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ABSTRACT. In this paper, we present some theoretical results of Sobolev spaces
of functions defined on an open subset of an arbitrary time scale T™, where
n > 1is a positive integer. As an application, we consider a class of semilinear
Dirichlet problems on time scales T™ of the form

—Au+ A’ = |u”|p_2u‘7,
u>0, u€ H},(Qr),

where Qr is a domain of (T*)" and Au = >°" | D? , u is the Laplace operator.
Under certain conditions, the sufficient and necessary condition of the existence
of a nontrivial solution is established by using the mountain pass theorem.
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A time scale T is an arbitrary nonempty closed subset of the real numbers and
has the topology inherited from the real numbers with the standard topology. Since
time scale calculus can be used to model dynamic processes whose time domains are
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more complicated than the set of integers or real numbers, it plays a crucial role in
various equations and systems arising in economy, biology, ecology and astronomy
[7, 14, 22], etc. During the last decade, there has been an explosion of interest
in the study of dynamic equations on time scales and the research in this area is
rapidly growing, see [15, 17, 19, 18, 20, 16, 21, 27] and the references therein.
On the other hand, in real and functional analysis Sobolevs spaces are regarded
as one of most fundamental tools, especially in the use of variational methods to
solve boundary value problems in ordinary and partial differential equations and
difference equations [11, 9, 28, 26]. In spite of this, the theory for functions defined
on an arbitrary bounded interval of the real numbers has been well established
[12, 23], but for functions defined on an arbitrary time scale, it appears that the
study just started.

In this paper, we study theoretical properties of Sobolev spaces of functions
defined on an open subset of an arbitrary time scale T" endowed with the Lebesgue
A-measure. As an application, we consider the following semilinear Dirichlet prob-
lem on time scales T":

{ —Au(t) 4+ A (t) = [u? ()P u (t),

(1.1)
u(t) >0, wu(t) € HyA(Qr),

where Qr is a domain of (T*)" and where Au = Y " | DZAU is the Laplace oper-
ator. The sufficient and necessary condition of the existence of nontrivial solution
is obtained by using the mountain pass theorem. Such result on the existence of
nontrivial solution of the semilinear Dirichlet problem is also sharp for the corre-
sponding difference equation (T = Z) in the general time scale setting.

The paper is organized as follows. In Section 2, we introduce some basic notions
and briefly present the Mean Value Theorem on time scales. In Section 3, we
discuss the Divergence Theorem on time scales. In Section 4, we prove the Rellich’s
Compactness Theorem and the generalized Poincaré inequalities on time scales.
Section 5 presents some properties of differentiable functions on time scales. Section
6 is dedicated to the existence of nontrivial solutions of the problem (1.1) on time
scales.

2. Preliminaries

In order to discuss the theory of Sobolev spaces on time scales T", we start
with some basic notions and the related propositions [3, 10] that help to better
understand our main results and proofs described in next several sections. Some
other relevant terminologies and concepts can be found in the references [2, 1, 4,
5, 6, 8, 13] etc.

Let n be a positive integer. For each i € {1,2,---}, let T; denote a time scale,
that is, T; is a nonempty closed subset of the real numbers R. Set

™ = Ty xTyx---xT,
= {t:(tl,"' 7tn) it €Ty, 221,2,,7’L}

We call T" an n-dimensional time scale. The set T" is a complete metric space
with the metric d defined by

1
n 2
d(t,s) = (Z [t; — si2> for t,s € T".
i=1
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Let o; and p; denote the forward and backward jump operators in T;, respec-
tively. Specifically, for uw € T;, the forward jump operator o; : T; — T; is defined
by

oi(u) =inf{v € T; : v>u};
and the back jump operator p; : T, — T, is defined by

pi(u) =inf{v € T; : v < u}.
In this definition we put o;(maxT;) = maxT; if T; has a finite maximum, and
p(minT;) = minT; if T; has a finite minimum. If o;(u) > wu, then we say that
u is right-scattered (in T;), while any w with p;(u) < u is called left-scattered (in
T;). Moreover, if v < maxT; and o(u) = u, then w is called right-dense (in T;),
and if © > minT; and p;(u) = u, then u is called left-dense (in T;). If T; has a
left-scattered maximum M, then we define T = T; \ {M}, otherwise T¥ = T,. If
T; has a right-scattered minimum m, then we define (T;),. = (T;) \ {m}, otherwise
(Ty)x = T;.

