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Global existence, scattering and blow-up for the focusing
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Valeria Banica and Thomas Duyckaerts
Communicated by Yvan Martel, received December 10, 2014.

ABSTRACT. We prove global well-posedness, scattering and blow-up results for
energy-subcritical focusing nonlinear Schrodinger equations on the hyperbolic
space. We show in particular the existence of a critical element for scattering
for all energy-subcritical power nonlinearities. For mass-supercritical nonlin-
earity, we show a scattering vs blow-up dichotomy for radial solutions of the
equation in low dimension, below natural mass and energy thresholds given by
the ground states of the equation. The proofs are based on trapping by mass
and energy, compactness and rigidity, and are similar to the ones on the Eu-
clidean space, with a new argument, based on generalized Pohozaev identities,
to obtain appropriate monotonicity formulas.
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1. Introduction

The nonlinear Schrodinger equations on manifolds have been intensively studied
in the last decades. Most works concern local existence, blow-up in finite time, small
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data scattering and existence of wave operators. Recently, results on scattering for
all solutions in the defocusing case were obtained on hyperbolic space [6, 28, 27],
more general rotationally symmetric manifolds [4], flat manifolds such as exterior
domains [45, 29, 46, 35] and product spaces R x T2, R" x T [22, 52]. Let us also
note the recent work on long range effects on R x T™ [23]. The purpose of this work
is to initiate the study of “large” data - that is out of the perturbative framework
of the small data theory - for focusing NLS on manifolds. More precisely, we are
interested with the focusing NLS on the hyperbolic space H":

(1) 10+ Agnu + [uPlu =0, up—o =uo € H'(H"),

where n > 2, Agn is the (negative) Laplace-Beltrami operator on H" and the power
p is energy-subcritical: 1 <p <1+ 45 (1 <p < oo if n = 2).

It follows from Strichartz estimates that equation (1) is locally well-posed in
the Sobolev space H! = H'(H") [3]: for up € H*, there exists a unique maximal
solution

u e C%((=T-(uo), T+ (uo)), H")
satisfying the following blow-up criterion:

(2) T (up) <oo= lim |lu(t)||m = +oo.
t~>T+(u0)

The mass of a solution
Q Mu(®) = [ Jult,o)Pdu(a),

(where p is the standard measure on H™) and its energy

@ Ba®)=j [ [VeultoPdue) - 5 [t du),
H p+1/gn
are conserved.

In the defocusing case (equation (1) with a minus sign in front of the nonlin-
earity), it was proved in [6, 4, 28] that all solutions with initial data in H' scatter
to a solution of the linear Schréodinger equation in both time directions (see also
[27] for the energy-critical case in space dimension 3). Note that this holds for all
psuch that 1 < p < 1+ %, in contrast with the Euclidean setting scattering
results where a lower bound larger than 1 is imposed on p. This is a consequence
of the stronger long-time dispersion for the linear Schrédinger equation in H” com-
pared to R™, which translates into a wider range of exponents for the Strichartz
estimates. More precisely, global Strichartz estimates on H"™ are available for all
exponents of Strichartz estimates on R, d > n [6, 28, 2]. Using this fact the scat-
tering results are proved for all the range of exponents p allowed on R%,d > n, so
forl<p<1+4 %.

In the focusing case, for the same reasons as above, scattering remains valid
for small data in H!, and wave operators also exist for all energy-subcritical p.
However, solutions with larger initial data do not always scatter. If p > 1+ %,
blow-up in finite time may occur [3, 38]. Furthermore, for any p > 1, there exist
nonzero time-periodic solutions of (1). The aim of this article is to obtain sharp
global existence, scattering and blow-up results in terms of geometric objects that
are specific to H". Before stating our main results, we recall known ones on the
focusing Schrodinger equation on R™, n > 1:

10 + Apnu + [uPru =0,  wup—o = ug € H (R"),
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where 2 +1 < p, and, if n > 3, p < =% + 1. Fixing p < 0, the equation

“Af—pf=IfF"f, zeR"
has a unique radial, positive solution in H'(R"™) that we will denote by R,,. Let
Sc = 5 — % € (0,1) be the critical Sobolev exponent, M(u) and E(u) be the
invariant masses and energy, defined as in (3), (4) with the integrals on R™. Then
(see [50, 25, 26, 14, 15, 21, 1]):

THEOREM A. Assume 1+ 2 < p, and p <1+ -25 if n > 3. Let up € H'(R")
be such that

() E(uo)™ M (uo)' ~* < B(R)* M(R,.)' ™.
Let, for ¢ in the maximal interval of existence of u,
3(u(t) = [Vu®) s llu®) 2 = VRl | Rull 2
Then 6(u(t)) # 0, and the sign of §(u(t)) is independent of ¢. Furthermore,

(a) If 6(up) < 0 then wu scatters in both time directions.
(b) If 6(up) > 0 and either ug is radial and p < 5, or [ |z|*|ug|? < oo then u
blows up in finite time.

Our aim is to obtain a scattering/blow-up dichotomy for equation (1), in the
spirit of the above theorem, under an optimal mass/energy threshold. Our main
motivation is to clarify the influence of the geometry on the dynamics of focusing
Schrodinger equations.

Note that the choice of the ground state, i.e. of the parameter ;4 < 0 in the
above theorem is not relevant. Indeed,

_1
Roy(z) = [pl77 Ru(V/ | plz),
and conditions (5), as well as §(u(t)) do not depend on u. This scaling invariance
is lost for the equation and H", and we will get a family of conditions, depending
on a real parameter A\, which are not equivalent.

Let us recall that the spectrum of Agn is (—oo, (";1)2} , and that the following

sharp Poincaré-Sobolev inequality in H" is valid for all f € H'(H") (see e.g. [39]),

o ([ |f|p“)p% <Dl ([ (9ans = S [ ).

As a consequence, for all A < (=1 ond f € H", the following inequality holds
1

(7) (/H Iflp“>p% < Dy (/H IVanIQ—A/Hn |f|2> .

The best constant in (7) is attained for a positive, radial function @, € H(H"),
solution of the equation

—AQx — AQx = QAP Qx
which we will call ground state (see [39] and §2.3 for details). This ground state is
not always known to be unique if n = 2: when it is not we will denote by @ one
of the ground states corresponding to p and A. In all cases, we let Q) the set of
all ground states, that is the set of all solutions of the above equation that are also
positive, radial minimizers for (7).
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Before stating our main results, we introduce some notations. If f € H'(H"),
we denote by

1712, = / Vi f2dp— A / P,
H» H»

which, for any X\ < %, is a norm on H*(H") equivalent to the usual H! norm.
This is due to the spectrum of Agx, implying ||V f||3 > %Hfﬂ% We define

1 1
() = 513y = g I

In particular Fy = E. Note that Ey(u(t)) is independent of ¢ for any solution u of
(1). We denote also

N = 15 = QAN -
When the ground state @) is not unique, d5 does not depend on the choice of

Q€ Q. (see (19), (20)).

THEOREM 1 (Trapping and global existence). Let n > 2, A < % and
ug € H'(H"). If 1 < p <14 =% and Ex(uo) < Ex(Q) then 6x(u(t)) does not
change sign. Moreover, under these hypothesis,

(a) If 9x(uo) = 0, then there exists @ € R and an hyperbolic isometry h such

that ug = eQ(h-), Q € Qx.

(b) If 0x(ugp) < O then the solution u is global in time.

(c) If 0x(up) > O then the solution u does not scatter in any time direction.

We refer to §2.1 below for the definition of the group of hyperbolic isometries.

REMARK 1.1. The statement about global existence in Theorem 1 is relevant
only if p > 1+ %. fl<p<i1l+ %, it follows from the Gagliardo-Nirenberg
inequality on H" (which is the same than on R™) that all solutions of (1) are global
in time.

REMARK 1.2. In the mass-critical case p = 1—|—% a sharp global existence result
based on the mass is known. On the one hand, global existence occurs for initial data
of mass less than 1/Cq_n where Co_y is the best constant of Gagliardo-Nirenberg
inequality on H™. On the other hand blow-up solutions can be constructed as in
[5, 47] from the Euclidean ground state, hence of mass the inverse of the best
constant of Gagliardo-Nirenberg inequality on R™. Very recently the two constants
have been proved to coincide, yielding a mass threshold for blow-up [42].

REMARK 1.3. We note that in the case p > 1+ %, the analog of Theorem 1
is valid on R™ with almost the same proof. One can prove, for example, a global
existence condition similar to Theorem 1 (b) for the NLS equation on R™ depending
on a parameter ;4 < 0 and using the ground states R, defined above. However,
fixing an initial data ug and using the scaling to obtain the optimal value for u, one
would exactly obtain the scale-invariant criteria of Theorem A. In this sense, the
conditions of Theorem 1 are the natural analogs, for the hyperbolic space, of the
conditions of Theorem A.

We conjecture that in the context of Theorem 1, with the stronger assumptions
Ex(ug) < Ex(Qx), and p > 14 2 solutions such that 6(ug) < 0 are global and
scatter, whereas solutions such that §y(up) > 0 blow up in finite time. This is false
ifl<p<l1l+ %: all solutions are global, and there exist values of A and initial data
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up such that Ex(ug) < Ex(Qx), 0x(uo) < 0, and the corresponding solution u does
not scatter (see Proposition 1.5 below).

In this work we prove the conjecture in space dimensions n = 2 and n = 3, for
radial data (i.e. depending only on the distance to the origin of H"):

THEOREM 2. Assume n € {2,3}, p > 3 if n = 2, % <p<5bifn=3. Let
A< % and ug € H} ,(H"). Assume Ex(uo) < Ex(Qx). Then

(a) If 6x(uo) < O then the solution u is global and scatters in both time direc-
tions.

(b) If 6x(uo) > 0, and
4
/ r?luglfdu < oo orl+—<p<5
n n

then the solution u blows up in finite positive and negative times.

Let us note that Theorem 2 implies that for p, n as in the theorem, the ground
states are (orbitally) unstable: indeed, one can check as a consequence of this
theorem that the solution with initial data a@y blows up in finite time if a > 1,
and scatters if a € (0,1).

Let us say a few words about the proof of Theorem 2. To prove the scattering
result, we use the compactness-rigidity method initiated in [31]. The compactness
step consists in proving the existence of a nonscattering solution of (1) with minimal
energy. More precisely:

THEOREM 3 (Existence of the critical element). Assumel <p <1+-4 (p>1

ifn=2)and X\ < %. There exists a global radial solution v. of equation (1)
such that

{ve(t, ), t € R}

has compact closure in H'(H"),
Ex(ve(0)) < Ex(@Qx),  [[ve(0)][#, < 1@x 1,
and, for any ug € H'(H") radial, if
Ex(uo) < Ex(ve(0)),  [luollrey < 1@l

then the solution u of equation (1) scatters in both time directions.

We stated Theorem 3 in a radial setting. A nonradial version is available (see
Proposition 3.12 p. 78).

REMARK 1.4. Note that v, exists in all dimensions and for all energy-subcritical
exponent p. Again, this contrasts with the Euclidean case where for p close to one
there is no small data scattering, and thus no critical solution in the above sense.

The proof of Theorem 3 follows the line of the corresponding proof on R™ (see
[33, 31, 51, 25]). The main ingredient of the proof is a profile decomposition
adapted to the energy-subcritical equation (1). We construct this profile decompo-
sition in Section 3.2, using Fourier analysis on the hyperbolic spaces, in the spirit
of the analogous construction in the energy-critical setting, given in [27].

