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ABSTRACT. We consider self-adjoint fourth order operators on the unit interval
with the Dirichlet type boundary conditions. For such operators we determine
few trace formulas, similar to the case of Gelfand—Levitan formulas for second
order operators.
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1. Introduction and main results

1.1. Introduction. We consider a self-adjoint operator H on L?(0,1) given
by
4 d
(1.1) Hy = (0" +20pd + q)y, where 0 = o
under the Dirichlet type boundary conditions

(1.2) y(0) =y"(0) = y(1) =y"(1) = 0.
We assume that the functions p, ¢ are real and satisfy p, ¢ € L1(0,1). Note that any

self-adjoint fourth order operator with real coefficients may be transformed to the
form (1.1). Tt is well known (see, e.g., [N, Ch. 1.2, 1.4]) that the spectrum of the
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operator H consists of the real eigenvalues u,,n € N, of multiplicity < 2 labeled
by
1 < p2 < p3 < e

counted with multiplicities, and they satisfy
pin = (mn)* + O (n?) as n — 0o.

We recall the famous Gelfand-Levitan trace formula for a second order operator
h with the Dirichlet boundary conditions on the interval [0, 1] given by

(1.3) hy = —y" — py, y(0) =y(1) = 0.
All eigenvalues a,,,n € N, of this operator are simple and labeled by
o < g < ag < ..

It is well known (see e.g., [FP] or (2.2)), that in the case p,p” € L'(0,1) the
eigenvalues a, satisfy a, = (mn)? — pg + O(n™%) as n — oo, where py = fol p(t)dt.
In this case Gelfand and Levitan [GL] determined the famous trace formula given
by

o0
(1.4) (cn — (n)? + po) = PO 2 po

n=1
where the series converges absolutely.

There are a lot of other results about trace formulas for second order operators,
see the book of Levitan — Sargsyan [LS] and references therein. Due to application
to the KdV equation on the circle there are a lot of papers about an operator
—9? — p on the circle: Dubrovin [Du] and Its — Matveev [IM] determined trace
formulas for so called finite band potentials, McKean — van Moerbeke [MvM] and
Trubowitz [T] considered the case of sufficiently smooth potentials; Korotyaev [K]
determined the trace formula for the case p € L?(0,1). Note that the corresponding
trace formulas for the Boussinesq equation were determined by McKean [M] and
for the Camassa — Holm equation by Badanin, Klein and Korotyacv [BKK].

Describe briefly results about trace formulas for fourth and higher order oper-
ators. The trace formulas for operators (92 +p)™, p € Cg°[0, 1] with integer m > 2
were determined by Gelfand [G] and Dikii [D1], [D2]. Sadovnichii [S1], [S2] ob-
tained trace formulas for even order operators, using Dikii’s approach [D1], [D2].
Among recent papers, nearest to our subject, we mention results of Badanin — Ko-
rotyaev [BK5], Giil [Gu], Nazarov-Stolyarov-Zatitskiy [INSZ], see also the review
of Sadovnichii-Podol’skii [SP] and references therein.

Eigenvalue asymptotics are important for trace formulas: their proof and the
convergence in trace formulas, see e.g., (2.2) and (1.4). Eigenvalue asymptotics for
fourth and higher order operators on the finite interval are much less investigated
than for second order operators. An operator 0* + 9pO + ¢ under the 2-periodic
boundary conditions was considered by Badanin and Korotyaev [BK2], [BK4] (for
the simpler case 9* + ¢ see [BK1]). The sharp eigenvalue asymptotics for the op-
erator H in the class of complex coefficients was determined in [BK6]. Moreover,
there was determined the eigenvalue asymptotics for the Euler-Bernoulli operator
b=(af")",a,b > 0, on the unit interval. This operator is related with the descrip-
tion of the bending vibrations of thin beams and plates. Eigenvalue asymptotics
for an operator 9> 4 ¢ was determined by Akhmerova [Ah], Mikhailets-Molyboga
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[MM]. Badanin and Korotyaev [BK3] determined the eigenvalue asymptotics for
a general case of 2n order operators under the 2-periodic boundary conditions.

We discuss some other results for fourth and higher order operators. Numerous
results about higher order operators with different types of boundary conditions are
expounded in the books of Atkinson [At] and Naimark [N]. Many papers are de-
voted to the inverse spectral problems for these operators, see Barcilon [B], Caudill,
Perry and Schueller [CPS], Hoppe, Laptev and Ostensson [HLO], McLaughlin
[Mc], Papanicolaou [P], Yurko [Yu] and so on.

The main goal of the present paper is to determine trace formulas for fourth
order operators on the unit interval. In fact, our paper is a second part of our
previous results from [BK5], where we determined trace formulas for fourth order
operators on the circle.

There is a significant difference between trace formulas for fourth order oper-
ators and for second order operators. Indeed, we have two coefficients p, ¢ in the
fourth order operator, which corresponds to perturbation by second order opera-
tors. It is possible to determine the following trace formulas:

1) for fix p in terms of g,

2) for fix ¢ in terms of p,

3) in terms of p, q.

The case 1) is simpler, since a perturbation is a function ¢. The perturbation in
the cases 2) and 3) is a second order operator and it is stronger, than in the case
1). Therefore, the cases 2) and 3) are more difficult, than the case 1).

1.2. Perturbations by second order operators. We determine trace for-
mulas for the cases 2) and 3), where perturbations of the fourth order operators
are second order operators.