Let f: T™ — R be a function. The partial delta derivative of f with respect to

€ (T™)" is defined as

fltr, - tim, 05(ts) tign, - o tn) — f(tr, - St Sistivt, - o tn)

lim )
si—ti, si#0;(t;) Uz(tz) — S5

provided that this limit exists, and denoted by % of (t). The second order partial
I*f(t) o ! (t)

delta derivatives of f is denoted as . Higher order partial delta

Az 0 O Az
derivatives are similarly defined. The partwl nabla demvatwe of f with respect to
t; € (T™), is defined as

lim s tia, pi(ts) tigr, o s tn) — [ty tioa, Sistipr, o s tn)
si—ti, si#pi(ti) pz(ti) — S

)

. In a similar way, we can define
higher order partial nabla derlvatlves and the mlxed derivatives can be obtained
by combining both delta and nabla differentiations. For instance, a second order
i0) 2 f(t)

. . L. B}
mixed derivative is defined as xav,E O Tn A

DEFINITION 2.1. For each n-tuple @ = (a1, -+, ;) of nonnegative integers,
we denote the D} partial derivative by
ololf
DYy Diiaf = xom g

of the order |a| = a3 + - -+ + ay, where D; A f = ﬂ and A t is denoted as the
first A-derivative of the function f with respect to t;. If || = 0, then D = I
(identity). Moreover, D;  f and 2 t2
function f with respect to ;. The partlal nabla derivatives are similarly defined.

are denoted as the second A-derivative of the

For a A-measurable set Ep C T" and a A-measurable function f : Ep — R,
the corresponding Lebesque A-integral of f over Et will be denoted by

f(tl, tQ, s ,tn)AtlAtg s Atn or f(t)At
E’][‘ ET

All theorems of the general Lebesgue integration theory, including the Lebesgue’s
dominated convergence theorem, hold for Lebesgue A-integrals on T™.
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We state the mountain pass theorem for the study of the semilinear Dirichlet
problem on time scales T™.

LEMMA 2.2. [24] Let X be a Hilbert space. Suppose that p € C*(X,R), e € X
and r > 0 such that |le|| > r and

b:= inf o(u) > ¢(0) > ¢(e).

llul|=r
Then for every € > 0, there exists u € X such that
(i) c—e < plu) < c+e,
(ii) || (w)]| < 2e,
where

pr— 1 f
¢ = Inf max e(v(s)),

and
I'={y € C(0,1], E) : 7(0) =0, (1) = e}.
If ¢ satisfies the (PS). condition, Then c is a critical value of .

The following is the mean value theorem on time scales T™.

LEMMA 2.3. (Mean Value Theorem) Let (a1, az,- - ,ay) and (by,ba, -+ ,by) be
any two points in T; x Ty x --- x T,,. Set
a; =min{a;, b;} and B; = max{a;,b;}, i=1,2,--- ,n.
Let f be a continuous function on [a1,b1] X [ag, ba] X -+ X [an, by] that has the first
order partial delta derivatives % for each t; € [a;, B;)r. Then there exist constants
&, mi € au, Bi)T such that

6.f(€170'27"' aan) 8f(b1a§2aa/3"' ;an)

Al (a1 —b1) + Aot (ag — by)
af(blabQ,"' abnflagn)

S f(alaG/Qa"'7a'n)_f(b1ab2a"'7bn)

8f(7717a27"' 7an) 8f(b177727a3"' ;an)

< — _

- Arty (@ =b)+ Aosty (az = b2)
Of(by,ba, - abn— s lin

(2.1) T (G L) (g, ).

Apty

By virtue of Lemma 2.3, we can derive that

LEMMA 2.4. Let f be a continuous function on Ty x Ty x --- x T, that has

the first order partial derivatives Aalj;, A‘ZJ;, <o and Aa]; for (ti,ta,--+ ,t,) €
TE X To X - X Ty, (t1,ta, 1 tn) €Ty X TE X -+ X Ty, + -, and (t1, 2, 1 ty) €

Ty x Ty x --- x TE, respectively. If these derivatives are identically zero, then f is

n’

a constant function on Ty X To X -+ x T,,.

3. Divergence Theorem

Let Qpn be an open subset of T™ (n > 1). The set C'(€2rn) of continuous real-
valued functions defined on Qp» is an infinite dimensional vector space with the
usual definitions of addition and scalar multiplication:

() (F +9)(t) = F(8) + g(¢) for f, g € C(ra), tE Qg

(ii) (af)(t) = af(t) for a € Rand f € C(Qpn), t € Qpn.
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Let Cp (Qrn) be a subspaces of C(Qrn) which consists of those functions that
are continuous in {0~ and has compact support in 2p~». The support of a function
f is defined on Qpn as the closure of the set {x € Qpn : f(x) # 0}, denoted by
supp(f).

For the integers m > 0, let C™ (Qrn) be the collection of all f € C(Qgn)
such that D*f € C(Qr») for any multi-index a with the length |a| < m. We say
f e C>®(Qqn) if and only if f € C™ (Qp«) for any nonnegative integer m. For
m > 0, we define C" (Qqn) = C™ (Qpn) N Cp (Qpn ). Obviously, the spaces

™ (Qrn), C= (Qn), Co (a), CF (Qra)
are subspaces of the vector space C'(Qn).

Let 21 be a nonempty open set in T". Assume ¢ € C™(Qr) and u € CJ"(Qr).
It follows from integration by parts that

(3.1) / uDX pAt = (—1)‘“"/ v At, o > m,
Qrn Qrn
where v = D} u.
For p € R and p > 1, let the space

LPA(Q’H‘TL7R) = {f : Q’]I‘n — R

/ FPAL < +oo}
Qrn

be equipped with the norm

1

(3.2) 1128 o ) = { /Q |f(s)|pAs] a

We know that the space LK (Qr»,R) is a Banach space with the norm defined
as formula (3.2). Moreover, LA (Qr=,R) is a Hilbert space with the inner product
given by

i oy = [ (O 9l)A
™
where (f, g) is the usual scalar product in R™.

