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Abstract. This note provides a deeper understanding of the main results obtained in the

author’s 2007 DPDE paper [25].
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1. Introduction

This note is devoted to a further understanding of the results on the so-called Q-spaces

on Rn and the incompressible Navier-Stokes equations on R1+n
+ = (0,∞) × Rn established

in the author’s 2007 DPDE paper [25].

For α ∈ (−∞,∞), the space Qα onRn is defined as the class of all measurable complex-

valued functions f on Rn with

(1.1) ‖| f ‖|Qα
= sup

(r,x)∈R1+n
+

(
r2α−n

�
B(x,r)×B(x,r)

| f (y) − f (z)|2
|y − z|n+2α

dydz
) 1

2

< ∞.

Here and henceforth, B(x, r) ⊆ Rn stands for the open ball centered at x with radius r.

This space exists as a homothetic variant of the fractional Sobolev space L̇2
α on Rn,

where

f ∈ L̇2
α ⇐⇒

�
Rn×Rn

| f (y) − f (z)|2
|y − z|n+2α

dydz < ∞.
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According to [6, 25],
(
Qα/C, ‖| f ‖|Qα

)
is not only a Banach space, but also affine invariant:

if (λ, x0) ∈ R1+n
+ then

φ(x) = λx + x0 ⇒ ‖| f ◦ φ‖|Qα
= ‖| f ‖|Qα

.

Interestingly, one has the following structure:

Qα =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
BMO as α ∈ (−∞, 0);

(−Δ)−
α
2 L2,n−2α between W1,n and BMO as α ∈ (0, 1);

C as α ∈ [1,∞),

where (−Δ)−α/2 stands for the −α/2-th power of the Laplacian operator, and⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
f ∈ L2,n−2α ⇐⇒ ‖| f ‖|2L2,n−2α

= sup(r,x)∈R1+n
+

r2(α−n)
�

B(x,r)×B(x,r)
| f (y) − f (z)|2 dydz < ∞;

f ∈ W1,n ⇐⇒ ‖| f ‖|nW1,n =
∫
Rn |∇ f (x)|n dx < ∞;

f ∈ BMO ⇐⇒ ‖| f ‖|2BMO = sup(r,x)∈R1+n
+

r−2n
�

B(x,r)×B(x,r)
| f (y) − f (z)|2 dydz < ∞.

As showed in [25], the importance of the structure lies in an application of Qα to treating

the existence and uniqueness of the so-called mild solution u = u(t, x) = (u1(t, x), ..., un(t, x))

of the normalized incompressible Navier-Stokes system with the pressure function p =

p(t, x) and the initial data a = a(x) = (a1(x), ..., an(x)) below

(1.2)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂tu − Δu + u · ∇u + ∇p = 0 on R1+n

+ ;

∇ · u = 0 on Rn;

u(0, ·) = a(·) on Rn,

namely, u solves the integral equation

(1.3) u(t, x) = etΔa(x) −
∫ t

0

e(t−s)ΔP∇ · (u ⊗ u)ds,

where ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
etΔa(x) = (etΔa1(x), ..., etΔan(x));

P = {Pjk} j,k=1,...,n = {δ jk + RjRk} j,k=1,...,n;

δ jk = Kronecker symbol;

Rj = ∂ j(−Δ)−
1
2 = Riesz transform.

Even more interestingly, several relevant advances were made in [21, 19, 12, 8, 18, 20,
15, 16, 17]. The principal results in these papers have strongly inspired the author to revisit

and optimize the main results in [25]. The present article is divided into the following two

sections between this Introduction and the References at the end:

2. {Q−1
α }0≤α<1 and its Navier-Stokes equations;

3. limα→1 Q−1
α and its Navier-Stokes equations.

Notation. U � V or V � U stands for U ≤ CV for a constant C > 0 independent of U and

V; U ≈ V is used for both U � V and V � U.

2.
{
Q−1
α

}
0≤α<1 and its Navier-Stokes equations

2.1.
{
(−Δ)−α/2L2,n−2α

}
0≤α<1 &

{
Q−1
α

}
0≤α<1. As an extension of the John-Nirenberg’s

BMO-space [13], the Q-space Qα was studied first in [6], and then in [4, 5]. Among

several characterizations of Qα, the following, as a variant of [4, Theorem 3.3] (expanding

Fefferman-Stein’s basic result for BMO = (−Δ)−0L2,n in [7]), is of independent interest:

given α ∈ [0, 1) and a C∞ function ψ on Rn with
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(2.1)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
ψ ∈ L1;

|ψ(x)| � (1 + |x|)−(n+1) for x ∈ Rn;∫
Rn ψ(x)dx = 0;

ψt(x) = t−nψ( x
t ) for (t, x) ∈ R1+n

+ ,

one has:

(2.2) f ∈ (−Δ)−α/2L2,n−2α ⇐⇒ sup
(r,x∈R1+n

+

r2α−n
∫ r

0

( ∫
B(x,r)

| f ∗ ψt(y)|2 dy
)
t−1−2α dt < ∞.

Obviously, ∗ stands for the convolution operating on the space variable and

(−Δ)−α/2L2,n−2α =

⎧⎪⎪⎨⎪⎪⎩BMO for α = 0;

Qα for α ∈ (0, 1).

Upon choosing four ψ-functions in (2.1)-(2.2), we can get four descriptions of

(−Δ)−α/2L2,n−2α

involving the Poisson and heat semi-groups. To see this, denote by e−t
√−Δ(·, ·) and etΔ(·, ·)

the Poisson and heat kernels respectively:⎧⎪⎪⎨⎪⎪⎩ e−t
√−Δ(x, y) = Γ

( n+1
2

)
π−

n+1
2 t(|x − y|2 + t2)−

n+1
2 ;

etΔ(x, y) = (4πt)−
n
2 exp

( − |x−y|2
4t

)
.

