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1. Introduction

This note is devoted to a further understanding of the results on the so-called Q-spaces
on R" and the incompressible Navier-Stokes equations on R1*" = (0, c0) x R" established
in the author’s 2007 DPDE paper [25].

For @ € (—o0, ), the space Q, on R” is defined as the class of all measurable complex-
valued functions f on R” with

2 3
n -fz
(1.1) flllg, = sup (rz" ff %dydz < co.
(r,x)E]R'j'” B(x,r)XB(x,r) |y - Z|

Here and henceforth, B(x, r) € R" stands for the open ball centered at x with radius r.
This space exists as a homothetic variant of the fractional Sobolev space L2 on R”,

where )
fel2 = ff o) - f@F dydz < .
RAxR?

|y Z|n+2(l
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According to [6, 25], (Q./C, lllflllg,) is not only a Banach space, but also affine invariant:
if (4, x0) € R1*" then

¢(x) = Ax + xo = [[If o ¢lllg, = lllflllg,-

Interestingly, one has the following structure:

BMO as a € (—0,0);
Qo = (=A)"2 Ly, 2, between W' and BMO as a € (0, 1);
Casa€|l,),

where (~A)~%/? stands for the —a//2-th power of the Laplacian operator, and

f € LZ,I‘!—Z(Z — |||f|||_2£2'”_20 = Sup(r,x)eRL*" rZ(O/in) fﬁ?(x,r)xB(x,r) |f()’) - f(z)|2 dde < [SeN
feW = Ifll,, = [, IVF)I"dx < oo;
1€ BMO &= Ifllgao = suPgertn 7" [foemien 1) = F@P dydz < oo,

As showed in [25], the importance of the structure lies in an application of Q, to treating
the existence and uniqueness of the so-called mild solution u = u(t, x) = (u1(¢, x), ..., u,(t, x))
of the normalized incompressible Navier-Stokes system with the pressure function p =
p(t, x) and the initial data a = a(x) = (a1(x), ..., a,(x)) below

O —Au+u-Vu+Vp=0 on RI";
(1.2) V-u=0 on R
u(0,-) = a(-) on R",

namely, u solves the integral equation
!
(1.3) u(t, x) = e®a(x) — f TIAPY - (u® u)ds,
0

where
ea(x) = (e™a;(x), ..., e an(x));
6 ik = Kronecker symi;:)l;
R; = 6j(—A)‘% = Riesz transform.
Even more interestingly, several relevant advances were made in [21, 19, 12, 8, 18, 20,
15, 16, 17]. The principal results in these papers have strongly inspired the author to revisit
and optimize the main results in [25]. The present article is divided into the following two
sections between this Introduction and the References at the end:

2. {Q;' }o<e<1 and its Navier-Stokes equations;
3. lim,_,; Q;' and its Navier-Stokes equations.

Notation. U < Vor V 2 U stands for U < CV for a constant C > 0 independent of U and
V,U ~ Visused forbothU <Vand V < U.

2. {0;"}o<q<1 and its Navier-Stokes equations

2.1 {(-A) "2 Ls 20} pcq<r & {3 }o<a<i- As an extension of the John-Nirenberg’s
BMO-space [13], the Q-space Q, was studied first in [6], and then in [4, 5]. Among
several characterizations of Q,, the following, as a variant of [4, Theorem 3.3] (expanding
Fefferman-Stein’s basic result for BMO = (—A)’OLM in [7]), is of independent interest:
given @ € [0, 1) and a C* function ¢ on R” with
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yell;
@n Wl s (1+ 1)) for xe R
Jo ¥(x)dx = 0;
Yi(x) = 17"y (2) for (1,x) € R,
one has:
22) fe(-N)"Lyysy &= sup " f ( f |f * )P dy)r' 7 dt < .
(r,xeRL™ 0 B(x,r)

Obviously, * stands for the convolution operating on the space variable and

BMO for a = 0;

—A —a/2£ oy =
A Lan-za 0, for a € (0, 1).
Upon choosing four y-functions in (2.1)-(2.2), we can get four descriptions of

(_A)_(X/Z-EZ,n—Za

involving the Poisson and heat semi-groups. To see this, denote by ™’ MC, -y and e’2(-, -)
the Poisson and heat kernels respectively:

