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Trace formula for fourth order operators on the circle
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ABSTRACT. We determine the trace formula for the fourth order operator on
the circle. This formula is similar to the famous trace formula for the Hill
operator obtained by Dubrovin, Its-Matveev and McKean-van Moerbeke.
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1. Introduction and main results

In the present paper we determine the trace formula for the fourth order oper-
ator on the circle. Before we recall the famous trace formula for the second order
operator [6], [7], [11]. Consider the differential equation

(1.1) —y" 4+ qy = My, A €C,

where ¢ is the 1-periodic potential and C is a complex plane. Denote by aar <
o] < af < oy < ... eigenvalues of the equation (1.1) with the 2-periodic boundary
conditions.

Consider the equation (1.1) with the Dirichlet boundary conditions for the
shifted potential ¢(- + ¢) by any fix parameter ¢ € T = R/Z. Denote the corre-
sponding eigenvalues by (1 (t) < fa2(t) < .... It is well-known that

(1.2) Bn(t) € [, alf] vV (n,t) e NxT.
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Now we can recall the famous trace formula, i.e., the identity given by

(1.3) q(t) = af + i (a; +a;, — 26n(t)> vV teT.
n=1

Dubrovin [6] and Its — Matveev [7] determined the trace formula (1.3) for the so-
called N band potential, when 3, (t) = a,, = o} for all n > N,t € T and some
N > 1. In this case the sum in (1.3) is finite. McKean — van Moerbeke [11] and
Trubowitz [23] determined the trace formula (1.3) for sufficiently smooth potential.
Korotyaev [8] determined the trace formula (1.3) for the case ¢ € L*(T).

We discuss the trace formula for the fourth order operator. Introduce the
Sobolev space W5, (A), where A is the finite interval or the circle, by

(1.4) W2 (A ={f,f™ e L*(A)}, s>1, m=0,1,2,.
Our main goal is to extend the trace formula (1.3) for the fourth order equation
(1.5) y" +2(py") + qy = Ny, AeC,
where the 1-periodic real functions p, g satisfy the conditions
(1.6) peW(T), g€ Wy(T).
Consider the equation (1.5) with the 2-periodic boundary conditions. Let
ML AE neN,

be the corresponding spectrum labeled by )\(J)r < A7 < )\T < A; < ..., counted
with multiplicities. Note that the eigenvalues have multiplicity < 4. The following
asymptotics hold true:

5 — lIpl?

_3
2 +QO+0(” 2)7

(1.7) )\f = (mn)* = 2po(7n)? +

as n — 400, see [1], where

1 1
_ 2 2
fo = / Fdt, 12 = / ()Pt

Consider the equation (1.5) with the shifted coefficients by any fix parameter
teR:

(1.8) y" +2(p(x +t)y) +alz 4+ t)y = My, NeC,

with the Dirichlet type boundary conditions

(1.9) y(0) =4"(0) = y(1) =y"(1) = 0.

Let pn(t),n > 1, be the corresponding spectrum labeled by 1 (t) < pa(t) < ps(t) <
..., counted with multiplicities. Note that the eigenvalues have multiplicity < 2. The
following asymptotics hold true:

2 2 oO(1
A= lpl> o

qo +

(1.10) () = (wn)* = 2po () + =— 2

as n — +o0o uniformly on ¢t € T, see [2].
Now we present trace formulas, which are similar to the second order case (1.3).
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Theorem 1.1. Let (p,q) € Wi(T) x WX(T). Then the following identity

P(x)

5 =AY (A —2u(@) ¥z €T,

n=1

(L11) a(a) -

holds true, where the series converges absolutely and uniformly on x € T.
In particular, if p = const, then

(1.12) q(z) =2\ + i (A + AL = 2un(2)) v zeT,

n=1
where the series converges absolutely and uniformly on x € T.

