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Soliton dynamics of NLS with singular potentials
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ABSTRACT. We investigate the validity of a soliton dynamics behavior in the
semi-classical limit for the nonlinear Schrédinger equation in RN, N > 3, in
presence of a singular external potential.
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1. Introduction and main result

For e € (0,1, N > 3 and 0 < p < 2/N, we consider the nonlinear Schrodinger
equation

2
(1.1) 1 Ohue + %Aus CV(@)ue + |ue[Puc =0,  t>0, 2 €RY

in presence of a real external potential V. This equation typically appears for
the propagation of light in nonlinear optical materials which exhibit some kind of
inhomogeneities, see [20] and the references therein for more details. For a smooth
potential V| the problem of orbital stability of standing wave solutions to (1.1) has
been extensively studied, see e.g. [5,9,10]. Beside some studies of (1.1) in the
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framework of geometric optics and via suitable perturbation methods [5], several
contributions appeared on the rigorous derivation of the soliton dynamics behavior
in the semi-classical limit & — 0 for (1.1) with bump-like initial data. Essentially,
two rather different approaches are currently available in the literature. On one
hand, the seminal paper by Bronski and Jerrard [8], refined by [14], adopted a
technique which includes a combination of quantum and classical conservation laws
with the modulational stability property of ground states due to Weinstein [21,22],
see [6,7,14] and the references therein. On the other hand a different and more
geometrical approach was developed in a series of papers [3,11-13]. Subsequently,
based on the first approach, further developments were achieved for a class of weakly
coupled Schrodinger systems [16,17] as well as for equations with an external
electromagnetic field [18,19]. In all of these manuscripts, the external potential V'
is always assumed to be a smooth function on R with bounded derivatives up to
order three. For rough and time-dependent potentials see [1,2].

In this paper, we shall derive a soliton dynamics behavior for (1.1) in presence
of a smooth but singular potential. To our knowledge, previous contributions on
this case consider the one dimensional case, see e.g. [4] and the references therein.
We shall assume that V' satisfies the following conditions:

(V1) V € C>= (RN \ {0},R) is such that
Vie)~ 2|77, WV (@) S |27 | VIVV|(@)] S [ 7PF, s fa -0,
where 0 < (3 < 1;

(V2) V(z) >V = infgy V > 0 for all z € RY \ {0} and \'/% e LN(RN \

B(0,1));
(V3) for each § > 0 it holds ¢(d) < 400, where ¢ : (0,00) — (0, 00) is defined
by
3
(1.2) $(8) = Y |D*Vllz~(n,>  Bs:=RY\B(0,5).

|a|=0

Hence V is bounded away from zero and has only one singularity located, with
no loss of generality, at the origin and is elsewhere smooth and uniformly bounded
together with the higher order derivatives up to the order three. Next, we introduce
the initial conditions to be assigned to equation (1.1). Let H denote the energy
space, that is H'(RY) endowed with the standard norm

lul3 = / (IVaf? + [uf?).
]RN

We also introduce the H!-norm defined on H as

1 1
2 2 2
(1.3) lullyy = = /RN Vul? + 5 /RN jul?, e H.

Let R be the positive radial solution to

(1.4) - %AR(JJ) + R(x) = R(z)**1, z e RV,
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It is well known that R is unique (up to translations) [15] and exponentially de-
caying, satisfying

(1.5) lim R(z) |gc|¥elw| = const.

|z|—+o0

Moreover let (x9,&) € RY x RY with 2y # 0. It is readily seen that there exists
d = §(z0,&o) > 0 such that the solution (x(¢),£(t)) to the Newtonian system

x:§7

—
(16) 2(0) = 0,

€0) = &

is global in time and satisfies

(1.7) iyt |o(0)] > 8, sup|€(0)] < V&P + 2V (w0)
This easily follows by the Hamiltonian function for (1.6), given by
(1) H(r,§) = 5I6P +V(@), 6BV,

Let ve(x) be a function satisfying:

(

Cl) ve(z) € H and is radially symmetric with respect to xo;
(C2) there exist v > 0 and (z¢,&) € RN x RN with 2y # 0 such that

T —To\ ,co=|? .
vg(:c)—R( € )e H! ST
(C3) for § = d(xo,&) > 0 as defined in (1.7), there exists p € (0, |zo| — ) such

that
supp v(z) C B(zo, p);
(C1) Felve(@)lIF = [ RIF2 = m.
We are then reduced to study the initial value problem
1€0 e + %Au8 — V(2)ue + |ue|*Pue = 0,
(1.9) ue € H,
u:(0,2) = v (a),
where V satisfies (V1)-(V3) and the initial datum v, satisfies (C1)-(C4). Under the
above assumptions, (1.9) admits a global strong solution, that is a function
u. € CO(R,H)NCHR, H™Y),
such that uc(0,7) = ve(z) and, for all C§°(RY,C) and t > 0

2
R [ et )@t 1) — = Vue(t,z) - V@(t, z)
RV 2

~V(z)ue (t, 2)@(t, ) + |uc(t, 2)|*Puc(t, z)p(t, ) = 0.
Furthermore, there holds u.(t) € H?(RY) and Osu-(t) € L*([RY), for all t > 0.
Since under our assumptions V € L™(RY) + L¥(RY) for m > 2 with m > N/2,
this holds true in light of [9, see Theorem 4.3.1 and Remark 4.3.2 for local well-
posedness and conservation laws as well as Theorem 5.2.1 and Remark 5.2.9 for
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the regularity H2(RY)] jointly with the a priori estimate for all + > 0 obtained in
Lemma 2.3.

To our knowledge, the following result is the first attempt to describe the soliton
dynamics in presence of a singular potential in several dimensions. Under the
previous assumptions it holds

THEOREM 1.1. Assume that, for a small € > 0, we have

1748

(110) 4 <57, gl <77, / (V(2) = Vo)loe(2)? < N H2757
B(zo,p)

Then there exists a map 0. : RT — [0,2m) such that
—x(t .
(1'11) Ua(xu t) = R(%x())eg[wf(t)-‘r@s(t)] + wa(x, t)u

with ||we (-, 1) g2 = O(€), as € — 0, locally uniformly in time.

Roughly speaking, in order to preserve the shape of the initial profile and to describe
the dynamics, one has to start with a bump-like initial data located sufficiently far
from the singularity and with a small enough initial velocity. Precisely, for the
model potential V (z) = |z|~? one should assume that |zq| > 2/e2(17+8)/(3=6%) i
order to fulfill the last inequality of assumption (1.10).

The result is proved by arguments in the spirit of [8]. On the other hand, the
presence of the singular potential requires a very careful analysis and new subtle
estimates have to be established. In particular, we refer the reader to Propositions
3.6 and 3.7.

Finally, in Appendix A we shall provide the estimates related with the soliton
dynamics when the singular potential is truncated around the singularity. We
believe that this can be useful, especially for numerical purposes.

Throughout the manuscript we shall always give the explicit dependence of the
constants involved in the estimates. The constants will often depend on the ini-
tial conditions (zg,&p,v-) but in a uniform manner with respect to e. That is,
let €9 be such that Theorem 1.1 holds for ¢ < £3. Then the different constants
const(xo, &, ve) in the following can be bounded by const(zq, &y, Ve, )-

2. Some preparatory results

Using the variational structure of (1.1), it is readily checked that the solution u.
satisfies

d 1 )

(2.1) EE—N|u5(t,x)| = -V-p(t,x), t>0, xR,
d 1 ,

(2.2) pr . pe(t,x) = — . g—N|u5(t,x)| VV(z), t>0,

where

1
pe(t,7) = =g S(Ue(t, 2) Vue(t, 7)), (t2) ERXRY,

where $(z) denotes the imaginary part of the complex number z.
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Both side terms are finite by assumptions on u. and (V1) since |[VV| € LN/2(RY).
Notice that, equation (2.1) implies the conservation of mass, for every € > 0,

1 2 1 2
mi= o [ et =5 [ jo@P,

and equation (2.2) gives the evolution law for the momentum

P-(ue,t) := /RN pe(t, ).

