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ABSTRACT. We establish global well-posedness results for the initial value
problem associated to the Schrodinger-Debye system in dimension two, for
data in H*(R?) x L2(R2), 2/3 < s < 1 and for data in H!(R?) x H!(R?).
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1. Introduction

We consider the initial value problem (IVP) for the Schrédinger-Debye system

iut—l—%Au = uwv, t>0, xe&lR"
(1.1) pog+v = AMul?, p>0, A==+l
u(0) = ug, ©v(0) = wvo,

where u = u(z,t) is a complex-valued function, v = v(z,t) is a real-valued function
and A is the Laplacian operator in the spatial variable. This model describes
the propagation of an electromagnetic wave through a non-resonant medium whose
material response time is relevant. See Newel and Moloney [10] for a more complete
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discussion of this model. In the absence of the delay (1 = 0), the system (1.1)
reduces to the cubic nonlinear Schrédinger equation (NLS)

1
tu + §Au = dujul?,

which is focusing or defocusing for A = —1 and 1, respectively. Similarly, the sign
of the parameter A provides an analogous classification for (1.1). For sufficiently
regular data, the mass of the solution u of the system (1.1) is invariant. More
precisely,

(1.2) / )2 do = / o ()2 da.

The system (1.1) has the following pseudo-Hamiltonian structure

(1.3) G B,00) = 2 [ juf da,
where

E(u(t),v(t)) := E(u,v) = / (IVul? + 2v|ul* — \?) da
(1.4) !

= / (|Vul|* + )\|u|4 — M |ve|?) da.

Also, the system (1.1) is equivalent to the following integral form

(1.5) u(t) = S(tuo +i / S(t = Pyu(r)o(r) dr,
0
and
= e v A te_(t/ifﬂUTQT
(1.6) o) = e Fu+ 5 fu(r)[? dr,

where S(t) = e™?/2 is the unitary Schrodinger group.

The well-posedness of the system (1.1) has been studied by different authors. In
2000, Bidégaray ([4] and [5]) studied the local well-posedness (LWP) of the system
(1.1) in dimensions n = 1,2,3 and for data in H*(R") x H*(R"), s > n/2, s =0
and s = 1. In 2004, Corcho and Linares ([7]) obtained the best LWP result in
dimension one. Later, in 2009, Corcho and Matheus ([8]) obtained a refined LWP
and global-well posedness (GWP) result in the framework of Bourgain spaces, also
in dimension one. Recently, Corcho, Oliveira e Silva (see [9]), also in the framework
of Bourgain spaces X, (see definition in Section 2), obtained the following LWP
result in dimensions two and three.

THEOREM 1.1. Let n = 2,3. For any (ug,vo) € H*(R"™) x H*2(R™), with s1
and so satisfying the conditions
(1.7) max{0,s; — 1} < s < min{2sy,s; + 1},
there exists a positive time
T =T([luol 1 llvol =)

and a unique solution (u(t),v(t)) of the IVP (1.1) on the time interval [0,T], such
that

(Z) (wTU(t)awTU(t)) € Xs1,b X Hsz,c;
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(ii) (u,v) € C([0,T]; H**(R") x H**(R"))
for suitable b and ¢ close to 1/2+ (W denotes, as usual, a cutoff function for the
time interval [0,T]). Moreover, the map (ug,vo) — (u(t),v(t)) is locally Lipschitz
from H**(R™) x H*2(R™) into C([0,T]; H**(R™) x H%2(R"™)).

In the following graphic we resume the LWP in the above theorem:
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The shaded region represents the region where the LWP result exists. They also
proved the following GWP result in dimension two.

THEOREM 1.2. Let (ug,vo) € H'(R?) x L?(R?). Then, for all T > 0, there
erists a unique solution

(u,v) € C([0,T]; H*(R?) x L*(R?))
to the initial value problem (1.1), such that
(1.8) \|Vu(,t)||2L§ + ||v(,t)||%§ <apen?, tel0,T], T>0,
where ag = ag(E(ug, vo), |\U0||ii, ||u0||2L3) and a3 = al(HUOH%g)-
In this work we prove the following GWP result in the space H'(R?) x H'(R?).

