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ABSTRACT. We investigate solvability of certain linear nonhomogeneous elliptic equa-
tions and establish that under reasonable technical conditions the convergence in L?(R?)
of their right sides yields the existence and the convergence in H2(R%) of the solutions.
The problems involve the sums of second order differential operators without Fredholm
property and we apply the methods of spectral and scattering theory for Schrodinger type
operators analogously to our previous work [18].

CONTENTS
1.. Introduction 109
2.. Solvability in the sense of sequences in six dimensions 114
3..  Solvability in the sense of sequences in d+3 dimensions 116
4.. Auxiliary results 119
References 123

1.. Introduction

Let us consider the problem
(1.1) —Au+V(x)u —au = f,

withu € E = H?(R%) and f € F = L*(R%), d € N, a is a constant and V () is a real
valued function decaying to O at infinity. If @ > 0, then the origin belongs to the essential
spectrum of the operator A : E — F corresponding to the left side of problem (1.1).
Consequently, the operator fails to satisfy the Fredholm property. Its image is not closed,
for d > 1 the dimensions of its kernel and the codimension of its image are not finite.
In the present article we will study certain properties of such operators. Let us note that
elliptic equations containing operators without Fredholm property were studied extensively
in recent years (see [17], [18], [19], [20], [21], [22], [23], [24], also [5]) along with their
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potential applications to the theory of reaction-diffusion equations (see [7], [8]). Problems
of that type arise also in the theory of embedded solitons of Nonlinear Schrodinger like
equations (see e.g. [13], also [24]). In the particular case of a = O the operator A satisfies
the Fredholm property in certain properly chosen weighted spaces (see [1], [2], [3], [4],
[5]). However, the case of a # 0 is significantly different and the method developed in
these works cannot be applied.

One of the crucial questions concerning equations involving operators without Fred-
holm property is their solvability. We will investigate the problem as follows. Suppose f;,
is a sequence of functions in the image of the operator A, such that f,, — f in L?(R?) as
n — 0o. Let u,, be a sequence of functions from H?(R?) such that

Aup = fn, n € N

Due to the fact that the operator A is non Fredholm, the sequence u,, can be bounded but
not compact, it does contain a convergent subsequence. Let us call a sequence u,, such
that Au,, — f a solution in the sense of sequences of equation Au = f (see [16]). If this
sequence converges to a function wug in the norm of the space E, then ug is a solution of
this equation. Solution in the sense of sequences is equivalent in this sense to the usual
solution. However, in the case of operators without Fredholm property this convergence
may not hold or it can occur in a certain weaker sense. In this case, a solution in the sense
of sequences may not imply the existence of the usual solution. In the present article we
determine sufficient conditions of equivalence of solutions in the sense of sequences to
the usual solutions. In the other words, the conditions on sequences f,, under which the
corresponding sequences u,, are strongly convergent.
In the first part of the work we consider the equation

(1.2) —Agu+V(z)u—Ayu+U(y)u — au = f(z,y), v,y € R?,

where @ > 0 is a constant and the right side is square integrable. Here A, and A, are
the standard three dimensional Laplacians acting on = and y variables respectively. The
potential functions V(x) and U(y) here are assumed to be shallow and short-range and
precise assumptions on their behavior will be formulated below. The problem analogous
to (1.2) involving a single non Fredholm Schrddinger operator in its left side was studied
recently in the context of the solvability in the sense of sequences in [25]. Note that for
each of the operators —A, + V(z) and —A, + U(y) on L?(R3) the essential spectrum
fills the nonnegative semi-axis [0, co) (see e.g. [10]) such that the inverse of the whole
operator in the left side of (1.2) from L?(R%) to H?(R%) is not bounded. We write down
the corresponding sequence of iterated equations with n € N and a > 0 as

(1.3) —Agty + V(2)un — Ayun, + U(y)u, — au, = fro(z,y), z,y € R3,

with their right sides convergent to the right side of (1.2) in L?(R®) as n — co. The inner
product of two functions is denoted as

(F(), 9(2)) 12ty = /R f@)g()dz, d e N

with a slight abuse of notations when these functions are not square integrable. Indeed,
when f(z) € L'(RY) and g(z) € L>(R?), then evidently the integral above is well
defined, like for example in the case of functions involved in the orthogonality relations of
Theorems 2 and 3 below. In the space of d dimensions for a certain

Ax) = (A1(z), ..., Ag(z)),
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the inner product (f(z), A(z))2(re) is the vector with the coordinates
/ f(2)Ap(z)dz, 1<k<d.

Let us consider the standard space H?(R) equipped with the norm
(1.4) el 7 ay = Il 2 zay + 1Au]Z2 ey, d €N

The sphere of radius » > 0 in R? centered at the origin will be designated as S¢.