And, for β ∈ (−∞,∞) the notation (−Δ)
β
2 f , determined by the Fourier transform (̂·):

̂
(−Δ)

β
2 f (x) = (2π|x|)β f̂ (x), represents the β/2-th power of the Laplacian

−Δ f = −Δx f = −
n∑

j=1

∂2
j f = −

n∑
j=1

∂2 f
∂x2

j

.

Choice 1: If⎧⎪⎪⎨⎪⎪⎩ψ1,0(x) =
(
1 + |x|2 − (n + 1)Γ

( n+1
2

)
π−

n+1
2

)
(1 + |x|2)−

n+3
2 ;

(ψ1,0)t(x) = t∂te−t
√−Δ(x, 0),

then

f ∈ (−Δ)−α/2L2,n−2α ⇐⇒ sup
(r,x)∈R1+n

+

r2α−n
∫ r

0

( ∫
B(x,r)

|∂te−t
√−Δ f (y)|2 dy

)
t1−2αdt < ∞.

Choice 2: If ⎧⎪⎪⎨⎪⎪⎩ψ1, j(x) = −(n + 1)Γ
( n+1

2

)
π−

n+1
2 (1 + |x|2)−

n+3
2 ;

(ψ1, j)t(x) = t∂ je−t
√−Δ(x, 0),

then

f ∈ (−Δ)−α/2L2,n−2α ⇐⇒ sup
(r,x)∈R1+n

+

r2α−n
∫ r

0

( ∫
B(x,r)

|∇ye−t
√−Δ f (y)|2 dy

)
t1−2αdt < ∞,

where ∇y is the gradient with respect to the space variable y = (y1, ..., yn) ∈ Rn.

Choice 3: If ⎧⎪⎪⎨⎪⎪⎩ψ2,0(x) = −(4π)−
n
2

(
n − |x|2

2

)
exp

(
− |x|2

4

)
;

(ψ2,0)t(x) = t∂tet2Δ(x, 0),
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then

f ∈ (−Δ)−α/2L2,n−2α ⇐⇒ sup
(r,x)∈R1+n

+

r2α−n
∫ r

0

( ∫
B(x,r)

|∂tet2Δ f (y)|2 dy
)
t1−2αdt < ∞.

Choice 4: If ⎧⎪⎪⎨⎪⎪⎩ψ2, j(x) = −(4π)−
n
2

( x j

2

)
exp

(
− |x|2

4

)
;

(ψ2, j)t(x) = t∂ jet2Δ(x, 0),

then

f ∈ (−Δ)−α/2L2,n−2α ⇐⇒ sup
(r,x)∈R1+n

+

r2α−n
∫ r

0

( ∫
B(x,r)

|∇yet2Δ f (y)|2 dy
)
t1−2αdt < ∞.

The previous characterizations lead to the following assertion uniting [25, Theorem

1.2 (iii)] and the corresponding result on BMO−1 in [11].

Theorem 2.1. For α ∈ [0, 1) let Q−1
α = ((−Δ)−α/2L2,n−2α)−1 be the class of all functions

f on Rn with

(2.3) ‖ f ‖Q−1
α
= sup

(r,x)∈R1+n
+

⎛⎜⎜⎜⎜⎜⎝r2α−n
∫ r2

0

( ∫
B(x,r)

|etΔ f (y)|2 dy
)

t−αdt

⎞⎟⎟⎟⎟⎟⎠
1
2

< ∞,

then

(2.4) ∇ · (Qα
)n
= div

(
Qα

)n
= Q−1

α .

Consequently,

(2.5) 0 ≤ α1 < α2 < 1 =⇒ Q−1
α2
⊆ Q−1

α1
.

Proof. The argument below, taken essentially from the proofs of [25, Lemma 2.2 and

Theorem 1.2 (ii)], is valid for all α ∈ [0, 1).

Step 1. We prove

f j,k = ∂ j∂k(−Δ)−1 f & f ∈ Q−1
α =⇒ f j,k ∈ Q−1

α for j, k = 1, 2, ...n.

Taking a C∞
0 function φ with⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

suppφ ⊂ B(0, 1);∫
Rn φ(x)dx = 1;

φr(x) = r−nφ(x/r);

gr(t, x) = φr ∗ ∂ j∂k(−Δ)−1etΔ f (x),

we get

etΔ f j,k(x) = ∂ j∂k(−Δ)−1etΔ f (x) = fr(t, x) + gr(t, x).

Upon denoting by Ḃ1,1
1

the predual of the homogeneous Besov space Ḃ−1,∞
∞ (consisting of

all functions f on Rn with ‖etΔ f ‖L∞ � t−1/2), we find (cf. [14, p. 160, Lemma 16.1])

f ∈ Q−1
α =⇒ f ∈ BMO−1 ⊆ Ḃ−1,∞

∞
=⇒ ‖gr(t, ·)‖L∞ ≤

∥∥∥∂ j∂k(−Δ)−1etΔ f
∥∥∥

Ḃ−1,∞∞
‖φr‖Ḃ1,1

1
� r−1‖ f ‖Ḃ−1,∞∞ ,

thereby reaching

(2.6)

∫ r2

0

( ∫
B(x,r)

|gr(t, y)|2 dy
)
t−αdt � rn−2α‖ f ‖2

Ḃ−1,∞∞
� rn−2α‖ f ‖2

Q−1
α
.
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Next, taking another C∞
0 function ψ with ψ = 1 on B(0, 10), writing⎧⎪⎪⎪⎨⎪⎪⎪⎩

ψr,x = ψ
( y−x

r
)
;

fr = Fr,x +Gr,x;

Gr,x = ∂ j∂k(−Δ)−1ψr,xetΔ f − φr ∗ ∂ j∂k(−Δ)−1ψr,xetΔ f ,

and employing the Plancherel formula for the space variable, we find out∫ r2

0

∥∥∥∂ j∂k(−Δ)−1ψr,xetΔ f
∥∥∥2

L2 t−αdt �
∫ r2

0

( ∫
Rn

∣∣∣y jyk |y|−2 ̂
(
ψr,xetΔ f

)
(y)

∣∣∣2dy
)
t−αdt

�
∫ r2

0

∥∥∥ψr,xetΔ f
∥∥∥2

L2 t−αdt.

