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Global wellposedness of an inviscid 2D Boussinesq system
with nonlinear thermal diffusivity
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ABSTRACT. We consider a two-dimensional inviscid Boussinesq system with
temperature-dependent thermal diffusivity. We prove global wellposedness of
strong solutions for arbitrarily large initial data in Sobolev spaces.
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1. Introduction

In this paper we consider the following two dimensional inviscid Boussinesq
system
O+ (u-V)u+ Vp=6ey, ez=(0,1),
00+ (u-V)0 =V - (k(0)V0), (t,x)€ (0,00)x R?,
V.-u=0,
u(0, ¥) = ugp, 00, ) =0y(x), =x¢€R?,

(1.1)

where u = u(t, z) = (u1(t, z), u2(t, z)) : [0, 00) x R? — R?, denotes the velocity
field of a two-dimensional incompressible fluid. The term p = p(¢, x) : [0, c0) X
R? — R? denotes the usual pressure which can be recovered from the first and the
third equation in ( 1.1) by taking the divergence and then inverting the Laplacian
operator. The scalar function 6 = 6(t, ) quantifies the temperature variation in
a gravity field. It enters the first equation in (1.1) as 6 ez which represents the
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buoyancy force. In the second equation of (1.1), the parameter kK = k() represents
the thermal diffusivity, we shall assume « is a smooth function satisfying

L < k(z) < Co, for any 2z € R,
Co
where Cjy > 0 is some fixed positive constant.

The main purpose of this note is to investigate global wellposedness of smooth
solutions to (1.1) for arbitrarily large initial data.

The system (1.1) is a special case of the more general Boussinesq system which
takes the form
ou+ (u-Vu+Vp=V-(v(0)Vu) + ez, e3=1(0,1),
00+ (u-V)0 =V - (k(0) V), (t,x)€R xR?,
V-u=0,
u(0, z) = ug, 6(0, z) =0p(z), z€R?

(1.2)

here v > 0 represents the viscosity which is allowed to depend on the temperature
in general.

There is by now an extensive literature on various cases of the general system
(1.1). If v and & are positive constants which do not depend the temperature, then
global wellposedness in 2-D can be established by classical methods (see Cannon
and DiBenedetto [3]). When both v and x depend on the temperature and satisfy
the constraint

1 1
(13) L <u(e)<Co = <n(z)<Cop  foramy z€R
Co Co
for some Cy > 0, Lorca and Boldrini [13] obtained the global wellposedness for
small initial data. For the partially viscous Boussinesq system (1.2) (with constant
viscosity), that is,

v >0 s a positive constant, Kk = 0;
or
k>0 s a positive constant, v =0,

Chae [4] and Hou-Li [8] independently settled global regularity for large initial
data. In both works, a key observation is the use of the following Brezis-Wainger
inequality [2] (to control ||VO]| L» + ||[V?u| L», for any p > 2)

(1.4)  [[fllzoe@ey < CA+ IV SllL2@) [ +1og(10+ [V fllze)]2 + Cllfll 2@y,

for f € L2(R?)) N WL P(R?), p > 2. ' In [10], Lai, Pan and Zhao settled the
solvability of the initial-boundary value problem for the two-dimensional viscous
Boussinesq equations in a bounded domain. In [9], Karch and Prioux constructed
a nontrival family of self-similar solutions to the two-dimensional viscous Boussinesq
system.

In a series of two papers [6] & [7], Hmidi, Keraani and Rousset used a novel
diagonalization approach and proved global wellposedness of fractional diffusion

1The inequality (1.4) can be easily proved using Littlewood-Paley decomposition and the L2
-summability of [|[VPy fl 2.
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Boussinesq models with critical partial dissipation in either velocity equation or
temperature equation, i.e.

du+ (u-V)u+Vp=0bez, ex=(0,1),

00+ (u-V)0+|V]|0 =0, (t,x)€RxR?

1.5
(15) V-u=0,
u(0, ) = ug, 6(0, v) = 0o(x), 2z &R
or
atu+(uv)u+vp+|v|u:962u €2 = (07 1)7
) — 2
(1.6) O+ (u-V)§=0, (t,x)eRxR?