Let us use the hat symbol to denote the standard Fourier transform

~ 1
(1.5) fp) = f(x)e™®*dz, peR?, d e N.
(27r) Rd
In the second part of the article we will study the problem
(1.6) —Ayu—Ayu+U(y)u —au = ¢(z,y), € R yeR3, deN,

with the right side square integrable and the constant ¢ > 0. Here A, and A, are the
standard Laplace operators acting on the variables x and y respectively. The corresponding
sequence of iterated equations for n € N will be given by

1.7) —Agty — Ay, + Uy u, — auy, = ¢p(z,y), © € R y e R3, a>0,

with their right sides converging to the right side of (1.6) in L?(R%*3) as n — co. We
formulate the technical conditions on the scalar potentials involved in the equations above.
They will be analogous to those stated in Assumption 1.1 of [18] (see also [19], [20]).

Assumption 1. The potential functions V (z),U(y) : R? — R satisfy the bound

C C
Vi) L ———%=, U S ——=55
| ( )| 14 ‘x|345+(5 | (y)‘ 1+ |y|3-5+5

with some § > 0 and x,y € R? a.e. such that

19
(1.8) 402 (4m)” 3IIVHLw<R3>“ ”Ls<w><1’
(1.9) 45 2(4m) U] e o ) ) <!
. 8 D %
and

W/CHLSHV”L%(H@) < A, ‘/CHLSHU||L%(R3) < 4.
Note that the rate of decay of the potential functions assumed above is sufficient for all their
LP norms involved in the article to be finite. Here and below C' denotes a finite positive
constant and cgr,s given on p.98 of [12] is the constant in the Hardy-Littlewood-Sobolev
inequality

0 "
—————dzdy| < e Lz(R?).
| [ A st < cmnstih e L)

By virtue of Lemma 2.3 of [18], under Assumption 1 above on our potential functions,
the operators —A, + V(z) and —A, + U (y) considered as acting in L?(R?) with domain
H?(R3) are self-adjoint and unitarily equivalent to —A, and —A, respectively via the
wave operators (see [11], [15])

it~ D +V (2)) yitA, it(— Ay +U (1)) yitAy
b) b

Q‘i, =5 —limy_ o€ Qg =5 —limy_ e
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with the limits here understood in the strong L? sense (see e.g. [14] p.34, [6] p.90). There-
fore the operators —A, + V(z) and —A, + U(y) possess only the essential spectra:
Oess(—Ag + V(z)) = [0, 00) and ocs(—Ay + U(y)) = [0, o0). The functions of
the continuous spectrum satisfy

(1.10) [—As + V(2)]pr(x) = Kpp(z), keR?

(1.11) Ay + UW)ng(y) = ¢*nq(y), q € R?,

in the integral formulation the Lippmann-Schwinger equations for the perturbed plane
waves (see e.g. [14] p.98)

(1.12) 0= L / Y Ve

. )= —rF — — - .
ok (27)% 47 Jgs |z —y| PRI

ety 1 etlally—=

1.13 Y) = —— — —F— U dz,

(1.13) ) = g =g [ o me)e:

and the orthogonality conditions

(1.14) (or(2), () 2msy = 6(k — 1), k,l €R?,

(1.15) (1a(¥), 1 (1)) L2(z3) = 8(g —m),  q,m € R,

The ¢ symbol in the formulas above denotes the standard Dirac delta measure. By virtue of
the Spectral theorem, the products of ¢ () and n,(y) form a complete system in L?(R6).
We denote the generalized Fourier transform with respect to these products using the dou-
ble tilde symbol as

(1.16) F(k,q) = (F(2,9), or(@)nq(y)) L2 wo), by € R,

Clearly, (1.16) is a unitary transform on L?(R®), which can be easily seen via orthogonality
relations (1.14) and (1.15). We designate the integral operators involved in (1.12) and
(1.13) as

cilkllz—y]
@)= 3 [ Vel p e L2,

R [T =y
cilally—=|
(Pi) = —3- [ T Uz, we 17,

and consider @, P : L>°(R3) — L°°(R3). Under Assumption 1, by virtue of Lemma 2.1
of [18] the operator norms ||Q||cc < 1 and || P|loc < 1, in fact they are bounded above by
the left sides of inequalities (1.8) and (1.9) respectively, which are quantities independent
of k and g, expressed in terms of the corresponding LP (R?) norms of the scalar potential
functions V'(x) and U (y). In the context of the studies of equations (1.6) and (1.7), we will
ikx
be using products of Fourier harmonics o k € R? and perturbed plane waves Nq(y)
T2
forming a complete system in L?(R%*3), such that the generalized Fourier transform with
respect to these products is given by
~ eikx
(1.17) f(k,q) = (f(z,y), W%(ZJ))L%WH), keRY gecR3.
)}
Obviously, (1.17) is a unitary transform on L?(R9*3), which can be trivially obtained via
orthogonality relation (1.15). We formulate our main statements.
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Theorem 2. Let Assumption 1 hold, x,y € R®, n € Nand f,(x,y) € L*(R®), such
that f,(x,y) — f(z,y) in L*(R%) as n — oo. Assume also that |x|f,(x,y) € L*(R®)
and |y| f.(z,y) € L*(RS), such that