Introduce the Sobolev spaces 5, and 9, m > 0, by

%”mz{feLl(O,l):f(m)eLl(O,l)}, %ngz{fe%m:/lf(t)dtzo}.
0

Recall the following results from [BK6]. Let (p, q) € 7 x.7. Then the eigenvalues
1, of the operator H satisfy the asymptotics

(15) o = ((en? = po)? = T8

uniformly on any bounded subset of (p,q) € 74 x 7, where

(1.6) fo = / f(dt, P = / (1) + PP (),

+ qdo — ‘/Z:n + O(TL72),

/!
(1.7) Ven = / V (t) cos(2mnt)dt Y nez, V=q- %
0
Now we formulate our main results on the trace formulas for the operator
H = 0* +20pd+q. The perturbation in these formulas is the second order operator

20p0 + q, depending on two functions p and gq.
Theorem 1.1. Let (p,q) € 5 x 7 and let pn,n € N, be the eigenvalues of

the operator H. Then the following trace formula holds true:

(1.8) Z(un () — o) + ;<P+p3>> — PR V() + V),

n>=1
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where the series converge absolutely and uniformly on any bounded subset of 7 %

HY.
In particular, if p = po = const, then
(1.9) i (= (7n)* + 2(7n)*po) = —1(¢(0) + ¢(1)),
if ¢ =0, then -
@m)E:@n—wmf—mf+ﬂP+%0Z—HP—%HQ@W®+W0»

nz1

Remark. In the proof of Theorem 1.1 we use the presentation H = h% + ¢ — p/ —
p?, where h? is the unperturbed operator given by (1.3). The proof follows our
approach from [BK5| and is based on the asymptotic analysis of the difference of
the resolvents of the perturbed operator H and the unperturbed operator h2.

Theorem 1.1 implies a trace formula for the operator 2. This trace formula is
known due to Dikii-Gelfand [D1], [D2], [G]. In the following corollary we extend
the Dikii—Gelfand trace formula onto a larger class of coefficients p.

Corollary 1.2. Letp € 74 and let a,,n € N, be the eigenvalues of the operator
h labeled by oy < as < ag < .... Then the following trace formula holds true:

P— 2
> (a2 = () —po)* - = 10)

(1.11) n>1
_P+pg p*0)+p°(1)  p"(0)+p"(1)

4 4 8 ’
where the series converges absolutely and uniformly on any bounded subset of ;.

Remark. 1) For the case p € C*°[0, 1] the trace formula (1.11) was determined by
Dikii [D1], [D2] and Gelfand [G]. Dikii [D1] determined this formula without any
additional restrictions. Unfortunately, the results from [D1] contain some mistakes
(see [FP, Remark 5 in Sect 4] and our discussion in Section 3). In the second paper
[D2] Dikii determined trace formula (1.11) under additional conditions p(2=1)(0) =
pI=1(1) = 0 for all j € N. The proof of Dikii [D1], [D2] uses the analysis of the
zeta function of the operator.

Gelfand [G] determined the trace formula (1.11) under stronger conditions:
p = 0 in some neighborhoods of the points 0 and 1. His proof is based on the analysis
of an expansion of a trace of the resolvent in powers of the spectral parameter.

2) There is an open problem to give a transparent proof of the Dikii—Gelfand
trace formulas for the operators h™,m > 2, and, more widely, for the polynomials
of h. Corollary 1.2 makes only the first step in this direction.

Using the trace formula (1.8) we can recover the coefficient of the operator H
by the other coefficients and the spectrum. Recall that there are trace formulas
for second order operators, see [Du] for finite band potentials, [T], [L] for smooth
potentials, [K] for potentials from L2(0,1). Let p € L?(0,1) be an 1-periodic
function and py = 0. For any 7 € T,T = R/Z, consider the shifted operator
h, = —9? — p(- + 7) on the interval (0,1) with the Dirichlet boundary conditions
y(0) = y(1) = 0. Let a, (1), n € N, be the eigenvalues of the operator h, labeled by
a1(7) < ag(1) < .... Each function ay,(7),n € N, is 1-periodic and o/ € L?(0,1).



TRACE FORMULAS FOR FOURTH ORDER OPERATORS 221

Consider an operator h=—-02— p on the circle 2T. Its spectrum is eigenvalues
ag,aif,n € N labeled by

aar<af<a1+<a5 <af <.

It is well-known that a,(7) € [a,,, ;] for each (n,7) € N x T. Moreover, a,(7)
runs through the interval [a;,,a;], making n complete revolutions in unit time,
and the following trace formula holds true:

N
(1.12) of + Jim_ > (an +of —2an(r)) = —p(r), TET,
n=1

where the sum converges in L? sense. If we know v, (7) for all (n,7) € N x T, then
we can recover p.

Recall that the functions «,(7),n € N, satisfy so called Dubrovin system of
differential equations [Dul]:

with the initial conditions S = {a,(0), signa/,(0), n > 1}, where f, g, are given
by

A—a; )\ —af
Ome0e) gy 1

(see p. 324 in [T]). Here sign/f(a,(0)) = (—=1)""!signal,(0) for all n > 1.
For given the 2-periodic spectrum «f,«f,n € N and the initial conditions, the
Dubrovin system has the unique 1-periodic solution ay,(7) for all (7,n) € T x N and
then, using the trace formula (1.12) we recover p € L?(0,1). The open problem is
to extend these results for fourth order operators even with smooth coefficients.

Consider the fourth order operators. Introduce the Sobolev spaces 44, pe, and
m > 0, of periodic functions, by

A =0—af FEA
f( ) ( ao)jl;ll (7_‘,])4 o1

%0

m,per’

Aoy por = {f e LY(T) : f™ ¢ Ll(ﬂl‘)}, Ay = {f € K per - /01 Ft)dt = o}.