For a global strong solution to (1.9) the energy defined as follows, is conserved

. 1 2 1 2p+2
Ec(ue,t) = 58— /RN [Vue(t, z)” - TES /RN |ue(t, )|

1
(2.3) +—= / V(2)|ue (t, )|

3 RN
We recall that the function R is a point of minimum for the energy

1 1

2.4 &) == Vo(z))? — —— e
(24) )= [ V@F = o [ P

constrained to the manifold of functions in H*(RY) with fixed L?-norm equal to
v/m. Let us denote

1 2 1 2p+2
6.0) = gz || IV0@F = e [ @

Then, we have the following

LEMMA 2.1. There exist o > 0 such that, if ve satisfies assumptions (C1)-(C4)
for any € > 0 small enough and any v € (0,70), then there exists a positive constant
merely depending on R and &y such that

&(v) — & (R(I _g‘ro)ez 5)‘ < const(R, &) /7.
PrOOF. We shall use the elementary inequality
(2.6) V(>0 3C:>0: |la+b"—b"| <b]"+ Cclal”,

for all a,b € C and r € (1,00), where C¢ blows up as (!~ as { goes to zero. Indeed,
we first write

o [ 19of = v [ [P [R(S) ]

< s | |V[R(E) e ][+ cfontor - m(F)

<¢( [ IVRE+ migo?) + Cev = O(v),

after choosing ( = /7 and using the asymptotics C¢ ~ v~1/2 for small . The
constant in O(,/¥) depends only on R and &. Concerning the second term in the
energy &., we get

1 2p+2 1/ } T — xg f0w 2p42
[ etk () e
}EN/R [ve (@) eN Jrn € ‘ |

N
SELN/RN’R(:E—ExO) 2p+2+0< vs(x)_R(x—xo)elsoT-z

3

(2.5)

2 ‘

2

H;

2p+2

EN RN
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By the Gagliardo-Nirenberg inequality

Fey o B .
(2.7) o[z < comst(g) [[vll> = * [Vl *,  2<g <27,

choosing ¢ = 2p + 2, in light of (C2) we obtain

1 2p+2 1/ ‘ T =10\ , o
[ et [ (e
‘EN /RN [ve ()| eN Jrn = )¢

< (IR + Ceconst(2p +2) 77+ = O(y),

choosing ¢ =~ and using C¢ ~ v'7P as v — 0. Here the constant in O(y) depends
only on R and p. O

2p+2’

LEMMA 2.2. Ifv. satisfies assumptions (C1)-(C4) for any e > 0 and any v > 0,
then there exists a positive constant only depending on R,xo and & such that
1
@8) |5 [ V@lea@P - mV(a)| < const(R,mm, o) (3 + )00,
R

where ¢ is defined in (1.2) and § = §(xo,&o) is defined in (1.7).

Proor. We write
1

= | V@l @P

1
=% [ V@@= [ Vet )P
€ JB(xo.p) B(0,2

— [ Vimleeo+en)P+ [ TV (a0) ploan+ )l
B(0,£) B(0,£)

e

+ /B oo STV 0 2y -l )P
0,2

< mV () + 090D [ el +0)

for some w.(y) € (0,1), where we have used the radial symmetry of v.(z), the
definition of ¢(d) in (1.2) and assumptions (V3) and (C4). Moreover, we also have

[ WPl + e
B(0,£

<2 [ fyPlenten +eg) - Rt p g2 [
B(0,2) B

2p?
=2

ly[*|R(y)|?
©,2)

T —T ooz ||2
vlo) - R(E) e | 2 [ WPIRGE,
I{E1 RN

<

€
where the last integral is finite by virtue of (1.5). O
We now state the following uniform bound for the HZl-norm of solutions.

LEMMA 2.3. Let u-(t,x) be a global strong solution of problem (1.9). Then

M (z0,80,ve) = sup ||ue(t, z)|| g2 < +oo.
teR
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PROOF. By choosing ¢ = 2p+2 in (2.7), by virtue of the conservation of mass,
we obtain

[|ue (t, )Hig:fz

N, _N_ NN
< CODSt(p) Hug(t, )Hi(; 2 +2p+2)(P+1) ||V’U,€(t, )”2(22 2p+2)(P+1)
N 1 »N
= const(p) m* (%) () O (o vul)
1 2N
= const(p) mite(1=5) N (€N72 | Ve (t, )||2L2) 2 7 £>0

In turn, since p < %, Young’s inequality yields

L 2p+2 1 2
e /RN lue(t, 2) P12 < el |Vue(t, z)|* + const(p), t>0.

Therefore, by the conservation of energy, we can write

1 2 VEJ 2
E.(u.,0) = Ec(ue, t) > N3 /RN |Vue(t, 2)|* + o~ /]RN |ue(t, z)|* — const(p),
and the thesis follows by V5 > 0. (]

REMARK 2.4. By virtue of Lemmas 2.1 and 2.2, the initial energy FE.(u.,0)
remains uniformly bounded with respect to € > 0. In turn, we have

sup M (xo, &, ve) < +00.
e>0

Introducing now the radial notation

(2.9) ue(t, ) = uc(t, z)|e=t®)  ze RN, t>0,
we write
1
(2.10) pe(t,x) = NI lue(t, z) 2 VS (t,x), xe€RN, t>0,

for the momentum density, and the total energy E. can be split into the sum
E.(uc,t) = Jo(ue, t) + Ko (ug, t), t>0,

where J. is the internal energy and it is defined as
(2.11)
1 1

— 2 2p+2
Je(ue,t) = SN2 /RN |Vue(t, 2)||” - e /RN lue(t, 2)[P7=, t>0,

and K. is the kinetic energy and it is defined as
(2.12)

1
K (ue,t) :

1
== / |ua(1€,:1c)|2|VS’a(t,;1c)|2 +—= / V(:C)|u8(t,x)|2, t>0.
2¢ RN g RN

Then, we have the following

PROPOSITION 2.5. There exist vo > 0 such that for any € > 0 and any v €
(0,70), if ue is a global strong solution of problem (1.9) with energy E. as in formula
(2.3), then there exists a constant depending only on R,z and & such that, for all
t>0,

(

2.

—

3)  |Be(ue,t) — &(R) — mH(x(t),£())| < const(R, 0, &) (v + £%)9(0),
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being ¢ defined in (1.2), § = d(xo,&o) defined in (1.7), H the Hamiltonian function
(1.8) and (z(t),&(t)) the solution to the Newtonian system (1.6). Furthermore,

Q1) 0= Kuet) < gl + o [ V@)@ +const(R. ) V7
&g RN

for every t > 0.

