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ABSTRACT. We show the existence and the analyticity of solitons (solitary
waves of finite energy) for a 2D-Boussinesq-Benney-Luke type system that
emerges in the study of the evolution of long water waves with small amplitude
in the presence of surface tension. We follow a variational approach by char-
acterizing travelling waves as minimizers of some functional under a suitable
constrain. Using Lion’s concentration-compactness principle, we prove that
any minimizing sequences converges strongly, after an appropriate translation,
to a minimizer. The Boussinesq-Benney-Luke system is formally close to the
Benney-Luke equation and to the Kadomtsev-Petviashivili (KP) equation. For
wave speed small and surface tension large, we assure some physical sense for
this water wave system by establishing that a suitable (renormailized) family
of solitons of the Boussinesq-Benney-Luke system converges to a nontrivial
soliton for the KP-I equation.
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Models for dispersive and weakly nonlinear long water waves with small am-
plitude in finite depth are derived from the full water wave problem through an
approximation process, under the imposition of some restrictions on the parameters
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that affect the propagation of gravity water waves, as the nonlinearity (amplitude
parameter) and the dispersion (long-wave parameter), and also by assuming that
the free surface elevation, its derivatives, and the derivatives of the velocity po-
tential are small quantities compared with the amplitude parameter and the long
wave parameter. As it is well known, roughly speaking, the study of water waves
is reduced to determine the free surface elevation and the velocity potential on
the free surface. So, if the vertical variable is eliminated from the equations by
using Taylor expansion approximation about some height with respect to the ver-
tical spatial variable, then it is possible to obtain some water wave models in two
spatial variables. This approach to derive dispersive water wave models through
out expansions in the vertical spatial variable of the velocity potential, related with
the (KP) equation, the Benney-Luke models, and Boussinesq systems, has been
followed in some recent works by M. Ablowitz, A. Fokas, and H. Musslimani in [1],
A. Montes in [12], J. Quintero in [13], J. Quintero and R. Pego in [14] (in the last
three works including the effect of the surface tension). We also must mention the
important work done by D. Benney and J. Luke in [2], in which the derivation of
a model is performed under the assumption that the amplitude parameter and the
long wave parameter were equal in the absence of surface tension. For a dispersive
model without the long-wave assumption, we are aware of the work of P. Milewski
and J. Keller in [10]. It is important to point out that some Benney-Luke models
have been described using a single equation for the velocity potential about some
hight, by eliminating the free surface elevation from the system describing the full
water wave problem.

In this work, we will show that the analysis of the evolution of long water waves
with small amplitude in the presence of surface tension is reduced to looking for a
couple (®,7n)(x,y,t) satisfying the Boussinesq-Benney-Luke type system

(I—LA)m +AD— 22A2P + eV - (nVE) =0,
(BBL)
(I—LA)®, +n—poAn+ 5[VE2 =0.
where € is the amplitude parameter (nonlinearity coefficient), \/n = % is the
long-wave parameter (dispersion coefficient), o is the inverse of the Bond num-
ber (associated with the surface tension). The variable ® represents the rescale
nondimensional velocity potential on the bottom z = 0, and the variable n cor-
responds the rescaled free surface elevation. We want to point out that system
(BBL) is rather close to one derived by M. Boussinesq (cf. system (#) on p. 314
of [5], taking account of the relation at the bottom of p. 323). We consider that

the Boussinesq-Benney-Luke system (BBL) could provide a better approximation,
from the physical view point, to the full water wave equations than some Benney-
Luke type models for long water wave with small amplitude in the sense that in
the derivation of those models the surface elevation 7 is eliminated up to order two
in € and p, in order to obtain a single equation in the variable ® (essentially the
rescaled velocity potential ¢ expanded at the bottom z = 0) up to order two in e
and p.

The Boussinesq-Benney-Luke system has some sort of physical sense since some
well known water wave models as the generalized Benney-Luke equation ([14]-
[16]), a Boussinesq-KdV system ([13]) and the generalized Kadomtsev-Petviashivili
equation emerge from this Boussinesq type system (BBL) (up to some order with
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respect to € and p), making the system (BBL) very interesting from the physical
and numerical view points.

According with the assumption made to derive the system (BBL), it is necessary
to establish for ¢, p and ¢ (in some range) the existence of solitons, but also to
provide some physical relevance of this model. In that direction, we will show that
appropriate order-one solutions exist for arbitrarily small value of the parameters.
Note that if we balance the effect of nonlinearity and dispersion (1 = €), and seek
a travelling-wave solution of the form (9, ®)(z,y,t) = (v,¢)(xz — ct,y) with ¢ > 0,
then (v, ) should satisfy the system of the single equations,

(1= €)vaw +vyy = 0(6), (1= €*)pua + yy = O(e).

This fact is indicating us that making the wave speed ¢ close to one and having weak
dependence on y could provide an appropriate regime to find physically meaningful
finite-energy solutions, as done when deriving the Kadomtsev-Petviashivili equation
(KP) as an approximation for the full water wave problem. One the mayor goals in
this paper is to exhibit some physical relevance of the system, by establishing that
in an appropriate scaling there are sequences of solitons for this Boussinesq type
system that, after an appropriate translation, converge as € — 0 to a soliton of the
Kadomtsev-Petviashivili equation (KP-I) equation.

The paper is organized as follows. In section 2, we derive formally the Boussinesq-
Benney-Luke system (BBL) from the full water problem reduced to the case of
weakly nonlinear long wave propagation in shallow water. We also describe the
Hamiltonian structure for the Boussinesq type system (BBL) derived. In section 3,
from the Hamiltonian structure, we find the natural finite-energy space for solitons
(solitary-wave solutions), and characterize solitary waves variationally as critical
points of an action functional. We prove the existence solitons for the Boussinesq
type system (BBL) by using the Lions’ concentration-compactness principle for
€>0,pu>0,0 >0 and wave speed 0 < ¢ < ¢, . In Section 4, we show that any
sequence {(176%6,<I>6,M,C)}€7M7c of solitons for the Boussinesq-Benney-Luke system
(BBL) converges strongly in the (KP) energy space, after a renormalization and an
appropiate translation, to a soliton for the (KP-I) equation, provided that o > %
and that ¢ — 17 as € — 0™. In section 5, we show that the solitary wave solutions
for the Boussineq-Benney-Luke system (BBL) are analytic.

2. A Boussinesq-Benney-Luke system

Suppose that u represents the velocity of a particle in an irrotational, three-
dimensional flow of an inviscid, incompressible fluid which at rest occupies the
region —oo < x < 00, —00 < Yy < 00, 0 < z < hg, then for some distribution ¢, the
velocity potential W takes the form W = (V¢,,), where V = (9,,9,) . Moreover,
the study of the water waves with surface tension reduces to find solutions of the
linear equation

(1) Ap+¢,, =0 for0<z<hg+n, (Azé)i—i—@i)



316 JOSE R. QUINTERO AND ALEX M. MONTES

with the boundary and interface nonlinear conditions

(2) 9. =0 atz=0,
(3) M+Vn-Vé—¢. =0 atz=ho+,
1 1 2TH
(4) ¢t+§|V¢IQ+§¢§+gn— e =0 atz=ho+m,
where z = 0 represents the solid boundary, z = hg + 1 is the disturbed free surface,
T is the coefficient of surface tension, p is density (assumed constant), g is the

gravitational acceleration, and the Mean Curvature of the free surface z = n(z, y, t)
is given by

