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ABSTRACT. In this paper we consider the incompressible Euler equation on the
Sobolev space H5(R"™), s > n/2 + 1, and show that for any 7" > 0 its solution
map ug — u(7T'), mapping the initial value to the value at time 7', is nowhere
locally uniformly continuous and nowhere differentiable.
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The initial value problem for the incompressible Euler equation in R", n > 2,

reads as:
du+ (u-Viu = —=Vp
(1.1) divu = 0
u(0) = g

where u(t, ) = (u1(t,z), ..., u,(t,z)) is the velocity of the fluid at time ¢t € R and
position z € R™, u -V = Y7, ux0 acts componentwise on u, Vp is the gradient
of the pressure p(t,z), divu = Y_,_, dyuy is the divergence of u and ug is the value
of w at time ¢ = 0 (with assumption divug = 0). The system (1.1) (going back
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to Euler [4]) describes a fluid motion without friction. The first equation in (1.1)
reflects the conservation of momentum. The second equation in (1.1) says that the
fluid motion is incompressible, i.e. that the volume of any fluid portion remains
constant during the flow.

The unknowns in (1.1) are w and p. But one can express Vp in terms of u — see
Inci [11]. Thus the evolution of system (1.1) is completely described by wu.

To state the result of this paper we have to introduce some notation. For s €
R>¢ we denote by H?®(R™) the Hilbert space of real valued functions on R™ of
Sobolev class s, by H*(R™;R™) the vector fields on R™ of Sobolev class s and by
Hi(R™; R™) C H*(R™; R™) the closed subspace consisting of divergence-free vector
fields — see Adams [1] or Inci, Topalov, Kappeler [9] for details on Sobolev spaces.
In particular we will often need the fact that for n > 1, s > n/2 and 0 < ¢’ < s
multiplication

(1.2) H*(R") x H* (R") = H*(R"), (f,9)— [ -9

is a continuous bilinear map.

The notion of solution for (1.1) we are interested in are solutions which lie in
CO([0,T); H*(R™;R")) for some T > 0 and s > n/2 + 1. This is the space of
continuous curves on [0, 7] with values in H*(R™;R™). To be precise we say that
u, Vp e C°([0,T]; H*(R™; R™)) is a solution to (1.1) if

(1.3) u(t) = ug —|—/0 —(u(r) - V)u(r) = Vp(r)dr YO<t<T

and divu(t) = 0forall 0 < ¢ < T holds. As s—1 > n/2 we know by the Banach alge-
bra property of H*~!(R") that the integrand in (1.3) lies in C°([0, T]; H*~(R™; R™)).
Due to the Sobolev imbedding and the fact s > n/2 + 1 the solutions considered
here are C! (in the z-variable slightly better than C') and are thus solutions for
which the derivatives appearing in (1.1) are classical derivatives. For this kind of
solutions we have the following well-posedness result (it is here stated in a form
which will be convenient later):

THEOREM 1.1 (Kato [12]). Let n > 2, s >n/2+41 and T > 0. Then there is an
open maximal (with respect to inclusion) neighborhood Ur C HE(R™; R™) of 0 such
that there is a unique solution u € C°([0,T]; H5(R™;R") of (1.1) for all ug € Ur.
Moreover the solution map

Ep:Up — H;(R™;R"), wug+— u(T)
is continuous.
With this we can state the main results of this paper.

THEOREM 1.2. Let n > 2, s > n/2+ 1 and T > 0. Then the solution map
Ep: Up — H:(R™;R™) is nowhere locally uniformly continuous.

Note that this means that Er is not uniformly continuous on any open non-
empty subset of Up.

COROLLARY 1.3. The solution map Ep is nowhere locally Lipschitz.

THEOREM 1.4. Let n > 2, s > n/2+ 1 and T > 0. Then the solution map
Ep : Up — HZ(R™;R"™) is nowhere differentiable.
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Theorem 1.4 is not implied by Theorem 1.2. Indeed, for a continuous function
f:+H—TR,(H,{,-))aHilbert space, which is nowhere locally uniformly continuous,
the function H — R, z + (z,x) f(x) is still nowhere locally uniformly continuous,
but differentiable in x = 0.

Related work: The question of the regularity of E'r was raised in Ebin, Marsden
[3]. A first answer was given in Himonas, Misiolek [8]. Himonas and Misiolek
construct a pair of sequences of solutions (ug)g>1, (4x)r>1 to (1.1) with the following
property: For all s > 0

(i) (ur(0)),-, and (@x(0)), ., are bounded in H(R";R") with
Jim {lux(0) = @ (0)]], = 0.

and there is a constant Cs > 0 so that
(if) forall0 <t < 1

1i£nzilnf||uk(t) — g (t)|]s > Cssint.

This shows that Er is not uniformly continuous on some bounded sets.
We should also mention the result in Kato [13], for the inviscid Burgers’ equation

(1.4) Ou +udyu =0, u(0) =up, teR, xR

Kato proves that for no 0 < o« < 1 and no ¢ > 0 the solution map of equation (1.4),
ug — u(t), is locally a-Hélder continuous in the Sobolev space H*(R), s > 2.