The rigidity step in the proof of Theorem 2 (a) consists in proving that the
critical element v. given by Theorem 3 (under the assumptions on n and p in
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Theorem 2), satisfies Ex(v.) = Ex(Qx) (see Proposition 4.1 p. 82). Similarly to
the Euclidean case, we use a localized version of the following virial-type identity:

(8) % [ lu(t. ) duta) = Glu(t),
where, 7 is the distance to the origin of H", and, if f is radial,

|2rcoshr —sinhr

GUT) = SISl + 200~ (=) [ |PESI gy
SHD e (1 - ) S duo)

p+1 sinh r

A crucial property of G is that it is positive for solutions satisfying the assumptions
of Theorem 2 (a). However, unlike in the Euclidean setting where the analogous
property follows quite easily from the characterization of the ground states R, as
maximizers for the Gagliardo-Nirenberg inequality and the trapping of solutions
below the ground state mass and energy, the proof of this property is quite intricate
(see Section 4). The key new ingredient of this proof is a generalized Pohozaev
identity satisfied by the minimizers of G(f) under the constraint Ex(f) = Ex(Qx).
It is in this part of the proof that the assumption n = 2, 3 is needed.

We think that the radiality assumption and the assumption n = 2, 3 are techni-
cal, and that Theorem 2 remains valid for any n > 2, without symmetry, provided
p>1+ %. On the other hand, the hypothesis p > 1 + % is crucial, as emphasized
by the following proposition:

ProOPOSITION 1.5. If n >3 and 1 <p <1+ %, there exists A < % such
that E)\(’UC(O)) < E)\(Q)\).

We do not know what is v, in this case (a ground state @, with v # A, or some
other type of solution).

Proposition 1.5 follows from the fact that if p < 14 %, for some A < @
the solution ¢*@Q, is stable (in the set of orbits of the minimizers of the energy at
this mass). It is an open question if all ground states are stable if p < 1 + % (this
is stated in [11], but with a gap in the proof, see Remark 2.15 below).

The proof of the blow-up part of Theorem 2 follows the classical proof of the
so-called Glassey criterion on R™ [53, 18], using the virial identity (8). For this, we
prove that G is negative for solutions of (1) satisfying the assumptions of Theorem
2 (b), using arguments that are similar to the ones of the proof of the positivity of
G in the other regime of Theorem 2.

We refer to [3] and [38] for other blow-up criteria, recalled in Proposition 5.1 p.
88. Note that in these criteria, the threshold given by @ does not appear. In [38] a
variant of virial identity (8) is used, based on another weight than 72. Unfortunately
this different weight does not seem useful in the setting of Theorem 2. It is also
possible to construct blow-up solutions with an explicit behavior, starting from the
Euclidean ground state: see [4], [47], [7], [19] for the construction of conformal and
log-log type blow-up solutions on H" or on related manifolds.

The outline of the article is as follows. In Section 2, we prove Theorem 1,
after some preliminaries and reminders on the hyperbolic space, Cauchy theory
for equation (1) and ground states. Section 3 is dedicated to the existence of the
critical solution (Theorem 3 and its nonradial analog). Following a standard scheme,
we construct an adapted profile decomposition (see §3.2), which follows from an
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improved Sobolev inequality, proved in §3.1. The critical solution is constructed
in §3.3. Proposition 1.5 is proved in §3.4. In Section 4, we conclude the proof of
Theorem 2 (a) (scattering) by proving the rigidity part of the argument. Section 5
concerns the proof Theorem 2 (b) (blow-up).

Acknowledgment. The authors would like to thank Benoit Pausader for very
useful clarifications on spectral projectors on the hyperbolic space.

2. Local and global well-posedness

2.1. Notations and preliminaries on the hyperbolic space. Recall that
H" is defined as

H" = {x eR™! ¢ [z,2] =1 and z( > 0},
where [+, ] is the bilinear form

[x,y] = ZoYo — L1Y1 — .- — TnlYn

on R™*!. The hyperbolic space H" is endowed with the metric g induced by the
Minkowski metric —(dzg)? + (dr1)? + ... + (dx,)*. We will denote by 0 the origin
(1,0,...,0) of H", and du the induced measure.

We shall use often radial coordinates on the hyperbolic space,

x = (coshr,sinhr w)
where 7 = d(x,0gn), w € S*~ 1. In such coordinates, the Laplacian writes

coshr 1

AHn = 83 + (TL - 1) Agnfl.

sinhr ' sinh?r
To lighten notations, we will often write A instead of Apgn.

We denote by G = SO(n, 1) the group of hyperbolic isometries, that is the
group of (n + 1) x (n + 1) matrices that leave the form [, -] invariant. For any
h € G, the mapping = — h - x restricts to an isometry of H". The group G acts
transitively on H"™.

We introduce the following notation, which is the quadratic form associated to
the so-called shifted Laplacian on hyperbolic space, whose bottom of the spectrum
is zero,

n—1)2
) 11 = [ 19angr = 2 [ g

By (6), || - | is a norm on C°(H™). We will denote by H the closure of C°(H")
in LPTH(H") for the norm || - ||7. It is a Hilbert space which is included in LP*1.

2.2. Cauchy theory. We give here some results related to well-posedness and
scattering for equation (1). We omit most of the proofs, that are classical.

2.2.1. Strichartz estimates on the hyperbolic space. We will denote by ¢’ the
conjugate exponent of ¢ € [1,00]. We recall from [6, 2, 28] the wider range of
Strichartz estimates on the hyperbolic space:

THEOREM 2.1. Let, for j =1,2,

(gj,7j) € {(q,r) € [2,00) X (2,00) : 2 > g — ﬁ} U {(00,2)}
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If ug € L*(H"), F € L% (R, L™ (H")), then, denoting by u the solution of
10w+ Au=F, up=o = up,
we have
[wllLor e s @y < Clluollzz + CIE Loy g 1 (ggny-
Let I be an interval. If 1 <p <1+ %, we define
SOI) = LTI, LPTH(H™))

€ SI) - VUGSO(I)}

Note that p“ =(p+ 1)’

If1+4 < p < 14 —=5, we let (following [15])
- 2(p—1)(p+1) _ 2(p—-Dp+1) _Ap+1)
I—m-2)p-1)" " ap-P+m-2p-D-4 ' ap-1)
(so that pb’ = a), and

S°(I) = L(I, LT (H"))
SY(I) = {u € LI(I, LPTH(HY)) : Vu e LI, LP“(H"))}
NO(I) = LV (I, L%(Hn))
NY(I) = {u € LY(I, L5 (H")) : Vue LY (I, L5 (H"))}

One easily checks that the definitions coincide when p = % + 1.
If I = (a,b), we will write S°(a,b) instead of S°((a,b)), and similarly for S*,
NO Nt

PROPOSITION 2.2. Ifty € RU{£o0},

(10) HeimuoHsz(R)me(R HY) = < Clluollar, 7 =01,
t
(1) ]/é“WV@ﬁ < Clflwo
to SO(R)
t
(12) ]/kmﬂw@ﬁ < Clflv
to SHR)NL>(R,H')
t
and t — [ E=92f(s)ds € CO(R, HY), if f € N*(R),
to
“+o0 A
(13) ]/ o8 f(s)ds| < Ol o0
0 H1
PROPOSITION 2.3.
(14) el e = [0~ 0 ] oy < Cllu = vllso0ry (HUHSO(D 4 l\v|\50<1,>)

(15) H|u|p‘1uHNl(1) < CHUHSI(I)HUHZE&)-
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REMARK 2.4. If p > 2, we can of course obtain a Lipschitz bound similar to
(14) for the Nl-norm.

SKETCH OF PROOF OF PROPOSITION 2.2. The inequalities are obtained from
Theorem 2.1 as follows. If p < 1+ %, the pair (p + 1,p + 1) is not an Euclidean
admissible but it enters the wider range of Strichartz exponents on the hyperbolic
space from Theorem 2.1. This yields inequalities (10)-(13) if p < 1+ 2.

In the case 1+ % <p<1l+ %, the Proposition follows from the FEuclidean-
type Strichartz estimates and Sobolev inequalities, as for instance in [15]. The only
delicate point is the Strichartz estimate for non-admissible couples (11); these can
be obtained from dispersion in the spirit of Lemma 2.1 in [9] (see also [16]). We
sketch it (with ¢g = 0) for completeness. By Lemma 3.3 of [28],

- C
tA
vt £0, e Cuol fpin < ik HUOHLP—;l '
Thus

t
vt # 0, ’ / e =98 f () ds

0

t
1
o SC [ )] e s,
L P 0

[t — s|a v

and the result follows from the classical Riesz potential inequality (see e.g. Ch. 5
of [49]).

O

Proposition 2.3 follows immediately from Holder inequality and we omit it.

In view of Propositions 2.2 and 2.3, the well-posedness of equation (1) in H! is
classical (see [30]). Recall that a solution u of (1), defined on a maximal interval
of existence (T_(u), T4 (u)) satisfies the following blow-up criterion

Ti(u) <oco= lim |u(t)|]|g =0.
t—=T4 (u)

2.2.2. Scattering results.

PROPOSITION 2.5 (Existence of wave operators). Let vg € H'(H"). Then there
exists a solution u of (1) such that T4 (u) = 400 and

lim Heimvo - u(t)HHl = +o00.

t—o0
This follows by a fixed point in the closed subset of SY(T, +00):
Br. = {u € S'(T,+00) N ST, +00) : [ullst(7,100) + llullso(7,400) < €}

for T large, € > 0 small, using again Propositions 2.2 and 2.3. We omit the details
of the classical proof.

PROPOSITION 2.6 (Sufficient condition for scattering). Let u be a solution of
(1) with mazimal time of existence T and such that

l|ullso(0,7,) < o0.

Then Ty = 400 and u scatters forward in time to a linear solution: there exists
vg € H' such that
lim

Heimvo — u(t)HHl =0.

We skip the standard proof.
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PROPOSITION 2.7 (Long time perturbation theory). Let M > 0. There exists
constants €9 > 0, C > 0 depending on M with the following properties. Let 0 <
T < oo and

up € H', @€ C%0,7),H)YnS°(0,T), ec N°0,T)
such that
i0;0 + AT+ |a|P o = e.
Assume

@l so0,my < M, llellvoo.ry + [ (uo — ﬁ(O»HSU(O,T) =¢e < ¢o.

Then the solution u of (1) with initial data wg is defined on (0,T) and |u —
tl[s0(0,1) < Ce.

This type of result that goes back to [12, Lemma 3.10], is by now standard. In
the case p > 1+ %, in view of the Strichartz estimates of Proposition 2.2, the proof
is exactly the same as in [15, Proposition 4.7] (simply replacing R™ by H™). In the
case 1l <p <1+ %, it can be easily adapted, using Propositions 2.2 and 2.3. We
itA

apply the preceding proposition with v = e"*“ug to get:

COROLLARY 2.8 (Small data theory). There exists &1 such that if ug € H*
satisfies
e u|som) = € < €1
then the corresponding solution u of (1) is global and satisfies

llu— e™Aug||sory < CeP.

2.3. Ground states on the hyperbolic space. We review here results on
ground states for NLS on the hyperbolic space and additional variational properties.
Most of these results come from [39], see also [54]. See [41] for a previous work in
space dimension 2 and [11] for similar existence results.

Consider the equation on H”

(16) Amnf +Af+|fP71 =0,

Positive solutions to (16) can be constructed as solution to the following minimizing
problems:

1 I f113,
Dy reE\{0} | flIFos1

Then (Theorems 5.1 and 5.2 of [39]):

(17)

THEOREM 2.9. The minimizing problem (17) has a solution if
(n—1)?
T

In this case, any minimizer is radial up to hyperbolic symmetries, positive up to
multiplication by a unit complex number, and satisfies equation (16).

4
(18) (n:20r1<p<1—|——2)and)\<
n—

We will denote by Q) the set of positive, radial minimizers for (17) that are
solutions to equation (16), and @, an arbitrary element of Q). We note that Qx
is not always known to be unique (see below), however our statements will never
depend on the choice of Q.
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Let Q € Qx. Multiplying (16) by ¢(er)Q (where ¢ is a radial smooth compactly
supported function equal to 1 around 0), integrating by parts and letting ¢ — 0, we
get,

2 1
(19) VQ € Qn,  [1Qly, = IRl

As a consequence,

N [)

= 2
1Q113,

In particular, the values of E5(Q), ||Q|#, and ||Q||z»+1 do not depend on the choice

of @ in Q,.
The following theorem follows from Theorems 1.2 and 1.3 of [39]:

17
= HQHLpfl-

(20) VQ S Q)\a

THEOREM 2.10 (Uniqueness). Assume (18). If n >3, orn =2 and A < ?;é]fg)lg

equation (16) has only one positive solution up to hyperbolic isometries.