At the same time, using Minkowski’s inequality (for φr) and the Plancherel formula once

again, we read off∫ r2

0

∥∥∥φr ∗ ∂ j∂k(−Δ)−1ψr,xetΔ f
∥∥∥2

L2 t−αdt �
∫ r2

0

∥∥∥ψr,xetΔ f ‖2
L2 t−αdt.

Consequently ∫ r2

0

∥∥∥Gr,x(t, ·)∥∥∥2

L2 t−αdt �
∫ r2

0

∥∥∥ψr,xetΔ f
∥∥∥2

L2 t−αdt.

To handle Fr,x, we apply the following inequality (cf. [14, p. 161])∫
B(x,r)

|Fr,x(t, y)|2 dy � rn+1

∫
Rn\B(x,10r)

|etΔ f (w)|2|x − w|−(n+1) dw

to obtain ∫ r2

0

( ∫
B(x,r)

|Fr,x(t, y)|2dy
)
t−αdt

�
∞∑

l=1

∫
B(x,r101+l)\B(x,r10l)

( ∫ r2

0
|etΔ f (w)|2t−αdt

)
(|w − x|r−1)n+1

dw � ‖ f ‖2
Q−1
α

r2α−n.

A combination of the above estimates for Fr,x and Gr,x yields

(2.7)

∫ r2

0

∫
B(x,r)

| fr(t, y)|2t−αdydt � rn−2α‖ f ‖2
Q−1
α
.

Of course, both (2.6) and (2.7) produce f j,k ∈ Q−1
α , as desired.

Step 2. We check ∇ · (Qα
)n
= Q−1

α .

If f ∈ ∇ · (Qα
)n

, then there exist f1, ..., fn ∈ Qα such that f =
∑n

j=1 ∂ j f j. Thus, an

application of the Minkowski inequality derives

‖ f ‖Q−1
α
≤

n∑
j=1

∥∥∥∂ j f j

∥∥∥
Q−1
α
�

n∑
j=1

‖ f j‖Qα
< ∞.

Conversely, if f ∈ Q−1
α , then an application of Step 1 derives f j,k = ∂ j∂k(−Δ)−1 f ∈ Q−1

α ,

whence giving fk = −∂k(−Δ)−1 f ∈ Qα. So,

n̂∑
k=1

∂k fk = −
n∑

k=1

f̂k,k = f̂ =⇒ f ∈ ∇ · (Qα
)n
.

Step 3. (2.5) follows immediately from (2.4). �
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2.2. Navier-Stokes system initiated in {(Q−1
α )n}0≤α<1. Classically, the Cauchy prob-

lem for (1.2) is to establish the existence of a solution (velocity)

u = u(t, x) =
(
u1(t, x), ..., un(t, x)

)
with a pressure p = p(t, x) of the fluid at time t ∈ (0,∞) and position x ∈ Rn assuming the

initial data/velocity a = a(x) = (a1(x), ..., an(x)). Of particularly important is the invariance

of (1.2) under the scaling transform:⎧⎪⎪⎪⎨⎪⎪⎪⎩
u(t, x) �→ uλ(t, x) = λu(λ2t, λx);

p(t, x) �→ pλ(t, x) = λ2 p(λ2t, λx);

a(x) �→ aλ(x) = λa(λx).

Namely, if (u(t, x), p(t, x), a(x)) solves (1.2) then (uλ(t, x), pλ(t, x), aλ(x)) also solves (1.2)

for any λ > 0. This suggests a consideration of (1.2) with an initial data being of the scaling

invariance. Through the scale invariance

‖aλ‖(Ln)n =

n∑
j=1

‖(a j)λ‖Ln = ‖a‖(Ln)n ,

Kato proved in [9] that (1.2) has mild solutions locally in time if a ∈ (Ln)n and globally if

‖a‖(Ln)n is small enough (for some generalizations of Kato’s result, see e.g. [24] and [26]).

Note that ‖ · ‖Q−1
α

is invariant under the scale transform a(x) �→ λa(λx). So it is a natural

thing to extend the Kato’s results to {Q−1
α }0≤α<1. To do this, we introduce the following

concept whose case with α = 0 coincides with the space triple (BMO−1
T ,V MO

−1
, XT ) in

[11].

Definition 2.2. Let (α,T ) ∈ [0, 1) × (0,∞].

(i) A distribution f on Rn is said to be in Q−1
α;T provided

‖ f ‖Q−1
α;T

= sup
(r,x)∈(0,T )×Rn

⎛⎜⎜⎜⎜⎜⎝r2α−n
∫ r2

0

∫
B(x,r)

|etΔ f (y)|2t−α dydt

⎞⎟⎟⎟⎟⎟⎠
1
2

< ∞.

(ii) A distribution f on Rn is said to be in VQ
−1

α provided limT→0 ‖ f ‖Q−1
α;T

= 0.

(iii) A function g on R1+n
+ is said to be in Xα;T provided

‖g‖Xα,T = sup
t∈(0,T )

t
1
2 ‖g(t, ·)‖L∞ + sup

(r,x)∈(0,T )×Rn

⎛⎜⎜⎜⎜⎜⎝r2α−n
∫ r2

0

∫
B(x,r)

|g(t, y)|2t−αdydt

⎞⎟⎟⎟⎟⎟⎠
1
2

< ∞.

