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Blow up on a curve for a nonlinear Schrodinger equation on
Riemannian surfaces
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ABSTRACT. We consider the focusing quintic nonlinear Schrédinger equation
posed on a rotationally symmetric surface, typically the sphere S2 or the two
dimensional hyperbolic space H2. We prove the existence and the stability of
solutions blowing up on a suitable curve with the log log speed. The Euclidean
case is handled in and our result shows that the log log rate persists in
other geometries with the assumption of a radial symmetry of the manifold.
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1. Introduction
We are interested in the focusing nonlinear Schrodinger equation

(1) 10w+ Au = —|u|*u, >0, z€ M,
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posed on a complete Riemannian surface M. This equation is invariant under some
transformations; if u is a solution of () then

phase transformation: (t,x) — e“u(t, ) is also a solution for every 6 € R,
translation in time: (t,z) — u(t + to, z) is also a solution for every ¢y > 0,

isometry: (¢, 2) — u(t, R(z)) is also a solution for every isometry R of M.

The equation () has some conserved quantities. The more useful are the mass
and the energy and are consequences of phase and translation in time invariance:
for every t,

Mu(t) i= [ Ju) = Mu(0))
B(u(t) =5 [ 1V = 5 [ fu(o)]® = E(ulo))

In this work, we will not use the invariance by isometries which will be useless
because of the radial symmetry that we will impose to our solutions.

Here, we investigate the problem of existence of blow up solutions for the equa-
tion () and in particular the location of singular points and the associated blow
up rate in H'.

Let us start by recalling some known facts in the Euclidean setting. In the case
M =R?, for NLS with a L?-critical or L?-supercritical nonlinearity:

(2) iatu+Au:—|u|p*1u, t>0, IERd, pe 1+§,1+m),
we may prove existence of blow up solutions using the sign of the Virial identity: if
ug is an initial data with negative energy and finite variance, then the corresponding
solution blows up in finite time. However, this argument does not describe exactly
what really happens at the blow up time; in particular the location of singular
points and estimate on the blow up rate are unknown. If we are interested in the
blow up rate, several regimes are known at this time. The first one in the L?-critical
case (p = 1+ 4/d) is characterized by the behavior
1
T=
and is known to be unstable by perturbation of the initial data. It is the easiest
to get since due to an additional symmetry in the case p = 1 + 4/d, the pseudo-
conformal transformation, we may explicitly give a family of solution having this
behavior. Unlike the first one, the second regime is stable, and has the blow up
rate:

[ Vu(t)| L2@ny ~ as t—T,

1
log | og(T — 1)
) N e I -

It appears in the L2-critical setting p = 1+ 4/d for any d [16], [T9] and also in
the L2-supercritical case d = 2,p = 5 [25]. Existence of solutions with this log log
behavior for p = 1 4 4/d was first predicted by numerics and heuristic arguments

7, 3], [I4] and proved rigorously by Perelman [22] with blow up in one point
and stability in a subspace of H'. Then Merle and Raphaél proved that this regime
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is the only one for initial data with negative energy and mass close to the mass of
the ground state, thus obtaining a stability in H*. They successively proved a non
sharp upper bound on the blow up rate [I8] then the log log upper bound [16]
and a convergence result on the rest in the decomposition of the solution [I7] and
then the log log lower bound [19]. As said before, these result allow to construct
solutions with log log speed for an L2-supercritical equation, and with an infinite
set of singularities. Indeed, in [25], it is shown that equation

i0u+ Au = —|ul*u, t>0, zeR%

is essentially driven for radial solutions by the one dimensionnal equation (@) with
p=>5and d = 1) for which we may apply the L2-critical theory and thus gives exis-
tence of solutions whose mass concentrates on a circle. In [I0], using similar tech-
niques, the authors show the blow up on a 2-codimensional submanifold for the cu-
bic NLS in R3 (p = 3, d = 3). More recently [20], [ZT], two other regimes appeared
for slightly L?-supercritical nonlinearities (1 +4/d < p < (1+4/d)(1 +¢), d < 5).
The first one gives existence of solutions with self-similar behavior proving that
the lower bound on the blow up speed induced by the scaling transformation is

attained:
C 1 d 1

IVu)]| 2 ey ~ T T3 ityor

The second regime concerns the upper bound on the rate and is given by the
equivalent

