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A regularity result for a linear elliptic equation with
Hardy-type potential

Tonel Ciuperca

Communicated by Y. Charles Li, received November 22, 2011.

ABSTRACT. We consider a linear elliptic problem whith Dirichlet boundary
conditions, with a potential term b(x)u where the potential function b behaves
as leﬁﬂ) close to the boundary. We study the effect of this potential
term on the H? regularity of the solution of the problem. An application to a
stationnary Fokker-Planck-Smoluchowski equation for FENE models of diluted
polymers is given.
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1. Introduction

We consider ) an open, bounded and regular set in R**!, with n € N, and
u € HY(Q) a solution of the equation

(1.1) —Au+b(x)u=f in D(Q).

In the above f is an element of H () and the function b is positive, regular and
“behaves as m for x close to 0.
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The goal of this paper is to study the influence of the term b(x)u on the H? -
regularity of the solution of the problem.
Suppose for simplicity that the function b is given by the expression:

b*
b(z) = —5——
dist”(z, 0€)
where b* > 0 is a constant (more general forms of b are given in Section 3). We
prove that, under the supplementary hypothesis b* > %, the solution u belongs to
H? for any f € L?(Q2), and we also have an appropriate inequality. Moreover, we
prove that % =0 on 99, that is, u € HZ(Q).

The H? regularity of u in the case b = 0 is a classical result; nevertheless, remark
that the regularity result presented in this paper is not an obvious consequence of
this classical regularity, since in general the term b(z)u is not an element of L?(2)
under the hypothesis u € H} ().

To the best of our knowledge, the H? regularity of the solution of such a problem
was never studied in the past. For a related work, we mention the paper [1] where
a problem like (1.1) is considered, with a function b of the form b(x) = ﬁ with
b* € R and 0 € Q. In that paper the authors suppose that b* is negative with small
enough absolute value and they study the WP regularity of u under L? regularity
hypothesis on f, with p,q > 1.

Our paper is organized as follows: In Section 2 we consider the one dimensional
case (n = 0) while in Section 3 the case n € N* is treated. The proof for n € N* is
based on the result obtained in the one dimensional case. Notice that these results
are stated in a more general setting than described in the beginning of this section.
In Section 4 we give an application to a stationnary Fokker-Planck-Smoluchowski
equation for FENE models of diluted polymers; this was the initial motivation for
the result obtained in this paper.

2. The one dimensional case

In this section we denote Q =]0, a[ with a > 0 a given number.
Let f € L*(Q), u € L*(Q2) and b € R satisfying

b

(2.1) —u''(z) + ﬁu(x) = f(z) in D'(Q).

Our goal is to prove a H? - regularity result for u.
The main result of this section is the following:

THEOREM 2.1. Suppose that b > % and let us denote
1
a=alb) = 5(1 + V14 4b).
Then for any f € L*(Q) and u € L*(Q) satisfying (2.1) we have:
ue€ H*(Q) and u(0) =u'(0) = 0.
We also have the estimate

(2.2) llull g2y < Cillullz2) + Call fllz2 (o)

where

B B a a a—1 404(04—1)
G= Gl = ) (= 7o) * m v
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e (V) (G )

a\/W( a a—1>'

_|_
a? V2a—-1  V2a-3
PROOF. We solve the equation (2.1) by using the change of variables

and

Cy = CQ((Z,b) =1+

r=¢' with t €] —o0,logal.

Since
dPu 1 d%u 1 du
de? 22 dt?  x%dt
we obtain from (2.1):
d*v  du
darrdt
We easily find that the general solutions of (2.3) is given by

t
u(t) = et lﬁl _ 1 / e(2fa)t/f(t/) dt/]
log (a)

(2.3) bu = —e 2 f.