Clearly, if 0 ≤ α1 ≤ α2 < 1 then Xα2;T ⊆ Xα1;T . Moreover, one has:⎧⎪⎪⎪⎨⎪⎪⎪⎩
fλ(x) = λ f (λx);

gλ(t, x) = λg(λ2t, λx);

(λ, t, x) ∈ (0,∞) × (0,∞) × Rn,
=⇒

{ ‖ fλ‖Q−1
α;∞ = ‖ f ‖Q−1

α;∞ ;

‖gλ‖Xα;∞ = ‖g‖Xα;∞ .

Also, recalling (cf. [3])

f ∈ Ḃ
−1+ n

p
p,∞ under p > n ⇐⇒ ‖etΔ f ‖Lp � t

n−p
2p for all t > 0,

one has

p > n > αp =⇒ Ln ⊆ Ḃ
−1+ n

p
p,∞ ⊆ Q−1

α;∞ = Q−1
α ,

which follows from Hölder’s inequality based calculation for r ∈ (0, 1):∫ r2

0

∫
B(x,r)

|etΔ f (y)|2t−αdydt � rn(1− 2
p )

∫ r2

0

‖etΔ f ‖2
Lp t−αdt � rn−2α.
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In order to establish the existence and uniqueness of a mild solution of (1.2) with an

initial data in (Q−1
α )n, we need two lemmas.

Lemma 2.3. Given (α,T ) ∈ [0, 1) × (0,∞] and a function f (·, ·) on R1+n
+ , let

I( f , t, x) =

∫ t

0

e(t−s)ΔΔ f (s, x)ds ∀ (t, x) ∈ R1+n
+ .

Then

(2.8)

∫ T

0

∥∥∥I( f , t, ·)∥∥∥2

L2 t−αdt �
∫ T

0

∥∥∥ f (t, ·)∥∥∥2

L2 t−αdt.

Proof. This lemma and its proof are basically the same as [25, Lemma 3.1] and its

argument under α ∈ (0, 1).

It is enough to verify (2.8) for T = ∞ thanks to three facts: (i) I( f , ·, ·) counts only

on the values of f on (0, t) × Rn; (ii) if T < ∞ then one can extend f by letting f = 0 on

(T,∞); (iii) we can define f (·) = 0 = I( f , t, ·) for t ∈ (−∞, 0).

Through defining

κ(t, x) =

{
ΔetΔ(x, 0) for t > 0;

0 for t ≤ 0,

we get

I( f , t, x) =

∫
R

∫
Rn
κ(t − s, x − y) f (s, y)dyds,

whence finding that I( f , t, x) is actually a convolution operator over R1+n. Due to

κ̂(t, ·)(ζ) =

∫
Rn
κ(t, x) exp(−2πix · ζ)dx = −(2π)2|ζ |2 exp

( − (2π)2t|ζ |2),
we have

̂I( f , t, ·)(ζ) =

∫
R1+n

f (s, y)

(∫
Rn
κ(t − s, v) exp(−2πi(v + y) · ζ)dv

)
dyds

= −(2π)2

∫ t

0

|ζ |2 exp
( − (2π)2(t − s)|ζ |2) f̂ (s, ·)(ζ)ds.

This last formula, along with the Fubini theorem and the Plancherel formula, derives

∫ ∞

0

∥∥∥I( f , t, ·)∥∥∥2

L2 t−αdt ≤
∫ ∞

0

⎛⎜⎜⎜⎜⎝∫
Rn

( ∫ t

0

|ζ |2| f̂ (s, ·)(ζ)|
exp

(
(2π)2(t − s)|ζ |2) ds

)2
dζ

⎞⎟⎟⎟⎟⎠ t−αdt

≈
∫
Rn

⎛⎜⎜⎜⎜⎝∫ ∞

0

( ∫ ∞

0

(
1{0≤s≤t}

)|ζ |2| f̂ (s, ·)(ζ)|
exp

(
(2π)2(t − s)|ζ |2) ds

)2
t−αdt

⎞⎟⎟⎟⎟⎠ dζ.

This indicates that if one can verify

(2.9)

∫ ∞

0

⎛⎜⎜⎜⎜⎝∫ ∞

0

(
1{0≤s≤t}

) |ζ |2| f̂ (s, ·)(ζ)|
exp

(
(t − s)|ζ |2)ds

⎞⎟⎟⎟⎟⎠2

t−αdt �
∫ ∞

0

| f̂ (t, ·)(ζ)|2t−αdt,

then the Plancherel formula can be used once again to produce∫ ∞

0

∥∥∥I( f , t, ·)∥∥∥2

L2 t−αdt �
∫ ∞

0

∥∥∥ f (t, ·)‖2
L2 t−αdt,

as required.
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To prove (2.9), let us rewrite its left side as
∫ ∞

0

(∫ ∞
0

K(s, t)F(s, ζ)ds
)2

dt, where{
F(s, ζ) = s−

α
2 | f̂ (s, ·)(ζ)|;

K(s, t) =
(
1{0≤s≤t}

)( s
t
) α

2 |ζ |2exp
( − (t − s)|ζ |2).

A simple calculation shows⎧⎪⎪⎨⎪⎪⎩
∫ ∞

0
K(s, t)ds = |ζ |2 ∫ t

0

( s
t
) α

2 exp(−(t − s)|ζ |2)ds � 1;∫ ∞
0

K(s, t)dt = |ζ |2 ∫ ∞
s

( s
t
) α

2 exp(−(t − s)|ζ |2)dt � 1,

and then an application of the Schur lemma gives∫ ∞

0

(∫ ∞

0

K(s, t)F(s, ζ)ds
)2

dt �
∫ ∞

0

(
F(t, ζ)

)2dt,

as desired. �

Lemma 2.4. Given α ∈ [0, 1) and a function f on (0, 1) × Rn, let

J( f ;α) = sup
(r,x)∈(0,1)×Rn

r2α−n
∫ r2

0

∫
B(x,r)

| f (t, y)|t−αdtdy.

