.8), (4.5) and (4.19), we have for all r € [t —1,¢] that

(4.20) | Aw,, (r; 7, w2 |12 < ps(t), V7 < 72(D,t), Yw, € D(7),

where pg(t) is given by (4.8). Then, combining Lemma 3.1, (4.20), (H2) and the
fact that w,(;7,w,) — w(;7,w,) weakly in L2([t — 1,t]; V), and w(-;7,w,) €

C([t —1,t]; V), we can obtain the inequality (4.6). The proof is complete. O

THEOREM 4.3. Assume (H1) and (H2) hold. Then we have
(4.21) lim (e®" sup " [w]|P52(y)s) = 0.

t——o00
we pH

PROOF. Obviously, we have for all r € [t — 1,¢] that
t 1
(422) GO <G =Dl + ([ I6'0)17a0)".

Then, combining Lemmas 3.3,4.2, Theorem 4.1, the equivalence between (3.71) and
(4.3), and the invariance of A,z (t), we have (4.21). O

5. H?-boundedness of the pullback attractors

In this section, we will use the estimates of the Galerkin approximate solutions
sequence {wy, (t;T,w,)}n>1 defined by (3.15) to show the H2-boundedness of the
pullback attractors.

LEMMA 5.1. Assume (H2) holds. For any T € R, € >0, t > 7+ ¢ and bounded
set B C H, we have the following properties:

{wn(;7,w,)|wy € B}ys1 is a bounded subset of L*([T + ¢,t]; D(A));
{w! (57w )| we € B}t is bounded subset of L ([T + ¢, t]; H);
{wy, (ri7,wr)|r € [T +¢e,t],wr € B}, is a bounded subset of H;

5) {wy(r;mwe)|r € [T+, t],wr € B}p>1 is a bounded subset of D(A).

PrROOF. We can obtain, with small modifications on the interval [ + ¢,¢],
the similar estimates as (3.7)-(3.10) and (4.5)-(4.6) for the Galerkin approximate
solution wy, (t; 7, w,) defined by (3.15). Hence, the properties of parts (1)-(5) follow
from theses estimates directly. The proof is complete. O

LEMMA 5.2. Assume (H2) holds. Then for any T € R, e >0, t > 7+ ¢ and
bounded set B C H, the set |J Ul(s,7)B is bounded in V.
s€[T+e,t]

PROOF. In [24], the authors had proved that for any w, € B C H, the
Galerkin approximate solutions {w,,(:;7,w;)}n>1 converge weakly to w(-;7,w;)
in L2([r,1]; V) and w(-;7,w,) € C(|[r,t]; H). Then, the desired result is a straight-
forward consequence of Lemma 3.1 and part (1) of Lemma 5.1. The proof is com-
plete. O

Summing up the above lemmas, we have the following results.

THEOREM 5.3. Assume (H1) and (H2) hold.
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(1) For any 7 € R, ¢ > 0, t > 7+ ¢ and bounded set B C fl, the set
U U(s,7)B is a bounded subset of D(A) =V N (H2(Q))3
s€[T+e,t]
(2) For any Th,T> € R with Th < Ta, the set  |J Apg(t) 15 a bounded
te[Th,Ts]

subset of V N (HQ(Q))S

PRrOOF. (1) According to [24], one can see that for all w, € B C H, the
Galerkin approximate solutions {w,,(+; 7,w;) }n>1 converge weakly to w(-; 7, w,) in
L2([7,t); V) and w(-;7,w,) € C([7 + &,]; V). Hence, it follows from Lemma 3.1,
part (5) of Lemma 5.1 that the assertion holds.

(2) It is easy to see that if 7 < T7 — 1 is fixed, then

U Az U UEDAL(0).

te(Ty,Ts] te[T+1,1%]

Hence, combining Lemma 5.2 and the result of part (1), we obtain the boundedness
result. The proof is complete. (I
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