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ABSTRACT. In this paper, we are concerned with a three-dimensional deriv-
ative Ginzburg-Landau equation with a periodic initial value condition. The
smoothing property of the solution is established by a uniform priori esti-
mates. The existence of the global attractors, A; C HA(Q) (i = 2,3, ---),
for the semi-group {S(i>(t)}t20 of the operators generated by the equation is
proved by using the compactness principle. Finally, the regularity of the global
attractors, namely, A2 = A3 = -+ = A, is proved by using the method of
semi-group decomposition.
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1. Introduction

Many physical and chemical phenomena can be described by nonlinear equa-
tions, such as the Korteweg-de Vries equation for propagated waves on shallow water
surfaces [1] and the Ginzburg-Landau equation for a phase transition in supercon-
ductivity [2]. In applied mathematics and theoretical physics, the description of
spatial pattern formation or chaotic dynamics in continuum systems, in particular
biological systems or fluid dynamical systems, has been a challenging task. The
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mathematical theory behind these systems appears rich and interesting, and in the
broad sense, is a topic which continuously attracts considerable attention from a
variety of scientific fields. Due to the complexity of the corresponding nonlinear
evolution equations, simpler model equations for which the mathematical issues can
be solved with greater success, have been derived. The complex Ginzburg-Landau
equation (GLE) is one of these models which takes the form

(1.1) up — (L + i) Au+ (1 +ip)ul* v —yu = 0.

This equation describes the evolution of the amplitude of perturbations to steady-
state solutions at the onset of instability [3, 4]. In the past decades, this equation
was widely studied for instability waves in hydrodynamics, such as the nonlinear
growth of Rayleigh-Bénard convective rolls [5], the appearance of Taylor vortices
in the Couette flow between counter-rotating cylinders [6], the development of
Tollmien-Schlichting waves in plane Poiseuille flows [7], and the transition to tur-
bulence in chemical reactions [8],
The derivative Ginzburg-Landau equation (DGLE)

(1.2) ug = pu+ (1 +iv)Au — (1 +ip)|ul*7u + A1 - V(Jul?u) + (o - Vu)|ul?

arises as the envelope equation for a weakly subcritical to counter-propagating
waves, and it is also important for a number of physical systems including the
onset of oscillatory convection in binary fluid mixture [9]. In the case of one or two
dimensions, finite dimensional global attractors and regularity of solutions were
explored in [10, 11]. When v = 0, the equation (1.2) incorporates to the derivative
nonlinear Schrédinger equation [12].

In the past decades, equations (1.1) and (1.2) have been extensively studied in
the one or two spatial dimension. For example, Ghidaglia and Héron [13], Doer-
ing et al [14], Promislow [15], Bu [16] studied the finite-dimensional attractor and
related dynamical properties for 1D or 2D GLE (1.1) with ¢ = 1 or 2. Li [17]
investigated the upper semi-continuity of approximate attractors of GLE (1.1) in
one-dimensional space with o = 1. Guo et al [18, 19] and Gao [20, 21, 22] dealt
with the 1D and 2D DGLE (1.2) and explored the existence of the global solution
and the finite-dimensional global attractor of DGLE (1.2) with periodic boundary
conditions, Cauchy conditions or Dirichlet inhomogeneous boundary value condi-
tions in the case of o0 = 2.

Nevertheless, relevant theoretical results for the case of three spatial dimen-
sions for the Ginzburg-Landau equation appear scarce. The main reason lies in the
fact that the Sobolev interpolation inequalities used in one- or two-dimensional case
become invalid for the three-dimensional case. Thus, it is necessary to make more
subtle estimates for the nonlinear terms to overcome this difficulty. Doering et al
[23] and Okazawa et al [24] considered the case of three-dimensional space for GLE
(1.1) with periodic boundary conditions and initial boundary value conditions, re-
spectively. They established the existence and uniqueness of global solution under
certain parametric conditions. In [25, 26, 27], Lii et al also discussed the periodic
initial-value problem of GLE (1.1) in three-dimensional space, and proved the ex-
istence and uniqueness of global solution under a weaker restriction of parametric
conditions. Furthermore, the existence of global attractor and exponential attractor
with finite dimensions as well as the upper semi-continuity of global attractor was
also explored. Nader and Hatem [28] constructed a solution to DGLE (1.2) in N-
dimensional space. Karachlios and Zographoppulos [29] investigated a degenerate
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case of DGLE (1.2) with the Dirichlet boundary value condition in N-dimensional
space (N > 2) and proved the existence of the global attractor in L2.

In this paper, we consider a periodic initial-value problem of a more general
derivative 3D Ginzburg-Landau equation:

(1.3) up = (14+iv)Au — (1 + ip)u* u + yu —

(1.4) A1 ulPVu = Ag - u?Va, (o,t) € R® x RT,

(1.5) u(z,0) = up(x), r € R?,

(1.6) u(z + ej,t) = u(z,t), j=1,2,3, (z,t) € R® x RT,

where v, i and v > 0 are real constants, A\; and Ay are complex constant vectors,
and the over-line denotes the complex conjugate. We assume that the parameters
w and o satisfy the condition

V2 1
(1.7) || < %, o> 2.