For p € [1,00), we denote f € L}, (Qrn,R) if and only if f € L} (K1n,R) for

each compact set Krn.

DEFINITION 3.1. Assume u € L}, A(Q1n,R). A function v € Lj,. x(Qrn,R) is
called the a-th weak derivative of u if it satisfies

(3.3) / uDX At = (—1)‘04/ vp? At for all p € C(l)a‘(QTn).
Qpn Qpn

It is easy to see that the weak derivative is well-defined. Thus we use v = DX u
to indicate that v is the a-th weak derivative of w. If a function u has an ordinary
a-th derivative in Lj,. o(€2r»), then the a-th weak derivatives coincide with the
ordinary derivatives.

Suppose that F = 1_7>(x1, Zg, -+ ,xy,) is a differentiable vector-valued function
defined on Qr. At each point t = (t1,ta, -+ ,t,) € 0Qr (we also assume Q7 is
ChY), let W = 7 (t1,ta,- -+ ,t,) be the outward unit normal vector. Recall that

— — —
OF OF OF

.
DiwF = 25 9% 9
W= A T A, T T A
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The divergence formula is

=1 = —
(3.4) DivF At = F.nds,
Qrn Q.
where ds denotes the surface measure on 0. Let F(ml, Za,- -+ ,Ty) be a vector-

valued function of the form F = v- v u, where u and v are scalar functions defined
on Q. Here, syu denotes the gradient of u given by
ou

Dy au Astr
u
V D27Au Aoto
u = . =
D u _Ou_
A Aptn

Then we have
DivF =% Au + V.V u,
where v7 = v(o(t)). According to (3.4), we have

(3.5) / (W AU+ .7 u) At = / va—uds,
Qpn Orn on
where g—z denotes the normal derivative of u on 0Qr=» given by
Z—Z = yu.mn.

The formula (3.5) is regarded as Green’s Identity-I on time scales.
Rewrite identity (3.5) as

0
(3.6) T,V ulAt = — / v? AuAt + / v 2 gs.
Qrn Qpn O on
Exchanging v and v gives
0
(3.7) Ju. 7 VAt = — / u? AvAt + / usl ds.
Qrn Qpn Q. on

Combining (3.6) and (3.7) yields

ov ov
TAVAL — 07 Au) At = — —u—
/QTH (u” AvAt — v7 Au) At /{an (uan u5n> ds,

which is called Green’s Identity-II on time scales.

4. Embedding Theorem
For p > 1 and a nonnegative integer k, let
WEP(Qrn) = {u: Qpn — R [u” € LB (Qpn) and DRu € LR (Q1n),0 < |a] < k}.

When k = 0, WE?(Qpn) means LA (Qpn). It is obvious that WA®(Qpn) is a
vector space.
The corresponding norm is defined by

lullkp.a = ||“||W§'P(Qm)

o=

(4.1) _ / W+ S [DRul | At
Qr

0<|a|<k
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If 1 < p < oo, the space Wz’p (Qrn) is called the Sobolev space on time sales of
order k.

We define the space W&’X(Qw) as the closure of D(Qpn) in WAP(Qpa) with
respect to the norm ||u|x A, and it is also a Sobolev space of order k, where

D(Qr) ={u:Qr - R:u e C® and suppu is compact }.

Note that when p = 2, WEP(Qn) and W(fi’g (Qrn) are Hilbert spaces with the
inner product defined by

(W, V)k2 = (%U)WKP(QW)

_ / w7+ S DRuDio | At.
Oy 0<|al<k

We will deal mostly with these spaces in the sequel, as well as the following notations
HE (Qqn) = Wa? (Qrn) and Hf 5 (Qrn) = Wo'R (Q1n)
and
HA(T™) = {u: TV - R|u” € LA(T") and v u € LA(T")}.
So HX(T™) is a Hilbert space with the inner product

(u?,v7)1 A 1= / (Vu. v v+ [uv?|) At
RN

and the induced norm

ha = [, (v u?+ 1] a)

Let Qp be an open subset of T". The space Hj 5 (Qr) is the closure of D(Qr)

in HA(T"). Let N > 3 and 2* := 227 The space

DL2(T") = {u TV R

u’ € LX (T") and v u € LZ(T")}
is a Hilbert space with the inner product
(u,v) := Ju. 7 vAt

RN
and the induced norm

1
2
. 2
el omy = ( [ 1 At) .

The space Dé:i('ﬂ‘”) is the closure of D(T™) in ’Dkz('l[‘”).
In order to prove the Rellich’s compactness theorem on time scales, we introduce
the following definition.

DEFINITION 4.1. Let 7 be a nonnegative real-valued function in Cg5,;(T") with
the properties
n(t) =0 for t| > 1

/n n(t)At = 1.

and
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For € > 0, the function n.(t) = ey (%) is nonnegative, smooth and radial such
that

where 7). is called a mollifier and the convolution
s () = () = [ (e - g)u)y

is called the mollification or regularization of u.