1 Vn
H=-V. | — ] .
2 (\/1 + IVn|2>
In order to study long water wave with small amplitude, we introduce the
amplitude parameter € and the long wave parameter y = (ho/L)?, where L stands
for the horizontal length of motion. The long-wave regime corresponds to p < 1.
The system is introduced through the following rescaling of the variables x, y, and
z:
w=Li, y=Lj =z=hos t=L(ghy) %t

and the definition of the functions ¢ and nas ¢ = e%(gho)%é and 7 = ehg7). Note
that a simple computation shows that d,¢ and dy¢ are of order O(e), as long as
0:¢ and 93¢ are of order O(1) with respect to e. Taking T' = h3pgo and after
dropping hats, we obtain that the couple (¢,n) satisfies the nonlinear system

(5) AP+ ¢,, =0 for 0< z<1+en,

(6) ¢, =0 at z=0,

1
(7) It eV V= S0 =0 atz=1te
(8)

N

where A and V are the laplacian and the gradiant with respect to the variables
x, y, respectively. Now, to derive the Boussinesq-Benney-Luke model we have to
assume that V¢, n, and its derivatives with respect to variables z and y are O(1)
with respect to €. Defining

v
¢t+glv¢\2+i¢§+nfwv~ (") =0 at z=1l+en,

(I)((E,y,t) = ¢(x»y72 = 07t)

and using Taylor expansion to the velocity potential at the bottom z = 0, one can
see that

2 2.4
9) 6= — %Aqur “; A2D + O(13).

Plugging this in equations (7)-(8), formally we obtain the following system

(10) nt+eVn~V<I>+(1+en)A<I>f%A2<I> = 0(&,u12),

€
(11) @t—gA@t+§|V¢\2+n7qun = O, 12).
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This system was originally derived by J. Quintero and R. Pego (see [14]) in their
study of the Benney-Luke equation. In this work, J. Quintero et. al. showed that
evolution of long water waves with small amplitude can be reduced to determine
the potential velocity at the bottom & as solution of the Benney-Luke equation,

(BL) By — AD + p(aA2® — bAD,) + €(P AP + 2VD - V) = 0.

In this work we are interested in deriving a model for long water waves of small
amplitude, including the free surface elevation n. From (10) we observe that

ne + AP = O(e, ).

Then by using this expression in (10) and neglecting terms of order O(e?, u?) we
have the system,

(I—E2A)n +AD— 2A2D + €V - (nVE) =0,
(BBL)
(I —E5A)®, +n—poAn+ 5[VE2 =0.

The (BBL) system is a Boussinesq type system that we will classify as a Boussinesq-
Benney-Luke system for its relation with the Benney-Luke (BL) equation. From
the physical view point, it turns out that the (BBL) system could be a better
approximation that some Benney-Luke type model to describe the evolution of
long waves of small amplitude where the surface elevation 7 has been eliminated
up to some order with respect to the amplitude and log wave parameters.

We observe now that the system (BBL) arise as the Euler-Lagrange for the
action functional

t
§ = _/ (/ (@~ SAD, )ndedy + H(n@))dt
t1 R2 2

with Hamiltonian given by

1 2
2 ) =y [ (1908 417+ AP + o O + enf V2P ) dady

for which the system (BBL) takes the form

o) = vre) = (1-58)7 (1) f).

A very interesting fact is that we obtain the Benney-Luke equation (BL) from
the system (BBL). Also we can formally reduce this system to a Kadomtsev-
Petviashvili (KP) type equation in appropriate limits. In fact, from the second
equation of (BBL) we see that

Py + 1= O, p),
then, again from the second equation,
e =—Py —p (O’ — %) AD, — VD -V, + O(%, 1?).
Plugging this expression in the first equation of (BBL) and using
ne + AP = O(e, p),
we obtain the equation

Dy — AP+ p(2 AR + (0 — L)ADy) + €(PAD + 2V - V) = O(e?, 11?).
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Thus, choosing a, b such that

1
13 —b=0— =,
(13) a o 3

and neglecting the terms of order O(e?, u?), we obtain the so-called Benney-Luke
equation (BL). This equation has been studied, see for example [7], [11], [14]-[18].
Note that we are able to show, formally, that travelling waves for the Boussinesq
system (BBL) formally reduce to travelling waves for a KP type equation, when
we consider waves propagating predominantly in the z-direction, weakly in the y-
direction, having slowly evolving in time and balancing the effects of nonlinearity
and dispersion. In fact, we start balancing the effects of nonlinearity and dispersion
by setting u = €, and defining the following KP type scaling, X = x — ¢t and
Y = €'/2y. Let (n,®) be a solution of the (BBL) system, take ¢> = 1 — ¢ and
consider (u,v) defined as

(n, @) (z,y,t) = (u,v)(X,Y).
Then plugging this into the (BBL) system and using ¢ = 1 — %e + O(€?) give us
that

(14) —cux +vxx —€[~vyy + 2uxxxx — suxxx — (uvx)x] = O(e?).
%UXXX - %(Ugc)] = 0(62)~

From (15) we see that —cvx 4+ u = O(e), then using this in (14), we obtain that

(15) —cvx +u—€louxx —

(16) —cux +vxx —€ (—Uyy + %UXXXX — (U%-)X) = 0(é?).

Multiplying by ¢ and differentiating with respect to X the equation (15), and using
(16), we get that

(1 — CQ)UXX —€ (—’Uyy + (0’ — %) UXXXX — % (’U—%{)X) = 0(62).
Using that € = 1 — ¢ we obtain,
(17) UXX-‘FUyy—(U—%)Uxxxx-l-%(vg()XZO(e).

If we differentiate (17) with respect to X and neglect the O(e) term, then we find
that the couple (u,v) satisfies the system

(18) u = ’UX
In other words, v = vx (up to order O(e)) is a solution for the travelling wave

equation of a (KP-I) type equation.

3. Existence of solitary wave solutions

By a solitary wave solution we shall mean a solution (7, ®) of (BBL) of the
form

(20) n(z,y,t)—iu(“\/;,jﬁ>, @(m,y,t)—@v(x\;ﬂct,jﬁ).

Then, one sees that (u,v) must satisfy
2N —Av+c(l—3A)u, — V- (uVv) =0,

(21)
u—ocAu—c(I—3A)v, + 3|Vv]? =0.
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We establish the existence of a solution of (21) in the weak sense by using a varia-
tional approach in which weak solutions correspond to critical points of an energy
under a special constrain, associated with the Hamiltonian structure given by (12)
which provides the natural space to look for travelling waves. For k € R, let H*(U)
be Sobolev space the Hilbert space defined as the closure of C°°(U) with inner
product

(u,v) e = Z D%y - D*vdz.
la]<k’V
We denote V the closure of C§°(R?) with respect to the norm given by

lvll3 = /]R2 (|Vv|2 + \Av|2) dxdy = /11@2 (V2 + v + 02, + 202, +v,) ddy.
Note that V is a Hilbert space with respect to the inner product
(’U,’u})v = (’Uw, ww)Hl(RZ) + (’Uy, wy)H1(R2).
Also, we define the Hilbert space X = H'(R?) x V with respect to the norm
.00 = oy + 0l = [ (02 + [Val? + V0 + | Aof?) dady.

If we multiply the travelling wave system (21) with a test couple (w, z) € X, then,
after integrating by parts, a travelling wave solution (u,v) € X satisfies the system
(22)

Vv-Vz+ %AUAZ —(uzgp + Su,Az) uVv-Vz _
/]Rz [( uw + oVu - Vw ) te (—(wvw + %wJAv) + sw|Vo|? drdy =0,
which can be written in terms of suitable functionals A, By . and Bs as
(23) A((uv U)7 (w7 Z)) + Bl,c((u7 ’U)’ (U}, Z)) + B2((U" U)a (w7 Z)) =0.

