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ABSTRACT. Recently, a nonlinear boundary value problem of the heat equation
has been introduced to describe critical heated boiling regimes. Speetjens et.
al. have conjectured that the solution gives rise to semigroup with an attractor
being the unstable manifold of its fixed point set. We verify that the solution
has indeed that property. But we point out that the semigroup should be
considered acting on L? and not on H! as suggested in the conjecture.
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up — VA5 yyu =0, (t, &) =(t,x,y) € Qr = (0,T) x Q
=(0,T) x (Br x (0, H))

u(0,€) = uo(§),

—uy(t,z,0) =0,

uy(tv‘ra H) = _f(u) )

a%u(t, Rn,y) =0.

where B € R™! is the n — 1-dimensional ball with radius R, and f is a cubic
like function, with its first zero at the origin.

For n = 3, this nonlinear boundary value problem has been introduced by W.
Marquardt at RWTU Aachen to model the interaction between two boiling regimes

in highly efficient steam generators and other industrial boiling equipment, c.f.
[AM].

Our study is motivated by the recent work on the long-time behavior of the solu-
tions of the above parabolic problem, c.f.: eg.: [SR], [Sp], [GS]. In order to justify
those calculations the authors conjecture that the initial value problem generates
a semigroup to which the theory of dynamical systems in infinitely dimensional
spaces is applicable as, for instance, presented in Temam’s book [T].

In this note we point out that this is indeed the case, but argue that the underlying
Hilbert space should be chosen to be L? and not H!, as suggested in [SR] c.f. the
detailed discussion below.

The author would like to acknowledge the hospitality and support of the Center of
Dynamical Systems and the Department of Mathematics at the University of Dres-
den, Germany and the financial support of the Research Council of the University
of Oklahoma. We are grateful for many stimulating discussions with Professors
Ralph Chill and Stefan Sigmund, which made this work possible. In particular
we owe the crucial reference [JK] in the proof of the existence of an appropriate
Lyapunov Functional to Professor Chill.

Discussion of the conjectured properties in Speetjens et al.

Note, in the following quotes the solution of the parabolic problem is referred to as
“the system”:
1) [SR]: Property 1:(p.937)
”The system results in a global semiflow: ®(t) : H*(2) — H'(Q),t € [0,00) .”

2) [SR]: Property 2: (p.938)
“Assume that the global semiflow ® generated by the system has some com-
pactness properties, e.g.: in the sense of [18, Theorem 1.1., Assmpt. (1.12) or
(1.13)] and further assume the existence of a bounded set M C H'(Q), which
attracts all bounded sets in H(Q). 7 !

IThere is an obvious typographical error in [SR] as to the number of the theorems, which we
corrected in this quote. The reference [18] of [SR] refers to Temam’s book [T].
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3) [SR]: Property 3: (p.938) (implied)

B = 5( [ IVuPds + [ Fdo).
Q S1

is a Lyapunov Functional for ® satisfying the assumptions of [18, Theorem
VIIL, 4.1], 1 = BR x {H}.

It should be noted that in [SR] the boundary Neumann boundary condition with
—uy(t,z,0) = 1 and a cubic like function f as in Fig 1. is considered. The
transformation

u=u+y+d.

yields the above problem for an appropriate choice of d, with a modified function
f satisfying the assumptions given below.

f(r)

Fig. 1

Since we want to deal with solutions in Sobolev spaces we assume that f has
linear growth for large values of the argument. The physical relevant values of the
temperature are certainly within a bounded range, hence that assumption does not
restrict the applications of the model to the physical regime. To be precise we
always assume that the nonlinearity f satisfies

1) f:R — R is globally Lipschitz, i.e. :

|f(r1) = f(r2)| < Ki|ri — 2], for ri,m € R,
2)  f(r) has exactly three zeros at 0, p1, po, 0 < p1 < p2,
3) f(r)r > Kar?—m, forall r.

(Ay)

for some positive constants Ky , Ko, m (K7, m bigger than 1, say).

In the first part of this note we present an uniqueness and existence proof for
weak solutions for initial values in L?. Our arguments provide enough regularity
to verify most hypotheses of the stability theorems presented in Temam’s book [T],
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as we point out in the second part. To verify that E(u) actually is a Lyapunov
Functional with the required properties to apply Theorem VII, 4.1 of [T], we need
some stronger estimates for which we assume that f is differentiable, in addition.