VB y) = T T illx 5P + 277
e(x,y) = (dmr)texp (- E2L).
And, for B € (—o0,00) the notation (-A)* f, determined by the Fourier transform (-):
(—=A)% £(x) = 2n|x])’ (x), represents the 8/2-th power of the Laplacian
n n aZf
—_ _ b, S
-Af =-Af = Z[)jf_ Z .
J=1 j=1 ]
Choice 1: If
n+l n+3

Yro() = (1+ 1 = (n+ DECE )3 )1+ D)~
W10(x) = 13,6 V2(x,0),

then
feEN Ly &= sup P f ( f 10,6 VA F P dy)r' 2 di < oo
(r,x)eRL™ 0 B(x,r)
Choice 2: If
1,00 = =0+ DD (1 + 1)~
W1 )i(x) = 10,e7V2(x, 0),
then
fEA Loy &= sup P f ( f V,e VA F P dy)r' 2 dr < oo,
(r,x)eRl*" 0 B(x,r)

where V, is the gradient with respect to the space variable y = (y1, ..., y,) € R".
Choice 3: If

Yo0(x) = —(47r)—%(n - %) exp( _ %);
W20)(x) = 18,e"2(x,0),
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then
fe(A "Ly &= sup 27 f ( f e F)P dy)r' 2 dr < oo.
(r,x)eRL™" 0 B(x,r)
Choice 4: If

{wz,,(x) =t () exp (- BL);
W2,)i(x) = 13" (x, 0),

then
-
f e P Ly, = sup P f ( f [Vye"* FOIP dy)e' =t < oo.
(r,x)eR}*" 0 B(x,r)
The previous characterizations lead to the following assertion uniting [25, Theorem

1.2 (iii)] and the corresponding result on BMO™!in [11].

TueoreEM 2.1. For a € [0,1) let Q' = (=A)™? L3,,-2,)7" be the class of all functions
f on R* with

1

2.3) Ifllg, = sup (rz“ f " f e FO)I dy) t“dt]z <o,
(r,x)eRL" 0 B(x,r)

then

(24) V- (Qa)" = div(Qa)" = Q5.

Consequently,

(2.5) O<ai<am<1= Q;' o,

Proor. The argument below, taken essentially from the proofs of [25, Lemma 2.2 and
Theorem 1.2 (ii)], is valid for all @ € [0, 1).
Step 1. We prove
fik=0;0u(-D)7"'f & fe Q) = fiue Q' for jk=12,.n
Taking a C§° function ¢ with
suppg C B(0, 1);
f ¢(0dx = 1

¢r(x) = r"p(x/r);
8r(t,x) = ¢, x 0,0 (—=N)" ™ f (),

we get

¢ fia(x) = 0;00(~A) e () = (1, %) + g,(1, ).
Upon denoting by Bi’l the predual of the homogeneous Besov space B (consisting of
all functions f on R” with [le" f||.« < t71/2), we find (cf. [14, p. 160, Lemma 16.1])

feQ,!' = feBMO' c B}
= llg (0 )llze < (10,062 e | yorslldrllga < 71l

thereby reaching

2
2.6) [ lsmpas)yeans 72 . < s,
0 B(x,r) ® ¢
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Next, taking another C° function ¢ with ¢ = 1 on B(0, 10), writing

Yrx = w(y%x)’
fr = Fr,x + Gr,x;
Gr,x = 6j8k(_A)7llﬁr,xetAf — ¢y = ajak(_A)ilwr,xetAf,

and employing the Plancherel formula for the space variable, we find out

fo 19,040 e f ||iz’_ad[$f0 (fR [yl 2 W™ £yt

,
< [ el

At the same time, using Minkowski’s inequality (for ¢,) and the Plancherel formula once
again, we read off

2 2

fo 6, 0,0k (=AY e F|[2 1t fo |

Consequently

A 2
Yrae® fll 10t

r2 rZ
2 _q 2
[ Mot lfrears [ e slfereae.
0 0
To handle F,,, we apply the following inequality (cf. [14, p. 161])

Sy Ryt [ e e e
B(x,r)

R"\B(x,10r)

to obtain
2

" 2 —-a
[ Py

r? 1A 2~
f (o e fow)Predr)
B(x,r10'+)\ B(x,r10")

(w = xir Ty

N
[

2 2a—
dw S IR 7.
[

]
—_

A combination of the above estimates for F,, and G, yields

72
2.7 f f £ (e, )P dydt < P2 fIR
0 B(x,r) «

Of course, both (2.6) and (2.7) produce fj; € 0!, as desired.