Let (p,q) € Hiper X H5 e, For any 7 € T we define the shifted operator H, on
L*(0,1) by
H, =0+ 0p(x+7)0 +q(x +7)

with the boundary conditions (1.2). Let u,(7),n € N, be the eigenvalues of the
shifted operator H, labeled by p1(7) < p2(7) < ..., counted with multiplicities. We
formulate our trace formula (1.13) for the operator H,. This formula determines
the function V(7),7 € T, by p,(7). Unfortunately, analysis of the corresponding
Dubrovin equations for fourth order operators is still not carried out. The problem
is that the eigenvalues can have multiplicity 2, and we have no sufficient information
how they move when 7 runs through the interval [0, 1].

Corollary 1.3. Let (p,q) € Hiper X Hoper and let pn(7),n € N, be the
eigenvalues of the operator H,. Then there exists N = N(p,q) € N such that the
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functions ZnN:1 n (T) and each pn(7),n > N, belong to the space C*(T). Moreover,
they satisfy

(113) 3 ()~ (7n)? —po) + 5(P+18)) = ~H(P-p}+2V(r)) ¥ T€T,

n>1

where the series converges absolutely and uniformly on T € T and P = fol p?(t)dt.
In particular, assume that we know pu,(7) for all (n,7) € Nx T. Then
a) If we know p, then we can recover q.

b) If we know q,po and fol p2dt, then we can recover p.

Remark. Asymptotics (1.5) shows that each eigenvalue p,, (7) with n large enough
is simple, and then it is a smooth function of 7 € T. The situation with other
eigenvalues is complicated: we don’t know how they depend on 7. However, due to
Rouché’s theorem, we can control their sum, then it is smooth.

1.3. Perturbations by functions. Now we determine trace formulas for the
simplest case: the perturbation by ¢ for fixed p. In fact, we consider a more general
situation, perturbations of the operator H, given by (1.1), (1.2), by functions @ €
J. Let Ap,n € N, be the eigenvalues of H 4+ @ labeled by A\; < As < A3 < ..,
counted with multiplicity.

Theorem 1.4. Let (p,q,Q) € 4 x s X Hs. Let u, and Ap,,n € N, be the
eigenvalues of the operator H and H + Q, respectively. Then the following trace
formula holds true:

(1.14) D (O = n) = =3HQ(0) + Q(1) — 2Qy),

n>1

where the series converges absolutely and uniformly on any bounded subset of 74 x

T X I6.

Remark. 1) Sadovnichii [S1] determined the trace formula (1.14) for the simplest
case 0* + Q, where Q € C*°[0,1] and Q=D (0) = QZ~1(1) =0V j € N (see
also Remark in Section 4). Nazarov, Stolyarov and Zatitskiy [NSZ] extended the
results of Sadovnichii onto the larger class of higher order operators (see Remark
in Section 2).

2) Note that perturbations by second order operators in Theorem 1.1 are
stronger, than perturbations by functions in Theorem 1.4. Therefore, we need
to analyze more terms of the perturbation series in the proof of Theorem 1.1, than
in the proof of Theorem 1.4.

Now we apply Theorem 1.4 to the case H = h?, where the operator h is given
by (1.3). Let v,,n € N, be the eigenvalues of the operator h? + @ labeled by
1 < 19 < ... counting with multiplicities.

Corollary 1.5. i) Let (p,Q) € 5 X 5. Let v, and an,n € N, be the
eigenvalues of the operators h? + Q and h respectively. Then the following trace
formula holds true:

(1.15) D (vn— Qo — ) = —5(Q0) + Q1) — 2Qy),

where the series converges absolutely and uniformly on any bounded subset of 7 x

5.
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i) Let (p, Q) € H4 X Hy e, Let vy(7),n € N,7 €T, be the eigenvalues of the
operators h? + Q(- + 7), labeled by v1(7) < va(7) < ..., counted with multiplicities.
Then there exists N = N(Q) € N such that the functions 25:1 vn(T) and each

vn(T),n > N, belong to the space C1(T). Moreover, they satisfy

(1.16) > (m(r)—al)=-3Q(r) V¥ reT
n>1
where the series converges absolutely and uniformly on T € T.
In particular, if we know au,, vy, (1) for all (n,7) € Nx [0, 1], then we can recover

Q.

Remark. Assume that we know o, v, (7) for all (n,7) € N x [0,1]. Then we
recover the coefficient ). Remark that, in the second order case all eigenvalues
o, n € N do not determine p, since we need so-called norming constants, e.g. [LS],
[T]. Thus, in order to recover @ we don’t need to know p, it is sufficiently to know
all au,,n > 1. Of course, the coeflicient p determines all eigenvalues a,,,n € N, and
then we recover Q.

The plan of the paper is as follows. In Section 2 we consider the perturbation by
the function and prove Theorem 1.4. In Section 3 we determine the trace formula
for the operator h2. In fact, this is a simplified version of the trace formula for the
operator H. Some technical proofs are replaced from Section 3 into Section 5. In
Section 4 we determine the trace formula for the operator H and prove Theorem 1.1.

2. The proof of Theorem 1.4

Let By, By be the sets of all trace class and Hilbert-Schmidt class operators
on L?(0,1) equipped with the norms || - ||1, || - ||2, respectively. Let (p,q,Q) €
5 x ) x ). In order to prove Theorem 1.4 we need to study the resolvents
defined by

R(N)=(H+Q—-\N"", RBRN=(H-)\",
RO =(h* =071 Ro(N) = (B3 —2) ",

where hg = —0? is equal to h at p = 0. It is well known (see [FP, (4.21)]), that in
the case p,p” € L*(0,1) the eigenvalues a, of the operator h satisfy

(2.1)

P—p3  O(1)
_ 2 0
(2.2) oy, = (mn)* —po + @2 s
then
P—-p¢ 0OQ1
(2.3) a2 = ((mn)? — po)* + TO + 752)

as n — 0o. Due to asymptotics (2.2), (2.3), all resolvents satisfy
Rl(/\), R(/\), R(/\), hQRQ(/\) € B

on the corresponding resolvent sets. A proof of the following results repeats the
arguments for the periodic case, see [BK5, Lemma 2.1].