200 — 1

1 ! :
+ellmet [52 + 50 / elttelt f(t’)dt’]

— 00

with (1, 02 € R arbitrary. Now passing in the variable z we obtain

1 a
we) = o[ g [
1 T
(2.4) T [52 + / f@) (@)™ d:c/] .
2a — 1 0
The expression of u can be written in the form
1
’U,(:E) = [z + e — lxo‘ul ({E) + Sor — 1x170‘u2(x) + 52$170‘
with "
ul) = [ ) ds

and

ua(x) :/ f(@) (2> da'.
0
From the hypothesis b > 3 we deduce
3
2. =
(2.5) a>sg,

then the function B;x® is an element of H?(2). Let us prove that
x%uy, 21"y € L?(Q). We are the following inequalities:

a 1/2
s (@) < [ / (x’>2—2adsc’] 1l

which gives

p3/2—a
2.6 < —

( ) |’UJ1($>| = \/m”f”[ﬁ(ﬂ);
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and we obtain in the same manner

x1/2+a

luz(z)| < \/TTHJCHH(Q)'

We deduce from the above inequalities that x%uy, 1~ %us € L?(Q) with

2.7)

a? 1 1
2.8 « + ||zt < — + .
28 el + ol < § (g + g ) Wliom)

Since u must be an element of L?(Q) we necessarily have 3 = 0, that is, u is given
by

1 1
(2.9) u(z) = fra® + e — 1x0‘u1(x) N y— oy (z)
We easily compute

1—
(2.10) W(z) = afra®t + — 2oty (z) © ruy(z)
2a—1 2a—1
and
ala—1)

(2.11) u'(z) = —f(x) + a(a — 1)B1z* 2 +
With the help of (2.6) and (2.7) we obtain:

o 1 a—1
04—1\/204—3 04—1\/2 +1
and we deduce that v’ € L?(Q) with
(2.12)

1
o < @ a2 4 a ( @ o — )
vl L2y < |61 5T Va20 - 1) \V2a =3 \/2 = Ilfllz20)-
Now using the Hardy inequalities (see for exemple Lemma 6.2.1 of [7]), we infer
that 2% 2uy, 2717 %y € L*(Q) and

200 — 1

()] < ol 5 | iy, Yo en

2% ?us| 2y < HfHL2(Q)

2a

1w 2
la™ Uz 20y < 71z
Then from (2.11) we deduce that u” € L*(Q) and

ala— l)aa73/2 1 da(a—1)

2.13 " <
( ) [|w HL2(Q) = |51|m + [1+ 2a + 1)(2a - 3) HfHL2(Q)

d

3. The general dimensional case

In this section we consider n € N* and we denote by {2 an open bounded domain
included in R"*!, with boundary of class C?.
Let us denote ' = 99; for any z € I' we denote v = v(z) € R"™! the normal vector
in x to I' oriented to the interior of {2. For any € > 0 we denote

Ye={r € Q; dist(z,T) <e€}.
It is well-known that there exists ¢y > 0 small enough such that for any € €0, €|

we have
Ye={z+sv(z), z €T, s€]0,¢[}.
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We also denote for any € €0, €]
.= {z+ev(z), €T}
Let us now give a > 0 and consider f € L?(X,) and u € H'(%,) satisfying

—Au+b(z)u=f in H=Y(Z,)
(3.1) { u=0 for zel

In the above b : ¥, — R is a given regular enough function which “behaves as

m for x close” to I'. For simplicity we suppose that there exists a function
bo : T — R with by € C*(T), such that

b
(3.2) b(z + sv(x)) = OS(;>, Ve eTl, Vs el0,min{e,a}[.

In all this section we denote by C a generic positive constant.
We have the following preliminary result:

LEMMA 3.1. Let us consider f € L*(,) and u € H*(X,) satisfying (3.1).
a) For any ay €10, a[ we have

(3.3) lull g (z.,) < C [llull2z,y + 1£l22.))

b) For any ai,az with 0 < a1 < az < a, we have u € H*($12) and
(3.4) lullrz(s, ) < O [llullzaes,) + [1fll2cs.)]
where we denoted X1 9 = X, — E—al

PROOF. a) We consider a cut-off function ¢ € C*(X,) such that ¢ = 1 on
e, and ¢ =0 on 9(3,) — I. Tt is clear that @ = uy satisfies

{ —Au+bz)i=f in D' (Z4)

(3.5) =0 for T € 0%,

where f = fo —2Vu- Vi — uAg. We have that f is an element of H1(X,) and

(3.6) I lla-1 0 < e llullze + 1f )2 a)]
From the Hardy inequality

v

(87) dist(z,T)

< ol Vo€ HY(S,)
L2 (%)

we easily deduce that the problem (3.5) has an unique solution @ € H}(2,) for any
fe H(X,) and
lallmrzay < cllflla-1(za)-
With the help pf (3.6) we obtain the expected result.
b) This part is obvious by interior regularity.