Step 2. We check V- (Q,)" = ;'

If f € V-(Q.)" then there exist fi, ..., f, € Qo such that f = ¥, d,f;. Thus, an
application of the Minkowski inequality derives

n n
gy < Y- l10:fll g < D fillg, < .
=1 =1

Conversely, if f € Q' then an application of Step I derives fix = 0;0:(-A)"'f € O,
whence giving f; = —0(-A)"! f € Q,. So,

n

iakfk=_2]7k,\k=f=fev'(Qa)n'
k=1

k=1
Step 3. (2.5) follows immediately from (2.4). ]
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2.2. Navier-Stokes system initiated in {(Q,')"}o<q<1. Classically, the Cauchy prob-
lem for (1.2) is to establish the existence of a solution (velocity)
u=u(t,x) = (ui(t, x), ..., un(t, x))

with a pressure p = p(t, x) of the fluid at time 7 € (0, co0) and position x € R” assuming the
initial data/velocity a = a(x) = (a;(x), ..., a,(x)). Of particularly important is the invariance
of (1.2) under the scaling transform:
u(t, x) - uy(t, x) = u(A%t, Ax);
p(t, x) - pa(t, x) = 2p(A2t, Ax);
a(x) — a (x) = da(Ax).
Namely, if (u(z, x), p(t, x), a(x)) solves (1.2) then (u,(, x), pa(t, x), a,(x)) also solves (1.2)
for any A > 0. This suggests a consideration of (1.2) with an initial data being of the scaling
invariance. Through the scale invariance

n
laallary = D I@aller = llalwy,
=1

Kato proved in [9] that (1.2) has mild solutions locally in time if a € (L")" and globally if
llallz»y 1s small enough (for some generalizations of Kato’s result, see e.g. [24] and [26]).
Note that || - [|-1 is invariant under the scale transform a(x) — Aa(Ax). So it is a natural
thing to extend the Kato’s results to { Q;I}QSQ<1. To do this, we introduce the following

concept whose case with @ = 0 coincides with the space triple (BM O;‘, VM O_I,XT) in
[11].

Dermirion 2.2. Let (, T) € [0, 1) X (0, co].
(i) A distribution f on R” is said to be in Q;;IT provided

1
2 2
Ifllp- =  su a7 le" FO)Pt* dydt| < oo
ol = p r e y .
’ (r,x)€(0,T)xR"? 0 B(x,r)

(ii) A distribution f on R” is said to be in V_Q;1 provided limz_ [|fllg1 = 0.

(iii) A function g on R}f” is said to be in X,.7 provided

1

2 2

1 Da— 2 .-

lgllx,, = sup Fllg@ e+ sup [P0 f f gt P dydt | < .
te(0,T) (r,x)e(0,T)xR" 0 B(x,r)

Clearly, if 0 < ) < a3 < 1 then X,,.r € X,,.r. Moreover, one has:

fa(x) = Af(Ax); B .
gt x) = g1, Ax); = { Ifallgzs, = 1fllgze.s
llgallx,... = llgllx,..-

(4,1, x) € (0,00) X (0, 00) X R",
Also, recalling (cf. [3])

fe B]_,:; under p > n & |l fllp < 1% forallr> 0,
one has

a

n o p ity -1 -1
p>n>ap=L"CB,..," CQ,. =
which follows from Holder’s inequality based calculation for r € (0, 1):

r? 2
2
f f |elAf(y)|2t—ardydt < rn(l—;) f ||€tAf||ipl_adl < rﬂ—Z(l'
0 B(x,r) 0
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In order to establish the existence and uniqueness of a mild solution of (1.2) with an
initial data in (Q;1 )", we need two lemmas.

Lemma 2.3. Given (o, T) € [0, 1) X (0, co] and a function f(-,-) on RF", let

!
I(f,1,x) = f TIMNF(s,x)ds Y (1, x) e RV
0

Then
T 2 T 2
2.8) fo CF. 1. |ardr < fo et |Parar

Proor. This lemma and its proof are basically the same as [25, Lemma 3.1] and its
argument under « € (0, 1).

It is enough to verify (2.8) for T = oo thanks to three facts: (i) I(f,-,-) counts only
on the values of f on (0,f) X R"; (ii) if T < oo then one can extend f by letting f = 0 on
(T, 0); (iii) we can define f(-) = 0 = I(f,t,-) fort € (—o0,0).

