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Nodal and multiple solutions for nonlinear elliptic equations

involving a reaction with zeros
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ABSTRACT. We consider a nonlinear Dirichlet problem driven by a nonho-
mogeneous differential operator and with a Carathéodory reaction. Imposing
control on the growth of the reaction only near zero and assuming that it has
two constant sign z-dependent zeros, we prove two multiplicity theorem pro-
ducing three nontrivial smooth solutions, one positive, the second negative and
the third nodal. Then for the particular case of (p,2)-equations and assum-
ing that the reaction is (p — 1)-superlinear near +oo, without satisfying the
Ambrosetti-Rabinowitz condition, we show that the problem has at least six

nontrivial smooth solutions.
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1. Introduction

Let Q € RY be a bounded domain with a C?-boundary 0. In this paper we
study the following nonlinear Dirichlet problem:

—diva(Vu(z)) = f(zu(z)) inQ,
(1.1)

ulan = 0.

Here a: RY — RY is a continuous, strictly monotone map which satisfies cer-
tain other regularity conditions. The precise hypotheses on a are formulated in
H(a); (see Section 3). These conditions incorporate as special cases and unify the
treatment of some important differential operators, such as the p-Laplacian and the
(p.q)-Laplacian which is important in problems of mathematical physics. The reac-
tion f(z,() is a Carathéodory function (i.e., for all ¢ € R, the function z — f(z, ()
is measurable and for almost all z € Q, the function ( — f(z, () is continuous on
R). We assume that f(z,-) has a positive and a negative zeros, which in general
depend on z € . Restricting the behaviour of f(z,-) near zero, but without any
control on f(z,-) near +oo, we show that the problem has at least three nontrivial
smooth solutions, the first positive, the second negative and the third nodal (i.e.,
sign changing). When the differential operator is the Dirichlet p-Laplacian, a some-
what complementary situation was studied by Bartsch-Liu-Weth [4]. In [4], the
reaction f(z,¢) belong in C(Q x R) and has two constant zeros, i.e., there exist
c— <0 < cq, such that

flzier) €0 < flzeq) VzeQ

Assuming that f(z,-) is (p — 1)-superlinear near too and satisfies the well known
Ambrosetti-Rabinowitz condition, they show the existence of a nodal solution, with-
out imposing any condition on f(z,-) near zero (see Theorem 1.1 of [4]). We should
also mention the work of Iturriaga-Massa-Sanchez-Ubilla [22], where the authors
produce positive solutions for a parametric problem with a (p — 1)-superlinear reac-
tion possessing variable zeros. Finally for other problems with a nonhomogeneous
operator we refer to Gasinski-Papageorgiou [18, 19, 20].

Our approach combines variational methods (critical point theory) with trun-
cation and comparison techniques and Morse theory (critical groups). In the next
section, for the convenience of the reader, we recall the main mathematical tools
which will be employed in this paper.

2. Mathematical Background

Let X be a Banach space and let X* be its topological dual. By (-, ) we denote
the duality brackets for the pair (X*, X). For a given ¢ € C'(X), we say that it
satisfies the Cerami condition, if the following is true:

“Every sequence {z,}n>1 C X, such that {<p(xn)}n>l C R is
bounded and
(1—|— Han)(p/(xn) — 0 in X7,

admits a strongly convergent subsequence.”

This compactness-type condition, is in general weaker than the usual Palais-
Smale condition. Nevertheless, it suffices to prove a deformation theorem and from
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it obtain minimax characterizations of certain values of . In particular, we can
state the following theorem known in the literature as the mountain pass theorem.

THEOREM 2.1. If X is a Banach space, ¢ € C1(X) satisfies the Cerami condi-
tion, xo, 1 € X’ Hxl - xOH > 0> 07

max {p(20), p(z1)} < inf{p(@): |z —zoll =0} = 1,

and

— inf ¢
c ;Ielmgl[gﬁw(v( ),

where
I = {yeC([0,1;X): 4(0) =z, 7(1) =1},
then ¢ = n, and c s a critical value of .

In the analysis of problem (1.1), in addition to the Sobolev space Wy*(Q2), we
will also use the Banach space

Ci(Q) = {ueC'(Q): ulpo =0}.
This is an ordered Banach space with positive cone
Cy = {ueCy(Q): u(z) >0 forall z € Q}.

This cone has a nonempty interior given by

intCy = {u€C+: u(z) > 0 for all z € Q, g—u(z)<0for allzeaﬂ},
n

where n(+) is the outward unit normal on 9.

Our method of proof uses a result relating local C&(€2)-minimizers and local
WO1 "P(Q)-minimizers (1 < p < 4+00). The result that we will state is essentially due
Motreanu-Papageorgiou [27] and generalizes earlier ones due to Brézis-Nirenberg
[7] and Garcia Azorero-Manfredi-Peral Alonso [14]. To state the result, we need to
impose some conditions on the map a. So, let h € C*(0, +00) be such that

th'(¢)

0< 10

< ¢ forallt > 0,
(2.1)

et ™t < h(t) < (Tt P for all ¢ > 0,
with some cg, ¢1, co > 0. We consider the following conditions on a:

H(a): a € CHRN \ {0};RY) N C(RY;RY), a(0) = 0 and
(i) there exists ¢z > 0, such that

h
IVl < e f'yy") vy € RN \ {0);

(ii) we have

hdlyl)
[yl

Eventually in order to deal with problem (1.1), we will strengthen the above
hypotheses. Let G be the primitive of a, defined by

G'(y) = a(y) YyeRY and G(0) = 0.

(Va(y)é, &)pn > lEl® vy e RY\ {0}, € e RY.
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Also, let fo: Q2 x R — R be a Carathéodory function with subcritical growth in
¢ €R,i.e.,

|fo(z, Q)| < a(z)+c|¢|"™" for almost all z € Q, all ¢ €R,

with N
p .
f N
1 < r < p* — N—p 1 p< ?
+00 if p>N.
We set

/fozs

and consider the C'-functional 1o : Wy P(Q) — R, defined by
(2.2) Yo(u) = / G(Vu(z)) dz —/ Fo(z, u(z))dz Vu€ Wy P().
Q Q

PROPOSITION 2.2. If hypotheses H(a) hold, o: Wy'?(Q) — R is defined by
(2.2) and ug € W, '*(2) is a local CA(Q)-minimizer of 1o, i.e., there exists 0o > 0,
such that

Yo(uo) < vo(uo+h) Vh e CH), Hthl(Q) 00;
then ug € Cé’ﬁ(ﬁ) for some B € (0,1) and ug is also a local Wy'P(Q)-minimizer of
g, i.e., there exists o1 > 0, such that
wo(uo) < wo(uo+h) VheWyP(Q), [Ihl] < o1

REMARK 2.3. In Motreanu-Papageorgiou [27], the result is stated for the bigger
space W1P(Q) and for its subspace C1(2). Also, the hypotheses on a are a little
more restrictive. However, a careful inspection of their proof reveals that it remains
valid under the more general conditions H (a), using this time the regularity result
of Lieberman [25, p. 320].

Let A: W, P(Q) — W12 (Q) = Wy P (Q)* (where %4—% = 1) be the nonlinear
map defined by

(2.3) (A(u),y) = / (a(Vu), Vy)pndz Vu,y € WyP(Q).
Q
From Gasinski-Papageorgiou [16, Proposition 3.5], we have the following result.

PROPOSITION 2.4. If hypotheses H(a) hold and A: Wy (Q) — W12 (Q) is
defined by (2.3), then A is mazimal monotone and of type (S)4, i.e., if up, — u
weakly in Wy P(Q) and

limsup<A(un), un—u> < 0,

n—-—400
then w, — u in Wy (Q).

Particular cases of A are the maps A,: W, P(Q) — W12 (Q) (with 1 < p <
00), defined by

(2.4) <Ap(u), y> = /Q HVqu_2(Vu, Vy)RN dz Nu,y € Wol’p(Q).