This paper is more or less an excerpt from the thesis Inci [10]. So omitted
proofs or references where they can be found are given in Inci [10].

2. Lagrangian description

Consider now a fluid motion determined by u. If one fixes a fluid particle which
at time ¢t = 0 is located at © € R™ and whose position at time ¢ > 0 we denote by
p(t, z) € R™, we get the following relation between u and ¢

(%(p(t, x) = ’U,(t, <P(ta x))a

i.e. ¢ is the flow-map of the vectorfield u. The second equation in (1.1) translates
to the well-known relation det(dp) = 1, where dy is the Jacobian of ¢ — see Majda,
Bertozzi [15]. In this way we get a description of system (1.1) in terms of ¢. The
description of (1.1) in the @-variable is called the Lagrangian description of (1.1),
whereas the description in the u-variable is called the Eulerian description of (1.1).
One advantage of the Lagrangian description of (1.1) is that it leads to an ODE
formulation of (1.1). This was already used in Lichtenstein [14] and Gunter [6] to
get local well-posedness of (1.1).

The discussion in Section 1 shows that in this paper the state-space of (1.1) in
the Eulerian description is H*(R™;R"™), s > n/2+ 1. The state-space of (1.1) in the
Lagrangian description is given by
D°(R") = {¢:R" - R" | ¢ —id € H*(R";R") and detd,p >0, Yz € R"}

where id : R” — R" is the identity map. Due to the Sobolev imbedding and the
condition s > n/2+1 the space of maps D*(R") consists of C'-diffeomorphisms — see
Palais [16] — and can be identified via D*(R™)—id C H*(R";R™) with an open subset
of H?(R™;R™). Thus D*(R"™) has naturally a real analytic differential structure (for
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real analyticity we refer to Whittlesey [17]) with the natural identification of the
tangent space

TD*(R") ~ D*(R") x H*(R™; R").
Moreover it is known that D*(R™) is a topological group under composition and
that for 0 < s’ < s the composition map
(2.1) H* (R") x D*(R") — H* (R"), (f,¢)— fop

is continuous — see Cantor [2] and Inci, Topalov, Kappeler [9]. That D*(R") is the
right choice as configuration space for (1.1) in Lagrangian coordinates is justified
by the fact that every u € CO([O, T]; H3(R™; R”)), s >n/2+ 1, integrates uniquely
to a ¢ € C1([0,T]; D*(R™)) fullfilling

Op(t) =u(t)op(t) foral0<t<T
— see Fischer, Marsden [5] or Inci [10] for an alternative proof.
It turns out that one can describe system (1.1) in Lagrangian coordinates by a map,

which we call the exponential map associated to (1.1). More precisely (see Inci [11]
for the proof)

PROPOSITION 2.1. Let n > 2 and s > n/2 + 1. Then there is an open neigh-
borhood U C H*(R™;R™) of 0 and a real analytic map (called the exponential map
associated to (1.1))

exp : U — D*(R")
with the following property: For 7' > 0 let u € C°([0,T]; H*(R™;R")) be a

solution to (1.1) for some ug € HE(R™;R™) with the corresponding flow ¢ €
CL([0,T); D*(R™)) solving dyp(t) = u(t) o p(t) for any 0 <t < T. Then we have

o(t) = exp(tug) YO<t<T.
Note that we have U N HI(R™; R") = Urp|p_;.

3. Vorticity

A key ingredient for the proof of Theorem 1.2 and Theorem 1.4 will be the
vorticity — see Bertozzi, Majda [15] and Inci [10] for missing proofs.

DEFINITION 3.1. Let u = (u1,...,u,) be a Ct-vector field on R™. Then the
antisymmetric matrix

Q(u) == (Qij)i<ij<n = (Giuy; — Ojui)i<ij<n
is called the vorticity of u.

One can recover a divergence-free vector field from its vorticity by the Biot-
Savart law.

LEMMA 3.1. For s > n/2+ 1 let u be a H?-vector field with dive = 0 and
compactly supported vorticity € := Q(u). Then we have

1 xr —
uw) == [ o) = ay

for any x € R™. Here integration is done componentwise and w,, denotes the surface
area of a unit sphere in R”.
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Recall that for w € H*(R™;R"™), s > 0, we use the norm || - ||s given by
lal= [ @I (a©F + . +1a.OF) dg

where f denotes the Fourier transform of a function f. In the same way we define
the norm of a matrix valued map. One than has

LEMMA 3.2. Let s > n/2 + 1. Then there is a constant C' > 0 such that we
have
ldulls—1 < Cl|[Qw)][s—1,  Vu € HI(R";R"™)

where du denotes the Jacobian matrix of u.