There exist three other forms in which u. can be represented as

() = [ - puway
- / ne(t — y)u(y) Ay
B(t,e)

= /B(O 1)n(y)U(t —ey)Ay.

Notice that u® vanishes outside the (open) ball B(t,¢) leading to the last equality
and the value of u®(t) depends only on the value of u on the ball B(t,¢). In
particular, if dist(¢t, supp(u)) > e, then u®(t) = 0.

A series of preliminary results will be needed to prove the Rellich’s compact-
ness theorem on time scales. We first present the Gagliardo-Nirenberg-Sobolev
inequality on time scales.

LEMMA 4.2. (Gagliardo-Nirenberg-Sobolev inequality on time scales) Assume
1 <p < oo. Then there is a constant C depending only on p and n, such that

(4.2) lll e gy < €9 ll g oy for all w € G s (T,

PROOF. Firstly, assume that p = 1. Since u has compact support, we have

ou .
u(t):/ 3 w(ty, -y ti—1,Yi, tig1, -+, tn)Ay; for each i =1,2,---  n,
(—o0o,ti)r Ati

which gives
|U(t)| < / ‘vu(tla e 7ti71»yiati+17 e atn)| Ayl? i = 1327 L2
(—00,00)T

Then, we have

n—1

(4.3)  fu(®)]"

n
= SH / |vu(t17"'7ti—1ayi7ti+1a"' 7tn)|Ay7,
i=1 (—00,00)r
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Integrating inequality (4.3) with respect to t; over (—oo, co)T gives

/( o

1
n

[T wsn) s

(—00700)’ﬂ‘ i=1 (_mvoo)T

( / IvulAy1> [ ( / |vu|Ayi> Aty
(—00,00)1 (—00,00)T ;—9 00,00)T

1=

(4.4) < (/ |VU|AZ/1> <H/ / |VU|At1Ayi>
(=00,00)7 i=2 (—00,00)1 /(—00,00)r

The last inequality results from the extended Holder’s inequality on time scales.
Integrating inequality (4.4) with respect to to€T over (—oo, co)r yields

/OOOO /OOOO
n—1 n

(/ / |vu|At1Ay2> / I 777 A,
(—00,00)1 /(—00,00)1 (‘DO,OO)TZ':L@'#Q

I = / |Vul Ay
(—00,00)T

Iz:/ / |VU‘At1Ayl fori:374,.”7n
(_OOVOO)T (—OO,oQ)T

Applying Holder’s inequality on time scales again, we have

[ [

(—00,00)T V (—00,00)T

(/ / [Vl At1Ay2> </ / |[vul Atsz1>
(—00,00)7 J (—00,00)T (—00,00)T J (—00,00)T

H (/ / / |Vul AtlAt2Ayi>

—3 (—00,00)1 J (—00,00)T  (—00,00)T

Continuing to perform integration with respect to t3,---,t, and applying
Holder’s inequality on time scales, we arrive at

n
n—1 Atl

IN

IN

n—1

= Atl Atz

1

where

and

ST At Aty

1
n—1

1

/ wl =T < H(/ / |VU|At1"'Ayi"‘Atn>
i i—1 (—o00,00)T (—00,00)T
(4.5) - ( / vu|At> .
’H‘”n,
That is,

[|lu ”L" T () CHVUHLIA(T")v

which implies that the estimate (4.2) holds when p = 1.
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Next, we show that the estimate (4.2) holds if 1 < p < n.
Set v = |u|7, where v > 1 is to be determined. Note that

— 2
(D’L A"LL|A/)2 = (’yu”y 1Di,Au) fO;‘ N Z 0
, — (v(=w)"'Dj au)” foru <0
= (’y‘ur/—lDi’Au)Q?

which implies v € C}(T"). From formula (4.5) and by Hélder’s inequality on time
scales, we have

(/ wJﬁAQ’L < [ Ivhia
T n T n

v/lM“Hvumt

vy </ |u\p<zj:11) At) ’ </ VU|pAt) ’

yn o p(y—1)

n—1 p—1

(4.6)

Choose 7 such that

b

that is,
-1
L= o )1,
n—p
and
o ply—1) np .

n—1 p—1 :n—p:p.

Consequently, the estimate (4.5) becomes

1

(/ u|p*At)” gc(/ |Vu|pAt>p.
TTL T’n

Using Theorem 2.19 in [25], one can prove the following Lemma.

LEMMA 4.3. Let Qpn C T™ be a bounded open set with Qp» CC Q. and
k > 1. If 0Qr» € CF, then any function u(t) € Wz’p(ﬂm) has an extension
U(x) € WE”’(Q%”) into Q. with compact support. Moreover, it holds
HU”WK"’(Q{W) < CQHUHWK*P(QTn)v
where the constant co > 0 does not depend on u.