PROOF. By the conservation of the energy E. for solutions of (1.9), we can
write

E. (us,t) = E.(ue,0) = &(ve) + ELN /]RN V(x)|ve(z)?, t>0.

Taking into account

o (R(Z2)0 ) = oty i

and that H(z(t),£(t)) = H(zo, &) for all t > 0 by the conservation of the Hamil-
tonian for (1.6), inequality (2.13) follows from Lemma 2.1 and Lemma 2.2. To
prove (2.14), observe that since |luc(t,e-)||7. = m for all ¢ > 0 and R is a point of
constrained minimum for & on the L? sphere or radius /m, we get

E(R) < &(Juc(t,e,-)]) = Je(ue,t), t>0.
Hence, we get

0 < K.(ue,t) = Ec(ue, t) — Jo(ue, t) < E-(us,0) — &(R)

— 6.(0x(a)) + oy [ V@lela) - E(R) = gl + Fmleol

1 1
< §m|§o|2 + o / V(2)|ve (2))* + const(R, &, p)y/7, t>0,

by virtue of Lemma 2.1. O

3. Intermediate proofs

As in [8,14], we introduce the auxiliary function
(3.1) UE(t, ) == uc(t, z(t) + ex) e~ 28O @OFen) 4 e RN ¢ >0,
which satisfies ||¥€(¢,-)||2. = m for all t > 0. First of all we notice that

(3.2) 190, ) = Rz < (3+216l*) 7.
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which follows from simple computations. For the gradient term

/ |V¥e(0,2) — VR(z)|?
]RN

= / |(eVue(0,ex + ) — (0, ez + x0)&o)e 2o (woter) _ VR({E)‘2
RN

1

= o~ o ’(aVvs(y) — sz(y)fo)e*i&ry _ v [R(y _EIO)} ’2

- ELN /N ‘Evvs(y) — we(y)o — EV(R(Q)& 50'7!) +zR(y;—IO)§Oeé Eo-y‘z
R

aiN [gQ‘VUa(y) - V(R(%)e?&”’) ’
RN

+ [0l Jv=(y) — R(@)egwﬁ

< 2(1 + |§0|2)77

IN

where in the last inequality we have used (C2). For the L? term again

[ w00 -R@f = 5 [ o) - r(E

g2
)€£§OU| <~Y,
RN

3

by virtue of (C2). By definition, it is natural to compute the energy & defined in
(2.4) for ¥¢. We can use (2.6) as in the proof of Lemma 2.1 to obtain

(3.3) 0 < & (F9(0,2)) - £(R) = O(,/7),

where O(+) depends only on R, zg, &y, and we used the fact that R is the point of
minimum for & on the manifold of functions with L? norm equal to y/m. Moreover,
we have the following

LEMMA 3.1. There exist o > 0 such that for any € > 0 and any v € (0,7),
there exists a positive constant depending only on R,xqo and &y such that

0<&(e(tz)) — E(R)

<mlgOF =€) [ pet.a) + mV(a )

B ELN /RN V(@)|ue (£ )2 + const(R, 20, &) (V7 + £2)(6), ¢ > 0.
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PROOF. The left inequality follows from the properties of R and || (¢, -)||7. =
m, for every t > 0. Concerning the estimate from above, we use (2.9)-(2.10) to write

1 1
W ta) =5 [ V- — [

- %/}RN |V|u5(t7x(t) + EI)HQ

+ % /RN lue(t, z(t) + ex)|? ‘f(t) — V (S(t, z(t) + ex)) ‘2

[T (t, )| +2

1
- t,x(t Zp+2
[ttty + )
1
= Je(ue,t) + Ke(ue, t) — N/ V(z) |u5(t,x)|2
9 RN

+gmlOF = [ pelta)- 0. >0

where we have used the expressions (2.11)-(2.12) for the internal and kinetic energy
of u.. Hence, we get

& (W (1)) ~ E(R) = Ex(ue, 1) — £(R) — mH(a(t), £(1)
Fml€OF =60 [ plta) +mV (o(t)

1

- [ V@R, o,

RN
The assertion then follows from inequality (2.13) in Proposition 2.5. 0

Let us now introduce, for any ¢ > 0, the terms
(3.4)

£ £ 1
w0 = me) = [ pta w0 = mVe) - 5 [ V)
From Lemma 3.1 we have
(3.5) 0< & (¥°(t,2)) — E(R) < €15 (1) +]m5 (1) + const(R, zo, &0, 0) (V7 +¢7),
for every e > 0 and « € (0,7p). If we write, as in the proof of Lemma 3.1,
€ € 1
& (Ve(t,x)) = E(V° (L, 2)]) + 25—N/]RN |uc(t,2)*|€(t) — eV S:(t,2)?,

from (3.3) and Lemma 3.1 we obtain

B9 o [ @~ S 0.0F = 0(3)

B0 oy [ oI - TSP < €O O]+ 150
+0(/7+¢e?), t>0,
since & (|¥¢(t,x)|) — &(R) > 0, for all ¢ > 0.

Let us now recall the well-known quantitative property which follows from M. We-
instein modulational stability theory [21,22].



SOLITON DYNAMICS OF NLS WITH SINGULAR POTENTIALS 187

PROPOSITION 3.2. There exist two positive constants C and A such that

inf_[|W — e R(- = &)[7p < C(E(W) — E(R)),
£ER
0€[0,2m)
for every ¥ € HY(RYN) such that ||¥||r: = |R||z2 and &(V) — &(R) < A.

Let us now fix a time 7' > 0, g9 > 0 as in (3.15) and v > 0 as in Lemma 3.1. Let
us set

(3.8) T :=sup{t €[0,T]: [£(s)|[ni(s)| + [n3(s)| <, forallse(0,8)},
where p > 0 is such that
p+ const(R, zo,&0,0) (/7 + £?) < A, for all € < g and v < 7o,

where const(R, zg,&,0) is as in (3.5) and A is as in Proposition 3.2, so that
& (Ve (t,z)) — &(R) < A by virtue of (3.5) for all ¢ € [0,7°7). Then, in turn,
Proposition 3.2 yields functions @® : [0,7%7) — [0,27) and w® : [0,7¢7) — RY
such that

H\Ifg(t, x) — e“”a(t)R(x + uf‘:(t))HiI1
(3.9) < CUEMD i ()] + 15 ()] + const(R, w0, &0, 0) (v +€2)),
for all ¢ € [0,7%7). Then, we get the following

LEMMA 3.3. There exist families of functions 6° : [0,T%7) — [0,2m) and z* :
[0,7%7) — RY such that

2
H]

[ue(t, ) - e%“(f)-wf(t)m(%ﬁ@) |

< CED i (0] + [n5(8)] + const(R, 2o, &) (VA + %))
for allt €]0,T°7).
PRrROOF. In light of inequality (3.9), defining the functions 6 : [0,T<

[0,27) and 2° : [0, T*7) — R by setting 0°(t) := ew®(t) and 2°(t) := z(t) —ew®(
for every [0, T%7) respectively, the assertion follows by the definition of We.

l

o=

We now consider the behavior of the difference |2°(t) — x(¢)|. This can be done as
in [14], since the proofs do not depend on the properties of the potential V. Let y
denote the cuff-off function which is defined in [14, p.179]. Then we can get

LEMMA 3.4. For every t € [0,T%7) we have
elw(t)] = [2°(t) — x(t)] < const(R, zo, €0, 6)(In7 (¢)]
(3.10) Hns (O] + 5 ()] + v +€2),
where n5(t) is defined as n5(t) :== = [en ox(2)|uc(t, 2)> — ma(t) and it satisfies
15(0) < const(R, x, o, )<,
| Z05(6)] < const(R o, &0, (1 (1)
(3.11) Hns ()] + 15 ()] + v +€2).
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PROOF. The proof of (3.10) follows by just mimicking step by step the proof
of [14, Lemma 3.5], which is based on the arguments of [14, Lemma 3.4] in view
of our inequalities (3.5)-(3.9). Notice also that in this proof one needs to choose
the time T properly, but depending only on z¢, &y, €9, 70 and A. This is analogous

o [14, Lemma 3.4]. Instead, concerning properties (3.11) it is sufficient to argue
as in [14, Lemma 3.6]. O

We now redefine the time 7°*7 by also imposing w® to be bounded. Namely
=7 = sup{t € [0,T]: [E(s)] ()] + [n3(s)] < p,
(3.12) and |w®(s)] <1, forallse (0,t)}

The last ingredients for the proof of the main result are estimates for the behavior
of the quantities n§ and 75 defined in (3.4) in the interval [0,7%7). It follows that
these quantities have time derivatives bounded by

(3.13) I~ ()] == [ni ()] + 2 ()] + [n5(1)]
up to an error depending on the kinetic energy K. (u.,t) and on terms of the order
VA + €2

LEMMA 3.5. There exists positive constants only depending on R, xo and &
such that

75 (0)] < const(R, z0,&)7T,  [75(0)] < const(R, zo,&)(y + £2).