A very important property of the vorticity is the following conservation law (an
immediate consequence of the vorticity equation — see Inci [10]):

LEMMA 3.3. Let n > 2 and s > n/2+1. Let further u € C°([0, T); H*(R"; R")),
T > 0, be a solution of (1.1) with u(0) = up € H3(R™; R™). We define

Q(t) := Q(u(t)) and @(t) :=exp(tug), 0<t<T.
Then we have for any 0 <t <T
dip(t) " - Q(t) 0 (1) - dip(t) = ©(0)
or
(3.1) Q(t) = B, ((de(®)™) T - Q(0) - dp(t) ™)
where R, denotes the map f +— fo .

Note that from (3.1) we conclude that the support of the vorticity (¢) remains
compact if Q(0) is compact. We have the following estimate for expressions of the
form (3.1).

LEMMA 3.4. Let s > n/2+ 1 and pe € D*(R™). Then there is C' > 0 and a
neighborhood U C D*(R™) of ¢, such that
1 _ _ _
Gl < HRST ((de™) T - f-do™) [l < Cliflls
for any f € H*~}(R"; R"*") and any ¢ € U.

4. Proof of Theorem 1.2 and Theorem 1.4

Before we prove the theorems, we have to make some preparation. Throughout
this section we assume n > 2 and s > n/2 + 1.
First of all we can reduce the proofs to the case T' = 1. This follows from the scaling
property of (1.1). In fact, denoting ¢ = Er|,_; we have
(4.1) Er(ug) = T ¢(Tug), VT >0.

So the proof of Theorem 1.2 reduces to

PROPOSITION 4.1. Denote by ¢ the map Er|,_, and by U the domain Up|,_;.
Then

¢:U— HJ(R";R™)

is nowhere locally uniformly continuous.

PROOF OF THEOREM 1.2. Follows from Proposition 4.1 and (4.1). O
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In the sequel we use C2%, (R™;R™) for the space of smooth and divergence-free
vector fields with compact support, i.e.

C(R™R™) = {f e C®R"R") | divf=0and supp f compact}
where supp f denotes the support of f. Note that C25(R™;R™) C H(R";R") is

dense — see Inci [10].

LEMMA 4.2. Let ¢ € C°([0,1]; D*(R™)). Then for any € > 0 there is R > 0
such that
[p(t,y) —yl <e and |dp(t,y) = In] <e
for any ¢ € [0, 1] and for any y € R™ with |y| > R. Here | - | denotes the euclidean
norm and I,, the n x n identity matrix.

Proor oF LEMMA 4.2. Note that by the Sobolev imbedding, there exists C' >
0 such that for any f € H*(R";R"),

(4.2) [ fller < ClIflls.
As for any element ¢ € D*(R"), p(y) — y is in H*(R™;R™), it then follows that for
any to € [0, 1] there is Ry, > 0 such that
p(to,y) —yl <e/2 and  |dp(to,y) — In| <&/2
for all |y| > Ry,. Choose 6 > 0 in such a way that for any ¢ in (tg — 6,0 +9) N[0, 1],

€
t) — p(to)|ls < =—
() — ool < o
where C' > 0 is the imbedding constant in (4.2). Then
[p(ty) —yl <e and |dp(t,y) —In| <e

for any t € (to—d,to+9)N[0,1] and |y| > Ry,. Since we can cover [0, 1] with finitely
many of such intervals we get the claim. O

LeEMMA 4.3. Let U = Ur|p_, and ug € UNCZ, (R™;R™). Consider the restric-
tion of the differential of exp at ug to HZ(R™; R"™),

duyexp : H3(R™;R") — H*(R™;R"), wo — 0:|._,exp(uo + €vp).
Then there exists m > 0 with the following property: For any R > 0 there exists

v € O (R™;R™) with |(du, exp(v)) (z*)] > m, [|v||s = 1 and support in the ball
By (z*) = {z € R" | |z — 2*| < 1} for some z* € R" with |z*| > R.

PROOF OF LEMMA 4.3. Take w € C3%.(R™;R") with support in the ball B;(0)
and with the properties ||w||s = 1 and w(0) # 0. Choose ¢ > 0 so that ug + ew(- —
2*) € U for any |e| < § and any 2* € R®. Now define w,+ := w(- — 2*) where z*
will be conveniently chosen at the end of the proof. For e € [—§,d] we denote by
u(®) the solution of (1.3) with initial data wuo 4 w,~ and by p(*) the corresponding
flow. By Proposition 2.1, for (g,t) € [=6, 8] x [0, 1], (&) (¢) is given by

(4.3) @' () = exp (t(uo + ewy-)).
By the same Proposition
(4.4) pV() : [-6,6] x [0,1] — D*(R")

is C. Hence, denoting by I,, the n x n-identity matrix,
(4.5) dpU) () = I, : [=6,6] x [0,1] — H*~L{(R"; R"*")
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is C! as well. By Lemma 3.3, the vorticity Q(u5 (t)) has compact support. Hence
by Lemma 3.1 (Biot-Savart law) we have for all x € R™ and ¢t € [0, 1], |e| < ¢

Ot = [ uOO) )

|z —y[™

Now using the conservation law (3.1) we get

uOta) = o [ R (96T @) +ew)) Olde (e, 0] ) 2 dy.