There are numerous results about the trace formulas for the higher order op-
erators, see McKean [10], Ostensson [16], Nazarov, Stolyarov and Zatitskiy [15],
Sadovnichii [20], [21], Sadovnichii and Podol’skii [22] and see references therein.
The inverse spectral results for the fourth order operators on a finite interval were
obtained by Caudill, Perry and Schueller [5], McLaughlin [12], Papanicolaou and
Kravvaritis [19]. The spectral problem for the fourth and higher order operator
with periodic coefficients considered by Badanin and Korotyaev [3], [4], Mikhailets
and Molyboga [14], Papanicolaou [17], [18], Tkachenko [24].

2. The resolvents

Let B, By, By be the set of all bounded, trace class and Hilbert-Schmidt class
operators on L?(R), respectively. The norms of B, By, By are denoted by || - |, | -
1, || - ||2, respectively.

2.1. The second order operators. We recall the following well known re-
sults about the second order operators hi, ha, see, for instance, in [13], [9].

Firstly, we consider the operator hoy = —y” — py acting in L?(0,2) with the
2-periodic boundary conditions. The spectrum of hsy is discrete and its eigenvalues

aar , ;b n € N, are simple or have multiplicity two. They can enumerated, counting
with multiplicity, so that af < o] < af < a; < af < ... The following

asymptotics hold true:
(2.1) af = (mn)? +0(1) as n — 4oo.

Secondly, we consider the operator h; acting in L?(0,1) with the Dirichlet
boundary conditions given by

(2.2) hiy=—y"—py,  y(0)=y1)=0.

All eigenvalues (3,,,n € N, of the operator h; are simple. We enumerate their in the
increasing order 31 < (2 < ... Recall that 3, € [o,,,q;] for all n > 1. Moreover,
the following trace formula holds true:

(2.3) 20+ 70 (0 £ 37 (0 + (ag)? — 262)

2
n>1

where the series converges absolutely, see [11, p.254].
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2.2. The fourth order operators. Introduce the self-adjoint operator Hs
in L2(0,2) by

(2.4) Hy = 0*+20pd +q on [0,2],

with 2-periodic boundary conditions.
It is sufficiently to prove identity (1.11) at « = 0. Thus we need to define the
operator Hy in L2(0,1) by

Hy = 9" +20pd +q on [0,1],
with the Dirichlet type boundary conditions
£(0) = £7(0) = F(1) = £"(1) =0
Using the identity
(2.5) O +20p0 +q= (0% —p)> +V, V=g-—p"—p%
and V € L*°(0,1), we obtain
(2.6) Hj=hi+V, j=12,

where the operators hy and ho are introduced above. Let the operator h% 7 =12,
be equal to the operator h; at p = 0. Introduce the resolvents

27) RN =(H, =N RN =0 =N BRI = (1) =)
where j = 1,2. We have

(2.8) R; =R} — R;(—hip — ph] + p*)RY.

Due to asymptotics (1.7), (1.10), (2.1) all resolvents satisfy

(2.9) R;(N). B;(A). HRI(N) € By,

on the corresponding resolvent sets. Define the contours K, C C by

(2.10) K,={AeC:[Ni=r(n+1)}, n>L

We present results about the asymptotics, proved in Section 3.

Lemma 2.1. Let j = 1,2 and let n — oo. Then the following asymptotics hold
true:

(2.11) IRIM2 + IR (Nll2 + [[R; (M) ]|z = O(n ™),

(2.12) IRRG(A)ll2 = O(n™1)

uniformly on the contours K, , and

(2.13) f{ <>\ Tr VRZ(A) + Tr VRg?(A))dA = o(1).
K,
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2.3. Proof of the main results. Introduce the function

(214) b = TI‘(RQ - Rg) -2 TI‘(Rl - Rl)
Lemma 2.2. The following identity holds true:
1
2.15 lim — AP (N)dA = -V (0).
(215) Jm o f e (0