They correspond to the p-Laplacian differential operator. If p = 2, then we write
Ay =A€ L(H}(Q); H Q).
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As we already mentioned, a particular case of the differential operator
WyP(Q) € u — diva(Vu),
is the Dirichlet p-Laplacian, defined by
Apu = div (||[Vu||P72Vu)  Yu € WyP(Q),

with 1 < p < +o00. We know (see e.g., Gasinski- Papageorgiou [15]) that the op-
erator (— A, WP (Q)) has a smallest eigenvalue )\1( ) > 0 which is isolated and
admits the following variational characterization

~ Vul?
(2.5) Aip) = {||u||§p: ue WyP(Q), u;é()}

In (2.5) the infimum is realized on the corresponding one dimensional eigenspace.
In what follows, by i, we denote the LP-normalized (i.e., ||U1 |, = 1) posi-

tive eigenfunction corresponding to i (p). Nonlinear regularity theory (see e.g.,
Gasinski-Papageorgiou [15, pp. 737-738]) and the nonlinear maximum principle of
Vézquez [29] imply that @y, € intCy. Since the spectrum o(p) of the operator

(— Ay, WO1 P(Q)) is closed and i (p) > 0 is isolated, the second eigenvalue

/):Q(p) = inf {/)\\ €o(p): > Xl(p)}
is also well defined. Let

OB = {ueLP(Q): ||ul, =1},

M = W;P(Q)naoBE".
From Cuesﬁa—de Figueiredo-Gossez [9], we have the following variational character-
ization of Az(p).
PropoSITION 2.5. If
I = {FeC(-L1:M): F(=1) =~ (1) =T},

then
O,

= inf
@) = il e, [V90)

Next, we recall a few basic things about critical groups (Morse theory). So, if
X is a Banach space, ¢ € C'(X) and ¢ € R, then we introduce the following sets:

¢ = {xeX o(z }
K, = {xeX o' ( —0}
K, = {xEK@. o(z :c}.

Let (Y1, Y2) be a topological pair with Yo C ¥; C X. For every integer k > 0,
by Hi(Y1,Y2) we denote the k-th relative singular homology group for the pair
(Y1,Y3) with integer coefficients. The critical groups of ¢ at an isolated critical
point zg € X of ¢ with ¢(z¢) = ¢ are defined by

Ci(p,xz9) = Hk(gocﬂU, (pcﬂU\{xo}) Vk >0

where U is a neighbourhood of z, such that K,Ne°NU = {x¢}. The excision prop-
erty of singular homology theory implies that the above definition is independent
of the particular choice of the neighbourhood U.
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Now suppose that ¢ € C*(X) satisfies the Cerami condition and inf ¢(K,) >
—o0. Let ¢ < inf ¢(K,). Then the critical groups of ¢ at infinity are defined by

Cr(p,00) = Hyp(X,9") Vk=0.

The second deformation theorem (see e.g., Gasinski-Papageorgiou [15, Theorem
5.1.33, p. 628]), implies that this definition of critical groups at infinity is indepen-
dent of the particular choice of the level ¢ < inf p(K,).

Assume that K, is finite and set

M(t,z) = Zranka(w,x)tk VteR, ze K,
k>1

and
P(t,00) = Zranka(w, o)tk VteR.

k>0
The Morse relation says that
(2.6) > M(t,x) = P(t,00) + (1+1)Q(1),
zeK,
where
Q) = Y Bt

k>0

is a formal series in ¢ € R with nonnegative integer coefficients.

Let g, g € L>=(£2). We write g < g, if for every compact set K C 2, we can find
€ > 0, such that

g(z) +e < g(z) for almost all z € K.

Evidently, if g,g € C(Q2) and g(z) < g(z) for all z € Q, then g < g.

A straightforward modification of the proof of Proposition 2.6 of Arcoya-Ruiz
[3] in order to accommodate the Laplace differential operator, gives the following
result.

PROPOSITION 2.6. If £ > 0, g, € L®(Q) with g < g, u,v € CL(Q) are
solutions of

—Apu(z) = Mu(z) + Elu(z)|"Pu(z) = g(z) in 9,

—Apu(z) — NAv(z) 4+ Ev(2)P~! = g(z) in Q,
with A >0 and v € int Cy, then v —u € intC.

In this paper, for every u € Wol’p(Q), we set ||u]| = ||Vullp, (by virtue of the
Poincaré inequality). We mention that the notation || - || is also used to denote the
norm of R, No confusion is possible, since it will always be clear from the context
which one is used. For every ¢ € R, we set (T = max{(,0} and (= = max{—(,0}.
Then for u € Wy (), we define

W) = u() and w() = u()"
We know that ut,u™ € WyP(Q), |u| = u* +u~ and u = u™ —u~. By |- |y we

denote the Lebesgue measure on RY. Finally, if h: Q x R — R is a measurable
function (for example, h is a Carathéodory function), then we set

Na(u)() = h(ul) Yue WP Q).
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3. Three Nontrivial Solutions

We introduce the hypotheses on the map y — a(y) of the differential operator.
We consider a function h € C'*(0, +00) which satisfies the growth condition in (2.1),
namely
th'(t)

0< 10

< ¢ for allt > 0,
(3.1)
crtP 1l < h(t) < CQ(tq*1 + tpfl) for all £ > 0,

for some cp,c1,c2 > 0,1 < g < p.
The new stronger hypotheses on a are the following:

H(a)1: a(y) = ao(||ly])y for any y € RY with ag(t) > 0 for all ¢ > 0, a(0) = 0 and

tag(t) _
a[)(t) -

(i) ap € C*(0,+c0), lim tap(t) =0 and lim c>—1;
t—0+t t—0+

(ii) there exists c¢s > 0, such that

(iii) we have

(Va)é, &)on > h(llylD)

[yl

l€l® vy e RV \ {0}, € e RY;
(iv) if

Gott) = [ aols)sds,
then there exist p € (1, ¢ (see (3.1)) andOT € (1, p, such that

Go(t
the map t — Go(t%) is convex on (0, +00) and lim+ ;E )
t—0

=0.

REMARK 3.1. Evidently Gy is strictly convex and strictly increasing. Let
Gly) = Go(llyll) vyeR™.
Then G is convex, G(0) = 0 and

VG = Go(lul) 2 = ao(lyll)y = aly) VyeRY\{0}.

[yl
Therefore G is the primitive of a. The convexity of G implies that
(3.2) Gy) < (aly),y) VYyeRM.

Hypotheses H(a)1, together with (3.1) and (3.2) lead to the following lemma,
which summarize the important properties of the map a.

LEMMA 3.2. If hypotheses H(a)1 hold, then
(a) the map y — a(y) is mazimal monotone and strictly monotone;
(b) there exists ¢4 > 0, such that

la@)| < ea(llyl®" +llylP~Y) vy e RY;
(¢) we have
(@), W)gr > S2q P Wy eRY
(where ¢1 > 0 is as in (2.1)).
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The above lemma and the integral form of the mean value theorem, lead at
once to the following growth estimates for the primitive G.

COROLLARY 3.3. If hypotheses H(a)1 hold, then
C1
p(p—1)
for some c5 > 0.

Ilyl” < Gly) < esllyll? +llyl”) vy € RY,

EXAMPLE 3.4. The following maps a(y) satisfy hypotheses H(a);:
(a) a(y) = ||y||[P~2y, with 1 < p < +oo. This map corresponds to the p-Laplacian
differential operator A,,.
(b) a(y) = [4]P~2y + Alyl|*y, with 2 < ¢ < p < +oo, A > 0. This map
corresponds to the (p, ¢)-Laplace differential operator, namely the operator, defined
by

WyP(Q) D u — Apu+ A u.

