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ABSTRACT. In this paper, we consider suitable weak solutions of incompress-
ible Navier—Stokes equations in four spatial dimensions. We obtain two e-
regularity criteria in terms of certain scale-invariant quantities. As a conse-
quence, we show that the two-dimensional space-time Hausdorff measure of
the set of singular points is equal to zero.
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1. Introduction

In this paper we consider the incompressible Navier—Stokes equations in four
spatial dimensions with unit viscosity and an external force:

(1.1) ur+u-Vu—Au+Vp = f,

(1.2) Veu = 0

in a bounded cylindrical domain Q7 = Q x (0, T), where 2 C R*. We are interested
in the partial regularity of suitable weak solutions (u, p) to (1.1)-(1.2).

We say that a pair of functions (u,p) is a suitable weak solution to (1.1)-(1.2)
in Qr if u € Loo(0,T; La(%R*)) N L (0, T; W3 (4 R*)) and p € Ly /o(Qr) satisfy
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(1.1)-(1.2) in the weak sense and additionally they satisfy the generalized local
energy inequality:

(1.3) esssup/ |u(m,s)|2w(x,s)dx+2/ |Vu|*y dz ds
Q t

0<s<t

S/ [u® (1 + AY) + ([u|* + 2p)u - Vo + 2f - wap dx ds

for any non-negative functions ¢ € C§°(Qr). We prove that for any suitable weak
solution (u,p), the two dimensional space-time Hausdorff measure of the set of
singular points is equal to zero.

The problem of the global regularity of solutions to the Navier—Stokes equations
in three and higher space dimensions is a fundamental question in fluid dynamics
and is still widely open. Meanwhile, many authors have studied the partial regular-
ity of solutions. In three dimensional case, Scheffer established various regularity
results for weak solutions in [13, 14]. In a celebrated paper [1], Caffarelli, Kohn,
and Nirenberg introduced the notion of suitable weak solutions, which satisfy a
local energy inequality. They proved that for any suitable weak solution, there is
an open subset where the velocity field u is regular and the 1D Hausdorff measure
of the complement of this subset is equal to zero. In [12], Lin gave a more direct
and simplified proof of Caffarelli, Kohn and Nirenberg’s result with zero external
force, under a slightly different assumption on the pressure term. Ladyzhenskaya
and Seregin provided yet another and detailed proof of Caffarelli-Kohn—Nirenberg’s
and Lin’s results in [10]. We also refer the reader to Tian and Xin [18], Seregin
[16], Gustafson, Kang, and Tsai [5], Vasseur [19], Kukavica [9], and the references
therein for extended results.

For the four or higher dimensional Navier-Stokes equations, the problem is
more super-critical. In [15], Scheffer showed that there exists a weak solution u in
R* x Rt, which may not satisfy the local energy inequality, such that u is contin-
uous except for a set whose 3D Hausdorff measure is finite. In [2], the first author
and D. Du showed that for any local-in-time smooth solution to 4D Navier—Stokes
equations, the 2D Hausdorff measure of the set of singular points at the first poten-
tial blow-up time is equal to zero. For stationary high dimensional Navier—Stokes
equations, Struwe [17] proved that suitable weak solutions are regular outside a
singular set of zero 1D Hausdorff measure in R®, and Kang [7] improved Struwe’s
result up to the boundary for a smooth domain 2 C R°. Recently, the first author
and Strain [3] studied the partial regularity for suitable weak solutions of 6D sta-
tionary Navier—Stokes equations, and proved that solutions are regular outside a
singular set of zero 2D Hausdorff measure. Based on Campanato’s approach, the
main idea in [3] is to first establish a weak decay estimate of certain scale-invariant
quantities, and then successively improve this decay estimate by using a bootstrap
argument and the elliptic regularity theory.

Because time corresponds two space dimensions, in some sense the 4D non-
stationary Navier—Stokes equations is similar to 6D stationary problem. Given the
result in [3], it is natural to ask whether Caffarelli-Kohn—Nirenberg’s theorem can
be extended the 4D non-stationary case. Here the main difficulty stems from the
fact that certain compactness arguments appeared, for instance, in the original
paper [1] as well as [12, 10] break down in the 4D case. We note that the results
obtained in [2] cannot be considered as a genuine extension of the theorem, as the
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set of singular points is only estimated at the first blow-up time for local smooth
solutions. The objective of this paper is to give a complete answer to this question.

We state our main results, where we use some notation introduced at the be-
ginning of the next section.