V.-u=0,
uw(0, ) = up, 6(0, z) = Oy(z), =€ R

Here for any s > 0, |V|* = (—=A)3 is the fractional Laplacian operator defined by

VIF) = €7 f(€),  €¢eR

Note that both systems (1.5)—(1.6) are much more degenerate than the partially vis-
cous Boussinesq system with full Laplacian dissipation considered by Chae [4] and
Hou-Li[8]. The deep observation of Hmidi-Keraani-Rousset is to utilize a maximum-
principle type structure hidden in (1.5) (resp. (1.6)). Namely, Let the vorticity
w = O1ug — douq and one gets from (1.5) the system

815’(0 = 819,
040 = —|V|6.

Diagonalizing the above system gives the equation
Oy(w+|V|71010) =0

from which one can derive new a priori estimates. At present the super-critical
case where |V| is replaced by |V|?, s < 1 in (1.5) and (1.6) is still open. For the
Boussinesq system with partial vertical dissipation, we refer the interested readers
to [1] and references therein.

In a recent paper [14], Wang and Zhang considered the general system (1.2)
with non-degenerate viscosity and thermal diffusivity (i.e. (1.3) holds). Their main
result reads as follows:

THEOREM 1.1. Let s > 2 and (ug, 6p) € H*(R?). Then the Boussinesq system
(1.2)-(1.8) has a unique global solution (u, §) € CYH* N L7, H*1([0, 0o) x R?).

t,loc

To prove Theorem 1.1, it suffices to establish the a priori estimate
T
(1.7) / (||Vu(t)|\go + ||V9(t)||§o) dt < oo, forany T > 0.
0

By performing an L2-estimate on (1.2) and using the fact that the viscosity is
non-degenerate, one obtains v € CPL2 N L?H'([0, oo) x R?). Interpolation then
gives u € L} ([0, T] x R?). The key argument in Wang-Zhang [14] is the following
Holder estimate on a (linear) transport equation:
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PROPOSITION 1.2. Let u € L} ([0, T] x R?) be a given divergence-free vector
field. Assume 0 € L°L2 N L2H' ([0, T] x R?) is a weak solution of the linear
equation

0+ (u-V)8 =V - (kV0),
6(0, ) = bp(x).

Then there exists o > 0 such that § € C*((0, T] x R?) with
00l 3= (5, 75 0o (r2)) < C (6 Nullza (0,1)xr2)s 100llL2(R2)),
for any 6 € (0, T).

The main advantage of Proposition 1.2 is that one can obtain the a priori
control of Holder norm of € which is in some sense a super-critical quantity. Using
this C* estimate?, one can then® perform a simple H! estimate of (u, ) and derive

||(Ua9)||Lg°H1([o,T]xR2) + [|(Au, Ae)”fo([O,T]x]Rz) < o0,

for any T > 0. We should point it out that in this H'! estimate, we utilized
the following identity which only holds for smooth two-dimensional incompressible
flows:

(1.8) /Rz[(u -V)u] - Audz = 0.

The identity (1.8) can be easily proved using the vorticity formulation, see (3.6).
Bootstrapping the H'-estimates then easily yields global wellposedness. The details
of the above simplified argument is given in Section 3.

Besides giving a simplified proof of Theorem 1.1, the main objective of this
paper is to prove global wellposedness of strong solutions with large initial data for
the degenerate system (1.1), i.e. the velocity equation has no dissipation on the
right hand side. In some sense this complements the analysis of Wang-Zhang. Our
main result is the following

THEOREM 1.3 (Global regularity). Let the initial data (ug,6p) € H*(R?) for
some s > 2. Then the Boussinesq system (1.1) has a unique global solution satis-

fying (u,0) € COH*([0,00) x R?), # € L?, H*T1([0,T] x R?) for any 0 < T < <.
t

t,loc

The proof of Theorem 1.3 relies heavily on certain parabolic estimates on the
temperature 6. To derive the bound (1.7), we carry out the estimate on a carefully
chosen quantity ||Vw|24e + [|[V]]2. The advantage of this approach is that one
can avoid completely dyadic-type estimates which is unnecessary to the matter.
Alternatively one could give a proof using Hmidi-Keraani-Rousset’s diagonalization
approach. We leave the details to interested readers.