2| fr(z,y) — |2|f(z,9),  |ylfalz,y) — [y|f(2,y)

in LY(R%) as n — oc.
a) When a > 0 let the orthogonality relations

(118) (fn(aj,y)a @k(x)nq(y))lﬂ(RG) = 07 (ka q) € S?/a a.e.

hold for all n € N. Then equations (1.2) and (1.3) have unique solutions u(x,y) €
H?(R®) and u,,(x,y) € H*(RO) respectively, such that u,(z,y) — u(z,y) in H*(R®) as
n — oo.

b) When a = 0 let u,(x,y) € H?(R®) be the unique solution of problem (1.3), n € N
and equation (1.2) possesses a unique solution u(x,y) € H?*(RS). Then u,(x,y) —
u(x,y) in H*(R®) as n — oc.

Note that according to the part b) of Theorem 3 of [19] (see also [21]) for our case b)
when a = 0 the orthogonality conditions are not needed as distinct from case a). Similarly
in the case b) of the theorem below we do not require any orthogonality relations when the
x dimension of the problem is at least two (see Theorem 6 of [19], also [21]).

Theorem 3. Let Assumption 1 hold for the potential function U(y),y € R3, z €
R d > 1, n € Nand ¢,,(z,y) € L>(R3), such that ¢,,(z,y) — ¢(z,y) in L>(R3)
as n — 0. Suppose as well that

|#lén(z,y) € LNRT?),  |ylon(z,y) € L'(RT?),
such that
n\1,Y) — ,Y),  YIPn X, Y) = [YIPT, Y
|zl on (2, y) = [2lo(z, ), [ylon(z,y) = lylo(z,y)
in LY(R93) as n — oc.
a) When a > 0 let the orthogonality conditions
ikx

(119) (¢7L(x? 9)7 Wﬁq(y))L2(Rd+3) = O7 (k,q) S Sii/—g?) a.e.

be valid for all n € N. Then equations (1.6) and (1.7) admit unique solutions u(x,y) €
H2(R™3) and u,(z,y) € H*(RI¥3) respectively, such that u,(z,y) — u(x,y) in
H2(R¥3) asn — .

b) When a = 0 and the dimension d = 1 let the orthogonality relations

(1.20) (én (2, 9),m0(y)) L2(R2) = 0

hold for alln € N and no orthogonality conditions are assumed in dimensions d > 2. Then
problems (1.6) and (1.7) possess unique solutions u(x,y) € H?(R3) and u,(z,y) €
H?(R3) respectively, such that w,(z,y) — u(z,y) in H*(R¥3) as n — oo.

Note that (1.18), (1.19) and (1.20) are the orthogonality conditions involving the func-
tions of the continuous spectrum of our Schrodinger operators, as distinct from the Lim-
iting Absorption Principle in which one needs to orthogonalize to the standard Fourier
harmonics (see e.g. Lemma 2.3 and Proposition 2.4 of [9]). We proceed with proving our
first main result.



114 VITALI VOUGALTER AND VITALY VOLPERT

2.. Solvability in the sense of sequences in six dimensions

Proof of Theorem 2. Four our equations (1.2) and (1.3) the solvability in L?(R%)
follows from Theorem 3 of [19]. Since their right sides are square integrable and the
scalar potentials V' (x) and U (y) involved there are bounded as assumed, we will have the
existence of their unique solutions in H?(R%) as well.

Let us first start with the case b) of the theorem when the constant a = 0, such that
by means of the part b) of Theorem 3 of [19] the orthogonality conditions are not needed
here. Then let u,(x,y) € H*(R%), n € N and u(z,y) € H?(RE) be the unique solutions
of problems (1.3) and (1.2) respectively.

By applying the generalized Fourier transform (1.16) to both sides of problems (1.2)
and (1.3) with &, ¢ € R3 we arrive at

- k
u(k,q) = 52(4;2)2 7

Let us write their difference as

_ fn(kaQ)
k2 + q2 ’

n € N.