REMARK 2.11. Uniqueness in the case n = 2, % <A< % is an open

question.

THEOREM 2.12 (Nonexistence). Ifp > 1, A > @, then equation (16) has
no positve solution in H'.

2
Let us mention that for the critical value A = (";1) , equation (16) has a

solution which is in H (see (9)), but not in H', and solution to the minimization

problem (17). For A > % the nonexistence theorem 2.12 remains valid if H? is
replaced by H.

We next give a result that is specific to the mass-critical case, and will be needed
in the proof of Proposition 1.5.

PROPOSITION 2.13. Assumel <p <1+ %. Then there exists ag > 0 such that
for all a > a, the infimum
1
(21) inf S llullf -

weH (H™) 2
2

1 +1
m”iﬂ ipﬂ = e(a)
ull?s=c

is attained by a radial, positive function. If n > 3, this function is equal to Qx

2
for some A < @. Finally, any radial minimizing sequence converges (up to a

subsequence) to a radial minimizer.

PROOF. First we note that Gagliardo-Nirenberg inequality implies the infimum
in (21) to be finite if 1 < p < 1+ 2. By a rearrangement procedure ([13] and [11,
Section 3]) or moving planes technics [39, Section 2] , the infimum in (21) can be
restricted to H' radial functions such that |u||z> = «. Using as in [11] the change

of functions v = ( u, we are reduced to minimize

/ 1|W|2+(n—1)(n—3)/ |v|2r2—sinh2r_ 1 / |v|p+1( r )%
n 2 8 n TQSinhQT p+1 Jgn sinh r

on all radial function in H'(R™) such that ||v||z2 = a. Since ||V|ul| 2 < [|[Vul|Lz,
with strict inequality if u is not positive up to a constant factor, minimizers are
positive (up to a constant factor). Using, as in [11], the concentration-compactness
method, or simply the compactness of the radial embedding of H' in LP, it is easy to
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prove that if e(a) < 0, the infimum is attained. Fixing v € H'(H") with ||lul|z: = 1,
we obtain
2 p+1
— 2 @ p+l
Jim -l — mHUHLpH = —o0.
Thus e(«) is negative for large «, concluding the proof of the existence of a minimizer
Sq for (21). The compactness of minimizing sequences also follows. Since S, is
solution to the minimization problem (21), there exists a Lagrange multiplier A
such that

~AS, — ASy = |Sa|P1S,.

By the considerations above, we can assume that S, is radial and positive. If n > 3,

using Theorems 2.12 and 2.10, we obtain \ < @ and S, = @), concluding the
proof. ([

REMARK 2.14. In [11, Section 5], it is claimed that the infimum (21) is attained
for all @ > 0. This cannot be true, since it would contradict the small data scattering
for equation (1) for 1 < p < 1—|—%, proved in [6, Section 4]. Note that for small @ > 0,
one can prove (using Poincaré-Sobolev (6) and Gagliardo-Nirenberg inequalities)
that e(a)) = 0, whereas it is claimed and used in the proof of [11] than e(«) < 0 for
any o > 0.

REMARK 2.15. One can deduce from Proposition 2.13, following [8], the orbital
stability of the set of all solutions e!**@Qy of (1), with Q5 minimizer for (21), that
is of mass o = [|@x]|z2 (see [11, Section 6]). Note that the proof of Proposition
2.13 does not imply that any @ is a minimizer for the problem (21). In particular,
Proposition 2.13 and the method of [8] do not yield stability for all ground states
solutions e***@Q as seems to say [11, Proposition 6.3]. We refer to [37] for the study
of ground states stability for wave maps on the hyperbolic plane: in this case also
the situation is quite different from the Euclidean setting. Let us also mention that
uniqueness of minimizers for (21) and uniqueness of a minimal mass ground state
are open questions. A similar issue appears in the context of combined power-type
nonlinear Schrédinger equation [34].

2.4. Trapping and global well-posedness. In this section we prove Theo-
rem 1. We use a classical trapping argument, that goes back to [44] in the context
of the Klein-Gordon equation (see e.g. [50] for NLS). We start by proving the
following stationary lemma:

LEMMA 2.16. Assume p > 1, A < @0 and 1 < p <1+ -4 ifn > 3. Then

if EA(f) < Ex(Qx) and || fl17, < Qxll%, we have

Ex(f)
Ex(Qx)

(22) 1117, < QI

In particular there is no function f such that Ex(f) < Ex(Qx) and ||fl3, =
QI3 -
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PROOF. Recall from subsection 2.3 the variational definition of D). By (19),
(20)

QI3 = HQAH?;L
2(1—p
(23) Dy = [1@xlly, i
1
24 =
Therefore
1 1 X3
+1
5) Bs(f) = 3018 ~ I = 3151 — 2 — a (IfIs)
where (in view of (23))
1—p
1 P
ale) = 3o - L?l? .
In particular,
p—1
b = _——
(z) = a(x) St 1>x
2
vanishes at = 0 and at = = [|Qx[3,, , increases on [O, (%)p ! |Q)\|${A] and

2

decreases on [(m) rr QA3 » |Q)\|%(A] so it is a positive function on the whole

interval [0, [|Qxl3,]. Since [|f|[3,, < [[@xll3;,, combining with (25) we have obtained
that

Ex(f) = a(Ifl7,) = 2( )Hfl\m
Dividing this estimate by the value (24) of E5(Qx) we obtain (22). O

PROOF OF THEOREM 1. Let ug be as in Theorem 1.
If 5x(up) = 0, then by (22), Ex(ug) = Ex(@x). Thus wg is a minimizer for
Poincaré-Sobolev inequality and by Theorem 2.9,

up(z) = e Q(h(x)),
for some @ € Qy, 6 € R, and h € G, which gives Case (a).

As a consequence of Case (a), if dx(ug) # 0, then dy(u(t)) # 0 for all ¢ in the
domain of existence of u, which proves by continuity that dy (u(t)) does not change
sign.

We next assume that 0y (ug) is negative, and thus that d (u(t)) is negative for all
t. This ensures that the H norm of u(t) is bounded in time. By mass conservation
we deduce that the H' norm of u is bounded and global well-posedness follows from
the blow-up criterion (2) mentioned in the introduction. This proves case (b).

In case (¢) dx(u(t)) > 0 for all ¢ in the domain of existence of v and thus

1 2 1 +1 2 1 +1
Ex(uo) = Ex(Qx) = 5 @xll, — ml\@xl\iw < —I\U(t)l\m ) QAT
If the solution u scatters for positive times, then

lim ||u(t)||pe+: =0,
t—oo



66 VALERIA BANICA AND THOMAS DUYCKAERTS

and for any € > 0 there exists t large such that
1
Slu®l, < Ex(u(t) + e = Ex(uo) +¢

so we get a contradiction by taking e = 2(p+1) HQAHLp+1 O

3. Construction of the critical solution

3.1. Some spaces of functions and inequalities.

3.1.1. Preliminaries on Fourier analysis on hyperbolic space. We will mostly
use the notations of [27]. We refer to this article for more details.

We define the Fourier transform on H", following the general definition of the
Fourier transform on symmetric spaces given in [24]. For w € S"~1 A € R, we
define the Fourier transform of f € L'(H") by

f()‘vw) = n f(x>['ra (L w)]i)\ipd:u(x)a P =

We have
Apnf(hw) = — (A +p%) f(\w).

The Fourier inversion formula reads
(26) ﬂ@:/ / FOw) e, (L w)] A7V 2dAdw,
oo Jgn—1

where the Harish-Chandra function ¢()) is defined by

o LITOE Dot in)?
= SR E e

We note that |c()\)| 72 is of the order A" 7! as A — oo, and A\? as A — 0.
AAversion of Plancherel theorem is also available on H": the Fourier transform
f — f extends to an isometry of L*(H™) onto L? ((—00,00) x S™71), [¢(A)|~2dAdw),

and, for f,g € L*(H"),
x)dp = / / FOLw) G\, w)|e(N)]~2dAdw.
Sn—1

We will use the spectral projectors P,,, m > 0 defined as follows

1
(27) Pm = _WAemAa

that is

— 1 _a%4p2
me()\aw):W(AQ_FpQ)e m? f()\aw)

For s € R, we define the Sobolev space H*(H") as the closure of C§°(H") for the
norm

1 Fle = |-

Note that
Hmm~/ [ 2y o] o ads.
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3.1.2. A refined subcritical Sobolev inequality. Recall from (27) the definition
of the spectral projector P,,. For s € (0,n/2], we define the Banach space B*® as

the closure of C§°(H") for the BxET Besov-type norm:

|lu|lgs = sup m57"/2|\meHLao(Hn).
m>1

LEMMA 3.1. For 0 < s <n/2, there exists C > 0 such that for all f € H*, one
has f € B® and

(25) 11l < Cl
(29) Wi 0, 1Puf(@)] £C (o +mt) e 8l

ProOOF. Let f € H°. By the definition of P, and Fourier inversion formula
(26),

(30)
Puf@I= [ [ o 00 ) e FO)] )] e, (1) drd

S\//Oo /SH(AQH)Q

\/ / (A2 4 p2)7 e EF T o) 2 [ [ (L w)] 2 dw

)* f(A,w)f ()| ~2dA dw

S'n.fl
Using that |c(A\)|72 ~ A2 as A — 0, we obtain
s 202452 2p2 2,2
e N e w7 2 G
31 )\ < )\2 )\2 2 s
o S

Furthermore, using |c(A\)|72 ~ A" "1 as A — o0

2-s _200%45%)

>~ ()\2 + P2) e m2 2p2 o 222 4 o An—t
2 < T m? R0
(32) /1 g A< Ce /1 P S

< C’eiﬁémnf25 /00 L P Cm"*QSef%p;.
1/m

Finally, we claim that the spherical function-like integral

/S 1 [z, (1,w)] *dw = C/Oﬂ(cosh |z| — sinh || cos a) "2 sin" "2 o da,
is uniformly bounded in |z|. Indeed, we have (for some constant ¢,, > 0)

F(r)=cy /7T (coshr — cos@sinhr)' ™" sin" 26 df
0

=cp /7T (coshr — sinh 7 4 (1 — cos §) sinh )" ™" sin" =2 df

0

= cn/ eI (1 + ¢"sinh r(1 — cos0))' ™" sin™ 2 6 d6.
0
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We have max,¢jo,1] F'(r) < co. Assuming r > 1, we obtain:

PKT)S(%}/ eI (14 Ce?0?) T 2 do
0

e’ 0_2 1—n
< - 1 . n—2 d :
<c /0 ( + C) o o

by the change of variable o0 = €"6. This concludes the proof since
2l-n)+n—-2=-n< -2
Combining this with (30), (31) and (32), we obtain (29). Inequality (28) follows. O

We next prove a refined Sobolev inequality which generalizes [27, Lemma 2.2,ii)]
which treats the case s = 1, n = 3. It is in the spirit of the refined Sobolev
embedding on Euclidean space in [17]. More precisely, the inequality we prove is
the analog on the hyperbolic space of the inequality

1—-2
| fllze < CIALE AL 5w o 2<a <o

HE & ®e)" g &> gn)

PROPOSITION 3.2. Let 0 < s < min{2,n/2} and o such that L = 3 — 2. There
is a constant C' > 0 such that for all f € H®,
1,_
(33) 1£llze < CIAG 15
PROOF. We use a method based on spectral calculus that goes back to [10].