Wn |z —yl™

Using that (%) () is volume-preserving we have

(e)
@ _ L © (4 T2 ) (g gyt L= PG Y)
W tw) = o [ 146097 (Ofuo) + ) )l 00)) T ay
The relation () (1) = id + fol u(®)(t) 0 (&) (t) dt then leads to
(4.6) PO (1,2) = o+ 1) (z)

where I%)(x) is given by

1 ! € T7—-1 € —1 SO<€) (t7 ,’.E) — SO<E) (t7 y)
[ 901 @) o)) )l (e ) Ee = ayar

Write () (z) as the sum I\%) (z) + eI{%) (z), where I\¥)(z) is defined by

1 ! € — € — SO<E) l,x _@(E) L y)
_/ / [dW( )(t7 y)T] IQ(UO)(y)[dW( )(t7 y)] ! |¢(5)(§ x))— (p(s)(gg e dydt
yEsupp ug ’ ’

and

© ©

(5) (e) 1 (<) o1 @) =t y)

18 / / [dp'® (t Qwe+) () [de (¢, dydt.
ldy ) 1w ) () [de ) (1, y)] SO ta) — Ty Y

Next we need to get an expression for

(duo exp (W )) () = 0:._ 0 (1, 2).
This will be accomplished by taking the e-derivative of the right-hand side of (4.6).
But first we have to make some preparations.
Consider the curves ¢ = <p(5)| : [0,1] — D*(R™) and ¢! : [0,1] — D*(R™).
As by Proposition 2.1, U — CO([O 1]; D*(R™)), vg — [t — exp(tvo)] is continuous,
there exist @ > 0 and 5’ > 0 so that for any g in the ¢’-ball By (up) in H3(R™; R"™)
centered at ug one has

S S N1
nax, || exp(tap) —id||s < @ and ax, [|(exp(tug) idl]s < Q.

As |lewg+||s = € for any z* € R™, it follows that ug 4+ ew,~ € B:(ug) for all |e] < §
and hence, by choosing ¢ smaller if necessary, so that § < ¢’, one has
. -1 .

(4.7) sup [l () —id||s < @, sup [[(¢9(1) " —id]]s < Q.

0<t<1 0<t<1

z* € R" z" € R"

lel <o lel <6

By (4.7) and the Sobolev imbedding (4.2) there exists a constant M > 0 with
(4.8) 0 (t ) — ], |dp®) (8, )] < M

for any (e,t) € [—6,0] x [0,1], x € R™ and z* € R™. For N > 1 choose Ry > 0 so
large that for any z € R™ with |z| > Ry

d(z,suppug) = yesiu%fmo |z —y| > (N + 2)M.
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For any y € supp ug and any z* € R™ with |2*| > Ry we then get
(4.9) Ot a) — Ot y) = (Pt 27) = 2%) + (2% — y) + (y — ¢ (8, 9)))|
> [a* —y| = e (t,a*) —a*| = |y — o (t,y)| = NM.

It then follows from (4.4)-(4.5) that by the Leibniz rule, 0.|._, Ifs)(x*), |z*| > R,

can be computed by differentiating the integrand of Ifs) with respect to €. Before
doing this introduce for 0 <t <1 and y € R"

T(t,y) = Ocl.— 9 (8, y) = (diug xD(twer)) (y)-
In particular we then have by (4.5)

(4.10) Ocl._o dp®(t,y) = dJ (t,y)

and thus by the standard formula for the derivative of the inverse of a matrix
-1 -1 -1

(4.11) Oclo—o (A (t,y) ™ = —(de(t.9)) ™ dI(t,y)(de(ty))

Note that for any 0 <t <1,
[TOI]s < |ldiug exp || |[tws-

<
s Orgfgl ||dtuo exp ||

where ||d¢qy, exp || is the operator norm of dy,, exp : H3(R™;R") — H*(R™;R") and
hence by the Sobolev imbedding (4.2), J(t,z) and dJ(t, ) are uniformly bounded
with respect to 0 < ¢ <1, z € R” and z* € R". For convenience let A, yp(t) =

o(t, ) —@(t,y). Now taking the derivative of the integrand of Ifs) (z*) with respect
to € we get by the product rule

Jl(x*) = 85|5:0 Ifs)(x*) = lel(.fb*) + J172({E*) + leg(x*)

where Jy 1(2*), J1 2(2*) and Jy 3(x*) are given by, respectively,

i / / —ldip(ty) "1 I (1 y) (At y) T Qo) (W) lde(t y)

Ay yp(t)
— s dydt,
[Agxyp(t)"

i /0 / ~[de(t,y) "] QU uo) (v)dio(t, y)] T dI (¢, ) deo(t, )]

Ay yp(t)
— T~ dydt,
[Agx yp(t)™

i /0 /supp ug [d(t,y) "1™ o) (1) [dip(t, )]