THEOREM 1.1. Let Q be an open set in R* and f € Lg 1o.(Q7). Let (u,p) be a
pair of suitable weak solution of (1.1)-(1.2) in Qr. There is a positive number £¢
satisfying the following property. Assume that for a point zg € Qr, the inequality

limsup E(r) < eg
r\,0

holds. Then zy is a reqular point.

THEOREM 1.2. Let Q be an open set in R* and f € Le 1o.(Q7). Let (u,p) be a
pair of suitable weak solution of (1.1)-(1.2) in Qr. There is a positive number €
satisfying the following property. Assume that for a point zy € Qr and for some
po > 0 such that Q(z0, po) C Qr and

C(po) + D(po) + F(po) + G(po) < €o.

Then zg is a regular point.

THEOREM 1.3. Let Q be an open set in R* and f € Le 1o.(Q1). Let (u,p) be a
pair of suitable weak solution of (1.1)-(1.2) in Q7. Then the 2D Hausdorff measure
of the set of singular points in Q7 is equal to zero.

In [2], local-in-time smooth solutions to 4D Navier—Stokes equations were con-
sidered, and the main idea is to apply Schoen’s trick to get a priori estimates at
the first potential blow-up time. In our paper, we shall consider suitable weak
solutions, and thus Schoen’s trick is no longer applicable. Our proofs exploit the
aforementioned idea in [3] and use Campanato’s approach. There are two main
differences between our problem with the one in [3]. The first one is that we do not
have the same end-point Sobolev embedding inequality used in [3]. To this end,
we introduce an additional scale-invariant quantity F', which is a mixed space-time
norm of the pressure p, and use an interpolation inequality. As a consequence, we
cannot achieve the same optimal decay rate as in [3]. Nevertheless, it turns out
that the decay rate, although not optimal, still suffices for our purpose in the sub-
sequent step. The other difference is that, as our problem is time-dependent, we
cannot use the elliptic regularity theory to improve the decay rate in the final step
as in [3]. Naturally, we appeal to the parabolic regularity theory instead as well
as a Poincaré type inequality for solutions to divergence form parabolic equations.
We note that our definition of the scale-invariant quantity involving the pressure is
different from those in [2] and [3]. This makes the proof below slightly simpler.

It remains an interesting open problem whether a similar result can be obtained
for five or higher dimensional non-stationary Navier—Stokes equations. It seems
to us that four is the highest dimension to which our approach (or any existing
approach) applies. In fact, by the embedding theorem, we have

Loo((0,T); La(2)) N L2 ((0, T); W5 () = Lo(at2)/a((0,T) x ),
which implies nonlinear term in the energy inequality cannot be controlled by the
energy norm alone when d > 5.

We organize this paper as follows: In Section 2, we introduce some scale-
invariant quantities and the setting which will be used throughout the paper. In
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Section 3, we prove our results in three steps. In the first step, we give some esti-
mates of the scale-invariant quantities, which essentially follow from the argument
in [2]. In the second step, we establish a weak decay estimate of certain scale-
invariant quantities based on the estimate we proved in the first step by using an
iteration method. In the last step, we improve the decay estimate by a bootstrap
argument, and apply the parabolic regularity theory to get a good estimate of the
L3 o-mean oscillations of u, which yields the Hélder continuity of u according to
Campanato’s characterization of Holder continuous functions.

2. Notation and Setting

In this section, we will introduce the notation which will be used throughout
the article. Let 2 be a domain in some finite-dimensional space. Denote L, (£2; R™)
and W;f (©2;R™) to be the usual Lebesgue and Sobolev spaces of functions from 2
into R™. Let p € (1,00) and —oco < S < T < oco. We denote Hé to be the solution
spaces for divergence form parabolic equations. Precisely,

HL(Q % (8,T)) = {u:u,Du e Ly(Q x (S,T)), ue € H' (2 x (S,T)},
where H ' (2% (S, T)) is the space consisting of all generalized functions v satisfying

inf {|| f1l,xsm) + 19, @xsm) v =V g+ f} < oc.