DEFINITION 3.1. We say that (u,v) is a weak solution of (21) if for all (w,z) €
X, the system (23) holds.

Our strategy to prove the existence of a weak solution of (21) is to consider the
following minimization problem

(24) I, = inf {I.(u,v) : (u,v) € X with G(u,v) =1},

where the energy I. and the constrain G are functionals defined in X" given by

(25)  I.(u,v) = /]R? (W + o|Vul® + [Vo|* + 2(Av)? — 2cuv, — cuy Av) dady,

(26) G(uw):/ u|Vo|? dz dy.
R2

We start by showing some properties of I, and G, assuming in this section that
c>0,0<c< min{l, %"}, and that C' denotes a generic constant whose value
may change from instance to instance.

LEMMA 3.1. (1) The functionals I. and G are well defined in X and
smooth.
(2) The functional I. is nonnegative. Moreover, there is C; = Ci(o,¢) > 1
such that
(27) O7 e(u,w) < [[(u, )|} < Cule(u,v).

(3) Z. is finite and positive.
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PROOF. 1) I, is clearly well defined for (u,v) € X. Now, note that if v € V
then vy, v, € H 1(R?). Using the Young inequality and the fact that the embedding
H'(R?) — L%(R?) is continuous for ¢ > 2, we see that there is a constant C' > 0
such that

(2) G, 0)| < (Il ey + 190033 g ).

So, G is well defined.
2) Let o be a fixed positive number and 0 < ¢ < min{l, %‘7} Then

(29) / ((u = cve)® + oul + (1 — v} + v,) dady
2 2 2 9
(0 ) +<3—40> (Av) )dxdy
2
= (1—(: (a—ii)ui—f—au;—&—vi)dxdy

2
—|—/ <(vx —cu)? + = <AU - 301%) > dzdy > 0.
- 3 4

Now, using (25) and Young inequality we obtain that

I.(u,v) < /]R2 ((1 +c)u® + (U + g) u? + O”Ll/z

+ (1 + )2 + vy, +(§ ) >dxdy
(30) <max (1462 + 5o+ £) w0l

Moreover,

I.(u,v) = /}R2 <(1 —o)u® 4 o(1 — c)u? + JuZJr

2
(1—c)v? —|—1}§ + <3 - 40> (Av) )dxdy
+/ (u—v,)* + (—iA)de
R2cu Vg oc(uz — 5 Av zdy

) 2 c
> min <1 —c o1 —C)7§ - 40> [[(u,0)1%

showing that the inequality (27) holds.

3) Note that there exist (u,v) € X such that G(u, v) # 0. Then for some ¢ we have
that G(tu,tv) = t3G(u,v) = 1. On the other hand, for any (u,v) € X such that
G(u,v) =1 the inequalities (27)-(28) implies that there is C' > 0 such that

3
C (Ie(u,0))* = C (lullzp + IVUllFn) > Glu,v) =1,

meaning that the infimum Z, is finite and positive. (I

To simplify the notation, we observe that

I.(u,v) = I (u) + I2(v) + Is(u,v),
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I(u) = / (v + o|Vul?) dady, I(v) = / (IVo]* + 2(Av)?) dady,
R? R?
Is(u,v) = —c/ (2uv, + u, Av) dady.
R2

THEOREM 3.1. If (ug,vo) is a minimizer for (24), then (u,v) = —k(ug, vo) is
a nontrivial weak solution of (21) for k = 21..

PRrROOF. By the Lagrange Theorem there is a multiplier £ such that for any

(w,z) € X,

I (ug,vo)(w, z) — kG’ (ug, vo)(w, 2) = 0.
Now, a direct calculation shows that
(31) A((ug, vo), (w, 2)) + Bi1.c((uo,v0), (w, 2)) — kBa((ug, vo), (w,2)) = 0.
In particular, if we put (w, z) = (ug,vo) in the previous equation, we have that
(32) I (vo) + 313(uo,v0) — kG(ug,v) =0
(33) I (uo) + 313(uo, vo) — £G(ug, vo) = 0.
Combining (32) and (33) we obtain,

I.(ug,v) — %kG(uO,vo) =0.

Then k = %Ic, and —k(ug,vo) is a nontrivial weak solution of (21). O

3.1. Existence of minimizers. The existence of travelling waves solutions
for (21) as a minimizer of the minimization problem (24) is based on the existence
of a compact embedding (local) result and also on an important result by L. P.
Lions, which characterizes completely the convergence of measures, known as the
Concentration-Compactness principle (see [8], [9]).

THEOREM 3.2. (L. Lions, [8], [9]) Suppose {vi} is a sequence of nonnegative
measures on R? such that

lim dv,, = 1.
R2

m— 00

Then there is a subsequence of {vy,} (which denote the same) that satisfy only one
of the following properties.
Vanishing. For any R > 0,

(34) lim < sup / dz/m) =0,
M \(w,y)ER? J BR(z,y)

where Bgr(x,y) is the ball of radius R centered at (z,y).

Dichotomy. There exist 0 € (0,Z) such that for any v > 0, there are R > 0 and
a sequence {(Tm,ym)} in R? with the following property: Given R’ > R there are
nonnegative measures vl  v2 such that

m? T m

(1) 0< v}, +v2 <up,
(2) supp (v},) C Br(m,ym),  supp (V2,) C R2\ Br/(Tm, Ym),
(3) limsup,,_ (\0 — fR2 dvi |+ (Z —0) — fR2 dl/fn|) <.
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Compactness. There exists a sequence {(Tp,,ym)} in R? such that for any v > 0,
there is R > 0 with the property that

(35) / Avp, > 1 — 7y, for all m.
Br(zm,ym)

In order to apply this result to our case, let us assume that {(um,vy)} in X
is a minimizing sequence for Z., then we define the positive measures {v,,} by
dVp, = pm dxdy, where p,, is defined as

(36)  pm = Uz + 0|V |* + Vo> + 2(Avm)? — 2cUn0pVn — Oyt Avp,,

which correspond to the integrand of I.(ty,,v,,). From the Concentration Com-
pactness Theorem, there exists a subsequence of {v,,} (which denote the same)
that satisfy either vanishing, or dichotomy, or compactness. We will see that van-
ishing and dichotomy can be ruled out, and so using compactness we will establish
that the minimizing sequence {(um, v, )} is compact in X, up to translation, as a
consequence of local compact embedding.

‘We will establish some technical result. The first one is related with the character-
ization of “vanishing sequences” in X.

LEMMA 3.2. (Vanishing sequences) Let R > 0 be given and let {(tm, Vm) }m be
a bounded sequence in X such that

lim sup / dvpy, | = 0.
M0\ (z,9)€ER? J Br(z,y)

lim G(um,vm) = lim Up | V0 |2 dzdy = 0.

m—0o0 m—0o0 ]RQ

Then we have that

In particular, if {(Um,Vm)}m s a minimizing sequence for I., then vanishing is
ruled out.

PROOF. Let By = By(x,y). Since the embedding H'(B;) — L3(B) is contin-
uous, we obtain that

/ ton [V ? ddy < © (a1 3,y + [V 15,) )
By

< (hum By + 190m e ) [

B

1/2
dym> .