THEOREM 1.3. Let (ug,vo) € H'(R?) x H*(R?). Then, for all T > 0, there
exists a unique solution

(u,v) € C([0,T]; H'(R?) x H'(R?))
to the initial value problem (1.1).

This solves a problem left open in Corcho, Oliveira and Silva [9]; see Remark
4.3 therein. The proof of this theorem is simple; it uses basic properties of the
unitary Schrodinger group and the Gronwell inequality.

Next we prove a result of GWP (small data) below energy space for the
Schrodinger solution u. We will use the method of Bourgain ([3]) on high and
low frequencies together with the framework of dispersive Sobolev spaces.

THEOREM 1.4. Let (ug,vp) € H*(R?) x L?(R?), with 2/3 < s < 1, such that

20(2)”“0”1/?Ic <1,
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where cq is the best constant in the Gagliardo-Nirenberg inequality
1/2 1/2
lull o) < collull ey lull 5 g2)-
Then, for all T > 0, there exists a unique solution
(u,v) € C([0,T]; H*(R?) x L*(R?))
to the initial value problem (1.1) with A = —1.

The difficulty in the proof of these theorems lies in the absence of conserved
quantities in the energy space.

2. notation and basic properties

Let Y, be a normed space on R". We denote by LYY, (JxR"™) := L¥(J; Y, (R")),
where J C R is an interval, the completion of the space of Schwartz functions f(z,t),

with the norm
1/2
1 fllry, (7xrny = </J |f(t)€,mdt) .

When R™ and J are implicit, we denote this norm by || f|[zry, -
Let h be a continuous function on R. We define the space X, ; by

Xop = X0y(R" x R) = 5 (R7 X K)o,
where S, ; is the Schwartz space, with norm

[Tl xneer = 114€)*(r = h(€) ul€, )|z 2,

with the notation (-) := {1+ |- \2}1/2 ~ 1+4]-], recalling that the Fourier transform
(space-time) is given by

ﬂ(ﬁ,T)z/R/ e @Sy (1, 1) daedt.

The space X is called Bourgain space or dispersive Sobolev space. Similarly we
define the space H; . with norm

lullm,. = (1K) ()°a(€, )l 22

Let I C R be any interval of time. We define

Xep(R" xI) == {u;u= vlpu,;, ve XL R xR)}
with norm
lullx, ,@nx1) = f{[[v][x, ;5 VIgays =1}
We have that
Xoo= L3H: and (X)) = xICY,
and moreover,
Xsp — C(R; H*(R™)) and H; . — C(R; H'(R™)),
for any b,c¢ > 1/2 and s,l € R.

PrOPOSITION 2.1. We have the following known embedding
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(1) if2<p<oo and bz%— then ||ullprgs < cllullx,,,

1
p
(2) if 2 < p,g < oo andb > % —

CHUJHXS,M

and s > 5 —% then  |[ul[grps <

[

1
p

(3) ifl<p<2 and b< then |lullx,, < cllullprus,

1_ 1
2 p

||®;:/2_(U1U2)||L$Lg < cflurflx luzl|x

1/2,1/2+ | 0,1/2—"

and

.
DY (waun)llpzre < clluallx, e o lu2llx,, s

— o~

where (D3, f)(§) = (€)°f(£)-
PrOOF. For the items (1), (2) and (3) see [11] and for the item (4) see [3]. O

We define an operator L by @(5) = —ih(§)u(g).

PROPOSITION 2.2. Let f € HE(R?) for some s € R and for some polynomial
h:RY — R. Then
i) For any Schwartz time cutoff n € S;(R), we have

()6 Fll oo R x BL) Sy 1 iz caey

ii) Let Y be a Banach space of functions on R x R? with the property that
le*™e™ flly S 1f 1l mracays
for all f € HS(RY). Then we have the embedding
Jally o Mol o6 gy
forb>1/2.
PROOF. See [11]. O

Now define the function ¢ : R — R by

(2.1) I(t) == { (1] m ; ;

and ¥ € C§°(R). Moreover, define 97 (t) := 9(%).
Consider the IVP
(2:2) u(0) = ug.
The solution of this IVP is given by

{ut—Lu:F,

t
(2.3) u(t) = e**ug + / e t=IL F(s)ds.
0
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THEOREM 2.1. Let u be the solution of the integral equation (2.3). If s € R
and b > %, then
[[Irul| e < Clluollaz + C|[F|[yre -
s,b s,b—1

PROOF. See [11]. O

We establish the properties of the group {2} in the LP(R") — space.