ﬁn(k, q)

Fulk,q) — f(k,q)

ﬁn(k7q) _a(kaQ) = k2 +q2

X{(k,q)€RS:k2 +q2<1} T

+fn(k7 Q) — f(k7 q)
k2 + q2

Here and below y 4 will denote the characteristic function of a set A C R and A° will

stand for the complement of this set. Evidently the second term in the right side of (2.1) can

2.1 X{(k,q)ER6:k2 +q2>1}

be estimated from above in the absolute value by | f,,(k, ¢) — f(k, ¢)| and therefore, in the
L?(R%) norm by || fr, — || L2(rs) — 0, n — o0 as assumed. By means of our assumptions
and via the Schwarz inequality we have f,,(x,y) € L'(R®), n € N. We estimate the norm
from above using again the Schwarz inequality as

| fr = fllLr ey < \// | (2, y) — f(w,y)|2dxdy\// dxdy+
z2+4y2<1 2+y2<1

[ Ue) = S )V Pdady < Ol — e+
7;2+y2>1

ezl fn = 2l fllLr sy + Myl fn = Yl FllLr®e) = 0, n— o0
due to the assumptions of the theorem. Hence

2.2) falz,y) = f(z,y) in L' (R°), n— cc.

Let us express

Fulk,q) = Fa(0) + /O %(s,w)ds,
flk.q) = F(0) + / O (s wpas

Here and below w denotes the angle variables on the sphere. This enables us to write the
first term in the right side of (2.1) as

£(0) = £(0)

k2 + ¢2 X{(k,q)€R6:k2+q2<1} T
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2.3) +foW%[fn(s,w) ~ F(s,w)]ds
. o)

By means of Corollary 2.2 of [18] (see also [19]) under our assumptions for k, g € R3 we
have (), n,4(y) € L°°(R?) due to the inequalities

X{(k,q)€R6:k2+¢q2 <1}

1 1 1 1
(2.4) ||<Pk(55)||L°°(R3) < mmv ||77q(y)HL°°(]R3) < %W
This enables us to estimate from above in the absolute value the first term in (2.3) by
1 1 1 X{(k,q)€RS:k2+q2<1}
P e 7 A

which clearly yields the upper bound for it in the L?(R%) norm by
1 1

C ||f’n_fHL1 R6 —>07 n — oo
1= [1Qlloc 1 = [[Ploc =)

by virtue of (2.2) under our assumptions. Then we estimate from above in the absolute
value the second term in (2.3) as

(Vs + Vo) [fu k) — F(k, @)]l| e o)

X{(k,q)ERS:k2+4¢2<1}
/k? + q2

which gives us the upper bound for it in the L?(IR®) norm as

CI (Vi + Vo)l fulk,q) = F(k, )]l ooy = 0, n— o0
due to the part a) of Lemma 5 below. Here and further down notations V3, and V, stand
for the gradients taken with respect to k£ and ¢ variables respectively. Hence
Hun — u”Lz(RG) = Hﬁn(k,q) — ’l:L(k, Q)HL2(R6) — O7 n — oo.

By means of the part a) of Lemma 4 below, u, (z,y) — u(z,y) in H?(R%) as n — oo,
which completes the proof of part b) of the theorem.

Then we turn our attention to establishing the results of the part a) of the theorem when
a > 0, such that orthogonality conditions (1.18) hold. By means of part a) of Theorem
3 of [19], equation (1.3) admits a unique solution u,(z,y) € H?*(R®), n € N. For
(k,q) € S\G/E a.e., using (2.4) we easily estimate

|(F (@, ), ex(@)ng(y)) 2 ey | = [(F (@, 9) = fu(@, ), 08 (2)109(Y)) 2 (2 |
from above by
1 1 1
(2m)3 1 = [|Qlloc 1 = [I1Plloo
by means of (2.2). Hence in the limit the orthogonality relation
(2.5) (f (@), or(@)ng (W) L2e) =0, (k,q) € S} ace.

is valid. By virtue of the part a) of Theorem 3 of [19], the limiting problem (1.2) has a
unique solution u(x,y) € H?(R®) when a > 0. Let us apply the generalized Fourier
transform (1.16) to both sides of equations (1.2) and (1.3). We easily arrive at

_ ke s g o ()
k2+q2_a’ nA™ k2+q2_a
For technical purposes, let us introduce a layer in the space of six dimensions as

Ay i ={(k,q) ER® |Va—o <\VE2+ @< Va+o}, 0<o<+a

lfn = fllLr@s)y — 0, n— o0

a(k,q) , neN.
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and express the difference a(k, ¢) — @y (k, q) as

Fko) = Fulkoa) , J(k.) ~ fulkoa)
B2t+g—a A Rtg@—a A
The second term in (2.6) can be trivially estimated from above in the absolute value by
\/aa_ AS

which yields the following upper bound on it in the L?(R%) norm

1k @) = Falbs Dlle2ws) _ IF = fullzoes)

(2.6)

0, n—o

Vao Vao
according to one of the assumptions of the theorem. We will use the identities
= = V k2 +¢? af:n
fn(k7Q) :fn(\/a,(.d)+ T(S,W)ds,
va S
= x Vk2+q? 8f:
f(k7Q) = f(\/&,(.d)-" %(s,w)ds.