We can now state the following result

THEOREM 3.2. Suppose that bo(xz) > 3 Yz € T. Then for any f € L*(Z,) and
u € HY(X,) satisfying (3.1) we have u € H?(X,) with

(3-8) lull g2z, < C [llullpzs,) + 1f]l2s.)]



6 IONEL CIUPERCA

where C' > 0 is a constant independent on u and f.
We also have

Ju
(3.9) e 0 onT.

PROOF. From Lemma 3.1 b) it suffices to prove that u € H?(X,,) for s > 0
small enough.
Let us consider the open sets 21,5, - - - Qn such that

250C91UQQ"'QN

and 1, p2, - - N a partition of unity associated to 21, Qs, - - Qn, with
©YE € D(Qk) and

N
0<pr <1, Zwkzlon Y-
k=1
Let us denote for any k € {1,2,---N}:
Qk:QkﬂESO, I'y=Q.NTC
and
U = U Pk

Since u = Zivzl ug, to obtain the regularity result it suffices to prove that uy €
H?(Qf) and to obtain appropriate estimates for lurll g2 (6,
It is clear that
_A bup = i Q

(3.10) uk +buk = fi - in O

up =0 on x €0 — Ty,
where we denoted

fe = fo—2Vu- Vo — ulpy.
We can suppose that

Qp = {z+sv(z), v €Ty, s€][0,al}.

We also suppose that every set I';, is an n-dimensional C? - manifold which can be
written in the following manner:

Fk:{gk(t), tGTk}

where T}, is a bounded regular open set in R® and ¢g* : T), — R"™! is an injective
and C? - function (for exemple I'y, can be defined as a C? - graph in an appropriate
local coordinates system).

We now introduce the vectors in R™*1:

dg* .
TjETj(t):%(t), ]:Ln
J

These vectors are tangent to the manifold I'y, and we suppose that 71 (¢), - -7, (¢)
are independent in R”*! for any t € Ty. Let us define
v=0{t)=T1AT2 ATy

(the vectorial product in R"*!) where we recall that 7; = (—1)**1det (M;) with
M; the n x n matrix obtained from M by suppresing the line j, where M is the
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(n 4+ 1) x n matrix whose l-column is 7;.
It is clear that v is normal to I'y and we suppose that v is given by

where we denote d = d(t) = ||D(t)]| > 0 (since D(t) # 0).

Let us denote @ = Tj x [0, s0]. We suppose that sg > 0 is small enough such
that the function 6 :Q — Qj given by

0(t, s) = g(t) + sv(t)
is injective. It is easy to see that the Jacobian matrix of 0 is the matrix A = A(t, s)
given by
A(t,s) = Ag(t) + sJ(t)
where Ag and Jg are written by columns as
Ao = Ag(t) = (mu(t) - ma(t) v(t))

and
Jo=Jo(t) = (g—tyl(t) . %(t} O) .

We also have

n—+1 n—+1
det (Ag) = > (=1)" Ty det (M) = Y (—1)"v;z; = d(t) >0, ViteT.
Jj=1 j=1

By continuity we deduce that there exists dy > 0 such that

det (A(t,s)) >dyp on Q
for sp small enough. Then the function 6 is a diffeomorphisme between @ and
Q.
Let us denote B = B(t,s) = AL, It is well-known that the laplacian operator on
Qy is given in coordinates (¢, s) by

Azv = L(v)
where we set
1 T
(311) L('U) = mvig)s . [(det A)BB Vt)S'U:I
Then the equation (3.10) is written in coordinates (¢, s) under the form
(3.12) —L(ug) + 2Puy, = fi in Q
ug =0 on 9Q —{s=so}.

It is clear that for so small enough, we have for any m € N that
v e H™(Qy) < v € H™(Q) with equivalence of norms.
Let us observe that

(3.13) AT Ay = ( Ré” (1) )

where R = R(t) is the n x n invertible matrix given by
Ri;(t) =7i(t) - 7(t), @j=1,--n.
Since BBT = (ATA)~! we deduce
BB” = (ATAy) " +50(1)



8 IONEL CIUPERCA

where we denote in all this paper by O(1) terms which are regular enough on %, .
We remark that

det A = d(t) + sO(1).
By a direct calculus we can prove that the operator L can be written in the form
0%