Ag+y (1) Aor yp(t) - Agr y J () Aax yp(t)

v w0 i K L
Note that the domain of integration [0, 1] x supp ug of the integrals Jy 1(x*), Jy 2(x™)
and Jy 3(z*) is compact. The integrands are uniformly bounded, independent of the
choice of z* with |z*| > Ry. Moreover from (4.9) we see that the denominators go
to infinity as |2*| — oo. Thus for any p > 0 there exists R}, > Ry such that

(4.12) |Ji(z*)] < p Va* € R" with |2 > R,
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Now consider ISE)(x*). As a consequence of (4.7) and the Sobolev imbedding (4.2),

. -1 .
sup  [J¢"9(t) —id||cr  and sup  [[(99(t) " —id]|en
0<t<1 0<t<1
z* e R" ¥ e R"
le] <6 le] <6

are finite. Hence there is L > 0, independent of z*, with
1
(4.13) Tle—yl = ot ) — ¢ (t,y)| < Llw—y| Yo,y eR"

for any (e,t) € [—9, 0] x [0, 1]. When combined with (4.8) we get that the integrand
of ISE)(x*) can be estimated uniformly for |¢] < § and 0 <t <1 by

L|z* — 1

- |'r y| — CLn+1 - —
(zlz* =yl Ea|
for some constant C' > 0. As the latter bound is independent of € one can take the
limit e — 0 under the integral to get

Jo(z*) = 0e|._g (eI (z"))
A y<p(t)

= T1-10 (.. -1 ; )
=)L et 1 et ) 2

Now the key idea is to show that the latter expression differs by a small error from

/ / Q(wg+) ) —dydt
By (x%) |z yl

which by the Biot-Savart law equals wg«(2*) = w(0) and hence does not vanish.
To prove that the difference of J(2*) with the latter integral is indeed small, write
B (z*) as the union of By(x*) \ Bg(z*) and Bg(xz*) with 0 < @ < 1 to be chosen
at the end of the proof and write Jo(z*) as a sum of the corresponding integrals
Jo(a*) = J) (x*) + J§%(x*). First note that by the Sobolev imbedding (4.2) and
the condition s > n/2 + 1, for any y € R™ and for any z* € R

(4.14)

(4.15) 19w, )] < Clluwyely = C.
Using (4.14)-(4.15) we get
0), ’ ! 1 "
’ By (z*) lz* — y|

for some constants C’, C" independent of x*. Note that the denominator of the
integrand of JQ(? (z*) is bounded away from 0. Indeed, by (4.13)

% 0
[Aaryp(B)] = lo(t, 27) — ()| = = Ix —ylz7
for all y € By(z*) \ Bg(z*). So by Lemma 4.2 and (4.15), for any fixed 0 < 6 < 1,
and any p > 0 there exists a constant Rf,e) > 0 such that for any =* € R™ with

* 0
|z*| > R

(4.17)

0), « 1 ¥ —y
ey -— [ ) (1) | < p.
Bi(a*)\Bo(z*) lz* —yl
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We now choose z* and 0 < 6 < 1 according to our needs. Write

we) = [ Q) dy = ol @) + 0 ()
Wn J By (x*) lz* — gy
where ) .
(0)/ .« r —Y
W)= [ e ) () L dy
! Wn J By (2)\ B (2*) |lz* —y|"
and

0); 1
@)= [ e

n Be(m*)
First choose 0 < # < 1 in such a way that we have for any choice of z* € R"
(4.18) 7% (2*)] < a/8 and  |wy(z*)] < a/8
where a = |w(0)|. Due to (4.16) this is possible. Then for any R > 0 choose z* € R”
with |2*| > max( ;/8, Rge/)g, R) but otherwise arbitrary and let v := w,~. Then by
(4.12),(4.17) and (4.18)

| (dug exp(0)) (%) = we (&)| = |1 (&%) + Ja(2") — wer ()]
= | (z*) + I (@) + I (@) — wi? (%) — wd (2]
< |1 (@) IS (@) =l® (@) |+ 5D (@) |+l (27)] < a/8+a/8+a/8+a/8 = a/2.

Thus we see that |(dy, exp(v))(z*)| > a/2 showing the claim with the choice m =
a/2. O

For fo in HZ(R™;R™) we denote by Br(fs) C HZ(R"™;R™) the open ball of
radius R > 0 with center f,, i.e.
Br(fe) ={f € HLR™;R") [ [|f = fells < R}.
Now we can give the proof of Proposition 4.1, copied from Inci [10].

PROOF OF PROPOSITION 4.1. It suffices to show that for any ug in the do-
main U C HZ(R™;R™) of ¢ there exists R, > 0 with Bg, (ug) € U so that ¢
is not uniformly continuous on Bpr(ug) for any 0 < R < R,. As s > n/2+ 1,
H*(R™;R") — C§(R™;R™). We denote by C' > 0 the constant of this imbedding

(4.19) [ fller < ClIfls.