By the definition (27) of P,

A A
157A _ Lo | gy 22402 20 1 %402 s
(34) /0 um(f)dm—/O m?’()\ +p)e = fdm= 5¢ Az f,

for any A > 0.
Step 1. Low—frequency bound Here we prove the desired estimate for the low
frequencies part e f = f L Pn(f) dm. Since ||e'® f||L= < || f||= (see for instance

[20]) and [[e*2 f||z2 < e tHfHLz (thlS follows from (—=Af, f)r2 > p?|| f|132), we get
e fllza < eI fllze,

_ 207
where ¢ = ==-. Then

dm

el DAP a()|

A ' L
e lze <O [ PPl dm<C [
0 m

<0 [ CP Al i < CIRDsn < CIP DI IR A

and we conclude (33) by noting that since we are at low frequencies, || P 5(f)||r2 <

ClIfllrs-
Now we shall treat the high frequencies. We let

(35) 9:2/1 Lpu(f)dm = f — A

in view of (34). To complete the proof of the proposition, in view of Step 1, we

need to prove
1—-2

lgllze < Cl g 1115
which we will do in two steps. We first introduce some notations.
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R(E—S) ﬁ
Ap = —2—2 .
" ( 41l )

9= 9g<Ar t 9>Ag;

Let, for R > 0,

We write
where, if Az > 1,

AR q |
genn =2 / Lpa(fydm, goan=2[ LPu(f)dm.
1

m ARm

and ifAR <1, g<Ar = 0, 9>Ar = G-
Step 2. In this step, we prove:

(36) lall3 <C [ RS gsagl dR.
0
Indeed, if Ar > 1, by the definition of B® and g<a,

4A5 R
E||flp =5

Anq,
< 2 —_— 275 s d =
lg9<anl < /O —m | fllB= dm —

This inequality remains valid if Ar < 1 since the left-hand side is zero. Thus

p (ol > BY) < o (llgsanl > B/2D) < 25 g aalle.

lgll%. = a / R ({lgl > R}) dR < C / R |lgoanll?2 dR.
0 0

Hence (36).
Step 3. By (34) and the definition of gs 4,

_a24p2 _
§>AR()\’W) = <1 —¢€ R ) f()\aw)a

where Br = max(Ag, 1). By (36),

2
0 0 _AZ4p? . 2
(37) Hgl\%aSC/ R‘H”/ / (1—6 B%> ’f()\,w)’ le(\)|~2dw dA dR
0 0 Sn—1

<]
0o Jgn-1

By the definition of Ar and the change of variable in R

_2A%4p?

2
~ 2 o0
f()\,w)’ |c(A)|*2/ Ro3 (1—6 % ) dR dw d).
0

R(%—s) _( AQR >"42s

T = n—=2s
4| fll3e (A2 + p2) = A2+ p?

we deduce

S 22402\
(38) / R*™3 (1—6 A%a> dR
0

—2s > __a \?2
< O|IfI572 (02 + p2) "= (0 / (1—64 ) dr.




70 VALERIA BANICA AND THOMAS DUYCKAERTS

Note that o — 3 > —1 and, as r goes to infinity,
2
re—3 (1 - erﬁ> ~ el

which proves (using that s < % and s < 2) that the integral at the right-hand side
of (38) is finite. Going back to (37), we obtain

lgllze < Cl\fl\%?z)/o /S 71()\2 + ) Lf O w)Ple(N)| "2 dw dA = C| FII% (1 f 1 -
which concludes the proof. O
3.1.3. An interpolation inequality.

PROPOSITION 3.3. There exists 0 € (0,1) and a constant C > 0, both depending
on p, such that

i i 0 _
(39) e fllso®) < C (|6 f || e o 1115,
where s = § — 2 € (0,1).
PROOF. First case: 1 <p < % + 1.
In this case, S°(R) = LPT1(R x H"). By the refined Sobolev inequality (33),
i i 3T i -2
lle tAfHLgoLgﬂ <Clle tAfHL}le lle tAfHLgOJ;sl,
where by definition, s = § — -25 € (0, (1 +2/n)~"). Hence
i [ -3
(40) 12 )l oo potr < CUAIET ™ fll 5o -

Moreover, by the Strichartz inequalities on H" (see Theorem 2.1), for all v with
2<y<2+ 4,

(41) e £l 13z e < ClSllee,
2n
where 8 = mll. Note that
ifn=2
lim 3 = —|—200 1 n '
y—2 = ifn>3

Choosing v > 2 close enough to 2, we obtain 2 < v < p+ 1 < . For these value of
v, (41) implies

(42) "eitAf"LzL£+1 < CH.fHL2
Combining (40), (42), and Hélder’s inequality we obtain (39) with
2
—(1-—=)(1-—2L).
p+1 p+1
Second case: 2 +1<p andp <1+ 25 ifn > 3. In this case

2p-1D(p+1)
4—n-2)(p-1)

S%(R) = L*(R, LPT™) where a =

By Strichartz estimates (Theorem 2.1),
(43) €2 fll 2 porr < ClL 22,
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ﬁgfi)) < aifp>1+ 2. By the generalized Sobolev inequality (33),

Witha:p—kl,s:%—#e(o,l),

where v =

. . 2 . 1——2_
vt (e fllpen < Ol FI T e f 57T

Hence
i T || i -3
(44) e fll o prer < CUAIET N2 Fll B
Combining (43) and (44) and using v < a, we obtain (39) in this case also. O

3.2. Profile decomposition.
3.2.1. Linear profile decomposition. Recall from §3.1.1 the definition of the
isometry group G. We denote by d the geodesic distance on H". Define, for f € H',
1-n/2

[flls = sup 1P’ £l o ram)-

m>1,ter log(m + 2)
In particular we have for all s € (0, 1), for all t € R,

(45) I flss < Cllflls.
By (29),
Iflls < ClIfllae-

PROPOSITION 3.4 (Subcritical profile decomposition). Let (fx)r be a bounded
sequence in H*(H™). Then there exists a subsequence of (fx)r (that we still denote
by (fx)k), a family (¢;);>1 of functions in H*(H™) and, for each j > 1, a sequence
((t).ks hjvk))k in R x G such that

(46) 3 sl < o0

izl
(47) j# 3 = Hm d(hyg -0, Rk - 0) + [t6 = trk| = +o0
(48) Vi >1, efitj”“Afk(h;é) P weakly in H'

and, denoting by

J
rak = fi =Y e B0 (hy )
i=1
we have

(49) Jim k@o I70klls + €27 k]l s0 @) = 0.

We refer for example to [40], [32] for profile decompositions for the Schrédinger
equation on R™. The H'-critical profile decomposition on the space H® was con-
structed in [27] (see also [36] for the analogous result for the wave equation on H™).
In this setting, profiles might concentrate at one point of H", and become solutions
of the Schrodinger equation on the Euclidean space. In our case, this is prevented
by the subcriticality of the problem.

NoOTATION 3.5. In what follows, we will often extract subsequences from a given
sequence. To lighten notations, we will always, as in the preceding proposition, use
the same notation for the extracted subsequence and the original sequence.

REMARK 3.6. It follows from (48) that if the f are all radial, then we can
assume that h; . is the identity of H" for all j, k, and that all profiles ¢; are radial.
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DEFINITION 3.7. If ()3 (),k, hjk)k) ;> satisfies the conclusions of Proposition
3.4, we say that it is a profile decomposition for the sequence (fx)g.

We postpone the proof of the profile decomposition, and state the following
Pythagorean expansions, to be proved at the end of this section:

PROPOSITION 3.8. Let A < %. Let (fix)r be a bounded sequence in H' that
admits a profile decomposition (¢;; (tjk, Pjk)k) Then

j=>1:
J
(50) w21l [l — Y el — Irsl, =0
j=1
+o0 1
. 1 it P
(51) klggo kaH?;ﬂ - Z He lt]’kA‘PjHLpﬂ =0.
j=1

To prove Proposition 3.4 and Proposition 3.8, we need the following lemma:

LEMMA 3.9. Let f,g € H'(H"), (tx, hi)r and (t,, h},) two sequences in R x G
such that
klim d(hy - 0, h}, - 0) + |t — t5,| = +oo.

Then

(52) YA < M lim (e“"Af(hk) B g )) =0
4 ’ k—o0 ’ k H

(53) klim / ’eit"Af(hkx)’ eit;Ag(h;x)’p dz = 0.

PROOF. Proof of (52). By density we can assume, without loss of generality,
f,g € C3°(H"). We have

(20 ). 2 g(h)) = = (A N2 f(hee). 2 (hi) )
- (—(A F A, Gt g (1t o h,;l.))

i(t,—te)A

L2’
If |ty —t},| — oo as k — oo, then |le gllLe= — 0 and the result follows. If
not, we can assume without loss of generality:

lim #) —t, =6 € R,

k—oo
and (52) is equivalent to
(54) T ((A+N)f, (92g)(H 0 by ™) 2 = 0.
Furthermore
(55) lim d(0, hj, o h; " - 0) = +o0.

If & = 0, the support of (A + \)f and (e’?g)(hj}, o h;'-) are disjoint for large k
and (54) follows. If not, one can approximate ¢’”g, in L?, by compactly supported
functions which yields (54), arguing again on the supports.

Proof of (53). Note that by Sobolev embeddings and conservation of the H!-
norm for the linear equation, the sequences

(||eitkAfHLp+1)k and (Heit;AgHLerl)k
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are bounded. Furthermore,

lim ¢, = o0 = klirr;o Heit’“AfHLpH =0

k—o0
and
"
lim ¢, = +oc0 = lim e”’ng’ =
k—o0 k—o0 Lp+1

In both cases, (53) holds. Arguing by contradiction and extracting subsequences,
we are reduced to prove (53) when ¢; and ¢}, have finite limits as k goes to infinity.
Time translating, we can also assume that these limits are both 0, and we see that
it is sufficient to prove:

Vige HYE), Jim [ 15 o)llglh o) do =0

provided (55) holds. This follows by approximating f and g, in LP*!, by compactly
supported functions and arguing on the supports. O

We next prove Proposition 3.4.

PRrROOF. We shall use the following general abstract concentration-compactness
result (see Proposition 2.1, Definition 2.2 and Theorem 2.3 of [48]):

THEOREM B ([48]). Let H be a separable Hilbert space and D a group of
unitary operators in H such that if (gx)r € D" does not converge weakly to zero,
then there exists a strongly convergent subsequence of g such that s-limy, gi # 0.

If (fx)r € HY is a bounded sequence, then (extracting subsequences in k), there
exist p; € H, (gjx)x € DY, j > 1 such that

(56) > llegslI* < lim sup | £,
i>1 k—o0

(57) (95.6) " 951,k ——0forj#j,

(58) (9j6) " " i P21

and for all ¢ € H,

59 lim lim su
( ) J—o00 k—o00 gGE

(g(fk - igj,k%) : ¢>’ =0.
j=1

Note that in [48, Theorem 2.3], (59) is stated without parameter J and with
an infinite sum. However (59) follows easily from the proof in [48].
We apply this result for H = H!(H") and

D={g: H'(H") — H'(H"), g(f)(z) = eimf(h ~x), (t,h) € R x G}.

The hypothesis on D is satisfied in view of Lemma 3.9. Indeed, if gx = (¢tx, hi)x € D
does not converge weakly to zero, then by taking g; = (0,1d) € D, the conclusion
(52) ensures that d(hy - 0,0) + |tx| does not tend to +oo. Therefore, in view of the
definition of G, there exists strongly convergent subsequences of (tx); and (hy)x in
R and G. This implies that g has a strong limit (0, h) € D.

Now we transcribe the results of this theorem in our context. The statements
(56) and (58) imply directly (46) and (48). If the conclusion of (47) does not hold,
than by the same argument used above to check the assumption on D, we obtain a
contradiction with (57). Therefore (47) is satisfied.
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We are left with proving (49). By the interpolation inequality (39), it is suffi-
cient to consider only the || - || norm in (49).
We will deduce (49) from the following lemma, proved below.