But we know that R? can be covered with balls of radius 1 in such a way that each
point of R? is contained in at most 3 balls. Then we conclude that

1/2
/um|va|2dV§30(||um||%,1(R2)+||va||§{1(Rz))< sup / dum)
R2 (m,y)GRz By

1/2
<3CIc(um7vm)( sup / dl/m> .
(z,y)€R? J By

As a consequence of this we see that

lim G(up,vm) = lim U | VO |? dady = 0.

m—00 m—00 ]RQ
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Now assume that {(tm, vm)}m is & minimizing sequence for Z.. Then we have that
G (U, vm) = 1, but from the previous fact we reach a contradiction. ]

In order to rule out dichotomy, we will establish a splitting result for a sequence
{(tpm, V) }m in X. Fix a function ¢ € C§°(R?,RT) such that supp¢ C B(0,0)
and ¢ = 1 in B1(0,0). If R > 0 and (z9,%0) € R?, we define a split for (u,v) € X
given by

u:u}%+u% and ’U:vll%qu}Z%,

where

up =upp, up=u(l—¢r), vhk=(v—ar)pr, vi=(v—ar)(l—¢r)+ar,

with

on(y) = o0 L),

R ' R
and
1

R = —————
" Nol (Ar(z0, v0))

/ v(x,y) drdy, Ar(xo,v0) = Bar (20, y0)\Br(xo,y0)-
Ar(zo,y0)

We note that the decomposition of v is non standard and reflects the nature of the
space V.

In the coming result, we use the following Poincaré type inequality

1/q 1/2
(37) ( / lv — ag|? dxdy> < CR?*1 ( / |Vol|? dacdy) ,
ARr(0,Y0) ARr(z0,90)

where 2 < ¢ < oo and C does not depend on R (see [4], [14]).

LEMMA 3.3. (A splitting result) Let Ry, > 0 and (2, ym) € R? be sequences.
Define A(m) = Agr,, (Tm, Ym) and ¢pm(z,y) = (b(%v %) If

(38) lim sup </ dum> =0,
m—0o0 A(m)

then as m — oo we have that
a- Io(Upm,vm) = L(uk,, vl) + I.(u2,,02) + o(1).
bo- G(Um,vm) = Gul,, vl) + Gu2,,v2) + o(1).

PROOF. We need to recall that

I.(u,v) = I (u) + Iz (v) + I3(u,v).

We will see that
(39) Ii(zm) = Ii(21) + T (23) + o{1), as m — oo,
where z,, = u,, for j =1, z,,, = vy, for j = 2, and z,,, = (U, vyy) for j = 3.
First note that

60y, = /}Rz{(um)2 — (ur)? — (ufn)z} dxdy = Z/A(m) G (1 = ) (Um)? dxdy.

Then

16w, <C (um)? dzdy < C/ dvpy — 0.
A(m) A(m)
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For i = 1,2, we have that

0Dy, = [ {(Bium)? — (gub,)? — (B1u2,)?} dady
]R2
— 2/ {¢m(1 — G) (Oittn)? + (1 = 2¢) (U Ot ) (D D)
A(m)

— 2, (Diom)? dady.

Consequently,

6@, < C {(um)? + (Oyum)?} dady < C dv,, — 0.
A(m) A(m)

Then we obtain that
lim [Il(um) — Il(u,ln) — Il(ufn)] =0.

Now,
6Dy, = / {(0vm)? — (95v,,)% — (O1v2,)? } dady
R2

= 2/ {¢m(1 - (/j)m)(aivm)2 - (Um - am)2(6i¢m)2
A(m)
+ (1 - 2¢m)(aivm)(vm - am)(ai(bm)} dmdy

But |0;¢m| < C/R,,, and using the Poincaré type inequality (37) we obtain that

_ 2
160 p,| < C {(@vm)Q L (vm2am)} dzdy
A(m) Rm

< C/ {|8ivm|2 + |va|2} dxdy
A(m)

< C/ dv,, — 0.
A(m)

If Wy = (Um — @m)0ijOm + 0i0m 0P + 0jUm 0; ¢y simple calculation shows that
Bijvn, = (Dij0m)bm + Wi, Dijviy, = (B30 ) (1 = dm) — Wi,

Therefore
5y, = / {(&jvm)2 — (Bijv}n)Q — (aijvfn)2} dxdy
R2
= 2/ {¢m(1 — q[)m)(aijvm)Q — wfn +(1- Q(bm)(aijvm)wm} dxdy.
A(m)
Since |0;¢m| < C/R?, we have that

5(2]),Um SC/ { ai'vm 2+ (Um—am)
L R L=

< C/ AV, .
A(m)

Then we conclude that

lim [I5(vy) — I2(vy,) — I2(v2,)] = 0.

m— 00

2 | (0ivm)? + (05vm)®
+ R

} dxdy
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Now we show the result for I5. First note that
62(0) = / {’U,mai’()m — ’U/}nai’l],}n — uilal’()?n} dl‘dy
RQ
= / 2¢m (1 = G UmO0iVm + (1 — 20 ) U, (Vi — i) OOy dxdy.
A(m)

Then, using again that |0;¢,,| < C/R,,, Young inequality and inequality (37) we
obtain that

150 < c/ vy, — 0.
A(m)
On the other hand,

(5(1) = / {81um8iivm — 811&717181‘1"071,1 — 81’&727181‘1"0;} dl‘dy
R2

+ (1 = 2¢m) (OrUm) Wy, — 2(81¢m)umwm} dxdy.
In a similar fashion one checks that

M <c AV — 0,
A(m)

which concludes (39). Now, we will show the item (b). For i = 1, 2, we have that

/ |um(8ivm)2 —ul (9} )? — ufn(ﬁivﬁl)ﬂ dxdy
R2
— [ [20 = 260)un (O (0 — an)i6
A(m)

+ 3G (1 = G )t (0500 — U (Vg — @) Qs )? | daxdy

(v — am)Q

<C {(um)2 + (050m)? + |um > + |0ivm|® + 2

A(m)

R3

m

3/2
<C / de—i—(/ dum> — 0.
A(m) A(m)

Then we conclude as m — oo that

G (tm, Vm) = Gty vy,) + Gty v7,) + 0(1).

4 |’Um - Cl7n|3 } dl'dy

Using the previous result we have that

LEMMA 3.4. Let {(tm, Vm)}m be a minimizing sequence for Z.. Then dichotomy
is not possible.
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PrOOF. Assume that dichotomy occurs, then we can choose sequences 7, — 0
and R,, — oo such that

(40) Supp (V;@) - BR,,L (‘vaym)7 supp(Z/Q ) c R2 \BQR"L (xmvym)

and

(41) hmsup(‘@ / du#‘—&—‘(IC—H)—/ duan = 0.
m— o0 R2

Using these facts, we have that

(42) lim sup ( dym>
m— 00 A(m

In fact,

/ v = / _ / / v,
A(m) R2 BRm(xwuym, Z\BZRm(xmvy'L/
S/ dum—/ dyiz— dufn
R2 R2 R2
‘(ICG)/ dv?,
]RQ

§</ deZC>+‘0/ dl/m
]R2

Using (42) and Lemma 3.3 we conclude that

lim [ Le(tm, vm) = Le(tup, vg,) = Le(ug,, 07,)] = 0,
lim (Gt vm) — G(ul,, vh,) — G(u2,, v2,)] =0,

Now, let Ay, ; = G(ul,,ve)), for i = 1,2. We will show that A; := limy,— 00 A # 0.
Assume that lim,, oo Apy,1 = 0, then limy, o0 Am,2 =1 (We proceed in a similar
way in the other case). Therefore A, 2 > 0, for m large enough. Then we consider

1
(wmv Zm) = Amd2(u$n’ Uzz)

So that,
(Wi, 2m) € X, G(Wpn, 2m) = 1.

Using that ¢,, = 1 in Bg,, (@m,Ym) we have a contradiction since

To= lim (L(up,,vn) + Le(u2,, v2,))

m—00

lim / AW + A3, 5T (Wi, 2n)
m— o0 Br,, (T Ym)

> lim ( / du}n+AiQIc>
m—oo R2 ’

=0+1Z.