Lemma 2.1. Let (p,q, Q) € 5 x H#4 X H#5. Then the following asymptotics
hold true:

(2.4) IRo(M)llz2 + IRMWll2 + RN [2 + [R1 (V]2 = O(?),
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(2.5) [hoRo(N)|2 = O(k™1),

(26) ¢ T (Ra(3) (hop + pho) Ra(N)a)d = 1),
Ik
as integer k — oo, uniformly on the contours I', given by
Tr={AeC:[Ni=n(k+1)}.

In the space L?(0,1) we introduce the scalar product (f,g) fo
the norm || f||? = (f, f) and the Fourier coefficients

fo= / f(z)dz, fcn = (f, cos 2mnx), ]?m = (f,sin2mnx), n € N.
0
Below we need the following simple result.

Lemma 2.2. Let Q € 7 k € N. Then the following identity holds true:

1 1
2.7) lim —— 7{ Tr QRo(A)dA = SO QL)
k—oo 271 T 4
Proof. We have the Fourier series
(2.8) Q(z) =2 Z (@cn cos 2mna + @sn sin 27rmc>.

n=1

Let s,, = v/2sin mnx,n € N. Then
Q8n7 Sn QCTL
Tr QRo(A Z:: Z .

since (QSn, Sp) = —Qen,n > 1. This implies

1
(2.9) G . Tr QRo(A =

k
for all k > 1. Then (2.8) and Q € 7 yield (2. )

Introduce the norm

[flls = sup [f(z)].

z€[0,1]

Proof of Theorem 1.4. The series }_ - (\y — un) converges absolutely and
uniformly in (p, ¢, Q) due to asymptotics (1.5). We have for integer k:

(2.10) > (n = pn) = L im 4 am (Ri(\) — R(N))d.

271 k—oo Ty
n>1

The resolvent identity gives
(2.11) Ry — R=—-RQR+ RiQRQR.
Estimates (2.4) imply
| Tr (R (N QRMNQRMN))| < [RiWV 2[RV Q% = O(k™?)

uniformly on I'j, which yields

(2.12) ATr (Ri(A)QR(NQR(N)dA=0(k™")  as k— oc.
Tk
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Substituting (2.11) into (2.10) and using (2.12) we obtain

Z(An — ) = i lim ATrQR?(N\)dA.

1 271 k—oo Ty
Since R?(\) = R'()\), the integration by parts gives

(213) 3" (An —pn) = L dim f ATTQROVdA = ——— Tim 4 Tr QRN

o1 271 k—oo Ty 271 k—oo Ty
The resolvent identity together with the relations H = h? —v,v = p” 4+ p? — ¢
implies
(2.14) R(A) =R(A) + R(A)VR(N).
Estimates (2.4) give
| Tr (RO)VRA)Q) | < [R)[2IRN) 2 ]|v]loc Qoo = O(E™°)
uniformly on 'y, which yields
(2.15) 7( Tr (RAWR(Q)dA = Ok as k — oo
Tk
Substituting (2.14) into (2.13) and using (2.15) we obtain

(2.16) S O —in) = == lim § TrQR(\)A.

1 271 k—oo Ty
The resolvent identity together with h? = (hg — p)? = h3 — hop — pho + p?
implies
(217) R =Ry —RoARy + RAR¢ARy,
where A = —hop — pho + p%. Let k — co. Estimates (2.4) give
| Tr (Ro(A\)P*Ro(N)Q) | < [RoW 312112 1Qloe = Ok °)
uniformly on I'y. This asymptotics and asymptotics (2.6) yield
f Tr (Ro(A) ARo(\)Q)dA
(2.18) P
= § 1 (Ra(N)(~hop — pho + 1) Ro(N)Q) A = o(1).
Ty
Estimates (2.4), (2.5) give
[ARo(N)ll2 < 2[[plloc R0 (M 12 + 19 [[se [Ro (N[l = OK™),
then
| Tr (R AR (M) ARo(N)Q) | < IR |2l ARV 3@l o0 = Ok ™)

uniformly on I'y, which yields

(2.19) f Tr (R(A)ARO(A)ARO()\)Q)d)\ = O(k™Y).
Ty

Substituting (2.17) into (2.16) and using (2.18), (2.19) we obtain

.
> = ) = =5 lim b TEQRo(N)dA
n>1 k
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Identity (2.7) implies the trace formula (1.14) for Q € 7. The trace formula for
Q € s follows. W

Remark. Nazarov, Stolyarov and Zatitskiy [NSZ] determined some trace formulas
for the operator H+ Q, where His a higher order operator with complex coeffi-
cients on the unit interval and Q € L'(0,1) is a complex function. Authors of
[NSZ] determined limpy o 30— (Ay — A2 — go) = X, where A9, \,,,n € N, are the
eigenvalues of the operators H , H + @ respectively, and X is expressed in terms
of ¢ and boundary conditions, the explicit expression is rather complicated. Note
that there are no any control on a type of convergence of the series s.

Proof of Corollary 1.5 i). Let H = h2. Then A\, = Uns fbn, = ai and the trace
formula (1.14) gives (1.15). W

3. Dikii—Gelfand trace formula

Our proof of Theorem 1.1 is based on the identity H = h? + q — p” — p?.
In Theorem 3.3 we will determine the trace formula for the unperturbed operator
h? = (8% + p)?. In fact, the result of Theorem 3.3 extends the result of Corollary
1.2 onto the larger class p € 3. Our proof is based on the identity
h? = (0 +p)? = 0* +20p0 + p” + p°.