Certainly, there are many results available on the solutions of (NP) in the literature.
But these mostly contain various compatibility and regularity conditions on the
initial value. c.f. eg. [A]. Here we point out that a straight forward Faedo-Galerkin
approximation yields the existence of a unique solution without those conditions.
That allows us to consider the semigroup in L?(£2), and not in H'(Q), as suggested
in [SR].

Due to the imperfection in the material it seems advantageous to develop a the-
ory with as little regularity in the space variables as possible. Furthermore any
restrictions to the initial temperature distribution such as a-priory compatibility
conditions would be hard to meet in experiments. Therefore, to deal with the semi-
group in the basic Hilbert space L?(Q) is not only mathematically more appropriate
but also better suited for the applications.

In order to do so we need a rather general notion of weak solutions which allows
for initial values in L?(Q) :

Definition 1 Let u:((0,00) x @ — R be a (Lebesgue-) measurable function in the
spaces

C([0,00), L*(Q)), L*((0,N),L*(S1)), L*((0,N),Wh*(Q)),
and

1
WLQ((N’N) x Q), forall N € N |

then we call u a weak solution of (NP) for u, € L*(Q), if
- ugy d€dt + v| DuDe¢ d¢dt + f(u)gp dxdt]
[ [rosei] [ [ ]

:/%wm@,

Q
for all functions ¢ € C}(R,C>(Q)).

Remarks:
1) Our approach is applicable for more general domains 2 C R" with a nonlinear
boundary condition of the form

aimu|Q = f(z,u).
However, in order to get some rather explicit estimates we restrict the discussion
to Q=Br x(0,H) CR".
1
2) The assumption u € WLQ((N’ N) x Q), for all N implies that the trace of u

is a measurable function in (0,00) x (S1). Consequently u is well defined in

L?OC ((0,00), L3(S1)), and w € L3((0, N), L?(S1)) is a meaningful hypothesis.
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3) Note that our notion of solutions implies that u(0) = u, in L?*(2). This
follows from choosing testfunctions ¢ = ¢.(t)y with ¢ € C>®(Q) and ¢.
approximating

1 for t <0,
1
Ge=41—~t for 0<t<e,
€
0 fore<t.
4) Our existence proof provides the estimates for the Sobolev Spaces listed in Def.

1, but we need to show the continuity of the solution on [0,00), in L?(Q)
separately.

We have

Theorem 1. If f satisfies (Ay), then for each u, € L*(Q), there is a unique
weak solution u of (NP).
We prove the theorem in the next two sections. In the last section we furnish further

estimates which allow us to verify all the properties of the attractor postulated in
[SR].

Uniqueness

Our proof is modeled after the proof presented in Sohr’s book of Serrin’s uniqueness
result for Navier-Stokes equations in 3-D ( as long as the solutions remains smooth),
c.f.: [Se,So].

Because of Gronwall’s Lemma the uniqueness is a consequence of the following
estimate:

For weak solutions u,w we have

T

3 [ (@-wmzds+v [ [1vw-—wpPdga
Q 0 Q
T
<ol [ [ - ) widsde] 1)
0 S;

IN

T T
g/ |V(u—w)|2d§dt+0//(u—w)Qdfdt.
0 Q 0 Q

With z(s) = (u —w)*dé dt , we have z(0) = 0 and hence Gronwall’s Lemma

o,

o)
o~

implies that

(u—w)?dédt =0, forall s > 0.

o,

o~
o~
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We start with the justification of the last inequality of (1). For smooth functions
@ and W, the compact trace of W12(Q) in L?(Sy) yields

| /T [t — s @ ads]
§ Si1
T
_Kl//(a—m?dt (2)
§ Si1
gj F&ﬁ+0// )2de dt
)

Q
with the constant C' = C(K7,), but not depending on 0 < ¢ < T'.

To see that (2) holds for two solutions u and w, we approximate the solutions

1 1
with smooth functions in WLQ((N’ N) x Q) with N < §. We note that the trace

1
operator into L?((=, N) x Si), is compact. Hence the inequality is true in the

limit with the constant not depending on §.