LEMMA 3.10. Let (rg)x be a bounded sequence in H'(H™). Assume that for all
sequence (tg, i)k in R X G,

(60) et By (hy) - 0 weakly in H*(H").
Then
(61) Tim [z = .

Assuming Lemma 3.10, we prove (49) by contradiction. If (49) does not hold,
there exists € > 0 and a sequence of positive integers (J¢)¢>o such that

(62) Jim Jp = +o0 and Ve >0, kﬁ 77, klls > e.

Let (¢a)aen be a countable, dense family in H!(H"). Let v € N. By (59) and (62),
there exists indexes £(v) and k(v) with the following properties

Va € {Oa SRR V}a ?ELGIE ’ (eitATJg(,,),k(l/) (h) ’ (ba) o1
heG

1
v

<

g
HTJZ(V)JC(V)HE > 5

As a consequence of the first inequality and the density of (¢4 )acn in H!, we obtain
that for all sequence (t,,h,), in R x G,

eitVATJZ(V)yk(U)(h/U') —— 0 weakly in H'(H").
This proves that (r JK(V)yk(l,)>l, contradicts Lemma 3.10, concluding the proof. O

Proor or LEMMA 3.10. To prove Lemma 3.10, we argue by contradiction.
Assume that (61) does not hold. Then there exist a subsequence of (rg)r (still
denoted by (rx)x), € > 0, a sequence (tg, xg, my )i in R x H” X [1,00) such that

1-n/2

k P, it A k >
(63) Vk, |Pp.e"*Prip(z)| Tou2 T ) >

Combining with (29) for s = 1, we deduce
vk, 510g(2—|—mk) SCHTkHHl,
which proves that the sequence (myg)x is bounded. Extracting subsequences, we can

assume

(64) lim my =m € [1, +00).

k—o0
Since G acts transitively on H™, we can choose for all k£ an isometry hy € G such
that hk(O) = x. Let

gr(x) = e Ary(hy - ).
By (63) and (64), and since hj, commutes with P,,, there exists ¢’ > 0 such that for
large k

(65) | Prgi(0)] = &'
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By assumption (60),
(66) gr — 0 weakly in H'.

k—o00

It follows from the inequality (29) that f — P,,,(f)(0) is a continuous linear form
on H!(H"), which combined with (65) and (66) yields a contradiction. The proof

of Lemma 3.10 (and thus of Proposition 3.4) is complete. O
PROOF OF LEMMA 3.8. We first prove (50). We have
J .
fu= Z eltj’kA%?j(hj,k') + ks

j=1
and thus

J

I£ell3n = lesllzn + Iraell3n + A + B,
j=1
where
Ap=2 > (eBg;(hyke), €5 R (hyr k)
1<j<j'<J

J
=2 ("2 (hyp) k) -
Jj=1

The sum Ay goes to 0 as k goes to infinity by the orthogonality of the profiles
ensured by Lemma 3.9 and (47). Moreover, the term By, equals

J
237 (0 ARG — ), — 240
j=1
which goes to 0 as k goes to infinity by (48).
We next prove (51). By the refined Sobolev embedding (33) applied to s =

s € (0,1) and (45),

p—1
p+1

. p—1
Akl p g < HerHP“ skl

7 skllzoss < €27 ppll Lo < H?"Jkl\p+1 lle
so using (49),
lim lim =0.
8, (8 lIra sl =0
By the Poincaré-Sobolev inequality (6) and (46),
Z H<PJHLP+1 < 0.
j>1
We are thus reduced to prove that for a fixed J,

p+ p+1
lim / ’ Z —its, "A hJ kx dr — Z/ ’ —its, "A i kx)’ dx = 0.

k—o00

This last property follows from the inequality

J J
(67) V(ai,...,ay) € [0,400)7, Zaf“ - (Z%)pﬂ Z afajr,

Jj=1 Jj=1 1<j,j/§J
i3’
and the limit (53) of Lemma 3.9, which concludes the proof. O
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3.2.2. Nonlinear profiles and scattering. Let (¢;, (¢jk, hjk)k) >, be a profile

decomposition for a bounded sequence in H'. Extracting subsequences, we can
assume:

(68) Vi >1, klim tik =T € [—00, +00].

For any j, we denote by U; the nonlinear profile associated to ¢; and the sequence
(tj,k)k. This is by definition the unique solution of (1) such that t; € Imax(Uj;) for
large k and

(69) khlgo Heitj’kij — Uj(tjvk)HHl = 0

Assuming (68), there always exists a nonlinear profile U;: this follows from the local
Cauchy theory if 7; € R, and from the existence of wave operators (see Proposition
2.5) if 7; = +oo. Note that if TF(U;) is finite, then 7; < T (U,), and similarly, if
T~ (Uj) is finite, T~ (U;) < 7;. We next prove:

PROPOSITION 3.11. Let (fx)r>1 be a bounded sequence in H* that admits a pro-
file decomposition (¢;, (t;k, hjvk>k)j21' Assume that for all j > 1, the corresponding
nonlinear profile U; scatters forward in time. Then for large k, the solution uy of
(1) with initial data fr at t =0 scatters forward in time. Furthermore,

k@oHukHSO(OHroo) < 0.

PROOF. This is a standard consequence of the long-time perturbation theory
(Proposition 2.7) applied to ux and

J
Ugk = Z Uj,k; where ijk(t, x) = Uj (t + tjyk, hjyk . x)

j=1
We sketch the proof for 1 < p < % + 1; recall that in this case
SO(I) = LPTY(I, LPHY), NO(I) = L7t (1, L7+T).

We refer to [15] for a very close proof, in the Euclidean setting, in the case p > %—!—1.
Step 1. Uniform bound on the S° norm. We first prove that there is a constant
M > 0, depending on the sequence (fx)k, but not on J, such that

(70) vJ, k@o luskll 5000, 400y < M-

To this purpose we first use inequality (67),

400 J +oo
@ [ [l au@a =3 [ [ wlt dut ai
0 = o Hr

+oo
<c ¥ [ ] 0@l du)

1<j,5'<7 70
i

We next prove

—+o0
(72) i#d = Jim [ [0 duta) dt = o
—o0 Jo n
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The term in the limit (72) equals

—+oo
/ / \Uj(tj6 +t bk - 2)|PIUj (8501 + £, Bk - )| dp() di
0 n
We first note that
(73) Vf,g € LPTHR x H"),

lim / / Pttt Ry 2)Plg(tye ke + g g - )] dp) di = 0.

k—o00 R

Indeed, this is obvious, arguing on the supports, and using the pseudo-orthogonality
(48) of the parameters, if f and g are compactly supported. The general case follows
by density.

If U; and Ujs are globally defined, (72) follows immediately from (73) with
f=U; and g = Ujy.. If U; and Uy are not globally defined backward in time,
(72) follows from (73) with f = X¢>-, U; and g = X¢>r, Ujr, where x¢>4 is the
characteristic function of [A, +00), and 7;, 7;+ are defined in (68). The other cases
are similar.

Combining (71) and (72), we get

J

1
hm HquHSO(oJroo) hmZHU tik+ s hyn) ‘?ﬂL(ojLoo) ZHUH?(:-ljmtoo)’

which yields (70) since Z U B is finite by (46) and the small data theory

S(T]‘;FOO)
for (1).
Step 2. End of the proof. Fix J > 1 such that
— e(M
klgloloHetATJ,kHSU(R) < (4 ),

where (M) is given by Proposition 2.7. Recall the notation uy, = 3.7

j=1 Uj k-
Then

J p—1 J J
iOugk + Augg + [ugelP ugg = Z Ujk Z Ujk — Z U kP~ Uj i
Jj=1 j=1 j=1
eJk
We have
+oo 1
lesallnmlo o = easl 2y <€ [ [ 5 i up
1<4,5'<J
i’

which goes to 0 as k goes to infinity, using the pseudo-orthogonality (48) of the
sequence of parameters and a proof similar to the one in Step 1.
Choosing kg large, so that for k > kg
it A e(M)
lle sl o (0,400) T e’ TJkaSO(O,—l—oo) =5

we obtain by using (10) and (69) that for k& > ko,

e(M)

itATJ,k HSD(O,—l—oo) < 9

HeitAfk _ eitAUJJyk(O)HSU(O&OO) - He
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and the results follows from long-time perturbation theory (Proposition 2.7) applied
to Uk and UJg k- O

3.3. Existence of the critical solution. In this section we shall prove The-
orem 3. We will also prove the nonradial version of this result:

PROPOSITION 3.12 (Nonradial critical element). Let A < %,1 <p<l1l+

—4. There exists a global solution u. of equation (1) and a family (h(t))icr of

elements of G such that
{uc(t, h(t)),t € R}
has compact closure in H'(H"),
Ex(ue(0)) < Ex(@x),  [luc(0)[lr, < [[Qxllns,
and, if
Ex(u(0)) < Ex(uc(0)),  [[u(0)ll2y < [[@xll#x

then the solution u of equation (1) scatters in both time directions.

We will use the compactness/rigidity method initiated in [31].
2
We fix A < %. Let 0 < w < 1. We introduce the following set:

Ko = {7 € HEY) : Ba(f) < wBA(@) and |1, < IQxlE, }

(note that IC,, also depends on A, which will be fixed in all this subsection).

Theorem 1 and Lemma 2.16 yield the following facts. First, the set I, is
invariant with respect to the nonlinear evolution (1). Second, if ug € Ky, then
its evolution through equation (1) is global in time. Third, if uy € K, then
luolls, < w2||Qallxy. Therefore, for w small enough, starting with uy € K,
we obtain a scattering solution of (1), in view of the small data theory (Corollary
2.8). We can then define

wozsup{0<w§1,uoele:>

the solution u of (1) scatters in both time directions}.

Since uy = Q) is a non scattering solution of (1) it follows that wy < 1. Note
that if wg = 1, then this solution is a critical element in the sense of Proposition 3,
and Proposition 3 follows.

We shall now focus on the remaining cases wg < 1 and prove:

PRrROPOSITION 3.13. Let A\, wg and Ky, be as above. Assume wo < 1. Then
there exists a solution u. of (1) such that

u(0) € Ko,
el s0(—00,0) = lluclls00,+00) = 00,
and there exists a h : R — G such that

K = {uc(t, h(t)), t € R}
has compact closure in H'(H").

Similarly, define K., as the subset of the elements of K,, that are radially sym-
metric, and define wy as wy, replacing K, by K.
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PROPOSITION 3.14. Assume wg < 1. Then there exists a radially symmetric
solution ve of (1) such that

UC(O) S /E@O
[vells0(=00,0) = llvells0(0,+00) = +00,

and

K= {vc(t), te R}
has compact closure in H*(H™).

Note that wg < @wg. We conjecture that if p > 1 + %, wo = 1. We will show
later (see Section 4) that @y =1 if n = 3 and p > %, orifn=2andp > 3. The
proofs of Propositions 3.13 and 3.14 are by now standard. We give the proof of
Proposition 3.13 for the sake of completeness. In view of Remark 3.6, the proof of
Proposition 3.14 is the same, assuming that all the functions are radial and taking
off the isometries h(t).

We first prove a preliminary result. We denote by U(t) the nonlinear evolution
(1): if ug € HY, u(t) = U(t)uop is the unique solution of (1), with maximal time of
existence Imax(uo) = (T-(uo), T4 (uo))-

LEMMA 3.15. Assume A < ("2—1)2. Let (fr)r be a sequence in H'(H™) such
that
T Bx(fi) =woBA@Q): I fillss < [@xllos
and
1) fillsocr_ (o0 == 00, U@ fillso.z, ) = 0.

Then there exists a subsequence of (fi)r (that we still denote by (fi)r), a sequence
(hk)k S GN, and V € Hl(Hn) with E)\(V) = wOE)\(Q)\), HVHHA < HQ)\HHM such
that

k—o0
& (i) = Ve "— 0.