Through defining

Ae™(x,0) for t > 0;
Kt x) = { 0 for 1 <0,

we get
I(f,t,x) = f f k(t = s,x —y)f(s,y)dyds,
R JRr

whence finding that I(f, 7, x) is actually a convolution operator over R'*". Due to

KO = f (1, x) exp(=2rix - O)dx = ~2mP I exp (= @m2icP),

we have

I(ﬁ.)(g) = LW f(s,y) (L k(t = s,v)exp(—2mi(v +y) - é’)dv) dyds

- _@xy fo IZP exp (= @12t - 9P GOs.

This last formula, along with the Fubini theorem and the Plancherel formula, derives

> > . TP 20\ o
fo (o321 ; dtsfo (f(fo o (@ = 9P ds) dg)r dt
0 (osss)lPITs, )N 2 ]
~ ds) redt|d¢.
f (fo Uy “oxp(anra—siem @) )%
This indicates that if one can verify

([ KPIFEHO Y RS
2.9 fo (fo (hkxgz})WdS)I dlsjo‘ |f(t, )OI dt,

then the Plancherel formula can be used once again to produce

fo ICF 10| Fareae < fo |t IR,

as required.
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To prove (2.9), let us rewrite its left side as fom ( fooo K(s,0)F(s,{ )ds)2 dt, where

{ F(5,0) = 52|/
K(s,0) = (Lioss<)(3)* 1 Pexp (= (7 = )IZP).
A simple calculation shows

b Ks.nds = 2P [; (2) exp(~(t = $)l¢P)ds < 1:
Jo K(s,nde =12 [ (2)7 exp(=(t = $)iZP)dr 5 1,

and then an application of the Schur lemma gives

00 00 2 (o]
f ( f K(s, t)F (s, {)ds) dr < f (F(t,0))d1,
0 0 0

as desired. O

Lemma 2.4. Given a € [0, 1) and a function f on (0,1) X R", let

r2
fia)=  sup P f f eI drdy.
0 B(x,r)

(rx)(0,)xR"
Then

1 1 2 1
et [v=Eer [ gisoas|] rra s ara) [
0 0 0
Proor. This lemma and its argument follow from [25, Lemma 3.2] and its proof.

To be short, let (-, -) be the inner product in L? with respect to the space variable x € R”.
Then

Il "'”iz = f | V—Aemf f(s,y)ds'zdy
R)X 0
= f f < V-Ae' f(s,-), V-Ae' f(h, ')>dsdh.
o Jo

Consequently

1
[ortrars [[ (@ = @i s sy

1 S
s( f G, I s“ds) sup f e f (h, )dh
0 5€(0,1] 0
From [14, p. 163] it follows that

Lo

s 2
sup f A fh)ldh < sup " f f |£(s, yldyds.
0 0 B(x,r)

(5,2)€(0,1]xR" (r,x)€(0,1)xR"

and so that
S }’2
sup f Mf(hldh s sup PO f f (s, )] s dsdly.
(s5,2)€(0,11xR" JO (r,x)e(0,1)xR” 0 B(x,r)

This in turn implies

1 1
f I Iardi < (fs @) f 1F (s, Il 5ds,
0 0
whence giving (2.10). O
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Below is the so-called existence and uniqueness result for a mild solution to (1.2)
established in [11, 25].

THEOREM 2.5. Let a € [0, 1). Then
(1) (1.2) has a unique small global mild solution u in (X,)" for all initial data awith V-a = 0
and IIaII(le)n being small.
(ii) For any T € (0, c0) there is an € > 0 such that (1.2) has a unique small mild solution
u in (Xy.7)" on (0,T) X R" when the initial data a satisfies V - a = 0 and ||a||(Q;:nT),l <e

Consequently, for all a € (V_Q;l)” with V - a = 0 there exists a unique small local mild
solution u in (X4.7)" on (0,T) x R".