Also, the integrability condition on the solutions together with the growth condition
on f provide that the two quantities

| /6 [t — s wydse]
0 S;
gjgwm—mﬁﬁﬁ+cjgm—meu

can be estimated by o(d) with o(d) — 0, as § — 0, establishing the second
inequality of (1).

and

For the task to verify the first inequality of (1) we furnish further properties of the
solution implied by the definition. To this end let p. be a mollifier in ¢, (with
support of length 2¢ ). For ¢ > ¢ and a function v € L'((0, 00) x Q) we define the
partially mollified function v, by

o0

oelt,€) = / o(r, E)pe(t — 7)dr
0

where we identify v with its trivial extension, when necessary.
We list some properties of that partial mollification in

Lemma A. Let D be a measurable set in R™.
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1) For v in L*((0,T) x D) and § > 2¢, we have v. — v in L*((6,T) x D), as
e—0.

For weak solutions w,w their mollified functions have the additional properties:

2) Ift >0 > 2¢, then

/(ué(t) —u(t))?dé -0 as e —0.
Q
3) For t >4 > 2¢, we have ue € C((5,00), WH2(Q)), and

st = [ pelt =) Toulr dr = (Lun(t).

— 00

4) For t > ¢ > 2e, the function t — /uéwé(t) d¢ is differentiable and

%/uéwé(t) ¢ = /u;wé(t)df +/uew2(t) dg .

Q Q Q

o0

with u!(t,x) = (ué)t (t,z) = /u(T, ) (pe) (t — 7)dT .

0

5) For ¢ > 2e, we have

Zg/u;wedfdt _—V[ZEI/VUEVwEdfdt—|—/T/f(u)5w5d:cdt].

6 S

The proof of Lemma A mainly follows the basic arguments provided in [So], which
we give in the appendix for the convenience of the reader.

For two solutions Lemma A implies

[ untr)ae - / w8)de = lim [ (T)de ~ [ waw(5)de)

Q Q Q

—hm//uwédfdt—k//wuédfdt
:—Vlun//VuEVwEdfdt—F//f )ewe dx dt]

S

—V11m//VwEVuEd§dt+//f )ette da dt
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We note that due to our assumptions the quantities

§ §
0/ SZ VuVwdé dt and O/ 5/ Ffw)wdz dt

vanish as 6 — 0, whereas

/uw(5)d§ - /ugdg .
Q

Q

Hence
T

/uw(T)d§ —/ugdg = —V[2/§1/Vqud§ dt

Q Q 0

+/T/f(w)udxdt+/T/f(u)wd:cdt].
o S 0 S

With this equation we can verify the first inequality of (1) expanding the square
under the integral on the left hand side and then choosing solutions v and w for
each term, fittingly. We conclude that the solution has to be unique.

Existence

To establish the existence of a weak solution we use a Faedo-Galerkin approx-
imation. As usually, for a sequence (1,) of smooth functions on Q dense in
the Sobolev space W2(Q), we define a finite dimensional space V,,, say, by
Vi =span {¢1,...,¢n}.
A differentiable function wy(t): [0,00) — V,, is called n-th Faedo - Galerkin ap-
proximation if it satisfies

i) un(0) = (un), for elements (un), € V, with (u,), — uo in L*(Q) as

n — oo,

and

i) / (un), b€ + ] / Dun Dédt + / f(un)dz) = 0, (FG)
O ) S

for all functions ¢ € V,, and t € [0,00).

Since V,, is a finite dimensional (real) vector space it is isomorphic to R™ . Hence we
can consider u,, as a function wu,(t): [0,00) — R" and rewrite the above equation
in the form

U’;z = fn(un) )

which is a system of first order ODE’s. A unique solution of the system exists, for
all ¢ > 0 provided F,(r) is globally Lipschitz.

Since the norms on finite dimensional vector spaces are equivalent, a global Lipschitz
bound can be found for each F,, because f is supposed to be globally Lipschitz.
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Note also, that for fixed ¢ the approximation wu, and its derivative u), are in Vj,
and consequently those can be used as test functions in (FG). Testing with u,, and
integrating over (0, N) we get

1d
57 [ E0ds+ vl [ 1Vunde+ [ funyundal <o, 3),
Q Q Sh
firstly, and then
N N
/(un)2(N)d§ + 21/[// |Vun|2d§dt + /f(un)und:cdt]
Q 0 Q 0 S;

= [ (), .
Q

Due to the bounds from below on f(r)r we conclude that the sequence w, is
bounded in L2?((0, N), W%2(Q)). That allows us to go to the limit in the first
two (linear) terms in the definition of the weak solution, on account of the weak
compactness of bounded sets in Hilbert spaces.