The existence of the unique solution, the finite-dimensional global attractor and the
exponential attractor was investigated under the assumption (1.7) in [30] and the
upper semi-continuity of global attractor was described in [31], but the regularity
of global attractor was not discussed therein. Since regularity and global attractor
are two of the most important qualities for dynamical systems and any possible
regularity of the attractor is extremely helpful for a better understanding of the
long term behavior of the semigroup, in this paper our main purpose is to present
some regularity results on the global attractor for the problem (1.4)—-(1.6).

On the assumption that the dissipative dynamical system associated with a
partial differential equation possesses an global attractor A in the Sobolev space,
say H?(Q), the regularity is to be understood here in the sense of the theory of
partial differential equations. That is, if the data are sufficiently regular, then
the global attractor lies in a set of more (spatially) regular functions, a Sobolev
subspace H™ (), for an appropriate m. In other words, the regularity of attractor
means that even the system starts with a initial state ug(z) in a lower order Sobolev
space H?(12), its long-time state may be a more (spatially) regular function in a
higher order Sobolev space H™(£2). The data mentioned here indicate the different
functions and parameters appearing in the partial differential equation.

Throughout this paper we shall use the following notions: Let Q = [0,1] x
[0,1] x [0,1]. We denote by (-,-) the usual inner product of L?(Q), by || - ||m the
norm of Sobolev spaces H™(2), and | - || = || - [|o and || - [|oc = || - [ oo (). Let

Ly(Q) = {p € L*(Q)](x +ej) = ¢(x), j=1,2,3}
with the norm defined as that of L?(f). Let
H (Q) = {6 € Hy(Q)o(a +e) = ¢x), j=1,2,3}

with the norm defined as that of H?(Q).
In our study, we need the following technical three Lemmas in the proofs of our
main results.

Lemma 1.1 (Sobolev Interpolation Inequality [32]). Let u € L4(§2), D™u €
L"(Q) and Q C R™, where 1 <r < oo and 0 < j < m. Then there exists a constant
c=c(j,m,Q,p,q,r) independent of u such that

1D9ull e < ellulmr oy lull 5,
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where

1 ] 1 1 '
:J+a(_m>+(1_a), I ca<t
p n r n q m

Lemma 1.2 (Gronwall’s Inequality [33]). Let y(t), g(t) and h(t) be three non-
negative functions satisfying
y'(t) < g(B)y(t) + h(t), Vi>to>0.

and

t+r t+r t4r
/ g(s)ds < ay, / h(s)ds < aa, / y(s)ds < ag, Vit>tp.
t t t

Then we have
y(t+r)§<%+a2)eal, Vit>t.

Lemma 1.3 ([34]). Let £ be a Banach space. Suppose that {S(t)}i>0 is a
semi-group of continuous operators, i.e. S(t): E — &, with

S(t)-S(r)=8t+7), S(0)=1,

where I is the identical operator. Suppose that the operator S(t) satisfies the fol-
lowing three conditions.

(i) The operator S(t) is bounded, i.e. for any given R > 0, if ||ulle < R, then
there exists a constant C'(R) such that

IS(#)ulle < C(R), for t € [0, +00).

(i) There is a bounded absorbing set By C &, i.e., for any given bounded set
B C &, there exists a constant T = T (B) such that

S(T)B C By, fort>T.

(iii) S(t) is a completely continuous operator for the sufficiently large t > 0.
Then the semi-group {S(t)}i>0 of operators has a compact global attractor A C E.

The rest of this paper is organized as follows. In Section 2, the smoothness
of solutions is obtained by a priori estimates under a weaker restriction on the
parameter o. The existence of global attractors A; C H, () (i = 3,4,---m)

for the semi-group of operators {S(¢)};>¢ generated by the system (1.4)—(1.6) is
proved. In Section 3, the solution operator S(?)(t) is decomposed as 552) (t)+S§2) (1),

where 5’%2) (t)up is more regular than S (t)ug, and HS§2)UO||2 approaches zero as ¢
tends to infinity uniformly for ug bounded in H]f (€2). Section 4 is dedicated to the
regularity of global attractors.

2. Existence of High-Order Attractors

In this section, we prove the existence of the global attractor A, C H}'(Q)
(m=2,3,---,).

Lemma 2.1 ([30]). Suppose that the condition (1.7) holds and uo(x) € H2(S2).
Then the problem (1.4)—(1.6) possesses a unique global solution

u(z,t) € L®°(RT; Hg(Q)) N L*([0, T; HS’(Q)),
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and for any R > 0 given, there exists to = to(R) such that
[ulls < B, ¥Vt 20,
Julla < Mz, Vit 2>t

if |luoll2 < R, where the constant Es depends on the parameters o, v, p, v, A1, A2
and R; and Ms only depends on the parameters o, v, pu, v, A1 and As.

Furthermore, the semi-group {S(t)}:>0 of operators generated by the problem

(1.4)—(1.6) has a compact global attractor As 2Ac H2(Q), i.e. there exists a set
A C H() such that

(a) S(t)A=Aforallt>0;

(b) dist(S(t)B,.A) — 0 for any bounded set B C HZ(€), where

dist(X,Y) = sup inf ||z — yl2.
rzeX yey
Next, we show the high-order smoothness of the global solution for the problem
(1.4)—(1.6).