(3.14) L) = 5

+ Lo(v) + L1 (v) + sLa(v)

where )
Lo(’U) = Evt . (det’U)
L, is a first order linear differential operator in (¢, s)
Lo is a second order linear differential operator in (¢, s).
The goal is now to prove that fx, Lo(ur), L1(ux) and sLa(ug) are in L%(Q), to obtain
appropiate L?- estimates for these expressions and to conclude using the results of
Theorem 2.1.
From Lemma 3.1 we deduce that

(3.15) lurllz @) < C [lull o, + £ 2]

and

(3.16) lukll rore ((s=sop) < C [llullp2cs,) + 1fllL2(s.)]
which allows to obtain fx, L1 (ux) € L?(Q) with

(3.17) I fellz2(@) + I1L1(ur) [l 22y < C [lullzoza) + I1f 12z -]
Let us now observe that for any v we have

(3.18) L(sv) = sL(v) 4+ L3(v)

and

(3.19) Lo(sv) = sLa(v) + La(v)

with Lg, Ly first order linear differential operators in (¢, s). Then multiplying (3.12)
by s and using (3.18) we obtain

—L(su):sf—bosﬁu — L3 (ug) in @
(3:20) { ’ szk:() " o on 9Q —{s=so}.

Now we have the following Hardy inequality

(3.21) 3 L2(0) < CH'UHHI(Q) Vv e Hl(Q) with v =0 on {s =0}
which implies
(3.22) ;’—2 ‘HA(Q) < Ollvllmo Vv e HYQ) withv=0 on {s = 0}.

From (3.15), (3.16) and (3.21) we deduce by classical regularity that
suy € H%(Q). Then using (3.19) we deduce that s La(uy) € L?(Q) and

(3.23) l|s Lo (ur)ll22(@) < C [lullz2za) + 1 fl22s0)] -

On the other hand, we remark that for any j =1,---n we have

a%L(“) =L (%) + Ls(v)
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with Ls a second order linear differential operators in (¢,s). Now deriving (3.12)
with respect to t; we deduce

(3.24)
() - L -nl w0
%7;];6 -0 on 8@—{5250}-

Denoting by g¢x the right-hand part of the first equation of (3.24) we prove, with
the help of (3.22), that g, € H~1(Q) and

gl -1 @) < C [lullzzs.y + 1 fllzzsa] -

We now use the fact that the operator —Lv + ls’—;’v is an isomorphisme from H}(Q)
to H~(Q) and that 2% € H'/?({s = so}) with

’ 8’U,k

ot
as a consequence of Lemma 3.1. Then for any j = 1,---n we deduce that % €
HY(Q), and we obtain Lo(uy) € L?(Q) with

< Cllullpzs, + I1flle2s.)]
H/2({s=s0})

(3.25) 1ol oy < C [lullzacss) + 1 lamny] -
Now the equation (3.12) can be written in the form
(3.26) ~G P u = by i Q
' ug(s=0)=0
with

hi = fr + L1(ug) + sLa(ug) + Lo(ug).
From (3.17), (3.23) and (3.25) we deduce that hy € L*(Q) and

(3.27) Ikl z2c@) < C [lullz2cza) + 1 fllz2(s0)]

which allows to write hy(t, ) € L(]0, s0[) a.e. t € T.
Since ug(t,-) € L%(]0, so[) we can apply Theorem 2.1 and deduce that ug(t,-) €
H?(]0, so[) a.e. t € T. We also have a.e. t € Tj:

H 82uk(ta )

952 < C1(s0, @)l hw(t, )|l 20,50 + C2 (0, @) [lun(t, ) 220,500

L2(]0,s0[)

with a = a(t) = 1 (1 + 1/bo (t)) and C1, Cs given in Theorem 2.1. We also obtain

8;: (t,0) = 0 a.e. t € Ty, which gives (3.9), where we use the fact that B(¢,0)v =

(0,---,0,1)T. Integrating in T}, and using (3.27) we easily obtain that u belongs to
H?(X,) and satisfies (3.8). O

4. An application to a FENE model for diluted polymers

We consider the stationary Fokker-Planck-Smoluchowski equation in R%, d = 2
or d = 3, which comes from the modelisation of the diluted polymers where the
molecules are considered as elastic springs (FENE models, see for exemple [3], [4],
[5] and [6]). We suppose that

(1) The length of the molecules are no larger than a physical constant sup-
posed equal to 1 by normalization.
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(2) The gradient of the velocity of the fluid is a constant traceless d x d matrix
denoted by G.
(3) The force in the elastic springs is given by