Note that by virtue of orthogonality conditions (1.18) and (2.5), the first terms in the right
sides of the formulas above f,,(v/a,w) and f(y/a,w) vanish for (k,q) € 5\6/5 a.e. This

enables us to estimate from above in the absolute value the first term in (2.6) by
(Vi + Vo) [f (k,a) = falk, )]l o= (o)
\/& XAU7
which clearly implies the upper bound on it in the L?(R®) norm given by
Cl[(Vi + Vo) [f(k,q) = fulk, )]l oo gsy — 0, n — oo

according to the part a) of Lemma 5 below. Thus, we arrive at

Hu — Un||L2(R6) = lej,(k, q) — L:Ln(k, q)HL2(R6) — 07 n — oo,
such that u,, (z,y) — u(x,y) in L?(R®) as n — oo. By virtue of the part a) of Lemma 4

below, we obtain u, (z,y) — u(z,y) in H*(R®) as n — oo, which completes the proof of
the part a) of the theorem.

3.. Solvability in the sense of sequences in d+3 dimensions

Proof of Theorem 3. For our problems (1.6) and (1.7) the solvability in L?(R9+3)
stems from Theorem 6 of [19]. Due to the fact that the right sides of these equations
belong to L?(R*?) and the potential function U (y) is bounded as assumed, we will have
then the existence of their unique solutions in H2(R9+3).

The conditions of our theorem along with the Schwarz inequality imply that ¢, (x, y) €
LY(R4*3). We use the Schwarz inequality again to obtain the upper bound for the norm

o — &l L1 (ma+sy as

\// |fn (2, y) —¢(x,y)|2dxdy\// dzdy+
z24y2<1 224y2<1

[ VA ou(ey) - o 0)ldedy < Cllén — olluaessy+
zi+y2>1
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Hllzldn — 2]l L1 ra+s) + [[[Ylon — [y]Sll L1 Ra+s) — 0, n — o0
by virtue of the assumptions of our theorem. Thus for d > 1

3.1) On(z,y) = ¢(z,y) in L'(RY?), n— oo

First we start with the case b) of the theorem, such that the constant ¢ = 0. When the
dimension d = 1, we have the orthogonality condition (1.20) which according to the part b)
of Theorem 6 of [19] guarantees us the existence of a unique solution u, (z,y) € H%(R?)
of problem (1.7) with n € N. Using (2.4), we estimate from above

\(¢(%Z/)WO(ZU))L2(R4)| = |(¢(x,y) - ¢n(x?y)’770(y>)L2(R4)‘

as
1 1

(2m)% 1 = [Pl
via (3.1), such that in the limit we have the orthogonality relation

(3.2) (¢(x,y)sm0(y))L2(re) = 0.

Then by virtue of the part b) of Theorem 6 of [19] under our assumptions, the limiting
equation (1.6) admits a unique solution u(z,y) € H2(R%) as well.

In higher dimensions d > 2 according to the part ¢) of Theorem 6 of [19], no or-
thogonality conditions are needed, such that under our conditions problems (1.6) and (1.7)
possess unique solutions u(z,y) € H?(R*3) and u,(z,y) € H?*(RI*3) respectively.
Let us apply the generalized Fourier transform (1.17) to both sides of (1.6) and (1.7) to
obtain

H(ZSYL_QS”Ll(R‘l) —>0, n — oo

x 3 k7 X :n ka
We write the difference @, (k, q) — @(k, q) as
3.3) 5 5 .

X{(k,q)€Rd+3:k24¢2<1} T X{(k,q)€R+3:k2 42> 1} -

k;2 + q2 k2 + q2
Cleafly, the secgnd term in (3.3) can be easily estimated from above in the absolute value
by |én (k, q) — (k, q)| and therefore in the L2(R%+3) norm by

6n (ks q) — Dk, @)l L2marsy = |6 — Dl p2(marsy — 0, n — o0

due to one of the assumptions of our theorem. Let us express

X x Vi +a? 3¢
o(k,q) = ¢(0) +/ —(s,w)ds,
0 88
= x Vk*+a? (9(;
oullng) = n()+ [T T (s w)ds,
0 85
which enables us to write the first term in (3.3) as
$n(0) — (0
néz)_F q2( )X{(k7q)€Rd+3:k2+q2§1}+

fo k2+q2%[£n(s7w) B (g(&w)]ds

34

X{(k,q)€RI+3:k24+¢2<1}+
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We easily estimate the second term in (3.4) from above in the absolute value by
2 X{(k,q)€RI+3:k24¢2<1}

