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ABSTRACT. The existences of random attractors in LP(Dy) N L?P~2(Dy) are
proved for a class of stochastic semi-linear degenerate parabolic equations on
arbitrary bounded or unbounded domains Dy C RV, where the leading term
of the equations has the form div(o(z)Vu) and the nonlinearity f(z,u) satisfies
some dissipative assumptions and the growth of order p—1,p > 2. The asymp-
totic compactness of the corresponding random dynamical system in LP(Dy)
and L?P~2(Dy) are established respectively by using an asymptotic a priori
estimate method. Our result improves a previous result of Yang and Kloeden
[25] concerning the existence of a compact random attractor in L2?(Dy) for
the same equations.
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2. Introduction

The asymptotic dynamics of random dynamical systems (RDSs) have b
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richly developed by investigation of the random attractors ever since [9, 16] began
their foundational works. The qualitative study of stochastic partial differential

equations (SPDEs) driven by white noises is based on the theory of RDSs, see
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and [7]. The existences of random attractors for RDSs defined in bounded spatial
domains have been established for a wide range of SPDEs, see [6, 8, 11, 12, 13,
14, 24, 28, 29| and references therein. By a tail-estimate technique developed
in [19] for the deterministic reaction-diffusion equation in unbounded domains,
the asymptotic compactness of the RDSs corresponding to some concrete SPDESs
defined in unbounded domains was proved and therefore the existences of random
attractors for these were established in L? space, see [5, 23, 20, 21, 22].

However, the existence of random attractors on other Sobolev spaces (e.g.,
L"(r # 2) and H') is technically more complicate, and much less has been done,
although the corresponding work was well established for many deterministic par-
tial differential equations, such as p-Laplacian equations [26, 27], reaction-diffusion
equations [15, 17, 18, 31]. Recently, [12, 13] made an important progress on the
reaction-diffusion equations and proved the existences of random attractors in LP
space for the corresponding RDSs defined in bounded domains by asymptotic a pri-
ori estimate of the unbounded part of solutions. As a generalization of the method
n [13], Zhao and Li [30] established the unique existence of random attractor in
LP space for reaction-diffusion equations defined in the unbounded domains R¥.

In this paper, we study the existences of random attractors for the RDS gener-
ated by the solutions of a class of semi-linear degenerate parabolic equations driven
by additive spatially distributed temporal noises on an arbitrary bounded or un-
bounded domain Dy C R, N > 2, i.e., of equations of the form

(2.1) du+ (Au—div(o(xz)Vu))dt = f(x,u)dt + i hj(x)dW;(t), x € Dy,t>0,
j=1

(2.2) w(z,0) =wup(x), =€ Dy,
(23) u(ﬂf,t”aDN =0, t>0,

where X is a positive constant. The unknown u = wu(z,t) is a real valued function
ofx € Dy and ¢t > 0. h;(1 < j < m) are functions on Dyn. W;(t)(1 < j < m) are
mutually independent two-side real-valued Wiener processes on a complete proba-
bility space (2, F,P) and f(x,u) is a nonlinear function satisfying some conditions
which will be specified in section 3.

In order to study the asymptotic behavior of solutions to problem (1.1)-(1.3),
as in [25], we assume that the diffusion coefficient o(z) satisfies the following as-
sumptions:

He: when Dy is bounded, we assume that o € L
z|~%a(x) > 0 for some a € (0,2) and every z € Dy;

’Hg: when Dy is unbounded, we assume that o satisfies H,, and

1

oe(Dn) and liminf,_,, |o —

liminf |z| Po(z) > 0
for some 8 > 2.

The assumptions H,, and H2 indicate that the function o(z) is extremely irreg-
ular, i.e., first, the set {x|o(x) = 0} is finite and second, o(x) could be non-smooth,
see [1, 2] for details. Under these assumptions one has the Poincaré inequality as
well as the compact embedding of Dy*(Dy,0) to L*(Dy).

The deterministic version of these equations has been investigated by Anh and
his coworkers [1, 2, 3], who proved the existences of non-autonomous attractors.
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Recently , Yang and Kloeden [25] obtained the unique existence of random attrac-
tors in L?(Dy) for the RDS corresponding to (1.1)-(1.3). In this paper we consider
the existences of random attractors in LP(Dy) N L??~2(Dy) for the same RDS
by a new asymptotic prior estimate technique. In particular, we deduce that the
random attractor in L?(Dy) is actually consistent with the random attractor in
LP(DN)NL?**~2(Dy). The results in this respect are new and appear to be optimal
even in deterministic case.

This paper is organized as follows. In section 3, we present some general notions
and the existence criterions of the (L%, L")-random attractors for an RDS. In section
4, we obtain the corresponding RDS for stochastic semi-linear degenerate parabolic
equation with additive noise. In section 5, we prove the existence of (L2, LP)-random
attractors for corresponding RDS. In section 6, we prove the (L2, L?’~2)-random
attractors for the same RDS.

3. Preliminaries and abstract results

Here, we first introduce some basic notions which are relevant to our discussion-
s, and then obtain the abstract results on the existence of bi-spaces (L%, L")-random
attractors for an RDS, for which the spatial domains may be bounded or unbound-
ed and 1 < ¢ < r < co. A comprehensive acknowledge on RDSs please refer to
[9, 4, 7, 8].

3.1. Preliminaries

The basic notion in RDS is a measurable dynamical system (MDS)
0= (Qv‘/—:v ]P)7 {et}tER)v

which is a probability space (2, F,P) with a group 6;,t € R, of measure preserving
transformations of (Q,F,P). A MDS 6 is said to be ergodic under P if for any
f-invariant set B € F we have either P(B) = 0 or P(B) = 1, where the #-invariant
set is in the sense P(6;B) =P(B) for B € F and all t € R.

Let (X, |.lx) and (Z,||.||z) be two separable Banach spaces with Borel o-
algebra B(X) and B(Z), respectively. The RDS is an object consisting of an MDS
and a cocycle over this MDS, where the MDS is used to model the random pertur-
bations.

Definition 3.1. An RDS on X over an MDS 6 is a family of measurable map-
pings
P:RT"xOx X = X, (t,w,z) = p(t,w,)
such that for P-a.e.w € €, the mappings {¢(t,w, .) }i>0.weq satisty the cocycle prop-
erty:
e(0,w,.) =1id, @t +s,w,.) =t Ow,o(s,w,.))

for all s,t € RT. An RDS {p(t,w,.) }+>0weq is continuous in the meaning that the
mappings p(t,w,.) : X — X are continuous in X for all £ € RT and P-a.e.w € Q.

Definition 3.2. (1) A random set {D(w)}wecq is a family of closed subsets of
X indexed by w such that for every x € X the mapping w — dx(x,D(w)) is
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measurable with respect to F, where for the nonempty sets A, B € 2% we set

dx(A,B) =s inf —
(A, B) 216119 ylfel lz —yllx
and in particular dx (z, B) = dx ({z}, B).

(2) A random bounded sets {B(w)},eq of X is called tempered with respect
to 6 if for P-a.e.w € §,

lim e P*|B(f_w)||x =0, forall 3> 0,
t—o0

where [[B||x = sup,ep [|2] x-
(3) A random variable g(w) > 0 is called tempered with respect to 6 if for
P-a.e.w € QQ,

lim e P'p(f_4w) =0, for all 3> 0.

t—o00

We use Dx to denote the collection of all tempered random subsets of X.

Definition 3.3. (1) A random set {Kz(w)}weq € Dz is called an (X, Z)-random
absorbing set for RDS {¢(t,w,.) }i>0,weq if for every B = {B(w)}wen € Dx and
P-a.e.w € Q, there exists T = T(B,w) > 0 such that

o(t, 0w, B(0_1w)) C Kz(w), forallt>T,
where <P(t7 01w, B(e—tw)) = UvoEB(Gftw)SO(ta _tw, vo (a—tw))'

(2) An RDS {¢(t,w,.) t>0.weq on Z is said to be (X, Z)-asymptotically com-
pact if for P-a.e.w € Q, {p(tn,0_¢, w,x,)}52; has a convergent subsequence in Z
whenever t, — oo and x,, € B(#_,w) with B = {B(w)},eq € Dx.