We also get a bound on the trace of u, in L?((0,N), L?*(S1)), but in order to
interchange the limit in the nonlinear term we need further information, such as
the point wise convergence with respect to S; . The later would follow from weaker
estimates than those we furnish below. But these estimates will provide the bounds,
too, which we utilize in the discussion of the properties of the semigroup for large
t.

Firstly, we prove that there is a uniform bound on the L?(Q)-norm of u(t) for all
t > 0 and all N . We begin with an observation due to the special geometry of the
domain.

Lemma B If u e WY2(Q), Q= Bg x (0, H), then

(KR §2H2/|Vu|2d§+2H/S u?dz .
1
Q

Proof:
For u € C1(Q) and & = (z,y) € Q we have
H H
[u(@)| = |u($,H)—/uy($,8)d5| < |u($,H)|+/|uy|dy-
y 0

Squaring both sides of the equation and then integrating over £ yields

/u2d§ < 2H2/(Vu)2d§ +2H | u?dx.
S1
Q Q

The statement now follows from the density of C*(€) in W12(Q) and the embed-
ding theorems. (Similar estimates can be obtained with other geometries of the
heating device. But we use the Lemma to get rather explicit constants.)
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Next, Lemma B and our assumptions on f imply
K1 /uidf < 2V(/|Vun|2d§ +/ fup)undx) + ko, (4)
S1
Q Q

1
with k1 = v[max{H , H?} max{1, ?}]71, and kg = 21/m/ dx .
2
S1

From (3) we get

d
E/uidf—!—m/uidf < ka.

Q Q

We invoke the following version of Gronwall’s Lemma, c.f., eg.: [T].
For integrable functions z, g, h, with 2z’ being locally integrable, too, we have
Z<gz+h =

t t s

2(t) < z(to) exp(/ g(T)dr) + /h(s) exp(— /g(T) dr)ds .

to to t

With g = —k; it provides the bound
/ u?(t,€)de < et / udde + "2 (1 e~
R1

Q Q

K
g/ﬁ&+ﬁ.

Q

(5)

In order to get an estimate on the L?((0,T) x Q)-norm of u’, too, we use u/, as a
test function in the definition of the weak solution. Since the initial value is not in
W12(Q), a straight forward integration over the second term does not provide the
required bound. Instead we use “Uniform Gronwall Lemma“ which is attributed
by Temam to Foias and Prodi [FP], c.f.: [T], p.91.

For locally integrable, nonnegative functions z, g, h, with 2z’ being locally inte-
grable, too, we have that
Z<gz+h
implies
t+s t+s
2(t+s) < (2(t1) + / h(r)dr) exp(/ g(T)dr),
t1 t1
and
t+s t+s t+s

St +s) < [é / (r)dr + / h(r)dr] exp(/g(T)des),

t t t
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for 0 <tyg <ty <t+s.

The point being here is that the last estimate does not need any information on z
at the initial boundary point of the integration interval.

To use this fact, we need to control the terms on the right hand side:

Identity (3) and the assumptions on f also provide the estimate

2
p u? (t)dé +2V/ |V, (t)[*dé + —V/ ul(t)dr < ko
S1
Q Q

Ky

Integrating over (t,t+ s) we get
t+s t+s

K K.
V//|Vun|2d§d7'—|—y// uidCCdTSSTQK/Q"‘TQ/Ui(t)dS
S1
Q t

t Q
Ky
SsR2 TP,
2
1 T 1
with Ko = max{l,—1}, and
Ky

K. K.
p= {/u%(t}df < {(/ugdf + %) =:pp, because of (5).
1
Q Q

Now let F' be the smallest nonnegative antiderivative of f, then testing (FG) with
ul, yields

d
E[/|Vun|2d§ —|—/F(un)d:c] <0.
Q S1

To use the uniform Gronwall Lemma for

z= / |V, |*dé —|—/F(un)d:c ,
Q S1
we need to estimate the second term. From the growth condition on f we get that

1
F(s) <c(s?+1), for some ¢ > 1. (¢ > max{l, §K1(1 + u3)} will do.) Hence

t+s t+s t+s

/szS//|Vun|2d§d7'—|—c(52—|—1)// u? drdr
S1
Q t

t t

K
(s2 + 1)(572@ +7).