Proof. Substituting the identities
Ri=R;—R;VR; =R; —R;VR; + R;VR,;VR;, j=1,2,
into (2.14) we obtain
(2.16) D =Dy + Dy,
where
(2.17) ®g=—-TrVRE +Tr2VR3,  &; = Tt VRyVRaRy — Tr2VR VR Ry.
Let n — oo. Identities (2.17), (2.13) yield
yf (ABo(A) — F(A))dA = o(1),

n

where
(2.18) F=TrVR) -2TrVRY.
Estimates (2.11) give

T VR VR (VR )] < BN IRV BIVIE = On~), j =12,
uniformly on contours K,,, which yields ®;1(\) = O(n~?) and then

% AP (AN)dA = o(1).
Kn
Then identity (2.16) gives
(2.19) j{ (AR(N) — F(N\))dX = o(1).
Kn
We have the Fourier series

o
(2.20) Vie)=Vy+2 Z (Vm cos 2mnx + Vi, sin 27ma:),
n=1
where
1 1 1
Vin = / V(z)sin2rnzde, Vo, = / V(z) cos 2mnadz, Vo= / V(z)dz.
0 0 0

Let e, = %e”"z,n € Z, and s, = sinmnz,n € N. Define the scalar products

(f,g) = f02 fgdz and (f,g) = fol fgdx in L?(0,2) and L?(0,1) respectively. Identity
(2.18) gives

(Veg, eo) > (Ven,en)+ (Ve_n,e—pn) —4(Vsp, sn)
FO) = -2 * ; (mn)* — A
Vo = 2Ven
A +Z (rn)* — N
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since we have the identities
(Ven,en) =Wy VY nez,

1
% _‘/cn
(Vsn, Sn) :/ V sin® mnadr = OT’ n > 1.
0
Then
1 N
— FANdA\=-V, -2 Ven
2mi Jic ) 0 ;

for all N > 1. Identity (2.19) give

1

N
2mi e, MEAA (VO + nZlV") +o(l) s 00,

then (2.20) yields (2.15). W
Proof of Theorem 1.1. Asymptotics (1.7), (1.10) show that the series

S=A+ D0 (N + A —2u)

n>1

converges absolutely. Let Sy be given by
So=(af)®+ Y (@) + (a,)* — 232).
n>1

Then due to (2.14) we have

[

S—5 = ~5 HEI}}OO o AD(N)dA.

Identity (2.3) yields

ey PO 1 %
(2.21) §—pH0)— = = —— lm_ 3 AB(N)dA.
Substituting identity (2.15) into (2.21) we obtain
/!
0
S —p2(0) 2 2( ) _v0).

Substituting (2.5) into the last identity we have S = ¢(0) — p”2(0), which yields
(1.11). m

3. Proof of Lemma 2.1

Proof of Lemma 2.1. We will prove (2.11) for R;(A). The proof for other
RQ,RJ',R? is similar. Let

ak = k|t a=[Ni, AeK, kn>1
Then we have
(1) = N > [lel — M| = lak — al(ax + a)(a? +a?) > |ag — ala®.
Asymptotics (1.10) yields

1
(3.2) ay =k + mey, where |ex| < 1 Vk>N,

(3.3) lax —al > 1 vV k<N
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for n € N large enough and for some N € N large enough. We have

1 1
(3.4) |ak—a|:7r‘k—n—§+5k‘>7r(\k—n\—1) vV k> N.

Estimates (3.1) — (3.4) give

RVE=Y —— <=y ——
IBONE =32 =3 < @ 2 o —ap

1 1 C
< f(N—i— —) < 5
ab k§+l m2(|k —n| — 1)2 a

where C' = N + 53, (k— )72 < co and this yields (2.11) for Ry (\).
We will prove (2.12) for j = 1. The proof for j = 2 is similar. We have

|(7rk:)4 —Al > ‘|(7rk;)4 — |)\|’ = |rk — a|(7k + a)((wk;)2 + a2)
(3.5) > alrk — a|((nk)® + @®).

This estimate implies

> k)* 1 & 1 1 — 1 o
ORI = _ (k)T < = < <=
I J ]( Iz ’;|(7rk)4—/\|2 a2;|7rk—a|2 7T2a2k§::1|k:—n—%\2 a?’

where Oy = 5 37, _,(k — 3)72 < oo, which yields (2.12) for j = 1.