(3) A compact random set {Az(w)}wen € Dz is said to be an (X, Z)-random
attractor if the following conditions are satisfied: for P-a.e.w € €,
(i) Az(w) is invariant, that is, ¢(t,w, Az(w)) = Az(6w) for all t > 0;
(ii) Az (w) is (X, Z)-attracting, in the sense that for every B = {B(w)}yecq €
DXa
lim dz(¢(t,0_tw, B(0_w)), Az(w)) = 0.
t—o0

3.2. Abstract results

We will provide a simple and convenient criterion on the unique existence of
(L4, L")-random attractors for an RDS, where the spatial domains Dy C RNV, N >
1, are either bounded or unbounded. In the subsequential statement, we use D,,
to denote the collection of all tempered random subsets of L™. In particular, for
m = 2, Dy = D denotes the collection of all tempered random subsets of L2.

Theorem 3.4. Let {¢(t,w,.)}i>0weq be a continuous RDS on L? and be an
RDS on L" over the same MDS 6, where 1 < ¢ < r < oo. Assume that there
exists a random set {Ky(w)}weq which is an (L%, L?)-random absorbing set for
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{p(t,w, ) h>owen and {p(t,w,. ) i>0weq is (L%, L9)-asymptotic compact. Then
the family of sets {A;(w)}weq, where

Lq
(3.1) Agw) = (U et 0_w, Ky(0_w)) , weQ,

s>0t>s

is a unique (L9, L?)-random attractor for {¢(¢,w,.)}i>0wen in LY, where s de-
notes the closure of A with respect to the L?-norm.

Furthermore, if there exists a family of sets {K,(w)}weq which is an (L%, L")-
random absorbing set for {¢(t,w,.)}+>0weq and {(t,w,.)}i>0weq is (L9, L7)-
asymptotic compact. Then the family of sets {A,(w)}weq, where

L(I

A (w) = m U o(t, 0_w, K4(0_w) N K, (0_4w))

s>0t>s

= (et 01w, Ky (0_w) N K. (6_4w))

s>0t>s

Vha

Lq
(3.2) = U o(t, 0w, Ky(0_w)) ,w e Q,

s>0t>s

is an (L9, L")-random attractor for {¢(t,w,.)}+>0 wen-

Proof. We will work for fixed w € Qo with P(£) = 1. The unique existence
of (L7, L)-random attractor {A4(w)},eq is followed from [5]. Hence it suffices to
show that (3.2) is an (L%, L")-random attractor. To this end, we put

K(w) = Ky(w) N K, (w), for every fixed w € Q.

Then {K(w)}wea € Dy and {K (w)}ueq € D,. Furthermore by our assumption, it
follows that the family {K(w)},eq is not only an (L%, L?)-absorbing set but also
an (L7, L") absorbing set, whence by the first result of the theorem we know that
{A¢(w)}wea can be also expressed as the omega-limits set of {K(w)}weq, ie.,

Lq
(3.3) Ag(w) = ﬂ U et 0_w, K(0_w)) , we Q.
s>0t>s
Put
e
(3.4) Arw) = (U et 0—w, K(0_w)) , we Q.
s>0t>s

It is easy to see that:

y € A,.(w) if and only if there exist a sequenc ¢, and a sequence
xp € K(0_,w)such that

(3.5) t, — oo and ¢(ty, 0, w, Ty) Deller, y as n — 0o.

Since {K,(w)}wen is (L9, L")-random absorbing and {K(w)}weq € D,, then we
obtain that for x,, € K(0_,w),

O(tn,0_t,w,x,) € K. (w), for n large enough,
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whereas by (3.5) we deduce that A, (w) C K, (w)L for w € Q. Therefore

{Ar (w)}weﬂ S DT7

that is to say, {A,(w)}ueq defined in (3.4) is tempered in L" space. Furthermore,
from our assumptions and by the same arguments as in [9], we can show that
{A(w)}weq is nonempty, compact in L™ and (L%, L")-attracting for ¢. Hence, we
only need to verify the invariance property of {A,(w)}weq, i.e., ¢(t,w, A (w)) =
A, (0:w) for all t > 0 and w € Q. For this purpose, it is sufficient to prove that
A (w) = Ay(w) for every w € Q.

Given x € A4(w), by (3.1), we have that

there exist sequences t,, and x,, € K4(6_;,w) such that ¢, — oo and

Illla

(3.6) O(tn,0_t,w,x,) —— T a8 N — 0.

Since {K,(w)}weq € Dy, then by our assumption of (L7, L")-asymptotic compact-
ness, there exists y € L" such that, up to a subsequence,

(3.7) o(tn,0_t,w,xn) Neller, y as n — oo.

Note that both L? and L" are continuous embedding into the distribution functions
space Z2'(Dy) on 2(Dy), where Dy C RY is bounded or unbounded. Then by
the uniqueness of limits we get = y. It remains to show that y € A, (w). Note
that {Ky(w)}wea € Dy, and {K(w)}weq is also (L9, L™)-random absorbing, then
we know that for x,, € K4(0_;,w), there exists T(Kg,w) > 0 such that for all
t>T(Kyw),

(3.8) Yn = @, 0 40_(1, —yw, T (0_10_(1, —yw)) € K(O_(1, —pyw),
where the subsequences t,, and z,, are in (3.7). Moreover, by the cocycle property
of p, for t, >t > T(K,,w),

O(tn, 0—¢, w, xpn(0_t,w))

=ty —t+1,0_¢ w,x,(0_,w))

= o(tn —t,0_(1, —yw, ©(t, 0_¢,w, 2, (01, w)))
(3.9) =@ty —t,0_(1, —tyw, (1, 0_40_(¢, —)w, Tn(0_t0_11,, —yw)))-
Put t;, = t, —t. Then y, € K(0_4 w), where y, is in (3.8). It follows from
(3.7)-(3.9) that

(3.10) @(tn, 0—p w, yn) LN Yy asn — oo,

whereas by (3.5), we get y € A, (w) which prove the inclusion relation Ag(w) C
Ay (w) for w e Q.

On the other hand, if z € A, (w), by (3.5), there exist ¢, — oo and =z, €
K(6_,,w) such that

(3.11) O(tn, 0_t,w, xy) Wl o a5 n = oo

Note that K(w) C K4(w) for w € Qq, and by our assumption that ¢ is (L9, L9)-
asymptotically compact. Then there exists y € L? such that, up to a subsequence,

(3.12) O(tn, 0_t,w,xy) LHIZN Yy as mn — oo.
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By (3.11) and (3.12), we have = y. But from (3.6) and (3.12), y € A,(w), whence
A, (w) C Ay(w) which proves that Ag(w) = A, (w) for w € Qy and thus { A, (w) }wea
is invariant as required.

We present the following result which can be employed easily to prove the ex-
istence of the (L%, L")-random attractor for a concrete RDS.

Theorem 3.5. Let {¢(t,w,.) }+>0,wen be a continuous RDS on L7 and be an RDS
on L" over the same MDS 6, where 1 < ¢ <1 < co. Assume that {p(t,w,.)}i>0wen
possesses an (L7, L?)-random attractor. Then {¢(t,w,.) }i>0.wen admits an (L9, L")-
random attractor provided that

(1) {e(t,w,.)}t>0,weq has an (L9, L")-random absorbing set {K7(w)}weq;

(ii) For any € > 0 and every B = {B(w)}wen € Dy, there exist positive random
constants ¢ = ¢(w), M = M(e, B,w) and T = T'(¢, B,w) such that, for all ¢ > T,

(3.13) sup

/ lo(t, 0w, up(0_tw))|"dx < ce.
uo(w)€B(w) /Dy (p(t,0 - tw,uo(0—¢w))|>M)

Proof. It suffices to show that {¢(t,w,.)}i>0weq is (L9, L")-asymptotically com-
pact, that is, for P-a.e.w € €2, the sequence ¢(t,,0_,w, ug (0, w)) has a conver-
gent subsequence in L"(Dy) provided that t, — 0o, B = {B(w)}wea € Dy and
Ug.n(0_t,w) € B(0_;,w). By a standard argument we can show that

{QD(t, w, ')}tZO,wGQ

is (L%, L9)-asymptotically compact, and then there exists £ € LY(Dy) and a subse-
quence of

P(tn, 01, w,u0,n(01,w)),
which is still denoted by
P(tn, 01, w,u0,n(0—1,w)),
such that,
(3.14) O(tn, 0_t,w, uon(0—¢,w)) — & strongly in LY(Dy).