We shall use the following notation of spheres, balls, parabolic cylinders, and
parabolic boundary

S(zo,7) = {x € R*||z — 20| =7}, S(r)=S(0,7), S=S(1);
(z0,7) = {z € R*||z — z0| <}, B(r)=B(0,r), B=B(1);

Q(z0,7) = Blxo,7) x (to — %, t0), Q(r) =Q(0,7), Q=Q(1);

9pQ(20,7) = (S(wo,7) x [to —17,0)) U{(to — 7%, y) |y € B(wo,7)},

Sy

where zyg = (g, to).
We also denote mean values of summable functions as follows:

1

[u}zor |B(T|/ oo CCt
1
(r)

e = fg0] /

Here |A| as usual denotes the Lebesgue measure of the set A.
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Now we introduce the following quantities:

1
A(r) = A(r, z0) = esssup - |U($7t)|2 dx,
to—r2<t<to " J B(wo,r)

1
E(r)=E(r,z) = —2/ |Vu|2dz,
T JQ(z0,m)
1 .
Cr)=Clrza) = [ fuda
" JQ(z0,r)

1
D(T) = D(Tv ZO) = 73/ |p - [p]lo77'|3/2 dz,
Q(z0,7)

e

.
1 fo 14+« % 117"‘
FO) =Pz =5 | ([l bl dn) 0 t]
to—r xo,T

6 =6 =r"[ [ ireas]’,

Q(zo0,7)

where o € (0,1) is a number to be specified later. Notice that all these quantities
are invariant under the natural scaling:

uy(z,t) = Au(Az, \2t),
pa(z,t) = N2p(Az, A%t),
iz, t) = X3 f(Ax, \%t).

We are going to estimate them in Section 3. We point out that the quantity F' is
auxiliary and will only be used in the first two steps of the proof in order to give a
weak decay estimate of other quantities.

We finish this short section by introducing a pressure decomposition which
would play a important role in our proof. Let n(z) be a smooth function on R*
supported in the unit ball B(1),0<n <1 and =1 on B(2/3). Let 2z be a given
point in Q7 and 7 > 0 a real number such that Q(zo,7) C Q7. It’s known that for
a.e. t € (to —r2,t0), in the sense of distribution, one has

Ap = —0;0;(uu;) + V- f
= —0i0; ((ui = [Wilwg,r/2) (W5 = [Ujlag,r/2)) + V- f in B(zo,r).
For these t, we consider the decomposition
(2.1) P = Pag,r + haor in Blzo,7),
where P, » is the Newtonian potential of
=005 (s = [Wilag,r/2) (uj = [ts)ag,r/2)0(2(x = @0) /1)) +V - (f0(2(x — 0) /7))

Then hy,  is harmonic in B(xg,7/3).

3. The proof

In our proof of the main results, we will make use of the following well-known
interpolation inequality.
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LEMMA 3.1. For any function u € W3 (R*) and real numbers q € [2,4] and
r >0,

/BT Jul da < N(‘Z)[(/BT |Vu|2d:c)q_2(/ 2 da;)Q_Q/Q

B
+T—2(q—2)(/ |u|2 dx)q/Q]
B

r

Let £ := 0; — 0;(a;;0;) be a (possibly degenerate) divergence form parabolic
operator with measurable coefficients which are bounded by a constant K > 0. We
will use the following Poincaré type inequality for solutions to parabolic equations.
See, for instance, [8, Lemma 3.1].

LEMMA 3.2. Let zp € R4 p e (1,00), 7 € (0,00), u € 7‘(11,7106(1[%‘“’1), g =

(g1, -594)s f € Lpioc(RTY). Suppose that u is a weak solution to Lu =V - g+ f
in Q(zo,7). Then we have

[ utta) = @ dz <N [ (v gl ) d
Q(z0,7) Q(z0,7)

where N = N(d, K, p).

We shall prove the main theorems in three steps.

3.1. Step 1. First, we control the quantities A,C, D, F' in a smaller ball by
their values in a larger ball under the assumption that F is sufficiently small. Here
we follow the arguments in [2], which in turn used some ideas in [10, 12].

LEMMA 3.3. Suppose v € (0,1),p > 0 are constants and Q(zo,p) C Qr. Then
we have

(31)  Clyp) < N[y PAY2(p)E(p) + 72 A% () E*/* (p) + 7 C(p)],
where N is a constant independent of v, p, and zg.
The proof can be found in [2].