PROOF. Let us recall the radial notation (2.10) for the momentum density.
Then, we write

O =m0~ [ pel0.0)] = | [ R(FT) L

1 2
_ FAN |ve ()] VSE(O,:E)’

== [ %(Rz(%) - lvx(a)")

+—/ ve ()] (€0 — eV S:(0, ;v))‘

S E—N/RN \Rz(?) = lo-(@)P|

(o [ n@R) (5 [ Pl - vsi0.0)

< 2|¢oly/my + const(R, 20, €0)v/myi < const(R, xo, &) V1,

where in the last line we have used the inequality for all a,b € C

[l =102 < ( faal+002) " ( [1a-o2)",

condition (C2) on v.(z) and the estimate (3.6). The term 75(0) is estimated in
Lemma 2.2. g

Let us now consider the increase rate in time. We can state the following
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PROPOSITION 3.6. For every t € [0,T%7), we have

(Ke(ue,t) — 7nVO)i )7

1 248
ez 315

d
‘Enf(t)‘ < const(V, R, o, &, va)(|775(t)| +7+ 24T

for every € small enough.

PROOF. Let 6 be the family of functions introduced in Lemma 3.3. Then,
using (1.6) and (2.2), we have

’%nf(t)’ = |mVV (x(t) — ELN/RN VV(z) Ius(t,x)lﬂ

= | [ et )P [VV (1) = YV @] <

<= o (|ua(t,w)| —R(%M))Q[vv(a@(b‘)) — YV (z)] ‘Jr
+ ‘E_N /RN 32(%335(15)) [VV (z(t)) — VV ()] ‘Jr
" ];N/RN (Iue(t.)] - (=21

R(%M) [VV((t) - VV(@)] | =

::Il+12+13

where we used the elementary identity |a|> = (|a| — [b])? + |b|*> + 2(|a| — |b])|b].
Let us estimate these terms, beginning with I;.

L= \ELN /RN (et ) - R(%M)f [VV(a(t) - VV(@)]| <

ety z) — R(m)eg €=+ |V ((1)) - YV (2)|

3

<1/
_ENRN

Let 6 = 0(x0,&0)/2 so that suppv. N B(0,) = 0 by assumption (C3), and introduce
a cut-off function ¥5 € C5°(R") such that

H
V)l <

[STREN
o
=
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Then we can write

2
I1§E—N

N ue(t, z) — R(%M>e%(£(t)w+es(t))’2
YV (@(t) = YV (@) [e5(x)

x — x°(t . d0° 2
et x) — R(f())e;@(t) +6°(t))

Tor
9 RN
IVV(x(t)) = VV(2)|(1 = ¢5(x))
2 x — z°(t)
(IVV (@) + [VV(2)])i5(x)

16(6/2) /
+ N )
€ RN\B(0,6/2)

where ¢ is defined in (1.2). By Lemma 3.3, inequality |a — b|? < 2|a|? + 2|b|?> and
inf;>q |z(t)| > 6, we write

2 1= 2
)eg<5<t>-m+e <t>>‘

x — z°(t)

ue(t, ) — R( )eg<£<t>-m+ee<t>> ‘27

ns oy [ el wv@e + [ R0 eve
- ;N (6(8) + 26(5/2)) /RN us(t, ) — R(%M)eé(é(t)-rwf(t)) :
N T N L e ]
+ Bmax(6(0), 60 /2ICEO| (0] + (1) + const(R, 0, ) (/7 + )
< o [0 11D ITV@IE) 4419V i o 1 o i

+6¢(3/4) CIEW) [nF (O] + [n3(t)] + const(R, xo, &) (v +€%),
and by (1.5) it holds for € small enough

N-1_,-4%
R 3 e 2
” 2||LOO(RN\B(07‘WE(Z)‘*S)) < const

SN—1
where, since z°(t) = z(t) — ew®(t), [w(¢)] < 1 for t € [0,77) as defined in (3.12)
and |x(t)] > 0, for € small

|:1:5(t)|—5> |:1:(t)|—a—5>5—5—a>i.
- - € ~ 4e

9 9

Hence we choose €9 > 0 such that, for € < g¢

1 eN-lems: 9
We obtain then
4
b S [ )l (V@] 5(0) + const(V. Rz, o)
€ B(0,6)

(3.16) CEDOI @) + (1) + V7 + %)
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We conclude the proof by showing that, for every ¢ € [0,7¢7), there holds

1
o [ o) (VY (@) vsa)
B(0,5)

(K. (ue, t) — mVo)% )

2
(3.17) < const(V, a:o,{o,vs)(a +T vy

Let us introduce another cut-off at the origin, that is a function ¢. € C§°(RN\{0}),
satisfying

(3.18)
pe(r)=¢ 1, rL < |x|~§ 20, [V ()| < ——, for r! <|z| <71l
0, |z|> 30, e e

with 72 and r” to be chosen later, see formulas (3.24). By assumption (V1) and
inequality (2.7) with the choice ¢ = 2*, we apply Holder inequality to obtain

1
& ue(t, @) |VV ()] ¢5(2) (1 — ¢e(2))
B(0,5)
1
= oo lue(t, 2)|* |VV (2)]

EE

1 O _
< const(N) E—NHVUE(t, 3. (/0 ey N1 dr)

)
ez’

S COHSt(N, 6) M(I07 507 UE)
where M (z, &0, v:) is defined in Lemma 2.3. We can then write

1
o [0y e IV @IGst)

()=
g2

(319) < v [ Juea) [VV(@)|sa)ee () + const
B(0,8)

where the constant in the last term only depends on the initial conditions of (1.9).
Moreover, by definition of § and by virtue of identity (2.1), we have

[ . (V@) 5()e-(a) =0
B(0,3)
Since ¥5(z)p- () € C5°(B(0,0) \ {0}), there holds

i(/ “‘(;7;3)'2 IVV ()| 5 (x)pe (x))

B(0,5)

— [ pelt) T (VY@ d3(a)en(a)
B(0,3)

and to give an estimate for this last term we use the radial notation (2.10) for the

momentum density and split the integral in three terms, where the properties of

the cut-off functions 15, see (3.14), and ., see (3.18), are used to determine the
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domain of integration. We obtain
(3.20) ‘/ peltx) Y (I9V (@) U ()pe(@) | < i+ o,
0,5)

where we have set

1
i ;:_N/ ~ (£, 2) 2 [VS.(t, 2)| [V|VV (2)]],
eV JBo,)\BO.7)

1
Bim o [t oPe (9S40 [VV (@) (V650
0,6)\B(0,5/2)

1
Sy = 5 lue(t, 2)e [VSe(t, 2)| [VV (2)] [ Ve ()]
€ JBOrO\B(0Y)

The estimates for the J;s are similar. We use Holder inequality, assumptions (V1)-
(V3) and the estimate (2.14) for the kinetic energy K. (ue,t) defined in (2.12). We

obtain .