Then there exist 77 = Ty (¢, B,w) and N1 = N (g, B,w) such that t,,,t, > T} with
n,n’ > N1,

(3.15) le(tn, O —t,w,u0.n(0-1,w)) — @(tw, H,tn,o.),uom/(@,tn,w))niq(DN) <e.
For every € > 0, by assumption (ii), there exist Th = TQ(E,B,WL> 0, M =
M (e, B,w) and Ny = Ny(e, B,w) such that t,,t, > T with n,n’ > N,

(3.16) |p(tn, O—t,w, uon(0—t,w))|"dx < ¢,

/DN(lﬁﬁ(tm@t7Lw7u0.n(9tnw))ZM)

and

(3.17) / lo(tnr, 0, w, uom (0 ,w))|"dx < €.
D (1@t 01,y wittg s (81, w))|> M)
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Consider that

||50(tn7 0+, w, Uo,n(e—tnw)) — @(tn, 9—tn,w7 UQ,n’ (e—tnlw)) H:

- / (0t Ot 0, 10 (01, 0)) — (b, 00y tig (0, 0))["

Dn
<( +/ +/ +/ MNep(tn, 0—t, w, uo n(0—,w))
Dy D% D% Dy
(3.18) —o(tp,0_¢ ,w,ugn (0 ,w))|"de,

where

Dy = Dn(l¢(tn, 01, w,u0n (01, w))| < M)
N DN (lp(tnr, 01, w,u0,m (01, w))| < M),
DY = Dy (|p(tn, 01, w,u0.n(0—1,w))| > M)
N Dn(le(tn, 0—t,,w,u00 (0, w))| < M),
DY = D (|@(tn, 01, w, o0 (61, w))| < M)
N D (|p(tnr, 0—¢,, w, tio.n (0, w))| > M),
Dy = Dy (|p(tn, 01, @, u0.n(0—1,w))| > M)
N D (@(tnr, Ot w, g (0t ,w))| > M).

It is obvious that Dy C D} U D% U D3 U D%. Put T = max{T1,T2}. Then from
(3.15) we find that, for all ¢,,,t,, > T,

/ o, 01,05 10,0 (0-1,0)) = p(tnr, 01, @, w0, (0-1,,,w))["dz
D

1
N

< (200 / [Pt 01,0, g, (0—1,))

Dy

- (P(tn’a a—tnzw7 UQ,n’ (e—t”/ W)) |qd='17
< (2M)"lp(tn, 01,0, uo.n(0-1,w))
(319) - @(tn/, G,tn,w, Uo,n’ (gftn’w))H%q(DN) S CE.

Observe that
lo(tn, 0_t,w, UQ,n (0—¢,w)) — ‘P(theftn/wv UQ,n’ (H,tn,w)”

< 2lp(tn, 01, @, uo,n(0-1,w))]

in D%, whereas by (3.16) we obtain that, for all ¢,,t,, > T,

/ lo(tn, 0—t,w,u0.n(0—¢,w)) — @(tn, 0, ,w, ugm (0 ,w))| dx
D

2
N

(3.20) < 2r/ [p(tn, O—t, w,ug n(0—t,w))|"dx < ce.
DN(“P(tn79ftnwau0,n(9ftnw))|ZM)
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Similarly by (3.17) we get that, for all ¢,,t, > T,

[ 9l 06010,(0-1,6)) = ltrs Ot 0,100, @)
N

(3.21)

< QT/ lo(tn, 0w, upn (0 ,w))|"dx < ce.
DN (le(tpr 0t ,wug nr (0—t ,w))|>M)

By Hélder’s inequality, |a+ b[P < 2P~!(|a|P + |b|P). This together with (3.16)-(3.17)
imply that, for all ¢,,,t, > T,

/ 0ty 0,0, 0. (01, 0)) — Pltnr s w0y g (01, w))|"
D

N
< 2“1(/ lp(tn, 0—t,w, uon(0—1,w))|"dz
D (l¢(tn,0—t,, w,u0,n (01, w))|>M)
(3.22)

+/ \w(tn,,ﬁ,tn,w,uo,n,(O,tn,w))de) < ce.
DN (1@t 01, wittg s (61, w))|>M)

Then, it follows from (3.19)-(3.22) that, for all ¢,,t, > T,
(3'23) H‘p(tm e_tnw7 u07n(9—tnw)> - (p(tn’v H—tn/wv Uo,n’ (a—tn,/“‘))) ”ET(DN) < cg,

whence it follows from (3.23) that the subsequence in (3.15) is also a Cauchy se-
quence in space L"(Dy). By the completeness of L"(Dy), there exists a function
n € L"(Dy) such that

O(tn, 0_t, w,upn(0-t,w)) — n strongly in L"(Dy).
Note that both L?(Dy) and L™ (D) are continuously embedded into the distributed
space 2'(Dy). Then nn = £. This completes the proof. O

4. The stochastic semi-linear degenerate parabolic equation with
additive noise

For convenience, we set
Au = —div(o(z)Vu).
Then A is a positive and self-adjoint linear operator with domains defined by
Dom(A) = {u € Dy*(Dy,0) : Au € L*(Dy)},

where Dé’z(DN, o) is a Hilbert space with respect to the scalar product
(u,v)y = / o(z)Vu.Vudz,
Dn
and therefore is the closure of C§°(Dy) with respect to the norm
1
ull 12y = (/ o (2)|Vul2dz) .
Dn

Furthermore, we define D™ (A) = {u € Dy*(Dy,0) : Au € L™(Dy)}.
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In this section, we will show the generation of an RDS corresponding to stochas-
tic semi-linear degenerate parabolic equation with additive noise on the bounded
or unbounded domains Dy C RY, N > 2, i.e. to equations of the form

(4.1) du+ (u+ Au)dt = f(z,u)dt + Y hj(x)dW;(t), =€ Dy,t >0,
j=1

(4.2) u(z,0) = up(x), =€ Dy,

(4.3) u(z,t)|opy =0, t>0,

where the functions h; € L?(Dy) N Dom(A) NDP(A) N D*~2(A) N L=(Dy); The
function f(z,w) in (4.1) satisfies the following conditions: for € Dy, u € R,

(4.4) flzy,u)u < —aq|ul? + ¢1(x),
(4.5) f (2, u)| < aslulP™" + ¢a(2),
(1.6 9 aw)] < ostw), Doy <

where a1,y and 3 are positive constants and p > 2. ¢1 € LY (Dx) N L>(Dy),
P2 € LQ(DN) ﬂLp/(DN) ﬂLQp_Q(DN), ¢3 € LQ(DN), with i —‘r% = 1. W(t) =
(W1(t), ..., Wi, (t)) are pairwise independent two-sided real-valued Wiener processes
on a complete probability space (2, F,P), where Q = {w € C(R,R™) : w(0) = 0},
F is the Borel o-algebra induced by the compact-open topology of 2 and P is the
corresponding Wiener measure on (€2, 7). Then we identify W (¢t) with

W(t) = W(t,w) = Wi(t,w), Wa(t,w), .., Wi (t,w)) = w(t), te€R.
Define the Wiener time shift by
Ow(s) =w(s+1t) —w(t), weQ, t, seR.

Then (2, F,P,6;) is an ergodic MDS.

We now employ the approach similar to [25] to translate equation (4.1) by
one change of variables into a deterministic system with a random parameter. To
this end, on the probability space defined above we introduce the process, for j =

1,2,...,m, .

t— 2 (Ow;) = f/\/ e (Ow;)(s)ds, tER,

— 00
where A is the positive number in (4.1). It is easy to check that z;(6;w;) solves the
1t6 differential equation

(47) de + )\Zjdt = de(t), =12 ...,m,

see also [10]. Indeed, by the #-invariance of P, t — z;(6;w;) is a stationary process
which is called stationary Ornstein-Uhlenbeck process. In particular, the random
variable z;(6yw;) is continuous in ¢ for P-a.e.w € Q; |2;j(w;)| is tempered and there-
fore by Proposition 4.3.3 in [4] there exists a tempered variable g(w) > 0 such that,
for P-a.e.w € §,

(48) (125 Or)* o+ |2 (0u0))IP + 125 (Ong) PP + 125 (00| ™) < (00,

j=1

N
2

(4.9) o(B,w) < ezllp(w), teR.
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Put z(6w) = > h;zj(6iw;). Then by (4.7) we have

I

dz + Azdt = h;dWj(1).
j=1
We let v(t) = u(t) — z(6ww), where u is a solution of problem (4.1)-(4.3). Then we

can consider the following evolution equation with random parameter but without
white noise:

(4.10) dq;(tt) + Mv(t) + Av(t) = f(z,v(t) + 2(0iw)) — Az(6;w), = € Dy,t >0,
(4.11)  v(z,0) = vo(w) = up — 2(w), x € Dn,

(4.12)  w(z,t)|lopy =0, t>0.

