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Dynamics of stochastic modified Boussinesq approximation
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ABSTRACT. The current paper is devoted to stochastic modified Boussinesq
1 1)

approximation equation driven by fractional Brownian motion with H € (Z’ 5)-

Based on the different diffusion operators PA2 and —A in stochastic sys-
tems, we combine two types operators ®; = I and a Hilbert-Schmidt opera-
tor 3 = & to guarantee the convergence of the corresponding Wiener-type
stochastic integrals, and show the existence and regularity of the stochastic
convolution corresponding to the stochastic modified Boussinesq approxima-
tion equation. By the Banach modified fixed point theorem in the selected
intersection space, the existence and uniqueness of global mild solution are
obtained. Finally, the existence of a random attractor for the random dy-
namical system generated by the mild solution for the modified Boussinesq
approximation equation is also established.
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The Navier-Stokes equations are often coupled with other equations, especially,
with the scalar transport equations for fluid density, salinity, or temperature. These
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coupled equations (often with the Boussinesq approximation) model a variety of
phenomena arising in environmental, geophysical, and climate systems ([7, 8, 26] ).
For important models such as the Navier-Stokes equation, KDV equation, Burgers
equation and the Schrodinger equation, one can consult [3, 6, 13, 14, 21] for results
on the existence, uniqueness of solution, and existence of attractors. The modified
Boussinesq approximation equation is a reasonable model to describe the essential
phenomena of the highly viscous incompressible fluid in the Earth’s mantle, we refer
to Hills and Roberts [19], Padula [27] for a derivation of the following Boussinesq
approximation equation

(1.1)

u +u-Vu—V-7(e(u)) = =Vr + f(z) + elb,
Oy + (u- V)0 — A0 = g(z),

where the vector function u represents the velocity of the fluid, 6 is the scalar
temperature, function f(z) and g(x) are periodic external forces with respect to
space variable x, the vector es = (0, 1) is a unit vector in R2, and the scalar function
7 is the pressure, 7;;(e(u)) is a symmetric stress tensor with the form

Tii(e(u)) = 2po(e + )T eij — 2u Aeyj e > 0,45 = 1,2,
1,0u; Ou; 2
eij(u) = 5(833]» + 81‘1)’ le(u)[* = Z leij (u)[?,

i,j=1

where pg and pp are positive constants. In the shear thinning case, 1 < p <
2(n = 2,3) and the shear thickening case, 1 < p < 2+ niw, (n = 2,3). There
are many contributions to investigate the existence and uniqueness of the solution,
attractors and manifold for the modified Boussinesq approximation equation, we
refer to [5, 17, 11, 30] for deterministic non-Newtonian flow (with the absence of
), and refer to [18] and the monograph [17] for the well-posedness and long-time
behavior of modified Boussinesq approximation equation.

Recently, C. Guo [16] showed the existence of random attractor for the stochas-
tic Boussinesq approximation equations driven by Gaussian white noise in domain
D=1[0,L] x [0, L]

du+ (u-Vu—V-7(e(u)) + Vm)dt
(1.2) = (f(z) + e20)dt + ®1(t)dW (t),z € D,t > 0,
db, + (u- V)0 — Af)dt = g(z)dt + Po(t)dW (¢),x € D,t > 0,
V-u(z,t)=0, z€D,t>0,
u(x,0) = up(x),0(x,0) = Oy(z),z € D,
uwi(z,t) = w;(z + Lx;,t), 6(z,t) =60(x+ Lx;,t) i=1,2.
where {x;}5_, is the natural basis of R*,W (t) = 3=, Bi(t)h; is the cylindrical Wiener
process for white noise, §;(t) is a family of mutually independent real-valued stan-
dard Wiener process, ®;(t),7 = 1,2 are Hilbert-Schmidt operators.

The fractional Brownian motion(FBM) is a family of Gaussian processes that
is indexed by the Hurst parameter H € (0,1). For H # %7 the FBM is not a semi-
martingale and the increments of the process are not independent. These properties

can be used in modeling “cluster” phenomena (systems with memory and persis-
tence) such as hydrology [20],et al. There are many papers and monographs on
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fractional Brownian motion and its stochastic integral, and stochastic partial differ-
ential equation(SPDE) driven by FBM, we refer to [4], [29], [22, 23, 24] and so on.
Recently, The authors in [11] and [12] studied the regularity for stochastic convo-
lution, and showed the existence of the mild solution for stochastic non-Newtonian
fluid driven by space-time fractional Brownian motion. Futhermore, they also es-
tablished the existence of random attractor.

Since fractional Brownian motion is neither markov nor martingale, the classi-
cal Ito stochastic integral fails to apply for one of FBM. It is interesting to study
the well-posedness and long time behavior of stochastic modified Boussinesq ap-
proximation driven by FBM. It is necessary to mention the current work in [10], in
which they studied the two dimensional stochastic Navier-Stokes equation driven
by FBM. Motivated by the ideas in [11],[10] and [16]. In the present paper, we
consider the following stochastic modified Boussinesq equation driven by fractional
Brownian motion

du(t) + (u-Vu—V -7(e(u)) + Vr)dt = (f(x) + e2d)dt + dBH(t), €O, t>0,
do(t) +(1((3 V)0 — AO)dt = g(x)dt + ®(t)dBH(t), =€ O,t>0,
V-u(z,t)=0, z¢€0,t>0,

u(z,0) = up(z),0(x,0) = 6y(z),z € O,

where @ C R? be a bounded domain with smooth boundary 00 .

Due to the regularity of the stochastic convolution depends on the value of
Hurst parameter H, stochastic Wiener-type integral is different for H € (1/2,1)
and H € (0,1/2) respectively. For H € (0,1/2), it needs the fractional Riemann-
Liouville integral to transfer the fractional Brownian motion to be represented in
terms of standard Brownia motion, and the computation for the regularity in the
case of Hurst parameter H € (0, %) is more complicated than one for H € (%7 1).
More details are present in section 3. Based on the different diffusion operators
PA? and —A, we combine two types operators ®; = I and a Hilbert-Schmidt
operator ®3 = ® to guarantee the convergence of the corresponding to Wiener-
type stochastic integrals, and show the existence and regularity of the stochastic
convolution corresponding to the stochastic modified Boussinesq approximation
equation. By the modified Banach fixed point theorem in the selected intersection
space, the existence and uniqueness of mild solution are obtained. Finally, the
existence of a random attractor for the random dynamical system generated by the
mild solution for the modified Boussinesq approximation equation is also presented.

The rest of the paper is organized as follows. Section 2 is devote to some func-
tional setting and operators, some definitions and criteria for random dynamical
systems. In section 3, we introduce the definition of the infinite dimensional frac-
tional Brownian motion and its stochastic integral, and present some properties of
stationary solutions z; and z, for some kinds of different Hilbert-Schmidt operators.
The section 4 is devoted to the existence of mild solution. The existence of random
attractor of random dynamical system generated by the mild solution of stochastic
equation (1.3) is shown in section 5.