Similarly, we have

LEMMA 4.4. Let Qpn C T™ be a bounded open set with OQr» € C1. Assume

that 1 <p<mn andu € Wi’p(QTn). Then u € L’Z (Qpn), and there is a constant Cy
depending only on p,n and O, such that

(4.7) ull 2 gy < Crlltll e ()
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PROOF. Since dQr» € C', by virtue of Lemma 4.3, for any u € WxP(Qpn)

there exists u =7 € WAP(T") such that
(4.8) w = w in Qp»,w has compact support ,
) ”ﬂnwip(qrn) < CQHUHWXP(QT,L)a

where C5 is a positive constant. Moreover, since u has compact support, there
exists u, € Cg5.4(T™) such that

(4.9) U, — T in WRP(T™).

It follows from Lemma 4.2 that

(/ um_ulp*At>p = C(/ |vum_vul|pAt)p

Cl|tm — ulHWi,p(v]rn) for any I,m > 1.

A

A

(4.10)
Formula (4.9) implies that {u,,} is a Cauchy sequence in WAP(T") and in-

equality (4.10) indicates that {u,,} is Cauchy in L’Z (T™). So we have

(4.11) U, — T in LR (T™).

By using the Gagliardo-Nirenberg-Sobolev inequality on time scales, we obtain

(4.12) mll s comy < €Il 7 il oy

which, together with (4.9), (4.11) and (4.12), yields

(4.13) Il gy < € Tl (2o
Consequently, combining (4.8) and (4.13) leads to inequality (4.7). O
We state and prove the Rellich’s compactness theorem on time scales.

THEOREM 4.5. (Rellich’s compactness theorem on time scales) Let Qpn C T™
be a bounded open set, and 0Qy» € C. Assume that 1 < p < n, then

Wé’p(QTn) — LA (Qr) for1 <q<p*
is compact.

PRrOOF. It suffices to show that for any bounded sequence {u,,} in Wi’p (Qqn),
there exists a subsequence of {u,,} which is strongly convergent in L% (Qr).
Step 1. It follows from Lemma 4.4 that

WLP(Qpa) s LY (Qr) for 1< g < p* = 2

n—p

and
[ullzs (rvy < Cll wllyir @y

Step 2. (Using extension) Without loss of generality, we assume that Qp = T"
and {u,,} has compact support in some large open set Vp C T™. Since {u,,} is
bounded in WAP(Qrn), we have

(4.14) sup HumHWi,p(an <M < 0.
Step 3. (Using mollifier) We assume that {u$,(¢)} has compact support in set

Vr € T", which is guaranteed by Step 2.
Step 4. We claim that ug, (t) — up,(t) in L (Vrn) uniformly on m as e — 0.



252 YOU-HUI SU, JINGHUA YAO, AND ZHAOSHENG FENG

Since
5,0 = un® = | [ 0) (2~ ) — () By
B(0,1)
= / 77(9)/ iu (t — exy)AxzAy
B(0,1) [0,1]r Az ™
= 5/ n(y) Daun(t — exy)yAzAy|,
B(0,1) [0,1]r

for w, (t) € WAP (Vin), we have

/ W, (1) — um (D] A < / n(y) / / Dot (¢ — )| AtAzAy
Vien B(0,1) [0,1]r J Vin

(4.15) < 6/ [ DAt (2)] Az.
Vin

It follows from inequality (4.14) and Holder’s inequality on time scales that

luf = wmll Ly (vin) el[Davmll L (vin)
C*€||DAUMHLZ(VW)

eC*M,

ININIA

(4.16)
where C* is constant. Inequality (4.16) means that

uS, — Uy, in Lx (Ve ) uniformly on m as & — 0.

For 1 < ¢ < p* and % = %—I— 11;9, using the interpolation and inequality (4.14),
we have

6
s = g vy S M = iy v 05 = umll 2

MY, — |9,

IN

(Ven )
which implies that
uy, — U, in L) (Von) uniformly on m as € — 0.

Step 5. We claim that for each fixed € > 0, {u$,} is uniformly bounded and
equicontinuous.
Indeed, if t € T", for any fixed € > 0 we have

=

(U]
~—~
=
IN

/ et — ) ()| dy
B(z,e)

< nllieen [ )l dy
B(z,e)

< mell oo (T ||um||L1A(V—,rn)

< "™ <o form=1,2,---.
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Similarly, we have

[Daug, (t)]

IN

/ Dane(t — )| [um(y)] dy
B(z,e)

IN

1D a1 ooy / it ()] dy

(z,e)
< Danelloecrny lltmll Ly (v
< e UM < oo form=1,2,---.
Step 6. For a fixed § > 0, there exists a subsequence {u,, } of {u,,} such that

lim sup ||, — UmkHLqA(Vm) <.
J,k—o00

By Step 4, we can choose £ > 0 such that

)
(4.17) Uz — wmllLe (van) < 5 m= 1,2,---.

Notice that {u%,} has compact support in some fixed bounded set V= C R",
and {u$,} is smooth because it is mollification of {u,,}. It follows from Arzela-
Ascoli’s theorem on time scales that there is a subsequence {uj, } C {uf,} which
converges uniformly on Vpn. In particular, we have

(4.18) i sup s, — 0l vy = 0
According to (4.17) and (4.18), we have

lim sup ||Umj = Um,, ||L“A(VT") <.