This operator is important in quantum physics (see Benci-Fortunato-Pisani [5]).

p—2

(¢) aly) = (1 + HyH2)Ty with 1 < p < +o0;
(d) aly) = g2y + LU0
R
(e) aly) = [lyl”?y +1In (1 + [Jy[|*)y, with 2 < p < +oo.
yllP~y +eallyll"2y if |yl <1,
(f) aly) = with 1 < ¢ <p<r < +4oo and
yllP~2y + callyll? 2y if |yl > 1,
cailpt+r—4)=cptqg—4).

,with2 <p < +00,0<c<

(p—1)%

The hypotheses on the reaction f(z,() are the following:

H(f)1: f: QxR — R is a Carathéodory function, such that f(z,0) = 0 for almost
all z € Q and
(i) for every g > 0, there exists a, € L>° ()4, such that

|f(2,Q)| < ap(z) for almost all z € Q, all |¢| < o;

(ii) there exist functions ws € W1P(Q) N C(Q), such that
w_(z) < o <0 < ey < we(z) VzeQ,

f(z,wi(2)) < f(z,w—(z)) for almost all z € Q

and /
Aw-) < 0 < A(wy) in WM (Q);
(iif) if
¢
F(z,¢) = / f(z,8)ds
and p € (1,p) is as in H(a)(iv), then ther(i,J exists dp > 0, such that
0 < f(2,0)¢ < uF(z,¢) foralmostall z €, all 0 < || < dp
and esshian(-, do) > 0;
(iv) there exits constants ¢g,¢; > 0 and s < 7 < p < 7 < p* with s # r, such that
f(z,0)¢ = ©l¢|" —al¢|” for almost all z € Q, all € R.
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REMARK 3.5. Note that no control is imposed on f(z,-) for |¢| large. In par-
ticular f(z,-) can be supercritical or even exponential. If there exist constants
c— <0 < ¢4, such that

f(zyeq) €0 < f(z,c-) for almost all z € €,

then hypothesis H(f) (i) is satisfied with w4 (z) = ¢4 and w_(z) = c_ for all
z € Q. This is the setting in Bartsch-Liu-Weth [4]. Hypothesis H(f)(iii); implies
that

(3.3) clC|* < F(z,{) for almost all z € Q, all |¢| < o,

with some cg > 0.
From (3.3), we see that F(z,-) is “concave” near zero.

First we produce two constant sign smooth solutions.

PROPOSITION 3.6. If hypotheses H(a)1 and H(f)1 hold, then problem (1.1) has
at least two nontrivial constant sign smooth solutions

ug € iIntCy and vy € —intC,.

PROOF. First we produce the nontrivial positive smooth solution. To this end,
we introduce the following truncation of f(z,-):

0 if (<0,
(3.4) f+(z,0) = ¢ f(z0) if 0<¢<wi(2)
f(zwi(2)) if wi(2) <.

This is a Carathéodory function. Let

N <
F+(Za<> = ‘/0 f(Z,S) ds
and consider the C'-functional Gy : Wy () — R, defined by

oy(u) = /Q G(Vu(z)) dz — /Q Fi(z,u(2))dz Yue WyP(Q).

It is clear from (3.4) that @, is coercive. Also, using the Sobolev embedding the-
orem, we show that ¢ is sequentially weakly lower semicontinuous. So, by the
Weierstrass theorem, we can find ug € W, *(£2), such that

(3.5) Pr(uo) = inf @i (u) = my.
ueWy'?(Q)

By virtue of hypothesis H(a)(iv), for a given € > 0, we can find §; = d1(¢) € (0, dg],
such that
Go(t) < et* Vtel0,d],
0
(3.6) G(y) < ellyl* vy eRY, |yl < é.
Let u € int C and let t € (0,1) be small, such that

(3.7) ti(z) < 6 and ||V(tw)(2)|| < b Vze,
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with d; = min{dy, ¢4 }. Then, we have

Potn) = /QG(V(tm)dz_/Qﬁ(z,tmdz

< (el vally — coll@l)

(see (3.3), (3.4), (3.6) and (3.7)). Choosing ¢ € (0 Ca”ﬂ”ﬁ), we see that

» Ivalli
(27\+(t’(7) < Oa

SO

(see (3.5)), hence ug # 0.
From (3.5), we have
@;(UO) = 0,
S0
On (3.8), first we act with —uy € Wy?(€). Then

(A(uo), —ug) = 0
(see (3.4)), so
C1
p—1
(see Lemma 3.2(c)), hence ug > 0, ug # 0.
Next on (3.8), we act with (ug —w4)* € W, *(Q). Then

Vuglly < 0

(A(uo), (uo —wy)*) = Qﬁ(z,uo)(uo—wmwz

= | few =) d:
< (A(ws), (uo —wi)™)

(see (3.4) and hypothesis H(f)1(i)), so
/ (a(Vug) — a(Vwy), Vug — Vw+)RNdz < 0,
{uo>wy }

thus
[{uo >w+}|N =0
(see Lemma 3.2(a)), hence ug < w.
So, we have proved that

ug € [0,wq] and wug #O0,

where [0,wy] = {u € WyP(Q) 1 0< u(z) < wi(z) for almost all z € Q}. Then,
by virtue of (3.4), equation (3.8) becomes:

A(ug) = Ny (uo),
S0
{ —diva(Vuo(2)) = f(z,uo(z)) for almost all z € €,
(3.9)

uolon = 0.
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Hence ug solves (1.1). From Ladyzhenskaya-Uraltseva [24, p. 286], we have that
ug € L>®(Q). Then applying the regularity result of Lieberman [25, p. 320], we
have that ug € C4 \ {0}. Let 0o = ||uo||co- By virtue of hypothesis H(f)1(iv) and
since ug > 0, we have

diva(Vuo(2)) < Giop Pue(z)P~"  for almost all 2 € Q,

so ug € int Cy (see Pucci-Serrin [28, p. 120]).
For the nontrivial negative solution, we introduce the following truncation of

f(zw_(2)) if ¢ <w_(2),
f-(z0) = q f(z0 if w_(2) <¢<0,

0 if 0<(.
This is a Carathéodory function. We set
/ Fo(2,9)
P

and consider the C'-functional $_: Wy (Q) — R, defined by

5 (u) = /QG( ())dz_/QF,( W) dz Yue WP Q).

Working as above, this time with the functional @_, we produce a solution vy €
—int C of (1.1). O

In fact we can show that problem (1.1) has extremal nontrivial solutions of
constant sign, namely there is a smallest nontrivial positive solution and a biggest
nontrivial negative solution. To this end, we consider the following auxiliary Dirich-
let problem:

—diva(Vu(z)) = ’c\oyu(z)’572u(z) - ’c\lyu(z)r72u(z) in €,
(3.10)

ulan = 0.
Recall that s < 7 < p < r < p* with s #r.

PROPOSITION 3.7. If hypotheses H(a)1 hold, then problem (3.10) has a unique
nontrivial positive solution u, € intCy and due to the oddness of (3.10), v. =
—uy € —int C'y is the unique nontrivial negative solution.

PROOF. First we establish the existence of a nontrivial positive solution. To
this end, we consider the C'-functional 4 : Wy () — R, defined by

o~

vrl) = [ G(Vu) o= L+ Lt vue wire)
Q

Using Corollary 3.3 and since r» > 7 > s, with r # s, we infer that ¢ is coercive.
Also, it is sequentially weakly lower semicontinuous. So, we can find u, € WO1 P(Q),
such that

(3.11) Vi(ue) = inf  Pi(u) = mi.
ueWy'?(Q)

Since s < p < r, s #r, as in the proof of Proposition 3.6, we have that
Yi(ue) = mi < 0 = 94(0),



24 LESZEK GASINSKI AND NIKOLAOS S. PAPAGEORGIOU

hence u, # 0.
From (3.11), we have
SO
(3.12) Au) = coul)  t—c(uh) .