We analyze asymptotics of the difference of the resolvents of the perturbed operator
h? and the unperturbed operator 9*. Note that we don’t use the results and
methods from [D1], [D2], [G] in our proof.

Let p € 4. Introduce the resolvents

r(z)=(h— z)_l, ro(z) = (ho — z)_l.

Due to asymptotics (2.2) the resolvents (on the corresponding resolvent sets) satisfy
r(2), ro(z) € By. Moreover,

(3.1) Iro(2)l2 + Ir(2)ll2 = Ok ™)
as k — oo uniformly on the contours v, C C, k € N, given by

Vi = {zE(C:|z|% =m(k+3)}.

Identity
Tr (T(Z) - ro(z)) - nz::l (anl— P (7m)12 — z)
yields
k
(3.2) —% /W 22 Tr (r(2) — ro(2))dz = 7; (a% — (7TTL)4)

for all £ € N large enough. The following two lemmas give asymptotics of the
integral in (3.2).

Lemma 3.1. Let p € 54,k € N. Then the following asymptotics holds true:

(3.3) —% 22 Tr (r(z) — ro(2))dz = Z Ji(k) + O(k™),
Tk j=1
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as k — oo uniformly on any bounded subset of 75, where

(3.4) J;(k) = L /zTr(ro(z)p)jdz vV o jeN

)
Tk

Proof. Estimates (3.1) give

| Te(ro(2)p)°r(2)] < Pl lIro(2) 1317 (2)ll2 = O(k™")

as k — oo on all contours. Using the resolvent identity
> 6
r(z) —ro(z Z (ro(z ro z) + (ro(2)p) r(2)
j=1

we obtain (3.3), where

O — / TP ro()dz
Identities
Te(ro(2)p)ro(2) = Trp(ro(2)p)’ 13 (2)
= Tepfro(2)p) ) = 5 T ((ro(aln)’)
imply
T;(k) = 27;] /z 1 ((ro(2)p)’) .

Tk

The integration by parts gives (3.4). B
The technical proof of the following lemma see in Section 4.

Lemma 3.2. Let p € 56,k € N. Then the sequences J;(k),j =1,...,5 satisfy

k

35 hm ==Y (e - FESEE) 55267
I ) R ) et R Y .

(36) Jo(k) = k== 2 (en + O,

(3.7) Js(k) = O(k™5),  Ja(k)=O(k%),  Js(k) =O(k™")

as k — oo uniformly on any bounded subset of 6.
We prove the Dikii-Gelfand trace formula in our class of coefficients.

Theorem 3.3. Letp € 73 and let a,,n € N, be the eigenvalues of the operator
h. Then the trace formula (1.11) holds true, where the series converges absolutely
and uniformly on any bounded subset of 5.
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Proof. Asymptotics (2.3) shows that the series in (1.11) converges absolutely and
uniformly on any bounded subset of J#3. Substituting (3.5), (3.6), (3.7) into (3.3)
we obtain

1
——,/ 22 Tr(r(z) — ro(2))dz
27 )y,
k k k
P+ 2 2_ .2 - ~
Z <2p0 (mn)? 2170) _ Pl ; by 5 Z(p//)m _ Z( 2)en + Ok~ )
n=1 n=1 n=1

as k — oo. This asymptotics and (3.2) imply

M=

(ai — (7n)* 4 2po(7n)? — r +p0)
(38) n=1

2 9 k k
:_Hp||4 po_%z Z Yom + Ok~ 2.

n=1 n=1

Using the Fourier series for p € 773

8

p(z) = ||Ip||* + 2 Z ((};\z)m cos 2mnx + (;z;z)sn sin 27m:r)7

n=1
p’(x) =p'(1) —p'(0) + 2 ((Eﬁ)cn o8 2na + (p")sn sin 27rmc),
n=1
we obtain
o 2 2 2
© P2 (0)+p*(1) _ lpll
Z(p2)cn = — s
4 2
(3.9) o
S )en = p"(0)+p"(1) p(1)—p'(0)
— cn 4 2 .

Substituting identities (3.9) into (3.8) we obtain (1.11). H

Remark. Let p € C*[0,1]. Dikii [D1, p. 189-190] determined the following
asymptotics

3.10 n = 2 — .,
(3.10) an = ()" —po+ G
and trace formula
- P + 2p?
> (e - o+ e - 252
(3.11) n=1
P2p3  p'(0)+p"(1)  p*(0) +p*(1)
= + —_ 5
4 8 4
where
~ 1
(3.12) P =|pl* = 4p5 + 3 (v (1) = P'(0)).

Asymptotics (3.10) is in a disagreement with (2.2). The coefficients 4 and 1 in
(3.12) are mistaken, see also [FP, Remark 4.5].
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Assume, in addition, that po = 0,p%=D(0) = p»~=D(1) = 0 for all j € N.
Then P = ||p||? and (3.11) gives

(3.13) i (0‘% _ (7TTL)4 - Hp2||2) _ HZ!P n p"(0) _gp//(l) p2(0) ZPQ(I)_

n=1

On the other hand, for this case Dikii [D2, id. (6.4))] determined the following
trace formula

(8:14) i (a2 = ()" - HpQHQ) = HZ”Q _P0) :;P”(l) _p*(0) sz(l).

n=1

The last two identities are in a disagreement: the signs before £(p”(0) + p”(1))

are not coincide. Theorem 3.3 shows that the signs in (3.11), (3.13) are incorrect.
Thus, the trace formula (3.11) contains two mistakes: the coefficients in P and the
sign before £ (p”(0) +p” (1)) are incorrect, whereas the trace formula (3.14) is valid.