2. Preliminaries

In this section, we will present some notations for operators and working spaces,
and then represent the stochastic modified Boussinesq approximation equation as
an stochastic evolution equation in product space.
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In what follows, we introduce some notations as follows
={ue{L*(0)}?*: V-u=0,u- n|ao =0}, Hy=L*0).
Denote H = H; x Hs endowed with the norm
8% = lulf, + 1017, = [ul720)2 + 101720

for any ¢ = (u,0) € H, where u € Hy and § € H,. For simplicity, we use the
notation | - | to represent the norm for space Hy, Hy and H respectively. It is easy
to verify that Hy, Hy and H are Hilbert spaces with the inner product denoted by
(+,-) for each of the spaces.

Followed the same notation in [11], denote

Vi={ue{H{(0)}*: V-u=0}, Va=H0), V=V xV,.
Then V; is a Hilbert space with the norm

86”

2 2
u A
| |V1 ‘ ’LLl 9$k:

i,7,k=1
Define bilinear operator ai(-,:) : V4 x V4 — R and as(-,-) : Vo x Vo — R by

al(“?”) = (u7U)V17 a2(9 5) (0 §)V2

By Lax-Milgram lemma, we can use the bilinear operators a;(-,-) and as(-,-) to
define the following linear operators A; € £ (V1,V]) and Ay € Z(Va, V3):

< Aju,v >= ag(u,v), < Ag0,€ >=as(0,8).
Similar to the argument in Proposition 2.3 in [2] and [11], the operators A; is an
isometry from V; to V/ for ¢ = 1,2.
Denote
2
D(A)) =Vin{H*0)}", D(As) = Vo N H*(0),

then A; € Z(D(4;), H;) is an isometry from D(A;) to H;, and A; is a self-adjoint
positive operator with compact inverse A;l, where i = 1, 2.

It follows from the Hilbert-Schmidt theorem that there exist eigenvalues {\;}32,
{):j};?';l and the corresponding eigenvectors {e;}22, C D(A1), {€;}32, C D(As)
such that

Arej = Ajej, j=1,2,..., 0< A <A< <)\]< . Aj— 00 (j — ),
Agéj = Njéj, j=1,2,..., 0<5\1<5\2<.. <A<, Ay —oo(j — o).

Moreover, {e;}32; and {€;}32; are the orthonormal basis for H; and Ha respec-
tively.

Since operator A;(i = 1,2) is the densely-defined, self-adjoint, positive operator
in Hilbert space H;(i = 1,2), then A;(i = 1,2) is a sectional operator, and S;(t) €
Z(H;) is an analytic semigroup generated by A;, (i = 1,2).

[o ]
S;(t) ::e—tAiz/ e"NE; , i=1,2,
0

where {E; »} are the projections to the eigenspace determined by A;,i = 1,2.
For any ¢ = (u,0) € V, denote

ao= (") swe= (50 )
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and define the trilinear operator b(-,-,-) by
b(¢1, P2, #3) = bi(u1, uz, us) + ba(uy,02,0s), Vé; = (u;,0;) €V,

where

2
8 .
by (y, v, w) = Z/@yiafgjwjd% Yy, v,w € {H(0)}7,

i,j=1

& 90 >
by (y, 6, €) = - edr, Wy e {HY(O)?,0.¢ € HY(O).
0:0.9=3 [[vig i e (O 0.cH©)

For any ¢; = (u;,0;), we define the continuous bilinear functionals B(¢1, ¢2) €
V', Bi(u1,us) € V{ and Ba(us,602) € V4 by
< B(¢1,¢2), 3 > = b(¢1, P2, ¢3),
< By(u1,uz),uz > = by (u, us, us),
< Ba(u1,602),03 > = ba(uq, 62, 0s).

In what follows, we abbreviate B(¢, ¢) as B(¢) for any ¢ € V.
Define the functional N(u) € V{ by

< N(u),v >= /O/L(u)eij(u)eij(v)dz, Yv € Vi,

p—2

where p(u) = (e + |e(u)|?) "z, and

N(¢) = ( N(()“) ) Vo = (u,0) € V.

We also denote N as N without any confusion, and

m= (), wamo— (S0 )

With the above notations, the stochastic modified Boussinesq approximation
equation (1.3) can be rewritten as the following abstract stochastic evolution equa-
tion

2.1) de(t) + (Ag(t) + B(g(t) + N(9)(t) + R(¢(t)))dt = @dB" (t),
’ ¢(0) = (uo, bo).
Finally, we introduce the definitions of random dynamical system, random

attractor which are taken from [6]. Let (H,d) be a complete separable metric
space, (Q,TF, P) be a probability space. The following definition is from [12].

DEFINITION 2.1. (T, P,(0¢)icr) is called a metric dynamical system if 0 :
RxQ — Qis (B(R) x F,F) measurable, g = 1,051t = 05080, for allt,s € R, and
0:P =P for allt € R.

DEFINITION 2.2. A random dynamical system (RDS) with time T on a metric,
complete and separable space (H,d) with Borel o—algebra B over {6:} on (T, P)
is a measurable map

S: TxHxQ+—H, (tz,w)r— St,w)z
such that
(i) S(0,w) =Id (identity on H),
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(ii) (Cocycle property ) S(t+ s,w) = S(t,0sw) o S(s,w) for all s,t € T
and w € Q.
DEFINITION 2.3. An RDS is said to be continuous or differentiable if S(t,w) :

H —— H is continuous or differentiable respectively for allt € T. A set B C Q is
called invariant with respect to (0;)ier if for allt € R, 6; ' B = B.

DEFINITION 2.4. A random set K (w) is said to be S(t,w) forward invariant if
S(t,w)K (w) = K(6w).

DEFINITION 2.5. A random set A(w) is said to attract another random set B(w)
if P-almost surely,

d(S(t,0_w)B(0_w), A(w)) — 0,ast — oo.

DEFINITION 2.6. If K(w) and B(w) are random sets such that for P-almost all
w € Q, there exists a time tp(w) such that for allt > tp(w)

S(t, 9_tw)B(9_tw) C K(W),

then K(w) is called as an absorbing set with respect to B(w), and tg(w) is called
the absorption time.

DEFINITION 2.7. Suppose S(t,w) is an RDS such that there exists a random
compact set w — A(w) which satisfies the following conditions:
(i) S(t,w)A(w) = A(Bw) for allt >0, and
(ii) A(w) attracts every bounded deterministic set B C H.

Then A(w) is called global random attractor.

DEFINITION 2.8. The random Omega limit set of a bounded set B C X at time
t is defined as
A(B,t,w) = ()| JS(t s,w)B,
T<t
and
Op = |J AB.tw).