1
N Ty < et )| /|u5(t,:1:)|252|VS5(t,x)|2)2

2 |V|VV v
|ue(t, )| ( ﬂ) ,
2

where all the integrals are computed on the set B (O, 5) \ B(0,r”). Moreover we

have
N-—2

et )| 2 < const(N)|[Vuet, )72 < const(N, o, €o,ve) ™5,

by the Gagliardo-Nirenberg inequality (2.7) and Lemma 2.3,

1
(/ [ue(t,2)? 2|V S. (¢, 2)|?)
B(0,6)\B(0,r%)

3 1
2

< ([ et evs.eoR)” < (VK. (u)

by definition of K, (u.,t) and the non-negativity of V,

1
([ eaP (V) - 1)
B(0,6)\B(0,r)

< (/RN luc(t, z)|> (V(z) — V0)> 1 < (eN (Ke(ue, t) —mVp)) 7,

by definition of K (u.,t) and the conservation of mass,

(/ |V|VV($)||2N)ﬁ
BB (V(z) = Vo)*

5 .~ (B+2)2N -
PPN N1\ 7N _ const(S 5, N)
< const(V) (/“ A X r dr) - (r,/)%(2+6) ’
€

ISE

by assumptions on the behavior of V' around the origin. Hence, putting the above
facts together, we get
(Ks(usv t) - Tn‘/())i
(T,,)%(2+ﬁ) c3
€

(3.21) J1 < const(V, mo, &0, ve) (K< (ue, 1) ?
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For the term J,, we write
1

eV, <

/|u5 (t, )2 2V S. (t,2) )

1
([ oo ||
Vo 1L (B(0,6)\B(0,5/2))

where all the integrals are computed on B(0,§)\B(0,/2). For the first two integrals
we proceed just as above. Concerning the third term, on account of conditions (V1)
and (V3), we have

Ofnl =~

[VV (z
Naea <5
Vo 1L>=(B(0,6)\B(0,6/2)) 0z
Hence, in turn, we can conclude
(822)  Jo < const(Viao, o, ve) (Ke(ue,1))? (Ko(uzyt) —m Vp)?.
Finally, concerning the term J3, we write

2| ue( . 3
aNJg_w /|Eta:|2 2|VS(ta:)|)

’I°

([eteorove ) ([ %)—

where all the integrals are computed on the set B(0,7.) \ B(0,r”). For the first
three terms above we proceed as for J;. Concerning the last term, we write

(/ |VV ()2 )ﬁ
BONBO) (V(z) — Vo) =

rl .~ (B+1)2N L
< const(N) (/ TT N1 dr) -

Te

= const(d, 3, N) () N2 _ (2

£

)*N(lJr%ﬁ))ﬁ'
Hence we finally get

J5 < const(V, x0,§0,v8)(Ka(ua,t))% (K. (ue, t) — mVo)%

~N(1+38) -N(1+38) \ =%
(3.23) () = -0 )%

e2(rl —r2)
The proof of the inequality (3.17) is finished by choosing

1
(3.24) rlo= Eﬁ, r! = 3 rl
taking (2.14) into account and using (3.19) and (3.20) together with (3.21), (3.22)
and (3.23). This concludes the proof of the estimate of I.
Concerning the second term s, at first, take § as above. Choosing e sufficiently

small, as in (3.15), and in reasoning in a similar way, we have

2 2 (= 2°(t) (1) — 2| < cons >
_/IB(O,S)R( c )'VV( () = VV ()| < const(V, R)

eN
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So, we consider V' € C2(RN, R) such that V(z) = V(z) on RN \ B(0,4) and we get
2 x — x5 (t) - -
& (7> VV (x(t) — VV (x)]

9 9

I, < + const(V, R)e?.

It holds

And, in light of Lemma 3.4, it holds

2 [ (EY) e - vre o)

3

< const(R, xg, o, 0, V)(|In° ()| + V7 + 52).
So we have that

I, < +

2 /RN R? (Lx(t)> YV (2°() — V7 (2))da

9 9

const(R, o, &, 0, V) (In° ()| + /7 + 52).
Let us first write

;N . R? (%I(t)) [VV (25(t)) — VV (2)|da
=2 [ B )IVEE©) - TV O + ey
By virtue of [14, Lemma 3.3] we conclude

Ir < const(R, zo, €0, 8, V) (|n° ()] + /7 + €%).

1
I3 <2 —
3= <‘/]RN EN

(/RN IV a) - VV(ac>}2R2(f0—7968@)))é <

€

< const(R, 2o, &) (5 (1) + [n5 ()] + v/ +€?)
arguing as in the previous estimates.
This concludes the proof. (I

For I3 we write

wt.) ~ R(ZZO) 1)}

€

For e small, let us set

(3.25) pe=cmF,  pl=50
introduce a cut-off function
0 |z <o, 2
(3.26)  xe(z) = {1 2] > pf IVxe ()] < P for p < |z| < oL,
- Fe» € €
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and, finally, define

) =V o) = 5 [ o) V) xe(e). te0.T),

Then, we have the following
PROPOSITION 3.7. For every t € [0,T%7) we have
[m5()] < |75(t)] + const(xo, Lo, ve)e?,
with
[75(0)] < const(R, o, &, ve) (v +€2)
and p
‘aﬁg(t)’ < const(V, R, o, &0, ve) [|775(t)| + A+ €

(o + )]
25 e )

Al

+(Ke(ue, t) —mVp)

2-08

PROOF. We first estimate the behavior of n5 near the origin. We can write
1
() =mV(x(t) - o5 /RN Juc(t, 2)]*V (z)x (2)

e [ P V) (- el
RN

Moreover by Holder inequality, inequality (2.7), Lemma 2.3 and assumption (V1),

‘ELN /RN lue(t,2)]2V () (1 — xa(w))\

; /
< — luc(t, z)|* V()

eV JB.0) :
1 2 1\2-3
= ez (/ V(x)%) " < const(wo, &, ve) %
< B(0,0) €

Whence, there holds

IN

/\2—3
|77§(t)| < |ﬁ§(t)| + COHSt($Q7§0,U8) L = |ﬁ§(t)| + CODSt(,ﬁC(),gQ,’US) 82'
52

by (3.25). Using also Lemma 3.5 the estimate for |75(0)| follows.
Using formulas (1.6) and (2.1) and the radial notation (2.10) for the momentum

density, we have

G| = [V co+ [

<| o [, et (V) - €@

(V- pelt, )V (@)xc (2

— 5 [ (@) PEVSL(ta) - VV (@) e ()|
to [ e ) (FV(a0) - €0) (1 - xela)
3 RN

1
+ | /RN [t )PV St ) - VX(@)V ()] = Ty + o + L.
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Let us estimate these terms, beginning with I;. By adding and subtracting
Jue (t, 2) PV V (@) - £(1),

we write

h<lg [ aP[TViEn) - V) -6 )

+| /R Juelt @) PVV (@) - [60) — VSt 2)] xe()|

< const(V, R, o, €o,v:) (In° (1) + y7 +&% + T (Ke(ue, ) — mVo) )+
E§+3m
1
+ ‘E—N /RN |u€(t7$)|2 VV(x) - [g(t) - EVSE(t,:C)} Xa(fﬂ)‘,

where we have used the estimate of Proposition 3.6 for the derivative of nj. More-
over

E /RN (6, 2) P9V (2) - [€(1) — VS (t,2)] e ()|

1 1
< 25—N /]RN |u8(t7$)|2‘€(t) - Evsg(tal')‘z + 2E—N /RN |U€(t,$)|2 |VV(‘T)|2X8(‘T)

< Sl 1)

1 1
3O + const(R, 0. L) (VI +€°) + oy [ Nue(t2) FIVV (@) Pxe (@),

by virtue of inequality (3.7). Finally, by Holder inequality and the definition of y.
in (3.26), we get

[ et [9V@PEe @) < el ([ )P )

9V (@) 2N -
(/. o AT E)”

and we can use the estimates
[ue(t, ) 2 < const(N)||Vue(t)] L2 < const(N, g, &, ve) 5¥,
via inequality (2.7) and Lemma 2.3,

([, et (V) = 1)) < (¥ (el ) Vo))

by definition of K (u.,t) and the conservation of mass,

(/RN MXN(@)% < const(V, N) (/1 ﬂm—l dr)%

Viz)-Vo)z ° 4 r0
= const(V, 8, B) (pl) =37,
by assumptions (V1) and (V2). Hence, we obtain
L < const(R, Vo, &) |5 (1)) + [n5(0)] + /7 + 2