With h =g =0 and s <1 we get from the uniform Gronwall Lemma that

c
S_
v

/|Vun(s)|2d§ + /F(un(s))d:c < —, (6)

Q S1
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2¢ K.
for kg = 7(72,%2 +00) -

1
Next, integrating (FG) over(N, N), with the testfunction u/ yields

N
//(u;l)2d§dt §/|Vun(%)|2d§+/F(u(%))d:c < k3N.
1/N Q Q S

1
and hence u,, is bounded in WLQ((N’ N) x Q) for each each N .

Now we can verify that the limit u of the sequence of Garlerkin solutions is indeed a
weak solution. From the bounds established above we conclude that (a subsequence
of ) u, converges to u weakly in the Hilbert spaces L2((0,N),W2(Q)) and

1
WLQ((N’N) x ), for all N.

1
Hence u,, converges strongly in L?((—, N) x S1), for all N. As a consequence we

can assume that u,(t,2) — u(t, z),a.e. in (0,00) x Sy, (choosing a further subse-
quence if necessary). Because we have a bound on the trace of u,, in L((0, N)xS;)
the growth condition on f implies the weak convergence of f(uy) to f(u) in that
space; consequently u satisfies the defining equation of a weak solution.

Altogether u, is bounded in L>((0, ), L*(2)), L*((0,N), L*(S;)), and
L2((0,N),W2(Q)) for all N, hence the limit function w is also in those spaces.

It remains to verify the continuity of u: [0, 00) — L?(€2). We note that for all ¢t > 0

the norm || u(t) ||L2 @ is well defined: Because of the compact trace operator

1
tr: W1’2((N,

un(t) — u(t), in L*(Q), as n — co.

1
N) x Q) — L2({t} x Q), for t € (N’N)’ we have

We begin with verifying the weak continuity at ¢ = 0. For test functions ¢ we have

|/ ) — uo)pdt] = | hm/un ) = (tn)o) €]

=] Jim // (t)pdg dt| < Jim w (p,7) //|Vu 2d¢ dt)'/?

—|—(//u,21d:cdt)1/2] < Cw(o, 1)
0 S

with w(¢,7) =0, as 7 — 0.

Since L2(Q) is a Hilbert space, the strong continuity at zero now follows from the
estimate
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/ (u(r))? dé — / (u0)?d
Q Q

= Jim [ )2 - [ (n)o)?a
Q Q

zillm//uun dédt < hm—//funund:cdt

0
SCT/d:c;
S1

the last inequality holds because of the bound from below on f(r)r.

To verify the continuity for ¢ > 0 we note that the compact trace operator ensures

that for two given t1,ts there is a subsequence such that w,(¢;) converges strongly
in L2(Q2). So

[u(t) —ultz) o = Hm || un(t) = un(t2) |5 -

On the other hand Jensen’s inequality allows the following estimate

ta

l ttn(t2) — wn(t) |2 = / ( / (ul (1) dt )2 dé

Q

<|/|t1—t2|/ dtd§<|t1—t2|// )2 dé dt

1/N Q
S |t1 — t2| C(N) .

1
forafixed N, 0< N < t1,ta < N, (independently of n,) implying the continuity
of the solution in L?(Q).

That concludes the existence proof.

Properties of the semigroup

Firstly we note that Theorem 1 provides the existence of a continuous semigroup:

Theorem 2 A weak solutions of (NP) generates a continuous semigroup
O(t):L*(Q) — L*(Q); uo — u(t), i.e.:

) {CI)(t +38)=®(t)o®(s) for s, t>0,

B(0) =id,s )

ii) ®(t) is continuous in L*(Q).
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Further properties are obtained immediately from the estimates in the existence
proof, c.f.: [T, p.85,ff], too. Inequality (4) shows

Corollary 1 Every ball B(0,p) C L*(Q) with p* > %2 s an absorbing set.
K

1
More precisely we get from (5), that if uo(z) € B(0,r) C L?*(Q) then with r > p >
K

2
po =,/ —, we have
K1

/ﬁ@0&§£+ém%ﬁ—£%
Q

1 2 _ 2
Soif t > —In(5—L8) = ¢
ki Pt =g

[wtoa< e,
Q
and u(t) € B(0,p) C L*(Q).

then

P

Actually we have shown the estimates only for the Faedo- Galerkin approximations
uy, . Because of the lower semi-continuity properties of the norm involved these are
valid for the limit, also.