LEMMA 3.4. Suppose that o € [1/11,1/2],v € (0,1/8],p > 0 are constants and
Q(z0,p) C Qr. Then for any z1 € Q(z0, p/8) we have

(82)  Flip.21) < N(@)[y 24T (5B (5) 4417 F(p) +4726"2(p),

where N(«) is a constant independent of v, p and zo. In particular, for o = 1/2 we
have

_ 1% _
(83)  Dlyp.z) < N[y a2(E)EE) +472D(p) + 7726 (p)].
Moreover, it holds that
D(vp, z1)

(84) < N@)[yAG) + BN + 755 F2(0) + 4G (p)].
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PROOF. First, we assume 1/3 < a < 1/2. Denote r = vp. Recall the decom-
position of p introduced in (2.1) and the definition of 7. By using the Calderén—
Zygmund estimate, Lemma 3.1 with ¢ = 2(1 + «), the Poincaré inequality, and the
Sobolev embedding inequality, one has

[ el da
B(zo,r)

<N S P e
B(zo,7/2)
N ATV - (fn(2(x — x0)/r)[ 1+ do
B(zo,r)
2a 11—«
< ( VP do) ([ = (el de)
B(wzo,r/2) B(zo,r/2)
—da 1+a dtda Sa
+ Ny~ (/ |u — [u]xom/g\zdx) * +N(/ | f] 5+ dm) 4
B(zo,r/2) B(zo,r/2)
< N( |Vul? dz)h(/ |u|? dx)lia
B(zo,r/2) B(wo,r/2)

444 S5ta

Es)  +N([ )
B(wo,r/2)

where 45140‘(" > 1. Here we also used the obvious inequality

/ |t = [u] 4y r 2l da < / |u|? dz.
B(zo,r/2) B(zo,r/2)

Similarly,
[ Sy R
B(z0,p) B(z0,p/2) B(z0.p/2)
a 5+a
(3.6) +N(/ 55 da) T
B(xo,p/2)

Since hg,,, is harmonic in B(xg, p/3), any Sobolev norm of hy, , in a smaller
ball can be estimated by its L, norm in B(xg, p/3) for any p € [1,00]. Thus, by
using the Poincaré inequality one can obtain, for a.e. ,

/ |hI07P - [hloyﬂ]$1,r|1+a dx
B(z1,r)

< Nr1+a/ |Vhy, o' T da
B(x1,r)

SNTS-‘-OL sup |Vh$0’p|l+a
B(z1,r)

r (63
SN [ g plent) = (e
p B(wo,p/3)

14+« dr

r ~ «
(3.7) < N(*)Ha[/ P(,8) = [Plag, o' 4 [Pag (2, 8)[1+* da].
p B(zo,p)
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Since Prgr + hag,r = D = Dag,p + Pay,p in B(x1,7), from (3.5), (3.6), and (3.7)
we get, for a.e. t,

/ 1p(2,1) — [Play |+ da
B(z1,r)

= / ‘ﬁImP - [ﬁﬂlo,P]w17T|l+a dx +/ |hw07p - [h$07P]I17T|1+a dx
B(z1,r) B(z1,r)

<[ Bl e [ s = (g ds
B(z1,r) B(z1,r)

< N(/ |Vul? dx)2a(/ |u|? dx)lfa
B(xo,p/2)

B(wo,p/2)
4+da S5ta

T\ 5+« @ 2T
(3.8) -+ N(f) + / Ip(x,t) — [p}m07p|1+ dx + N(/ |f| 57 dx) i,
P B(z0.p) B(zo,p)

1
Raising to power %0’ integrating with respect to t in (t; —r2,¢;), and using Holder’s
«

inequality complete the proof of (3.2) and (3.3).

In the case 1/11 < o < 1/3, we cannot use the Sobolev embedding inequality
directly in (3.5) because 4514; < 1. However, since i has compact support, by using
Holder’s inequality, we can get

N ATV - (fn(2(x — o) /r))|' T da
B(zo,r)
14 =+
< NACEN([ AT (e = a0) /)] )
B(xo,r)
SNPAGER([ R an) T,
B(zo,r/2)

where 1/3 < 8 < 1/2. Noting that 4514’@8 < 6 and 1;—07 < 6, we then prove (3.2) in
the same way as the case 1/3 < a < 1/2.
To prove (3.4), we use a slightly different estimate from (3.7). Again, since h

is harmonic in B(zg, p/3), we have

/ |ha:07p - [hzo,p]ml,r|3/2 dx

B(T«LT)

< Np3/2 / (Vo2 dz
B(zy,r)

< Npl1/2 sup |th0,p|3/2
B(z1,r)

N [/ i@ 8) — [Plog.p| 1+ d }ﬁ
SN oo 20,0\ L5 1) = [Plxo, x
s A TP B o

rit/2 14« Elesan)
< Nm { Ip(z,t) — [Plzo,pl dx]
B(wo,p)