(K. (uz,t) —mVp)a L (Ee(u, t) — mVo)%}
3+ e(py)1+2m

(3.27) +T
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We now turn to the estimate for I5. By assumption (V3), (1.7) and the definition
of x¢, we write

1
B<o@l0lsy [ o,
€ JB(0,p)
and by Holder inequality, (2.7) and Lemma 2.3, we obtain

I, < const(R,V,z0,&) €)™ |Juel3a- (pL)?
/\2
(3.28) < const(R, V, xo, &o, ve) Ié(t)l—(i_z) :

We now estimate I3. We apply again Holder inequality and the properties of x. to
get

2 || i
ENI3§w /|uat:1c|2 2|VS(t:E)|>
pe— pY

([ etk e -w) (f Gati=s)™

where all integrals are computed on B(0, pL) \ B(0, pZ). Hence, we have

—2

N
lue(t, |2, < const(N) [Vue(t, |22 < const(N, zo, o, ve) e 5

by inequality (2.7) and Lemma 2.3,

1

( / juclt, )P VSt 2))
B(0,pL)\B(0,p)

1

= (/RN |Ua(ta$)|2€2|V55(t,;v)|2>§ < (&N Kg(ua,t))%

by definition of K, (u.,t) and by the non-negativity of V,

(/B(Ovpé)\B(Ovpg) |u€(t,x)|2 (Viz) = VO))i = (/RN |u5(t,$)|2 (V(z) - Vo)>

< (N (K. (ue t) — mVa)) ¥,

by definition of K, (u.,t) and the conservation of mass,

V@)EN (%
(/B(O PNB(0,02) (V. ( )—Vo)® )

1
< const(V, N) / ~BEN N- 1dr>N
pL

1
1

N N(1-28) |+
= const(3, B, N) | (o) 3 — ()OI T
by the assumptions (V1). Hence

1

Is < const(R,V, w0, &) (Ke(ue, 1) (Ko(ue,t) — m V)i

—28) &
(329) [ ()" — (™A |

€% (pL — pt)
Taking into account (3.25) the assertion finally follows from inequalities (3.27),
(3.28) and (3.29). O
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4. Proof of the main result completed

Taking into account conditions (1.10) and inequality (2.14), we can find a const(R, &)
such that

1 1 1748
Ke(ue, t)—mVp < §m|§0|2+5_N /N(V(x)_VO)|U€(x)|2+C0nSt(R7 o) V7 < e¥1-7 .
R

Then, by Propositions 3.6-3.7, for all ¢ € [0,7°7) we have
[15(t)] < const (o, o, ve) (1775 (t)] + €°)
and

d _
|5 (1)] < const(V, R, o, €0, v2) (Inf (0] + [75(8)| + 5 ()] +<2)

d _ -
| (1) < const(V: R, o, o, v0) (I (1) + 175 (6] + s (0)] + =%).

Furthermore, by virtue of Lemma 3.4, for every ¢ € [0, 7%7) we have

’%"3(”’ < const(R, zq, &0, 8) (|05 (8)] + [n5(t)| + Ins ()] + v +€2)
< const(R, o, &, ) (|05 ()] + 175(1)] + [n5(0)] + /7 + €2).

It is readily verified that all the constants in the various estimates contained in the
previous sections can be bounded from above by quantities which are independent
upon €. In turn, taking into account Lemma 3.5 and Proposition 3.7, there exists
a positive constant C' such that

t
i (0|17 ()| + 05 (8)] < C€2+C/O (Ins (D) |+ (T) [+ |n5 (7)), for all £ € [0,T7).

Then, Gronwall lemma yields |15 (¢)|+ |75 (¢)]| + |n5(t)] < Ce? for all ¢ € [0, T%7) and
in turn also |15 (¢)| + [n5(t)| + |n5(t)] < Ce? for all t € [0,77). Also from Lemma
3.4, it holds e|w®(t)| < Ce?. In particular in (3.12) one can take 77 = T for €
small enough. Then, from Lemma 3.3 there exist functions 6 : [0,77) — [0, 27)
such that

s (t,2) - e?<f<t>-w+ef<t>>R(%M)\

2
H?!

€

< Ce? forallte0,T]

which together with
x—xc(t x—x(t)\ |2
|o(2= D) - (2= 2D) 2 < VY < 2

concludes the proof of Theorem 1.1.

Appendix A. Semi-singular potentials

Let £,6 € (0,1], N > 1 and 0 < p < 2/N. In this section, we shall consider
the nonlinear Schrodinger equation for a family of smooth nearly singular external
potentials Vs : RV — R,

2
(A1) WDy + %Au “Vs(@)u+ |uPu=0, teR, zeRY,
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where 7 is the imaginary unit and u : R x RY — C is a complex-valued function. we
want to investigate the soliton dynamics behavior as € — 0 of the solutions to (A.1)
which start from a rescaled bump-like initial data of the form

(A2) u(@,0) = R(=="2)es e, 20,6 € RY,
Consider, for each § € (0, 1], the Newtonian system

=g,
(A3) £ = ~TVs(a),

2(0) = zo, £(0) = &o-

Under suitable assumptions on the potential Vs, for each 6 € (0, 1], system (A.3)
admits a unique global solution t — (x5(t),&s5(t)) and its associated Hamiltonian
energy J5(t) = 3|&5(t)|* + Vs(zs(t)), t > 0, remains constant through the motion.
Let (V5)se(0,1) be a family of functions Vs € C*(RY,RT) such that || D*Vs || L~ < oo
for every 0 < |a| < 3 and all § € (0,1]. We define the function ¢ : (0,1] — (0, 00)
by setting
$0):= Y DV,
0<|al<3

for all § € (0,1]. We shall assume that there exists a set ¥ C RT x RT such that
(0,0) € ¥ and

(A.4) sup  £2¢(d) < +oo, lim sup 2¢(8) = 0.
(e.0)eV (e.0)eV
€,6€(0,1] e—0t
§—0t

Without loss of generality, we may assume that ¢(d) > 1, for all § € (0, 1].

The main result of the Appendix, possibly useful for numerical purposes, is the
following

THEOREM A.1. Let T > 0 and let u®° be the unique solution to problem (A.1)-
(A.2). Assume (A.4) and that for the initial position o € RN it holds

sup Vs(zo) < +o0.
6€(0,1]

Then there exist C' > 0, and €g, 09 > 0 sufficiently small that
- xs(t
w9 (t,2) = R (7"”5( )

€
uniformly on [0,T] for all (¢,0) € ¥ such that 0 < & < g and 0 < § < &y, being
x5(t) the solution to system (A.3) and 95° a suitable shift term. In particular,
provided that

) eé(f(g(t)~m+ﬂ€~‘5(t)) + E5’6($,t), ||EE’6(t, )”H; < C€¢2(5),

lim sup £¢?(8) = 0,
(e,0)ey

e—0

5—071

a soliton dynamic behavior occurs.

The theorem will be proved using essentially the arguments developed in [8, 14]
and explicitly highlighting the dependence of the conclusions from the parameter §
ruling the degree of singularity of the potential.
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A.1. Preparatory results. It is known that the solution u=° to (A.1)-(A.2)
exists for all times ¢ with u®°(t) € H?(R"™) and has conserved quantities, the mass

1
EN RN

(A.5) w0 (t, ) = | R[22 :=m

independently of ¢,6 € (0, 1], and the energy
_ 1 £,0 2 1 / £,0 2
Peslt) = gz || V00 0F + 55 [ Vel (o)

1 £,0 2p+2

— ()P = B 5(0).
EN(p—I—l) ~/]RN |u ()| 5,5( )

In the spirit of [14, Lemma 3.3] it holds

LEMMA A.2. There exists a positive constant C' such that

< Ce2¢(0),Yxo € RY, Ve € (0,1], V6 € (0,1].