In order to apply the theory of the existence of an attractor we need that the image
of a ball lies in a compact set of L?(€2).
Corollary 2 If u,(z) € B(0,7) C L*(Q) then for t > t,,+ 1 we have
u(t) € B(0, R) C W12(Q)
for R? > k3 +p?, and p > po .

To see that, we note that from Corollary 1 and inequality (6) we get

(el <0+ [ IVulPd + [ Fluv)de < 2.
Q S1

To show that the energy functional E(u) can be considered as a Lyapunov Func-
tional on an appropriate subset we need further estimates. To get those we assume
that f is continuously differentiable. The global Lipschitz condition then implies
that the derivative is bounded by Kj .

Testing (FG) with ], and integrating over (t,2+4 1), t > t, (,41) also gives
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t4+1
[ [ wrdear <.
t Q
Hence differentiating (FG) and multiplying with u! we get:
1 d /1 \2 /12 !/ /1 \2
57 | rde v [19u2ds = v [ £ () a2 ds
S1

Q Q

< [1vude +c [ wrae.
Q Q
and now the uniform Gronwall Lemma provides the estimate

I (t 4+ 1) |17

c. _
L%(Q) ’

< K3e2C: =Ky

Consequently, for every ¢ > t, ,, + 1 the sequence u/,(t) converges to a function
u'(t) = v, weakly in WH2(Q), with v being a weak solution of
Av =g,
0
~ o=h
an'

where g € L? and h € LY with ¢ = g(n) > 2. For n =3 we have ¢ = 4.

3

Invoking now the results of [Gr] and [JK] we obtain

Corollary 3 If u,(z) € B(0,7) C L3(2) then for t > t, ,, + 1 we have
u(t) € B(0,R) C H3?(Q),

for some number R < oo.

With the definitions given in [T] these results imply that the semigroup ® generated
by the weak solutions of (NB) satisfies the first two properties stated in [SR].

Theorem 3
1) Ewvery ball B(0,p) C L?(Q), is an absorbing set for p > po(f, H),

2) The semigroup ® is uniformly compact. i.e:
There is a number to(B) >0 such that

U ewms

is relative compact in L?(Q) for all bounded sets B.
3) ® has a compact connected attractor A C B(0, R) C W12(Q) i.e.:
i) ®t)A=A, forallt>0,

i) dist{®(t)v, A} — 0, as t — oo, for all ve L*(Q).
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Proof:
Corollary 2 provides the uniform compactness and then Theorem 1.1 in Chap. I of
[T] establishes 3.

To provide further properties of the attractor we consider the functional
v
B(u(t) = 5[ IVuP0)ds + [ Flu(t)d).
Q S1

We claim that E is a Lyapunov function of ® i.e.:

There is a set F C L?(Q) such that E: F — R is continuous and
1) For any v € F the function t—E(®(t)v) is decreasing.
2) If E(®(t)v) = E(v) for some ¢ > 0, then v is a fixed point of ®.

Theorem 4 In addition to(Ay), let f be continuously differentiable. Then the
attractor A C F, with F = B(0,R) € H3/?(Q), and E is a Lyapunov Functional
on F.

Proof:

To verify that E(u) is decreasing in ¢, we can not use the Galerkin approximations
directly. We have u, (t) is bounded in W12(Q) with weak limit u(t), but we don’t
know whether it converges in the strong topology of that space. Therefore we select
a sequence (v,), € Vj, converging strongly to u(tg) € WH2(2) and consider the
Galerkin solutions of (NB) in the interval (tg,t) with initial value (vy,)o .