PROOF. Extracting subsequences, we can assume by Proposition 3.4 that the
sequence (fi)x has a profile decomposition (¢;; (., hj,k)k)j>1- By the Pythagorean
expansion (50) for large k, and since || fi||#, < [|@xll#,, we obtain
(74) Viz1, @il < 1@,

By the Poincaré-Sobolev inequality and the value of its best constant (20) we have
—1
[N 2 lleil%
Ex(pj) 2 —— |1-——7 |
2 PH1Qal%,
S0 we get
(75) Vi, ¢ # 0= Ex(g;) > 0.

Combining the Pythagorean expansions (50) and (51) with the assumption fi €
Ku,, We obtain that for all J > 1,
(76)

N —

J
7 [ 1 Lo ity en, ol

> sz, + lim 5””&”% —Zp+ 1H€ kS| | < woBA(Q).

i=1 i>1
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Extracting again subsequences, we can assume that for all j, there exists a nonlinear
profile U; associated to (¢;, (tj,k)k) (see §3.2.2). Using the conservation of the mass
and energy for each of this nonlinear profiles, we can write (76):
(77)

1 2 1 —it; A p+1

Z E\(U;) + hm Slraxlia, — > ?He FRill e | < woEA (@A)
j>J+1
Note that for large J,
Do lle kbt <C Y HlesliEe
Jj=J+1 Jj=J+1

which is finite, independent of k and goes to 0 as J — oo. Furthermore, by (75),
E\(Uj) is nonnegative (and positive if ¢; # 0). Thus (77) implies:

Z E\(Uj) < woEX(Qn)-

By (75), if there are more than two indexes j such that ¢; # 0, we obtain E5(U;) <
woEA(Q)y) for all j > 1. In view of (74) and Theorem 1, we deduce that for all j,
U, is globally defined and satifies U;(0) € K., for some w < wy. By the definition of
wo, all the nonlinear profiles U; scatter in both time directions. From Proposition
3.11, we deduce that fj scatters in both time directions and

(78) k@o U @) frllsom) < o0,

which contradicts our assumptions. Thus there is at most one nonzero profile, say
¢1, and ry =71 for all J > 1. Going back to (77), we see that if

m Hrl,kHHl > 0,
k—o0

then Ey(U1) < woEX(Qx). Arguing as before, we would obtain again that (78)
holds, a contradiction. Thus

Jim. [r1kllzr =0, Ex(U1) = woEx(Qn)-

Hence (letting V = 1, ty, = —t1.5, hi = hii),

| i) = AV =0
It remains to prove that tj is bounded.
If ¢y "~ _ 0 then by using Strichartz and Sobolev estimates we get

€2 fillso(0.00) < €A (fi (i) = €752V [ 50(0,00) + €AV | 50(=t,00) — 0.
Corollary 2.8 insures that for k large, U(t)fi scatters forward in time in H', and
its S°(0,00) norm is bounded from above by a constant independent of k. This
contradicts the hypothesis, so the limit of ¢;, cannot be —co. In the same manner
the limit cannot be co. In conclusion the limit of the sequence t; is finite and we
conclude by using the H' continuity of the free Schrodinger evolution. O

PROOF OF PROPOSITION 3.13. Step 1. Existence of u,.
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Since wy < 1, by its definition we obtain a sequence of numbers wy, approaching
wo with wp < wy, < 1 and a sequence of functions fi such that Ey\(fr) < wpEx(Qn),
1 felln < [|@pll7, whose global evolution U(t) fi through equation (1) satisfies

U () fllsry = o0
There exists a sequence t; such that

k—o0 k—o0
[U(t = ti) frlls(-00,00 — 00, Ut = t&) flls0,00) — .
To simplify notations, we denote by fi the translations in time U(—tx) fx. In view
of the global in time result of Theorem 1 we have |U(t) fxl|#, < [|@xrlln, for all
t € R. We have

k@OEA(fk) < wo (@),

and we claim that equality holds. Otherwise there exists k such that E)\(fi) <
woEx(@x), and by definition of wy we obtain that U(¢)fr scatters in both time
directions, which is not true. Therefore we can apply Lemma 3.15 to conclude
that there exists ug. € H* with Ej(uoc) = woEA(Q), [|uocllzy, < |Qxll2, and a
sequence (hx) € GY such that

k—o00

| fr(h-) — ol g2 — 0.

By Proposition 2.7 applied to U(t) fi(hk-) and U (t)uge, and since
Tim U (E) i lls000) = i [U(8)ils-0) = o0,

we obtain [|U(t)uoc|s(0,00) = [|U(£)%0c|| 5(=00,0) = 00. Thus u. = U(t)ug. does not
scatter in H! neither forward nor backward in time.

Step 2. We show that there exists h : R — G such that the set {u.(t, h(t)-),t €
R} has compact closure in H*.

By a standard lifting argument, it is sufficient to prove that for all sequence
of times (¢x)r, there exists a subsequence of (tx)x (still denoted by (tx)x) and a
sequence (hy)r € GN such that (u(tg, hi-))r converges in H!.

In view of Lemma 2.16, ug,. satisfy the assumptions of the global existence re-
sult Theorem 1, so it follows that {u.(tx),k € N} is a bounded set of H'. Also,
by the mass and energy conservations, E(uc(tr)) = Ex(uoc) = woEx(Qx). From
Step 1 we know that U(t)u(tx) does not scatter in H' neither forward nor back-
ward in time. Then in view of Proposition 2.6 we obtain that [|U(t)u(tx)|s(0,00) =
|U(t)u(tr)| s(—o0,0) = 00. Therefore we can apply Lemma 3.15 to obtain the exis-
tence of V € H' and a sequence (hy)r € GY such that

k—o00

Huc(tk, hk) - VHHI — 0.
This concludes the proof. O

3.4. Mass-subcritical case. We conclude this section by proving Proposition

2

1.5. We assume n > 3,1 < p < 1+ 2. By Proposition 2.13, there exists A < %,
a > 0 such that @ is a minimizer for (21). We will prove that Ex(v.(0)) < Ex(Qx)
by contradiction, in the spirit of the proof of the stability of the orbital stability of

the ground states by Cazenave and Lions [8]. Assume

Ex(ve(0)) = Ex(@x)-
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For 8 > 0, we will consider ug, the solution of (1) with initial data ug(0) = SQx.

Then
prt

p+1

and thus (using the equality HQAH%(A = HQAHE:L)’

B < 1= Ex(ug(0)) < Ex(Qx) = Ex(ve) and [[ug(0)[[7, < [|Qxll#,-

By the definition of v, we deduce that the solution ug scatters in both time direc-
tions if 4 < 1. In particular, ug is global and

2
Ex(ug(0)) = T @xll, — (o3t

(79) Tim [Jus(®)| o = 0.
Furthermore, by Theorem 1, again if 8 < 1,

(80) VteR, [ug(®)llns < N@xllwn,  Nup@)llLeer < NQxllLe+r
Let k be an integer, and (3, = 1 — 27%. By (79), there exists #; such that
(81) l[ug, (t)|| Lo <275

Let

1
fk = Euﬁk (tk)'

Then, by mass conservation,

1
fillee = Z-llup (O)llz2 = [1@x[l > = o
k

By energy conservation,

k—o00

E(Brfr) = E(up,(0)) — E(Qx) = e(a),
Thus, using also (80)

1 2 1 p+1 -
B = (5 - %) VA% - (m - m) AL + BB) == B(@Qa).

Finally, we have obtained that (fy)x is a minimizing sequence for the minimiza-
tion problem (21). By Proposition 2.13, fi converges (extracting subsequences if
necessary) to a minimizer, a contradiction with (81). O

4. The rigidity argument

In this subsection we shall prove the following proposition, which, together with
Proposition 3.14 will imply the Theorem 2, (a).

PROPOSITION 4.1. Letn € {2,3}, 1+ % <p<l1l+ % and \ < @. Let

u be a radial solution of (1) such that {u(t)} is a compact subset of H! ;. If ug is
radial, Ex(uo) < Ex(Qx) and |luo|lx, < ||@xlln,, then u=0.

In order to prove this proposition we shall need some additional information.
We first recall the classical virial formula:

% [ ulo)*r* = Glulo)
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where

82 G =16B() +8 | Vo ru()P =S

2p— 1) 16
_ 272 2 pr1 (2= )\ 2 10
[ worster = [ o) ( 0L g r p+1>’

rcoshr

oTcoshr —sinhr

where

Agnr? =2+42(n—1) :

sinh r
rcoshr — sinhr

AZnr? =2(n—1)2 —=2(n—1)(n—3) R

for radial functions, we have:
rcoshr — sinhr
(83) G(f) =8l fl3 +2(n—1)(n— )/ P
inh” r
4(p rcoshr
SHED e (1 - ) S duo

p+1 sinh r

Note that the third term is well defined for u € H', in view of the following lemma,
that will be of use also later.

du(z)

LEMMA 4.2. Letn>2and1 <p <1+ %. The space H!, ,(H™) is compactly

embedded in LP*1(H™) and in LPT! ((1 + (n — 1)Z8hr) gy "),

sinh r

PrOOF. By the change of function

o) = () e,

r

wee see that it is enough to show that H! ,(R") is compactly embedded in

(P=1)(n=1)
LPH (w(r)dr) with w(r) = ( - 4 ) ’
sinhr
for the first embedding result and in L7 (@ (r)dr) with d(r) = (14+(n—1) 28 )(r)
for the second one. This follows immediately from the compact embedding of
H! (R™) into LPT!(R™) (see [55, Compactness Lemma p. 570]). O

We shall use the following crucial lemma.

2
LEMMA 4.3. Letn € {2,3}, 1+ 2 <p <1+ 45 and A < O, Then
inf G(f)=0,
fEH] 14,

Ex(f)SEXA(Qx),

[([FAERNS 22N XN
and the minimizing sequences converge (after extmction) in H to the constant zero
function or to €°Q for some # € R, Q € Q).

PROOF. We denote m the infimum and we consider a minimizing sequence fy,

G(fi) == m

Since (fx) is bounded in H', we can suppose that (up to a subsequence) there
exists a radial weak limit f of f in H*,

fo —

k—>oo

fin H'.
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Thus fr — f in H also. As a consequence,
(84) liminf | fi|l, > [[fllr, and lminf{| fi [l > || fll2-
By Lemma 4.2 we obtain that

k .
fk i))o.f n L;D‘Fl,

and
h oo h
Lo a@ps (1 -0 280 =% [ e (1 - St
Hn sinh r n sinh r
Finally, by Holder’s inequality,
o1 coshr —sinhr 9 rcoshr — sinhr k—o0
- ——— < — prl || ———————— 0,
J R e L N B

and in particular
rcoshr —sinhr rcoshr —sinhr
I e el I
Hn sinh” r n sinh” r

In view of the expression of G it follows that —co < m and
(85) 8 flldy — m —(G(f) = 8[l II3)-
Then, by (84), we obtain G(f) < m and Ex(f) < Ex(Qx), | fll7, < |Qxll#,- Thus
G(f) = m, so f is a minimizer. We shall distinguish five cases.

Case 0: f =0. In this case, m = 0. By (85),

klggoﬂkaH =0.

Case 1: [ #0, Ex(f) < Ex(@Qx) and [[fll2, <[|Qxll7 -
The set of functions such that Ex(f) < Ex(Qx) and || fll#, < [|@xll3, is open
in H', so
4(p? - 1) rcoshr
= —1=2 - Pl -1
0= 0,G(n )l = 26(5) — L2 [ @t (14 -1 ST,
and since f is not identically zero it follows that

m=G(f) > 0= G(0),

so this case is excluded.

Case 2: [ #0, Ex(f) = Ex(Qx) and || f[l2, = [|@xll,-
By Theorem 2.9 it follows that f = ¢?(@Q, for some 6 € R, Q € Q. The function
e is a solution of (1), so the virial formula yields
m=G(f) =G(Q) =0.
Since || frll7, < 1Qallns = |Qll2¢, for all k, and f; converges weakly to f = e Q,
we deduce
Tim [ fells = 171t

thus (fx)r converges strongly to €@ in H! (and thus in H).