BCX

THEOREM 2.1. ([6])  Suppose {S(t,w)}i>swen be a random dynamical sys-
tems on a Polish space H, and suppose that there exists a compact set w — K(w)
absorbing every bounded nonrandom set B C H. Then the set

Aw) = | 25(w)
BCH
is a global random attractor for S(t,w). Furthermore, A is measurable with respect
to F is T is discrete, and it is measurable with respect to the completion of F, where
Qp(w) is the Omega limit set of the set B.

3. The Wiener-type stochastic integral with respect to FBM

In this section, we introduce the definition of the infinite dimensional fractional
Brownian motion only with H € (0, %) and its Wiener-type stochastic integral, and
present some properties of stationary solutions z; and 2o for a class of different
Hilbert-Schmidt operators.
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First, we introduce the definition of the standard cylindrical fractional Brown-
ian motion, which is taken from [9], and the definition of the wiener-type stochastic
integral are taken from [11].

DEFINITION 3.1. ([9]) Let (2, .%#, P) be a complete probability space. A cylin-
drical process < BH,- > Q xRy x V — R on (Q,.%,P) is called a standard
cylindrical fractional Brownian motion with the Hurst parameter H € (0,1) if

(1) for each x € V\{0}, HHITH < BH(\),z > is a standard scalar FBM with

Hurst parameter H;
(2) fora,feR and z,y €V,

(3.1) < BR(t),ax+ By >=a < B (t),2 > +3 < B (t),y > P-a.s.

REMARK 3.1. For H = %, the definition 3.1 reduces to the usual one for a
standard cylindrical Wiener process. The fractional Brownian motion has the dif-
ferential regularity for H € (0,%) and H € (%, 1) respectively. In what follows,
we just focus on the case H € (0, %) with lower regularity, we need the fractional
Riemann Liouville integrals to define the Wiener-type stochastic integral in terms

of standard Brownian motion.

Let f be a deterministic Banach-space valued function that belongs to L*(0,7T; V).
The fractional Riemann Liouville integrals of order o > 0 are determined at almost
every t € [0,T] are defined by

(1) Left-sided integral:

(T8 1)(t) = ﬁ / (t — )2 f(s)ds,

(2) Right-sided integral:
Ia e 1 T a—1 d
I N0 = e [ (5= Fs)as
where I'(+) is the Gamma function.

For a € (0,1), we denote by I, (L*(0,T;V)) (respectively, I$_(L?(0,T;V)))
the class of functions f in L?(0,T; V) which can be represented as an I§, -integral
(respectively, I#_-integral) of some function g € L2(0,T; V). If f € I$_(L?(0,T;V)),
then the function g such that f = I$ g is unique in L? and it agrees with the right-
sided Riemann-Liouville derivative of f of order « defined by

o _ Ld [T (s
DT_f(t)——F(l_a)ﬁft PR

This derivative has the Weyl representation

o _ 1 Q) T f(s) = f(t)
D10 =504 ((T—t)a _a/t (s—t)a+1d5> )

where the convergence of the integrals at the singularity ¢ = s holds in L?-sense. It
follows that the space I¢_(L?(0,T;V)) is Hilbert space with product

< fag >a=< fvg >L2(O,T;V) + < D%—f& D’%—g >12(0,T;V) -

Now, we introduce the Wiener-type stochastic integral with respect to FBM.
Fix an interval [0, 7] and let 3 (¢) be a one-dimensional fBm of Hurst index H €
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(0, %) on the probability space (£2,.%#, P). By definition 8 is a centered Gaussian
process with covariance

R{t,s) = (3" (65" (5)) = 5 (%1 + 521 — |t = oM.

Fractional Brownian motion 4 has the following Wiener integral representation:

t
510 = [ Kult,5)ds(s),
0
where 3 is a Wiener process, and Ky (t, s) is the kernel given by

K@) 5) = bi [(t)H (1= )" 4 (5~ H)sh " /:m — )byt R |

The constant by is defined by
2H :
bH = 1 )
(1—2H)-B(1—2H,H + 3)
where (3(-) is the Euler Beta function. It follows from (3.2) that

8K 1 _3 /S8 %_H
S (ts) = b (H = ) (= 5)" (;) .

Denote by & the linear space of V-valued step functions of the form

d)(t) = Z ai]‘(tmtwﬂ (t)
i=1

where a; € V and 0 =t <ty < --- < tpy1 =T. The Wiener integral with respect
to FBM for ¢ € & is defined by

T n
| ot (o) = Y ast, s,

Define the linear operator Kj; := & — L2(0,T;V) induced from the kernel Ky by

T
(K30)(0) = 60K (L) + [ (9(5) - 010 T 2 (s, 1)ds.

It follows that

(3.3) E = |Kgdlrzo,mv)-

T 2
| ots1asms)

0 \%
Let S be the Hilbert space obtained by the completion of the pre-Hilbert space &
with the inner product

< 0, >pi=< Ky, Kiph >r1200,1v)

for ¢,1p € &. We refer to [1] for the proof of the fact that K3 is an isometry
between the space & and L?(0,T) that can be extended to the Hilbert space 7
and L2(0,T). Thus the stochastic integral is extended to % by isometry (3.3) and
the image on an element U € 7 by this isometry is called the Wiener integral of
¥ with respect to 8.



DYNAMICS OF STOCHASTIC MODIFIED BOUSSINESQ APPROXIMATION 191

For 0 < H < %, the reproducing kernel Hilbert space J# can be represented by
the fractional integral space. Namely,
H = (Kip) M0, T5V)) = ;7 (120,73 V),
As a consequence, we have the following relationship between the Wiener integral
with respect to FBM and the Wiener integral with respect to the Wiener process:

(3.4) [ et = [ e

0
for every t < T and p e A if and only if K¢ € L2(0,T;V).

Denote €, = Ap 2en, n € N. It follows that {€, },en forms a standard orthonor-
mal basis of V. Letting 8 (t) =< Bf(t),¢, > for n € N, the sequence of scalar
processes {32}, en is independent and B¥ can be represented by the formal series

(3.5) B () =Y " st

that does not converge a.s. in H. Although for any fixed ¢ the series (3.5) is not
convergent in L?(Q x H), we can always consider a Hilbert space U; such that
H C U such that this inclusion is a Hilbert-Schmidt operator. In this way, BY
given by (3.5) is a well-defined U;-valued Gaussian stochastic process.

Let {®(s),0 < s < T} be a deterministic .%,(V')-valued function, where % (V)
be the space of Hilbert-Schmidt operators on V. The stochastic integral of ® with
respect to B¥ can be defined by

(3.6) /Ot s)dB" (s Z/ (s)€ndBy (s) Z/ (K77(®,))()dBn(s),

where (3,, is the standard Brownian motion.