¢, -nE-1
T T h-D@-10)15-p

If the equation is posed on a general manifold, with or without boundary, the
situation is much less clear. For instance, the classical Virial argument does not
work in all generality. However, it may be adapted in some particular manifolds like
a bounded domain [T, a star shaped domain [T2], the two dimensional sphere [15]
or the hyperbolic space [2]. In a flat geometry, typically a domain of R™ or a torus,
we may localize the Euclidean constructions and prove a blow up result in the 1/t
and log log regime [, [24] for the L?-critical equation. In a non flat geometry, the
only result concerning the blow up speed we know occurs in the setting of radial
and non compact manifolds with 1/¢ blow up speed ([3]); the compactness seeming
to be an obstruction in this regime in particular due to bad dispersives properties.

IVu®)| 2 ®ey ~

Here, we ask the question to know if solutions blowing up in a curve with the
log log rate (@) remains in non flat geometries. The localization of the Euclidean
construction in the case of a domain [24] seems to confirm the idea of geometric
stability of the log log rate. To prove our result, that is existence of a solution
in the log log regime with accumulation of mass on a curve of the manifold, we
will follow the approach used to treat the Euclidean case [25] by imposing a radial
symmetry on the curve and the solution. Thus, our geometrical setting will be
that of rotationally symmetric surfaces where we will prove the blow up on a one
codimensional submanifold.

From the work [5], Strichartz estimates with loss of derivatives hold on general
compact manifolds without assumption of symmetry from what we may prove a
local well posedness result in H! for (). Remark that in the noncompact case but
with the radial symmetry condition of the manifold, methods developped in [5] still
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apply and this handle the local theory in the energy space for (l). Thus, for every
up € H*(M), there exists a maximal existence time T'(ug) > 0 for the solution of
(@) with initial data ug. Moreover, we have the criteria: if an initial data ug is such
that T'(up) < oo then

IVu(t)||L2(ary — 0 as t — T(ugp).

For the sake of clarity, we now give a simplified but non complete statement of
our result, we refer to Theorem B for the detailed version.

THEOREM 1. Let (M, g) be a rotationally symmetric surface satisfying a suit-
able growth condition in the non-compact case (see {A) below). Then there exists
an open set of initial data P C {ug € H*>(M), ug radial } such that if ug € P, then
the corresponding solution blows up on a curve of M with the log log blow up rate:
there exits T'(ug) < oo and C(ug) > 0 such that for all t € [0, T (up)),

1 log | log(T — )] log | log(T — t)] 1/2
C(up) T—t T—t '

1/2
) < [ Vu(t)ll2ar) < Cluo) (

Let us give some possible extensions of the result.

REMARK 1. A natural question is whether we can find other examples of two
dimensional manifolds with blow up on a curve. In some particular cases, it is easy
to construct and requires no other result than the L2-critical log log theorem in 1D.
Adapting the proof in [24] where the case of a boundary is handled, we may prove a
similar result (i.e. blow up in one point with log log rate) in the case M = S'. This
allows to prove the same result as Theorem M for M =R x S' and M = S x S!.
Indeed, let v be a solution of the one dimensional quintic equation in S' blowing
up in a point with log log rate and define w(t,z,y) = v(t,y). Then v is a solution
of the two dimensional quintic equation in M and blows up in a circle in the log
log regime.