By a standard Galerkin approximation method, we can show that for all vy €
L?*(Dy) and P-a.e.w € , the equations (4.10)-(4.12) with f satisfying (4.4)-(4.6)
admits a unique solution v(t,w, ve) € C([0,T); L*(Dy))NL2((0,T); Dy*(Dy,a)) N
L?((0,T); LP(Dy)) with vg = vo(w) = v(0,w,vy) for every T > 0. Further-
more v(t,w,vp) is continuous with respect to the initial value v in L?(Dy). Let
u(t,w,ug) = v(t,w,uy — z(w)) + 2(0:w). Then u(t,w,up) is the solution to the
problem (4.1)-(4.3) in certain sense.

Let v(t,w,vg) be solution to (4.10)-(4.12). If we define two family of mappings
pand 9 : RT x Q x L?(Dy) — L?(Dy) respectively by
(4.13) p(t, w, v0) = v(t,w, vo),

(4.14) Y(t,w,ug) = u(t,w, up) = v(t,w,ug — 2(w)) + 2(Ow),

for all t > 0,w € Q and vg,ug € L?(Dy), then ¢ is a continuous RDS on L?(Dy)
associated with (4.10)-(4.12) and hence 1 is a continuous RDS on L?(D ) associated
with (4.1)-(4.3).

The unique existence of random attractor for this RDS 1 on L?(Dy) has been
obtained in [25], which states

Theorem 4.1.(see[25].) Assume that (4.4)-(4.6) hold. Then the random dynami-
cal system 1) defined in (4.14) admits a unique (L?(Dy), L?(Dy))-random attractor
{A(w)}weq which is tempered random set in space L?(Dy).

5. The random attractor in L?(Dy)

5.1. Uniform estimates of solutions

In this subsection, we give some estimates of the solutions corresponding to
(4.10)-(4.12).

For convenience, we sometimes abbreviate

U(t, W, Uo(w)) - U(t)7

where v(t,w, vo(w)) is the solution to (4.10)-(4.12). mes(A) denotes the measure of
the measurable subset A C Dy . The generic constants ¢ or ¢; used in our discussions
may be different in the context but independent of e.
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Note that by the interpolation inequality we know that the coefficients h;(j =
1,...,m)e LPNL* 2N L% *and ¢, € LE NLP~" and ¢y € LP.

Lemma 5.1. Assume that (4.4)-(4.6) hold. Let B = {B(w)}weq € D. Then
for every up(w) € B(w) and P-a.e.w € Q, there exists T = T(B,w) > 0 such that
for allt > T and s € [t,t + 1],

(s, 0—t-100, v0(0—t—1))[72(p ) < c(1+ o(w)),
where vg(w) = up(w) — z(w) = and p(w) is in (4.8).

Proof. Multiplying (4.10) with v and then integrating over Dy, by a similar argu-
ments as Lemma 6.1 in [25], we can show that

d
%Hv(t)lliz(pm + Mo)IZ2pyy + llo(t )||D1 2 (Dy )
(5'1) +a1Hu||LP (D) <p1(9tw) +c
where
(5.2) Pr(Oww) = 3 (12 (0uw)) 7 + |2 (Brw;) ).
j=1

Due to (4.9) it shows that for P-a.e.w € Q,

(5.3) p1(0- )<ce2>“7| (w), T€R.

By using the Gronwall’ lemma to (5.1) we get that for all s > 0,

B4) ol w 0y < e on)pny + [ N m(bradar + 5.

Working with w instead of §_;_jw, along with (5.3), we get that, for s € [¢,¢ + 1],
[v(s, 0—t—10, v0(O—t—10) I Z2(p 5

—)s ® T—8 C
<e ™ ||U0(9—t—1w)||%2(DN) +/ ATy (0, yw)dr + "
0

t+1
_ — C
S 6)‘6 >\(t+1)||'U0(0,t,1w)||%2(DN) —|—/ e)‘( t)pl (GT,t,lw)dT + X
0

0
_ . c
< ere M ug (04 1w) |72 Dy +/ IBA( pr(8-w)dT + X
7t7

0
< (e ug(0-110) 32y + € / 3T o(w)dr) +
—t—1

A
=
>0

_ 2c c
< e (26D (o (O-t10)F2(p) + 120-t-10)F2(p) + S 00)) + -

Since ||z(w)||L2(DN) is also tempered and up(w) € B(w) with {B(w)},eq € D, then
there exists T = T(B,w) > 0 such that for all t > T,

(5:6) e XD (|lup(O-t—10)[[F2(py) + 12(0-m10) [ 2(py)) < €L+ 0(w)),
and therefore it follows from (5.5)-(5.6) that for all ¢t > T,
lv(s, 0—1—10, vo(0—1—1))[[Z2(py)y < e(1+ o(w)),



RANDOM ATTRACTORS 281
which completes the proof. O

Lemma 5.2. Assume that and (4.4)-(4.6) hold. Let B = {B(w)}weq € D. Then
for every up(w) € B(w) and P-a.e.w € Q, there exists T = T'(B,w) > 0 such that
forallt > T,

t+1
| st 000t s < 1+ o),
where vg(w) = up(w) — z(w) and p(w) is in (4.8).

Proof. Firstly, let T be the same number as in Lemma 5.1 and ¢ > T. We re-
place ¢ by s in (5.1) and then integrate with respect to s over intervals [¢,¢ + 1] to
find that for all ¢t > T,

(5.7)
t+1 t+1
ar [ (st ppds < [ pi(Buods + oft,w, vo(@)Eao, +
t t

Working with 0_;_;w instead of w in (5.7), association with Lemma 5.1, it yields
that for all t > T,

t+1
041/ [o(s, 0—t—10, v0(0—1—10)) 17 (p s
t
t+1
s/‘ P18t 10)ds + [0t 0t 10, 00(0_110) |2y +
t
t+1
< / pr(Bs s 1)ds + c(1 + o(w))
t

0
= / p1(0sw)ds + c(1 + o(w))
< o1+ o(w)) (by (5.3).
This completes the proof. O

The following lemma shows the existence of an (L?, LP)-random absorbing set
for the RDS defined in ¢ in (4.13).

Lemma 5.3. Assume that (4.4)-(4.6) hold. Then there exists a random ball

1

{K,(w)}weq centered at 0 with random radius {c(l—kg(w))}; such that { K, (w) }wen

is an (L2, L?)-random absorbing set for the RDS ¢ in D,, where c is a deterministic
positive constant.

Proof. We multiply (4.10) with |v|P~2v and then integrate over Dy to obtain that

1d
— P p p—2
pdt”U”LP(DN) + )\HU”LP(DN) + /D Av|v|P”*vdx

N

(5.8) = fz, v+ 2(0w))|v[P~2vdz — / Az(0,w) |v|P~2vde,
DN DN
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where,
/ Avlv|P?vdx
Dn
:/ o(z)Vo.V(jv[P~2v)dx
Dy
(5.9) = (p—2)/ a(a:)|v|p_4v2|Vv|2da?+/ o(z)|v[P~2|Vu2dz > 0.
DN DN

Then we estimate the nonlinearity in (5.8). By our assumptions (4.4)-(4.5), it is
easy to see that

Fla, v+ 2(0))o < —gonlul +e(|=(0u)? + [2(0u)?) + b1 + 563,

where u = v + z(6;w). By the Holder’s inequality in series form, |u[P > 2'=P|v|P —
|z(0:w)|P, it gives that

1
(510) S0+ 2(0i))v < — S ol + (Bl + [2(0,0)) + b1 + 563,
whence by using the Young’s inequality four times we have

fz,v 4 2(0,w))|[vP 2

o _ _ _ _ 1 _
< = L0222 4 cl2(B) P ol? =2 + el2(0,) P02 + n ol + Lo

_ %1y 12p-2
=-% |v] +

A
L 07 4 c|2(B) 7 + S Jol? + el (B
A P A
+ Z|U|p + C¢f + Z|’U|p + Cqﬁg
(5.11)

< — oot o2 AP 4 c(|2(0) 72 + [2(8) ) + (0] + 05).