Jyk—o0

Step 7. Choose § =1, 2, --- in Step 6 and use a diagonal argument to extract
a subsequence {um, 172, C {um }oo_; such that

l,llciinoo sup ”umz = Umy,, ”L"A(VTn) =0.
Therefore, the proof is completed. O

The following two Lemmas can be regarded as the generalized versions of
Poincaré inequalities on time scales.

LEMMA 4.6. Let Qr be a bounded open subset of T™ with the C' boundary.
Assume that 1 < p < oo, then there exists C = C(p,n,SQr) such that

(4.19) flu — EHLPA(QW) < C”DAUHLZ(QTM) Joru € Wl’p(QT")a
- 1
where U= 15— [q, u(t)At.

ProOF. If inequality (4.19) is not true, for each integer k there exists a function
uy, such that

(4.20) luk — Tkl 22 (@on) > Kl Daukl 2z @pm)-

Define B
Vi = UE_Uk. 5 k:1727
Juk — || Le (95m)
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Then it gives

@k 1 Uk(t)ii Ul (t) At
Q70| Jopn [lur(t) = k()| r(@m)
: /
— UktAt—/ uk.tAt>
[T ECAGI e ( e OBE= f WD)
: /
— uktAt—/ uktAt>
[ PR A P ( e ORE= fwll)
= 0.
That is,
(4.21) v = 0 and HU/CHLZ(QTTL) =1.

It follow from (4.20) that

(4.22) 1Dav 2z 1) < 7
Hence, for any k =1,2,--- , we have
Pl < IDaN g @) + el )
(4.23) < 1+ %7

which implies that {HkaWé,p(QTn)} is bounded. According to the Rellich’s com-

pactness theorem on time scales, there exists a subsequence {vkj} of {vg} and a
function v € LX (Qrn) such that

(4.24) vk, — v in LR (Qrn).

From (4.21), we obtain

(4.25) v =0 and [|v]|pz (@) = 1.
However, according to (4.23), for any ¢ = 1,2,--- ,n and any ¢ € C°(Qpn), we
have
0 0
/ v 4 At = lim Uk, 4 At
O At kj—oo Jou. Aty
c%kj

— lim
kj—oo Joo, At

(o(t)At.

It follows from Holder’s inequality on time scales and inequality (4.22) that

/ v 0¢ At‘ lim ( /
O Aiti kj—o0 \ Jagm

= 0.

pAt)’l’ (f totctoniar) °

kaj
Aiti

IN

So we have
v E Wi’p(ﬂw) with Dav = 0 a.e. on Qrn.
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Since Qp» is bounded and

v
Aqty 0
v
Asto 0
DA’U = . = )
ov
Aptn 0

it follows from Lemma 2.4 that
v = constant.
In view of ¥ =0, we have v =0 and
vz, (@) =0,
which yields a contradiction with formula (4.25). O
Similarly, we can obtain

LEMMA 4.7. Let Qp be a bounded open subset of T™. Assume that 1 < p < oo,
then there exists a constant C = C(p,n,Qr) such that

(4.26) ”u”LZ(QTn) < CHDAUHLZ(Q—,M) foru e W()l’p(QT")~
From Lemmas 4.6 and 4.7, we have the following remarks.
REMARK 4.8. If |Q7| < oo, then

(4.27) A (Qr) == inf |7 ull2s gy >0
u € H(%’A(QT Lal@m)
lull 22 (@) =1

is achieved.
REMARK 4.9. (i) It is notable that H{ A (1) C Dy*(Q).
(ii) If |Q7| < 400, the Poincaré’s inequality implies H&A(QT) = Di\jz(ﬂqr).
5. Differentiable Functions

LEMMA 5.1. Let Qp be an open subset of T™ and 1 < p < oo. If v,, — u in
LR (Qr), then there exists a subsequence {w,} of {v,} and g € LX (1) such that

wn(t) = u(t) a.e. on Qr,

and
lu(t)] < g(t) and |wn(t)| < g(t) a.e. on Q.

PROOF. Assume that v, (t) — u(t) a.e. on Qp. There is a subsequence {wy,}
of {v,} such that

llwj1(t) = w;j () L8 (gn) < 277 for j > 1.
Define
(o)
g(t) == lwr(t)] + D lwjr1(t) — wi(t)] .
j=1

So we get g € L (Qr) and
lwn ()] < g(t) a.e. on O,
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and
lu(t)] < g(t) a.e. on Q.
O

LEMMA 5.2. Let Qr be an open subset of T" and |Qr| < oco. Suppose that
1<p,r<ooand fe€C(QrxR) satisfies

) < e (1+ulF).
Then, for any u € L (Qr) and f(.,u) € L'y (Qr), the operator
T:ur f(t,u)
18 continuous.
PROOF. Suppose that u € L& (Qr). Since
el < (1+]uff) € LA(©0n),

this implies that
f(,u) € LA(Qr).
Assume that u, — v € LX (Qr) and {w,} is a subsequence of {u,}. Let {w,}
and g be given as in Lemma 5.1. Then we have