However, the stochastic linear additive equation in its mild form admits a
solution even if fo (t)dB*(s) is not properly defined as a V-valued process. Here
we use notations: fg( ) be the space of all Hilbert-Schmidt operators on H.

e (Hyper-1) Q =idy, ¢ € 4 (H);

These conditions are proposed by Maslowski, Schmalfuss in [24] and Duncan,
Maslowski, Pasik-Duncan in [9] and Tindel, Tudor, Veins in [29] respectively. We
mention that the Hilbert-Schmidt operators (elements of % (H)) is compact. In-
deed, the key feature of these conditions is the compactness which guarantees that
we can handle the infinite-dimensional problem in a finite-dimensional manner.

Consider the stochastic linear differential equation

{dzz — Ayzdt + ®dBH,

LEMMA 3.1. [24] IfH € (0, 3) and ® satisfies the condition of (Hyper-1), then
there is a version of the stochastic convolution (z3(t) = fo So(t — s)®dBH (s),t €
[0,T7) with C([0,T]; V) sample paths.

Consider the stochastic linear differential equation

=A BH
(38) d2’1 1Zdt+d :
21(0)=0€ V.
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As noted in [29] and [9], the stochastic integral fot I,dBH (s) is not well-defined
as a V-valued random variable since the identity operator Iy ¢ L2(V). We then
consider the mild form of the equation, whose unique solution, if it exists, can be
written in the evolution form

t
(3.9) zl(t):/ Sy (t — s)dB(s).
0
LEMMA 3.2. ([12]) If H € (4,3), then the stochastic convolution z (t) =
fot S(t — s)dB*(s) is well defined and the process (z(t),t € [0,T]) has a V-

continuous modification.

Noticing that the sample orbit of fractional Brownian motion is not differ-
entiable almost everywhere in the classical sense, so we consider the stochastic
convolution in the product space H:

t [y Si(t — s)dB (t)
2(t) = / S(t—s)®dB"(t) :=
’ I 85(t — 5)®ydBI (1)

(3.10) =

4. Existence and uniqueness of the mild solutions

In this section, we will apply the modified Banach Fixed Point theorem to show
the existence and uniqueness of the mild solution for stochastic modified Boussinesq
approximation equation (2.1) in the space E = C([0,T]; H) N L?(0,T; V). We first
give the definition of mild solution for equation (2.1).

DEFINITION 4.1. A H-values random process (¢(t),t > 0) on a fixed probabil-
ity space (0, %, P) with a given infinite-dimensional fractional Brownian motion
is called a mild solution of stochastic equation (2.1) if (¢(t),t > 0) satisfies the
following equation

o(t) =5(t)do / S(t — 5)B((s))ds — / S(t — )N ((s))ds
(4.1) 0 0

—/ S(t—s)R(qS(s))ds—i—/ S(t — s)®dB™ (s).
0 0

where the first three terms are operator-valued Bochner integrals, and the last one
is the Wiener-type stochastic integral defined by (3.10).
Denote

Ey, =C([0,T); H)) N L*(0,T;V1), Ey = C([0,T]; Hy) N L*(0,T; V3).

It is easy to verify that space E, E; and E5 are Banach spaces. In order to apply
the modified Banach Fixed point theorem, it is necessary to estimate each term of
the integral equation (4.1) in space E.
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For any ¢ € E, denote

(42) @) == [ S6- 9B
(43) Tae): = = [ SC= N (o)s
(1.4) Jx(9): = — | S(-—5)R(6(s))ds

0

then operators Ji, Jo and J3 possess the following properties:
LEMMA 4.1. J1 : E — E, and for any ¢, € E, it follows

[71(0)[% < e1léls,

hm—hwms@meﬂﬂywawm

[=)

=

+|¢|%}([O,T];H) ’ Wﬁ'ﬂ(o,T;v)) ’ |¢ - leE
PRrROOF. It follows from Lemma 2.6 in [2] that
B(¢) € L*(0,T;V’), V¢ € E.

So Ji(¢) is the weak solution of the following linear differential equations

(4.5)

D 4+ AJ(t) + B(g(1)) =0, te0,T],
J(0) =0,

and J; € C([0,T]; H) N L3(0,T;V) = E, that is, J; maps E onto E.
Taking inner product with the first equation in equation(4.5) by Ji, we obtain

LdlL ()

(4.6) =

FLAWF = - < B@(), A) >< g|BGO)R + 1A 01

where the sharp bracket <, > denotes dual pairing.
Integrating equation (4.6) over [0, ¢],

(4.7) mmﬁﬁﬂuwwms[]mwmw$

we notice that

T
/ 1B (u, w)[2,dt
0
(4 8) T T
: Sc3£ wwﬁ-m&namsunwmamﬂﬂn-A u(b)|?, dt

C1 4 4 Cl| 14
Y <|U\C([0,T];H1) + |U|L2(0,T;V1)) < 5|U|E17



194 JIANHUA HUANG, JIN LI, AND TTANLONG SHEN

and
T
| 1Bt
T
(49) < o / ()] - [u(®) 34 6()| - 16 v
0
T
< oo 0O ooy / ()0 v
<

2
T (‘ulé([O,T];Hl) + |9|é([o,T];H2) + |u|4L2(o,T;v1) + \9|%2((),T;v2))
(410) < (lult, +[613,),

Combining estimation (4.8) with (4.9), we have

T

t T
/ IB(6(s)) 2 ds = / 1B (u, ) 2, dt + / |Ba(u,0)[2 it
0 0 0

Co C1
S ulh, +101%,) + 5 ult,

IN A

cr(|ulg, + 10/, )

< c1(Jul, + 1015, + (Julg10lE,)%)
< c1|op-

Thus

(4.11) [h|E <2 <|J1|20([0,T];H) + \J1|2L2(0,T;V)) < 1]

Next, we will prove the second estimation in lemma 4.1. For any ¢, € E, let
w = J1(¢) — J1(¢), then w is the weak solution of the following linear equation

{d”zi” + Aw(t) + B(6(t)) — B((#)) =0,

w(0) = 0.
Hence,
t t
@2 P+ [ wekds< [ 1B6) - BEE)Rds
0 0
It follows that for any ¢ € V,
(4.13)

| < Bi(u) — Bi(v), > |

= |b(U»U7<P) - b(U,U,QP”
< |b(u - v, ‘P)| + ‘b(U,U - ’U,QD)|

1 1 1 1 1 1 1 1
< C (Ju—vltfu— vl - lolvi - [ul?fulf, + ool - [0l - fu = v} fu = vl )
1 1 1 1 1 1
= C (Jul}fulf, + 1o} lolf, ) Ju— vl o — ol el
which implies that

1 1 1 1 1 1
(410)  [Buw) ~ Ba)lyy < ea (Il Fuld, + fol#olg, ) fu = of*u — ol
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A similar argument applied to operator By, we obtain

(4.15)
| < B2(u79) - B2(U,77)7<P > ‘

= |b(ua0a<p) _b(UaU7<P)|
< [b(u = v,0,9)[ + [b(v,0 — n,0)| + [b(u — v, 0, )| + [b(u, 6 — 1, ©)]

l 1 1
<C (Ju—ovl¥lu—vlf, Il 101216013, + 03 1nl?, - Iolvs - Ju — o] fu— ], )
(4.16)
1 1 1, 3 1,4 1 1
+ (10 =410 =11, - lelvs -l ul?, + ol 1ol - lelvs - 10— n110 = nl3, )

1 1 1 1 1 1
=/ (Il fulf, + ol lolf, ) 10 = 0216 = nl¢, eIy,

/N

1,1 o2 1 1
+ (1812101, + i3 10l ) lu — ol Ffu = vl Il ),
which implies that

|BQ(U,9) B2 1} M ‘V/ <C

/\

1 1 1 1 1 1
(lut? ulf, + lol# o3, ) 16— n1 16 = nl,
(4.17)

1 1 1 1 1 1
(1101, + ol ol ) o = ol = off, ).