\%

In other words, |\, > 0 for m large enough. Then we are allowed to define

_1 . . .
(wmvi’ Zm7i) = )\msz(u’zmﬂ /U;Ln)7 1= 17 2.
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Note that (Wi, 2m,i) € X and G(Wm 4, Zm,i) = 1. So that,

Z. = lim (Ic(u}wv}n) —|—Ic(u72n,v,2n))

m—0o0

. 2 2
= lim (‘/\m,1|31c(wm,1azm,1) + |)\m,2|3Ic(wm,2azm,2))
m—0o0

Y

(1nal? + 12 f?) ..
Then ,
1> M]3+ Dal? 2 (] + 1) > A+ 25 = 1.
Hence, |A1] + [X2] = 1. Using that Ay + Ay = 1 and \; # 0, we have that \; > 0
and
2 2 2
(43) /\f’ + A3 = (/\1 —‘y—)\g)g.

But (43) gives us a contradiction, because for ¢ € RT the function f(t) = ¢ is
strictly concave, meaning that

[t +t2) > f(t1) + f(t2).
In other words, we have ruled out dichotomy.
O

Now we are in position to obtain the main result in this section: the existence
of a minimizer for Z.. Since we ruled out vanishing and dichotomy above for a min-
imizing sequence of Z., then by Lion’s Concentration Compactness Theorem, there
exists a subsequence of {v,,,} (which denote the same) satisfying compactness. We
will see as a consequence of local compact embedding that a minimizing sequence
{(tm,vm)} is compact in X, up to translation.

THEOREM 3.3. If {(um,vm)} i a minimizing sequence for (24), then there is
a subsequence (which we denote the same), a sequence of points (Tm, ym) € R?, and
a minimizer (ug,v9) € X of (24), such that the translated functions

converge to (ug,vg) strongly in X.
PROOF. Let {(tm,vm)} be a minimizing sequence for (24). In other words,

lim I.(um,vm) =2Z. and G(um,vy) = 1.

m—0o0

By compactness, there exists a sequence (Z,,,yn) in R? such that for a given v > 0,
there exists R > 0 with the following property,

(44) / dvy, > Z,—~, forallmeN.
BR(zmvym)

Using this we may localize the minimizing sequence {(tm, ) }m around the origin
by defining

/N)m(xa y) = Pm(x + T,y + ym)v (ﬂma f}m)(z»y) = (umvvm)(x + T,y + ym)'

Thus, we have the following localized inequality

(45) / Pmdxdy = / dv,, > I.—~, forall meN,
Br(0,0) BRr(xm,ym)
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and also that
(46)  G(Um,0m) = Gum,vm) =1,  Hm I.(tm, 0m) = Hm I.(tm, vm) = L.

m—0o0 m—0o0

Then we note that {(tm,¥m)}m is a bounded sequence in X = H!(R?) x V. On
the other hand, since @, Vo, € H'(U) for any bounded open set U and the
embedding H'(U) < L4(U) is compact for ¢ > 2, then there exist a subsequence
of {(@m,0m)}m (Which we denote the same) and (ug,vp) € H' x V such that for
i=1,2,

U —ug in HY(R?), @y —ug in L*(R?),
U —vg in V, 0;0py — v9 in LQ(RQ)
and we also have that
U — ug in LY _(R?), 0ty — 0w in L} (R?).
Moreover,
Um — ug a.e. in R%, 9,0, — O;u9 a.e in R? for i=1,2.

Using these facts we will show that some subsequence of {(tm, 0m)}m (Which we
denote the same) converges strongly in X’ to a nontrivial minimizer (ug,vo) of (24).
We first see that

(47) U — ug, Ol — Oy in L2(R?).

In fact, using (45), (46) and the definition of I. we have that for v > 0, there exists
R > 0 such that for m large enough,

/ |y | dacdy > / |ty |* dxdy — 2.
Br(0,0) R2

Then we have that

/|u0|2dxdy§hminf/ |y, |2 dacdy
R2 m—oo  [p2

m—00

< lim inf / | |2 dady + 2
Br(0,0)
< / luo|?dzdy + 2y
Br(0,0)

S/ luo|*dady 4 2.
R2
Therefore,

1iminf/ |11m|2dxdy:/ luo|*dxdy.
R? R2

m— 00

Thus, there exist a subsequence of {@,,} such that @, — ug in L*(R?). Using a
similar argument we prove the other part of (47). Moreover, also we can see that

(48) Oitly, — Ojug,  0ijUm — Oijvp  in Lz(R2).

Now, using (47)-(48) and the fact that the inclusion H'(R?) < L*(R?) is continuous
we have that

(49) G(ug,vo) = lim G(tm, V) = 1.

m— 00
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In fact, from definition of G we see that

i, i) — C(u0, v0) = / (| Vm|? — 0| Voo[?) dedy
R2

= [ [ = ) T3+ 0 (752 = [F00?)] .
RQ

But
[ (= ) Vo Pdody < [, woll 2 Vo
RZ
< C lign — ol 2 [ Vom|| 3
< CIc(ama'Dm) ||ﬂm - uO||L2
< Ot — uol|z2 — 0,
and also

/2 o (IV0m|* = [Vol?) dedy < ||V (T — v0) |22 IV (D + v0) || L[|t | 13
R

< CIV (0 = vo) |2 IV (Om + vo) | 1 [[woll 1
< CIV (T = v0)llz2 (IlwollF + IV (@m +v0)l|71)
< OV (0m — vo)llzz (Te(Tim, Om) + Ie(ug,v0)) — 0.
Then we conclude that (49) holds, which implies that
(uo,v0) # (0,0), I.(ug,v0) > Z.
On the other hand,

lim [Ic(ﬂm, Om) — Te(Upm — g, U — vo)} = I.(ug,vp)-

m—00

Hence we have that
0 S lim Ic(ﬂm—UQ,f}m—Uo) = lim Ic(ﬂm,f)m) —IC(U(),’U()) = IC—IC(U(),U()) S 0.
Thus, we see that

lim I.(Upm,, Om) = Lc(ug,v0) =Ze,  Um Io(Gy — wo, O — vo) = 0.

m— 00

Moreover, the sequence {(&m,, Um)}m converges to (ug,vp) in X, since
||(ﬂm — UQ, Um, — UO)”X < Cllc(um — U0, Um — UO)~

Then we concluded that {(tm, 0m)} converges to (ug,vg) in X and (ug,vp) is a
minimizer for Z.. ([l

4. Inter-relation between (BBL) and (KP) solitons

In this Section we will establish that after an appropriate choice of (e, u, ¢) and
a renormalization of the family of solitons

{ (u(e,u,c)a U(e,u,c)) }(e,p,}c)

for the system (BBL), it is possible to obtain solitons for the (KP-I) equation. We
must remember that the derivation of the (BBL) system required the parameters
€ and p to be small, while the free surface elevation n and the derivatives of ® to
be of order one with respect to € and p. Up to now, we have not shown that the
solitons for system (BBL) are physically meaningful for the water wave model. In
order to give some physical sense of the solitons for the (BBL), we will prove that
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as the parameter €, p are small enough and c is close to 17, we are able to recover
a soliton for a (KP-I) type equation. The reason to adjust the wave speed (c near
17 ) to obtain a soliton for the (KP-I) equation is related with the fact that in the
derivation the KP model the variation in the y variable is weaker that the variation
in the x variable.