) = fltw)]” < (20 (14 ulF))
97" (1 + |g|?) € LL(Qr).
It follows from the Lebesgue’s dominated convergence theorem on time scales that

Tw, — Tu in Ly ()

and
Tu, — Tu in Ly (Qr).
This implies that the operator
T:uw f(t,u)

is continuous. O

LEMMA 5.3. Assume that Q7 be an open subset of T™ and let 2 < p < co. The
functionals defined by

vla) = [ ppar
Qp
and
xw) = [ Jw)rar
Qr
belong to C? (LR (1) ,R) and the following two relations hold:

W) =p [ P A
Qp
and

(X'(u?),h7) = p/g, |(u?) TP~ ho At.
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PROOF. We only consider the functional v, because the discussion for the
functional y can be done in an analogous way.

Firstly, we show the existence of the Gateaux derivative.

Let u?, h” € L} (Qr). Given t € T" and 0 < |A| < 1, it follows from the mean
value theorem on time scales that there exists 7 € [0,1] such that

[u” + AR7|P — Ju|?
A

Since u?, h? € L (Qr), using Holder’s inequality on time scales leads to

(5.1) < pllu|+ R R0

/[|uf'|+|hf'np‘1hﬂ|ms[/ [|u“+|h“1”At} ’ [/ W’Mt]”,
Qr Qr Qr

which implies
[lu”] + [P7[]"~" [17] € L ().
By formula (5.1) and the Lebesgue’s dominated convergence theorem on time
scales, we derive that

W), %) = lim - [ (4 + AR —  (u”)

A—0 A

= )l\irr%)p-/ [u® + A h? P72 [u” + A h®| |hT| At
— Q'lr

= p/ |u”|P~2u” h? At.
Qr

Secondly, we consider the continuity of the Gateaux derivative.
Let f(u?) = plu|P~2u°. Assume that ug — u? in L} (Qr). By Lemma 5.2,
we get
f(u) = f(u?) in L} (Qr),

where g = z%' Using Hoélder’s inequality on time scales again gives

W () — o (), 1) < / F) — F(u)]| |17 |At

</n |F(u) - f(u”)|w>‘ll (/ﬂ |hg|%>;

[|f(us) — f(UU)HLqA(QT) ||h0||Lg(QT)~

IN

IA

Hence, we have
19" (u?) =" )l < 1 (uq) = Fu) Ly on)
— 0 as n — o0.

In the following, we prove the existence of the second Gateaux derivative.

Let u?, h, v° € L (Qr). Given t € TV and 0 < |A| < 1, it follows from the
mean value theorem on time scales that there exists 75 € [0, 1] such that

|[f (u” + AR7) = f (u”)] 7]
A
= p(p — 1) |u" + )\T2h0|p_2 ‘ha| |UU|
o o|1P—2 1,00 1,,0

plp =D [lu?] + [p7P77 [P ] [0°] .

IN
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Since u?, h7, v7 € LX (Qr), using Holder’s inequality on time scales we have

[ e+ w2 o
Qr

o [fwrewrs] [ [ ers]

which implies

[[u”| + [h7 )72 [h707| € Ly ().

It follows from the Lebesgue’s dominated convergence theorem on time scales that

(@) s = T L[ (a7 4 AR) — ()]

= limp(p - 1) / [u® 4+ A h? [P~ hou® At

Qr
- p(p—l)/ [u?[P~2h7 07 At.
Qr

Finally, we show the continuity of the second Gateaux derivative.
Let

9(u”) = p(p = Du’[P~2.
Assume that ug — u” in L} (Qr). By Lemma 5.2, we get
9(uz) — g(u?) in L (Qr),

where r = ﬁ. Using Hélder’s inequality on time scales we deduce that

(" (u7) = ¥ (u”)) B, 0%)]|

< [ latuf) - o) o7

< ([ vy s ae)” ([ wpac)” ([ erar)”
Qp Qr Qr

< M wR) = FW)lzr ) 10712z @ 107122 (00

Consequently, we obtain

1" (u7) =" @) < [1f(ug) = f(u?)]

— 0, as n — oo.

A

O

In view of Lemmas 4.5 and 5.3, we have the following corollary immediately.

COROLLARY 5.4. (i): Let 2 <p<oxifn=12o0rlet 2 <p < 2*if
n > 3. The functionals ¢ and y are of class C* (H{j o (Qr),R).
(ii): Let N > 3 and p = 2*, then the functionals ¢ and x are of class

o2 (Dg;i (Qr) ,R) .
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6. Existence of Solutions

In this section, we state and prove our results on the existence of nontrivial
solutions of equation (1.1) on time scales.

THEOREM 6.1. Assume that |Qr| < 0o and 2 < p < 2* hold. Then the problem
(1.1) has at least one nontrivial solution if and only if A > —X1(Qr), where A1 ()
is defined by formula (4.27).