Then

(2.10)

∫ 1

0

∥∥∥∥√−ΔetΔ
∫ t

0

f (s, ·)ds
∥∥∥∥2

L2
t−αdt � J( f ;α)

∫ 1

0

∥∥∥ f (t, ·)∥∥∥L1 t−αdt.

Proof. This lemma and its argument follow from [25, Lemma 3.2] and its proof.

To be short, let 〈·, ·〉 be the inner product in L2 with respect to the space variable x ∈ Rn.

Then

‖ · · · ‖2
L2 =

∫
Rn

∣∣∣∣√−ΔetΔ
∫ t

0

f (s, y)ds
∣∣∣∣2dy

=

∫ t

0

∫ t

0

〈√−ΔetΔ f (s, ·), √−ΔetΔ f (h, ·)
〉

dsdh.

Consequently∫ 1

0

‖ · · · ‖2
L2 t−αdt �

�
0<h<s<1

〈
| f (s, ·)|, (e2Δ − e2sΔ)| f (h, ·)|

〉
s−αdsdh

�
(∫ 1

0

‖ f (s, ·)‖L1 s−αds
)

sup
s∈(0,1]

∥∥∥∥∥
∫ s

0

e2sΔ| f (h, ·)|dh
∥∥∥∥∥

L∞
.

From [14, p. 163] it follows that

sup
(s,z)∈(0,1]×Rn

∫ s

0

e2sΔ| f (h, z)|dh � sup
(r,x)∈(0,1)×Rn

r−n
∫ r2

0

∫
B(x,r)

| f (s, y)|dyds.

and so that

sup
(s,z)∈(0,1]×Rn

∫ s

0

e2sΔ| f (h, z)|dh � sup
(r,x)∈(0,1)×Rn

r2α−n
∫ r2

0

∫
B(x,r)

| f (s, y)| s−αdsdy.

This in turn implies ∫ 1

0

‖ · · · ‖2
L2 t−αdt � J( f ;α)

∫ 1

0

‖ f (s, ·)‖L1 s−αds,

whence giving (2.10). �
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Below is the so-called existence and uniqueness result for a mild solution to (1.2)

established in [11, 25].

Theorem 2.5. Let α ∈ [0, 1). Then
(i) (1.2) has a unique small global mild solution u in (Xα)n for all initial data a with∇·a = 0

and ‖a‖(Q−1
α )n being small.

(ii) For any T ∈ (0,∞) there is an ε > 0 such that (1.2) has a unique small mild solution
u in (Xα;T )n on (0,T ) × Rn when the initial data a satisfies ∇ · a = 0 and ‖a‖(Q−1

α;T )n ≤ ε.

Consequently, for all a ∈ (
VQ

−1

α

)n with ∇ · a = 0 there exists a unique small local mild
solution u in (Xα;T )n on (0,T ) × Rn.

Proof. For completeness, we give a proof based on a slight improvement of the argu-

ment for [25, Theorem 1.4 (i)-(ii)].

Notice that the following estimate for a distribution f on Rn (cf. [14, Lemma 16.1]):

‖etΔ f ‖L∞ � t−
1+n

2 sup
x∈Rn

∫ t

0

∫
B(x,t)

|esΔ f (y)|2 dyds ∀ t ∈ (0,∞)

implies

t
1
2 ‖etΔ f ‖L∞ � ‖ f ‖Q−1

0;T
� ‖ f ‖Q−1

α;T
for 0 < t < T ≤ ∞.

So, according to the Picard contraction principle (see e.g. [14, p. 145, Theorem 15.1]), we

know that verifying Theorem 2.5 via the integral equation (1.3) is equivalent to showing

that the bilinear operator

B(u, v; t) =
∫ t

0

e(t−s)ΔP∇ · (u ⊗ v) ds

is bounded from (Xα;T )n × (Xα;T )n to (Xα;T )n. Of course, u ∈ (Xα;T )n and a ∈ (Q−1
α;T )n are

respectively equipped with the norms:{ ‖u‖(Xα;T )n =
∑n

j=1 ‖u j‖Xα;T ;

‖a‖(Q−1
α;T )n =

∑n
j=1 ‖a j‖Q−1

α;T
.

Step 1. We are about to show L∞-bound:

(2.11) |B(u, v; t)| � t−
1
2 ‖u‖(Xα;T )n‖v‖(Xα;T )n ∀ t ∈ (0,T ).

Indeed, if t
2
≤ s < t then

‖e(t−s)ΔP∇ · (u ⊗ v)‖L∞ � (t − s)−
1
2 ‖u‖L∞‖v‖L∞ �

(
s(t − s)

1
2
)−1‖u‖(Xα;T )n‖v‖(Xα;T )n .

Meanwhile, if 0 < s < t
2

then

|e(t−s)ΔP∇ · (u ⊗ v)| �
∫
Rn

|u(s, y)||v(s, y)|
(t

1
2 + |x − y|)n+1

dy

�
∑
k∈Zn

(t
1
2 (1 + |k|)−(n+1)

∫
x−yt

1
2 (k+[0,1]n)

|u(s, y)|
|v(s, y)|−1

dy.

The Cauchy-Schwarz inequality is applied to imply∫ t

0

∫
x−y∈t

1
2 (k+[0,1]n)

|u(s, y)||v(s, y)|dyds � t
n
2 ‖u‖(Xα;T )n‖v‖(Xα;T )n .

These inequalities in turn derive
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|B(u, v; t)| �
∫ t

2

0

|e(t−s)ΔP∇ · (u ⊗ v)|ds +
∫ t

t
2

|e(t−s)ΔP∇ · (u ⊗ v)|ds

�

⎛⎜⎜⎜⎜⎝t− 1
2 +

∫ t

t
2

s−1(t − s)−
1
2 ds

⎞⎟⎟⎟⎟⎠ ‖u‖(Xα;T )n‖v‖(Xα;T )n

� t−
1
2 ‖u‖(Xα;T )n‖v‖(Xα;T )n ,

producing (2.11).