[ Votoo+ o)) = mbis(aa)

LEMMA A.3. Let u®°® be the unique solution to (A.1)-(A.2). Assume that for
the initial position xo € RN
(A.6) sup Vs(zo) < +o0.
6€(0,1]
There exists a positive constant C' such that

sup || Vus (t)[|2. < CeN2 4+ CeNe(d), Ve € (0,1}, V6 € (0,1].
>0

In particular, in light of (A.4), there holds

(A7) sup supe? N[ Vuo(t)]|2, < +oo.
(e,8)€¥ >0
PROOF. Taking into account that Vs(x) > 0 for all z € RY and § > 0, by the
conservation of energy and using Lemma A.2 and assumption (A.6), it follows that

1 1
- \V4 £,0 t 2 _ 7/ £,0 t 2p+2 < E 0
s [ IV 0P = oy [ S0P < E0)

1

= —/ |VR|2—|—/ Vs(zo + ex)R%(z) — R*T2 ()
2 RN RN

p+1 RN

L[ R <ot c22600),

1
<2 2 2 b
<3 /]RN |[VR|* + mVs(xo) + Ce*p(d) 0T f

yielding in turn

[Vusd (@))% < CeN72 4+ CeNp(8) + = |[us® (1) |32

C
€_2| 2p+2>
for all ¢ € [0,00) and for any ¢ € (0,1] and 6 € (0,1]. Set # = Np/(2p + 2). By the
conservation of mass (A.5) it holds ||u?(t)|| > = Ce™N/? for all t € [0, 00) and for
any €, € (0,1]. Then, by virtue of the Gagliardo-Nirenberg inequality, it follows
[[u=2(t)||2pto < Ce=ON/2||Tus9(1)||%, for all ¢ € [0,00) and any ,6 € (0,1]. By
the definition of # and Young’s inequality we reach

C 5 1

SIS O213 < €2 4 2 vuss (1)

for all ¢ > 0, which immediately concludes the proof. O
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The solution u®° enjoys the following energy splitting.

LEMMA A.4. Let us be the unique solution to (A.1)-(A.2). There exists a
positive constant C' such that

Ez5(u’(t)) = &(R) + miAs(t) + C>¢(0),
for all t € [0,00) and for any e € (0,1] and 6 € (0,1].

Proor. It is sufficient to observe that, by the conservation of energies E. 5 and
5 and taking into account Lemma A.2; we obtain

.5 (1) = Smléol +mVs(eo) + 6 (R) + C=20(0) = mA(t) + & (R) + C=6(0),
for all ¢ € [0,00) and for any ¢ € (0,1] and § € (0, 1]. O
Following [14], let us now consider the auxiliary function

(A.8) W, 5(t,x) = e e EoHTs O 20 (g 4 g5(2)).

It is readily seen that || U, 5(¢)||2, = ||R||2. for every ¢ > 0 and
(A.9)
1

E(Wes(t) = Beolu (1) = 5 [ Vo()ut T+ gmlesOF ~&5(0)- [ pes(t.o)

where p. 5 : R x RY — RY is the momentum defined by

1
pes(t,x) = —— S(a (t, x)Vu° (t, x)), teR, z € RV,
€

LEMMA A.5. There exists a positive constant C' such that

/ pes(t,)
RN

In particular, in light of (A.4), there holds

/ pes(t,)
RN

PROOF. Taking into account (A.5), by Holder inequality we get

us0(t, )| [Vus(t, z)|
/RN psﬁ(t, x) = /RN eN/2 eN/2—1

<O |Vut (1) 2 < C + Ce/0(0).
for all t € [0,00) and for any € € (0,1] and § € (0,1]. Then, Lemma A.3 yields the
assertion. il

LEMMA A.6. Assume that (A.6) holds. Then, there holds

sup sup |[&5(t)] < +oc.
5€(0,1] t>0

< C+ Cev/o(9), Vit € [0,00), Ve € (0,1], Vd € (0,1].

(A.10) sup sup
(e,8)€Y 20

< +00.

PROOF. Since the energy functional 4 (t) = £[&s(t)[> + Vs(zs(t)) associated
with (A.3) remains constant, for any ¢ > 0, taking into account that Vs > 0, there
holds

[&5(1)* = 265(t) — 2Vs(5(1)) < 2765(t) = 245(0) = [&o|* + Vi(20) < C,
where the last bound is due to (A.6). This proves the assertion. (]
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LEMMA A.7. Assume that (A.6) holds. Then

sup sup  |zs(t)| < +o0.
5€(0,1]t€[0,6(5) 1]

PROOF. In light of Lemma A.6 and since ¢(d) > 1 there holds
¢
c
2a(8)] < faol + [ [€s(0)lds < C+CH <O+ <
0 ¢(9)
for all § € (0,1] and ¢ € [0, ¢(6) ], yielding the assertion. O
We now recall [14, Lemma 3.2] the following

LEMMA A.8. There exist Co > 1 and Ko > 0 with |§2 — &1| < Col|de, — d¢, || o2
if 1, = g, [l o2+ < Ko.

On account of (A.9) and Lemma A.4, for the family ¥. 5 we have the following
energy splitting

EW () = S(R) = &50) - (m&s(0) = [ peslt,)) +mVilas(t)

1
o [ V@ ) + o0,
9 RN
for all t € [0,00) and for any ¢ € (0,1] and § € (0, 1]. We shall now set

0 = mét) = [ pes(ti)n () = mVilas() = ¢ [ Vil )

Furthermore, if Cy, K are the constants in Lemma A.8, let us set

M = sup sup  Colzs(t)] + CoKo.
5€(0,1] te[0,4(8) 1]

In light of Lemma A.7, M > 0 is finite. Of course |x5(t)] < M, for every ¢ € (0, 1]
and t € [0,$(6)1]. We denote by x a cut-off function such that x = 1 on |z| < M
and x = 0 on |z| > 2M. Finally, also set

1
6
050 = mast) - 7 [ ox@le o,
£ RN
for every t > 0. Taking into account Lemma A.6, we finally achieve the following

LEMMA A.9. Let u®® be the unique solution to problem (A.1)-(A.2) and let W&°
the function defined in formula (A.8). Furthermore, let us set n°°(t) = |n7° ()| +

|77§’6(f)|+|77§’6(t)|. Then there exists a positive constant C such that 0 < E(V0(t))—
&E(R) < On>o(t) + Ce24(6), for every t > 0.

LEMMA A.10. The functions nf’(S :[0,00) = R, i =1,2,3 are continuous and
it 0)=0,  [5°(0) < CH0),  |n5°(0)] < O,
for some C' > 0 and for any € € (0,1] and ¢ € (0,1].

PROOF. We easily get 77 (0) = mé& — Jan Pe,s(0,2) = mé& —&o fopn R*(x) = 0.
Moreover, we have

15°0)] = V(o) — [

Viao +22)R2| < C26(0), [n5"(0)]
RN
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= ’mxo - / (zo + ex)x (20 + €2)R?| < CE?,
RN
in light of Lemma A.2. O

Let us introduce the time

(A.11) 759 .= sup{t € [0,6(5)7"] : n°°(s) < p, for all s € (0,1)},

where, recalling (A.4), u > 0 is a sufficiently small positive constant such that
Cn®0(t) + Ce?p(5) < A,

(A.12) for every t € [0,757) and all (g,d) € ¥ such that
0<e<egpand 0<d <y, where g, dg are small enough.

being A > 0 the constant which appears in the statement of Proposition 3.2 and
C > 0 is the constant which appears in the statement of Lemma A.9.