On (3.12) we act with —u; € W, ?(Q) and using Lemma 3.2(c), we obtain u, > 0,
us # 0. Hence

Auy) = Cous ™t —ul
so
—diva(Vu.(2)) = Cou.(2)* ' —Clu.(2)""! inQ,

Uslog = 0.
Therefore u, solves (3.10). Moreover, the nonlinear regularity theory (see Ladyzhen-
skaya-Uraltseva [24, p. 286] and Lieberman [25, p. 320]), implies that u, € C1\{0}.
Invoking the nonlinear maximum principle of Pucci-Serrin [28, p. 120], we have that
Uk € int C+.
Next we check the uniqueness of this positive solutions. For this purpose, we

introduce the following integral functional o, : L'(2) — R, defined by

[y G(Vur)dz ifu>0, ur € WyP(Q),

o4 (u) =

+o00 otherwise.

Let uy1,us € domoy and t € [0,1]. Let w € (tu1 +(1- t)'LLQ) Also, let y; = ul

1
and y» = uj . Using Holder inequality, as in Lemma 1 of Diaz-Saa [11] (see also
Lemma 4 of Benguria-Brézis-Lieb [6]), we have

V()| < Vi@ + 0 —7)|Vya(2)]|)7 for almost all = € Q.

Recall that Go(+) is increasing. So, we have
1
Go([[Vu@)) < Go((tVu @+ 1 =8 VieE)]")7)-
By virtue of hypothesis H(a); (iv), we have that
1
Go((t| Vi ()||” + (1 = D[ Vee(2)] ) 7)
< tGO(HVyl H) 1 —t GO(HVy2 H) for almost all z € Q.

But recall that G(y) = Go(||y||) for all y € RY. Therefore

G(Vuw(z)) < tG(Vul(z)%) +(1- t)G(Vuz(z)%) for almost all z € ,

SO 04 IS convex.

Also, using Fatou’s lemma, we see that o is lower semicontinuous. Moreover,
domoy # 0, ie., o € To(L(Q)) (see Gasiriski-Papageorgiou [15, p. 488]).

Now, let u € W, ”(2) be a nontrivial positive solution of (3.10). Then, from
the first part of the proof, we have u € int Cy. Also

W20, (u)T =ue WEP(Q)
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and so u” € domoy. Let h € C3(Q). Then u™ + A\h € int Oy for all A € (—1,1)
small and this implies that ©™ + Ah € dom o 4. Hence the Gateaux derivative of o
at u” in the direction h exists and in addition, via the chain rule, we have

(3.13) ) = [ ZEE

Q u‘rfl

hdz.

In a similar fashion, if y € W, P(Q) is another nontrivial positive solution of (3.10),

then y € int Cy and we have

(3.14) S wm = [
Q Y

The convexity of o implies the monotonicity of ¢/, . Hence

0 < (oh(u) =o' (y), v —y")

_ / —div ci(IVu) n div aEYy) (" — ") dz
Q u” yr

’C\Ousfl _ ’C\lurfl 80y571 _ ’C\lyrfl . .
T—1 o T—1 (u -Y )dZ
Q U )

= / [80< 7175 - Tls> —’c\l(urT—yTT)] dz < 0
Q u Y

(see (3.13), (3.14), (3.10)), since the map ¢ — EOC%S —¢1¢" 7 is strictly decreasing
n (0, 4+00) (recall that s < 7 < r with s # r). Therefore, it follows that u = y and
this proves the uniqueness of u, € int C'y.
The oddness of (3.10) implies that v, = —u, € —int C; is the unique nontrivial
negative solution of (3.10). O

—diva(Vy)

T—1

hdz.

Using this proposition, we can establish the existence of extremal nontrivial
constant sign solutions for problem (1.1).

PROPOSITION 3.8. If hypotheses H(a)1 and H(f)1 hold, then problem (1.1) has
a smallest nontrivial positive solution uy € int Cy and a biggest nontrivial negative
solution v— € —int Cy.

PROOF. Let Y be the set of nontrivial positive solutions of problem (1.1) in
the order interval [0, w4]. From Proposition 3.6 and its proof, we know that

y+ §£ @ and y+ g intC+.

Claim. If y € Y4, then u, < y with u, € int C'y as in Proposition 3.7.
Let 84+ : Q2 x R — R be the Carathéodory function, defined by

0 if (<0,
(3.15) Bi(2,¢) = ¢ ¢ —ad ! if 0<¢<y2),
Coy(2)" "t —ay(2)t it y(z) < ¢

/5+2’5

and consider the C*-functional &, : W0 — R, defined by

Er(u) = /QG(VU(Z)) - /Q B (z,u(z)) dz Yue WyP(Q).

We set
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Evidently, £, is coercive (see (3.15) and Corollary 3.3). Also, it is sequentially
weakly lower semicontinuous. Therefore, by the Weierstrass theorem, we can find
@ € WyP(Q), such that

€4(0) = inf{&(u): ue WyP(Q)}
As in the proof of Proposition 3.6, using hypotheses H (a)1(iv) and H(f)q (i), we
have

(@) < 0 = &4(0),
hence u # 0. Also, we have

(@) =0,

so

(3.16) A@) = Ns, (@).

Acting on (3.16) with —a~ € W, () and with (@ —y)* € W, P(Q), we show that
u < [0,y],

where [0,y] = {u € Wy P(Q) : 0 < u(z) < y(z) for almost all z € Q} and @ # 0
(see the proof of Proposition 3.6). Therefore, (3.16) becomes
A@) = ¢utt —aaut
(see (3.15)), so
u is a nontrivial solution of (3.10)
and
u = Uy € int CJr

(see Proposition 3.4) and so u, < y. This proves the Claim.

Now, let C' C ), be a chain (i.e., a totally ordered subset of J;). From Dunford-

Schwartz [12, p. 336], we know that we can find a sequence {un}n>1 C C, such
that

infC = inf u,.
n>1
We have
(3.17) A(un) = Ny(u,) and ue < up < wy Yn2>1

(see the Claim), so
the sequence {uy,}n>1 C WO1 P(Q) is bounded.
Therefore, by passing to a suitable subsequence if necessary, we may assume that
u, — u weakly in WyP(Q),
u, — u in LP(Q).
Acting on (3.17) with u,, — u € W, *(Q) and passing to the limit as n — 400, we

obtain
lim (A(un), un —u) = 0,

n—-4oo
SO

Uy, — U In Wol’p(Q)
(see Proposition 2.4). Hence, passing to the limit as n — 400 in (3.17), we have

A(u) = Ny(u) and v < u < wy,
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so
u € Yy and wu = infC.
Since C was an arbitrary chain in YV, from the Kuratowski-Zorn lemma, we infer
that )y has a minimal element u4 € V4. As in Gasiriski-Papageorgiou [17, Lemma
3.2], using the monotonicity of a (see Lemma 3.2(a)), we have that Y, is downward
directed, i.e., if uy, us € Y4, then we can find u € Y, such that v < u; and u < us.
This implies that u4 € int Cy is the smallest nontrivial positive solution of (1.1).
Let Y_ be the set of nontrivial negative solution of (1.1). Again we have

yf # 0 and )L - —thC+

(see Proposition 3.6 and its proof). Moreover, in this case YV_ is upward directed,
ie., if v1,v2 € Y_, then we can find v € Y_, such that v;1 < v and vy < v (see

Gasinski-Papageorgiou [17, Lemma 3.3]). So, using v, = —u, € —intCy and
reasoning as above, we obtain the biggest nontrivial negative solution v_ € —int C';
of problem (1.1). O

These extremal solutions lead to a nodal solution.

PROPOSITION 3.9. If hypotheses H(a)1 and H(f)1 hold, then problem (1.1) has
a nodal (i.e., sign changing) solution yo € CZ(Q).