PROPOSITION 2.3. Ift # 0, %—i— % =1 and p’ € [1,2], then we have e™® :
LP(R™) — LP(R™) is continuous and
(24) e gy < et/ U]
For a proof of this proposition we refer to [11].

We proceed with the notion of admissible pair.

DEFINITION 2.1. We say that the exponent pair (q,7) is admissible if

e2<r< 2 if n>2,
e 2<r<wo if n=2,
e 2<r<w if n=1.
PROPOSITION 2.4 (Strichartz estimates). Ifn > 1, s € R, (q1,71) and (g2,72)
are admissible and q% + qi, =1, % + Ti, = 1, then we have the homogeneous
2 2
Strichartz estimate
(2.5) e uo|| L 71 (mxmny < C(n, 7)o L2 @)
the dual homogeneous Strichartz estimate
t
isA
. n < A v
@0 [ S Fslle < Conan Pl
and the inhomogeneous Strichartz estimate

t
i(t—s)A
(27) H /O e ( ) F(S)dSHLfL;(RXRn) < C(n;QIarth;TQ)HFHLleL;/z (RXR”).

PROOF. See [11]. O

3. Global Well-posedness in H'(R?) x H'(R?)

In this paper we give a negative answer to the question of the existence of blow-up
solutions for the initial data in H'(R?) x H!(R?) in Corcho, Oliveira and Silva [9];
see Remark 4.3 therein.

In order to prove a global theory in H'(R?) x H'(R?) we need an estimate
Vu(.). To achieve this, we apply the gradient in the equation (1.6) and we obtain

t
(3.1) Vo(t) = Voge F + 2 / e DB |u(r)|? dr.
K Jo
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Observe that,
V|ul? = V{ua} = 2Re(u.Vu).

Replacing this expression in (3.1), we get
A t
(32) Vol < [[Vuollzz +2 M | e o) Va2
0
Therefore

A Y
IVeOlzz < IVonlzz +2 3] [ e Mlu)llos 1Valos dr
0

2
(3.3) < |[Voollzz +4/ L u()llpaps IVu(®)]|paps.
Moreover, applying the gradient in the equation (1.5), we have
(3.4) Vu= St)Vuo+i(L1 + I2),
where
t ¢
I = / S(t — 7)Vu(r).v(r) dr, I, = / St —71)u(r).Vou(r) dr.
0 0
Since (4,4) is an admissible pair, we conclude that
(3.5) IVullpsps < cl|Vuollrz + [allzazs + 12llpsLs,
and using the inhomogeneous Strichartz estimate (2.7), we have
(3.6) illzszs < clVu(m)o(m)l| sz pars < el Vullpzrz|lvllpips-
By immersion
1/2 1/2
(3.7) llollzs < collol 1571Vl 25,

and from (3.6) and (3.7), we have
t 1/4
1nillzges < ellVullzry ( | ol 1901 dr>
0

¢ 1/4
(3:8) < ol Vullzzaloll /2 2 ( JAZT df)
x O x
1/2

t
< cl|Vullfzpz |lvllLeerz + (/ IVollZe dT)
x 0
Now we estimate I5:

allzaps < |[lu(m)-Vo(m)ll a4

(3.9) e " : 1/2
<l ZIval s ([ 190l ar)
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Here we used (3.7) and the conserved quantity (1.2). Replacing (3.9) and (3.8) in
(3.5), we get

t 1/2
IVl < llullz + cliullz lolless + ([ 190125 ar)

¢ 1/2
1/2 1/2
el Juo| [ NI Vull s (/0 V0] dT) .