(Vi + Vo) [k, q) — bk, )]l o (ross) N R

which trivially implies the upper bound for it in the L2(R%*3) norm as

Ol (Vi + Vo) [dn(k, q) = Sk, )]l L (arsy = 0, 1 — o0
by virtue of the part b) of Lemma 5 below. To investigate the first term in (3.4), we recall
that forn € N
(3.5)

Gu(0) = ml)gwn(x,y), 0(y)) L2 gersy,  H(0) =

7 (0(2,9), m0(y)) L2 (Ra+3)-
(2m)2

Hence when the dimension d = 1, we have én(()) =0, n € Nand qAS(O) = 0 by virtue of
orthogonality relations (1.20) and (3.2) respectively, such that the first term in (3.4) then
vanishes. For higher dimensions d > 2, using (3.5) and (2.4), we estimate the first term in
(3.4) from above in the absolute value by

: : ll¢n — ol X{(k,q)ER4H3:k2 g2 <1}
n 1(Rd+3
(27r)# 1— Pl L1 (Rd+3) g

which gives us the upper bound for it in the L?(R*3) norm as

1
07H¢n — ¢||L1 Rd+3) — O7 n — oo
1— Pl )
due to (3.1). Therefore, when a = 0, we have
[[un (2, y) — u(xay>||L2(Rd+3) = ||&n(k"Q) - é(k7Q)||L2(Rd+3) —0, n— o0,
By means of the part b) of Lemma 4 below wu,,(x,y) — u(z,y) in H*(R%3) as n — oo,
which completes the proof of the part b) of the theorem.

We conclude the argument with establishing the results of the part a), when the con-
stant ¢ > 0. Orthogonality conditions (1.19) via the part a) of Theorem 6 of [19] imply that
problem (1.7) admits a unique solution u,,(x,y) € H?(R4*3), n € N. For (k, q) € 5%3
a.e., using (2.4), we estimate the expression
ikx

e
(27T)% Wq(y))LZ(RdH)

eikw

(B(z,y), @n)?

(¢(m,y) - ¢n(x,y),

Wq(y))ﬂ (Rd+3)

from above by
1 1
2m) " 1= [Pl

by means of (3.1). Thus we arrive at the orthogonality relation
ikx
e o d+3
(3.6) ((b(xay)a (QW)%%(Q))LZ(RH&) =0, (k7Q) € S\/a a.e.,
which by virtue of the part a) of Theorem 6 of [19] gives us that problem (1.6) possesses
a unique solution u(z,y) € H?(R+3). By applying the generalized Fourier transform
(1.17) to both sides of equations (1.6) and (1.7), we arrive at

< én(k,q)
tn(k,q) = RP+f—a

|6 — dnllLrmatsy — 0, n— oo

5(/% q)

a(k,q) = m,

n € N.
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Let us introduce as a technical tool a spherical layer in the space of d + 3 dimensions,
namely

By i={(k,q) eR™ |Va-0 <K+ < Va+o}, 0<o<a

Then we can write the difference @, (k, ) — @(k, q) as
Sk, q) — O(k, q) Sn(k,q) — o(k, q)
2 2 XB, + 2 2 XB;
kK+q¢>—a k*+q¢*—a
The second term in (3.7) can be easily estimated from above in the absolute value by

(6 (k, q) — Bk, q)|
Vao

3.7)

, which clearly gives us the upper bound for it in the L?(R%*3) norm

as
1
Vao
as assumed in our theorem. For the purpose of investigating the first term in (3.7), we will
rely on the identities

H(bn - ¢||L2(Rd+3) — 0, n — oo

o) = o)+ [ G swi
On(k,q) = dn(Va,w) —|—/ %(S,w)ds, n € N.
Va S

Orthogonality relations (1.19) and (3.6) imply that ¢,, (v/a, w) and ¢(y/a, w) vanish. There-
fore, the first term in (3.7) can be estimated from above in the absolute value by

: : XB,
1(Vi+ Vo) Gnlk: @) = Sk @)ooy 2
which gives us the upper bound for it in the L2(R%3) norm as

C (Vi + V) n (b, g) — Sk, @))l| e sy — 0, 1 — 00

by means of the part b) of Lemma 5 below. Thus, when a > 0, we have
[un (2, y) — w(@, y)|| L2 marsy = [|@n(k, q) — @(k,q)|| p2(ma+sy — 0, 1 — o0,

such that via the part b) of Lemma 4 below u,,(z,y) — u(z,y) in H>(R¥3), n — oo,
which completes the proof of the part a) of the theorem.

4.. Auxiliary results

The trivial lemma below helps us to conclude the proofs of Theorems 2 and 3 by
telling that it is sufficient to prove the convergence in L? of the solutions of the studied
equations as n — oo.