PRrROOF. Let uy € intCy and v— € —int C; be the two extremal constant sign
solutions of problem (1.1) produced in Proposition 3.8. We introduce the following
truncation of the reaction f(z,):

f(zo-(2)) if ¢ <v_(2),
(3.18) Q) = F0) i v(2) <C<usla),

Fzus(®) i us(z) <.
This is a Carathéodory function. We set

¢
H(z,¢) = / h(z,s)ds
0
and consider the C'-functional 9: W, *(2) — R, defined by
Iu) = / G(Vu(z)) dz —/ H(z,u(z))dz Vue Wy P ().
Q Q
Also, let
¢
he(ed) = heteh) and Hi(sQ) = [ hales)ds
0
and consider the C'-functionals ¥4 : Wy () — R, defined by
Pi(u) = / G(Vu(z)) dz —/ Hy(z,u(z))dz Vue WyP().
Q Q
As before (see the proof of Proposition 3.6), using (3.18), we show that
Kﬂ C [’U_, U+], Kﬂ+ C [Oa U+], Kﬂ, C [’U_, O]

The extremality of v_ and v4 implies that
(319) Ky C [’U—5 U’+]a K19+ = {Oa u+}a Ky = {’U_, 0}
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Claim. uy and v_ are local minimizers of 9.
It is clear from (3.18) and Corollary 3.3, that J is coercive. Also, it is sequen-
tially weakly lower semicontinuous. So, we can find u € WO1 P(Q), such that

19+ (’lj) = mf 19+ (’LL) .
wEW P ()

As in the proof of Proposition 3.6, we show that
Dy(u) < 0 = 94(0),
hence u # 0.
Since u € Ky, \ {0}, it follows that u = uy (see (3.19)). Note that J|c, =
Y4|c,. Hence & = uy € intCy is a local C§(€2)-minimizer of ¥ and so by virtue

of Proposition 2.2, it is also a local WO1 P(Q)-minimizer of ¥J. Similarly, for v_ €
—int C'4, using this time the functional ©_. This proves the Claim.

Without any loss of generality, we may assume that ¢(v_) < ¥(u4) (the analysis
is similar, if the opposite inequality holds). By virtue of the Claim, as in Aizicovici-
Papageorgiou-Staicu [1, Proposition 29] (see also Gasinski-Papageorgiou [17, proof
of Theorem 3.4]), we can find ¢ € (0, 1) small, such that
(3.20)

Ivl) < Duy) < mf{d(w): Ju—usl=o} = 5, and |lo_—usl > o

Since 9 is coercive, it satisfies the Cerami condition. This fact and (3.20) permit the

use of the mountain pass theorem (see Theorem 2.1). So, we can find yo € W, ?(5),
such that

(3.21) Yo € Ky and n, < 9(yo).

From (3.20) and (3.21), it follows that yo & {v_,u+} and yo € [v_, u4] (see (3.19)).
So yo solves problem (1.1). Since yq is a critical point of ¥ of mountain pass type,
we have

(3.22) Cr(0, ) # 0.
On the other hand, using hypothesis H(f);(i74) and (2)" and reasoning as in the
proof of Proposition 2.1 of Jiu-Su [23], we have

(3.23) Cr(9,0) = 0 Yk =>=0.

Comparing (3.23) and (3.24), we see that yo # 0. Since yo € [v_,u4] \
{0,v—, ut } (see (3.19)), by virtue of the extremality of v_ and u., we have that yo
is nodal and yo € C}(Q) (by the nonlinear regularity theory). O

Therefore, we can state the following multiplicity theorem for problem (1.1).

THEOREM 3.10. If hypotheses H(a)1 and H(f)1 hold, then problem (1.1) has
at least three nontrivial smooth solutions:

uyg € imtCy, w9 € —intCy, yo € C&(ﬁ) nodal with vg < yo < up.

In the above theorem, the reaction f(z,-) exhibits a “concave” behaviour zero
(see hypothesis H(f); (7). We can relax this condition at the expense of introduc-
ing a more restrictive growth condition on a. More precisely, the new hypotheses
on the map y — a(y) and the function (z,¢) — f(z, () are the following:
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H(a)s: a(y) = ao(||lyl)y for any y € RY with ag(t) > 0 for all ¢ > 0, a(0) = 0 and

(i) ap € C1(0, +), t£%1+ tao(t) = 0 and tEIél+ t;[)“((:)) =c>—1;

(ii) there exists ¢z > 0, such that
[Va@)|| < erllyl’=? vy e RY\ {0};
(iii) there exists cg > 0, such that
(Va@)é, gn = csllylP21€l* ¥y € RY\ {0}, € € RY;
(iv) if
¢
Golt) = [ an(s)sas,

0

then we have that
the map ¢t — Go(t%) is convex on (0, 400).

REMARK 3.11. Evidently, the new growth conditions H (a)2 (i), (4i7) and (iv)
are more restrictive than the corresponding hypotheses in H(a);. In particular
they exclude from consideration, the (p,q)-Laplace differential operator and the
generalized p-mean curvature differential operator. However the other examples of
maps a(y) still satisfy H(a)z (see Example 3.4).

The new growth conditions H (a)2 (i) and (i), imply that

cg cr
(3.24) ol < (@), y) gy < ClyllP vy e RY.

From (3.24) and the integral form of the mean value theorem, we obtain

cg cr N
3.25 — |y’ € Gly) < ——=|ly/|’F VyeR".
(3.25) sl < G < sl v
The new hypotheses on the function f(z,() are the following:
H(f)2: f: QxR — R is a Carathéodory function, such that f(z,0) = 0 for almost
all z € Q2 and
(i) for every g > 0, there exists a, € L ()4, such that

|£(2,Q)| < ap(z) for almost all z € Q, all |¢| < o;
(ii) there exist functions wy € W1P(Q) N C(Q), such that
w_(z) < o <0 < ey < we(z) VzeQ,
f(z,wi(2)) < 0 < f(z,w_(2)) for almost all z €

and

(iii) if

¢
F(z,¢) = (2, 8)ds,
0
then there exist 7 > As (p) and d§p > 0, such that
TP < F(2,¢) for almost all z € Q, all |¢] < o;
p(p—1)

(iv) there exists constants ¢y, ¢; > 0 and r € (p, p*), such that
f(z,0)¢ = ©l¢|P —c1|¢|” for almost all z € 2, all ( € R.
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REMARK 3.12. Evidently hypothesis H(f)2(#4) permits reactions f(z,-) which
are (p — 1)-linear near zero. This was not possible under hypothesis H(f)1 (i7). Of
course hypothesis H(f)2(#¢) still allows for nonlinearities with concave term near
zero. Therefore hypothesis H(f)2(4ii) is more general than H(f)2(4i).

A careful inspection of their proofs, reveals that Propositions 3.6, 3.7 and 3.8
remain valid under the new hypotheses. However, the proof of the existence of a
nodal solution (see Proposition 3.9) changes.

PROPOSITION 3.13. If hypotheses H(a)2 and H(f)2 hold, then problem (1.1)
has a nodal solution yo € CL().

PROOF. Let uy € intCy and v— € —intC4 be the two extremal nontrivial
constant sign solutions of (1.1). Using them, we introduce h(z, () (see (3.18)) and
then consider the C''-functionals 9, ¥ : W, ?(Q) — R (see the proof of Proposition
3.9). As before, uy € int C; and v— € —int C are both local minimizers of ¥ and so
(3.20) remains valid. Since ¥ is coercive, it satisfies the Cerami condition. Therefore,
applying the mountain pass theorem (see Theorem 2.1), we obtain yo € W, *(Q),
such that

(3.26) yo € Ko\ {uy,0-} and I(y) = inf max J(7(1)),

where
L= {yeC([0,1:;W"(Q) : 7(0) =v-, 7(1) =uy }.
Evidently yo solves problem (1.1). It remains to show that yo is nontrivial and then
Yo is the desired nodal solution of (1.1). To show the nontriviality of yo, we will use
the minimax expression in (3.26). According to this minimax expression, it suffices
to produce a path v, € I', such that 9J|,, <0.
To this end, recall that
OB = {ueL’(Q): |lul|,=1} and M = Wy*(Q)naoB".