Proposition 2.1. Under the conditions of Lemma 2.1, suppose that m > 2
is a positive integer, o > % [% — 1] or o is a positive integer. Then there exists
tm = tm(R) such that

(2.1) [wllm < Moy, Vit>tm, [uoll2 <R,
and
(2.2) ullm < Enm, Vt>0, [ullm <R,

where the constant E,, depends on the parameters o, v, u, v, A1, A2, m and R;
and M., only depends on the parameters o, v, wu, v, A1, A2 and m.

Thus, the problem (1.4)-(1.6) possesses the global smooth solution
we C(RY; H(Q) N CHRY; HP2(Q)),

and the closed ball
By, ={p¢€ H;T(Q)‘ lpllm < My}

is the bounded absorbing set of the semi-group of operators {S™ (¢)}>¢.

Proof. We prove that (2.1) and (2.2) by using the principle of mathematical
induction.
When m = 2, (2.1) and (2.2) can be deduced by Lemma 2.1 directly.

Suppose that (2.1) and (2.2) hold for m =2,3, --- , k—1, i.e.
(2.3) lu)lm < My, for all t > ¢, if ||uoll2 <R, m=2,3,---, k—1;
llw|lm < By, for all ¢ > 0if |Jug|lm <R, m=2,3,---,k—1.

By using the Sobolev interpolation inequality, there exist constants E/, = E/ (R)
and M/, such that

(2.4) lullm-200 <M., YVt>t,, 3<m<k-1,

and
||U||W7n72,oo SE;,),“ VtZO, Sémék_l
This implies that (2.1) and (2.2) also hold for m = k.
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Setting | = [£51] and differentiating (1.4) for [ times with respect to ¢, we have

(2.5) wgir1 —(14iv) Ay +(1+ip) (Ju* ) g —yug +M1-(Ju)* V) g +Ao-(u? Vi) p = 0,
If k = 20 + 1, by taking the real part of the L?- inner product of (2.5) with —Awu,,

we have

1d

2dt

= 9||Vuul||®* + Re <(1 +ip) / (Ju|?7u)4 Afwdx)
Q

IVue |[* + | Aug |*

(2.6) —Re/ AL (|u\2Vu)tzAﬁtzdx—Re/ A2 - (WPVa) Atigda.

Q Q
For ¢t > tp_1 = tg, 0 > %(l -1) = %([g] - 1) or o is a positive integer, in view
of Holder’s inequality, the Sobolev interpolation inequality and Young’s inequality
together with (2.3) and (2.4), the four terms on the right hand side of (2.6) can be
estimated as

Re ((1+iu)/9(|UI2"u)tlA“tldx>‘ =< éHAutl||2+C(Mk7nMéfl),
NVuul? < Al Augl fJug]
< éHAutzF—FQV?HUHHQ
< é\|Autz||2+c(Mk—1,Mé—1)7

1
‘Re/ A - ([uPVu)u Atgdz| < gHAUtlHQ"FC(Mkth;Q,l),
Q

and
1
< gHAutl 12+ e(My—1, Mj,_,).

Re/ Ao - (W) Atipde
Q

So (2.6) can be simplified as
d
(2.7) Ve ll® + [ Dupl* < CL My, My—1), Yt >t

By taking the L2-inner product of (2.5) with u, and using a similar way to the
derivation of (2.7), we get

d
(28) &”Utle-’-Hvutle SCQ(Mkfl,M]gfl), Vtztkfl.
That is,
t+1
/ [Vug (s)|?ds < lug (6)|> + Co(Mj_y, My 1)
t
< C(My_1)+ Co(Mj,_1, My_1)
A

a3, Vit Z tk—l-

Set
Qg = Cl(M]Icfh Mkfl).
Applying the Gronwall’s inequality to (2.7), we have

(2.9) [Vua(t+1D)|? <as+ao, V>t 1,
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which leads to

[VFu|? = |V |2 < Clag,a3), Y t>t,_ 1+ 1.

Let M}, = \/C(ag,ag) + M?_ | and ¢ = tg—1 + 1. So (2.1) holds for m = k.

If ug € HF(), by using an analogous way to the derivation of (2.7), (2.6) can
be re-expressed as

d
(2.10) &HVUHHQ + [Vup|* + [ Aug ||? < Ca3(By_y, Bx—1), V>0
Multiplying (2.10) by e and integrating it with respect to ¢ yields
IVup |? < [V (0)] + Cs < C(R?) +C3 £ EY, Vi=0.

Let Ey = /B + E?_,. So (2.2) holds for m = k too.

When k = 2] + 2, by taking the L%-inner products of (2.5) with A%uu and
— A, respectively, we have

4 IV D | < O (M, M), ¥ 12 i,
and
SNVl + Dol < O M1, M), V8>
Using an analogue discussion to the derivation of (2.9), we have
[Aup(t+ 1D < af+ah, V>t
which leads to

IVEul|? = [V 2ul® < C'(ah, 0f), ¥t > tioy + 1.