20x
Flz)= ————, VzeB
1 — ]|
where we denote § > 0 a physical constant and B = B(0,1) the ball in R¢
centered in 0 with radius 1.
We search for a density probability i/ defined on B solution of
—AYp -V - [F(z)yp— Gz =0 for x€B
IV 1 [F(a)y — Gzy] -z =0 for z€0B
Remark that F(x) = Vé(x) with ¢(z) = —§log (1 — ||x[|?), then the problem (4.1)
can be written in the form

[ (&Z)} (Gay)=0 for z€B
%)—i—Gm/}] 2 =0 for r € 0B

(4.1)

(4.2) [

where we denote M (z) = (1 — ||z||?)°. This equation has to be completed by the
conditions:

(4.3) ¥ >0

(4.4) /B V() dz =

with ¢ > 0 a given constant.
Let us now introduce the following functional spaces

2
L3, =L%(B) = {(p €Ll (B), / L dr < oo}
5 M

HL, = HY,(B) = {w e Ll (B), /B [%2 +M ’v (%) ’2] dz < oo}.

Then the variational formulation of the problem (4.2) is: find 1 € H}, such that

(4.5) /B[MV (%)-v(%)—ew-v(%)] dr =0 Yoe Hl,.

The existence and uniqueness of a solution of (4.5) satisfying also (4.3) and (4.4)
was given in [2] and [3].

The goal of this section is to give a supplementary regularity result for . Let us
begin by the following preliminary result:

LEMMA 4.1. For any 6 > 1 we have

¥ 1
Hiy, ={p€ L, (B), —= € H, B}
M {<P loc(B), L o(B)
and there exist constants 0 < ¢1 < ¢o such that

¥

(46) C1 \/M

, Ve Hy.
Hi(B)

< gl < e
H1(B)

P
i
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PROOF. Let us consider ¢ € H}, arbitrary. We have

%) %) VM
2 )\ =VM (—) _ .
v (\/M> V)~ apr?
Since VM = —25:cMH/5 we obtain

—+2 MV AT NPP-Iy i i e
\/_ Hl(B) M 5 M1¥2/57

Now using Theorem 6.2.5 of [7] (see also the inclusion (3.10) of [3]) we deduce that
ﬁ € H'(B) and that the first inequality of (4.6) is satisfied.

On the other hand, from the density of D(B) in H}, (see Remark 3.7 of [6]) we
deduce that there exists a sequence ¢y, € D(B) such that ¢, — ¢ in H},. Then

Pk ¥ . 1 . Pk
— — —— in H'(B) with — € D(B)
VM VM VM
and this implies \/— € H}(B).
Let us now consider v € Hj(B) and denote ¢ = v/ Mv. We have

/—+/ v (5 :/v+/|VU|2 /’

With the help of the Hardy inequality we deduce that ¢ € H}, and obtain the
second inequality of (4.6). O

2

Then using the changes ¥ = vV M f and ¢ = v Mg, the problem (4.5) can be
written in the equivalent form: find f € H{(B) such that

MV|—=) V|—=)-GavMf-V|—= || de=0 Vge Hy(B).
v (L) v (A v (L g€ H(B)

By an elementary calculus, the above equality writes

/ {Vf Vg—Gazf-Vg+ [(52 26 M (82 4 (n— 2)5+5Gx-x)M*1/6} fg}
B

then f € H}(B) satisfies the problem
52 — 2§ _52+(n—2)5+5Gx~x
(1 —[=[[2)? 1— |2

—Af+Gx~Vf+[ ]f_o in H~(B).

Let us now write
1 B 1 1 1 1 3+ ||z 1
(== @ +l=)* @ —lz[)* 4@Q—]=z[)? 4(1 + llz][)? 1 — [|=||

and observe that dist(x,dB) =1 — ||z||, Vz € B. Since P € L?(B) by Hardy
inequality, we deduce that f satisfies
52
~Af+—-——f=h inH (B
! 4dist?(x, 8B)f (B)

1H|

with h € L*(B).
Then the result of Theorem 3.2 applies with by = “=2% provided that

5_25> 3 <= 60 > 3 and we get f € H*(B) and gl{ :()on(?B.
We then proved the following regularity result:
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PROPOSITION 4.2. Under the hypothesis § > 3 the solution ¢ of (4.5) satisfies

\/LM € H2(B).
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