We set

M, = MNCyQ).
We endow M with the relative W, ?(Q)-topology and M, with the relative C&(Q)-
topology. Then M, is dense in M and so also the space C ([—1, 1]; MC) is dense in
C([-1,1); M). Let
T = {FeC(0,1;M): F(~1) = =1y, (1) =1, }
and R
o = {7e (0,1 M) : A(=1) = ~t1p, (1) = U p}-
Clearly T, is dense in T. Invoking Proposition 2.5, we can find 7y € fc, such that
(3.27) IV < 7 vte[-1,1].
Since 7y € T, and uy € it Cy, v— € —int Cy, we can find A € (0,1) small, such
that
(3.28) v_(2) < Mo(t) < us(z2) and )\’%(t)(z)’ < & VzeQ, te[-1,1].
So, for all t € [—1, 1], we have

I(N(t) = /QG()\V%(t))dz—/F(z,)\%(t))dz

Q
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c7 =~ p 077/7\ ~ P
< — VA )| — NP t
p(p ;pl) H o( )Hp plp—1) H”YO( )Hp
_ C7 ~ RPN
= (RO 7)< 0

(see (3.28), (3.25), (3.27), hypothesis H(f)2(4i7) and recall that H‘y\o (t)Hp =1 for all
t € [~1,1]). So, if we set 7o = AJp, then 7o is a continuous path in W, () which
connects —AUi , and AU1 p, such that

(3.29) 19]% < 0.

Next, we will produce a continuous path in W, *(Q2) which connects iy, and u
and along which the functional 9 is strictly negative. To this end let

a = inf 19+ = 19+(u+) < 0 = 19+(0)
W, * ()

(see the proof of Proposition 3.9). By virtue of the second deformation theorem
(see Gasiniski-Papageorgiou [15, p. 628]), we can find a deformation

h: [Oa 1] X (ﬁg\Kg+) — Kg+a

such that

h(t, ~)]Kg+ = id]Kg+
(note that K, = {uy} and Ky = {0}; see (3.19)),
(3.30) h(1,99\ K5, ) € 9%
and

(3.31) 94 (h(t,u)) < V4 (h(s,u)) Vs,te€[0,1], withs <tandallu € 193\1(&.
Let N
Y1 (t) = h(t,\yp)
(note that by (3.29), we have 9(Atl1 ) = ¥4 (Mu1,p) < 0). Then, we have
1+(0) = Aurp, (1) =uq
(see (3.30)) and
Oy (v4(t) < 4 (Maayp) < 0 VE€([0,1]

(see (3.31) and (3.29)). Therefore 7, is a continuous path in W, () which connects
My, and ug and such that

O], <O
If
Wi = {ueWyP(Q): u(z) >0 for almost all z € Q},
then
19+’W+ = ﬁlmq
and 74 ([0,1]) € W So, it follows that
(3.32) . <0

In a similar fashion, we produce a continuous path y_ in WO1 "P(Q) which connects
—A1,, and v_ and such that

(3.33) 9. < 0.
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We concatenate vy_, v, v+ and produce 7, € I', such that

9 <0

Y
(see (3.29), (3.32) and (3.33)). This proves that yo # 0 (see (3.26)) and so yo €
C¢(9Q) is a nodal solution of (1.1). O

So, we can state the following multiplicity theorem for problem (1.1).

THEOREM 3.14. If hypotheses H(a)z and H(f)2 hold, then problem (1.1) has
at least three nontrivial smooth solutions

up € intCy, wy € —intCy and yo € CH(Q) nodal.

4. (p,2)-Equations

In the previous section, the multiplicity results proved, did not impose any
growth condition on the reaction f(z,-) near +oo. In this section, for the particular
case of (p, 2)-equations (i.e., a(y) = ||y’ 2y+Ay, A = 0, 2 < p < +00) and assuming
that f(z,-) is (p — 1)-superlinear near +oo but without satisfying the usual in such
cases Ambrosetti-Rabinowitz condition, we will extend Theorem 3.10 producing six
nontrivial smooth solutions. However, we are unable to determine the sign of the
sixth solution. Our multiplicity result in this section, can be viewed as a partial
extension of the result of Bartsch-Liu-Weth [4], since here we deal with (p,2)-
equation which is nonhomogeneous and f(z,-) need not satisfy the Ambrosetti-
Rabinowitz condition. However, in contrast to [4], here we restrict the behaviour
of f(z,-) near zero.

So, now the problem under consideration is the following:

—Apu(z) — Mu(z) = f(u(z)) inQ,
(4.1)
ulog =0, 2<p < 400, A > 0.

We introduce the following hypotheses for the reaction f:
H(f)s: f€CYR), f(0) =0 and
(i) there exist ¢ > 0 and r € (p, p*), such that
£ Q)] < e(1+1¢|"7?%) forall ¢ €R;

(ii) there exist constants c_ < 0 < ¢4, such that f(c_) =0= f(c4);
(iii) if

¢
FQ) = [ ss)ds
0
then there exist 7 € ((r —p) max{%, 1}, p*) and By > 0, such that

PO _ L SQC RO
=
(iv) there exist p € (1,2) and dp > 0, such that
0 < f(OC < pF(C) V(e [=bo,d0l;

(v) there exist constants ¢y, ¢1 > 0 and 1 < s < 2 < d with s # 2, such that

FO¢C = @ll —alkl® vCeR.
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REMARK 4.1. Hypothesis H(f)s(i%) implies that the primitive F' is p-super-
linear near +oo. This is the case, if f is (p — 1)-superlinear near +oo, i.e.,

Q)

¢—oo [([P72C
However, note that we do not use the Ambrosetti-Rabinowitz condition, which says
that there exist ¢ > p and M > 0, such that

0 < qF(¢) < f(O¢ V[¢I =M.
Instead, we use a weaker condition. Similar conditions can be found in Costa-
Magalhaes [8] and Fei [13]. Hypothesis H(f)3(¢) implies that for every o > 0, we
can find &, > 0, such that the maps ¢ — f(¢) + &|¢[P72¢ and ¢ — f(C) +&,C
are nondecreasing on [—g, g].

= +oo.

In this case
a(y) = IyllP~y + Xy,
which as we already pointed out satisfies hypotheses H(a)1. Moreover, hypotheses
H(f)s are a particular version of hypotheses H(f);. So, Theorem 3.10 remains
valid and we have the following result.

PROPOSITION 4.2. If hypotheses H(f)s hold, then problem (4.1) has at least
three nontrivial smooth solutions:

ug € intCy, vy € —intCy, yo € C3(Q) nodal.

Concerning the solutions up € intCy and vg € —intC,4, we can have the
following additional information, which will be important in the sequel.

LEMMA 4.3. If hypotheses H(f)s hold and ug € int Cy, vg € —int C, are the
two nontrivial constants sign solutions from Proposition 4.2, then

up(z) < ¢y and c_ < wvo(z) VzeQ.
PROOF. First suppose that A > 0. Then, we have
Ap(uo) + AA(uo) — Ny(uo) = 0 = Ap(cq) + AA(cq) — Ne(ey)
(see (2.4) and hypothesis H(f)s(ii7)). Recall that in this case
a(y) = Iyll"~y + Xy,
S0

_ (24
Va(y) = Iyl 2(I+<p—2>ﬁ)+n
and thus

(Va(y)é, €) = AlE]? vy e RV \ {0}, £ €R.
So, we can apply the tangency principle of Pucci-Serrin [28, p.35] and infer that

uo(z) < cy VzeQ
(see hypothesis H(f)3 (i) and recall that ug|gn = 0). Similarly, we show that
c. < vo(z) Vze.

Now, suppose that A = 0. Then, we can apply Theorem 1.4 of Damascelli-Sciunzi
[10] (see also Lucia-Prashanth [26]) and again, we obtain that

ug(z) < ey and c_ < vo(z) VzeQ.
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Using this lemma, we can now produce two more constant sign smooth solutions.

PROPOSITION 4.4. If hypotheses H(f)s hold, then problem (4.1) has two more
constant sign smooth solutions

ueintCy and v € —intCy,

such that
u—wug €intCy and vy —7v € int Cy.