Lemma 4. a) Let the conditions of Theorem 2 hold, such that uw(x,y),u,(z,y) €
H? (R(’) with n € N are the unique solutions of equations (1.2) and (1.3) respectively
and uy,(x,y) — u(z,y) in L*(R%) as n — oo. Then un(x,y) — u(z,y) in H*(RC) as
n — 0o.

b) Let the assumptions of Theorem 3 be valid, such that u(z, y), u, (z,y) € H?(R*+3)
with n € N and d € N are the unique solutions of equations (1.6) and (1.7) respectively
and u, (z,y) — u(z,y) in L>(R43) as n — oo. Then u, (z,y) — u(z,y) in H*>(RI*3)
asmn — oo.
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Proof. a) Equations (1.2) and (1.3) with @ > 0 along with the assumptions of Theorem
2 yield that the norm ||(A, + Ay )(un — )|/ L2(re) is bounded above by
an — f||L2(R6) + (HVHLOO(RS) + HUHLOQ(RS) + a)||un — UHL2(]R6) — 0, n — oo.

By virtue of definition (1.4) we obtain u, (z,y) — u(z,y) in H?(R%) as n — oc.

b) From equations (1.6) and (1.7) for @ > 0 under the conditions of Theorem 3 we
derive the estimate from above for the norm ||(A, + A,)(uy, — )| 12(ra+s) given by

[6n = @llL2@ats) + (@ + [1U][ Lo @) lun — wl|L2@a+s) = 0, n — oo

Thus, definition (1.4) implies that u,, (z,y) — u(z,y) in H2(R*3) as n — oo.

The L>(R®) and L> (R%+3) norms studied in the following lemma are finite by virtue
of Lemmas 11 and 12 of [19] respectively. We go further by showing that they converge to
Zero.

Lemma 5. a) Let the assumptions of Theorem 2 be valid. Then

(Ve + Vo)l fu(k, ) = F(k, )l Lo oy — 0, n — co.
b) Let the conditions of Theorem 3 hold. Then we have

1V + Vo) k. @) — 6k, @)]| o ass) — 0, n — .

Proof. To prove the part a) of the lemma, we need to estimate the quantity

(Vi + VQ)[f:n(ka q) — f(k,q)] = (fal(z,y) — f(2,9),04(y) Vior(2))L2®e)+

A.1) +(fu(@,y) = f(@,9), pr(2)Vng(y)) L2 (Ro)-

By means of the Lippmann-Schwinger equations (1.12) and (1.13), we have
kx ik

i+ (I -Q) (V@) - Q)" et

eikz ei
\Y )= ——iz+ (I -Q)! 5
won(e) = ogie + (1= Q)7 Q
iqy 4 ety 1 ety
Vang(y) = Wzy +{I—-P)"P o R

Here the operators V. Q, V,P : L= (R3) — L°°(R3; C?) have the integral kernels

i+ (I =P)" (VyP)(I - P)

3
2

T ikl K U lglly—z 4
ViQ(w,y, k) = — el y‘mww, VoP(y,2,q) = — ety '@U(z)

respectively. Obviously, for the operator norms we have the following inequalities

1 1
@42 IViQllee < —lIViizr ) <00, [[VgPlloo < - |IUllLa(re) < o0
by means of the rate of decay of the scalar potentials V() and U(y) given precisely in
Assumption 1. Thus, in order to establish the convergence to zero as n — oo of the
L (R®) norm of the expression (4.1), we will need to estimate the six terms given below.
The first one is

eikm

Tl,n(kvq) = (fn(x7y)_f(xvy)7 azan(y)> ) kj,qER3,
(271—) L2(RS)

|
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We easily obtain via (2.4) that

1
(2m)* 1 — ”P”oo
such that ||T7 ,,(k, q)| L ey — 0, n — oo by virtue of the assumptions of Theorem 2.
The second term which we need to estimate is given by

|T1 n(k, Q)|

el fn = 2| fll L ge),

eik:w
Ton(k,q) := (fn(x’y) EA Q)AQW

Evidently, we can find the upper bound for it in the absolute value as

1 1

oI T AT (I @l + OV @l g g Ve Sl
such that the norm ||7%,,(k, q)|| L~ (®e) — 0 as n — oo by means of the assumptions of
Theorem 2 and (2.2). Note that in the argument above we used the upper bound for the
norm [|Qe*** || 1, (g3) obtained in the proof of Lemma 2.4 of [18] along with (2.4). The
third term we need to investigate is

irﬂnq(y)) . k.geR®
L2(RS)

ikx

Ty n(k,q) = (fn<x7y>—f<x7y>,<f—c2>1(ka><1—@>1 : an(y)> ,
(2m)} "

with k, ¢ € R3. By virtue of (4.2) along with (2.4), we easily derive the inequality

1 VL1 e
‘T3,n(k‘a Q)| S
A (2m)? (1 = [|Plloo) (1 = [Qlloo)
such that the norm |75 ,,(k, q)|| = (rs) — 0 as n — oo by means of the conditions of
Theorem 2 and (2.2). Let us take a look at the fourth term, which is