Using (3.7), it follows that

(3.10)

1/2 1/2
(3.11) lullszs < Tolillull s < coTmtatlluol 221 Vuull 2 1

Combining (3.3), (3.10) and (3.11), we can show that
(3.12)
IVu®)llLz < |[Vvollzz + K [[Vu(®)|[psrs

t 1/2
< [Veollzz + % {|VU0|L3 IVl ol + ([ 190l ar ) }
x 0 - b

¢ 1/2
1/2 1/2
+5r|[uol| 11Vl 12 12 (/0 1Vo][72 ch)
where
2
K = cO,/;T;@4m||uo||2g2\|Vu|\2§3Lg :

Observe that

. 1/2
(3.13) IVo@llz < @+60) ([ Ve ar)

where
1/2 1/2
G(T) = Kr(L+ [fuol 5" Vull 3 12)
® = || Voollzz + K Vol 2z + Kl Val Fe 1o [0l 1 22,
forall 0 <T < Thaz-

Hence, by Gronwall inequality, we obtain

(3.14) [Vot)]3, <202 26Tt € [0, Thna)-

The estimate (3.14) proves Theorem 1.3.
We also have the following.

REMARK 3.1. Let > 0 and let u,(t),v,(t) be the solutions of the initial value
problem (1.1), with u, € C([0, Tyax|, L2). If the initial data vy € L', then we get

limsup ||v, (¢)|| 1 < [|uol|rz, ¢ € [0, Tmax)s

H— 00
and

9 | T2
vu(t, x)dr — A||ug||72| — 0.
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PROOF. Observe that
(3.15) [ou(8)] < €% fuo + '2' /t e~ 7 uy () [2ds.
0
Integrating (3.15) and using the conserved quantity (1.2), we have
(3:16) [ fuu(eDldo < e (fooll = Nllaol )+ NlaolZe, ¥t € [0, T
Similarly, we obtain

/ v(z,t)dx = e_ﬁ(/ vo(2)dz — MJuo||22) + A|uol|32, vVt € [0, Tmax)-
n R?’L

Note that this equality proves the remark.

LEMMA 3.1. LetT >0, 1 <p < qg<ooand A,B > 0. It follows that there

exists T =T(B,p,q,T) such that if f € L‘(I0 ) satisfies

(3.17) ”f”L'(ZOJ) <A+ BHfHL?U,t)’
for all0 <t <T, then
171z, < AT
PROOF. See [6]. =

REMARK 3.2. In order to estimate ||U||LgL210 . we also could have used the

Lemma 3.1.

In fact, let 0 <t <T < Tyae and letvyg € L?, ug € L%, Since (4,4) is an admissible
pair in R?, using the integral equation for u and the global well-posedness result in
L? x L?, we have

t
lullzary, , < Clluollzz + II/ St —tu(t)o(t)dt || 1 s
0

0,t (0,t)
<C C
< Cluollze + Clluvl s ass
< Clluollz> + C||U||L?52)L§||UHL<031T>L§-
Now by Lemma 3.1 we conclude that

llliacs, < luoll=T(lolzz , 2. T)-

4. Global well-posedness in H*(R?) x L?(R?), 2/3 <s< 1
In this section we will prove Theorem 1.4.

4.1. A priori Estimates. If one takes A = —1 in (1.3), then the energy of
the system is decreasing, i.e,

(4.1) E(u,v) = E(u(t),v(t)) < E(ug,vo), Yt >0,

where

(4.2) E(u,v) = / (IVul? + 2v[ul* 4+ v?) dx = / (|Vul® = Jul* + 2o |*) da.
Rn R™

From (1.2), (4.2) and the immersion
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(4.3) [lu(®)llza < collu@®II Va4,

we get

/ |Vu|2dx—|—/ |v\2dx§E(u0,v0)—2/ |u|?v dx
R2 R2 R2

< E(ug, vo) + 2|[v]| L2 ||ul 24

< B(uo, vo) + 2c3|[v]| 2 |uoll 22 [[Vu(t)]| 2.

Thus

@d g [ vl et (-2l [P e < B w),
which gives

(4.5) . |v|? dz < 2E(ug,vo), . |Vu|? de < 2B (ug,v0), ¥t >0,
since ) ’

(16) 2 luollz < 1.