Proor. For completeness, we give a proof based on a slight improvement of the argu-
ment for [25, Theorem 1.4 (i)-(ii)].
Notice that the following estimate for a distribution f on R” (cf. [14, Lemma 16.1]):

f
e fll < 1% sup f f le"* f(P dyds ¥t € (0,00)
0 B(x,1)

x€eR?
implies
1
£l flle < Ifllg, < Ifllgy,  for 0<1<T <o,
So, according to the Picard contraction principle (see e.g. [14, p. 145, Theorem 15.1]), we
know that verifying Theorem 2.5 via the integral equation (1.3) is equivalent to showing
that the bilinear operator

13
B(u,v;t) = f TIAPY - (u®v)ds
0

is bounded from (X,.7)" X (Xo.7)" to (Xq:r)". Of course, u € (X,.7)" and a € (Q;;IT)” are
respectively equipped with the norms:

{ Nullox,.y = 2ict Il
_ i ,
”a”(Q;;lT)" = Zj;l ||aj||Q;;1T'

Step 1. We are about to show L*-bound:
_1
(2.11) IB(u, v; I < 72 |lullx, .y IVllx,.. ¥ 2 €(0,T).
Indeed, if 5 < s <t then
_ _1 1.1
e 2PV - (u@ iz < (¢ = ) 2 ull= Vs < (s = 7)™ lutll i,y IV G-

Meanwhile, if 0 < s < § then

|e(z—s)APV.(u®V)|Sf Iul(s,y)IIV(s,y)I dy
B (12 + |x =yt

< A+ YD f LICT IS

= oyt o VG I

The Cauchy-Schwarz inequality is applied to imply

i3
f f | s, YIIvCs, Yldyds < o, ylWlox, -
0 Jroyerz ka0,

These inequalities in turn derive



176 JIE XIAO

% t
B(u, v:1)| < f DA PY - (u® v)|ds + f le92PY - (u® v)|ds
0 :

!
-1 1 _1
S (t 2 +f sT(-s) stJ el ye IVl oty

2
_1
S 2 el o, oy IVl gy s

producing (2.11).
Step 2. We are about to prove L*>-bound:

r2
(2.12) e f f B, v; D s™dyds < lullty,, pIVIiEy, . s
0 B(x,r)
Y (r%,x) € (0,T) x R". In fact, if

1r,x = lB(x,IOr);

B(u, v; 1) = Bi(u, v; 1) = Ba(u, v; 1) — B3(u, v; 1);

Bi(uw.vit) = [ e“MAPY - (1 = 1, )u® v)dh;

Ba(u,vi 1) = (-A) 2PV - [ eCMBA((—A) (1 - ") (1, )u @ v)dh;
Bs(u, v; 1) = (—A)‘%PV . (—A)%e*‘A( fos (L yu® v)dh);

I = the identity operator,

then one has the following consideration under 0 < s < r>and |y — x| < r.
First, we utilize the Cauchy-Schwarz inequality to get

|Bl(1/t Ve t)l < féf |M(h, Z)”V(h, Z)l dzdh
T Jo Jension ((s = h)E + Jy — 2y

2
S f f lu(h, 2)Iv(h, 2)llx — 2" Vdzdh
0 "\ B(x,10r)

1
(7 oo 10 DPLx = 24Dz
<

(07 forymo o 170 2P = 20Dtz

-1
$ 1 el IVl ot s

[N

whence obtaining

2
24 -2 2 2
\f()‘ L( )|Bl(l/t, v O*t Ydydt S r" (l“u”(xmr)””v”(er)"'
X.r

Next, for B, (u, v; 1) set

M, y) = 1, (u®v) = 1,,(0)(u(h, y) ® v(h,y)).

From the L2-boundedness of the Riesz transform and Lemma 2.3 it follows that

j(;r ||Bz(u, v; l)“i2 7%t < j;r ”((—A)_%(I—e“A)M(s, ))H; s,
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Note that sup ¢ . s7H(1 - exp(=s?)) < 0. So, (—A)’%(I — ¢*%) is bounded on L? with
operator norm < s2. This fact, along with the Cauchy-Schwarz inequality, implies

72

NI -2 2 2
fo [Bau, vi ) o 7 de < 2 iy, Ry, -
In a similar manner, we establish the following estimate for B3 (u, v; 1):

2

' 1
By(u, v; )|, r9dr < 1+
| I,
’ 0

Note that Lemma 2.4 ensures that if

2
T %T.
L2

(=A)ze™ f IM(20, r-)|d6
0

2

O
K(M;a) = sup p_”f f IM(r26, rw)|r*dwdr
pe(0,1) 0 B(x,p)

then

iz 7%t < K(M; @) jo‘l HM(,’ZQ, r-)HLl 67%de.