By the continuity of the exponential map (Proposition 2.1), there exists Ry > 0 so
that Bg,(uo) C U and for any ¢, € exp (Bg, (uo))

1
— s < —.
o=l < =
Hence by (4.19) there is a constant L > 0 so that for any ¢, ¢ € exp (Br, (o))

(4.20) () —v(@)| <1 and |p(z) —@(y)| < Llz —y|, Vu,y e R"

By the smoothness of the exponential map (Proposition 2.1) and Taylor’s theorem,
for any v, v + h in an arbitrary convex subset V C U,

1 1
exp(v + h) = exp(v) + dy exp(h) + 5 /0 (1 —t)d> ., exp(h, h)dt.

By choosing 0 < Ry < Ry, smaller if necessary, we can ensure that for some C7 > 0
and Yv € Bg, (up), h € Bg,(0)
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(4.21) [lexp(v + h) — exp(v) — dvexp(h)||s < C1l|R][3.

As v — d, exp is continuous we get for some 0 < Re < Ry and Yvq,v9 € Bg,(ug),h €
H3(R™;R™).

m
(4.22) lldvy exp(h) = du, exp(h)]]s < 7= 1Rlls,

where m > 0 is the constant in the statement of Lemma 4.3 and C' > 0 given by
(4.19). Finally by choosing 0 < R3 < Rs, sufficiently small, Lemma 3.4 implies that
there exists C's > 0 so that

@2) ol < I8 (4TI el ) e < Callfllemn

for any f € H* " }(R";R"*") and any ¢ € exp (Bg,(ug)). Now set R, = R3 and
take any 0 < R < R,. By the density of C2°.(R";R") in H;(R™;R"™), there exists
g € C3%(R™;R™) N Brya(uo). Let o := exp(tp) and introduce K := supp g and

K' = {yeR"|dist (y, pa(K)) < 1}

where dist (y, o(K)) = infaex [y — @o(2)] is the distance of y to the set @q(K).
By (4.20) we see that K’ has the property

(4.24) o(K) C K, Vo € exp (Br(uo))

Note that lim,|—o |@e(7)| = c0. By Lemma 4.3 we then can choose z* € R™ \ K’
and v € C3%.(R™;R™) with [[v|[s = 1 in such a way that

(4.25) dist (pe(z*),K') > L+1 and |(dg, exp(v))(z*)| > m.
We set M := |(dg, exp(v))(z*)| and define vy, = £v, k > 1. As [[v||s =1

R
(4.26) lolls = 3 < B/3.

By the definition of vy, we have |(dg, exp(vy))(z*)| = 8 := M. By (4.20) for any
k > 1 there is

MR

(4.27) 0 < pr < min(0;/8,1) = min(32—k, 1)
such that
(4.28) ¢(By, (2*)) C Bs,s(p(z*)) Ve € exp (Br(up)).

Now choose for each k > 1, a wy, € C3%.(R"; R™) with
(4.29) suppwy, C B, (") and ||wi||s = R/4
and define for k£ > 1 the pair of initial values

ug k= Uo +wr and  Ugp = ok + Vk.

By our choices (uo,x)k>1, (Gok)k>1 S Br(uo) and ||ugx — toxlls = [Jvk][s — 0 as
k — oo. Denote the diffeomorphims corresponding to ug j, %o,k by ¥r, pr € D*(R™),

or = exp(ugr) and @p = exp(to,x)
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and the solutions of (1.3) corresponding to the initial values ug k, %o by wk, Uy :
[0,1] — HE(R™ R™). The corresponding vorticities at time ¢ = 0, Qg 5 and Qg x,
and t =1, Q;  and € j, are then given by

(4.30) Qor = Q(uok) = Q(to) + Q(wr)

' Qor = Qok+Que) = Quo) + Qwk + vi)

and R
Q= Qur(1)); Qg = Q(ar(1)).
Note that we have for some C’ > 0

(4.31) P (uo.k) — d(to.r)lls = [[ur(1) — ar()]]s = %IIQM — Q51

We aim at estimating || 1 — Q17k||s,1 from below. By the conservation law (3.1)
we have

(432)  Qu =Ry} (ol ) Qolden] ), Sk = B5! (1d]) " Qo sldpi] ™)
By (4.25) the distance of pe(2*) to K’ is bigger than L + 1 and hence by (4.20)
dist (p(z*), K') > L for any ¢ € exp (Bgr(uo)).
On the other hand by (4.20) and p; < 1 one has
lp(z*) — ¢(@)| < L|z* — x| < L Va € supp wg.