Because of the uniqueness theorem the solutions (vy,)(t) converges to u(t) with the
additional feature that V(v,)(to) converges to Vu(tg) and that F(v,(t)) converges
F(u(t)), for t >0, in the strong L?-topology. Using v/, as a test function we get

/|Vu(t)|2d§ —|—/F(u(t))d:c

Q S1

n—oo

< lim [ |Vu,(t)]?dé + lim /F(un(t))d:c
Q S1

< lim [ |Vu,(t)]?dé + lim /F(un(to))d:c
Q S1

Hlim sup(— / / (W )2 de dr)

n—oo
to Q

S/WMWP&+/FW%DM,
Q Sh

i.e.: E(u) is decreasing.
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To verify the continuity of ® on F with respect to the L? -topology, we note
that the typologies induced by L?(Q), respectively W12(€2), on sets F bounded
in H3/2(Q) are the same. That is a consequence of the compact embedding of
H3/2(Q) in WH2(Q) and the compact embedding from W'2(Q) into L?(Q) :

Obviously, we have || u ||, < [| u[|; 5, so we only need to verify that we can make on

B(0,R) € H3/?(Q) the W'2-norm small provided the L?-norm is small enough.
Indeed, for given € > 0 and for all v,w € F = B(0,R) C H*/?(Q) we have

€
lv=wls < 3=2R+CE@ 0=,

because of the compact embedding of H3/2(Q) in W2(Q). Then, if

HU—U’H2<5:W,

we get the desired estimate.

Theorem 4.1, Chap VII of [T] now establishes the claimed properties of the attrac-
tor:

Corollary 4 If G is the set of fized points of ®, then
A= M4 (G).

Furthermore if G is discrete then A is the union of G and the heteroclinic curves
joining two points of G .

Here M (G) is the unstable manifold of G with respect to ®. That is the sets of
all points v such that for all ¢ <0 there is a u(t) € ®(—t)"tv, and u(t) - 2 € g
as t — —oo, c.f.: [T], pp 489 ff.

Appendix

Proof of Lemma A:

Firstly we note that for D C R™ and integrable functions v in L'(R x D) the
function

o0

w@@z/ﬁm@mv—ww,

0

is integrable in L'(R x D) : Because the integrant is measurable in R x R x D as
the product of two measurable function, we get

7/7|v(7’, e (T — t)|dr dEdt

0D O

_77/|v(7’,§)u5(7—t)|§d7'dt
00D
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by Tonelli’s - theorem, and so v(7, &) (7 —t) isin L}(R x R x D). Now we can
ably Fubini’s theorem to conclude that v(,€) is in L}(R x D).

Proof of Lemma A 1)
To verify the convergence of the mollified function in L?((§, T) x D) note that the
mollification is decreasing the norm: Due to Jensens Inequality we have

2 2
[uc |7 <[l ull”.

For continuous functions u a similar argument as in 2) below yields (un)e — uy, .
For integrable functions there are continuous functions wu, such that u, — u in
L*(D), D= (0,T) x D. So for an arbitrarily chosen v > 0 we firstly find a large

enough index n such that the norm of the difference || u, —u HL2 D) is less than
% , and we can choose an € small enough such that || (un)e — un HL2(D) < % . We
get

|| Ue u HL2(D)

<N = e Ny 1 n)e = tn llpa gy +ltin =l oy <7

Proof of Lemma A, 2).

With Jensens inequality we get the strong convergence of the mollified weak solution
in L?(Q) :

o0

[ty = ueyde = [ [ pete =) - ueyar) i

Q Q —oo

< / /Ooue(t—f)(u(T)—U(t))Qdef

Q —oo
< [ nte=n) [ ()~ uie)?ae ar
—00 Q

< sup / (u(r) — u(t)2dg — 0.

[T—t|<e
Q

as € — 0, because u(t) is continuous in L?(), by assumption.

Proof of Lemma A, 3).
For ¢ € C§°(2), we have u.¢ € C§°((0,00) x ), and starting with the right hand
side of the equation we get
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/:Tmﬁ—ﬂg%wn@wwaﬁ

Q —oo

—17/5%Mﬂ0m@—ﬂdﬂﬁdr

—oo

___7i/mg—ﬂwnaggwaﬁdr

—oo

_ / /Ooﬂé(t —)u(r, &) dr 88&_

Q —oo

$(§)dg .