1
j;
So, the easily-verified estimates

K(M; @) < r2ull oy IVt
I B _
fo IM(26, 7)1 6790 < r=2llull .y IVl X5

.
(—A)ze™ f IM(26, -)|d6
0

derive
2

F
. 2 - —2 2 2
fo 1B3(u, vi Dl 27dt < 7" lulliy, e VI, -

Putting the estimates for {B(u, v)};:l together, we reach (2.12).
Finally, the boundedness of B(:, ;1) : (Xo:7)" X (Xo.7)" = (Xp:.r)" follows from both
(2.11) and (2.12). Of course, T = oo and T € (0, 00) assure (i) and (ii) respectively. ]

3. lim,— Q;l and its Navier-Stokes equations

3.1. (-A) 2Ly, 5 & lim,_; Q;'. A careful observation of the analysis carried out
in Section 2 reveals that one cannot take @ = 1 in those lemmas and theorems. But, upon
recalling

Qo= (A" Lrp2a ¥ ae(OD),
for which the proof given in the first group of estimates on [25, p. 234] unfortunately
contains five typos and the correct formulation reads as:

Wo)r * H0Y) < f M@ = fosl

rm2p (t+ |x —2))*!

1f(z) -
Sf |f(z) n{lel dz
rev2p X =12

S (@~ fasl

<t :
B lx—z"

~

k=1
<ty @D | If - fpldz
k=1 By

—(1
st/ Pt
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and considering the limiting process of (2.3) as @« — 1 via the fact that (1 — a)t~*dt con-
verges weak-+* as @ — 1 to the point-mass at O but also j;;(x " le’® £(y)|?dy approaches

fB(x " |f (y)lzdy ast — 0, in Theorem 2.1, (2.3) and Definition 2.2 we can naturally define

the limiting space lim,_, Q;l as the square Morrey space L, (cf. [21]) - the class of all
leoc-functions f with

G.1) Ifll,, , = sup (ﬂ—n L( )|f(y)|2 dy)2 < oo,

1
(r,x)eRy™"

In the light of (3.1) and a result on the Riesz operator (—A)~!/? acting on the square Morrey
space in [1], we have
(~A)"?Ly 2 € BMO;
Loy CBMO™Y;
filx) = Af(Ax) ¥ (4, x) € RL™;
Wl = Ny, ¥ A € (0, 00).

Here it is worth pointing out that (~A)™'/2L, ,,_» is also affine invariant under the norm

1
WAl -ay1205, 5 = 1= fllz,, -

To see this, note that
A P Loy = f) = fR ¢y = 2l'"dy for some g € Ly, ».
So, a simple computation gives
{fux +30) = [, Ga@ly — 2" " dy with
Ga(x) = Ag(Ax + x0) & [IG.llL,,, = 1IgllL,, -

The following assertion supports the above limiting process.
-1 _
THEOREM 3.1. (=A)"2 L2 € Nae0.)Qo & Lon2 € Naco.y Qs -

Proor. Given @ € (0,1). For f € (—A)‘%Lz,n_z C BMO, j € Z and a Schwartz
function ¥, let

f=0)tg

Wj(x) = 27" (20x);

Aj(N)x) =gy f(x);

N (P = 27317270 £ (0

suppy c {y e R": 271 <[y <2}

INTTERE

A simple computation gives that for any cube / (whose edges are parallel to the coordinate
axes) in R” with side length ¢(1),

(3.2) oy ff If(x) = FO)Plx = Y72 dxdy < Ti(I) + Ta (1),
IxI
where

Ti() = (D> ], 1 2z togy ey AJOE®) = 2 jctog, ey DOl = y0+29 dixdy;
To(D) = €A™ [[ 13 imt0g, ety D) = T iz tog, ey AP Ilx = Y72 dixdy.
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According to [19, (3.2)] and the last estimate for IV in [19] as well as [2, (22)], we get

33) sup; 11 (D) < M f G0 supy D2 [, J ke = y|21-2&-" dxdy < lgl7, ;
sup; T2(1) < sup; €™ X jo 1o, e 22 I=2)2 A8l ) < N8I, -

Each sup; in (3.3) ranges over all cubes / with edges being parallel to the coordinate axes.
Thus, f € Q, follows from (3.2) and (3.3) as well as (1.1). This shows the first inclusion
of Theorem 3.1.

Next, suppose f € L,,—». Then the easily-verified uniform boundedness of the map
frelfonl,, . ie.,

A
sup lle” fllL,,,» S 1fllza, s
t€(0,00)

yields

rZ rZ
20— sA p2 - 2a-1 SA g2 = 2
P f ( f e f2 dy) s7ds < 720D f e fI2,  seds < IfIE, .
0 B(x,r) 0 ’ ’

whence giving f € Q' and verifying the second inclusion of Theorem 3.1.