+ [/ B (2, 1)1 da] 20 }
B(zo,p
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Similar to (3.8), we obtain, for a.e. ¢,

/ 1p(2,8) — [Play 0 [*/2 do
B(z1,r)

< N( |Vu|? dx)(/ |ul? dx)1/2
B(z0,p/2) B(xo,p/2)

N {[/ 1D(,£) — [Pl pl T da] TTH
+ p(@,1) = [plag p| " da] 20
p3/2+6/(1+a) B(zo.p) To,p

3a 3(1—a)
+ (/ \Vu(z,t)|* dx) T+ (/ lu(z, t)|? dz) 20+ }
B(:L’o,p) B(zo,p)
12 1L
+N(/ R an) ¥
B(zo,p)

Integrating with respect to t in (t; — 72,¢;) and applying Holder’s inequality com-
plete the proof of (3.4). O

LEMMA 3.5. Suppose that 6 € (0,1/2],p > 0 are constants and Q(zo,p) C Qr.
Then we have

A(0p) + E(0p) < NO2[C**(p) + C(p) + C'/*(p) D*/*(p) + G(p)].
In particular, when 8 = 1/2 we have
(3.9) A(p/2) + E(p/2) < N[C*(p) + C(p) + C/*(p) D*/*(p) + G(p)].

PROOF. Let r = fp. In the energy inequality (1.3), we set ¢ = ¢y and choose a
suitable smooth cut-off function ¢ such that

=0 in Qto\Q(ZOvp)v 0<y <1 in Qr,
G=1 i Qzor), [VU| < Np~, (00 + V20| < Np™2 in Qi

By using (1.3) and because u is divergence free, we get

A(r) 4+ 2E(r) <

Nr1 1
[ Pzl [ (a2l = Bl il d2
P™ JQ(z0,p) P JQ(z0.p)

+ / [fllu] dz).
Q(z0,p)

Using Holder’s inequality and Young’s inequality, one can obtain

2/3 1/3
[oowpaes(f P[4z per),
Q(zo0,p) Q(z0,p) Q(zo0,p)

/’ 1P — [plao pllul d=
Q(z0,p)

2/3 1/3
< (/ P = [Pleo.p|*? d2) (/ Jul? dz)
Q(z0,p) Q(z0.:p)

r2

< Np*D*3(p)CV3 (),
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and
1
[oddz<et [ P [ s
Q(20,p) Q(20,p) P JQ(20.p)
/3 1
<ol [ e T g [ ke
Q(20,p) P” JQ(z0,p)
Then the conclusion follows immediately. (Il

As a conclusion, we can obtain

PROPOSITION 3.6. For any ¢ > 0, there exists €1 > 0 small such that for any
zo € Q7 satisfying

(3.10) limsup E(r) < g1,
.0

we can find pg sufficiently small such that
(3.11) A(po) + E(po) + C(po) + D(po) + F(po) < eo.

PRrOOF. First, we prove (3.11) without the presence of F' on the left-hand side.
For a given point

2o = (zo,t0) € Qr

satisfying (3.10), choose p; > 0 such that Q(zg, p1) C Q7. Then for any p € (0, p1]
and v € (0,1/8), by using (3.9) and Young’s inequality,

A(vp) + E(vp) < N[C?3(29p) + C(27p) + D(27p) + G(2yp)].
Then, combining with (3.1) and (3.3) and using Young’s inequality again, we have
A(vp) + E(yp) + C(vp) + D(vp)
< N[Y*2C*3(p) +4°D(p) +~C(p) +vA(p)]
+ Ny (E(p) + E*(p) + G(p)) + Ny*/*
< Nv*2[A(p) + E(p) + C(p) + D(p)] + N¥*/*
(3.12) + Ny '%(E(p) + E*(p) + G(p)).

Since f € Lg10c(Q1), we have

(3.13) G(p) < 11 Ze(@ez0umn P

It is easy to see that for any g9 > 0, there are sufficiently small real numbers
v <1/(2N)3/? and e, such that if (3.10) holds then for all small p we have

Ny*2 4+ Ny 19 (E(p) + E*(p) + G(p)) < £0/2-
By using (3.12), we can obtain

A(po) + C(po) + D(po) < €0

for some py > 0 small enough. To include F' in the estimate, it suffices to use
(3.2). O
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3.2. Step 2. In the second step, first we will estimate the values of A, E, C,
and F in a smaller ball by the values of themselves in a larger ball.