PROOF. For necessity, we assume that u is a nontrivial solution of the problem
(1.1). Let e; be an eigenfunction of —A corresponding to A;(€r) with e; > 0 on
Q. Due to u > 0, we have

)\/ u’el At = / (u)P~! + Au) e1 At
Q'[ QT

> Auei At
Qp

-\ (QT) / u’ el At,
Qr

which implies that A > —A;(Qr).
For sufficiency, we let
(uh)”

fi(u) == (u+)p_1 and F(u) := 5

Define the functional A : E — R by

/QT (;| v ul? + ;\(u")2> At—/QTF(u") At

1 o , 0 o
§<Lu , U >_¢(u )a

A(u?) :

where E := Hj (1), and define the inner product by
(u?,v7)g.A = / (Vu. 7 v+ M7v7%) At,
RN

with the corresponding norm

g = ( | 1+ At)
T

[V

Let

. A
c1—1+m1n<07>\1(w>.

By the Poincaré inequality on time scales we have

/ [ ul? + A ] AtZCl/ | ul2At.
Qr

Qr

Hence, E is a Hilbert space. It follows from Corollary 5.4 that A(u?) € C? (H&A (Qr), ]R) )
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For any v? € E and 0 < |¢| < 1, we have

1[A(ucwreuf’)—A(uff)]:/Q 1(vutevv) - (vu) ,,

€ 2 €
A / (uf’+ev0€>2—<u0>2 Al / ((u“)we(v”i;)ﬁ—((uff)ﬂ" AL

2
By the dominated convergence theorem on time scales and the divergence formula
(3.4) we get

1
lir% - [A(u® +ev?) — A(u?)]

= / (Vuv v+ Auv?) At — f1(u?) v At
Qr Qr

(A(u”),v7)

(6.1)

—/ (Auv® — Auv?) At — f1 (u%) v7 At.
Qr Qr

Equality (6.1) implies that A’(u?) = 0 if and only if u“ is a solution of the equation
—Au+ M’ = f1(u”).

By the definition of the functional A and its properties, it suffices to show that
all the conditions of Lemma 2.2 hold with respect to A.

Firstly, we verify that the (PS). condition holds. That is, if any sequence
{ug} € Hj A(r) satisfies

sup A(u?) < oo, A'(u%) — 0,
n
then {u?} contains a convergent subsequence.
In the case of sufficiently large n, we have
(A (u7), u7)

Y n

1
sup A(up) + 1+ [[ufllea = Aug) — »

_ <; _ ;) </Q (|7 wn? + Aug 2] At>

1 1
(6.2 = (5-3) 1l
which indicates that ||uZ]| is bounded. So there exists a subsequence (still denoted
by {ug}) and we assume that there is a point u§ € Hj A(Qr) such that ug —

uf in Hj A(Qr). By Lemma 4.5, we have u — u§ in L}y (Qr). Tt follows from

Lemma 5.2 that fi(u9) — fi(u§) in L% (Qr), where ¢ = 527 This gives

/QT [F1(u7) = Fu(uf)] (uf, - ug)m‘

< (/Q A1) —f1(u8)|th)q (/Q g —ua'V”At)p

— 0 asn — oo.
Moreover, we have

(A (u) = A'(ug),uf, —uG) — 0 as n — oo,
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and
(A'(ug) — A'(ug), up, — uf)

/Q [ 4 — 0?4+ Al — uf|?] At — /Q [Fr(ud) — ()] (ug — ug) At

= un—uollma - / [F1(uS) — Fu(ud)] (u5 — ug) At

which implies that
lug —udlle,.a — 0 as n — oo.
Consequently, {u5} has a convergent sequence in Hg 5 ().
Secondly, we show that the remaining conditions of Lemma 2.2 hold with re-
spect to the functional A.
It follows from Lemma 4.5 that there exists a constant C; > 0 such that

lull 22 (@en) < Cillullz.a for u € Hy A(Qr).

It leads to
o 1 o2 1 o|P
Aw) = Gl s = Iy o)
1, 5 ci. .,
> Slulha = LI
Thus, we obtain that there exists a r > 0 such that
r = inf A(u?%)
lullz,a
> A(0)
= 0.
Let u® € Hj A(Qr) with u” > 0 in Qp. For any constant x> 0, we obtain that
A o _ } 2 2 Mu® 2 At — ip o pAt
(nu”) = Sp* [ (Ivul®+Au’]?) |u?]
20 Ja. P Joy
_ Lo 2 BP
= 3k [’ Iz — ?HU HLZ(QTn)'

Since p > 2, there exists e := pu? such that
lle]| z,a > 7 and A(e) < 0.

Hence, all conditions of the mountain pass theorem are satisfied. It follows

from Lemma 2.2 that the problem

—Au+ M’ = f(u),

(6.3)
u < H&A(QT),

has a nontrivial solution «”. Considering the problem (6.3) on (u”)~, multiplying
equation (6.3) by (u?)~ and integrating it over Qr, we obtain

= - u (u”)” = M)
0 - /QT<A ()~ — M(u) ) At

/ (|7 a2+ M)~ ) At

T

= )" llE.a,
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which implies that

Consequently, u

(u?)” =0.
is a solution of the problem (1.1). O

g
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