PROOF. First we produce the second nontrivial positive smooth solution. To
this end, we introduce the following truncation of f:

Fluo(2)) if ¢ <uo(2),

f(Q) if ug(z) <.
This is a Carathéodory function. We set

¢
K+(Za<) = / k+(z,s) ds
0
and consider the C''-function 1 : WyP(Q) — R, defined by

~ 1 A
Belw) = SIVulp+ 51Vl - | Ko () Ve Wi (@),

(4.2) ki(20) =

Claim 1. 1ZJ\+ satisfies the Cerami condition.

Let {tn}ns1 C Wy P(Q) be a sequence, such that

(4.3) 194 (un)| < My Vn1,
for some M; > 0 and
(4.4) (14 unl) ¥, (un) — 0 in W HP(Q)  asn — +oo.
From (4.4), we have
> enllhl 1
' (un),h)| < — - Vh e WyP(9),

with &, \, 0, so

(45)  [(ApCun) ) + A(AGwa). 1)~ [

Q

nllh
k+(z,un)hdz‘ <= ULl Vn > 1.

T 1 [funl
In (4.5), first we choose h = —u;; € Wy P(Q). Then

IVug I8+ AVu, I3 < My ¥n>1,
for some M5 > 0 and so
(4.6) the sequence {u;, }n>1 € Wy () is bounded.
From (4.3) and (4.6), we have

A
@n Vel + PNV - [ pKau)ds < My Vs 1,
Q
for some Mz > 0. Also, if in (4.5), we choose h = u;” € W, P(Q), then

@8)  —IVatlp - MR+ [ kel ds < My Va1,
Q
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for some My > 0 (see (4.2)).
Adding (4.7) and (4.8), we obtain

A5 = 1)IVutl+ [ (et -k (o)) = < O
Q

with M5 = M3 + M4, SO

(4.9) / (k4 (z,uut — Ky(z,uf))dz < Ms Vn> 1.
Q

From hypothesis H(f)s (i) and (4.2), (4.9), we infer that
(4.10) the sequence {u},>1 C L7(9) is bounded.

First, suppose that N # p. It is clear from hypothesis H(f)3(ii) that we may

assume that 7 < r < p*. So, we can find ¢ € [0, 1], such that

1 1-—1 t
_|_

r T p*

Invoking the interpolation inequality (see Gasinski-Papageorgiou [15, p. 905]), we

have
t

lusille <l = sl

SO
(4.11) ludllys < Mgllug|™ ¥n>1,

Mg > 0 (see (4.10) and use the Sobolev embedding theorem). From hypothesis
H(f)s(i), we have

(4.12) FOC < e(1+1¢]7) VCER,

for some ¢g > 0. From (4.5), with h = u;t € WyP(Q2), we have
IVl + MVt = [ kel ds < Mr > 1,
)
for some M7 > 0 (see (4.2)), so

4.13 Vulll? < Mg(1+ ||ut|™) VYn>1,
nllp n

for some Mg > 0 (see (4.2), (4.11) and (4.12)). The hypothesis on 7 (see H(f)s(iii))
implies that ¢r < p. Hence, from (4.13), it follows that

(4.14) the sequence {u; },>1 € WyP(Q) is bounded.
From (4.14) and (4.6), it follows that
(4.15) the sequence {u,}n>1 C Wy (Q) is bounded.

If N = p, then by definition p* = 400, while the Sobolev embedding theorem
implies that W, (Q) C L9(Q) for all ¢ € [1,+00). Then in the above argument we
need to replace p* = +o0o by ¢ > r large, such that tr = q(qr_—*:) < p. Again, we
reach (4.15).

By virtue of (4.15) and by passing to a subsequence if necessary, we may assume
that
(4.16) u, — u weakly in WyP(Q),

(4.17) U, — u in L7(Q).
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In (4.5) we choose h = u,, — u € Wy (Q), pass to the limit as n — +oo and use
(4.16). Then

lim (<Ap(un), Uy — u> + )\<A(un), Uy — u>) = 0,

n—-400
thus
limsup ((Ap(un), un — u) + AM(A(u), un —u)) < 0

n—-—4oo

(exploiting the monotonicity of A), so
lim sup <Ap(un), Uy — u>> <0

n——+oo
and hence

U, — U in Wol’p(Q)
(see Proposition 2.4).

This shows that 1ZJ\+ satisfies the Cerami condition. So, we have proved Claim
1.

Claim 2. We may assume that ug € int Cy is a local minimizer of 1])}.

To this end, we consider the following truncation of ki (z,-):

ki(z,0) if (<ecy,
(4.18) Ri(2,0) =
kilzeq) if ep <C.

This is a Carathéodory function. Let
R0 = [ o) ds
and consider the C'-functional 7, : W, *(€2) — R, defined by
T = IVl + FIValE— [ Ri(su@)ds Yo e Wir(o).

It is clear from (4.18) and (4.2) that 74 is coercive. Also, it is sequentially weakly
lower semicontinuous. Therefore, we can find @y € W, (), such that

Y+ (o) = inf 7, (u),
ueWy'?(Q)

SO
7, (o) = 0
and hence
(4.19) Ap (o) + ANA(uo) = Nz (uo)

) =
On (4.19), we act with (ug — @)™ € W, P(Q). Then
<A (UO) uo — uo +> —|— )\< (UO — ao)+>
)

= k.,_(z o) (uo — o) T dz
Q

= k+(2’,a0)(’UJ0 —1/1:0)—'_ dz
Q

= / f(uo)(uo - 1/1:0)—'_ dz

= <21p(u0), (uo — o) ™) + A(A(uo), (uo — o) ™)
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(see (4.18), (4.2) and recall that ug < w4), so
[ Va9~ [Vl Vo, Vo — Vi) dz
{uo>to}

AV (un — o) * s = 0
and hence
[{uo > Uo}|, = 0, soug < .
Also, on (4.19) we act with (dg — ¢;)t € Wy P(Q). Then
(Ap(Uo), (o —ci)™) + A(A(To), (G0 —cy)T)
= [ ky(z10) (o — ey )T dz
Q

= /k+(z,w+)(ﬂo—c+)+dz
Q

flwy)(@o = eq)F dz
Q

(Ap(wy), (@ — c)*) + AMA(wy), (@ — e4) ™)
(see (4.18), (4.2) and hypothesis H(f)s(i7)), so

N

[ il G- < 0
{to>ct}

and thus
|{’l/1jo > C+}|N = 0, so 1/1:0 < ct.
So, we have proved that
’ZZO € [UOa C+]a
where [ug, cy] = {u € Wy (Q) : ug(2) < Uo(z) < ¢y for almost all z € Q}. This
means that (4.19) becomes
Ay (i) + MA(Gio) = Ny(iio)
(see (4.18) and (4.2)), so
—Aplo(z) — MAUg(z) = f(to(2)) ae. inQ,

Uploa =0
and hence U € int Cy (nonlinear regularity; see Lieberman [25]) is a solution of
(4.1).
If U # ug, then this is the desired second nontrivial positive smooth solution

of (4.1) and so we are done.
Therefore, we may assume that g = ug. Note that

m{om - ‘$+|[o,c+1

and from Lemma 4.3, we know that ug(z) < cy for all z € Q, while uy € intC,.
Therefore ug = @y is a local C§(Q)-minimizer of 1, . Invoking Proposition 2.2, we
infer that u is also a local W, ?(€2)-minimizer of 1. This proves Claim 2.

As above, we can check that

KAJF C [UO),
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where
[wo) = {u€WyP(Q): up(z) < u(z) for almost all z € Q}.