2For examplo1 in the nonllinoar estimates, instead of the usual intcrlpolation inequality
1900 12y S 1012 i) 1801 F2 gz 0me cam use 90z < 1013 - 101120 e, - 1801125 5o
for some € > 0. See (3.4) for the precise form and (3.3) where it is used. This is one of the key
steps to close the H! estimate.

3The analysis in [14] proceeds in a different manner and is much more involved. Namely
the authors first prove the estimate ”Ve”Lngo < 1 by working directly with the temperature

1_e

equation using the fact that u € L?Hl. This is done by a Littlewood-Paley analysis using a
Chemin-type space. See Proposition 5.1 therein for more details.
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The rest of this article is organized as follows. In the following section we give
the proof of Theorem 1.3. In the last section we give the details of the simplified
proof of Theorem 1.1.

Notations and Preliminaries.

e For any two quantities X and Y, we denote X <Y if X < CY for some

harmless constant C' > 0. Similarly X 2 Y if X > CY for some C > 0.
We denote X ~Y if X SY and Y < X. Weshall write X Sz, 7,,....2, ¥
if X < CY and the constant C' depends on the quantities (Z1,--- , Zg).
Similarly we define 2z, ... z, and ~z, ... z,.

Let © be an open set in R%. For any 1 < p < oo we use ||f||, (when there
is no confusion), || f|lzrq), or [ fllLz(q) to denote the Lebesgue norm on
Q. We write f € L} (Q) if f € LP(K) for any compact K C Q. The
Sobolev space H'(R?) is defined in the usual way as the completion of
C¢° functions under the norm || f|| g = || fll2+ ||V f|l2- For any s € R, we
define the homogeneous Sobolev norm

1
s 2

190 = ([ 1617 ©Pag) "

Rd
For any 0 < a < 1, the Holder norm || - ||ce is defined as
z) —
7 llonzey = 7 loe +sup D =IO
z#£yeRY |,T _y|

We will occasionally need to use the Littlewood—Paley frequency projec-
tion operators. Let ¢(£) be a smooth bump function supported in the
ball |£| < 2 and equal to one on the ball || < 1. For each dyadic number
N € 2% we define the Littlewood-Paley operators

Pn (€)= o(&/N) f (),

Pon (€)== [1 — p(&/N)]f(6),
Prf(€) = [p(€/N) — 0(26/N)] f ().

Similarly we can define Py, P>y, and Pyr<.<n := P<y—P<ps, whenever
M and N are dyadic numbers.

We recall the following Bernstein estimates: for any 1 < p < ¢ < oo and
dyadic N > 0,

1_1
1PN fllpaay Sa NY&~ 2| £l o gay-

Similar inequalities also hold when Py is replaced by P<y or P<n.
We recall the following logarithmic Sobolev interpolation inequality:
For any f € H*(R?) with Vf € LP(R?) for some 2 < p < oo, we have

2
ST IAT0; flloe S I ll2 + 11 lloo log(10 + [V £|,).

ij=1
We sketch the proof of (1.9) here for the sake of completeness.

PROOF OF (1.9). Let Ny > 4 be a dyadic number whose value will be
chosen later. Splitting the function f into low and high frequencies and
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using the Bernstein inequality, we have

LHS of (1.9) S |P<iflla+ > IPNflle+ D> P flloc
1<N<Ny N>Ny

_ 2
Sfll2+ (og No)[[ flloe + > N5 PNV L],
N>Ny

_1_;’_2
S fll2 + (og No)ll flloe + Ny "IV fllp-
Choosing Ny ~ (10 + ||V f||,) 72 then yields the result. 0
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2. Proof of Theorem 1.3

We begin with the local wellposedness and blowup/continuation criteria. Albeit
standard, we state it here for the sake of completeness.

PROPOSITION 2.1. Let the initial data (ug,0y) € H*(R?), s > 2. Then there
exists unique local solution such that (u,0) € CYH®, 0 € L}, H*'. Let the
mazimal lifespan of (u,0) be T*. If T* < oo, then

t
tim [ ( 3o+ [ VO(3)]I3 ) ds = oo,
Jm | IVu(s)llze + [IVO(s)[|z )ds = 400
We shall omit the proof of Proposition 2.1 since it is a simple exercise of the
standard energy method. One can refer to Theorem 3.1 in [14] or [5], [11] for the
construction of local solutions by various approximation schemes.
With Proposition 2.1 in hand, we are now ready to complete the

PrROOF OF THEOREM 1.3. By Proposition 2.1, we only need to control the
quantity

T
(2.1) / (IVu®)l + I90(6)]3 ) at

for any 7" > 0.