In a similar way, by (4.2), the immersion (4.3) and (4.5), we get

/ 12| dz < E(ug,vo) +/ lu|* da
R2 R2
< B(uo, vo) + cplluol| 22 [ Vu(t)]]7
3
(4.7) < §E(u0,v0), if QC%HUOHLg <1
Moreover, by (4.3), (4.4) and (4.6), also is not dificult to see that
1
(4.8) / ol dr < S B(uo,w), i 2clluollze < 1.
R2
REMARK 4.1. 1) As a consequence of the immersion (4.3) it follows that if
cé||u0||%i <1, then
E(u,v) > 0.
2) If 4cflluollLz <1, then

(4.9) / \Vu\2dx+/ [v|? da < §/ \Vu0|2dx+§/ lvo|? da.
R‘Z IR2 3 R‘Z 3 RQ

In fact, by (4.2) and (4.1), we have

/|Vu|2d:c+/ \v|2d:r§/ |Vuo|2d:c+/ [vo|? da
R? R? R? R?

+ QCgHUHLg ||U0||L§\|Vu(t)||L§ =+ 2CgHUoHLg ||U0||L§HVU0HL§,

and using the Young inequality we deduce (4.9).
3) The integral representation (1.6) of v and the Cauchy-Schwartz inequality
give

_ 1 _
(4.10) o)Lz < e " |lvol| 2 + \/ ﬂ(l —e 2t/u)1/2Hu”2L‘[‘0,t]L47 t >0,

T
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and the estimate (4.8) shows that if 2c3||ugl|zz < 1, then

1
(4.11)  |lo@®)llz2 < e " vg|lL2 + \/>E(u07v0)1/2(1 — e MYL2 g >,
: %

4.2. Tteration. Now let vy € L? and ug € H*®, 2/3 < s < 1, be the initial
data of the IVP (1.1), with the small condition (4.6), i.e.,

(4.12) 2¢gluoll 2 < 1.

Fix a large time T and let N = N(T') be a cutoff (to be specified). Write
(4.13)

ug := wo +1ng with wg= /
lEl<N

eW%ao&,nm:/ €T (€) .

[EI>N
‘We observe that

1/2
(4.14) |wolgo = {/ §I29|qu(€)|2d€} <ol - N°7%, for any 6 > s.
El<N

Similarly, we get

1/2
(4.15) mmm={/‘ ﬂ%%@W%} < Jluoll . N7 o <
[EI>N
and

(4.16) llwollzz < [[uollLz,

In particular, these estimates proves that wyg € H* and ng € H®. Now we
consider the IVP

B4 1ad = 90
(4.17) A p—
0 0

w(0) =wg and ©v(0) = vy,

where wy is defined in (4.13) and verifies (4.14) and (4.16). We know by the
Theorem 1.2 that if the initial data (ug,vo) € H*(R?) x L?(R?), then there exists a
unique solution (u,v) € C([0,T]; H*(R?) x L?(R?)) of IVP (1.1). Shortly problem
(4.17) is globally well-posedness in H'(R?) x L?(R?).
We write the solution (u,v) of the system (1.1), as
(4.18) u=3+107 and v:g+g,
where (7%7 2) satisfies the IVP

.0 0 0 0,,0 0 00
iy + 540 = (u+n)(v+z) — v,
0 0 0 0 0
(4.19) pze+z = —lu+n? + [ul?,

0 0
n(0) =mno,  2(0) =2 =0,
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where 79 is defined in (4.13) and verifies (4.15).

Consider the IVP (4.19) in the following integral form

(4.20) B) = e*2/2n + h(e),

where

(121) o =i L eat-n2(8 0 88, 8 4,
and '

(4.22) 2= ;/Ot e~ (t=7)/u <—|%2 — 2Re (2%)) dr.

We have the following LWP result

THEOREM 4.1. Let (G, 79) € H*'(R?) x H*2(R?), where (s1,s2) satisfy the
condition (1.7). Then, for all T such that

&
(4.23) 0<T < — . :
[@oll3rer + 1T0ll3r

there exists a unique solution
(,0) € C(0,T); H (R?) x H™(R?))
to the initial value problem (4.17) with initial data (0o, Tg) such that:

< c¢llwollm=r + ¢ |lToll 2,

@24)  [Ir0uC,Ollx.,., + 00O )k, .,

wehere 7 is defined in (2.1) and for some suitable by > 1/2 and by > 1/2.