Therefore by (5.11) the nonlinearity has the following estimate:

/ @ v+ 2(0uw)) [o]P~2vdz
Dn

> —ﬁllv\li’iﬁzwm + /\””Hip(DN) + C||Z(9tw>Hig;—22(DN)
(612) o+ el2Ow) iy, +ellorlEy )+ Il o)

On the other hand,

’/ Az(@tw)|v|1’*2vdx‘ < 2222/ |v‘2p72d£€+6/ |Az(0yw) 2 dx
DN DN

2p—2
2p+2 [0l Z5 2 )+l AZ(010) 12 (-

(5.13)

Thus it follows from (5.8)-(5.9) and (5.12)-(5.13) that for all ¢ > 0,

Dol oo + 22 282
dt LP(Dn) 2p+2 L2?2r=2(Dp)

(514) < ellz0)Z oy + 120y + 1420 32 + co.
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Note that z(6,w) = E h;z;(0:w;) and h; € Dom(A) N LP(Dy)NL?**~2(Dy). Then
the right hand side of (5 14) is controlled by

(5.15)
(D12 O) 772 + 3 |z 0o [P+ D 123 (0)2) + co = pa(0us) + co.
j=1 j=1 j=1
By (4.8)-(4.9) we have, for all ¢t € R,
(5.16) p2(Ow) < cg(w)e%’\‘tl.

It follows from (5. 14)—(5 15) that

AP )25, 2

(517) dt” HLT’(DN 2p+2 L2r=2(Dy) _p2(9tW)+C()_

Working with [ instead of ¢ in (5.17) and integrating with respect to [ from 7(¢ <
T<t+1/2)tos(t+1/2<s<t+1),it yields that
(5.18)

[v(s,w, vo(wW) s (pyy < / p2(0iw)dl + [[o(7,w, v0 (W) n(pyy + cols = 7).

By replacing w by 8_;_jw in (5.18) and then integrating with respect to 7 from ¢
to t + 1/2, we obtain that, for all s € [t +1/2,¢ + 1],

(s, 0110, 00(6—e— 1))

t+1 t+1
(5.19) < / p2(01_t—1w)dl Jr/ llo(T, 9_t_1w,vo(ﬁ_t_lw))H]Zp(DN)dT+CO.
¢ ¢

Hence by employing Lemma 5.2, association with (5.16), it follows from (5.19) that,
forallt>T and s € [t +1/2,t+ 1],

0
[v(s,0—t-100,v0(0—t—1w0)) |70 (pyy < / p2(Oiw)dl + (1 + o(w)) + co
-1

0
gcg(w)/ e 2Nl + ¢(1 + o(w)) + co

-1

(5.20) < c(1+ o(w)),
where T' = T'(B,w) is in Lemma 5.2 and vy(w) + 2(w) = ug(w) € B(w). Then by
(5.20) for every B = {B(w)}wea € D and P-a.e.w € Q, there is 77 = T(B,w) + 1
such that, for all t > T”,
(P(tv 9,150.), B((g*tw) - Z(Q*t(“))) c Kp(w)v

where .

Kp(w) ={v e LP(Dn) : [vllzepy) <{e(l+o(w))}7 ).
That is, {K,(w)}weq is an (L*(Dy), LP(Dy))-random absorbing set in D,, for the
RDS ¢, which completes the proof. O

We give an unform estimate of the unbounded part of the modulus |p| in the
topology of space LP(Dy). We start with some auxiliary lemmas.

Lemma 5.4. Assume (4.4)-(4.6) hold. Let up(w) € B(w) with B = {B(w)}wea €
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D. Then for every ¢ > 0 and P-a.ew € Q, there exist T = T(B,w) > 0 and

M = M (e, B,w) such that for all t > T and s € [t,t + 1],
mes(Dn|p(s,0_t—1w,vp(0_t—1w))| > M) <e.

where vg(w) = up(w) — z(w).

Proof. By Lemma 5.1, for every ug(w) € B(w) with B = {B(w)}weq € D, there
exists a constant T' = T'(B,w) such that for all ¢t > T and s € [¢,t + 1],

(5.21) /D lo(s,0_t_1w,v0(0_;_1w))[2dz < c(1 + o(w)),

where vp(w) = up(w) — z(w). On the other hand, for any fixed s € [t,t + 1] and
positive number M = M (w),

/ (501100, 00 (0 10)) Pl
Dy

>

/ (s, 01w, v0(0—s—1w))[*d
D (lep(s,0—t—1w,00(0—t—1w))|>M)

(5.22) > M*mes(Dy (|¢(s,0_—1w,v0(0_s_1w))| > M).
It follows from (5.21)-(5.22) that

c(1 + o(w))
M2
Hence for any € > 0, we deduce from (5.23) that, for all s € [t,¢ + 1] and ¢t > T,

mes(Dn|p(s,0_i—1w,vp(0—t—1w))| > M) < ¢,

(5.23) mes(Dn(Jo(s, 0—t—1w,v9(0—t—1w))| > M) < , SEtt+1].

provided that M > (C(l%@(“’)))%. O

Lemma 5.5. Assume that (4.4)-(4.6) hold. Let B = {B(w)}wea € D. Then for P-
a.e.w €  and any € > 0, there exist random constants ¢ = c(w), T' = T'(e, B,w) > 0
and M = M (e, B,w) such that for all t > T,

Sup lo(t, 04— 1w, v (01— 1w))[*dz < ce,

uo(w)€B(w) /DN(W(tﬂtlw,vo(@tw))ZM)
where vp(w) = up(w) — z(w).
Proof. From Theorem 4.1 there exists a compact random attractor {A(w)}ueq
for RDS ¢ in L?(Dy). Then for B = {B(w)}wea € D and P-a.e.w € €2, there holds
(5.24) lim d(¢(t,0_tw, B(0_w)), Alw)) =0,

t— o0
where d is the Hausdorff semi-distance in L?(Dy). Working with 6_jw instead of
w in (5.24), it yields that
(5.25) tlim d((t,0_t—1w, B(0_t_1w)), A(f_1w)) = 0.
Then (5.25) and along with (4.14) implies that there exists 77 = Ti(e, B,w) > 0
such that for all t > T and P-a.e.w € 2,
o(t, 01w, B(O_4_1w) — 2(0_4_1w)) + 2(0_1w) C N (A(0_1w)),
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where N, (A(0_1w)) is the (§ )2-neighborhood of A(f_,w) in L2(Dy). From the
compactness of .A( _1w), we deduce that

U (90(157 0 ¢ 1w, B0 ¢ 1w) — 2(0 ¢ 1w)) + 2(9,1w)>

t>Ty

has a finite (%)%—net. Thus by Lemma 2.5 in [26], there exists M; = M (e, B,w)
such that for all t > T and P-a.e.w € 2,

sup /
uo(w)EB(w) J DN (|p(t,0 —t—1w,v0(0—t—1w))|>M7)

(5.26) + 2(0_1w)2dx < ce,

lo(t,0_t—1w,v9(0_t—1w))

where vg(w) = ug(w)—2z(w). Note that from Lemma 4.4, there exist To = To(e, B,w)
and Ms = Ms (e, B,w) such that for all ¢ > T5 and P-a.e.w € ,

mes(D (@(t, 011w, v0(0—1-1w))| = Ma)) <€

Put T' = max{T},T>} and M = max{M;, Ms}. Observer that h; € L?(Dy). Then
by Hélder’s inequality, along with (5.27) below and (5.3), we infer that for all ¢t > T,

/ |2(0_1w)|[*dx
Dy (le(t,0—t—1w,v0(0-1w))|2M)

< Z|Zj(9—1w 2

<ceZ|zj 1> < co(w)e,

/ Iy 2dz
Dy (lo(t,0—t—1w,v0(0-1w))|>M)

from which and by an utilization of the inequality |a + b|* > Ia —16]? to (5.26), i
yields that

Sup lo(t, 04— 1w, v (04— w))[*dz < ce,

uo(w)EB(w) /DN(LP(tﬂtlw,Uo(etlw))ZM)
where vg(w)) = ug — z(w). O
Lemma 5.6. Assume that (4.4)-(4.6) hold. Let B (W)lwea € D. Then

= {B
for P-a.ew € Q and any £ > 0, there exist ¢ = ¢(w),T = T(e,B,w) > 0 and
M = M (e, B,w) such that for all ¢t > T},

sup

/ lo(t, 0w, vp(0_1w))|Pdx < ce,
uo(W)EB(w) J D (|p(t,0—+w,vo(0—¢w))|>M)

where vp(w) = up(w) — z(w).