LEMMA 3.7. Suppose that p > 0, 0 € (0,1/16] are constants and Q(z1,p) C Qr.
Then we have
(3.14)  A(6p) + E(0p) < NO*A(p) + N0~ [A(p) + E(p) + F(p)]**
+NO~2G4(p) + NO~°G(p),
where N is a constant independent of p, 0, and z1.

PrOOF. Let r = 0p. Define the backward heat kernel as

1 __lz=a)?
T(x.t) = 4(r2te 1)
(xv ) (477)2(7"2+t1 _t)26

In the energy inequality (1.3) we put ¢t = ¢; and choose ¢ = I'¢ := T'¢1 () pa(t),
where ¢; and ¢9 are suitable smooth cut-off functions satisfying

$1 =0 in R\B(z1,p), 0<¢1 <1 in R, ¢ =1 in B(zy,p/2),
$2=0 in (—o0,t; — p?)U (t1 + p*,+00), 0< ¢ <1 in R,
b2 =1 in (t; — p*/4,t1 + p?/4), |Oid2| < Np~2 in R,

(315)  Vérl < Np~', V26| < Np~2 in R

By using the equality

AF + Ft - 0,
we have
/ lu(x, t)|?T (¢, 2)p(z, t) dx—|—2/ |Vu|*T¢dz
B(w17p) Q(zlxp)

< / {|u|2(1"¢t +TA¢ +2VoVT) + (|ul® + 2p)u - (TVe + ¢>VF)} dz
Q(z1,p)
(3.16)
+ 2| f||ul|Tp| dz.
/Qw) FllulTe] d

With straightforward computations, it is easy to see the following three prop-
erties: ~
(i) For some constant ¢ > 0, on Q(z1,r) it holds that

I'ég=T2>c "

(ii) For any z € Q(z1, p), we have

T(2)6(2)] < Nt [6(x)VI(2)| + [VH(:)T(2)] < Nr—.
(iii) For any z € Q(z1, p)\Q(z1,7), we have

ID(2)¢1(2)] + [T (2)Ag(2)| + [VoVT| < Np~°.

These properties together with (3.15) and (3.16) yield
(3.17)  A(r)+ E(r) < N[0*A(p) +6~*(C(p) + D(p)) + 6~ °G(p)].
Owing to (3.1) with ¢ = 3, we can get

(3.18) C(p/8) < NC(p) < N[A(p) + E(p)]*.
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By using (3.4) with v = 1/8, we have

3/2
(3.19) D(p/8) < N[A(p) + E(p) + F(p)] " + NG*/(p).
Upon combining (3.17) (with p/8 in place of p) to (3.19) together, the lemma is
proved. (Il

LEMMA 3.8. Suppose that p > 0 is constant and Q(z1,p) C Qr. Then we can
find 61 € (0,1/256] small such that

(320)  A(B1p) + E(Orp) + F(61p) < 5 [Alp) + Elp) + F(p)]

3/2
+ N(OD[A(p) + E(p) + F(p)]"* + N(0)[G(p) + G 2(p)],
where N is a constant independent of p and z;.

PROOF. Due to (3.2) and (3.14), for any v, € (0,1/16], we have

F(y0p) <N [y *(A(6p) + E(0p)) + O~/ T F(0p) + 472G (6p)]

<Ny 202 A(p) + 4B/ OF0972F(p) + 472G (p)

(3.21) + Ny 2073 [A(p) + E(p) + F(p)]*'?,

and

A(v8p) + E(76p) < N(48)>A(p) + N(760)"[A(p) + E(p) + F(p)]*"?

(3.22) + N(40)"°G(p) + N(0) >G>/ (p).

Now we set a = 1/5 such that (3—a)/(1+a) =7/3 > 2, and choose and fix v and
0 sufficiently small such that

N[’Y_292+"/7/39_2+’Y292] <

N =

Upon adding (3.21) and (3.22), we obtain

mwm+mwm+nwms%mm+NM@+Ew+wa”

+ N[G(p) + G2(p) + G**(p)],
where N only depends on 6 and ~y. After putting 6; = ~6, the lemma is proved. O

In the next proposition we will study the decay property of A, C, E, and F as
the radius p goes to zero.

PRrROPOSITION 3.9. There exists g > 0 satisfying the following property. Sup-
pose that for some zy € Qr and py > 0 satisfying Q(zo, po) C Qr we have

(3.23) C(po) + D(po) + F(po) + G(po) < €0.