3.2. Navier-Stokes equations initiated in (lim,_,; O;')". When applying V to

(—A)"2Ly )"
or
((_A)—l/z hn} Q;l)n
(cf. Theorem 2.1), we are suggested to consider L, ,_, in a further study of (1.2). To see
this clearly, let us introduce the following definition.

DEeriNtTION 3.2.
(i) A function f € Ly, is said to be in VL, ,—, provided that for any € > O there is a C
function & such that || f — All.,,_, < €, namely, VL, 5 is the closure of C§ in Ly, ».
(i1) Given T € (0, o0], a function g € L? ((0,T) x R™) is said to be in X p—o.7 provided

loc

1
lgllx,, o = sup 2211, iz~ + sup [Ig(t, llL,,, < 0.
1€(0,T) 1€(0,T)
Related to Theorem 3.1 is the following inclusion X, 2.7 € Nae(0,1)Xe;r Which fol-
lows from

2 2

i T
f f g, )P 1 dydr < " Nlg(t, I, f rodr s
0 B(x,r) =2

As a limiting case @ — 1 of Theorem 2.5, we have the following generalization of the
3D result [15, Theorem 1 (A)-(B)] (cf. [10, 16]) on the existence of a mild solution to (1.2)
under a = (ay, ...,an) € (Lyp-2)" and llallz,, .y = X'y llajlle,, -

THEOREM 3.3.
(1) (1.2) has a small global mild solution u in (X3 ,—2.)" for all initial data a = (ay, ..., a,)
withV - a = 0 and ||al|,,_,y being small.
(i) For any a = (ay, ...,a,) € (VLz,,,_z)" with V - a = 0 there exists a T > 0 depending on a
such that (1.2) has a small local mild solution u in C([0, T1, (Lz,,-2)").
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Proor. To prove this assertion, for 7 € (0, co] let us introduce the following middle
space X, .7 of all functions g on R} with

1 1
lgllx, ., = sup 22llg(z, I~ + sup £3{|g(z, )Ly, , < oo,
1€(0,T) €(0,7)

1€(

where

1
g, iz, » =[ sup r*7" f |g(r,y>|4dy) :
B(x,r)

(r,x)eRL™"

Note that the following estimate for f € L, ,_, (cf. [14, Theorem 18.1]):

2
E)f fx=ripldy ¥ (t.x) R,
k+[0,1]"

(34) el > sup exp(-

S zek+i0,11 4
along with the Cauchy-Schwarz inequality, deduces t2 lle™ flle < 1Al Lon- S0, (3.4), plus
the uniform boundedness of the map f + e f on L, ,,_», gives

A < [|ptA T < i
lle™ A, < Ne”flizllefliz,, , S #H1A L,

Thus
{ lle™ FOONxanr S Nfllzs, o3
lim7_q le® f(X)llx,,, =0 as f € VL.
Keeping the previous preparation and the Picard contraction principle in mind, we find
that showing Theorem 2.1, via the integral equation (1.3) and the iteration process
u®(t,-) = ea(-);
i,y = u®@, ) - BV, ), u(t, ), 1);
j=0,1,2,3,...,
amounts to proving the boundedness of the bilinear operator B(-, -, 7) : (X4.2.7)"X(X42.7)" —
(X42.7)". However, this boundedness follows directly from the following estimates (cf. [15,
25)-4)Dfor0<s<t<T:

I(z—s)f% .
s~ s ullgoy s sy
||€(17.V)APV~(M®V)H(L4,,,72)"

. 1 1 1
< min {(s(t = )7 5% iz, oy 8 Mo, (5 = $))7,

3,1 1
e S sTa(sullry, )82 IVl zy)-
-5

]

Remark 3.4. Though Theorem 2.5 can be used to derive that if |allz,, ,y is suffi-
ciently small then there is a unique solution u of (1.2) in (X4:e0)", Theorem 2.5 cannot
guarantee u € (X ,-2.00)" due t0 X200 S No<a<1Xa:o- In any event, we always have
SUP;e(0,00) téllu(t, Nz~ < oo and even more general estimate (cf. [15, (49) & Lemma 3]):

1 i o . -
SUP,e(0.0y 12 D1, ) = U (1, s < (G D72,
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