Combining the two latter displayed inequalities one concludes that

(4.33) o(supp(wy)) NK' =0, Ve € exp (Br(uog)).
As supp(wg + vi) € By (2z*) the same argument gives

(4.34) o(supp(wp +vr)) NK' =0, Vo € exp (Br(uo)).
By (4.24),

supp Ry} ((dof) ' Q(ao)(dpr) ") € K’
and
supp R ((d@y )~ Qo) (dk) ") € K.
From (4.33)-(4.34),
o (supp Qwy)) CR"\ K’ and @y (supp Q(wi +vi)) CR™\ K.
By (4.30)-(4.32) and Lemma A.1 it then follows for a constant C' > 0 that
(4.35) ||x — Qillso1 =
C(IIRG, ((deo) ™ 0(mo) (der) ™) = By, ((dr) ™ 2w0) (ddk) ™) [ls-1)
IR, ((deg )1 (wi) (deor) ™) = Ry, ((dgg ) ™' Qwr + i) (dr) ™) [|s—1
> CI[RG! ((dey ) wi)(dor) ™) = Ry (dpe) ™ Q(wi + v (dpr) ™) [l
We claim that, for large k,
(4.36) i (supp(wr)) N @x (supp(wy)) = 0.
Indeed by the Taylor formula
Pr — o1 = exp(to + wi, + vi) — exp(tio + wi) = dggtw, exp(vr) + Ri
where Ry is the remainder term. Thus we can write

(4.37) Pk — ok = da, exp(vg) + (dag+w, exp(vk) — da, exp(vk)) + Ri.
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We want to estimate @(x*) — p(2*) by estimating the three terms on the right-hand
side of the latter identity individually. By the Sobolev imbedding (4.19) and (4.21)
we get the following estimate for Ry (z*) € R”

R2

[Rae)| < ClIRul |, < CCillonl2 = CC1 7

For k sufficiently large it then follows that

0,
[Ri(a")] < -

Furthermore, using (4.19) and (4.22), together with m < M (cf (4.25))
| (dagw, exp(vr)) (27) = (da, exp(vr)) (z7)]

MR5
< O||dagswy exp(vr) — da, exp(vy,) "

o< Ploelly < 70 = %
Finally, for the first term on the right—hand side of (4.37) one has by definition,

’duo eXp vk ’ - 5k

Combining the estimates above, (4.37) y1elds for k large enough
S o < Ok
B(e") - oula)| > %
y (4.28) we get for large k

ok (Bp, (7)) N @1 (B, (z7)) =0
showing (4.36). It leads by the triangle inequality and Lemma A.3 for some constant
C > 0 to the estimate

(4.38) ||R,, ([dop ]~ Qwe)[dpr] ") — R} ([dgr] ' Q(wr + vi) dwk 1) |[s—1
> C(IIR;, ([ )~ 2wy [der) ™) ||s—1 +1|R;, ([den ]~ Qw)[dgr] ™) [1s—1)
IR, ([dex]” %2vk W) st
The latter term can be estimated using (4.23) by
(4.39) RS ([de) ] 2 ve) [d@r] ™) []s—1 < Cal|Q(u)[]s—1 < C2C”| vl

which by (4.26) goes to 0 for kK — co. For the first two terms on the right-hand side
of the inequality (4.38) we have again by (4.23)

(@40)  IIRG (ol ) lden) ) oo > 10w o
and
@) RGBT R wlda] ) e = IRl

Combining (4.38)-(4.41), the inequality (4.35) then leads to
. ~ . 2
limsup |[ x — Q1 x||s—1 > limsup FHQ(wk)Hs—l-
k>1 k>1 G2

We will get the result by showing that lim supy; [[Q2(wg)||s—1 is bounded away from
0. In H*(R™; R™) the following norm

s := 1Az + [ldfl]s—
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is equivalent to the norm || - ||s. In particular there exists C5 > 0 so that for any
fe H*(R™;R")

1
(4.42) Fgllfllsé|||f|||sSCsllf||s.

By (4.42) we thus get |[[wy|||s > & % for all k > 1. By (4.27) and (4.29)

(4.43) [Jwil|2 < llwgllzo vol (B, (1)) < Clluwnll, vol (B, (@)
R MR\"

Hence ||wg||r2 goes to 0 for k — oo implying that

1R
lim sup ||[dwg||s—1 > ——.
nsup i1 >
By Lemma 3.2
1 1 R
lim sup ||Q(wi)]|s—1 = limsup —||dwg||s—1 > =——
nsup |21 2 lim sup o1 2 o

for some constant Cy > 0. By (4.31) we then conclude

1
——R
4C3Cy

whereas ||ug r — @o,x||s — 0. As (uo 1), (to,5) are in Br(ug) this shows that ¢ is not
uniformly continuous on Br(ug). O

. ~ . 1 -
(4.44)  limsup||@(uo,k) — ¢(tox)||s > limsup —|[Q x — Q1 k|[s—1 >
E>1 g>1 C

Finally we can give the proof of Theorem 1.4

PROOF OF THEOREM 1.4. By (4.1) it suffices to consider the case T = 1, i.e.
to prove that
¢:U — Hy(R™R")
is nowhere differentiable. The key ingredient is inequality (4.44). Let us reformulate
it in a convenient way. Let w € U. Then by the last part of the proof of Proposition
4.1 there are R.,C, > 0 with Bg, (w) C U satisfying the following property: for
any 0 < R < R, there are sequences (uo k)r>1, (Go,x)k>1 € Br(w) with

(4.45) klilgo [|wo.kx — Go.k]ls =0
and
(4.46) l[¢(uok) — @(tox)|ls = CxR, Yk > 1.