In this framework, by virtue of Proposition 3.2, we find families of functions 6% :
[0, 75%) — [0,27) and £5° : [0,7%°) — RY such that

2
H

we(e) = e R~ )| < OnP(e) + Ce20(),
for all t € [0, 7%°). Then, we get the following

LEMMA A.11. There exist families of functions 65° : [0,T%%) — [0,27) and
€59:[0,79) — RN with

¢ 2
us,é(t) _ eé(fa(t)~x+ﬂ5~5(t))R ( — x5(t) + 55,5)
e

< On™°(t) + C2¢(9),
H]

for all t € [0,T%9), where w®? := x5(t) — e£5° and 9= (t) := 6°°(t).

We now aim to prove the following

LEMMA A.12. Let u®°® be the unique solution to (A.1)-(A.2). Then there exists
a positive constant C' with

le™Nu? (-, 8) =mby s | o2e + 190 (-, t)dx = &5 ()35 (1)l o2 < Oy (8) + C2(8),
for every t € [0,T%%) and all (¢,0) € ¥ such that 0 < ¢ < &g and 0 < § < &.

PROOF. Let u? be the unique solution to problem (A.1)-(A.2). Then, in the
spirit of [14, Lemma 3.4], it is possible to prove that there exists a positive constant
C, independent of £ and §, such that
(A.13)
lle™ MU0 (-, )dz—mbe.s (1) || 2o D70 (-, ) dr—m&s (1)8ue.s 1y o2+ < O (8)+Ce(6),

for every t € [0,7°) and all (¢,5) € ¥ such that 0 < & < ¢ and 0 < § < &. Let
us now prove that there exists p > 0 and a positive constant C, independent of &
and §, such that

(A.14) j5(8) —w™? ()] < Oy (t) + Ce2(9),

for every t € [0,7%°) and all (g,6) € ¥ such that 0 < ¢ < gp and 0 < § < &.
We follow the proof of [14, Lemma 3.5]. Assuming that |w®°(t)| < M for every
t € [0,7%%) and all (¢,6) € ¥ such that 0 < ¢ < gg and 0 < & < & (up to
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further reducing the size of dy), the assertion follows, since by the definition of x
and (A.13),

u5,6 T 2
(A.15)  as(t) — ws’é(tﬂ < %‘ ‘/RN xx(x)witj\;” _ mws,é(t) + %775"5(15)

(A.16) < Claxllezlle™us (-, t)da — mbye.s(p) | o2e + Cn™°(t)

< O (t) + C29(0),
for every ¢ € [0, 757) and all (£,8) € # such that 0 < e < g9 and 0 < § < §y. Thus,
it is left to show that |w™°(t)| < M for all ¢ € [0,7%°) and (£,0) € ¥ such that
0<e<eggand 0 <d <y, up to further reducing the size of dy. On account of

Lemma A.5, and arguing as in [14, p.183] there exists a constant C, independent
of € and §, such that for all t;,t, € [0,T5?) with ¢; < 5

< 2C
~ 9(8)’
yielding in turn by (A.13) and the definition (A.11)-(A.12) of T

HE_N’UJE’(;(', tg)dI — E_N’U,E’é(', tl)dCC”CQ* < C|t2 — 11

1
1M ues (1) = Mbues 1y lloze < C 170 (2) + 070 (t1) + %6 (6) + ?(5)

C

¢(0)

Therefore, up to reducing the value of dg, choosing i > 0 sufficiently small in the
definition of 757, we have 10we6(t2) — Owesar)llozs < Ko for every t € [0, T5:%)
and all (g,9) € ¥ such that 0 < ¢ < g9 and 0 < & < §p, where Ky is the con-
stant appearing in the statement of Lemma A.8. By virtue of Lemma A.8, it holds
|w€>5(t2)—w5"5(t1)| < OO|‘5w£,6(t2)—6w5,6(t1)|‘c2* < OoKo. Since wa,é(o) = X0, it fol-
lows |w™ (t)| < CoKo+|xo| < M, yielding the desired conclusion. As a consequence
of (A.14), there holds ||0y (1) = Oyes(p) | c2- < Jas(t) —w=°(t)] < Cy=°(t) + Ce29(6),
for all ¢ € [0,7%°) and all (¢,6) € ¥ such that 0 < ¢ < gy and 0 < § < &y. This
yields the assertion by (A.13). O

< Cu+ Ce29(8) +

LEMMA A.13. p20(t) < Ce2¢(8) for all t € [0,T%%) and all (¢,6) € ¥ with
0<e<egand0<d<dy.

PROOF. We have

n>(t) < Ce*(6)

dt

We recall that, as known, the following identities holds

9 s 1 5 o O Jus(t,x)? . 5
—p*O(t,z) = =9t — = —div,p™(t, z).
[ gt = o [ Vot al 5 ivep™ (1,2)

In turn, by Lemma A.12, we have
d .s : 1 5 2
0] = [més0+ 5 [ 9Vt

< IVVsllezlllle™u" (-, t)dx — mbyy oz < Co(0)n™° (t) + C*9*(9),
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for every ¢ € [0, 75%) and all (¢,6) € ¥ such that 0 < ¢ < gg and 0 < § < &y. Then,

/tdsé
0

Enl) (o)
¢ ¢
+ [ C6) < 0000) [ (0o + Ce000),
0 0
since t < T59 < ¢(§)~!. Analogously, again by Lemma A.12, we have

i £,6 — T .m _ ) - €, T
5”0 = |TVitas(t) - mes(t) — [ Vi) 5

< IVVsllezllllp™ (- t)da — més(8)ds, ) llez- < Co(E)n™ (1) + Ce¢*(8).

Then, as t < T° < ¢(5)~*, we achieve

/t d £,0
0

do < C¢(5)/0 n*(0)do

Lo (0)| do < Cp(6) /O n*°(o)do + /O Ce2p?(6)

< C9(9) /t 0" (0)do + Ce?$(9).
0

The treatment of the term 77§’5 follows as in the proof of [14, Lemma 3.6] yielding,
ast < T < ¢(0)7 1,

/t d £,0
0

ang (o)
Hence, by recollecting the previous inequalities, by virtue of Gronwall lemma and
t < T=% < ¢(8)7 1, it follows 7°0(t) < Ce?¢(0)e?®t < Ce2¢(§), concluding the
proof. O

t t
do < C / 7= (0)do 4+ Ce? < Cp(d) / n°°(0)do + Ce2¢(9).
0 0

A.2. Proof of Theorem A.1. By Lemma A.13 and the continuity of n=?, it
follows T=° = ¢(8)~1, yielding 9 (t) < Ce2¢(9), for every t € [0,¢(5)~!) and all
(e,0) € ¥ such that 0 < e < ¢gg and 0 < ¢ < dp, up to reducing the value of ¢y and
d9. Hence,

(A.17) ’

i) — e @@ero g (280 s} P < o)
£ HY ~ ’

for all t € [0,¢(5)"!) and all (¢,0) € ¥ with 0 < & < g and 0 < § < §y. Recall now
that, since w™® = x5(t) — £, in light of (A.14), we obtain |¢59]2 < Ce2¢(6)2.
Then, we can conclude that [|[R(-) — R(- — £59)[|%, < C|¢5°0]2 < Ce%¢(6)?. This
combined with (A.17) yields

(A.18) ‘fﬁﬂ—éw@“W”mR(;ﬂﬁ»HWSCWQL

3

for all t € [0,4(6)7!) and all (g,6) € ¥ with 0 < & < gp and 0 < § < §y. Fixed
T > 0 and arguing as in [14], up to an error of size e¢(d) in H' one can repeat
the argument on the time interval [¢(5) ™!, 2¢(8) '] and so on. To cover the entire
interval [0, 7] one therefore needs to add ¢(§)-times an error of size e$(§) in H.,
yielding an overall error e¢?(5) in HZ, reaching the control

E e (LA R

(A.19) ‘
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for all t € [0,7] and all (¢,0) € ¥ with 0 < e <& and 0 < § < dp. This concludes
the proof.
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