Also, we may assume that uo € K, (see Claim 2) is isolated. Indeed, if this is
not the case, then we can find a sequence {up}tn>1 C K i such that u, — u
in Wy?(Q). Then {u,}n>1 C intCy (nonlinear regularity; see Licberman [25])
are distinct nontrivial positive solutions of (4.1) and so we are done. By virtue of
Claim 2, as in Aizicovici-Papageorgiou-Staicu [1, proof of Proposition 29] (see also
Gasinski-Papageorgiou [17, proof of Theorem 3.4]), we can find ¢ € (0,1) small,
such that

(4.20) Ui (ug) < inf {Py(u): flu—uoll =0} = 7.
Moreover, hypothesis H(f)s3(4i7) implies that, if u € int C, then
(4.21) Vo(tu) — —o0o ast — +o0.
Then Claim 1 and (4.20), (4.21) permit the use of the mountain pass theorem (see
Theorem 2.1). So, we can find @ € W, (Q), such that
u € Kz Clug) and U (ug) < My < b (@).

Hence, we have

Ap(u) + AA(u) = Ny(u)
(see (4.2)), so u € int C solves (4.1) and U # ug, up < U.

Suppose that A > 0. Then for ¢ = ||U]|0, We choose &, > 0, such that the maps
¢— f(O)+&1¢|P~2¢ and ¢ — f(C) +&,¢ are both nondecreasing on [—g, g]. then

—Apug(z) — Mug(z) + Eeuo(2)P
f(uo(2)) + Eeuo(z)P !

F((2)) + &ou(z)P "
(4.22) —Apu(z) — AAU(z) + §,u(z)  for almost all z € Q

(since up < u). The tangency principle of Pucci-Serrin [28, p.35] implies that
up(z) < u(z) VzeQ.

Since ug, u € int C, from (4.22) and Proposition 2.6, we infer that

Nl

a—’LLO S intC+.

Now, suppose that the map A = 0. Recall that the map ¢ —— f({) + &( is
nondecreasing on [—p, g]. Then, we have

—Apuo(2) + Epuo(2)

F(uo(2)) + &ouo(2)

Fa(2)) + &(2)

—Apu(z) + &,u(z) for almost all z € Q.

I7aNl

(4.23)
Invoking Theorem 1.4 of Damascelli-Sciunzi [10], we infer that
up(z) < u(z) VzeQ
and so from (4.22) (with A = 0) and Proposition 2.6, once again we infer that
u—ug € intCy.

Similarly, using this time vy € —int C+ and c_ < 0, as above we produce a second
nontrivial negative solution ¥ € —int C;. with vy — 0 € int C,.. O
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Let ¢: W, () — R be the energy functional for problem (4.1), defined by
1 A 1
P = IVul+ 3IVulE— [ P(u() VueW3(@),

Then ¢ € C2(W,7(Q)).
Using hypothesis H (f)s(¢ii), with minor modifications in the proof of Proposi-
tion 2.6 in Aizicovici-Papageorgiou-Staicu [2], we obtain the following result.

PROPOSITION 4.5. If hypotheses H(f)s hold, then
Cr(p,0) = 0 Vk>=0.
Now, we are ready for the complete multiplicity theorem for problem (4.1).

THEOREM 4.6. If hypotheses H(f)s hold, then problem (4.1) has at least six
nontrivial smooth solutions:

up, u € IntCy, withu—wug € intCy,
vy, v € —intCy, withvg—v € intCy,
Yo € C3(Q) nodal andy € C3(Q)\ {0}.
PROOF. From Theorem 3.10 and Proposition 4.4, we already have five nontriv-
ial smooth solutions:
up, u € intCy, withu—wug € intCy,
vy, ¥ € —intCy, withvg—7 € intCy,
Yo € C5(Q) nodal with vy < 5o < wuo.

Moreover, reasoning as in the proof of Proposition 4.4, using Proposition 2.6, the
tangency principle of Pucci-Serrin [28, p.35] and Theorem 1.4 of Damascelli-Sciunzi
[10], we obtain

up—yo € intCy and yo—wvy € intCh.
We assume that K, is finite or otherwise we have an infinity of nontrivial smooth
solutions. Let 9, ,9_: W, () — R be the C'-functionals introduced in the
proof of Proposition 4.4.
Claim. We have
Ci(p,@) = Ci(ty, @) and Ci(p,0) = Cp(t-,7) Vk>0.
We consider the homotopy
hi(tu) = to(u) + (1=t (u) Y(t,u) € [0,1] x WyP ().
We show that we can find ¢ € (0,1) small, such that
K(ny), NBy(u) = {u} vte[o,1],
where
(ho)e) = hi(t-) and By(@) = {ue WiP(Q): [lu—il < o}.

Arguing by contradiction, suppose that no such ¢ > 0 can be found. Then there
exist two sequences {tn}n>1 C [0,1] and {up}n>1 C Wol’p(Q), such that

tn — t, u, — U inWyP(Q) and (hy) (un) =0 Vn > 1.
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We have
Ap(un) + AM(up) = t,Ny(un) + (1 — tn) Niy (un),
so
—DApun(2) = Mup(z) = tof(un(2)) + (1 — tn)ks (2, un(2)) ae. inQ,

Unloag = 0.

From Ladyzhenskaya-Uraltseva [24, p. 286], we know that we can find My > 0,
such that

[unlloce < Mg ¥n > 1.
From this estimate and the regularity result of Lieberman [25, p. 320], we can find
a € (0,1) and My > 0, such that

un € Cp (@) and uplgrag < Mo Vo1

This estimate and the compactness of the embedding Cy**(Q) C C3(9Q), imply that,
passing to a subsequence if necessary, we may assume that
u, — u in CH(Q),
SO
Up € [ug) Vn =mng
for some ng > 1 (since & — up € int Cy). Thus K, is infinite, a contradiction.
Invoking the homotopy invariance property of critical groups, we have
Cr(p,u) = Cp(vy,u) Yk =0.

Similarly, we show that

o~

Cr(p,0) = Cr(v—,v) Yk >=0.

But from the proof of Proposition 4.4, we know that @ is a critical point of 1ZJ\+ of
mountain pass type. Therefore

Ci(¢1,) # 0,

SO
Ci(p,u) # 0
and thus
(4.24) Cr(p,0) = 0p1Z Yk>=0

(see Gasiniski-Papageorgiou [21, Theorem 4.1]).
Similarly, we have

(425) Ck(g?,i)\) = 5k,1Z Vk}()

Since (/7|[07C+] = @+|[07C+] (see (34), with Wy = CJr) and Ug € int C+, ’LLO(Z) < cy for
all z € Q (see Lemma 4.3), we infer that ug is in fact a local C&(Q)-minimizer (see
the proof of Proposition 3.6). Invoking Proposition 2.2, we infer that ug is a local
WO1 "P(Q)-minimizer of ¢. Similarly, we show that vo € —int Cy is a local minimizer
of . Therefore

(4.26) Cr(p,u0) = Cr(p,v9) = dkoZ VEk =0.

Recall that gy is a critical point of mountain pass type for the functional ¢ (see
the proof of Proposition 3.9). Since ¥|[yg,ug] = ©ljvo,uo] (s€€ (3.18)) and without
any loss of generality, assume that wug, vy are the extremal nontrivial constant sign
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solutions of (4.1) (see Proposition 3.8) and ug — yo € int Cy, yo — vo € int Cy (see
the beginning of this proof), we have as above

(4.27) Cr(o,90) = 1Z Vk>=0

(see Gasinski-Papageorgiou [21]). Hypothesis H(f)s(iv) and Proposition 2.1 of
Jiu-Su [23], imply that

(4.28) Ck(p,0) = 0 VE>=0.
Finally, from Proposition 4.5, we have
(4.29) Cik(p,00) = 0 VEk>0.

Suppose that K, = {0, uo, vo, Yo, &, v}. From the Morse relation (2.6) with t = —1
and (4.24)-(4.29), we have

2(-1)° +3(-1)' = o0,

a contradiction. So, we can find § € K, ¥ & {0, uo, vo, Y0, 4, 0}. Then 7 € C3(Q)
(nonlinear regularity) solves problem (4.1).
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