Proof of Lemma A, 4). We note that

%/mﬁ+m—m@mﬁ+m%

Q

o0

- %/[/ pe(t+h = T)u(r) = pe(t — 7)u(r)dr)(we(t + b)) d§
Q —o©
:/[/ ULt — TYu(r) dr) (we(t + h))de
Q —oo

t+e
—|—/[/w(h,t,T)u(T)dT](wE(t—Fh))d§

Q t—e
H/%WWW&,
Q

as h — 0, since w, is continuous in L?(Q), and w(h,t,7) — 0, uniformly in ¢
and 7, as h — 0. Now we can argue as in the usual proof of the product rule.

Proof of Lemma A, 5).

Firstly we note:

Due to the properties of the weak solutions, the usual completion argument provides
that we can use ¢(t)v(§) as a testfunction in the definition of weak solution, for
any v € W12(Q) and any smooth function ¢ with compact support in (0,00), in
particular for pl(s —t)we(s,&)), with s > €.

For ¢ > 2e, we have
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T
//u;wédfdt
5 Q

Q

b/

w(T, E)pL(t — 1) dTwe(t, &) dE dt

Il
Q"\H
8\

w(T, E)pl(t — T)we(t, €)dé dr dt

Il
Tt —
\

Q

Il
Tt~
S

/Wmf Vet — 7w (t,€)) d€ dr

Q

_|_

0\8

/f(T, ) (tr(pe (t — T)we(t))(x)) dx d7]dt
S

_1/[7/VuEVwEdet—|—/T/f(u)5w5d:cdt]
J5 Q

5 S
_>y[/T/vuwdgdt+/T/f(u)wd;cdt].
s Q § S

1
To justify the limit we note that for ~ < § — 2¢, we have that the function

1
u(r,x) € W1’2((N, T) x Q). Furthermore f is globally Lipschitz, hence the trace
operator commutes with f and we get

jj/ﬂWmWWWM—ﬂw@wmmwﬁ
5 0

T

_//[7f(7',x)ué(t—T)dT]tr(wE(t))(x)d:cdt
0

6 S

T
//f )ewedx dt .
)

S

Therefore all statements of Lemma 5 are verified.



ON A SEMIGROUP GENERATED BY THE HEAT EQUATION 319

References

[A]

[AM]

[FP]

[GS]

[Gr]

H. Amann, Quasilinear parabolic systems under nonlinear boundary conditions.
Archive for Rational Mechanics and Analysis. 92 (1986), pp. 153-192.

H. Auracher, W. Marquardt, M. Buchholz, R. Hohl, T. Lttich, J. Blum, New
Experimental Results on Steady-state and Transient Pool Boiling Heat. Trans-
fer. Therm. Sci. Engng. 9, No. 5 (2001), 29-39.

C. Foias, and G. Prodi, Sur le comportement global des solutions non station-
naires des équations de Navier-Stokes en dimension 2. Rend. Sem. Mat.
Univ. Padova, 39 (1967), 1-34.

R. W. van Gils, M. F. M. Speetjens, H. J. Zwart, H. Nijmeijer, Feedback stabili-
sation of a two-dimensional pool-boiling system by modal control. International
Journal of Thermal Sciences, 61 (2012), 38-49.

P. Grisvard, Smoothness of the solution of a monotonic boundary value problem
for a second order elliptic equation in a general conver domain. Lecture notes
in Math. 564, 135 - 151.

D. S. Jerison, C. E. Kenig, The Neumann Problem on Lipschitz Domains. Bull.
AMS 4, 1981, (203-207).

J. Serrin, The initial value problem for the Navier-Stokes equations. Uni.Wis-
consin Press, Nonlinear problems, Ed. R.E. Langer 1963

H. Sohr, The Navier-Stokes Equations, An Elementary Functiional Analytic
Approach. Basel, 2001, (Birkhaeuser).

M. Speetjens, Steady-State Behavior of a Three-Dimensional Pool-Boiling Sys-
tem. Journal of Electronical Packaging. ASME 2008,

(041102-1 - 041102-6).

M. Speetjens, A. Reusken, S. Maier-Paape, W. Marquardt, Stability Analysis of
Two-Dimensional Pool-Boiling Systems. Siam J. Applied Dynamical Systems.
7, 2008, (933 - 961).

R. Temam, Infinite-Dimensional Dynamical Systems in Mechanics and Physics.
2.ed. New York, 1997 (Springer).

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OKLAHOMA, NORMAN OK 73019
E-mail address: rlandes@math.ou.edu




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