To simplify the notations, we shall use the letter C to denote a generic constant
which may vary from line to line. The dependence of C' on other parameters is
usually clear from the context and we shall explicitly specify it whenever necessary.
For any quantity X = X (¢), we shall write

(2.2) X(#)<1 or X<1
if
X(t)SC(t,eo,UQ)<OO, vVt >0.

Here C(t, 00, up) is some constant depending only on the initial data (6p,ug), the
elliptic constant (in k = x(6)) and the time ¢. It is of course possible to keep track
of the constants and obtain explicit growth rate of various Sobolev norms of (6, u).
But we shall not dwell on this issue here for simplicity.
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Let the vorticity w = O1us — douy. Taking the curl on the first equation of
(1.1), we obtain

(2.3) {3tw + (u-V)w = 0.y,

80 + (u- V) = V - (V).

An L%-estimate on (w, ) using div(u) = 0 then gives us

d
(B +100)18) = [ oo+ [ V- (evo)pas
1 1
———— |6, (D)]13 + 100Co||w ()13 — == IVO®) |13
< 106161 (D1 + 100Cu O} - -6
< 100Co [lw(t)]3-
Therefore we have
(2.4) lw@®llz + 6015 $1, vE>o0.
Consequently
(2.5) lu@)lm S1, VE>o0.

Now using (2.5) and a standard parabolic estimate on the second equation in
(2.3) (cf. Theorem 4.8 of [12]*), we have for some 0 < a < 1,

VO] Loe o (5,71 xR2) < C(0,u0,00) < 00,
where 0 < § < T is arbitrary. Consequently
(2.6) [VO®)|lce 1, Vt=>0.

Hence we have already settled the || VO(t)||co-part in (2.1). It remains to control
[[Vu(t)||co- Plugging the estimate (2.6) into the first equation of (2.3), we obtain

(2.7) lw®lliz S1 VEo.
Therefore for any 2 < p < oo, we have
(2.8) IVu@llz S 1, VEo.
Now let g = D#@. Differentiating the second equation of (2.3), we obtain
(2.9) Og+ (u-V)g=V-(kVg)— (Du-V)§+V - (' (0)(DO)VE).
By using (2.6), (2.8) and a parabolic estimate on (2.9), we then obtain
91l oo (15,71 xR2) < C(8,u0,60) < 00, VO < <T,
and consequently

2
(2.10) > lei0i0)lce S1, V0.

ij=1

4Strict1y speaking, to check the hypothesis of Theorem 4.8 therein, one needs to perform a
standard C“-estimate first since the thermal diffusivity x = k(6). For this one can invoke the
standard parabolic theory since the velocity u satisfies the strong estimate (2.5).
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Now take some p = 2 + ¢, € > 0 is sufficiently small such that H*~! — WP
(here s > 2 is the same exponent as in Theorem 1.3). Using (2.10) and the first

equation in (2.3), we estimate ||Vw(t)||, as:
d -
~(IVo®15) S 1Vu®lloe - IV + / [V, || Vel da
(2.11) S (IVu®)lleo + DIV (@)IF + [[AO@)]]5-
To estimate ||Af(t)||, we proceed as follows. Let R > 0 be a dyadic number

which will be taken to be sufficiently large. Obviously
|AP<RO(1)]l, S BHHC5)6(1)])
Se L

On the other hand by (2.10),
IAP>rO(t)[lp < [AP> RO - [ AP> RO
S [a6)lI5 - RV
1 \} 2
< (=" -1|a0(t)||
< (fo) "~ 120015

where in the last inequality we need to take R sufficiently large.