4. The proof of Theorem 1.1
We prove the main result of our paper.

Proof of Theorem 1.1. We have the identity

(4.1) H=r+Q, Q=q-p"-p"
The trace formula (1.15) and the identity Qo = —P give

Q(0)+Q(1) +2P
4.2 ntP—a?)=— .
(4.2) Z (1 ) 1

Introduce the sums S = S(p, q), So = So(p) given by

=3 (1 — (Gom)? —po)? + 22D,

n>1 2
(4.3) P
So= > (a2 = ((en)? — po)? = =52,
n>1

where the series converges absolutely and uniformly on p,q due to asymptotics
(1.5), (2.3). The trace formula (1.11) gives

_Papg 0 +p2(1) PO +p"(1)

(4.4) S

4 4 8
The trace formula (4.2) and the definitions (4.3) imply
Q) +Q(1) +2P
(4.5) 5—50:7;(MH+P—a$L):— . .

Substituting identities (4.1), (4.4) into (4.5) we get

_P — p? n p"(0) +p"(1)  q(0) +q(1)

S=- 8 4

which yields (1.8). ®
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Remark. Sadovnichii [S1, p. 308-309] considered the operator H = 9* +20pd + q,
where
(4.6)

pg € C[0,1],  pP(0) =pP (1) = ¢ (0)=¢¥V(1)=0 Vv jeN,

and wrote (without a proof) the following asymptotics

¢ c
(4.7) fn = (mn)* — 2po(7n)® + qo + n—lz + 7724 + ...
as n — 0o, and trace formula

c- 0) + q(1
(48) 7;1 (Un _ (7.[.”)4 + 2p0<ﬂ_n)2 _ QO) — q§0 _ W’

where c¢q, co are some undetermined constants. Assume that the operator H has
the form H = (—9? — p)?, where p satisfies (4.6). Then ¢ = p” + p? and ¢ satisfies
(4.6). In this case asymptotics (4.7) gives

1 C2
(4.9) = ()t = 2po(mn)” + [Ipl* + — + 7 +

On the other hand, asymptotics (2.3) yields

2 2
2 ”pH Po ( )

(4.10) o = 02 = ()" = 2po(mn) - .

The third term in asymptotics (4.9) is in a disagreement with the corresponding
term in (4.10). Therefore, the term gg in (4.7) is incorrect. Then the trace formula
(4.8) is not correct also. Theorem 1.1 shows that if p, ¢ satisfy (4.6) and go = 0,
then the correct trace formula has the form

i (1o — () + 2n(em? + IplI? —pa) _ Il =8 _ a0 +4(1)

2 4 4

The trace formula (1.11) is proved in Theorem 3.3. Now we deduce this result
immediately from Theorem 1.1.

Proof of Corollary 1.2. Put ¢ = p” + p?> — P € % in Theorem 1.1, then
H = h? — P and p, = a2 — P. Substituting these identities into (1.8) we obtain
(1.11). m

In order to prove Corollaries 1.3, 1.5 ii) we need the following results.

Lemma 4.1. Let (p,q) € 5 x #. Then there exists N = N(||pllsa, |9l 2)
such that the operator H has exactly N eigenvalues, counting with multiplicities, in
the disc {|\| < #*(N + 2)*} and for each integer n > N it has exactly one simple
eigenvalue in the domain {|{\'/* — 7n| < T}. There are no other eigenvalues.

Proof. The proof is based on Rouché’s theorem and repeats the arguments from
the proof of Lemma 2.5 in [BK6]. H

Proof of Corollary 1.3. Let (p,q) € i per X I per. Introduce the function
F(r) = ijzl pn(7),7 € T, where N is given in Lemma 4.1, and the resolvents
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R.(\) = (H, — A\)~!. Then we have
F(r)— F(r) = Lﬁ ATr (Rn (A — R, ()\))d)\,

211

1
pn(T1) = pn(T2) = Tmé ATr (R;,(A) = Rry(A))dA ¥V n>N,

where the contours I'y and /,, are given by
Tn={ eC:\i=r(N+21)}, ,={reC:{ri—an| =1}
Using the identities
Rr(A) = Rey(A) = Ry, () (Hy, — Hr, ) Rry(A)
= R, ) (0(pr, = )0 + s — 4, ) Ry (M),
where f; = f(-+ 7), we obtain
[F® (7)) = FO ()] < O(Ip% ) = 4l + 195 — 21

+ g% — )1 )

for some constant C' > 0 and k = 0,1, where f(O) = f, f(F) = —{ These estimates
imply F € CY(T). The similar arguments show that p, € C(T) for all n > N.
The trace formula (1.8) yields (1.13). ®

Proof of Corollary 1.5 ii). Repeating the arguments from the proof of Corollary
1.3 we deduce that the functions 25:1 vn(T) and v, (7),n > N, belong to C1(T).
The trace formula (1.15) yields (1.16). H

5. Asymptotics of J;

In this Section we will consider the integrals J;,j = 1,...,5 given by

1 .

(5.1) T,(k) = /z’I‘r(ro( \pYdz,  keN,

Tij
Yk

see (3.4), and prove Lemma 3.2. Now we will determine asymptotics of the sequence

Ji. Introduce the functions

$p = V2sinmnz, ¢n = V2cosTnz, n € N.

Proof of identity (3.5) in Lemma 3.2. Substituting the identity

Trpro(z) = Y m,
n=1

into (5.1) we obtain

Ji(k) = %/ zTrp(ro(z))dz

k
/ Z psn,sn =-2 Z(Wn)Q(psn,sn).
nzl n=1

Using the identities

- ~ pl(l) —p’(O) - (I/ﬁ)cn
(p8n7 Sn) = Po Pen = Po (27T?’L)2 5
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we obtain (3.5). W
Introduce the coefficients
2y = (P, Cn), n € N.
Then

(5.2) (DS, Sm) = Fn—m — Zm+n vV m,neN.