Let M, = \/C(o/z,ag) + M?_, and ¢ = tg—1 + 1, so (2.1) holds for m = k.
If ug € HZIf(Q), it is deduced that

d
(2.11) gl Al + 11 Au|* < Cs(EBrn, Bfy), V120,
Multiplying (2.11) by e! and integrating it with respect to t yields
[Aug|? < | Aup (0)|2 + C1 < C(R?) + CLE B!, Vit>o0.

Let B, = \/E} + E?_, thus (2.2) holds for m = k too.

Consequently, we conclude that (2.1) and (2.2) hold for any positive integer
m > 2. The proof of Proposition 2.1 is completed. O

In order to prove the existence of the high-order global attractor A,,, we intro-
duce another proposition as follows.

Proposition 2.2. Suppose that the conditions of Proposition 2.1 hold with o >
1

m—

[25L] or o is a positive integer. Then the semi-group of operations S™(t) (¢t >

1
2
0) : H(Q) — H,*(2) is uniformly compact for the sufficiently large t > 0.
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Proof. If m = 2l, we consider the real parts of the inner product of (2.5)
with —Awuu and ug, respectively. It follows from Proposition 2.1 that there exist
constants C1 = C1(M},, M,,,) and Cy = Cy(M,,, M) such that

d
(2.12) &IIVWII2 + [ Aug | < CL(M,,, M), Vit > t,
and

d
(2.13) a||utl||2 + [|[Vug|]? < Cy(M,,, M), YVt > .

Applying the Gronwall’s inequality to (2.12) and using (2.13), we get
Vg ||? < Cs(Mp,, M), Yt >ty =ty +1,
which leads to

IV tul2 = 9
< C(Mp, M},)||Vuy |?
< Mm+17 VtZth =tm + 1.

If m = 2l + 1, using the same arguments as the above we have

d
(2.14) g1 Bua | + 1V Aug|* < O (M, My,), - Y t2
and

d
(2.15) &HVWHQ + | Aug ||? < CH(M,,, M), YVt >t

Again, applying the Gronwall’s inequality to (2.14) and using (2.15) gives
IV ul? = V220> < C(Mop, My | Dup | < Myga, V82 bigs = o + 1.

m

By virtue of the Sobolev compact imbedding theorem, we know that the semi-
group of operators S(™) (t) is uniformly compact for ¢ > t,,41. So the proof of
Proposition 2.2 is completed. O

On the other hand, if o > % [%] or o > 2 is an integer, according to Proposi-
tions 2.1 and 2.2, one can see that S (t) is strongly continuous. Making use of

Lemma 1.3, we obtain the following theorem:

Theorem 2.3. Suppose that all conditions of Proposition 2.2 hold. Then there
ezists a global attractor A,, C H,"(S2) of the semi-group {8 (t)};>0 of the oper-
ators generated by the problem (1.4)-(1.6).

3. Decomposition of Semigroup

In order to prove the regularity of global attractor, it is necessary to decom-
pose S(2)(t) appropriately. In this section, we decompose S (t) as Sf) (t)—l—SéQ)(t);
where S%z)(t)uo is more regular than the solution S (#)ug, and ||S§2) (t)uoll2 ap-
proaches zero as t tends to infinity uniformly for the bounded ug in Hg(ﬂ)

For any given positive integer N, let Sy = Span{e?™* : |k| < N} and denote
the orthogonal projection operator by Py : L2(Q) — Sy and Qn = I — Py [32].
Then there have
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Lemma 3.1 ([35]). Ifv € H}]'(Q), then there exists a constant c independent
of v and N such that

I1PNo||m < (:Nm_j”PNUHj7 VO0<j<m,

1Qnvl; < eNT"™|Qnvllm, ¥ j=0,1,--- ,m,
and
IVIQnv| < eNI=™|VQnv|, VY j=0,1,---,m.

We also decompose the solution u(z,t). Let ug € H2(Q) and u = S(t)up be
the solution of the problem (1.4)—(1.6), then it has

u = Pyu+ Qnu=p(t)+q(t),

where p(t) = Pyu represents the low-frequency part of u and ¢(t) = Q yu represents
the high-frequency part of u.
We split the high-frequency part ¢(t) as

qt) =y +z,

where y, z € @ NLIQ,(Q) are the solutions of the following equations for ¢ > to:

ye — (L+iv)Ay — vy
) = —(1+iwQn([ul* (p+y) = Qn (A - [ul?V(p+y) + A - w* V(D + 7)),
) y(@,t) =y(z+e;t), j=1,2,3 yla,t2) =0,
)z — (L+1iv)Az =vz — (1 +ip)Qn (Jul*72) — Qn (A1 - [ul*Vz + As - u?V2),
)

(3.1
(3.2
(3.3
(34 z(x,t):z(erej,t), ]:13 23 35 Z(‘TatQ):QNu(t2)a

respectively. For t < to, y(t) = 0 and z(t) = Qnu(t), where tq is given by Proposi-
tion 2.1.

We first prove that y is smooth for ¢ > ¢,, and z converges toward zero in

HZ2(€2) when t goes to infinity.