REMARK 2. Note that if N = M* with M rotationally symmetric endowed with
the product metric, we may construct directly a solution on N with the log log rate.
Just take a solution u on M of () given by Theorem [l and set v(t,z1,...,25) =
u(t, x1).

REMARK 3. To avoid technicalities, we restrict ourselves to a two dimensional
manifold but our result is still true for any dimensions d > 3 with the same method

but in this case the stability result is weaker since it occurs in H% ; instead of H2 ,

REMARK 4. Note that in this paper, manifolds we have considered are without
boundary. In the Euclidean case, it has been proved in [24] that the presence of a
boundary does not change the result of blow up in one point (with log log speed)
that we know in the R" case. We may adapt this construction to prove a similar
result to Theorem [ for instance for a disk in R? with Dirichlet boundary conditions
and blow up on a circle.

2. Preliminaries

2.1. Geometrical setting. Let us now give the precise assumption on M
and what we call a rotationnaly symmetric manifold. We refer to [8] and [23] for
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proofs of the below results. In a first time, assume that (M, g) is either (R?,g) or
(S2,g) where g is a metric on M such that in polar coordonates:

(4) g=dr’ + h*(r)gs:, 1€ (0,p),

and

+oo if M =R2
where h : [0,p] — RT is a smooth function depending only on r and satisfying

h(0) = h(p) =0 and h(r) > 0 if r € (0, p). The smoothness of the metric at points
r = 0 and eventually r = p imposes the following conditions on h:

hER(0) = O (p) =0, k>0,

{ T if M=S5?
p:

and
h'(0) =1, h'(p) = —1.

Note that if p = oo, all these conditions only concern the points » = 0 and in
particular A does not need to vanish at infinity. Recall that polar coordonates on
the sphere are defined for a point u = (z,y, z) € S%\ {(0,0,—1),(0,0,1)} by

r=d((0,0,-1),u),  6=arg((z,y)) €S".
We will call rotationally symmetric surface all surface isometric to one of these two
prototypes. We will make the assumption

(5) ' <Ch

for some C' > 0. This condition on the metric essentially says that the volume of a
ball of radius r cannot grow more than exponentially in r. If M is compact, this
assertion is automatically satisfied. In the general case, it is not restrictive and
includes most of the usual cases and in particular the hyperbolic space.

Independently of the radial structure of M, we may define the Laplace-Beltrami
operator as follow. For a function f : M — C, we define V f as the unique vector
field satisfying:

Y(x,h) € TM, df (x)(h) = (Vf(x),h).
In local charts, V f writes:
©); = 9"0;f

where g are the coefficients of g=*. The divergence of a vector field X of M is
defined for a volume form on M (that we assume oriented):

Lxw = (divX)w,

where Lxw is the Lie derivative of w along X. In local coordonates

divX = (detg)™ Za ( detg )

The canonical measure on M writes in local charts

(6) dx := +/|detg|dzidze = h(r)drdf.

The Laplace operator is defined on smooth functions by

A =divoV = (detg)™ Za ( ” (detg) ij)
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that with the coordonates (r, ) becomes
A =02 hl@ ! 03
= rf+ﬁ rf*'ﬁ o f-

Then one extends A by duality to the space of distributions on M.

Let us give some examples of such manifolds. The simplest is the case of the
Euclidean space R2. Another example is given by compact revolution surfaces. It
consists in taking a suitable pattern and applying it a rotation. More precisely,
let ¢ = (r,2):[0,1] - R™ x R a curve parametrized by arc length and such that
¢([0,1]) is a submanifold of R?. Then the set

{(r(t)cosh, r(t)sinb, z(t)), t € [0,1], 6 € R}

is a rotationally symmetric manifold. This includes the case of the 2 sphere. An
interresting example is that of the hyperbolic space H?:

H? ={(z,y,2) €R?, 2 +y* =2* -1, 2> 0}

with the metric g = dz? + dy? — dz2. One may check that this example fits in our
framework with h(r) = sinh(r) and p = co.