Proof. For any fixed ¢ > 0, if g E LY(Dy) then there exists §; = &;(g) > 0
such that for any e C Dy with mes(e) < 01,

(5.27) /|g| dr < e.
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As h; € LP(Dn)NDom(A)NL*~2(Dy) for j = 1,2, ..., m, there exists dy = da(¢) >
0 such that for any e C Dy with mes(e) < da,

_ €
628 [ U@+ Iy @ + by @) + by (@) P < i
From Lemma 5.4, we know that for every up(w) € B(w), there exist positive
constants Ty = Ti(e, B,w) and M; = M;(e, B,w) such that for all ¢ > T} and
seft,t+1],

(5.29) mes(Dn (|p(s, 0——1w,v0(0_1—1w))| > M1)) < min{e, d1, d2},
where vo(w) = up(w) — z(w). On the other hand, by Lemma 5.5, there exists

Ty = Ty(e, B,w) and My = Ms(e, B,w) such that for all ¢ > Ty,

(5.30) lo(t, 0t 1w, v0(0_;_1w))[Pda < ce.

/DN(W(tﬂt1W,U0(9t1w))2M2)

By our assumption (4.4), we can choose M3 = M3(e, B,w) > 0 such that for all
z € Dy,

(5.31) flz,u) <0 if u> Ms.
We let
(5.32) B=Bw) = max 0.0l oy

Then by our assumption h; € L>(Dy), together with (4.8)-(4,9), we have E(w) is
finite for P-a.e.w € ). Let now

(5.33) M = M(w) = max{My, My, M3} + E(w), T = max{Ty,Ts}.
Then by replacing w by ;41w we have
M(0t+1w) = HlaX{Ml (0t+1w), M2(9t+1w), M3(0t+1w)} + E(0t+1w).

For these positive constants M(w) and T, (5.29)-(5.31) hold when ¢ > T, and
therefore (5.27)-(5.28) hold for e = Dy (|v(s,0_t—1w,v9(0_1—1w))| > M), s € [t,t +
1].

For fixed t € R and w € €, define

() = M@y = { o MO ) 2 Fi0he )

Multiplying (4.10) with (v(s) — M (6¢+1w))+ and then integrating over Dy, we have
1d
5(78”(”(5) — M (01410)) 112Dy

+A [ v(s)(v(s) = M(Oraw))sde+ | Av(s)(v(s) — M(Or11w)) dx

Dy Dy
= [ 5 +0.0)015) M)
(5.34) - /D Ax(050)(0(5) — M(Ors100)) 1 d,

where

(5.35) /D Av(s)(v(s) — M (041 1w))+dx > 0,
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(5.36) A /D 0(3)(0(5) — MO 1) > A (0(5) = M(Brs19)) 5 |22y

By Young’s inequality, the second term on the right hand side of (5.34) is bounded
by

1
(5.37)  All(v(s) = M(e410)) 4 72(py) + 75 |Az(0sw)[*)dz.

AN SO (0(5)2 M (01 11)

Then by (5.34)-(5.37) we find that
d 2
%H(U(S) = M(0r+1w))+ [ 72(py)

<2 [ f(@0(s) + 20 (0(8) = M(Bupre).cd

1
+ _

2A D (0(5)2 M (01 1))
We integrate (5.38) with respect to s from ¢ to ¢t 4 1 to yield that

(5.38) |Az(0sw)|2dx

t+1
_/t 2 [ faos) + 0.0))(0() = M(Br10)dads

1 t+1
< —/ / |Az(0.w) > dxds
27 J; D (v(s,0,00(w)) > M (641))

(5.39) + | (w(t, w, v0(w)) = M (O410)) 112Dy
Denote

D;(s,t+1) = Dy (v(s,0_t_1w,v0(0_4_1w)) > iM(w)), i=1,2,4,8.
Then Dy (s,t+ 1) D Dy(s,t + 1). Replacing w by 6_;_jw in (5.39), we see that

t+1
- 2/ / Jx,v(s, 01w, v0(0—¢—1w))
t D1 (s,t+1)
+ 2(0s—t—1w))(v(8, 0_t—1w,v0(0_¢t—1w)) — M (w))dxds

t+1
<a / / |Az(0s—s—1w)|*drds+
t Dy (s,t+1)

(5.40) 1 0(t, 01100, 00 (- 1-1)) = M)+ [32 (-

Note that s —t — 1 € [-1,0] for s € [¢t,t + 1]. Then it follows from (5.32) that
v(8,0_¢t—1w,v0(0_¢—1w)) + 2(0s_t—1w) > M(w) — E(w) > M3 on Di(s,t + 1) for
s € [t,t 4+ 1]. This along with (5.31) implies that, for s € [¢,¢ + 1],

(5.41) flz,v(s,0_ 1w, v9(0_1—1w)) + 2(0s—t—1w)) <0, on Dy(s,t+1).
By (5.41) and the fact that 2(v— M) > v for v > 2M, it yields that, for s € [t,t+1],
/ 2f(z,v(8,0_t—1w,v9(0—t_1w))
D, (s,t+1)
+ 2(0s—1—1w)) (v(s, 0—1—1w,v0(0—t—1w)) — M (w))+dz
< / flx,v(s, 0_—1w,v(0—¢—1w))
Dz(s,tJrl)

(5.42) + 2(05—t—1w))v(s, 0_t—1w,v9(0_t_1w))dx.
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But by (5.10),
(5.43) f(z,v(s) + 2(fsw))v < *%IU(S)I” +e(|2(05w)[” + [2(8w)[?) + o1 + %qﬁ%-

It follows from (5.43) that the right hand side of (5.42) is bounded by

o [v(s, 0_t—1w,v0(0_1—1w))|Pdx
2P Jpy(s,t+1)
+ c/ (12001 1) + |2(0s110)[2)da
D2(S,t+1)

1
(5.44) + / (¢1+ §¢g)dx.
DQ(S,t—‘rl)

Then from (5.40) and (5.44) we deduce that

t41
/ / [v(s,0_t—1w,vo(O_t_1w))|Pdrds
t Da(s,t+1)

t+1
=a / / (12(0s—t—10) [P + |2(0s—1-10) [ + [Az(05— ¢ 1w)|*)dads
t Dy (s,t+1)

t+1 1
+ 02/ / (¢1 + §¢§)d$ds
t D1 (s,t+1)
(5:45) + call(0(t, 01160, 00(0—1-10)) ~ M)+ By

Since ¢1 € L*(Dy) and ¢o € L*(Dy) then by (5.29) and (5.27) we have, for all
t>T,

t+1 1
(5.46) 02/ / (p1 + iqbg)d:cds < ce.
t D (s,t+1)

The Holder’s inequality implies that

m

m p m
>Rz Oomemrw)| <2 sl [0 aw)),
Jj=1 Jj=1

j=1

whereas it follows from (5.28)-(5.29) that, for all ¢ > T,
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t+1
“ / / (12(0s—1—10) P + [2(s—t—1w)|? + | A2(05—1—1w)[*)dzds
D1 S t+1

t+1 m
2
< cymr- / / Z\hl S 125 (01 15)]
D1(5t+1)

j=1
m

| Z |Zj(95—t—1‘fuj)|2

3L
Z Ah| Z|ZJ s—t—1wj)| )d:cds
Cc1€

t+1 m
SQ()/ Z|ZJ s—t—10j |p+22|zﬂ a—t-1w))|*)ds
t

2016
o(w)

2016

o(w)

where p;(0sw) is in (5.2). Then by (5.30) and (5.46)-(5.47), the inequality (5.45)
can be expressed in a simple form, i.e., for all t > T,

(5.47) <

t+1 0 .
/ P1(fs—t—1w)ds < / o(w)e™ 2 ds < ce,
t -1

t4+1
(5.48) / / [v(s,0_t—1w,v9(0_t—1w))|Pdads < ce,
Doy (s,t+1)

where Dy(s,t+ 1) = Dy (v(s,0_t—1w,v9(0_1—1w)) > 2M (w)).
We then take the inner product of (4.10) with (v(s) — (0t+1w))ﬁ_1 and
integrate over Dy to find that

1d
5@“(”(5) = 2M(01-410))+ 1170 (D)

+ A i v(s)(v(s) — 2M (01 1w))5 da

+ /D A(s)(0(s) — 2M (B

= 5 f(@,0(s) + 2(0sw)) (v(s) — 2M(9t+1w))i_ld$

(5.49) -/ Az(050) (v(s) — 2M (0;41w))0 " da,

where

(5.50) A /D 0($)(0(s) — 2M (Br410)) " de > A (0(s) — 2M (Or11)) 4 [ .