Then we can find N > 0 and og € (0,1) such that for any p € (0,po/8) and
21 € Q(z0, p/8), the following inequality will hold uniformly

(3.24) A(p,z1) + C(p,21) + E(p, 21) + F(p, z1) + D(p, 21) < Np*°,

where N is a positive constant independent of p and z.
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PROOF. Fix the constant 6; € (0,1/256] from Lemma 3.8 and let N(6;) > 0
be the same constant from (3.20). Due to (3.9), (3.23), and (3.2), we first choose
g’ > 0 and then g9 = g¢(¢’) > 0 sufficiently small such that,

(3.25) N0V <1/4, N(01)(0 +25/%) <€'/2,

6/
A(po/2) + E(po/2) < 32’
and for any 21 € Q(z0, po/8),

El
Flpo/8,21) < N[A**(E)EA(Z) + F(po) + G2 (p0)] < o5

By using

Q(z1,p0/8) C Q(20,p0/2) C Qr,

we then have

d(po) := A(po/8,21) + E(po/8, 1) + F(po/8,21) < €.

From (3.20) and (3.25) with p = py/8, we obtain inductively that
$(01po) = A(0Tpo/8,21) + E(05po/8,21) + F(01po/8,21) < ¢’
(holding for k = 1,2, ...). It then similarly follows from (3.20) and (3.25) that
3 _ -
(3.26) (0 po) < S6(61 " po) + N1 (61 po)?,
where we have used the estimate

G(07 " po/8,21) + G207 po/8,21) < N(IIf Il Ls(@(20.00/2)) (07 p0)*.

By a standard iteration argument, we obtain the decay rate of ¢ as follows. We
iterate (3.26) to obtain

3 2N
(01 po) < ()" |#po) + 1_7;1/)3]

where we have used that 6; < 3/4. Since p € (0, po/8) we can find k such that
9’1“% <p< Glffl%. Then

Alpz1) + B(p.22) + Flp 1) < N0 [olo0) + s

4 1—-6,
< Np*,
log(3/4
where N = N(01,é(po), N1,p0) and ag = i)oggf(Q/)) > 0. This yields (3.24) for
1

the terms A, E, and F. The inequality for C(p,z;) follows from (3.18) and the
inequality for D(p, z1) follows by (3.4). O
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3.3. Step 3. In the final step, we are going to use a bootstrap argument to
successively improve the decay estimate (3.24). However, as we will show below,
the bootstrap argument itself only gives the decay of E(p) no more than p®/3, for
instance, one can get an estimate like

/ |Vul|?dz < Np*t3
Q(z1,p)

for any p sufficiently small. Unfortunately, this decay estimate is not enough for
the Holder regularity of u since the spatial dimension is four (so that we need the
decay exponent 4 + ¢ according to Morrey’s lemma). We shall use the parabolic
regularity theory to fill in this gap.

First we prove Theorem 1.2. We begin with the bootstrap argument. We shall
choose an increasing sequence of real numbers {ax}7, € (®,5/3]. Under the
condition (3.24), we claim that the following estimates hold uniformly for all p > 0
sufficiently small and 21 € Q(z0, po/8) over the range of {ax}i :

(3‘27) A(pv Zl) + E(pvzl) < Np™*, C(pv Zl) + D(p, Zl) < Np3ak/2'

We prove this via iteration. The k = 0 case for (3.27) was proved in (3.24) with a
possibly different exponent «y.

Now we suppose (3.24) holds with the exponent «y. We first estimate A(p, z1)
and E(p, z1). Let p = 0p, where 6 = p*, p = p'~# and u € (0,1) to be determined.
We use (3.17), (3.27) (for «y), and (3.13) to obtain

A(p) + E(p) < Np2upak(1—u) + Np—3up%ak(1—u) +Np4(1—u)p—6u.