Theorem 3.1. Under the condition (1.7), if uo € HZ(Q) satisfies ||luoll2 < R,
then there exists a unique solution y of (5.1)—(3.2) and a unique solution z of
(3.8)-(3.4) satisfying

y, z€C! ([O, 00); LZQ,(Q)) nc ([0, 00); Hg(Q)) )

Moreover, If o is a positive integer or o > %[%] , then there exists N3 large enough,
and constants K, = K, (N) and § = §(N) > 0 such that for any given N > N,
the following estimates hold:

(3.6) 2(t)ll2 < lfultz)llze™2C7") < Mpe™®U12) ¥ ¢ > ¢y,
where Ms, t,, and R are given by Lemma 2.1 and Proposition 2.1, respectively.

Proof. The existence and uniqueness can be proved directly by using the
Galerkin method [30]. We separate our proof for estimates (3.5) and (3.6) into
three steps.

Step 1. Consider the estimates for y in H7(9).
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By taking the real part of the inner product of (3.1) with y, we get
1d
2dt

(37) = —Re(M- /Q Qn (Y (0 +9))dz) — Re(s - /Q Qn (V5 + 7)) 7).

I+ 191 = 3l + Re (1 + ) | @ (1l 0+ ) o)

For the last term in the left-hand side of the equation (3.7), using the definition of
QnN gives

Re ((1+ i) [@n (|1l (0 + v),9)]) = / 27 |y 2+ Re ((1 Tig) / |u|2”pydx) .

Furthermore, according to Proposition 2.1 and definitions of Py and p(t), and
by using Holder’s inequality and the Sobolev interpolation inequality, we deduce

that
5 5
Re (14 [ Popmae) < il ([ rlac)” ([ ipba)
Q Q Q
1 , ;
< 5 [P lyPde i [ P lpPds
Q Q
1 , i
(38) < 7 [l Il

Separate the first term in the right-hand side of (3.7) as

Re <)\1 . /Q Qv (Ju’V(p+y)) ﬂdz)

(3.9) = Re ()\1 / |u|2prdx> + Re ()\1 / |u2Vyydx> .
Q o

Notice that
1
- 7 a=2
A1|< /Q uf? |y|2dsc) ol % [l

Re <)\1./ |u2Vyfgd:c>
Q
L 20, (2 1 2 525 2o501112
7 [ P lyPde + 219y + 473 |75 )2,
Q

IN

and
|Aa]?

WIIUIITQIIVUIIQ-

_ g
Ro (A [ PTpgdc) < Pl o)l < J? +

So (3.9) can be rewritten as

Re <>\1 / Qn ([u29(p + ) ydz)

Q
<7 [ PolyPdo+ ZIVul? + (175
=2 o 4 1

A2

e TR

v
(3.10) +2 ) Iyl +
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Similarly, from the second term in the right-hand side of the equation (3.7) we
have

e (%e- [ Qv (907 + ) ac)
Q
1 1 2 20
< = 20,,12 - 2 452 -2
< [+ 31Vl + (47

7 2 |)‘1|2 4 2
3.11 f) a1 .
(3.11) D)l + S vl
Substituting (3.8)—(3.11) into (3.7), we get
d oF2 20 oF2 20
(312)  lyll® + Vol = (47 + 2772 [ ]77 + 2772 X772 [ly]* < C(Ma).
From Lemma 3.1, we know that

IVyl* = coN?| yll*.
So (3.12) can be simplified as
(313) TP+ (col® — 4+ 255 (0,27 255 g 25y < O(0)
Let Ny be large enough such that
coN2 — 4y — 2553 |\ |72 — 2572 Ay 72 > 0.
Then for N > Ny, multiplying (3.13) by e%* and integrating it from ¢, to ¢ with
y(t2) = 0, we have

C(Ms,)

: SK2, Vit>ts,
0

(3.14) ly]* <

where
80 = Go(N) = eN? = dy — 273 |A1 72 — 273 X772
By taking the real part of the inner product of (3.1) with —Ay, we have
1d
2dt
= V3R + Re(1+i) | Qu (" (0-+ 9) Ao

IVyl? + 1 Ay*

—l—Re()\l~/QQN(|u|2V(p—|—y))Agjdx) +

(3.15) Re()\g- /Q QN(uQV(ﬁ—HJ))Agdx).

Using the Sobolev interpolation inequality, the four terms in the right hand side of
(3.15) can be estimated as

. - N 1
(14i) [ @l o+ ) Sds] < gl89IP + Cla, M)

1
YIVyl? < gIIAyH2 +29°K3,

1
Ar- /Q Qn ([ul*V(p+y)) Agde| < S| Ayl + C(Ko, M),
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and

%o+ | QY+ ) Agda| < 1Ay + C(Ko, M),
respectively. Thus, (3.15) can be simplified as

aIIVyII2 + | Ay[? < C(Ko, My).
Since ||Ay||? > e¢N?||Vy|?, we further have

d
aIIVyII2 +eN?||[Vyl* < C(Ko, Ma).

Multiplying the above inequality by e *t and integrating it from t to to with

y(t2) = 0 yields

C (Mo, Ko)
cN?2
Using the same procedure, by considering the real part of the inner product of

(3.1) with A2y, we have

(3.16) 1Vy|? < SR2 Vit

2dtIIAyIIQ +[IVAy|?