PrOOF. It follows immediately from the proof of Theorem 1.1 in Corcho,
Oliveira and Silva [9]. O

We also have the following.

THEOREM 4.2. Let ug be in H*(R?) and let ng be as defined in (4.13). Then,
there exists t1 > 0 such that

(4.25) t; = N~2(-8)—

and there exists a unique solution

(1,2) € C([0, ] H*(R?) x L*(R?))

to the initial value problem (4.19) with initial data ng and zo = 0, such that

0
(4.26) 92, ()0 (-, 1)
for some suitable b > 1/2.

Xs.b <c HUOHHSv

PROOF. The proof is very similar to the proof of Theorem 1.1 and to the proof
of Theorem 4.1 in Corcho, Oliveira and Silva [9]. O

REMARK 4.2. If in Theorem 4.1 we take s1 = 1, so = 0 and if also we consider
Qo = wo as defined in (4.13) and 0y = vy, then we can take T = t; = N~=2=9)~ and
thus obtain the same existence interval [0,t1], for the systems (4.17) and (4.19).
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Note that by (4.14), we have ||Vwollrzr2) S llwoll i (rey < l|uo|| 7. N1=%. From
(4.16) it follows that

E(wo,v0) = /2 (IVwol? + 2 |wol*vo + [vo|?) d < [[Vwol[Zs m2) + [[v0ll72 (se)
R

+ collwol| 22 r2) [ Vwol | L2 (m2) l[vol | L2 (r2)
(4.27) <o N2(=9),

Integrating the inequality (4.8), considering the time ¢; as in (4.25), we have
t1 1

(4.28) / lu|* dedt < = E(ug,vo) ty < 1.
0o Jr2 2

By Remark (4.2) in the time interval [0, ¢;] we have local existence for both systems
(4.17) and (4.19).
Now from (4.16), 2 ¢3||wol|r2 < 2c§lluol|z2 < 1, thus by (4.5) we have

(4.29) IV a(t)] 2 a2y S NO,
and
(4.30) 100t 22 @2y Ss N2,

Furthemore, the immersion (4.3), conservation law (1.2), inequalities (4.29) above
and (4.36) below imply that

0
(4.31) ()]s S NCH/DT and [[a(t)]ps S, NOT/2

For t € [0,t1], by (4.18) and (4.20), we have
(4.32) w(t) = 2O + ) + D and  w() = () + 200,

where (2, 101) is the solution of (4.17) and (%, g’) = (¢ + €22y, 2’) is the solution of
(4.19). Now we define the new intial data for the second iteration

(433 wi = ulty) +f2(t1) and v = 0(t) + 2(t),

m = et1d/2p, and z1 = 0.

In each iteration we consider the decomposition of the initial data as in (4.33).
Therefore n1,...,n; = €#tA/2ny have the same properties of 7y with el s =
lnoll s and 21 = -+ = 2z, = 0. We hope that wq,...,w, and vy,...,v; also have
the same properties of wy and vy respectively in order to ensure the same existence
interval [0, 1] in each iteration and attach the existence interval [0, 7], extending
the solution of the systems (4.17) and (4.19). This fact is proved by induction.
Here we will prove only the case kK = 1 and note that a similar argument works in
the general case.
From (4.1), we have

E(u(t1),0(t1) ) < E(u(0),0(0)) = E(wo, vo).
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Thus we get
(4.34) E(wi,v1) < E(wo,v0) + | B(wy,v1) — E(u(ty), 0(t1) )} .

Using the immersion (4.3) and (4.33), we obtain

B(wn,01) — E((t), 9(020))] = [E((E) + $(t2), 5(00) + 2t2)) — Bt (1) )|

0 0 o o 0
< [IVo(t)|[72 + 2Vt 2 [Vt 2z + 2[[0(t)]] 2 @2y | [0 (E1)] 174
0 0 0 0 0 0
+ 4 Ju(t)l|pall ()] La (||U(t1)||Lg + |\Z(t1)||Lg) +2[z(t0) 2 |9t
(4.35)

0 0 0 0 0
207z +2llot)ll 2]z 2z + 2[2(E)] |2 [lu(t)]| -

In order to estimate (4.35), initially we will assume the following result, which be
will proved later.