Finally, direct calculations yields

/0 |B1(u(s)) — B1(U(S))|%/1/ds

QCATQMﬂéwﬁ@

(4.18) \2
+w@nﬂw@a)|M$—v@nww@—vwmmm
T . ) i
<o [ (el + i)

lu(s) — v(s)|*ds +/ |u(s) — v(s)ﬁ,lds)

(4.19) L. 1 L
<cQu—mamﬂﬂﬂA (lu() Fu(s)IF; + o) 2o, ) ds

+ u — U|%2(O,T;V1))

(4.20)

T
SC(4|U’U|%’([O,T];H1)/O (lu(s)Plu(s) [, + [o(s)P[v(s)R,) ds
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(4.21)

2
+|u— U|L2(0,T;Vl))

§C<4|U - U|2(J([0,T];H1) (‘ulé([O,T];Hl)|u‘2L2(O,T;V1) + ‘U‘QC([O,T];HI)|'U|%2(O,T;V1)>

2
+ |u — UL2(0,T;V1)>

(4.22) s
2 2 2 2 :
L2C| [ule o,y Ul 22 0,m5v0) + 101E 0,77 m0) V] 220,501
(|U - U|2C([0,T];H1) + |u— U|2L2(0,T;v1))
(4.23) SC<|U|%'([O,T];H1)u|2L2(O,T;V1)

N

2 2 2
+ |U|C([0,T];H1)|”|L2(0,T;Vl)> lu —v[g,,

By a similar argument, we have
(4.24)

[ 1Bauls).005) = Batelo). (o)) ds

0

Nl

<C< <|U|QC([0,T];H1)|U|2L2(0,T;v1) + |U|20([0,T];H1)\”E?(O,T;vl)) 0 — ’7|?32

w—ma)
1

2
<C <|¢|2C([07T];H)|¢|%2(0,T;V) + |¢|ZC([O,T];H)‘w‘QL?(mT;V)) (lu = vl%, +10 —nl%,).
Combining the estimation (4.11)-(4.17), we conclude that

|J1(6) — L (¥)|%

T
<2$m|wOF+2/ o (s)|2.ds
t€[0,7) 0

W=

+ <|9|%‘([O,T];H2)|0|2L2(0,T;V2) + |77|2C([0,T];H2)|77|%2(0,T;V2)>

/ B(8(s)) — B(s))[2ds
< / By (u(s)) — By(0(s)) I3 ds + / |Ba(u(s),0(s)) — Ba(v(s), n(s))[2ds

N

< C (18 0.y |82 02 + Vo 2102y ) (1= v, + 10— mlk,)

Nl

S <|¢|20([0,T];H)|¢|%2(0,T;V) + |¢|20([0,T];H)\¢|2L2(0,T;V)) ¢ — ¥|%.

Thus, the proof is completed. ([
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LEMMA 4.2. Jo : E — E, and for any ¢, € E, it follows
(4.25) |J2(¢5)|2E < c3|¢|%2(O,T;V)7
(4.26) |J2(¢) = J2()|E < eaT|op — ¢

PROOF. It follows from Lemma 2.6 in [2] that for any ¢ € E, N(¢) € L?(0,T;V).
Similar to the proof in lemma 4.1, J, maps E onto E, and J2(¢) is the weak solution
of the linear differential equations

0 4 AJ(t) + N(6(t)) =0, te0,T),
J(0) =0,

and satisfies

PAGIEES / | Jo(s)|3ds </ IN(6(5)) |3 ds.
Noticing that [N (¢)|v: = [N(u)|y; < Cluly,, then we get
‘JQ |E < 2/ |N ‘V/dS < 20/ |U |V S = 03|U|L2(0,T;V1) S C3|¢|%2(0,T;V)'

Next, we will show the inequality (4.26) holds.
For any ¢,v € E, denote w = Ja(¢p) — J2(1)), then w is the weak solution for
the linear differential equation

W+ Aw(t) + N((t) — N(w(1)) =0,
(0) =0.

and satisfies

wt)* + [ |w(s)frds < [ [N(u(s)) = N(v(s))[3,ds.
0 0

Followed the similar arguments in Lemma 3.1 in [30] and the Sobolev interpolation
theorem, we have

< N(u) — N(v),¢ >

IA

Cle(u —v)| - V| < Clu— o] - |¢]s
Clu—v[*2 - Ju—ol3* o],

IN

Hence, we get
72(0) = Bl <2 [ IV () = N(w(o))
T
<C [ fule) = o) - ) = (s s

< Clu=vleoria) - v = vl
<CTlu— U|C([0,T];H1) Ju— U\L2(0,T;V1)
<caTlu—vl}, < el — Y.

Thus, the proof is completed. O
LEMMA 4.3. J3: E — E, and for any ¢,y € E, it follows
(4.27) [ J3(0)[% < ‘¢|%2(0,T;V)’

(4.28) |J3(¢) — Js()|% < Tl — ¥[%.
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PRrROOF. Repeating the similar argument in lemma 4.1, we can prove that Js
maps E onto E, and J3(¢) is the weak solution of the linear differential equation

0 L AJ() + R(6(t) =0, te0,T],
J(0) =0,

and

Ts(0)2 + / Ts(s)[2 ds < / IR(6(5))|2ds

t
< / 102, = 162200.1.v) < 162 00.10)-

For any ¢,v € E, let w = J3(¢) — J3(¢), then w is the weak solution for the
following differential equation

) 4 Aw(t) + R((t)) — R(¥(t)) = 0,
w(0) =0,

and satisfies

w(t)[? + / o) 2 ds < / IR(6(s)) — R((s))*ds

t
< /O 10 —nl*ds <TI0 = nl¢o.1y,1,) < Tl — 9[-
Hence, we have

| J3(¢) = J3()| % < Tl — ¢[.
Thus, the proof is completed. ([

Since the process z(t),t € [0,T] has a V-valued continuous modification, then,
we obtain the existence and uniqueness of the mild solution for stochastic equation
(1.3):

THEOREM 4.1. If H € (i %) and (Hyper-1) holds, then for any initial value
¢o € H and for any T > 0, stochastic modified Boussinesq approxrimation equation
(1.3) has a unique mild solution in space C([0,T); H) N L*(0,T;V).