V2

The integration by parts gives

ﬁ(ﬁ(”/(o)_(_l)"?'(l))+(p”,cn)) V neN,

which yields the estimate

Uy =

(5.3) |56, < ©

2 vV neN,

where )
C = = (V2(p )] + 9/ (1)]) + max | (5", )] ).
Now we determine asymptotics of the sequences J;(k), j = 3,4, 5.
Proof of asymptotics (3.7) in Lemma 3.2. Let k € N. Identity (5.1) gives
1 3 Ar + Az
5.4 J3 = — T dy = —— "=
(5:4) T 8m ), (ro(@)p)"dz = ==,

where

Ay :L zTr (pro(z)(ro(z)p)2>dz,
Ap = /7 zTr ([p, ro(z)](ro(z)p)z)dz,

[a,b] = ab — ba. Moreover, the integration by parts gives

Ay = —/zTr (ro(z)[p, ho]rg(z)pro(z)p)dz = —/zTr ([p, holry(2) (pro(z))Q)dZ

=5 [ = (W habro@)oro(2))*) = = 5 [T (1 olro2) o)) =

Let k — oo. The identity [p, ho] = —2p’0 — p” and the uniform on ~; estimate

[T (9702 (pr0(2))") | < 18"l Pl o (=) = O ~)

give

(5.5) Ay = %/ Tr (ro(z)(pro(z)fp/a)dz +O®K™).

Using the estimate ||0rg(z)]]2 = O(1) we obtain

(5:6) | T (ro(=)(pro(2))*'d) | < 0ro(=)zllpliZ 19 o lro(2)]13 = O(K~2)

uniformly on ;. The estimate ||ro(2)|| < k™ for |Imz| > k%, « > 0, gives

(5.7 | T (ro(=)(r0(2))*0'0) | < 1070 () allplIZ 12 o ()12 = O(k~22)
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as |[Imz| > k% The length of part |[Imz| < k% of the contour v is O(k%),
then estimate (5.6) shows that its contribution to the integral (5.5) is O(k=27%).
Moreover, estimate (5.7) yields that the contribution of the rest part of the contour
Yk to the integral (5.5) is O(k=2%2). Let a = 3. Then (5.5) gives

(5.8) Ay = O(k™3).

Furthermore,

A = /% zTr (p?‘g(z)mo(z)p) dz = /% zTr (pr(’)(z)pro(z)p) dz
i ;/” (T ot ) =5 L T ((pro(2)°p) d=,

where we have used the integration by parts. Using the identity

T ((pro(2))"p) = i ( L

Z — an)(z - Zn)

m,n=1

where
(59) Zn = (Wn)zv Qmnp = (pQSma Sn)(P8m7 5n)7
we obtain

1 > o k > le}

o D [N DIp D

1 k > a
mn
=530 D o
m=1n=k+1
Estimates
1 < 1 < 1 vV 1< <k >k+1
S Sen SMmMx kK, n=z ,
n?—m? = (k+1)2 -k = 2k
imply
1 k %)
(5.10) A< === >0 Y levml.
22k
m=1n=k+1
Substituting (5.2) into (5.9) we obtain
1 - -
Oy = 5(%n—m - %n+m)(%n—m - %n+m)a where 3, = (p27cn)7

which yields

k oo 00
SN amnl €2 [Famllsn] < .
m=1n=k+1 m,n=1
Then estimate (5.10) gives A; = O(k™!) as k — oo. This asymptotics and (5.8)
and (5.4) give the first asymptotics in (3.7).
We show the second asymptotics in (3.7). Identities (5.1) imply

1
(5.11) [l < - |2 Tr(ro(2)p)*||dz].

Tk
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Let k — oo. Asymptotics (3.1) gives

(5.12) | Te(ro(2)p)"] < llro(2)l2llpll5 = O(K™)

on the contours ;. Using the estimate ||ro(2)| < k77 for |[Imz| > k%, 3 > 0, we
obtain

(5.13) | Te(ro(2)p)*] < llro(2)|*llpli5 = O(k™)

as | Tm z| > k”. Since the length of the part | Im z| < &k of the contour ~y;, is O(k?),
estimate (5.12) shows that its contribution to the integral (5.11) is O(k~2+#). More-
over, estimate (5.13) yields that the contribution of the rest part of the contour is
O(k=*714). Let 3 = 2. Then (5.11) yields the second asymptotics in (3.7).

We prove the third asymptotics in (3.7). Asymptotics (3.1) gives

| Tx (ro(2)p)°| < |Iro(2)I3]lp]1% = Ok ™)

as k — oo on the contours 7. Then identities (5.1) imply
1 _
501 < 5= [ 1al| T (ro(ep) 7 lds] = 00k
Vi

as k — oo, which yields the last asymptotics in (3.7). B
Introduce the coefficients

_ 2
5.14 Amn = (PSn, Sm )% = (¥n—m = #m+n) , m,n € N,
2

where we have used (5.2). In order to determine the asymptotics of Jo(k) we need
the following preliminary results.