(5.51) /D Av(s)(v(s) — 2M (0p11w))5 " dx > 0.
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But by Young’s inequality, we deduce that

[ A0 0(5) = 240420 | < N (o5) = 2M 6119 s
1

AN I D (v(s)>2M (0,1 10)
Thus from (5.49)-(5.52) we get that, for all s > 0,

d
lw(s) = 2M (Br10)) [

(5.52) |Az(Osw)|P)dx.

sp | fl@vs) +2(05w))

(0(s) = 2M (fp1))y ' da
P
4N Dy (v(s)>2M (0141w))

Integrating (5.53) with respect to s from 7(t <7 <t+1/2) to s(t+1/2 < s <t+1)
we get that

(5.53) |Az(0sw)|Pd,

[(v(s) = 2M (01119)) + [0 py)

< p/s i f(z,v(o) + 2(0,w))(v(o) — 2M(9t+1w))i_1dxdg

+ 2 / / |A2(0,w)[Pdzdo
AN Jr I Dy w(e)>2M (61110))
(5.54) + |(v(7,w, v (w)) = M(Or110))+ 70 (p -

Working with _;_jw instead of w in (5.54) then integrating with respect to 7 over
intervals [t,t + 1/2] it yields that

” (’U(S, 0—1&—10‘)7 vo(t‘)_t_lw))

41
p
—2M (w L < —/ / Az(05_4_qw)|Pdxds
Dellzron) ax Jy Dz(s,t-‘rl)‘ oiaee)

t+1/2
(5.55) + /t [[(v (T, 0—t—1w,vo(0_t—1w)) — 2M(w))+||12p(DN)dT,
where we use the fact that f(z,v(0,0_¢—1w,v9(0-t-1w)) + 2(05—t—1w)) < 0 on
Dy (o,t +1). By a similar argument as (5.47), we can show that, for all ¢ > T,

P
ax J,

Therefore, by (5.48) and (5.55)-(5.56) we find that, for allt > T and s € [t+1/2,t+
1],

t+1
(5.56) / |Az(0s—1—1w)[Pdads < ce.
DQ(S,t+1)

(5.57) (s, 0100, 00 (0—t—1)) — 2M (@)1 |2,y < 2,
and then we deduce that, for all t > T + 1,
(5.58) / |v(t, 0_tw, vo(f_1w))|Pdx < ce,

Dy (t,t)

where Dy(t,t) = Dy (v(t,0_w,vo(0—_tw)) > 4M(w)). Repeating the same argu-
ments above, working with (v(s)+ M (0y11w))— and |(v(s)+M (0sr1w))— P72 (v(s) +
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M (6;41w))— instead of (v(s) — M (0;11w))+ and (v(s)— M(9t+1w))i71, respectively,
where (v(s) + M ((0¢+1w))— is the negative part of v(s) + M (0;11w), we can deduce
that, for all t > T 41,

(5.59) / (010, v (0_10)|Pda < ce,
D_a(v(t,t)

where D_4(t,t) = Dy (v(t,0_sw,vo(0_¢w)) < —4M(w)). Therefore, it follows from
(5.58) and (5.59) that for every B = {B(w)}wea € D, there exist T'(e, B,w) =T +1
and M’ = 4M such that for all t > T'(e, B,w) and P-a.e.w € ,

(5.60) sup

/ (1, 010, v0(0_))Pdx < ce,
o (@) EB) J Dy (4,6 10,00 (6 10)) [ > M)

where vg(w) = ug(w) — z(w). This concludes our result. O
5.2. The (L?, LP)-random attractor

From Lemma 5.3 and Lemma 5.6 the RDS ¢ associated with the solutions to
(4.10)-(4.12) satisfies the assumptions (i) and (ii) of Theorem 3.5, and therefore
admits an (L%, LP)-random attractor. We show that this holds true for the RDS ¢
generated by the original problem (4.1)-(4.3).

Theorem 5.7. Assume that (4.4)-(4.6) hold. Then the RDS 1 generated by (4.1)-
(4.3) admits a unique (L?(Dy), L?(Dy))-random attractor {A,(w)}weq. Further-
more, A,(w) = A(w) for w € Q, where { A(w)}weq is the (L?(Dy), L?(Dy))-random
attractor.

Proof. It suffices to show that the RDS v defined in (4.14) satisfies Theorem
3.5. By (4.14),

(5.61) Pt w,up(w)) = @(t,w,up(w) — z(w)) + z(6rw).
Then by Lemma 5.3, for ¢ large enough,
468,010, w0 (0D 2,
— ol 010, o (0—) — 2(0-1)) + 2%
< 2t 010, 000y + 12 )
< 21+ o)) + 2 2@ P
(5.62) < o1 + ofw)),

which shows the existence of a closed (L?(Dy), LP(Dy))-random absorbing set for
RDS 1. On the other hand, by Lemma 5.6, for every B = {B(w)},cq € D and any
g > 0, there exist ¢ = ¢(w),T = T(e, B,w) > 0 and M = M(e, B,w) such that for
allt > T and P-a.e.w € €,

(5.63) sup

/ lo(t, 0w, vp(0_1w))|Pdx < ce,
o (@)EB (@) I D ([ (1,010 (0 1))|> M)

where vg(w) = up(w) — z(w). But by (5.61) we see that
(5:64) D (b(t, 00, uo(6_1))] = M + F) € Dy ([i(t, 0, vo(6_10))] = M),
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where F' = ||2(w)||L~(py). Hence, by (5.63) and (5.64), using Lemma 5.4, we get
that, for all t > T,

[t (¢, 01w, ug(0_sw))|Pdx
DN (|t (t,0—¢w,uo(0—1w))| > M+F)

< 21’*1( / |0(, 0y, v (0_w))|Pdz
Do (40— 160,00 (0 10) > M)

+ \z(w)|”da:)

/DN(SD(tﬂtw,Uo(@tw)”ZM)
< 277 (e 4+ FPmes(Dy (|(t, 0— 4w, v (0_4w))| = M))) < cz,

which show that the assumptions (ii) of Theorem 3.5 is fulfilled. This ends the
proof. O

6. The random attractor in L?’~2(Dy)

In this section, we will prove the existence of (L?(Dy), L*?~2(Dy))-random
attractor. For this purpose, at first, we will give some a priori estimates of the RDS
¢ associated with (4.10)-(4.12) in L?P~2 space.

Lemma 6.1. Assume that (4.4)-(4.6) hold. Then there exists a random bal-

1 {Kop—o(w)}wea centered at 0 with random radius {c(l + Q(w))}zpif2 such that

Kop_o(w)lueq is an (L2, L?P~2)-random absorbing set for RDS ¢ in Dsy,_s, where
{ P € ) g ¥ p—25
c is a deterministic positive constant.