PRrROOF. It follows from Lemma 3.1 and 3.2 that S(-)¢p € C([0,T];V) C E,
and z € FE. Hence,

(4.29) 1S(-)¢0 + 2| < [S()dole + |2]E < 2|¢0| + |2]E-

Consider the transformation .7 : F — E:

(4.30) T (@) = J1(d) + J2() + J5(9).

Then for any ¢, € F, it follows from lemma 4.1, lemma 4.2 and lemma 4.3 that
|7 (¢) = T ()|

< [1(9) = L(W)|e + [2(9) — 2(P)|e + | J3(d) — J3(¥)|e

NG

'l
(4.31) = 3 (|¢|2C([0,T];H) NPl720.0v) + 191 E 0,110 - |¢|%2(0,T;V)) o —Y|e
+(caT)?|¢ — Ylp + T3¢ — ¥lp

1 % 1 N
< (e2M)2 (|¢|2Lz(o,T;V) + WZH(O,T;V)) ¢ —le + (cf + 1)T?|¢ — |,
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where M = 4|¢o| + 2|2| 5.
By the absolute continuity of the Bochner integral, we can choose 7 € (0,1]
such that

1

(432) (|¢|%2(0,T;V) + ‘w‘%Q(O,T;V)) ’ < (2MC2)_%'

Denote Ty = min{r, 1, 16_1(0411/2—1—1)2} and B, := C([0,Ty]; H)NL*(0,To; V), then
1 1 1

@33) 17(0)~ TWen < (5 26— tlen, = 316 Vler,

Applying the modified Banach Fixed point theorem (Lemma 15.2.6 in [15]), the
equation

o(t) = S(t)go+2(t) + T (¢)
S(t)po + /0 S(t—s)®dB(s) — [ S(t —s)B(¢(s))ds

- / S(t — )N ((s))ds — / S(t — $)R((s))ds
0 0

admits a unique mild solution u(t) in space C([0, To]; H) N L?(0,To; V). Moreover,
the solution satisfies the estimate [¢|g, < M. Thus, the proof is completed. ~ [J
Next, we will show the existence of global mild solution for stochastic equation
(1.3).
Let ¢ be the local mild solution of stochastic equation (1.3) on [0,Tp], and
denote ¥ (t) = ¢(t) — z(t), then ¥(t) is the mild solution of the following equation

(4.34)
Y(t) =S(t)do — /0 S(t—s)B(¥(s) + z(s))ds — /O St —s)N(¥(s) + z(s))ds

- /0 S(t — $)R((s) + 2(s))ds

It is easy to see that () is also the weak solution of the following evolution
equation with random coefficients:

() + AB(E) + B + (1)
EN((E) + 2(0) + R (s) + 2(5) = 0
(4.35) ¥(0) = ¢o.

Followed by the arguments in section 15.3 ([15]), we can get a upper boundedness
for v in the space FE.

LEMMA 4.4. Let ¢ be the local solution of the stochastic evolution equation
(4.34) on [0,T], then

T
(4.36) sup [i(1)[? < e o =N gy 2 4 / et [Ny, (s)ds,
t€[0,T 0

T T T
(4-37)/ ()3 dt < colol® + csc sup Iw(t)IQ/ (Iz(s)I%)dHca/ hi(s)ds
0 te[0,T] 0 0

where c; and cgare positive constants which depends on the domain O, integral
functions Ay and hy depend on z.
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PROOF. Integrating both sides of equation (4.35) with ¥ (¢) over O, and ap-
plying the facts < N(¢),v > > 0, < R(¢)),% > > 0 and the orthogonality of the
trilinear term b, we have

Ld|y(t))? 9
SAOF s ol
(138) = B+ (0, 900) +2(0), v)~ < NG + 2(0), (1) >
— < ROMD) + 2(0), (1) >
< I+ 2(0), 20,1+ 2(D)] < N(0), 00 > — < R(=(0)),%(0) >

It follows that for any r; > 0,

bi (v+ 21, 21,0+ 21)
<Cilv+z1] |zl v+ 211

C C1C
(4.39) < o+ a P+ 222

<25 v+ 2|2

C C
< lali P+ Ci0Oaful} + 2t - e[} + CiCalaf3,
CQ 02

and
by (v + 21, 22,1 + 22)
< Crlv+ 21| - |z2]1 - [n + 221
C C.C
@A0) <o lml ot al = It
20, 2

C C
< —Hzof} - [0 + C10aInlE + S|z - |22 + CiColzof3,
C2 C2

Hence, combining (4.39) and (4.40), we get

b(Y(t) + 2(1),¥(t) + 2(t), ¥ (1))
<b (v+z1,21,v+ 21) + ba (v + 21, 22,1 + 22)

C C
(4.41) < 2Lz o2 4+ CiColwpl? + 2Lz [? - |22 + 1Oz
C 2 02
C C
< 21z [ 4+ CiOawf} + ZE |22 - |23 + CiCol2f3,
C 2 02

Similarly, direct calculations show that

(4.42)
2
— < N(2),% >= — < N(21),v >< poe*?|z1]1 - [y < m[0]f + 4:%&* |23,
1
and
A 32 A 32
(443) = < R(2),¥ >< |(e222,v)| < |w[f + —Tlzof* < LYl + < |2)%
8 A2 8 A2

1 1



DYNAMICS OF STOCHASTIC MODIFIED BOUSSINESQ APPROXIMATION 201

Combining (4.41), (4.42) with (4.43), we obtain
(4. 44)

1
2, ALy o L2
Sl + L2 + Sl

1
G /J
éngl?lwl2 (0102+T1+ S+ (*I |1+*)| 2+ C1Colz} + 1 |23,
2 A2 T1€
where C5 be some positive constant which determined later.

Let
u
ha (2*\ |1+*)|Z|2+20102\Z|1 ° polGliE

)\1

then

1 CiCs +r Cilz

(@45) S+ (—2(1;1>> iy + (- 2% '1)|w|2gh1.

1

NH
= ol

Choosing Cs < C and let r1 be small enough such that C1Cs + 1 < == )‘ , then we
deduce

d c
(4.46) v+ (A —2 1|Z|1> ¥ < ha.