Case 3: f # 0, Ex(f) = Ex(Qx) and |[fllx, <@l

Since {|| fll#, < [|@xll#, } is an open set, it follows that m is a local minimum
of G(f) under the constraint f € Hyqq with Ex(f) = Ex(Q»). Indeed, to avoid that
f* is an isolated point in the set E)(f) = Ex(Qx) we might argue as follows. There
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exists locally a curve through f* that is in the set Ex(f) = Ex(Qx): otherwise f*

is a local extremum for Ey(f), so —Af* — A\f* —|f*|P~Lf* = 0, which contradicts,
by using Poincaré-Sobolev inequalities,

1B, — IFIZE > 11 — A2 '@A"i‘iﬁ 718, ( 7l ) -0

QN3
Therefore we obtain the existence of a Lagrange multiplier x4 such that f solves
—1)2 h 7 — sinh
(86) 16 (—Af _ MO a4 —1)(n— 3)Mf
4 sinh” r
_ rcoshr _
— -0l (14 - ) T i cag - - 1P ).
sinh r

If 1 > 0 we multiply with f, integrate and obtain

87 26(1) - 2 [igpe (1)

= n(l 3, = IF1700) >

rcoshr
sinh r

It follows that
G(f) > 0=G(0),
which contradicts the fact that f is a minimizer.
If 4 < 0 we note that the equation on f is of type

—Af—gf = hlfIPT =0,
with explicit variable radial coefficients g(r) and h(r):
4n—1)2 =X 4(n—1)(n—3) rcoshr —sinhr

I == T To-n sinb®r

1 rcoshr
4(p—-1)(1 -1 —u).
16—@( (p )( +(n—1) sinh r ) N)
Multiplying the equation by ¢ 0, f + 85“’ f, integrating from 0 to infinity and taking
the real part, we obtain by integration by parts that

o coshr
0= [T 101 (oo 00 - 1)
0 sinh r

3 n—1 coshr 1
+|f|2 <_7T<p + 4 Or (SIT(?T(P) + _87“9(/7)

+/ o (— ho, o1 ——0rh )
| /] S ad @
We choose ¢(r) = rsinh ™™, so that

h(r) =

2o =2(n —1)?sinh™ ' r 4 (n — 1)(2n — 5)sinh™ 3 r

h2
— (n—1)(n — 3)rcoshrsinh™ *r + (n —1)28, (C?S 5 T<p> ,
sinh®r

h h?
Or (C,OS—T&(;)) = (n—1)sinh" tr 4 (n — 2)sinh" 7 + (n — 1)0, (COS—QTg)) ,
sinh r sinh” r
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. —1)2
and get, using that || |3, = [y [0nf[2du— ZF [ 1 f12

—1)(n—3)rcoshr —sinhr r
0= 7 +/ 2 ({1 + -0
I+ [ 1 ! L Lo

pr1( P—1 Wl _q rcoshr 1 oh
+/Hn|f| ( 2(p+ 1) A+ =1 G+ 55170

It follows then that

G(f) = / lias (% (1 +(n—1) T;zih;> (h—1) - Z%r&h)
~1 [ 17709

In order to obtain that G(f) > 0 we want to have the coefficients of | f|[P*! and of
| f|? positive. The coefficient of | f|PT is

16(p—1) ((n —1)r?
(16 —p)(p+ 1)\ sinh®r

h
2n—1)(p -4 4, 5).
sinh r

((p — 1)(n — 1) cosh®r + 2)

From the behavior near r = 0 we see that p > 1 + % is a necessary condition for
positivity. Moreover, since the coefficient of p is positive, in order to show that the
function is positive for p > 1 + %, it is enough to show it for p = 1 + %, which is
equivalent to

(2n — 2)r? cosh? r 4+ nr? — (3n — 4)r coshrsinh r — 2sinh?r > 0.

This function vanishes at » = 0 and its first four derivatives are

(4n — 4)r cosh? r + (4n — 4)r? cosh rsinh 7 + 2nr — 3n cosh r sinh

—(3n — 4)r(cosh® r + sinh®r),
(4n — 4) cosh? r + 4nr cosh r sinh  + (4n — 4)r*(cosh? r + sinh® )
+2n + (=6n + 4)(cosh? r + sinh? r),
(—12n + 8) coshr sinh 7 + (12n — 8)r(cosh? r 4 sinh? 7) + (16n — 16)r? cosh r sinh r,
(80n — 64)r cosh rsinhr + (16n — 16)r%(cosh? r + sinh? 7).

All these derivatives vanish at r = 0 and the fourth derivative is positive. Therefore
we have the initial inequality for all » > 0 and all n, so

m=G(f) > —4/ |f|?70,g.
Since
4(n —1)(n — 3) rsinh®r — 3r cosh® r + 3 cosh 7 sinh r
16 — p sinh* 7
its sign is given by n — 3, so in particular, in dimensions n < 3 we obtain
m=G(f) > 0= G(0),
which contradicts the fact that f is a minimizer. Therefore this case is excluded.

Case 4: f#0, Ex(f) < Ex(Qx) and || f|[#, = [[@xll#,- This case is excluded by
(22).

Org = —

3
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Summarizing we have obtained that m = 0, that the only minimizers are the
constant zero function and €@, for some Q € Q) and # € R, and that minimizing
sequences tend in H to a minimizer. ([

We are now able to prove Proposition 4.1.

PROOF. We suppose that ug is not the constant null function.

Recall here that Theorem 1 insures us that if the initial data satisfies to E\(ug) <
Ex(Q») and [Jug||#, < ||@all7,, then these properties will be preserved in time. In
view of Lemma 4.3,

inf G (u(t)) > 0.

and equality holds if there is a sequence of times (¢,) such that G(u(t,)) — 0 and
u(t,) tends in H to the constant zero function or to e?Q for some Q € Q,, 6 € R.
It follows that there exists dg > 0 such that

(88) G(u(t)) > &y, VteR.

Indeed, otherwise there is a sequence of times (¢, ) such that G(u(t,)) — 0 and u(t,)
tends to the constant zero function or to ¢?Q for some Q € Q,, 6 € R, strongly
in M, and thus, by compactness of {u(t)} in H} , strongly in H'. In particular,
Ex(ug) = Ex(u(t,)) which tends to 0 or to Ex(Qx). The second case contradicts
the hypothesis E(ug) < Ex(Qx). In the first case, Ex(up) = 0 and by using the
variational inequality (22) this contradicts the fact that we have supposed that ug
is not the null function.

Now we recall that the classical virial computation yields for radial functions:

59 3 [ P
_ 2_(”_1)2 2 2 p+1 2927 A2
= |0l — |u|*) 407h— 2 | [PFEAR+u?((n—1)20%h—AZh).

Let ¢ be a smooth positive decreasing radial function supported in B(O 2), valued
1 in B(0,1). We shall use the above formula with the weight hr(r) = r?¢ (%) and
R > 1. Note that when all derivatives fall on r2, then we recover G(u (t)) with
the weight ¢ (). Otherwise at least one derivative in space falls on ¢ (%), so the
integral is restricted to the region R < r < 2R. More precisely,

4r r r? r
= () + 5 (7)o ()
Phe =00\ 5) + 59 (5) T m¥ (7))
hr r? r 4r r r2 r
st 0 () + V2R (2) A () 2 ()
r=Bre () T -V 79 (R T RO \R) T Y ()
and similar computations show that

(0= 1720205~ %) — (0= 120200 () — (876 (5))] € Stnzrcon

Therefore we obtain, using also the fact that ¢’ <0,

82 / u(®)P b = 0, (4% / ) u(t)W(t)VhR>

> (Glut) - ¢ ey (VHEO D+ [l
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Therefore for R large enough, we get, using the compactness of {u(t)} and (88) that

G} (4% / nu(t)Vﬂ(t)VhR> > %0

Integrating in time, and using Cauchy-Schwarz inequality and then Hardy’s inequal-
ity as above, we get
do

t5 = C(1+ R?) S?Opt) (|\U(7')Hi2(r§23) + HVU(T)H%z(rng))
T7€(0,

SCR,A) sup [Ju(7)][n,-
T€(0,t)
Therefore, we obtain a contradiction by letting ¢ go to infinity, and the Proposition
follows.
O

5. Blow-up

5.1. Previous blow-up results on hyperbolic space. In this section we
recall the known results on blow-up for equation (1). These results are based on
the method of Glassey [18, 53]. If u is a general (not necessarily radial) solution of
(1), and h a radial weight, we have the following virial identity which generalizes
(89):

Ven-1ul? h
8?/ |u(t)|2h:/ 4|8Tu|28fh+4| 5 ;“' 0,h 2 A2 2 | AL
" n sinh” r sinh r
PROPOSITION 5.1. Blow-up occurs in the following cases:
(a) [3] If ug is radial, of finite variance, p > 1+ % and

(n*l)2 2 e B
E(u )< HUOHLz ifn=2o0rn=3
S\ B g2, ifn > 4.

(b) [38] If ug is of finite variance, not necessarily radial, p > 1 + % and
E('LLO) < 0.

We refer to [3, 38] for the proofs. Let us mention that both proofs are
based on the preceding virial identity, with h(r) = r? for (a), and with h(r) =
o ls sinh™ ! Tde.mhdﬁ, that satisfies Ah =1, for (b).

In [3], the blow-up sufficient condition is stated as:

WA
E(U0)<;I>1£ [;HG [[uol|72-

Condition (a) follows, since

rcoshr — sinhr

A% r? =2(n—1)*=2(n—1)(n —3) R

and
rcoshr — sinhr 1 . rcoshr —sinhr

sup —————— = — it
rl>1I0) (sinhr)3 3’ 7{1>10 (sinhr)3
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REMARK 5.2. By Proposition 5.1 (a), radial solutions with positive energy,
small with respect to the L? norm always blow up, which seems better than the
analoguous blow-up sufficient condition in the Euclidean setting. However, it is
more natural to write this in term of the following conserved modified energy:

B (u(t)) = lHu(lﬁ)l\?{ - ;Hu(lﬁ)l\p+1 = E(u(t)) — MHu(lﬁ)HQz
" 2 p+1 Lt 8 L=
which takes into account the fact that the bottom of the spectrum of —Apg~ is
@. The blow-up sufficient condition of Proposition 5.1 (a) can be rewritten as
ifn=2o0rn=3

0
Em(u0)< n—3)(n— .
{—%wifz ifn > 4.

In dimension n = 2 and n = 3, we find a negative energy criterion similar to
Glassey’s criterion in the Euclidean setting. In higher dimension, we can only show
that a stronger condition implies blow-up. Technically this is due to the term

(n-1m-3) [

which has a bad sign in the virial identity, in dimension n > 4. Note that the
assumption n € {2,3} in Theorem 2 comes from the same technical problem (see
e.g. the proof of Lemma 4.3, Case 3).

rcoshr — sinhr| 2

n sinh® r

5.2. Blow-up criterion in the finite variance case. In the particular case
h = r?, we can write the virial formula as

(90) % [ ulo)*r* = Glulo)

with G(f) defined in (82). In this section we obtain Theorem 2, (b) in the finite
variance case as a consequence of the following proposition.

PROPOSITION 5.3. Letn € {2,3},p> 1+ 2 and A < (";—1)2. Let u be a radial
solution of (1) with ug in H'. Then, if Ex(ug) < Ex(Qx) and ||uo||ry, > ||Qxll

sup G/u() < ~16 (Ex(Qx) = Ex(wo))

Theorem 2 (b) in the finite variance case follows immediately from Proposition
5.3. Indeed, in this case and under the assumptions of Theorem 2 (b), the function
t = Jin r*|u(t)]? is positive and strictly concave on (T-(u), T4 (u)), which proves
that Ty (u) and T_(u) must be finite. We will treat the case of infinite variance in
the next subsection. It remains to prove Proposition 5.3.