Lemma 5.1. Let p € 4. Then
i) The following identity holds true:

(5.15) Jo = Ay — Ao,
where
(5.16)
k . k oo n2 + m2
Al = k||p||2 - Z(pz)c’ru = Z Z n mns Gmn = m
n=1 m=1n==k-+
i1) The coefficient As satisfies:
2k +1
(5.17) Ay = By + B1 + By + Bs,
where
(5.18)
Z %£7 By = Z Z amngmna
m=1n=m-+k+1
m+k k4L
D TR ) Y DC
m=1n=k+1 (=1 n=k+1
Moreover,
Bo(k) = ||p||* — p2 + O(k~3),
(5.19) (k) = lpl" = pg + O(k")

Bi(k)=O(k™),  Ba(k)=O(k™),  Bs(k)=O(k™)
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as k — oo uniformly on any bounded subset of 3.
i11) The sequence As(k) satisfies the asymptotics

_ IplI* = P -
(5.20) As(k) = (2k+1) 1 +O(k™)
as k — oo uniformly on any bounded subset of 3.

Proof. i) Substituting the identity

oo

Tr (ro(z)p)2 = Z @mn , 2, = (mn)?,

L (2= 2) (2 = 2m)

m,n=

into (5.1) we obtain
J—L/ zTr(r())de L/ZX: Gmn dz
> o 0\2)P 2mi ., (z—=zp)(z — zm)

m,n=1
(5.21) 1 1 1 ot 2
mn - - d
T dmi /7 Z “ z—zn—i—zfz +(z—zn)(zfzm))z

kE m,n=1 m
= F + Iy + F3,
where
~ 1 & 1
F = Z amn+§ Z_amn(zn—kzm)(szzn+Zn*Zm Z Amn
m,n=1 mmZ;nL m,n=1

Lt
Z Z amn< 7_;)

m=1n==k+1
33 (12 o
n=1m=k+1

Using these identities and (5.21), we obtain (5.15), where A, is defined by the
second identity in (5.16) and

k 0o k [e%S)
= E E Amnp = E E p5m75n
m=1n=1 m=1n=1

The Parseval identity > oo (f, sn)? = || f||* gives

Z||psmu2 Z<||pu2 (P2)em),

m=1

which shows that A; satisfies the first identity in (5.16).
ii) Definition (5.14) and the definition of As in (5.16) give

k m-+k

(5.22) Z > 5 b + B1 + B,

m=1n=k+1
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and using the new variable n — m = ¢ we obtain

k m+k k k 2 2

2 o (m+0)"+m

DD Faewbmn =D D A
m=1n=k+1 m=14=k+1—m E(K + 2m)

k k
=24 ) (%* enl;i)

=1 m=k+1—

=
~

Due to the identities

2
m=k+1—4
PIIEE R D
{4 2m n—~0 2 2 on—10’

m=k+1—¢ n=k+1 n=k+

we get
m+k k k ke
2k + 1 /

(5.23) Z > Hanmmbmn DTG D

m=1n=k+1 =1 =1 n=k+1

Substituting this identity into (5.22) we obtain (5.17).
We will prove the first asymptotics in (5.19). The Parseval identity ||fol|* +

Z'Zozl(fa cn)2 = Hf||2 implies

o0

> g =|pll* - pf.

=1
Estimate (5.3) gives
- =1 ®dr C?
2 2 2 _

| > sdl<e 3 Geor ) Gege

t=k+1 (=k+1
Then the definition of By in (5.18) yields the first asymptotics in (5.19).

We will prove the second asymptotics in (5.19). We have the estimates

2m? 2k2

2

|
n? —m? +(m+k‘—|—1)2—

5 <3, l<sm<k<n-m-1

Moreover, definition (5.14) implies
mn < %?n—n + %31_;'_" vV m,néeN.

Then the definition of B; in (5.18) and estimate (5.3) give

k 0o k oo k 00
<3 Y G =3(X Y Y. Y )
m=1n=m-+k+1 m=1/¢=k+1 m=1¢=2m+k-+1

k 0o 00 o
622%,8—%2%5 6k02zi4<6kc2/ ‘Lff:LC;Q,
m=1f=k+1 t=k+1 PR kT k

which yields the second asymptotics in (5.19).
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We will prove the third asymptotics in (5.19). The definition of By in (5.18)
and estimate (5.3) imply

k m+k
|B2 = Z Z |%m+"| |%m+n|+2|%n m|) mn
m=1n=k+1
. i b ( L, 2 )9
\ 9 2 2 o 2 mn-
2 ln:k+1 m) <n + m) (’I’L m)
Using the estimates
1 ( 1 " 2 )9 _ (3n% 4+ 3m? + 2mn)(n?® + m?)
(n—m)2\(n+m)2  (n—m)2/ ™" (n—m)3(n +m)>
2 22
S s ) 5 S ] ) 1<m<n,
(n—m)3(n+m)> =~ (n—m)3(n+m)
we obtain
3C2 ¢~ R 1 30? - 1
|Ba| < —
2 n;n:k+1(n—m)3(n+m mzju k;mé(EqLQm)
k k 1 X

S SIS IR D MR DI
= 3 \ 73 20
2 ot m=k+1— LM k+2 )io ¢ m=k+1—£ k+2 )it

which yields the third asymptotics in (5.19).
We will prove the fourth asymptotics in (5.19). The definition of Bs in (5.18)
and the estimate
k+¢

1 ¢
Z < — Vo 1<e<k,
n:kHZn—K k+1

imply
1< c? ot
0<B;<—— S 12— 5 .
3 4(k+1); ’” 4(k+1);€2

where we have used (5.3). This asymptotics yields the fourth asymptotics in (5.19).
iii) Asymptotics (5.19) and identity (5.17) yield (5.20). ®

Remark. If p is a trigonometric polynomial, then s, = 0 for all n € N large
enough, hence By = By =0 for all k € N large enough.

Proof of asymptotics (3.6) in Lemma 3.2. Substituting the definition of A;
in (5.16) and asymptotics (5.20) into (5.15) we obtain (3.6). B
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