0
LEMMA 4.1. Let %(t) be a solution of the IVP (4.19), and let ¢ (t) be the forcing
term as defined in (4.20) and (4.21), then we have the following estimates

0 0
(4.36) @)Lz ®z) <eN"* and ||[V(t)||p2®e) < e NCS/DT
and also that

0 —S
(4.37) MMl Lara 0,6 xRy < N5

Using (4.22), the Minkowsky and the Cauchy-Schwartz inequalities, together with
(4.28) and (4.37), for any ¢ € [0,¢1] we have

0 I A 0 0 0
||z(t)||L§(R2) Sﬁ/o e (t=m)/k (||77(T)||%§(R2)+2|‘77(7—)|‘L§(R2)HU(T)HLi(]Rz))

0 0 0
Sullllde oo+l eallles s

[0,¢1]"x [0,%1]
0 0
< 2
(438) Sulllld oo+l s
(4.39) SN

From (4.29), (4.30), (4.31), (4.35), (4.36) and (4.39) we obtain

|E(wy,v1) — E(t(t), (1)) S NCT 4 N1=s N(=/2)7
L NA=9) N3/ | p(=s)/2 p(=3s/0)* (N(l—s) n N—s)
(440) +N73N(735/2)+ +N725 _i_lests +N175N78 S N((273s)/2)+.
Combining (4.27), (4.34) and (4.40), we get that
(441) E(wl,vl) < E(wO7UO) _’_CN((2—3S)/2)+'
Also, observe that by conservation quantity (1.2) and Lemma 4.1, we have

O 0 —S —S
(4.42) w1z < |lut)llze + [[(E) 22 < llwollzz +eNT% < lugl[zz +eN7*.
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Thus, the small condition (4.12) remains valid in the second iteration if
(4.43) 2¢3|lwil|z2 < 2¢(||luollpz + eN~*) < 1,

ie., if 2¢2¢N=° < 1 — 2¢3|lug||r2, which happens indeed if N is very large. Also
from (4.5), it follows that

0 0 —s —s
(4.44) [oillze < [lo(t)llze + [2(t)]l 22 < V2E(wo, vo) +eN 7% < N1,
The number of steps in the iteration is
Z ~ TN2=9"
i

Thus, by (4.27), we need that
TN2(1—3)+N((2—33)/2)+ < E(wo,vo) ~ N2(1—s)7
which is posible if s > 2/3 and
N =N(T)= T2'/Bs=2)  or equivalently T = NBs=2/@")

Observe also that the small condition remains valid in each iteration since, in similar
way as in (4.43), we have

TN21-9)" 2c§cN_S — N(Bs=2)/(2") y2(1-9)* 20(2)0N_3 = QCch(Q_?’S)/Q
(4.45) <1 —2¢gluol|z2,
and similarly as in (4.44)
\/m+TN2(1*S)+ N~ < \/m+ NBs=2)/2F N2(1-8)F s
(4.46) <N,

and the inequalities (4.45), (4.46) are true if N is very large and s > 2/3.

4.3. Proof of Lemma 4.1. First we will prove the inequality (4.37). Since
(4,4) is an admissible pair of the group {e®?/2}, by (4.20) and Prosition 2.4, it
follows that

0 0
(4.47) ||77||Lf01t1]L;§ <clnollzz + ¥l a4 jo,6)xRr2)-

Moreover, Proposition 2.4, the equality (4.21) and the Holder inequality show that

0 00 00 00
||¢||L§L§([o,t1]xn@2) S lluz+nv +772HLE10/3 ]Lg/B
2Tl :

0 0 0 0
< HUHL?OJI]Lg”Z”Lﬁml]Li + ||77||L‘[*01t1]L§”UHL2 L2

[0,t1] 7

0 0
(4.48) +lnlles, rallzlez , r2-

[0,t1] [0,t1]

By estimates (4.5) and (4.27), we get

(4.49) 19(5)]1 22 < v2E(wo,00) S N'™°, ¢ >0.
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Therefore, combining (4.28), (4.38), (4.48) and (4.49), we obtain

Hwn% i SHPIRN, e 0 Il sVl 0
02 Il al2leg, e
(4.50) slsi/"’ 1lles,,,,ee (N7 Illeg,, os + I3 1)
Note that t1/> = N=(1=5)" 1 < N. Thus, it follows from (4.47) and (4.50) that

1/2

0 0
103, zs < climolles + et WlEy oo (L 1les,,, ne)

[0,¢1]

and from a standard continuity argument it follows that

O —S8
(4.51) Il Lara(o,0)xr2) < 2¢||mollzz S N7°.