We know the following characterization of solitons for the (KP-I) model given
by A. de Bouard and J. C. Saut in [3] and [4]. First consider the space Z defined
as the closure of Cy(R?) with respect to the norm given by

ol = [ (w2 4w+ wl,) dedy,
R2
and the functionals defined in Z by
0 2 2 1),,2
JO(w) = /R2 (ng + w, + (a — 5) wm) dzdy,
K°w) = / w3 drdy,
R2
and the minimization problem
(50) J0 =inf{J%w) :w € 2, K°(w) =1}.
Then we have the next theorem.
THEOREM 4.1. ([3], [4]) Let 0 > %. If {wp }m>1 is a minimizing sequence for

JY, then there exist a subsequence (denoted the same) and a nonzero distribution
wo € Z such that

J(wp) = T >0,

and there exists a sequence of points {(m}m>1 in R? such that wy, (- + (m) — wo
i Z. Moreover, wy is a solution in the sense of distributions of the equation

(51) ~Wag — Wyy + (0= 3) Wogas + 2T wpwy, = 0.
So that, w = —(%Jo)aa:wo 18 a montrivial solitary wave solution in the sense of

distributions for the (KP-I) equation (19).

Now we introduce a (KP-I) type scaling for obtain a soliton of the (KP-I)
equation from a renormalized family of solitons of the system (BBL). Set o > 0,
€>0,u=¢ c2=1-¢cand for a given couple (u,v) € X define the functions w
and z by

u(z,y) = 22(XY), v(a,y) =wXY), X=ca Y=q.
Then a simple calculation shows that

Lo (u,v) = e%IG(z,w), G(u,v) = G(z,w),
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where 7€ and G¢ are given by

If(z,w) = /R2 (e_1z2 +o(22 + ezz) +e w2 + wi

2
+ 3 (wi,z + 2ewiy + eszy)> dzdy

— c/ (26_12’11}1» + 2 (Wee + ewyy)) dxdy,
Rz

G(z,w) = / z (w? + ewi) dzdy.
R2

Note that if o > 2 then there is a family {(uc,v.)}, such that

I(ue,ve) =Zey, G(ue,ve) =1, 0<e<1.
Then, if we denote
I¢ :=inf{I°(z,w) : (z,w) € X with G(z,w)=1},
there is a correspondent family {(z€,w¢)}. such that
I¢=T°(z5w), G(z5w) =1, T,=e?I".
Moreover, (z¢,w¢) is a solution, in the sense of distributions, of the system
(52)

2 2 -1 -1
2 (Wozaw + 2€Waayy + EWyyyyy) — € MWag — wyy + ¢ (€

o %(Zmz + Ezryy))

+(27°) ((2wg)a + €(2wy),) = 0,

1

€12 — 0 (200 + €2yy) — (7}

Wy — 5 (Weae + €Wayy)) — (37) (w3 + cwy) = 0.

We are interested in relating the family {(z¢, w®)}. as € goes to zero with solitons
for the (KP-I) equation. To do this, we define in V the functionals

J(w) = I(cwy, w)

2 4
:/R2 (wi+w§+<(o1)02+3>wgr+e<(01)02+3)w§y

2
+ BeQwa) dxdy,

K¢ (w) = G (cwy,w) = c/ (w2 + ewmwz) dzdy,
RQ
Note that if o > % and € small enough, the functional J¢ is nonnegative. Then
we define the number J€ by

(53) J=inf{J(w) : weV with K (w)=1},
and establish the following important result.

LEMMA 4.1. Let o > %. Then we have that

(54)
lim Z¢ = lim J°=JY  lim K%w®) = lim Kw) = lim G*(z¢,w) = 1.
e—0Tt e—0t e—0Tt e—0Tt e—0T

Moreover, for any sequence ¢; — 0, the sequence {(Ko(wef))_l/3

mizing sequence for J°.

w9} is a ming-
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PROOF. Let w € V be such that [, w3 dedy = 1, then for € > 0 small enough
we have that

K(w) = c/ (w? + ewzwi) dxdy # 0.
R2
Then we see that
1 (cwy,w) ) = I(cwz,w)  J(w)
Ge(cwg,w)t/3V " G (cwg, w)2/3 Ke(w)?/3

¢ < ge 1 Je(w)
7= () = Fw

(55) I°<I° (

and

On the other hand,
lim J¢(w) = J°(w), lim K¢(w) = 1.

e—0t e—0t

Hence, if w € V and [, wj dedy = 1 we conclude that
limsupZ¢ < J%(w), limsup J°¢ < J%(w).

e—0t e—0t

So that,
(56) limsupZ® < J°,  limsup J© < J°.

e—0Tt e—0Tt

Moreover, for € small enough we have that
6_%Ic(uc,vc) =7°<270.
Then, using that ¢*> = 1 — € and the definition of I (see Eq. (29)), we have that
1 -1
(57) Huc — CaxUCHLz(]Rp) + ||ay’l}c||H1(]R2) = 0(64), ||8IUC||L2(R2) = 0(6 4 )

Now, since H!(R?) — L*(R?), as e — 0T we see that

/ (2 — c@xwe)(aywe)dedy’ = / (Ue — €Opve)(Oyve) drdy
R2 R2

< Oll(ue — CaxUC)||L2(R2)”61;”6”3'{1(]1%2)
< Cet — 0.

(58) €

and also that

(59) €

/ ame(aywefdxdy’ < CHaw’UC”Lz(Rz)||8yvc||%{1(R2) < Ce% — 0.
R2
Hence, we find that

lim K°w) = lim c/ (Opw®)3dxdy

lim c/ ((5‘9511)6)3 + eamwe(awa)z) dxdy
R2

e—0+
= lirg G (cO,we, we).
We want to show that
lim K°(we) = 1.
e—0t
Since lim,_, g+ G¢(2¢, w®) = 1, then we will establish that
(60) lim G°(z2°,w®) = lilr(r)l+ G (cOwe, we).

e—0t
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For this, by using (58) it is sufficient to establish that the following limit holds.

(61) lim (2 — c0,w)(0,w)2dxdy = 0.

e—0t Jr2
In fact, from the second equation of (52) we have that (z€, w®) satisfy, in the sense
of distributions, the equation

1
(62)  COpyw = 2y — €0(Oppy? + €0yyy2) + ice(c')mzyw + €0pyyyWw)

~ (37) (@), + € (00), ) =0.

Using a duality argument we will show that in L?*(R?) the right hand side of (62)
is of order O(1). First, using that the sequence {I¢(z¢, w®)}. is uniformly bounded
we note that

(63) |20 2@y = O1), [[wllzee) = OQ),  [lwg,llz2@e) = O(e™)
Then for any ¢ € C§°(R?) we have that
| (2% ¥y) | < lleyll2ee) 12 22y < Cll2°[lL2(r2)-

We illustrate only some calculations: Also we have that

| Oy, Yay) | < [Vayll2@2)llwyyll L2 @2) < Cllwyyll22)-
Moreover,

€ 2 € €

[(@aw)? )| < 1yl 9 1 gty < ClNO 12m2):

Similarly one work the other terms. Then using (62)-(63) we see that
Hamywelle(Rz) = O(l)
In a similar way we have that
(64) ||Z6 — c@waHHl(Rz) = O(E)
We will use (64) in the proof of following theorem. Now, we also have that
—1

(65) 2zllL2®ey = O(1),  |wgllzwey = O1), |z llL2®ey = O(e2 ).