= —Re ((1+iu)/QQN(Iu|2"(p+y)) A2ydx)
—Re <>\1 : /Q Qv (Ju’V(p+y)) A2ydx)

(3.17) )l Ayl? - Re (A2 [ v 29+ ) A?ydx) .

We estimate each term of the right side in (3.17) for o >
inequality, the Sobolev interpolation inequality, as well as (3.

(1+iu)/QQN(\UI2"(p+y))A2ﬂdx

By using Hélder’s

1
2°
14)-(3.16), we have

1
< gHVAyHQ + C(Ko, K1, M),

1
YAyl < S IVAYI* + 297Kz,

1
< gHAyH2 + C(Ko, K1, M3),

M ~/QQN(IuI2V(p+y))A2§dw

and

1
< SIByl* + C(Ko, Ky, Mp).

Aa - / Qn (u*V(p+ 7)) Agdz
Q
So, (3.17) can be simplified as

d
&”AZ/HQ +VAY[]? < C(Ko, K1, Ma).
Since |[VAy|? > ¢N?||Ayl|?, we further have
d
(3.18) 120l + N[ Ayl < C(Ko, K, Mo).

Multiplying (3.18) by Nt and integrating it from t from t, with y(ta) =0
yields
C(Ko, K1, Mz) 2 ~,

Ay||2 < 200772 2 Yt > ts.
|| yH = CN2 ) = L2
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Set Ky = \/ K2 + K2 4+ K2. So it is easy to see that (3.5) holds for m = 2.

Step 2. Estimates for y in H*(Q2) (m > 3).
We prove that (3.5) holds for any m > 3 by using the mathematical induction.
For m = 3, differentiating (3.1) with respect to ¢ and using the real part of the
LZ%-inner product with —Ay,, we have
1d
2dt

= Re ()\1-/QQN (u|2V(p+y))tAgtd:r)

IVyel|® + | Ayl

+Re (Ag : /Q Qn (uQV(p+y))tAytdm>
(3.19) #9192+ Re (04 0) [ Qu (P (o4 0), S ).

For t > t, we estimate the four terms in the right hand side of (3.19). By using
Holder’s inequality, the Sobolev interpolation inequality and Proposition 2.1, we
deduce that

'(um) [ @n (), 2| <

1
< §||Ayt||2 + C(Kq, M),

YIVyl? < <[|Aye|l* + C (K2, Ma),

ool —

1
< g”AytHQ + C(Ksy, Ms),

M- / Qn ([uPV(p + 1)), Afuda

and

1
< gHAZ/t”2 + C (K3, Ma).

)\2'/QQN(U2V(Z7+§)),5A%C1$

Thus, (3.19) can be simplified as

d
T IVuell® + 184:)1* < C(Ks, Mo).
Since ||Ay||* > e¢N?||[Vy,||?, we further have
d 2 2 2

Multiplying (3.20) by e Qt, integrating it from t from 2 and using the inequality

IVy(t)ll < c(llult)l37 + [lu(t2)|13)
< C(My),

we have
2 —eN2(t—t 2 C(K27M2)
Vgl < e N 08| Wy,(ty)]1? + Nz
—cN2(t—t C(K2, M>)

1>

p3,  Yit>t.
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That is,
IVAyll < [[Vyell + Co(Mz, Ko)
< p3+ C(M, Ky)
L Ky Vit>ty=ty+1.

Set K3 = \/ K2 + K2. So (3.5) holds for m = 3.
Suppose that (3.5) holds for any 3 < m < k—1 (k is a positive integer), namely,
there exists a constant K, such that

(3.21) 1Yl < Ky VE>tm, m<k—1

It follows from the Sobolev interpolation inequality that
(3.22) lyllwm-200 <K/, NVt>tpm, m<k-—1,

where the constant K/ depends on K,,. From Proposition 2.1 and the definition
of Py we have

(3.23) |Ipllm < My,  |Ipllwm-20 < C(K],), Vt>ty,, m<k-—1,

where ¢, in (3.21)—(3.23) is the same as the one given in Proposition 2.1.
Now, we consider the case of m = k.
Let | = [%51]. Differentiating (3.1) for I times with respect to ¢ gives

Y — (L4 i) Ay + (1+ i) Qn ([u*7 (4 ) — Yy
(3.24) = —Qn(A - [uPV(p+y)+ A V(B +T)) -

If k =20+ 1, by considering the real part of the inner product of (3.24) with
— Ay, we have

1d
2 dt
|Vl + Re ((1 i) [ QN<|u2“<p+y>>tszﬂdx)

IVyall® + | Aya |1

+Re (/Q Qn (M- [u*V(p+v)), Aytzdx)

(3.25) +Re < /Q Qn (X2 u?V(p+ y))tZAgjtzdx> )

We estimate each term in the right hand side of (3.25) by applying Holder’s inequal-
ity, the Sobolev interpolation inequality, Young’s inequality, as well as (3.21)—(3.23).
When t > t,_1 = t9; and o is a positive integer or o > é, we have