Step 2. We are about to prove L2-bound:

(2.12) r2α−n
∫ r2

0

∫
B(x,r)

|B(u, v; t)|2s−αdyds � ‖u‖2
(Xα;T )n‖v‖2

(Xα;T )n ,

∀ (r2, x) ∈ (0,T ) × Rn. In fact, if⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1r,x = 1B(x,10r);

B(u, v; t) = B1(u, v; t) − B2(u, v; t) − B3(u, v; t);
B1(u, v; t) =

∫ s
0

e(s−h)ΔP∇ · ((1 − 1r,x)u ⊗ v
)
dh;

B2(u, v; t) = (−Δ)−
1
2 P∇ · ∫ s

0
e(s−h)ΔΔ

(
(−Δ)−

1
2 (I − ehΔ)(1r,x)u ⊗ v

)
dh;

B3(u, v; t) = (−Δ)−
1
2 P∇ · (−Δ)

1
2 esΔ

( ∫ s
0

(
1r,x)u ⊗ v

)
dh

)
;

I = the identity operator,

then one has the following consideration under 0 < s < r2 and |y − x| < r.

First, we utilize the Cauchy-Schwarz inequality to get

|B1(u, v; t)| �
∫ s

0

∫
Rn\B(x,10r)

|u(h, z)||v(h, z)|
((s − h)

1
2 + |y − z|)n+1

dzdh

�
∫ r2

0

∫
Rn\B(x,10r)

|u(h, z)||v(h, z)||x − z|−(n+1)dzdh

�

(∫ r2

0

∫
Rn\B(x,10r)

|u(h, z)|2|x − z|−(n+1)dzdh
) 1

2

(∫ r2

0

∫
Rn\B(x,10r)

|v(h, z)|2|x − z|−(n+1)dzdh
)− 1

2

� r−1‖u‖(Xα;T )n‖v‖(Xα;T )n ,

whence obtaining∫ r2

0

∫
B(x,r)

|B1(u, v; t)|2t−αdydt � rn−2α‖u‖2
(Xα;T )n‖v‖2

(Xα;T )n .

Next, for B2(u, v; t) set

M(h, y) = 1r,x(u ⊗ v) = 1r,x(y)
(
u(h, y) ⊗ v(h, y)

)
.

From the L2-boundedness of the Riesz transform and Lemma 2.3 it follows that

∫ r2

0

∥∥∥B2(u, v; t)
∥∥∥2

L2 t−αdt �
∫ r2

0

∥∥∥∥((−Δ)−
1
2 (I − esΔ)M(s, ·)

)∥∥∥∥2

L2
s−αds.
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Note that sups∈(0,∞) s−1(1 − exp(−s2)) < ∞. So, (−Δ)−
1
2 (I − esΔ) is bounded on L2 with

operator norm � s
1
2 . This fact, along with the Cauchy-Schwarz inequality, implies∫ r2

0

∥∥∥B2(u, v; t)
∥∥∥2

L2 t−αdt � rn−2α‖u‖2
(Xα;T )n‖v‖2

(Xα;T )n .

In a similar manner, we establish the following estimate for B3(u, v; t):

∫ r2

0

∥∥∥B3(u, v; t)
∥∥∥2

L2 t−αdt � r4+n−2α

∫ 1

0

∥∥∥∥∥(−Δ)
1
2 eτΔ

∫ τ

0

|M(r2θ, r·)|dθ
∥∥∥∥∥2

L2

τ−αdτ.

Note that Lemma 2.4 ensures that if

K(M;α) = sup
ρ∈(0,1)

ρ−n
∫ ρ2

0

∫
B(x,ρ)

|M(r2θ, rw)|τ−αdwdτ

then ∫ 1

0

∥∥∥∥∥(−Δ)
1
2 eτΔ

∫ τ

0

|M(r2θ, r·)|dθ
∥∥∥∥∥2

L2

τ−αdτ � K(M;α)

∫ 1

0

∥∥∥∥M(r2θ, r·)
∥∥∥∥

L1
θ−αdθ.

So, the easily-verified estimates⎧⎪⎨⎪⎩ K(M;α) � r−2‖u‖(Xα;T )n‖v‖(Xα;T )n ;∫ 1

0
‖M(r2θ, r·)‖L1 θ−αdθ � r−2‖u‖(Xα;T )n‖v‖(Xα;T )n ;

derive ∫ r2

0

‖B3(u, v; t)‖2
L2 t−αdt � rn−2α‖u‖2

(Xα;T )n‖v‖2
(Xα;T )n .

Putting the estimates for {B j(u, v)}3j=1
together, we reach (2.12).

Finally, the boundedness of B(·, ·; t) : (Xα;T )n × (Xα;T )n �→ (Xα;T )n follows from both

(2.11) and (2.12). Of course, T = ∞ and T ∈ (0,∞) assure (i) and (ii) respectively. �

3. limα→1 Q−1
α and its Navier-Stokes equations

3.1. (−Δ)−1/2L2,n−2 & limα→1 Q−1
α . A careful observation of the analysis carried out

in Section 2 reveals that one cannot take α = 1 in those lemmas and theorems. But, upon

recalling

Qα = (−Δ)−α/2L2,n−2α ∀ α ∈ (0, 1),

for which the proof given in the first group of estimates on [25, p. 234] unfortunately

contains five typos and the correct formulation reads as:

|(ψ0)t ∗ f2(y) �
∫
Rn\2B

t| f (z) − f2B|
(t + |x − z|)n+1

dz

�
∫
Rn\2B

t| f (z) − f2B|
|x − z|n+1

dz

� t
∞∑

k=1

∫
Bk

| f (z) − f2B|
|x − z|n+1

dz

� t
∞∑

k=1

(2kr)−(n+1)

∫
Bk

| f − f2B| dz

� tr−(1+α)‖ f ‖L2,n−2α
,
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and considering the limiting process of (2.3) as α → 1 via the fact that (1 − α)t−αdt con-

verges weak-∗ as α → 1 to the point-mass at 0 but also
∫

B(x,r)
|etΔ f (y)|2dy approaches∫

B(x,r)
| f (y)|2dy as t → 0, in Theorem 2.1, (2.3) and Definition 2.2 we can naturally define

the limiting space limα→1 Q−1
α as the square Morrey space L2,n−2 (cf. [21]) - the class of all

L2
loc-functions f with

(3.1) ‖ f ‖L2,n−2
= sup

(r,x)∈R1+n
+

(
r2−n

∫
B(x,r)

| f (y)|2 dy
) 1

2

< ∞.