Plugging the last two estimates into (2.11), we obtain
d 1

: — P)<C- s P el

212) (Vo) <O (IVu(t) s + DIVIE + 155 186013 + C

Now we perform an H!-estimate on the temperature @ in the second equation

of (2.3), and we get
d 5 2 1 2
G (IV013) < (IVull + DIVODI ~ Z- 1200013
+/RQ 1K' (0)] - V62 - | Af|dw
(2.13) < (Va0 + DIVOOIE - 57 18663 + V001

By interpolation and (2.6), we have
VO3 S VO3 - IVo)lI3

(2.14) < Vo3, vi>o.
By the usual logarithmic Sobolev interpolation inequality (1.9) (note here that

p > 2!), (2.4) and (2.7), we have
IVu®)lloo S llw®)lloo - log([IVw (B)p +10) + w(®)]2

(2.15) < log(|[Vw(t)[[) + 10).
Now adding together (2.12), (2.13) and using (2.14)—(2.15), we obtain
Vi >0,

S X(1) < X (1) log X (1),

where
X(t) = [Vw (@5 + V()| + 10.
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A log-Gronwall argument then easily yields
IVo®l} +IVO@II3 <1, vt=o0.
Since p > 2, Sobolev embedding then gives (here V+ = (—0s,01))
IVu(®)o = [AT'VEVw()]lo
S IVe@®llp + llw®)]2
<1, Vt>o0.
This concludes the estimate of ||Vu(t)||co- O

3. A Simplified Proof of Theorem 1.1

We shall adopt the same notation ”<” as in the proof of Theorem 1.3 (See

(2.2)).
By Proposition 1.2, we have
(3.1) 0()]|comey S 1, forany t>0.

Multiplying the second equation in (1.2) by —A# and integrating by parts, we
obtain

d 1

5 (I900IR) < C [ Jul Vol1261da — 218015 +C [ | [V6][20]de
dt R2 OO R2

L
100C,

Let Ng > 1 be a parameter whose value will be chosen momentarily. By
splitting into low and high frequencies, the Bernstein inequality, (3.1) and the
Holder inequality, we have

1 1
IVOlla < [Penoblla+ Y NIIPnO|IZ [ Pro]%
N>N

1 1 _a
S NG N6ll2 + (126]|][0]lce)> > N73
N2>Ny

(3-2) < Cllulli + C|IVOl|5 — 18013

1 1
< NG 19ll2 + ([A0]]2]|0]lce) > Ny =
By choosing Ny sufficiently large, we then obtain
1
200Cy

In fact, it is not difficult to check that the calculation preceding (3.3) gives a
proof of the inequality

(3.3) Vol < C+ 18013

1

1 o
(34) IVOlla < N10llca™ [AB] 7 16]17

It is also possible to replace the RHS norms by weaker Besov norms but we shall
not need this generality here.

Plugging (3.3) into (3.2) and using the fact that [lu[zs (o, 7jxr2y $ 1 for any
T > 0, we obtain
(3.5)
1O Lo 1o, Tyxw2) + VOl s (0, 77xr2) + 120Nl L2 (0, 7)xR2) S 1, forall T > 0.
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Now multiplying the first equation in (1.2) by —Awu and integrating by parts,
we obtain

N =

G013 < [ (- vyl Auda = [ o) do
-|-/ [V (0)] VO] |Vu| |Au| d.
R2

Note that in 2D, by using the fact that Au = V+tw (recall V*+ = (=0s,01))
and

V- ((w- Vyu) = (u- Ve,

we have
u - ul - uar = u - ul - J_(AJ X
[t 9y e = [ [ )l Vo
:—/ (u-Vw-wdz
R2
(3.6) :—/R2(u-V)(%w2)dx:O.

1 1
By the above fact and the interpolation inequality ||Vu|ls4 < ||Vull3||Aul/Z, we have

d 1
—(IVu(®)|l3) < — == lAu(t)]5 + C/ IVO(t, ) [Vu(t,z)|* dx
dt 2Cy R2

1
< = 5o 18u)lz + CIVOO IFIVu(t) 2| Au(b)2

(3.7) <

1
< = = llAu®)|3 + CIVO 1 Vu(t)ll3.
4Co

By (3.5) and integrating (3.7) in time, we obtain
(3.8) ||VU||L§°L3([0,T]xR2) + ”AUHLf’I([O,T]XRZ) S1, forany T >0.

The strong estimate (3.8) is enough to yield the ||V8||co g2y estimate. The rest
of the proof now proceeds in a very similar spirit as in the proof of Theorem 1.3.
We omit further details.
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