. - _ 1
’(1+1M)/(|U|2 (p+y))pAygpdx| < §||Aytz||2+C(Kk_1,K,’€_1,Mk_1,M,’C_1),
Q

1
’Y||Vytl||2 < §||Aytl|2+C(Kk717KllcflaMk717Mllcfl)7

1
< §||Aytz 12+ C(Ky—1, Kj_y, My—1, Mj_y),

/QQN (A1 - [ul*V(p+ y))tz Afpdz

and

/ Qn (o - w29 (5 +§)) y Afuda
Q

1
< gHAytl I+ C(Kk—1, Kj_y, Mp—1, Mj,_,).
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Substituting the above four inequalities into (3.25) yields
d
(3.26) &HVWHQ + | Ayal? < Cr(Kp—1, Kjy_y, My _y, My—1), Vit >ty

Considering the inner product of (3.24) with yu and using a similar argument
as the derivation of (3.26), we deduce

d
(3.27) aHytl 12+ [ Vya I < Co(Ki—1, Kj_y, Mp—1, Mj,_4), Vi>tg 1.

When ¢ > t,_1, it follows from (3.27) that

t+1
/ V5 (s)]2ds
t

IN

lye ()]1? + Co(Kp—1, Kf_q, Mj,_y, My_1)

C(Ky-1) + Co(Ky—1,Kj,_1, Mj,_, My_1)

>IN

as3.

On the other hand, setting ag = C1(Ky—1, K},_, M]_,, Mr_1) and applying
the Gronwall’s inequality to (3.26), we have

(3.28) IVyp(t + D> < as+ oo, YVit>t,_1,
which leads to
IVFyI? = V3| < Clag,as), Vi>tp_1+1.

Set K, = \/C(ag,ag) + K? | and tx = tx_1 + 1. So (3.5) holds for m = k.

Similarly, if & = 21+ 2, considering the real parts of the inner products of (3.24)
with A2y, and —Ay,, respectively, and using an analogous way to the derivation
of (3.26) and (3.27), we derive that

d
&HAyt’ ||2 + ||VAytl H2 < Ci(Kk—lv Kllg;—hMllg—la Mk—l)v Vi > tk—h
d 2 2 / / /
aHVytlH + 1Ay ||” < Co(Ki—1, Ky, My, Mig—1), YVt >t,1.
Following the derivation of (3.28), we get
[Ayu(t+1)|* <ah+ah, V>t ,
which implies

IV*ylI* = [V**2y)* < C'(az,03), V2> tg1+1.

By setting K = \/C’(a’z,ag) + K,%_l and tp = tg—1 + 1, we see that (3.5) holds
for m = k.

Consequently, the proof of (3.5) is completed.

Step 3. Estimates for z in HZ(Q).

By considering the real part of the inner product of the equation (3.3) with z,

we have
(3.29)

1d
55”2”2 + V2|2 +/ [u?7| 2| dz — y||z]|? = —Re/ (A1 - [ul*Vz+ Ag - u?Vz)zda.
) Q
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We estimate the right hand side of (3.29) by applying Holder’s inequality and
Young’s inequality:

o—2

Re/)\l-|u|2Vz2dx < Vel (/ u|2ff|z|2da:)" (/ |z|2dac> ’
Q Q Q

1 1 20 _4-—0o
< ZHVZHZ+5/9|u|2"|z|2dx+(072)|)\1\6722572||z||2,

and
Re/Q Ao - u?Vzzde < %HVZHZ + %/Q u[2|22da + (0 — 2)|Xe| 722775 |22
By Lemma 3.1, we know that
IV2]* > coN?||2]1%.
Thus, (3.29) can be rewritten as

d 4-o 20 20
(3:30) 1217 + (coN? = 29 = 277 (o = 2)(|Aa] 7= + [ 7)) 12]]* < 0.

Choose N7 > Ny sufficient large such that
4—0c a -
0i(N1) = coNE—2y— 2773 (0 — 2)(|M]772 + A7)
> 0.
For N > Nj, multiplying (3.30) with e’** and integrating it for from ¢, to t yields
2O < [|2(t2) P72 Vb > 1y,
where \
—o 20 20
b1 = 81 (V) = coN? = 27 = 275 (0 = 2) (|Aa] 7 + 2|72

Then, we consider the real part of the inner product of (3.3) with —Az and
obtain
1d
2dt
(3.31) =Re <(1 + iM)/ u|2ozAzdx) + Re/ ()\1 JulPVz + Ao .UQVZ)Ade.
Q Q

V2] + A2 =~ Vz]?

For the right hand side of (3.31), using Holder’s inequality and Young’s inequality
again yields

1
330 Re((+in) [ Qulluf2)85e) < HIAHIP + Jul ]I
Q
and

‘ / (M- [uPVz + Ao - uVz) Azda
Q

1
(3.33) < 122017 + 5400 + o HlulEll=]*.
Substituting (3.32) and (3.33) into (3.31), we have
d
(3.34) F VA7 + 1827 = 29[ V2]* = C(M))l|=]]* < 0.