Then we see that
‘/}R?(z6 — 0w (0pw®)dady| < C|2° — Caa;w6||L2(R2)||azw€H%_Il(R2) — 0,

as desired. Thus, we conclude that
. 0 €\ _ 1: € €\ _ 1: €[ € €\ __
E£%1+K (w) = E£%1+K (w) = €£%1+G (z6,w) = 1.
Hence, we have for € small enough that KY(w¢) # 0, then it follows that

0 0 w* _Jw)
J=J <K0(we)1/3) B KO(we)2/3"

But, as € — 0, we have that

(66) J(w®) — J2(we) = o(1),  I¢(25,w) — J(w) = o(1).
Then
(67) J° < liminfZ°.

e—0t
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Combining (56) and (67) we obtain,

lim Z¢ = J.

e—0t

Now note that if K¢(w) = 1, by using (55), we have that Z¢ < J(w), so that
71°¢ < J€. Hence

J% = lim Z¢ < liminf J°.

e—0t e—0t
From (56) we conclude that

lim J¢=J°,

e—0t

and so the proof follows.

Now, we establish the main result in this section. More exactly, we will see that
a translate subsequence of the renormalized sequence (z¢, w®) converges weakly to
a couple (zg,wp) that satisfies the system (18)-(19), and so zp = Jywq is a weak
solution of a (KP-I) equation.

THEOREM 4.2. Let o > %. For any sequence €; — 0, there is a translate subse-
quence (denoted the same) of {(2“,w*)}, and there exist nontrivial distributions

wo € Z and zy € HY(R?) such that as j — oo,
(68) w® —wy in Z and 29 —O,wY — 0, 29—z in H'(R?).

Moreover, (zp,wp) s a nontrivial weak solution of the system (18)-(19), and so
20 = Oywo € HY(R?), with d,wq being a solution of the travelling wave equation
for a (KP-I) equation in the sense of distributions.

PROOF. Let {¢;}; a sequence of positive number such that e; — 0. Then from

Lemma 4.1 we have that {(K()(ng))—l/?» w% }; is a minimizing sequence for Jy
and

Ko(wej) — 1.

Considering this and Theorem 4.1 we have that there exist a translate sequence of
{(29,w%)}; (denote the same) and there exist a nonzero distribution wy € Z such
that w® — wg in Z and wy is a solution of the equation (51). Then using (64) we
have that there exist zg € H'(R?) such that 2% — 29 in H'(R?). Thus, we obtain
(68) and zp = Oywo.
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Now, multiply by ¢; and differentiating with respect to x the second equation in
(52) we find that

€; ez —w)

— _g €j _ é ap€i 26? +
= Swzzrm 3€meyy 3 yyyy w
Ci Ci€;
(69) + EJZ;?JZL’I + JQ L Zoyy

- (1) (), + 6 (ug), ).

cje; ' (2 — cjwg)

e e
=0CjZ ., + 0Cj€52,3

Yy
2 2
C> C-€5
J €5 JJ

+(377) (<w§s‘>i #o (7)),

Using ¢; = 1 — ¢; and replacing (69) in (70) we have that

(71) - wej + CJUZa:]a::L’
2 2
C C-€;
+ 062y — 5 Wihee — o Wiy
Cj . ) .
(72) 4+ (279) ()2 + ¢ (wf)?)
2 €5 4 ] 26? €5 CJ
= 7§wszrx - gejwm]myy 3 wyyyy + U) J + 9 = Rzxx + 2 Zzyy

2 .. o e I
= (579) (ws)e + 6 (1w,

For any test function ¢ € C§°(R?) we have that

1N e 4 C? € 2¢j e,
6j‘<cj (0 Q)Z:vyy + (§ - f)wwzyy + ?wyyyy’d)ﬂ
< C¢j (25 ll2 + lwi, | + €5llwgy ll2) 14yl a1 @2y — 0.

Since lim;_oZ% = JY, also we have that

A ,
S (e w2 )|
2|(uy,))
< Cej [lwy ll2 (Ilwg ll2 + 112 [12) [IVlloe — 0.
On the other hand, using (68) we find that

lim <C3jl'6j (ws)? + gzq (zfjwij),¢x> = J° ((Opw0)?, %) -

Jj—00
So that,
i 2
.hm <C§I€j (w;])i + gz‘q (ZEj w::j)wa ¢> = QJO <8ww08zww07 ¢> .
j—o0
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Finally, we see that
. o e (2 N o 1N
lim (—wy, — i + (5 = 2 )0+ (0= 5) 00 )

J—

= <—8Mw0 — Oyywo + (0 - %)8xazxzw0aw>'

Then since we assume that o > % > %, using (71) we concluded that the nonzero

distribution wq is a nontrivial solution of the equation
1
—Wgz — Wyy + (a — g)wmm + (2]0) (Wpwgy) = 0.

In particular, the couple (2%, w°) = — (%j 0) (20, wp) is a nontrivial solution of the

system (18)-(19), and so 2" = 9,w is a solution for the equation (19) in the sense
of distributions.
(]

5. Analyticity of Solitons

In this section, we will establish that travelling wave solutions of (21) are ana-
lytic functions. We have the following result.

THEOREM 5.1. Let ¢ > 2 and 0 < ¢ < 1. If (u,v) € X is travelling wave

solution of system (21) then u and v are analytic.

ool

PROOF. First we will establish that u, v,,v, € H*(R?) for any k > 1, if (u,v) €
X is a weak solution of (21). Since u, vy, v, € H'(R?) — L*(R?), then we have for
i = 1,2 that the functions

1
h; = —udv, gi = D) (31'71)2

belong to L?(R?). Taking Fourier transform on the system (21) we obtain that
(u,0)(&,n) satisfies the system
(73)

(€2 +0*) (52 +1°) + 1)] 0 +ics(1 + 5(6% +n?)a +i(6h1 + nha) =0,

(I4+oE@+n?)u—icc(1+5E+n*)0— (1 +35) =0.
Then solving this system, we have that
_ € (1+3(8+n%) (€ha +nho) + [(€2 +0*) 3 +1°) + D] (91 + B2)
P(&,m)

where P is a polynomial of sixth degree given by
2
PEn) =E+n*)[3(E@+m)+1] (1+0(+1%) - (1+ 35 +0%) .
Since o > % and 0 < ¢ < 1, we notice that there exist M = M (o, ¢) such that

2
P&mn) = ME+7*) 1+ +77),
then there exist M; > 0 such that

u(&;n)

1) < M, <|h1+|h2|+|ga|+|gz|).

L4+ &2+ 9?2
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From inequality (74) it follows that u € H?(R?). On the other hand, from the
second equation of (73) we note that

- (140 +n?)u— (g1 + g2)
v c(1+ L +p2) '

Then there is My = Ms(o,¢) > 0 such that
~ ~ o gl + 19|
Up| < Mo | Ul + —5— ) .
%] 2(' 1+&+ 2

This implies that v, € H%(R?). By a similar argument we have that v, € H?(R?),
and a simple bootstrapping argument then yields that u,v,,v, € H*(R?) for all
k> 1.

Now, we will prove the analyticity of (u,v). First we establish the result under the
assumption of the existence of R > 0 such that for all a = (a1,a2) € N2, with
la| = a1 +as > 1,

|ov]! |
|| + 2

al
)

(75) 10l 71 gy + 100l g2 gy < €

where 0% = 091052, If (20, y0) € R?, we will show that there exists > 0 such that
we have the following Taylor expansion for v and v in B,.(zg, yo),

u(z,y) :Z w(m — %0,y — Yo)”

a!
(6%

o, y) =3 LUE0I0) (g e,

al
«

We establish the result for v. If we set (o = (zg,y0) and ¢ = (z,y) — (o, then by
the Taylor Theorem (with remainder) we have that

N-1
aaU(CO) o
v(z,y) = Z TC + En(w,y),
k=0 |a|=k,aeN2
where
0%v((p + tC
= Y Tetl
la|=N,aeN?
On the other hand, for |o| > 1 we have that
(76) |0%v(z,y)| < ]|0%|| 2@y < ORI ———

|| +2°
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If we take r > 0 in such a way that 2272R < 1. Then using that % < 2l we
conclude for [|¢]| < r that

|a|! Rl

|En(z,y)| < C a|—§yeN2 WHC”QIal
2NRN Ly
=¢ a|=%:aEN2 N2’
< CZNRN(N +1)r2N
- (N +2)
< C2Rr*)N
<Cc27V.