2 ||f’ﬂ - f”Ll(]RG)a

ety
Rl,n(kv Q> = (fn('ray) - f(xvy)a Sﬁk(x)azy> B
(27T) 2 L (RE»)
where k, ¢ € R3. Using (2.4), we obtain the upper bound
1 1
(27)° 1 = Q|
Hence || R1 (K, q)||zocrsy — 0, n — oo via the assumptions of Theorem 2. The fifth
term to be estimated is given by

|R1n(k,q)| < Nyl fr = (W1 f1l L2 (re)-

iqy

RQ,n(k7Q) = (fn(x7y) - f(l‘ y) ( )(I P) 'p < 3iy> , k,qe R3.
(2m)2 L2(RS)

Evidently, via (2.4) it can be bounded from above in the absolute value by

1 1
1 _ ||QHOO 1 _ ||P||oo {CHU(y)y”Lw(R3) + CHU(y)y”L%(Rg)}an - f||L1(R6)7

such that || Ry ., (k, q)|| L ®ey — 0 as n — oo by virtue of the conditions of Theorem 2
and (2.2). We used the estimate from above for the norm || Pe’®y|| ;o (g3 derived in the
proof of Lemma 11 of [19]. Finally, it remains to investigate

RS,n(k,Q) = (fn(l‘yy) - f(x y) ( )(I P) (VqP)(I _ P)_l eiqys>
(2m)2 (o)
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with k, ¢ € R3. Bounds (2.4) and (4.2) imply

1Tl L1 (ms)
= n - 1(R6).
= 47 (27)3 (1 — ||Qllo0) (1 — || Pl )? 1f fllz (RS)

|R3,n(k7 Q)

Thus, the assumptions of Theorem 2 along with (2.2) yield || R3,(k, q)|| L re) — 0 as
n — oo, which completes the proof of the part a) of the lemma. Then we turn our attention
to establishing the result of the part b). }

Obviously, for k € R? and g € R?, we write (Vi + V,)p(k, q) as

1kx ikx
oz, y), diwnq(y)> + <¢(w7 Y), edvqnq(y)>
< (2’/T) L2 (Rd+3) (27T) 2 L2(Rd+3)

and (Vj + vq)(;n(ka q) as

|

1kx 1kx
<¢n(x>y), . S ian(y)> + (%(%y), . B anq(y)> :
(27T) 2 L2 (Rd+3) (27T) 2 L2 (Rd+3)

Therefore, to conclude the proof of the lemma it remains to investigate the four terms given
below. The first one is

eika: )
Mlﬁn(ka Q) = <¢ﬂ(x7y) - (b(may)a ﬁlan(y) ’ k € Rda q € RSa
(277) 2 L2 (Rd+3)
such that via (2.4)
1 1
(M (k)] < [E I p—

n)E 1- Pl

Hence || M1, (k, q)| o ra+sy — 0, n — oo due to the assumptions of Theorem 3. The
second expression is given by

ezkm ety

M2,n(k7q) = <¢n('r7 y) - (b(l',y), dsiy> ) ke Rda qc RB-
(271—)2 (27T)2 L2(Rd+3)

Hence

1
| M2 (k, )| < ——a5 llyldn — [yloll L1 @ma+s)
2

(2m)
and therefore, || My 5, (K, q)|| Lo (ra+s)y — 0, n — oo by virtue of one of the conditions of

Theorem 3. The third term to be estimated for k € R?, ¢ € R3 will be

etk 1, e
MS,n(kvq) = (bn(mvy) —(b(x,y), Q(I_P)_ P 3ly .
2 ( L2(Rd+3)

2m)2

(2m)

It can be bounded above in the absolute value by by

1

W{CHU(?J)?J”L“(RS) FCNUWYN 4 oy HIn = Dl 1 mass),

such that the norm || M3, (k, q)|| oo (ra+3) — 0 as n — oo by means of the assumptions of
Theorem 3 and (3.1). When obtaining the estimate above, we relied on the upper bound for
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the norm || Pe’®y|| ;.o (s derived in the proof of Lemma 11 of [19]. Finally, we consider
My (K, q), defined for k € RY, g € R3 as

eikx 1 . eiqy

7(I = P)"(VyP)(I - P)
(2m)? (2r)

¢n(w’ y) - qﬁ(m,y),

)

L2(Ra+3)

(N

such that via (4.2)
C
|Man(k,q)| < 531Ul @®3)l|on — Ol L1 ma+s
(1= [[Pllo)? = FHEED

and || My n(k, q)|| oo (ra+3) — 0 as n — oo due to the conditions of Theorem 3 and (3.1),
which completes the proof of the part b) of the lemma.
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