We will prove asymptotics (2.13) for j = 2. The proof for j = 1 is similar. The
integration by parts gives

}{ ATr VRZ(A)dA :]{ ATrV(Ra (M) dA = —7{ Tr VR2(A)dA

n n n

for all n € N. Using identity (2.8) we obtain

?f (A TrVRZ(A) + Tr VRg(/\))d)\ = f{ Tr V(RY(A) — Ra(N))dA
(3.6) " "
= }{ Tr (VR2(N)QRS(N))dX,  where Q= —h3p — ph + p*.
K,
Asymptotics (2.11), (2.12) give

| Tr (RE(NQVRIMNQAR2(N))]
(3.7) <IRINQMEIR2 (N[l = O(n™?) as n— oo

uniformly on all contours K,. Substituting (2.8) into (3.6) and using (3.7) we
obtain

f{ ()\ Tr VRZ(A) + Tr VRQ(A)) A

(3.8) = j{( TrVRI(NQRI(N)dA +o(1) as n — oo.
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Thus we need to consider Tr VR(N)QRY(N), where Q = p? —hp—phS. Firstly,
we consider the case p?. Estimate (2.11) as n — oo yields

74 T VRYPPRI(A)AA = O(1 ;4 IRVl
K,

(3.9) fo ~6)|dA| = O(n"2).

Secondly, we consider the case —h3p — ph9. Using fi, = f02 f(z)ei™*dz and the
identity

2
((~hSp — PhY)em, er) = / e (02p() + p(2)2)e ™ e = —2 (k2 -+ m2)_i,
0

where e, = \%e”m“" and (f,g) fo fgdz, we have
Te(VRY(hSp + ph)RY) = — > F(k,m,A)
m,k=—o00
= 8 Vopok
— —_— F(k,m,\),
3 T
m#k

(kQ +m )Vm kPm—k
((mm)* = A)((wk)* = A)’

(3.10) Flk,m,\) =

where the series converge uniformly on each contour K,,n € N. Moreover, the
identity ¢, ((ﬂk;i%/\)z = 0 and the decomposition {|k| # |m|} = D1 U Dy U D3,
where D1, D5, D3 are given by

Dy = {[k[ # [m|, [k| < n,[m| < n} U{|k| # |ml, [k] > n, |[m| > n},
Dy = {|k] < n,|m| > n}, D3 = {[k| > n,|m| < n},
give
74 Tr(VRY(hsp + phI)R3)dA
(3.11) f Z F(k,m,\d\ = I (\) + Ly(\) + Is(\)
n m,k=—oc
m#£k

for all n € N, where

f{ > F(k,m, A)dX

‘n. D

We have I;(A) = 0 and thus we need to consider Io, I3.
Consider I3, the proof for I is similar. Identity (3.11) gives

vmfkrﬁmfk

Kn Dy Ds
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Consider the case k > n,|m| < n, the proof for the other case is similar. Using
V € W4(0,2) and p € W} (0,2) we obtain
|‘7m—kﬁm—k‘ < C < C

~X ~X
im? = k2|7 |k —=m|Sm? — k2| ~ |k —m|7(|m| + |k[)

for some constant C. Define k' = k—n > 1 and m' =n —m € [0,2n]. Then we
obtain

(3.13)

1 1
< .
[k —m|"(Im| +[k[) ~ [K' +m/['n

This yields

Vinr— 1P| C Cy C
Im=kPm=—kl - = = -
Z Im? — k2| X Z K +m'|Tn n’ 1 Z K+ m/[7

k>n,lm|<n k'>1,m'>0 k'>1,m'>0

Similar arguments show that

Z |‘7m7k]/7\mfk| < @

|m2 — k2| T n
k<—n,|m|<n
for some Cy > 0 and then (3.12) yields I3(\) = O(n™!) as n — oco. Similar estimates
yield I;(A) = O(n~!). Then (3.11) gives

f Tr(VRS(h9p + ph9)RY)dA = O(n™1).
Substituting this asymptotics and (3.9) into (3.8) we obtain (2.13). R
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