Setting p =

Lk gives (3.27) for A(p) + E(p) with the exponent of
10 4+ ag

- . 3
Qg1 := min {Qu + ap(l —p), gak(l —p) —3up,4(1 — p) — 6,u}
=—" i € ,2).
10+O&kak (e, 2)

The estimate in (3.27) (with ag41) for C(p, z1) follows from (3.18). To prove the
estimate in (3.27) (with ag41) for D(p, z1) we use Lemma 3.4. From (3.3) and
(3.13), we have

D(yp,z1) < N[y 72p2%+1 +452D(p, z1) +473p%).
For any r small, we take the supremum on both sides with respect to p € (0,7) and
get
sup D(vyp,2z1) < NV_ST%&'““ + Ny*% sup D(p,z1) +~7°r°.
p€(0,7] p€(0,7]

Set
T
(3.28) Qg+1 = min {g, Gkt }-

By using a well-known iteration argument, similar to (3.26), we obtain the estimate
in (3.27) (with agy1) for D(p). Since agi1 < Gps1, the estimates in (3.27) for
A(p) + E(p) and C(p) still holds with 41 in place of axy1. Therefore, we have
shown how to build the increasing sequence of {ay,} for which (3.27) holds.
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Note that
10 10

- a<
T AL R v

2—ap4 = (2 — ).
) . .
Thus, we can find a m that o, = 3 according to (3.28) because otherwise ay, =

ap — 2 as k — oo.
We have derived the following estimates via the bootstrap argument:

(3.29) sup / lu(z,t)|* dz < Np*ts,
t1—p2<t<t; J B(z1,p)

(3.30) [l a7 e < N
Q(z1,p)

Next we rewrite (1.1) (in the weak sense) into
(331) 8tui — Aul = 78j (uﬂtj) - aip + fz

Finally, we use the parabolic regularity theory to improve the decay estimate
of mean oscillations of u and then complete the proof. Due to (3.29) and (3.30),
there exists p1 € (p/2, p) such that
(3.32)

t1 ]
/ [u(a, tr = p}) da < Np**5, / / | dz dt < Np?+3.
B(x1,p1) t1—p2 JS(@1,01)

Let v be the unique weak solution to the heat equation
0w —Av =0 in Q(z1,p1)

with the boundary condition v; = u; on 9,Q(21,p1). It follows from the standard
estimates for the heat equation, Holder’s inequality, and (3.32) that

sup |V
Q(z1,p1/2)

t1
< Np;© v|dxdt + Np7® v(x, t; — p?)| dx
1 1 1
tlfp% S(z1,p1) B(z1,p1)

(3.33) < Np~2ts.
Denote w = v — v. Then w satisfies the linear parabolic equation
yw; — Aw; = —0;(uiu;) — 0i(p — [play,p) + fi

with the zero boundary condition. By the classical L, estimate for parabolic equa-
tions, we have

IVl a@eaon) < NuPlLy2Qe100) + Nl = PlaollLe/z@ea0m))
+ Nlef”Lsm(Q(thl))’
which together with (3.30) and the condition f € Lg 1o yields

(3.34) / |Vw[>?dz < Np''/2,
Q(z1,p1)

Since |Vu| < |Vw| + |[Vu|, we combine (3.33) and (3.34) to obtain, for any r €
(0,p/4), that

\Vu|3/2 dz < Np11/2 + TGp—3+§_
Q(z1,1)
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Upon taking r = p*%/24/4 (with p small), we deduce

(3.35) / |Vul>/?dz < NrP,
Q(z1,7)
where 132 3

Since u € Hé/moc is a weak solution to (3.31), it then follows from Lemma 3.2,
(3.35), and (3.30) with = in place of p that

[ u- e

Q(z1,7)

< Np3/2 /Q( )|Vu|3/2+ (‘u|2)3/2 + |p— [p]xw|3/2 +r3/2|f|3/2) dz
Z1,T

< N7ﬁ+3/2,

By Campanato’s characterization of Hélder continuous functions (see, for instance,
[11, Lemma 4.3]), u is Holder continuous in a neighborhood of zy. This completes
the proof of Theorem 1.2.

Theorem 1.1 then follows from Theorem 1.2 by applying Proposition 3.6. Fi-
nally, Theorem 1.3 is deduced from Theorem 1.1 by using a standard argument in
the geometric measure theory, which is explained, for example, in [1].

Final Remarks: Finally we mention that in [6] Han and He studied the partial
regularity for 4D MHD equations, which reduce to the Navier—Stokes equations by
setting the magnetic field to be zero. However, it seems to us that their argument,
in particular the proof of Lemma 2.6 there, does not seem to be complete.

After we finished this paper, we learned that a result similar to Theorem 1.1 was
obtained recently in Wang and Wu [20] by following the proof in [19]. Compared to
[6, 20], apart from a standard argument to get some estimates of the scale-invariant
quantities, our methodology is completely different. Our proof can also be adapted
to other situations, for instance, the boundary partial regularity problems, which
we plan to study in a subsequent paper [4].
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