Assume now that ¢ is differentiable in w. For any h € HZ(R™;R") with w + h €
Bg, (w)

(4.47) R(w,h) :=d(w+ h) — p(w) + dwo(h).

By the definition of differentiability there is 0 < R < R, with
C.

(4.48) IR (w, W)lls < = lIl]s

for any h € HI(R™;R") with ||h||s < R. Take sequences (uox)k>1, (Qox)k>1 C
Br(w) satisfying (4.45)-(4.46). We then get by (4.47)

P(uo k) = d(w + (ug k. — w)) = p(w) + duw(uo,k — w) + R(w, ug x — w)
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and a similar expression for ¢(ug ). Hence
P(uok) = ¢(to.k) = duwd(uok — to.k) + R(w, uo k. — w) = R(w, to k — w).
and thus by (4.45), ||dw¢(uok — Go.k)]||s L 0 yielding

lim sup |[¢(uo,k) — ¢(To,k)||s < limsup||R(w, uo,k — w)|[s
k>1 k>1

C,
+ limsup ||R(w, @ — w)||s < —R
E>1 2
where the last inequality follows from (4.48). This is a contradiction to (4.46).
Hence ¢ is not differentiable in w. As w was arbitrary the claim follows. O

Appendix A. H°-norms

In this appendix we point out some difficulties with the H®-norms for non-
integral s > 0. For integral s we have for f,g € C°(R™) with disjoint support

1+ gll2 = 1112+ llgll2

In particular
1
1S +glls = 5U1As + llglls)-

For non-integral s the non-local character of the H*-norm makes such a statement
difficult. Nevertheless we have for fixed suppports

LEMMA A.1. Let s > 0 and let K, K’ C R™ be compact disjoint subsets. There
is C' > 0 with

L +glls = CUIf1s + llglls)
for all f, g € C°(R™) with supp f C K and suppg C K'.

PrOOF. Take ¥,¢' € CX(R") with ¢» = 1 on K and ¢/ = 1 on K’ and
supp v Nsupp ¢’ = (). We have
flls = [l - (f + 9)lls < Cullf + glls
with a constant C'; > 0 just depending on v — see Adams [1]. Similarly
lglls = 11"~ (f + 9)lls < Callf +glls

with a constant Cy > 0 just depending on ¢'. Taking C = Cy + C5 gives the
result. 1

To handle the H®-norm for our needs, let us recall the Slobodeckij seminorm [-]x

for 0 < A < 1 where
2 () — 9(y)|?
= = dxd
[9]x /Rann Iz — y[nr2y Yy
We then have fors =m+ A\, meN, 0 <A <1
1 o
Sl < Ul 3 10715 < ClA,

|a]=m

for all f € H*(R™) and some constant C' > 0 independent of f — see Adams [1].
For the Slobodeckij seminorm we have the analog property as in Lemma A.1, i.e.
for A € (0,1) and for compact disjoint K, K’ C R™ there is a constant C' > 0 with

[f + gl > C([f]x + [g]n)
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for all f,g € C°(R"™) with supp f C K resp. suppg C K’. This follows from the
following Lemma

LEMMA A.2. Let n > 2 and 0 < A < 1. Further let K C R" be a compact
subset and ¢ € C°(R™). Then there is a constant C' > 0 such that

[ fIx < C[f]x
for all f € C*(R") with supp f C K.
Proor.

o ]2 4,/£n Rnl%ﬁf)f(ﬁ)-%%y)f(yﬂ drdy

o o=y

</’ |M@ﬂ@—ﬂ@ﬂ@+ﬂ@ﬂw—ﬂwﬂm2m@
R” xR

o=y

< [ PO IOR gy [ e =R gy,
R™xR™ R™ xR"™

o=y o=y

Therefore we get
[o- fIx < C([fIx + 11 fl22)
By a fractional Hardy type inequality — see Herbst [7] — we get

1fllL2 < C[f]x
for all f € C(R™) with supp f C K. O
The following will be enough for our purpose

LEMMA A.3. Let z,y € R™ centers of balls with radius r» > 0 with r/|z — y| <
1/4. Then there is a constant C' > 0 such that

1f +glls = CUIf1]s + llglls)
for all f,g € C2*(R™) with supp f C B,(z) and supp g C B, (y).

PRrROOF. We have for s =m+ X, m € N, 0 < A < 1 by the equivalence of norms

If+alls > CLIf+allm+ D [0*(f +9)x

|a]=m

> Ol + Glelln+ X 0% + 9l

|a]=m
Note that [-]y is translation invariant and scales like
[ -+ )]x = p* /2[R

for p > 0 and ¢t € R™. By scaling and shifting the supports B,(x) and B, (y)
to the fixed supports By s(zo) and By 2(yo) where zo = (—=1,0,...,0) and yo =

(1,0,...,0) and back, we get a constant C' > 0 independent of x, y,r and
[0°(f + 9lx = C(10° f]x + [0%g]5),  V]a| =m
for all f,g € C°(R™) as above. So we get

I1f+4glls = C (1 f]ls + llglls)
for some constant C’ > 0. This concludes the Lemma. O
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