In the light of (3.1) and a result on the Riesz operator (−Δ)−1/2 acting on the square Morrey

space in [1], we have ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
(−Δ)−1/2L2,n−2 ⊆ BMO;

L2,n−2 ⊆ BMO−1;

fλ(x) = λ f (λx) ∀ (λ, x) ∈ R1+n
+ ;

‖ fλ‖L2,n−2
= ‖ f ‖L2,n−2

∀ λ ∈ (0,∞).

Here it is worth pointing out that (−Δ)−1/2L2,n−2 is also affine invariant under the norm

‖ f ‖(−Δ)−1/2L2,n−2
= ‖(−Δ)

1
2 f ‖L2,n−2

.

To see this, note that

f ∈ (−Δ)−1/2L2,n−2 ⇐⇒ f (x) =

∫
Rn

g(y)|y − x|1−n dy for some g ∈ L2,n−2.

So, a simple computation gives⎧⎪⎪⎨⎪⎪⎩ f (λx + x0) =
∫
Rn Gλ(y)|y − x|1−n dy with

Gλ(x) = λg(λx + x0) & ‖Gλ‖L2,n−2
= ‖g‖L2,n−2

.

The following assertion supports the above limiting process.

Theorem 3.1. (−Δ)−
1
2 L2,n−2 ⊆ ∩α∈(0,1)Qα & L2,n−2 ⊆ ∩α∈(0,1)Q−1

α .

Proof. Given α ∈ (0, 1). For f ∈ (−Δ)−
1
2 L2,n−2 ⊆ BMO, j ∈ Z and a Schwartz

function ψ, let

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f = (−Δ)−
1
2 g;

ψ j(x) = 2 jnψ(2 j x);

Δ j( f )(x) = ψ j ∗ f (x);

Δ̂′j( f )(x) = |2 j x|αψ̂(2− j x) f̂ (x);

suppψ̂ ⊂ {y ∈ Rn : 2−1 ≤ |y| ≤ 2};∑
j ψ̂ j ≡ 1.

A simple computation gives that for any cube I (whose edges are parallel to the coordinate

axes) in Rn with side length �(I),

(3.2) �(I)2α−n
�

I×I
| f (x) − f (y)|2|x − y|−(n+2α) dxdy � T1(I) + T2(I),

where⎧⎪⎪⎨⎪⎪⎩T1(I) = �(I)2α−n
�

I×I |
∑

j<− log2 �(I) Δ j( f )(x) −∑
j<− log2 �(I) Δ j( f )(y)|2||x − y|−(n+2α) dxdy;

T2(I) = �(I)2α−n
�

I×I |
∑

j≥− log2 �(I) Δ j( f )(x) −∑
j≥− log2 �(I) Δ j( f )(y)|2||x − y|−(n+2α) dxdy.
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According to [19, (3.2)] and the last estimate for IV in [19] as well as [2, (22)], we get

(3.3)

⎧⎪⎪⎨⎪⎪⎩supI T1(I) � ‖| f ‖|2BMO supI �(I)2α−n−2
∫

I

∫
I |x − y|2−2α−n dxdy � ‖g‖2

L2,n−2
;

supI T2(I) � supI �(I)2α−n ∑
j≥− log2 �(I) 22α j‖(−Δ)

1
2Δ′jg‖2

L2(I)
� ‖g‖2

L2,n−2
.

Each supI in (3.3) ranges over all cubes I with edges being parallel to the coordinate axes.

Thus, f ∈ Qα follows from (3.2) and (3.3) as well as (1.1). This shows the first inclusion

of Theorem 3.1.

Next, suppose f ∈ L2,n−2. Then the easily-verified uniform boundedness of the map

f �→ etΔ f on L2,n−2, i.e.,

sup
t∈(0,∞)

‖etΔ f ‖L2,n−2
� ‖ f ‖L2,n−2

,

yields

r2α−n
∫ r2

0

( ∫
B(x,r)

|esΔ f |2 dy
)

s−αds � r2(α−1)

∫ r2

0

‖esΔ f ‖2
L2,n−2

s−αds � ‖ f ‖2
L2,n−2

,

whence giving f ∈ Q−1
α and verifying the second inclusion of Theorem 3.1.

�

3.2. Navier-Stokes equations initiated in (limα→1 Q−1
α )n. When applying ∇ to(

(−Δ)−1/2L2,n−2

)n

or (
(−Δ)−1/2 lim

α→1
Q−1
α

)n

(cf. Theorem 2.1), we are suggested to consider L2,n−2 in a further study of (1.2). To see

this clearly, let us introduce the following definition.

Definition 3.2.

(i) A function f ∈ L2,n−2 is said to be in VL2,n−2 provided that for any ε > 0 there is a C∞
0

function h such that ‖ f − h‖L2,n−2
< ε, namely, VL2,n−2 is the closure of C∞

0 in L2,n−2.

(ii) Given T ∈ (0,∞], a function g ∈ L2
loc((0,T ) × Rn) is said to be in X2,n−2;T provided

‖g‖X2,n−2;T = sup
t∈(0,T )

t
1
2 ‖g(t, ·)‖L∞ + sup

t∈(0,T )

‖g(t, ·)‖L2,n−2
< ∞.