Applying Gronwall lemma, we have

C1\ ( )\1 _rt 01\2(62)\1 s9
[(t)]* < [6(0)%e f0< / hi(s1)e fsl <2 >d dsq,

which implies that
2 28 [T |2(s)3ds) , |2 T 28 [T ) Bar
sup |[¢¥(t)]F <e T2 o 1% o —|—/ e 22} hi(s)ds.
t€[0,T] 0

Let ¢5 = 2C1/C5, then the inequality (4.36) holds.
Integrating both sides of equation (4.45) over (0,T"), we have

r T
PP - O + (}2%) | s

A

< [ oS rieepas+ [ mias

-1
Let ¢g = (% —2(C1Cy + rl))\fl/2> , then the inequality (4.37) holds. Thus, we
complete the proof of lemma 4.4. O

(4.47)

Based on theorem 4.1 for the existence of local mild solution and lemma 4.4 for
the extension of local mild solution, we state the existence of global mild solution
for stochastic equation (1.3). In fact, define a stopping time

T =T Ninf{t € [to,T]: [¢(t)| = n}
then for some given w € Q, ¥(t) is bounded on [tg,T], and |¢(t)| < n for large
enough n, and 7, = T, which implies that 7, — T, t A7, — ¢t as n — oo and

t € [to,T], we replace ¢ in the argument of lemma 4.4 by t A 7,,, we can obtain the
following existence of the global mild solution



202 JIANHUA HUANG, JIN LI, AND TTANLONG SHEN

THEOREM 4.2. For H € (1,1), and assume the condition (Hyper-1) hold,
then for any ¢g € H and T > 0, then stochastic modified Boussinesq approximate
equation (1.3) has a unique global mild solution in space C([0,T); H) N L*(0,T; V).

5. Existence of random attractor

In this section, we will show the existence of random attractor for random
dynamical systems generalized by the mild solution of stochastic equation (1.3).
To the end, it suffices to prove the absorbing set in the space H!, where

H*' = the closure of ¥ in space (Hl((’)))2 .

Consider the following fractional Ornstein-Uhlenback stationary process:
t
Z(t,w) = Z(Ow) = / S(t —r)dBH (r,w).
—00
Then Z is a stationary solution of the following linear stochastic evolution equation

dZ(t) = AZ(t) +dB"(t), teR.

By lemma 3.1 and 3.2, it suffices to verify the existence of Z(0) in L?(2; H').
For H € (1, 3), dlrect computation gives

E|Z(0)f;
AH;Z / s(-ons]
1
= h?ii‘ipz <|51 €z|L2(o 1)+ ’D 5107 2L2(0,t;H1)

_ 2 5—H = |?
+ |52(')‘I’€i|L2(0,t;H1) + ’DT* SZ(')(I)Q L2(0,t;H?)

= limsupZ/ + )\2 2H) Ce T2t gy
i=

t—oo

Hoaalf, [ (10A12)

7hmsupz</\ B 3 2H>,(1_6—2>\it)

t—o0
2%, (1) (A; AT (1)
1 e _3 _1_opg _ _
§§Z<Ai 2 A2 )+|<1>2|§%(V2)(2 14 g2
=1

< Bp(4H +1)¢(4H + 1) + Bp(3)¢(3) — C(8H +2) — ((6)
+|¢2\3592(v2)(2_1 +272H)
< 00,
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where ((+) is the Riemann-zeta function.

For the real-valued continuous function | Z(6.w)|3, since (2, %, {0(t) }+cr) is the
metric dynamical systems, then the Birkhoff-Chintchin Ergodic theorem implies
that

(5.1) lim L

n
/ |Z(0w)2dt = E|Z(w)]? < oo.
n—too N 0
Next, we will show that the mild solution of stochastic equation (1.3) can generate
a random dynamical systems.
It follows from theorem 4.1 that for any t9 € R, ¢(t,w;to, ¢o) is the unique
mild solution

o(t:10) =S(t)do — / S(t — 5)B(d(s))ds — / S(t — )N((s))ds

— [ S(t—s)R(é(s))ds+ [ S(t—s)@dB(s).

to to

Taking the change of variable ¢(t,w;to) = ¥ (t,w;ty) + Z(t,w), we can claim that
P(t,w;t, po — Z(0z,w)) is the unique solution of the integral equation

P(t) =S(t)(¢o — Z(0r,w)) — / S(t—s)B(y(s) + Z(s))ds
(5.2) 0

t t
- / S(t — $)N(1b(s) + Z(s))ds — / S(t — $)R(1b(s) + Z(s))ds.

0 0
Thus, ¥ is the weak solution of the following evolution equation with random
coefficients

4 AW)+BW+Z)+ N+ Z)+ R+ Z) =0,
(5.3) ST
Y(to) = ¢po — Z(04,w).

Define a continuous map:
(5.4)  p(t,w,Po) =Y(t,w;0,¢00 — Z(w)) + Z(Ow), V(t,w,¢Po) € R x Q x H.

It can be verified that the measurability of ¢ follows from the continuous dependence
of the solution with respect to initial value, and the cocycle property follows from
the uniqueness of the solution. The solution ¢ generates a random dynamical
systems associate with stochastic equation (1.3).

Next, we will show two important lemmas, which given the existence of the
absorbing sets of ¢ and v in the space H and H' respectively.

For simplicity, we give the notation

e (Hyper-2) Sp(4H + 1)(({{{ + 1) + Bp(3)((3) — C(8H + 2) — ((6) +
|22, v, (27 +272H) < ZT

LEMMA 5.1. Assume the conditions (Hyper-1) and (Hyper-2) are satisfied,
then for H € (3, 1), there exists a random radii pp(w) and py(w) such that for

12
any M > 0, there exists to(w) < —1 such that for any to < ta and |do| < M, the
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following inequalities hold:
(5.5) [ (t, w;to, o — Z(0s,w))|? < pur(w), Vte[-1,0],
(56) ‘¢(t7wa th ¢O)|2 S pH(W)a Vit S [_170]a

0 0
(5.7) / OO < pr(w), / 100+ ZOR e < ().

PROOF. Firstly, we will prove both |¢(t)|? and [¢(t)|* are bounded in space H.
Similar to the argument technique in lemma 4.4, we have

d 1 ChCs + Ci|Z
(5.9 dt|w|2+<2—2<”1”>> |¢|€+<A1—z LY 1o <
AP 2

where hy = (201|Z|1 6§1)|Z|2+201C’2\Z|%+
Choosing

Cy € (2C1(Bp(4H + 1)((4H + 1) + Bp(3)¢(3) — C(8H +2) — ¢(6)

_ _ IERVON
+\‘I’2|?%(V2)(2 '4+2 QH))/\llTC )

and let r; be small enough such that the following inequality holds:

d C1|Z)3
R L T

By the Gronwall lemma, it follows that for any ¢ € [—1,0] and ¢y < —1,

cl|Z(e)|l ds t _ ot (n, —oC1Z6DIE Y 4
[p(t) 7 <[v(to)[?e fro( ) +/ ha(s1)e fsl( ! 2 ) *ds;

to

Cl|Z( DIk d 0 o cl|z(52)|1 d
<|y(to)|?e LO( ) s"’/ ha(s1)e Ll( ) * dsy.

to

L1213,

2r16“

Applying the Ergodic theorem, we have

(5.9) lim ! |Z( V2ds = E|Z(w)|1.