PROOF OF PROPOSITION 5.3. Theorem 1 insures that if the initial data satis-
fies Ex(up) < Ex(Qx) and |luo|l#, > [|@Qall#,, then these properties will be pre-
served in time. We thus define
(91) m = sup G(f).

feH?

rad’

EX(f)<EA(Qx),
1117 2N @Ay

We will show that m = 0, then improve this estimate to get the conclusion of the
proposition. We divide the proof into 4 steps.

Step 1. We shall first prove that the supremum in (91) can be restricted to the set
{E \(f) = Ex(Q A)} More precisely, we shall prove the following result.
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LEMMA 5.4. Assumen € {2,3}, p>1+ %, A< %_ If

Ex(f) < Ex(@x); [fllrn > QI
then there exists f. € H' such that Ex(f«) = Ex(Qx), | f«ll7, > |Qxll7, with

G(fe) > G(f) + 16(Ex(Qx) — Ex(f))-

PRrOOF. We consider the family of functions {0 f}scp0,1)- If Ex(0f) < Ex(Qx)
for all o € [0,1], then by Lemma 2.16 and a simple continuity argument, it fol-
lows that ||oflln, > [|@xalln, for all o €]0,1], which is in contradiction with
IQall7, > 0. This yields the existence of o* €]0,1[ such that Ex(c*f) = Ex(Q2)
and Ex(of) < Ex(Q») for o €]o*,1]. So for o €]c*, 1], again by Lemma 2.16 and
a simple continuity argument we have ||o f|ln, > [|Qallx, - If o €]c*, 1], we have

oo = 1601, ~10-1) [ 1ot (14 0= )Y g
HTL

sinh r

—|—16/ o f[2 ()\— (n —1)2 N (n — 1)(n—3)rcosh.r—3sinhr> i
Hn 4 4 sinh” r

<16]l0f 113, —4n(p — DllofII7 1

The inequality is strict since f # 0. Hence, using that p < 1 + %,

0
55 G0 ) < 160 fll3, - 1607 || f[1 75+ -

Integrating between ¢* and 1, we get:

6(1) <Glo" ) +16 (5 - "*2) 19180 16 (7 - S st
2 2 Ha p+1 p+1 Lett
=G(o"f) + 16 (Ex(f) — Ex(c" [)) = G(o" ) + 16 (Ex(f) — EA(Q))) -
Since ||o fllx, > |@Qxllw, for o €]o*, 1] we obtain that |o* f||x, > [|@xllx, so we
can set f, =o*f.

Step 2. Maximizer for an equivalent maximization problem. Let

Hy(f) = G(f) = 16EX(f) + 16Ex(Qn)-

Note that Hx(f) = G(f) if Ex(f) = Ex(Qx). In virtue of Lemma 5.4 we obtain
that G(f) < HA(f) < G(f) if Ex(f) < Ex(Qx), [[fll#x > Qa4 , and thus:

m = sup G(f) = sup H\(f),
fE€H, 0q JE€H was
Ex(f)=Ex(Qx) Ex(f)<Ex(Qx),
1f 7y 2 1@ N5 175 2 1@y

In this step we prove that there exists a maximizer f for the maximization problem

(92) m = sup H(f)
feH} 4,
Ex(f)<Ex(Qx),
[ Fll#ey 2 NQA 7y,

and that it satisfies
Ex(f) = Ex(@x).
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Note that
16 4(p—1) rcoshr
H = —||f|IIPtE, — 7/ prL (] -1 d
M) = =gl = S [t (1 - ) T2 ) da
—1)? —1)(n—3 h r — sinh
16E)\(Q)\) +8/ |f|2 ()\_ (TL ) + (TL )(TL )TCOS .T 3SlIl T) da
H~ 4 4 sinh® r
4—n(p-1
< 4#|\f|\iﬁl + 16EA(Qx),
by our assumptions on p and n. We consider now a maximizing sequence fy,
H)\(fk) k;o)o m.

From the above upper-bound on H)(fx) we obtain that the sequence (fx)x is
bounded in LP*!. Since E)(fr) < EA(Q)) it follows that (fx)r is bounded in
H', and we can suppose that (up to a subsequence) there exists a radial weak limit
f of frin H!,

fo E20 fin B
By Fatou’s lemma, since A < %,

n—1)2 n—1)2
(93) (A= wmine e < (3= 55 i

By the compactness Lemma 4.2,

16 4p—1 rcoshr
oAt - 2= [t (14 - ) S s

p+1 sinh r
k—oo 16 1 4(p—1) / Pl rcoshr
—_— - S— 1 -1 d
s = =B gt (14 - ) S5
and, using also Holder’s inequality
rcoshr — sinhr ko0 rcoshr — sinhr
[ I gy [l ST,
Hn sinh” r Hn sinh” r

In view of the expression of H) it follows that m < oo and that (@ =) fellz
converges. From (93) we obtain

m = lim H(fi) < HA(f)-

It remains to prove that f satisfies Ex(f) = Ex(Qx), | fll7, > |Qx |7, -
By the weak convergence we obtain

lim inf || fi [, = [ fll#s,
k—o0
so combining this with the LPT! convergence,

Ex(f) < hkfggngA(fk) < EX(@y).

Moreover, since fj, satisfy the constraints in (92), it follows that || f || Lr+1 > ||Qxl| Lr+1
and by the LPT! convergence we get || f||zs+1 > [|Qx|lLr+:. Now using Poincaré-
Sobolev inequality (6),
+1 41 el 11 1— 11
QA7 = @Al < WA < Dy 1A% = 1@l IR

so we get the second constraint

1£170, = llQAl%, -



92 VALERIA BANICA AND THOMAS DUYCKAERTS

Therefore we have obtained that f is a solution of the maximization problem (92).

To conclude this step, we must prove E)\(f) = Ex(Q)). Indeed, if f does not
satisfy this constraint, then Ex(f) < E\(Q») and, letting f. be as in Lemma 5.4,
we have

Hy(f«) = G(f«) > HA(f) = m,
a contradiction.

Step 3. Proof that the mazimum is zero. In the following we shall prove that
f=¢€"Q for some § € R, Q € Qy which implies m = 0. We suppose that f # e?Q
for any # € R and any @Q € Q. By the definition of Q) and Theorem 2.9 we get
17117, > [Qxll%, - In particular, f is a local maximizer for G(f) under the only
constraint Ey(f) = Ex(Qx). We derive the equation

G'(f) = nE\(f),

with the Lagrange multiplier y € R. This is precisely equation (86). In particular,
(87) writes

(04) (=16 + ) (IF 1550 — 17115,
i 16/ |fI? (“\ - (n_41)2 4 (n=1)(n—3)reoshr — sinhr>

4 sinh® r

:/|f|10+1 (4(p— 1) (1+ (n - 1>T§§th> B 16>'

Since HfHLp+1 > HQ)\HLp+1 we have

+1 2 p—1 2 p—1 2 _
1A = 1113, = —2Ex(f) + meHLwd > —2E,\(Qx) + mHQ)\HLwd =0.

Since p > 1+ %, the right-hand side of (94) is positive. So, in view of the hypothesis

ne€{2,3}, A\ < @, we must have p > 16. Then, recalling the computation in
Case 3 of the proof of Lemma 4.3, but with the opposite sign for 16 — u, we get

m=G(f) < 4/|f|27"4(n_ 1)(n—3) rsinh?r — 3Tco§h21—|—3coshrsinhr'
16 — sinh” r

For n < 3 we obtain
m=G(f) <0=G(Qx),
which contradicts the definition of m.
Step 4. Conclusion of the proof. By Lemma 5.4, for all ¢ in the domain of existence
of u, there exists u.(t) with Ex(us) = Ex(Qx),|lu«ll7, > [|@r]l7, and such that
G(u(t)) < G(ux(t)) + 16 (Ex(uo) — Ex(Qx)) < 16 (Ex(uo) — Ex(Qx))

since by Step 3, G(u*(t)) < 0. This concludes the proof of Proposition 5.3. O

5.3. Blow-up criterion in the infinite variance case. We next assume
(in addition to the preceding assumptions on p, n and \), 1 + % < p <5, and
prove Theorem 2 (b) without the finite variance assumption. The proof relies on a
localized version of the virial identity (90) in the spirit of [43]. To use this localized
version, we need the following refinement of Proposition 5.3:
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PROPOSITION 5.5. Letn € {2,3},p> 1+ 2 and A < ("2—1)2. Let u be a radial
solution of (1) with ug in Hy . Then, if Ex(uo) < Ex(Qx) and ||uollrs > ||Qall7
there exists 0 > 0, depending only on the conserved mass and energy of u, such that
for all t in the mazimal interval of existence (T—,Ty) of u,

(95) G(u(t)) < =8lu(t)[lz-

PRrROOF. By Proposition 5.3, it is sufficient to prove (95) when ||Vu(t)| 2 is
large, i.e.

(96) IM,6>0, Vie (T, Ty), [Vult)lp: > M = Glu(t)) < —5|Vu(t)|2.
Using the definition (83) of G(u(t)) and the assumption n < 3, we obtain

dn(p—1)
G(u(t)) < 8Jlu(t)ll3, — Wl\u(ﬂl\iﬁl
2 (n—1) 2
= dn(p — DE(u(t) + 8 = 2n(p = 1) IVu)lzo — —7—u(®)llz,
and (96) follows, since by our assumptions 8 — 2n(p — 1) < 0. O

We next prove Theorem 2 (b). We will only sketch the proof, which is close to
the corresponding proof on R™ once (95) is known.

Let ¢ : (0,00) — (0,+00) be a smooth function such that ¢(r) = r? if r < 1,
(r) is constant for r > 2 and ¢”(r) < 2 for all r > 0. Let R > 1 and hr(r) =
R2p(r/R). Combining the virial identity (89) with h(r) = hg(r), and the definition
(83) of G, we obtain

82

(97) "

/ lu(t)]*hr — G(u(t)) =a+b+c,
with

o=t [ (1o - 20 ) o orm) -2,

b= =22 [t (/R -2+ (- DS (R (/) - 2)
o= [ 1| = gpe® rym) - H DO
B /B - 2+ S =3 (R (0/B) - 20) |

By the choice of ¢, the integrand in the definitions of a, b and ¢ is zero for r < R.
We claim

c _ potopts c
(98) a< EHUH%% bl < Ce™*Cull A [lull 3, el < EHUHiz-

We first assume (98) and prove that u blows up in finite time. Combining Propo-

sition 5.5, (97) and (98), we obtain that for all ¢ in the domain of existence of

u,

02 _ 21 vtz O
@/Hn u(t)*hr < =8u(t)|F: + Ce™ M lu@)| 7 llu@®)ll 3 + EHU(UH%a-
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Using the conservation of the mass and Young’s inequality together with the as-
sumption p < 5 we deduce (for a constant C' > 0 that depends on the mass and

energy of u),
C

0? _
577 [ O < =8 s + Ce )+ 3
Note that [u(t)||3,, is bounded from below (by the conserved mass of u). Chosing
R large, we obtain

0? 4]

4]
5 [ IuOFhe < =3 < -3 ()

Thus [|u(t)|*hr is a positive, strictly concave function on the domain of existence
of u, which proves that v blows up in finite time.

It remains to prove (98).

The bound on c is straightforward using that the integrand in the definition of
c is zero for r < R.

To bound a, we let w = (sinh r)%u. Then

n—1lcoshr & 2
2 sinhr Or v
Hence, using that 4¢”(r/R) — 8 is nonpositive for all » > 0, and 0 for r < R,
o=t [T L /R - dr< 3 [ lPar< S [l
2 J R J, R

sinhr Or n

12
(1oral? = ) intr = = o -

Finally, using that for » > 1,

* 9 9
—|u(t
/T aplu( Pl dp’

1 oo . o .
SWW '8pu<f’p>l2<smhp>“dp¢/ [u(t, p)]? (sinh o) dp
< Cem I u(®) | [ 2,

we obtain the bound of b in (98) by explicit computation. The proof is complete

Ju(t,r)|* =
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