Related to Theorem 3.1 is the following inclusion X2,n−2;T ⊆ ∩α∈(0,1)Xα;T which fol-

lows from ∫ r2

0

∫
B(x,r)

|g(t, y)|2 t−αdydt � rn−2‖g(t, ·)‖2
L2,n−2

∫ r2

0

t−α dt � rn−2α.

As a limiting case α→ 1 of Theorem 2.5, we have the following generalization of the

3D result [15, Theorem 1 (A)-(B)] (cf. [10, 16]) on the existence of a mild solution to (1.2)

under a = (a1, ..., an) ∈ (L2,n−2)n and ‖a‖(L2,n−2)n =
∑n

j=1 ‖a j‖L2,n−2
.

Theorem 3.3.

(i) (1.2) has a small global mild solution u in (X2,n−2;∞)n for all initial data a = (a1, ..., an)

with ∇ · a = 0 and ‖a‖(L2,n−2)n being small.
(ii) For any a = (a1, ..., an) ∈ (

VL2,n−2

)n with ∇ · a = 0 there exists a T > 0 depending on a
such that (1.2) has a small local mild solution u in C

(
[0,T ], (L2,n−2)n).
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Proof. To prove this assertion, for T ∈ (0,∞] let us introduce the following middle

space X4,2;T of all functions g on R1+n
+ with

‖g‖X4,2;T = sup
t∈(0,T )

t
1
2 ‖g(t, ·)‖L∞ + sup

t∈(0,T )

t
1
4 ‖g(t, ·)‖L4,n−2

< ∞,

where

‖g(t, ·)‖L4,n−2
=

⎛⎜⎜⎜⎜⎜⎝ sup
(r,x)∈R1+n

+

r2−n
∫

B(x,r)

|g(t, y)|4 dy

⎞⎟⎟⎟⎟⎟⎠
1
4

.

Note that the following estimate for f ∈ L2,n−2 (cf. [14, Theorem 18.1]):

(3.4) |etΔ f (x)| �
∑
k∈Zn

sup
z∈k+[0,1]n

exp
(
− |z|2

4

) ∫
k+[0,1]n

| f (x − t
1
2 y)| dy ∀ (t, x) ∈ R1+n

+ ,

along with the Cauchy-Schwarz inequality, deduces t
1
2 ‖etΔ f ‖L∞ � ‖ f ‖L2,n−2

. So, (3.4), plus

the uniform boundedness of the map f �→ etΔ f on L2,n−2, gives

‖etΔ f ‖L4,n−2
� ‖etΔ f ‖ 1

2

L∞‖etΔ f ‖ 1
2

L2,n−2
� t−

1
4 ‖ f ‖L2,n−2

.

Thus { ‖etΔ f (x)‖X4,2;T � ‖ f ‖L2,n−2
;

limT→0 ‖etΔ f (x)‖X4,2;T = 0 as f ∈ VL2,n−2.

Keeping the previous preparation and the Picard contraction principle in mind, we find

that showing Theorem 2.1, via the integral equation (1.3) and the iteration process⎧⎪⎪⎪⎨⎪⎪⎪⎩
u(0)(t, ·) = etΔa(·);

u( j+1)(t, ·) = u(0)(t, ·) − B
(
u( j)(t, ·), u( j)(t, ·), t);

j = 0, 1, 2, 3, ....,

amounts to proving the boundedness of the bilinear operator B(·, ·, t) : (X4,2;T )n×(X4,2;T )n �→
(X4,2;T )n. However, this boundedness follows directly from the following estimates (cf. [15,

(25)-(24)]) for 0 < s < t < T :

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

‖e(t−s)ΔP∇·(u⊗v)‖(L∞ )n

(t−s)−
1
2

� min
{(

s(t − s)
) 1

2 s
1
4 ‖u‖(L4,n−2)n s

1
4 ‖v‖(L4,n−2)n

(
s(t − s)

) 1
2 ,

s−1s
1
2 ‖u‖(L∞)n s

1
2 ‖v‖(L∞)n

}
;

‖e(t−s)ΔP∇·(u⊗v)‖(L4,n−2)n

(t−s)−
1
2

� s−
3
4
(
s

1
4 ‖u‖(L4,n−2)n

)(
s

1
2 ‖v‖(L∞)n

)
.

�

Remark 3.4. Though Theorem 2.5 can be used to derive that if ‖a‖(L2,n−2)n is suffi-
ciently small then there is a unique solution u of (1.2) in

(
Xα;∞

)n, Theorem 2.5 cannot
guarantee u ∈ (X2,n−2,∞)n due to X2,n−2,∞ ⊆ ∩0<α<1Xα;∞. In any event, we always have
supt∈(0,∞) t

1
2 ‖u(t, ·)‖L∞ < ∞ and even more general estimate (cf. [15, (49) & Lemma 3]):

supt∈(0,∞) t
1
2 ‖u( j+1)(t, ·) − u( j)(t, ·)‖L∞ � ( j + 1)−2.
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Evry, 2002.

[22] C. B. Morrey, On the solutions of quasi-linear elliptic partial differential equations. Trans. Amer. Math. Soc.
43 (1938), 126-166.

[23] R. S. Strichartz, Bounded mean oscillation and Sobolev spaces. Indiana Univ. Math. J. 29 (1980), 539-558.

[24] M. E. Taylor, Analysis on Morrey spaces and applications to Navier-Stokes and other evolution equations.

Comm. Partial Differential Equations, 17 (1992), 1407-1456.

[25] J. Xiao, Homothetic variant of fractional Sobolev space with application to Navier-Stokes system. Dynamics
of PDE 4 (2007), 227-245.

[26] M. Yamazaki, The Navier-Stokes equation in various function spaces. Amer. Math. Soc. Transl. 204 (2001),

111-132.

Department of Mathematics and Statistics, Memorial University of Newfoundland, St. John’s, NL A1C

5S7, Canada

E-mail address: jxiao@mun.ca



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