to—> o0 —to

Let 72 be small enough such that

C
O [antar + gttt +1) + 5o (31¢3) - (1 +2) - (0)
G102
M2
2 27
Then, there exists ¢1(w) < —1 such that for any ¢y < t; and ¢ € [—1, 0],
0
(5.11) @) < et gl + / e HO hy(s)dls.
to

Noticing that ho has at most polynomial growth as t) — —oo for P-a.s. w € (2, we
derive,

0 0
(5.12) / ho(s)e+®)2ds S/ ho(s)e1+9)2ds < 0o, P-as..
to

— 00
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Let py = 4fi)oc ha(s)eUT9)m2ds + 2sup, ¢y o) | Z(t)[?, there exists ta(w) < t1(w) <
—1 such that for all |¢g| < M, tg < t2 and t € [-1,0],

0
[W(=1,wsto, po — Z(0r,w))|* < 2/ ha(s)e T2 ds,

— 00
and

|¢(_17w;t07¢0)|2 S 2|¢(_17w7t07¢0 - Z(etow))|2 +2 S[up ] |Z(t)|2 S pH(w)
te[—1,0

Next, we will prove fi)l |4 (t)|3dt and f_ol |p(t)|3-dt are bounded. Integrating
equation (5.8) over the interval [—1, 0], we obtain
(5.13)

0 0
WOP ~1-DP 4" [ wwfde< [ mades [ 282608 oo

1 —_

0

It follows that for ty < to,

(5.14)
0 0 C 0 .
[ o< ([ mars S22 [z -0 P) £ co),
Similarly,
0 0
2 Cipn
/_1 (1) + Z(t) 2 dt < 2C4(/_1h2(t)dt+ c
0 0 _
[ 12wk +10-0F) +2 [ 120k 2 Cw.
1 _
Denote p1(w) = max{C(w),C(w)}, thus, the proof is completed. O

LEMMA 5.2. Assume the conditions (Hyper-1) and (Hyper-2) are satisfied,
then for H € (1, 3), there ezists a random radius p2(w) such that for all M > 0,
|go| < M, to <ty and t € [—3,0], such that ts(w) < —1 the following inequalities
hold in Probability 1

(5.15) |1h(t,wito, do — Z(0h,w))|T < p2(w), |6(t, w; to, ¢o)|T < p2(w).

ProoF. Multiplying both sides of the first equation in systems (5.3) with —Auw,
and integrating over O, we have

1d

— < R((t) + z(t), —L¢ > .
By using Gagliardo-Nirenberg’s inequality and Young’s inequality, we have
|b1 (v + Z1,v + Z1, Do)
<Clo+ Zi "2 v+ 24 5/2 o4 Zili - vle

<Clo+ Z "2 o+ Zi|y - Y2+ Clo+ Zi V2 o+ Zuly - | Z4] 52 - ol
A 5404 A 202
§§1\U\§+7/\3 |U+Zl|2'|U+Zl|ZiL+§1|U|§+T v+ Zi| - v+ Z41|3 - | Z4 )2,
1 1
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and
ba(v + Z1,n + Za, An)|
<Clo+ Zi["2 -y + Zoly? - In+ Zal - Inla
1/2 3/2 1/2 1/2
<Clv+ Z1|V= - n+ Zalr - Inly" ™ + Clv + Z4] '\77+Zz|1'|22\2 “|nl2

)\1 5404
\ |5+ |U+Zl\2 |77+Zz|1+*|77|2+7|v+21| 0+ Zo|7 - | Zal2,

Hence,
b( + Z, ¢ + Z, D)
<[bi(v + Z1,v + Z1, Av)| + [ba(v + ZlyTl + Z3, An)|
A 5404 202
STWE+ g+ 20w+ 2+ wu+——w+m|w+mywu
Finally, we estimate the following two terms in (5.16)

—<N@W+2), A >=

— <N+ 7)), Mv >< ppe 2 / leij (v + Z1)ei; (Av)|dz

(5.17)

. 12

<poe” T+ Zyy - Jols < |v\3+ )y +21|1,4|w|3 By + 2R,

and

— <R+ 2Z),Mp >= — < ea(n+ Z2), Lv >
(5.18) AN, 2 Mt 2

— — Zol? < =2+ — AR

< 8|U|2+)\1|77+ 2] _8|¢|2+)\1|¢+ |

Denote

54C
ha(t) = ( |¢+ZF|Zh+444w+Z|w+Zh\Zb+“ﬂw+Zh Sl 2P,

and
ha(t) = (546Ww+-zﬁ |¢h)

Then, the inequality (5.16) can be rewritten as the following inequality

T1wR + 213 < ho(t) + OO,
Thus,
(519) LI < ho(t) + a0

By the variation of constant formula, it follows from inequality (5.19) that for any
—1<s<t<0,

t
_ [s2
. 3 Js 4 9
\<>h<WU|ef““W*wf“““l/Vu@ﬁ [ ha(o)dss g
(5.20) s

0 0
< (|¢(8>|% +/ h3(82)d52> .ef_1h4(31)d$1.
—1



Integrating inequality (5.20) with respect to s over the interval [—1,¢], we obtain

0 0 o
(5:21) A+ D0 < ( | ek [ h3<s>ds) oS hat)in

Recalling that for ffl hs(s)ds, f_ol ha(s)ds and f_ol |4(s)|3ds are all bounded to —
—oo. Therefore, for any tg < to and t € [—%, 0], we have
(5.22) [W(B)[F < Cw).

Finally, we will prove the second inequality (5.15) holds. There exists a random
radius pa(w) such that

[6(t,wito, do)[T < 204 (t,wito, go) — Z(0r,w))[T + sup |Z()]F

1
(5.23) .
§p2(w), Vig < to,t € [*570]
Especially for t = 0, it follows
|6(0,wsto, ¢0) [T < pa(w), Vo < ta.
Thus, the proof is completed. O

Since H! is compactly embedded in H, then it follows from lemma 5.1 and
lemma 5.2 that there exists a compact absorbing set in space H. Hence, we can
apply theorem 2.1 to obtain the existence of the random attractor for stochastic
equation (1.3).

THEOREM 5.1. Assume the conditions (Hyper-1) and (Hyper-2) are satis-
fied, then for H € (i, %), the stochastic modified Boussinesq approrimation equation
(1.3) posses a random attractor.

REMARK 5.1. If the temperature variable 8 = 0, then stochastic modified Boussi-
nesq approximation equation reduces to stochastic non-Newtonian fluid driven by
infinite dimensional fractional Brownian motion, the authors in [11] and [12] stud-
ied the reqularity of the stochastic convolution, and showed the existence of random
attractor for stochastic non-Newtonian fluid, both H € (i, %) and (%, 1) respec-
tively. By the computation for the eigenvalue of Ay, they verified the (hyper-2)
is valid when the stochastic modified Boussinesq approrimation equation reduces to

stochastic non-Newtonian fluid.
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