Thanks to Lemma 3.1, we know that
[Az]% > e N?|[ V2| 1%, 2] < eaN 72| V2|12
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Substituting the above expressions into (3.34), we further have
(3.35) %HWHQ + (1 N? = (29% 4+ 20 (M2))N %) Vz||* < 0.
Choose Ny > Nj large enough such that
62(Ny) = 1 N3 — (27% + coC(My))Ny 2 > 0.
For N > N,, multiplying (3.35) by €% and integrating it from ¢ to ¢ yields
VA < Va(ta) 250, i >t
where
8o = 02(N) = ¢;N? — (292 + c2C(M))N~2 > 0.
By considering the real part of the inner product of equation (3.1) with A2z
and using the same discussion as the derivation of (3.34), we have
(3.36) %IIAZII2 +IVAZ? — 29| Az)? — C(Mp)||=[F < 0.
From Lemma 3.1, we know that
VA2 2 esN?|| 22, 2]} < eaN 72| D2]1%
Thus, (3.36) can be rewritten as
(3.37) %HAZHQ + (esN? = 2y — ¢,C(My)N~?)|| Az|* < 0.
Similarly, take N3 > Ny large enough such that
65(N3) = csN§ — (2y + caC(M3))N5 > > 0.
For N > N3, multiplying (3.37) with e%? and integrating it from ¢, to ¢ leads to
1Az)7 < [[Az(ta)|?e0752), Wt >ty

where
03 = 53(N) = C3N2 — (2’}/ + C4O(M2))N72.

1
Let § = = min(dy, d2, d3). It is easy to see that (3.6) holds. Consequently, the
proof of Theorem 3.1 is completed. (|

In virtue of Theorem 3.1, the solution operator S(t) = S@(t) : H2(Q) —
H2(Q) generated by the problem (1.4)-(1.6) can be decomposed as

SO =52+ 8P, vte>o,
where 552)(15) and S§2) (t) are defined by

(3.38) S (#)yuo = { Pl Fu® =p0 a0, =t
Pru(t) = p(t), t <t
and
2(t), t>ta,
@)y —
(339 St { Quult) = q(t), 1<t

Here u(t) = S@uq for t > to, and y(t) and z(t) are solutions of systems (3.1)-(3.2)
and (3.3)-(3.4), respectively. Hence, for every u € H2(f2), we have

(3.40) S (tyu = S (t)u+ 52 (t)u.
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4. Regularity of Attractor

Theorem 4.1. Suppose that the condition (1.7) holds and o is a positive integer
or o > 3([%]) for any positive integer m > 2. Let Ay, be the global attractors of
the semi-group of operators, and {S™ (t)}+>0 generated by the problem (1.4)(1.6).
Then we have

(i) For any m > 3, Ay is a bounded and closed set in H]' ().

(i) Ay = Ay, form > 3.

Proof. (i) Suppose that u € Ay. We shall prove u € H}*(Q2) for any m > 3.

Owing to the well-known characterization of the w-limit set [29], there exists
a sequence of elements u,, in By and a sequence of positive real numbers ¢/, which
approaches infinity as n tends to infinity such that

(4.1) S@(t)up — win HA(Q), asn — +oo.
From (3.40) it holds
(4.2) SOt Yy, = SO () Yy + SO (), V€N,

Based on the definitions of Sf)(t) and 552) (t) (ie. (3.38) and (3.39)) and using
Theorem 3.1, if N is large enough, then we have

(4.3) 15t )un|, . < C(N,m), ¥neN,
and
(4.4) 1552 (t)un |, < ce ™ flupllz, ¥ neN.
From (4.3), there exists a subsequences {t;,, },~0 and w € HJ*(£2) such that
(4.5) 552)(t;l,)un/ —w weakly in H"(Q), asn' — oo,
and
(4.6) lwllm < lim_inf 158t e[|, < C(N,m).

Taking account of ¢ € L2(£2), from (4.2) we get

(5P (1) (). 0) = (17 (1) (1), 0) + (857 (6 (). 0).
Letting n’ tends to 400 in the above expression and using (4.1), (4.4) and (4.5),
we find
(u,0) = (w,9), Ve Lp(Q).
Setting ¢ = (—A)™u and using (4.6), we have
V™ ull < [[w][m < C(N,m),

which shows u € H]'(2). In other words, As is a bounded set in H,"(£2).

(ii) We show that Ay C A,,.

Since A, attracts all bounded sets in H*(€2) and Ay is bounded in H}"(€),
we get

dlStH;n(Q) (5(2) (t)AQ, Am) = dlStH;n(Q) (S(m) (t)AQ, Am) — 07 as t — oo.

In addition, Ay is an invariant set of S (t), namely, S (t)A; = Ay, which leads
to
diStH{’n(Q) (A27 Am) =0.
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Hence, in view of A, being closed in H*($2), we have

AQ C .Am.
Next, we show that A, C A;. Since Ay attracts the bounded set A, in H2(Q),

it implies that

dist gz2() (5™ (1) A, Az) = dist 2 () (SP () A, A2) — 0, as t — oo.

It follows from S(™(t)A,, = A,, and the Sobolev embedding theorem that

diStsz)(Q) (.Am, .AQ) =0,

that is,
Am C AQ.
Consequently, the proof of Theorem 4.1 is completed. O
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