Now we will prove the first inequality in (4.36). Since (o0,2) and (4,4) are admis-
sible pairs of the group {e?**/2}, using (4.21), (4.48)-(4.51) it follows that

0 00 00 00
I¥llzz < I\u2+nv+nZ||L4/s %

1/2 s
SH2 g, ms (N7 4 IRy, o + 100, o)
(4.52) <N

Finally we will prove the second inequality in (4.36). By Theorem 2.1, it follows
that

0 0
IV @)z r2) < cll¥llx,

=cC sup
HWHX{—I,I—b} <1

(4.53) =c sup
IWlx o5y <1

where (6\;]“)(5) = (£)*f(¢), DL := D,. Without loss of generality we only consider

the term with 82, because the estimates on the other terms in (4.53) are similar or
better. Using the Plancherel equality and the Hélder inequality, we have

/ Dy (0 2)W da dt| <
R xR2

/ Dy (0) 2T da dt| + / WD ()W da dt
R; xR2 Ry xR2

0 0
< 18 e 1Da(@llsg, p Wy e +

/ DY25 () DY (W ) du dt
Ry xR2

0 0 +
<2l o Do)t 28 Wl pam + DY )laz, 11D (W )15, 2

(4.54)
= 11[2.[3 +I4I5.
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Now we will estimate all the terms in (4.54):
(1) Estimate of I5:

Observe that the local well-posedness theory in Theorem 4.1, the conservation
quantity (1.2) and a priori estimates (4.5) imply that

0 —s
(4.55) 19, (Hul- D)l|x,, < cllwollar + ellvollz < e N,
and
0
(4.56) 106, @)ul, ) x0, < cllwollzz + clvollzz < e

Using the Proposition 2.1 item (4), interpolation, (4.55) and (4.56), we have

Iy = DY (Wi)llge 2 < elltllx, . 0 [Wllx, .,

0,1/2 0,1/2
<clully?, , Ml

< eNU=9/2,
(2) Estimate of I:
Using the Proposition 2.2 item ii) (because (4,4) is an admisible pair) we have

[Wllps, < clW(,8)llx

z,t 0,1/2% "
Interpolating this inequality with

IWllgz, < cl[W(8)llxo 0,
we obtain

(4.57) Is = Wl s pa- < cllW(0llx <c

0,1/2— —

(3) Estimate of I:
To estimate I we also will use the Proposition 2.2 item ii). Thus

0 0 _
I2 = ||‘Dmu||L;11Li S C||’l9t1u‘|)(1=1/2+ S CNl S,

(4) Estimate of I; and I4:
By Theorem 4.2 and the bilinear estimates in Proposition 2.4 of Corcho, Oliveira
and Silva [9] for s > 1/2% we have that

0
(4.58) 10uzlla, , e < cllmollas < cfluollas-

s,1/2+
From Gagliardo-Nirenberg inequality and (4.39), we get
0 1/2%,,0 1/210,1—¢ s0 1+
L = ||Z||L31+Lg+ :tl/ HZHL;Tng < t1/ ||Z||1Lgng||iD;ZH%;>;L§ §u N~ )
where 26 = 07 /(21). Finally, using interpolating and (4.58), we obtain

+,0 1/2 0,0 0,1-0 1/2110,11—0
L= D> ()llez 12 < 621220 1 12115052 < et IR

_ +
5# N(=1/2) ,

where s6; = (1/2)%.
Combining (4.53), (4.54) and the estimates on Iy, ..., I5, we have

0
V()] L2®2) < eNEs/27
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REMARK 4.3. 1) By (4.4), the condition (4.12) can be replaced by the weaker
condition:
V23 |uol|rz < 1.

0
2) The inequality (4.35) shows that a better estimate for [|Vi(-)||r2 implies a
better GWP result.
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