In other words, the Taylor series for v converges in B,.(zo,y0). In order to show
that the Taylor series for u converges, we only need to follow the same steps used
for the function v, after noting that we have an estimate like (76) for the function
u given by

(la| + 1)!

0", 9)| < 10wl a2y < CRITTFHEETE

Now, to complete the proof, we only need to prove that there exists R > 0 such
that for all a € N?, with |a| > 1,

!

Rlel,
|| + 2

(77) [0%ull g1 g2y + [[0%0]| fra(gey < €

We will argue by induction on |a|. First assume that |a| = 1. Since w,v,,v, €
HF(R?) for all & > 1 we have the result. Now, suppose that (75) holds for |af
and R (which will be choosen later). Applying the operator 9% to system (21) and
computing the L2- inner product with (0%u, 3%v), we obtain that

I.(0%, 0%) = — (0%(uvy,), 0%vy) — (0%(uvy), 0%vy)
— 5 (0% (2),0%u) — 5 (9% (43) "),

Then applying inequality (27) and Holder inequality, we obtain that

10wl s e + 0%Vl ey < C (a“<uvx>|z

0% vyl + 0% (12) Jl2 + 0% (12) |2).

Note that if u,w € H' for any | > 1, we have for a = (a1, ) that

loe| -1

0% (uw) = (8%u)w + ud*w + ; |§2<_:i (E) (gj) (0% Pu) (0Pw).
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Then we conclude that

(78)
Ja]—1
o =rwes S5 (51) (52) @@ @)+ o),
=l pB<a

Bl =k
Since, H"(R?) — L>°(R?) for r > 1, then
[0 wywllz < [|0%ull2llwlloe < [[0%ulla|lw]| (w2

and
1(0%w)ull2 < [[0%wl|2]lullec < [[0%wl|2]|ullm2(@2)-
Moreover, we also have that
1(0%=Pu) (97 w) |2 < [[0° Pulla[|07wlloe < (10% ul2]|0w] r2(g2)

Using the previous inequalities with w = 0;v and using the induction hypothesis
on the right hand side, we conclude that

[[(0%w)8;v]|2 < [|0%ul|2]|05v|| 2 (r2)
—1)!
< 02 (|Oé> R\oz|
B (3(04 +1)
|
(79) < <cha+1(O‘|+1)') (CR—l (lal +3>> _
la] +3 la] + 1

Similarly we obtain that
@ dw)ulla < 9050l lull sz

e (e
o (e (55)

We also have that
10 u)(9°0,0) |2 < 0% Pull2[10° 0iv|| 12 r2)
— 18l =)L+ 1)!
(lef = 18]+ 1)(B] + 3)

Using the induction hypothesis and the previous inequality, we have that

> (5) (%) I o,

B <«
1Bl =k

2 arlag!(Ja] — k — 1)!(k + 1)IRle
<C Z (a1 — B1)ag — B)1811 B! (|o) — Kk + 1) (k+3)°

08 < a
1Bl =k

But we know that for any (ny,n2) € N? (see Proposition 16 (b) in Soriano [15]),
al|py|!|pa]!
|Oé|' = Z ’

p1lp2!

A(a,ni,nz)
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where A(a,n1,n2) = {(p1,p2) : p1 + p2 = «, |pi| =mny, for 1 <i < 2}. Note that
for a = (a1, a3), p1 = (a1 —P1, a2 —02) and ps = (51, B2), we have that p1+p2 = a,
that k = 81 + 02 = |p2], and also that |a| — k = |(aq — B1,a2 — B2)| = |p1]- Using
the above property, we conclude that

olloillpall _anleollal —R)H
p1lp2! (1 = Bi)l (g — B2)1Ba! B! — 7
and also that
arlas!(la — k — 1)!(k + 1)!IRI! a|!(k + 1) Rl

<

(a1 = B1)! (a2 — B2)!61! 62! (Ja| — k 4+ 1) (k + 3)

From these estimates, we get that

> (5)(5) e eol,

(lel = k)(lal =k +1)(k+3)°

g <
18] =k
Ik + 1)Rla|
< C? |af!(
- 2 (la] = F)(Ja] =k +1)(k + 3)
B <a
18| =k
21
< C?|al!Rl Zﬁ
k=0
which implies that
Ja] =1 )
« o - § )
(81) kz—:l 2 (ﬂi> (ﬂj) [0 Pu)@* @), < C*(ladlal B>, 5
. ﬂ = k=0
1Bl =k
k=0

So, taking R large enough such that

1 la)+3 =1
Ef 1.
CR <|a|+2>< k2 <
k>0

and using estimates (79), (80) and (81), we conclude that,

|| —1
aq Qg a—p Bra (Ja| +1)! la]+1
’; 52 (61) <ﬂ2> [0 Pu) (0% (0v)), <O s R *
- <«
1Bl =k
and also that

(la] + 1)!
0% (ud; < O~ Rladtt
0% (udsv)|l2 < ol 53
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Now note that 9% ((9;v)%)) = 0% (wd;v) for w = d;v. Then the couple (w,v)
satisfies the induction hypothesis (75), since

|
10%w| 1 g2y = |0%0;0] g2y < [0 pr2(zey < C (OﬂQ) Rlel,

Then we conclude that

o ((2:0)2) I < 18 E L pler,

In other words, we have shown that
10%wll g1 2y + [10% V| g1 2y

< G (107 ol + 107Gl + 107 (2) o+ 10° (13) 1) < O PR R,

Now we have to estimate terms of the form:
||8“81-u||H1(R2), ||80‘82-Vv|\H1(]R2), for i = 1, 2.

To do this, we apply operator 9%9; to equation (21) and compute the L2- inner
product with (0%0;u, 0*0;v). Thus, we have that

(83) I.(0%0;u,0%0v) = — (0V0;(uvy), 0%0;vy) — (040 (uvy), 0% 0;vy)
_ % (8°9,(v2), 0 dyu) — % (0°0,(v2), 0% 0y
To illustrate the type of computation, we only consider the typical term
(0%0i(uvz), 0% Oivg)
to exhibit the calculation
(0%0; (uvz), 0 Oivz)| = [{0* (wvz), 807 vs)|

< 1|07 (uvz) (12107 0F v |2
< 0% (wve ) [2]10% 02V 0| | 1 (e2)-

We observe that the left hand side of (83) can be written as
1.(9%8u, 0%0v) = [|[0°Vul| 3 2y + |10%02 V[ Fr1 ey + 1070y Vol 71 ey
and so the therm ||0%0, Vv||g1 (w2 is absorbed in the right hand side of previous
equivalence. Using this fact, we end up with the estimate
10°Vull g m2) + (1090 Vol w2) + [[070y V|| (r2)
< C1 ([10%(uve) |2 + 107 (woy)ll2 + 0% (D) 12 + 10° (v)2) -

Putting the previous estimates together, we conclude for R large enough that

10V ull g1 g2y + 10V 2 (ga

(Jof + 1)!R\a|+1
la] + 3

as desired. O

)

< ||8avu||%11(R2) + ||8°‘8va|\%{1(]1@) + Ho”'“o”'vaH%p(Rz) <C
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