Proof. Replacing t by s in (5.17) and then integrating with respect to s from
t+1/2tot+1 we get that

t+1 _— t+1 1
(6.1) / ()12 g s < c/ pa(B:)ds + et +1/2) %, 0 + 500
t41/2 t+1/2

Working with 6_;_;w instead of w in (6.1), then using (5.20) we find that there
exists T' = T'(e, B,w) > 0 such that for all ¢t > T,

t+1
/M/2 05, 01100, 00 (0110125 % 1 5

IN

t+1

1

c/ pa(Os—t—1)ds + c|lv(t +1/2,0_1_ 1w, vo(H_t_lw))H]zp(DN) + 50
t+1/2

0 1
02 <cf | P20+ l1 5 006 + 50 < o1+

Multiplying (4.10) with v?P~3 we obtain that

1 i 02p72dx+)\/

(6.3) - / Az(0pw)v*P 3 d.
Dy

VP2 dr < / fx,v + 2(0,w)0*P3dx
N Dy
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By careful calculations, we deduce that

[ F0 4 2(0))?tvd]
DN

aq 3p—4 A 2p—2
<- o] dm—&-f/ =24y
2er1/DN 2 Jpy

64)  +e /D (2(0s0) 4 + 2(0s)~2)dz + ¢ / (@ 4 %) da,

Dn

and
(6.5) ‘/ Az(@tw)z)Qp_gdx‘ < é/ U2p—2d.'L‘+C/ |Az(0yw) [P 2da.
Dy 2 Jpy Dy
Therefore by (6.3)-(6.5) we get that
d
(6.6) %/ v 2dy < c/ (2(0:w)%P ™ + 2(0,w) P72 4 | A2(0;w) [P 2)dx + c.
DN DN

Note that h; € L3~4(Dy) N L?~2(Dy) N D*~2(A). Then the right hand side of
(6.6) is controlled by

m

(6.7) > (125(0iw)) PP~ + |25(61w) )PP %) + ¢ = p3(Biw) + c.
j=1

Furthermore,

(6.8) p3(Osw) < ce%’\lslg(w), seR.

By integrating (6.6) from 7(¢t+1/2 <7 <t+1) to t + 1 we obtain that, with (6.2),
H’U(t + 17 e—t—lwv UO(G—t—lw))||i€;—22(DN)

t+1
_ 1
< [ palboeddr om0 6 [y + 5
(6.9)

t+1
< [ OO [ g T 14 ) < L+ 0(w),
t+1/2

for all ¢ > T, which completes the proof. O
Lemma 6.2. Assume that (4.4)-(4.6) hold. Let B = {B(w)}weq € D. Then

for P-a.ew € Q and any € > 0, there exist ¢ = ¢(w), T = T(¢,B,w) > 0 and
M = M (e, B,w) such that for all ¢t > T,

sup lo(t, 0_sw,v0(0_w))|[*P~2dx < ce,

uo(w)EB(w) /DN(|<P(t79—tw7vo(9—tw))ZM)

where vp(w) = up(w) — z(w).
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Proof. Integrating (5.53) with respect to s from ¢ + 1/2 to t 4+ 1 to yield that

t+1
0 <p/ f x,v(s,w,vp(w)) + z(0sw))

+1/2
x (v(s,w, vo(w)) — 2M (0;41w))" " dads
£ t+1 /
AN Jis1/2 J Dy (v(s)>2M (01 110))
00+ 1/2,0, 00()) — 2M (B34 [T -

|Az(0s—t—1w)[Pdxds

Replacing w with 6_;_jw in the above inequality and connection with (5.56) and
(5.57) we get that there exists T = T'(e, B,w) such that for all t > T,

t+1
0< / / fla,v(s,0_t—qw,v9(0—t—1w)) + 2(Os—t—1w)) X
Dy (s,t+1)

+1/2
(6.10) (v(8,0—4—10,v0(0—¢—1w)) — 2M (w))5 " dxds + ce.

Note that
/ 2071 f (2, v(8, 0—4— 1w, vo(0—i—1w))
Do (s,t+1)
+2(05_1_1w))(v(8,0_¢_1w,v9(0_s_ 1w))—2M(w))ﬂ_1dz
S/ flz,v(s,0_t_1w,v9(0_1—1w))
D4(S t+1
(6.11) + 2(Bs—p—10))0(s, 0_¢ 1w, vo (0 1w))P " da,

and by (5.11),

f(@, v+ 2(0,w))|v]P v < — 2p+1

(6.12) +12(0)IP) + c(6F + ¢5).

P72 Aol + (|2 (0w)

Then it follows from (6.10)-(6.12) that, for all t > T,

t+1
/ / [v(s,0_¢ 1w, v0(0__1w))|*P~*dxds
+1/2 JDy(s,t4+1)
t+1
< 01/ / (8,0 41w, v0(0_4_1w))|Pdzds
t D4 S t+1
t+1
+02/ / |Z s—t— lw)|2p 2+|Z( S—t— 1&J)|p)d1'd8
t Dy(s,t+1)

t+1 p
+c3 / / c(p + ¢b)dxds + ce
D4(S,t+1
(6.13)
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Multiplying (4.10) with (v(s) — 4M (;11w))" > we obtain that
I d 2p—2 2p—3
e l006) MO [y 0 [ o)05) — AN Oy

N

+ : Av(s)(v(s) — 4M (0411w)) P da

-/ F@,v(s) + 2(0,w))(v(s) — 4M (B 11w)) 3 da

(6.14)  — /D ) Az(05w) (v(s) — AM (011w))3P du.
Consider that
|| A0 0(s) 10 Orire?
<A

< / (v(s) — 4M(9t+1w))3_p72d:1:+
Dy
1

(6.15) = |Az(Bsw) [P~ 2d,
4N Dy (v(s)>4M (01 4+1w))
and
(6.16) )\/ v(s)(v(s) — 4M(9t+1W))ip—3dx > )\/ (v(s) — 4M(9t+1w))ip—2dx.
Dy D

It follows from (6.14)-(6.16) that
d _
%H(U(S) - 4M(9t+1w))+||2Lgp,22(DN)
=(2p— 2)/ F(@,0(s) + 2(65w)) (v(s) — AM (B 41w))3 > da
Dy
2p — 2

(6.17) + /
4\ Dy (v(s)>4M (0¢41w))

|Az(0sw)|*P2da.

By integrating (6.17) with respect to s from 7(t +1/2 <7 <t +1) to t + 1 we see
that

(0(t 41,0410, 00(0-1-1w)) = 4M (@) + 1175 oy

t+1
< c/ / flzyv(s, 0 1w, v9(0_t—1w)) + 2(0s_t_1w)) X
T Dy (s,t+1)

(v(8,0_¢—10,00(0—¢—1w)) — 4M (w)) " dzds

t+1
+ c/ / |Az(0s_¢_1w)|*P 2 dxds
T Dy(s,t+1)

+[1(0(7, 041w, vo(0—1-1)) = 4AM (W) 4 5% .

t+1
< C/ / |A2(0s__1w)|*P~2dxds+
t Da(s,t+1)

H(U(T’ e—t—lwa Uo(e—t—lw)) - 4M(w))+ H%;;—QZ(DN)'
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Integrating the above with respect to 7 from ¢ + 1/2 to ¢ + 1, employing (6.13), it
produces that, for all t > T

0+ 1, 01100, 00(0—1-10)) — AM ()4 125 % ) < €5

where T is in (6.10), and then we deduce that, for all ¢ > T + 1,

(6.18) / [u(t, 0w, vo(0_w))|*P~2dx < ce.
Dsg(t,t)

2p—

Repeating the same arguments above, working with (v(s) + M (6;11))* > instead

of (v(s) — M(0t+1))ip_3, we can deduce that, for all t > T + 1,
(6.19) / [o(t, 01w, vo(0_w))|*P~2dx < ce,
D_s(v(t,t)

where D_g(t,t) = Dy (v(t,0_sw,v9(0_1w)) < —8M). Therefore, (6.18) and (6.19)
imply that for every B = {B(w)}wen € D, there exist T'(¢, B,w) = T + 1 and
M’ = 8M such that for all t > T'(¢, B,w) and P-a.e.w € Q,

sup lo(t, 0w, U0(9—tw))|2p_2dx < ce,

up(w)€B(w) /DN(¢(t»9—tw7vo(9—tW))|2M’)
which completes the proof. [

By a similar argument as Theorem 5.7, we can show the following:

Theorem 6.3. Assume that (4.4)-(4.6) hold. Then the RDS 1) generated by (4.1)-
(4.3) has a unique (L*(Dy), L?’~2(Dy))-random attractor {As,_a(w)}weq. Fur-
thermore, As,_2(w) = A(w) for w € Q, where {A(w)},eq is the (L?(Dy), L*(Dy))-
random attractor.

Remark 6.4. Although the RDS ¢ associated with (4.1)-(4.3) is only continu-
ous in L?(Dy), we also obtain the existences of random attractors in LP(Dy) and
L?’=2(Dy), respectively. Furthermore, by the interpolation inequality, we can im-
mediately deduce that the RDS v also has a unique random attractor in the space
L™ (Dy) (where r € [2,2p — 2]), and A, (w) = A(w) for w € Q.
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