2.2. A radial Sobolev embedding. The radial symmetry will be very useful
to enable us to work as if we were in a one dimensional space. In particular, Sobolev
embeddings are better than the usual two dimensional ones provided that we stay
away from poles p = 0 and eventually p = co and that is what claim the following
proposition.

PROPOSITION 1. Let (M, g) be a rotationally symmetric manifold satisfying the
growth condition [@)and Q an open radial subset of M that does not contain pole
i.e. of the form {x € M,r(x) € (n,a —n)} for somen > 0. Let s € (0,1/2) and
p= ﬁ Then we have the Sobolev type inequality; for all f € HE(M) d for the
definition satisfying Suppf C €,

I flleecany < CNFllas(ary-

PROOF. The expression ({) of the measure dz on M, the control hv < h? and
the one dimensional Sobolev embedding H® — LP allows us to write for f € H*(M)
with Suppf C ,

1 1
||f||ZL)p(dz) =C|/fh? H;zp(dr) < C|fhzl} s(dr)
Next, we show that for all s € [0, 1], there exists a constant C' > 0 such that for all
I
1
(7) 1R fllmeary) < Cllfllme(ae)-
We only need to show [@) for s = 0 and s = 1. Indeed, by complex interpolation,
the map
Ts: H*(de) — H*(dr)
f — haf
is well defined and continuous for all s € [0,1] if and only if it is continuous for
s =0and s = 1. For s = 0, ([@ is straightforward using the expression of the

lsee section B for the definition of HE (M)
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measure on M in radial coordinates. Let us show () for s = 1. We write with the
assumption h' < Ch,

1 1, 1 1
18- (h% F)ll2ar) = H§h 59,0 f + h30, f|| L2 (an)

CIh% fll2(ary + ClIBZ O, f | L2(ar)

<
< COlfllz2(dz) + ClUV fllz2(ae) = CIfll 1 (da)-

O

2.3. Self-similar profiles and spectral property. Before stating our re-
sult, we mention some notations and known results. In the whole paper, we will
often use the one dimensional differential operator

1
which is essentially the generator of the scaling transformation for the quintic one
dimensional NLS. For > 0,b # 0 and small, we note R, = \/m%‘ and R, =
(1 - 77)%. The derivation of the exact log log law relies on the introduction of
self-similar profiles which show up when looking for self similar solutions. Let us
denote by @Q the nonlinear ground state of the one dimensional focusing L2-critical
Schrédinger equation i.e. the unique positive, radial, smooth and exponentially
decaying solution to
—8§Q+Q=Q5, y € R.
In our setting, we know an explicit expression of Q:

31/4

Q) = cosh(2y)

Following [T6], let us now introduce modified ground states, approximations of
@ which allow to deduce the exact log log behavior.

PROPOSITION 2 (Self similar profiles, [T6]). There exist C' > 0,n7* > 0 such
that the following holds. For all 0 < n < n*, there exists b*(n) > 0 such that for all
|b| < b*(n), there exists a unique radial solution Qp to

D2Qu — Qp + ibAQ, + Qy|Qu[* = 0,
P, = Qbei% >0 zfy € [—Rb,Rb],
Qu(Ry) = 0.

Moreover (see [11]), Qy is in H' but not in L? since we have the behaviour at

infinity
c)
|Qb(y)| ~ 1
ly|2
Thus, we need to introduce a cut-off to remove this divergence. For b # 0, let ¢,
be a radial cut-off satisfying

ou(y) =0 if [y| > Ry,

ou(y) =1if [y| < Ry,

0<¢p <1,

10y @bl Lo + [|Ads|| e — 0 as b — 0,

as |y| — oo.

and Qy, the new profile defined by Q» = Qpoyp. We then have the following property.
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PROPOSITION 3 ([T8]). If we note Qy = Qudp, then Qy is a solution to
92Qu — Qu + ibAQy + Qu|Qu|* = —Ty,
for some remainder Vy:

Uy, = —20,¢,0,Qp — Quey — ibyQudydy — (6 — d1)Qu| Q|-

Moreover, we have:

closeness of Qy to Q: the function Qb(y) is derivable with respect to b for all y € R
and there ezists C' > 0 such that

x ~ - 0 =~ 2
8) [le=CMEW(Q, — Q)| s + ||t Ml (%Qb + z’%@) les — 0 as b — 0,

enerqy estimate:

9) |B(Q)] < DT,
zero momentum:
(10) Im/ayc}b@ -0,

supercritical mass:

(11) do = % (/ |Qb|2>b2_0 € (0, 00).

The following lemma introduce the radiation (, which enable to describe the
refined behavior of the rest € in the decomposition (ZII).

LEMMA 1. There exists C > 0,n* > 0 such that for n € (0,n*), there exists
b*(n) > 0 such that for b € (0,b*(n)), there exists a unique radial solution ¢, €
HY(R) to

92 — Co + DA, = Uy,
Moreover, if we note

(12) Ly = lim |yl[Go(y)[?,

ly|—o0

then T'y is finite, strictly positive and exponentially decreasing in b: there exists
D > 0 such that

D ™
(13) Ty ~ ?6_3 as b— 0;
and we also have an estimate of the H' norm of Cy:

(14) / 18,02 < TLO7.

PROOF. We set Z(r) = (b(r)ei% for » > 0 so that the equation in term of Z

is now
b2r? -
(15) 2V(r) = 2() + S 20) = Wy(e), 720,
where Wy (r) = \Ifb(r)ei% with the conditions Z’(0) = 0 and Z(r)e’i% is in H'.
Let us now focus on the homogeneous version of ([3):
b2T2

(16) Z"(r)— Z(r) + TZ(T) =0.
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By a succession of changes of variables, we will show that this equation will be
reduced to a semiclassical equation in b with one turning point 2/b. Thus, the
problem enters in the framework of semiclassical methods but with a turning point
so that the usual WKB ansatz will be no longer valid (near 2/b).

After the change of variable © = 2—br, y(x) = Z(r), the equation is transformed
into
by (x) — xh?(x)y(x) = 0, z € (—00,2],
where h is defined by

We next apply the change of dependant and independant variables

(35 Vig©as)" it zefo2]
- (_% Jo \/Eh(f)df) i xe (=00, 0]
and w(s) = y(x)+/s'(x) to the latter equation and this gives
o d*w

= suls) = Pg(huls), s € (~o0,n)

)

where - )
sV (z)  3(s"(z))
0 =oh 9T p T Ay
Notice that we have the estimates on s for k € {0,1,2,3}:

|5 ()] ~ C|x|%_k, as x — —o0,
so that g decays like
C
g(s) ~ 2y ass— oo

Finally the scaling s = b3t maps the latter equation onto a nonhomogeneous Airy
type equation:
(17) Y'(t) = tY (t) = b3g(b3t)Y (),  t € (—o0,s0b 23,
with Y (¢) = w(s). Let us denote by Ai the solution of the Airy equation
Y (t) —tY (t) = 0, t €R,
with the following behavior at infinity:

Ai(t) L1 248 t— +

i ~ ——exp| = as t — +oo

VTt PA3 ’

1 1 27

Ailt) ~ ———— o (—t

0 ~ e (50

Similar expansions hold for the derivatives of Ai. Note that with this choice, Ai

does not vanish on the real line (see [6] for details). Now we perform a fixed point

argument on the equation () to prove the existence of a solution near Ai. We are

looking for a solution of the equation [[) of the form Y (¢) = Ai(¢)(1 + R(t)) so
that R satisfies the integral formulation for ¢t € (—o0, sob~ /7]

(18) Rm:/’Aﬂﬂwwwwm»@%ﬁﬂu+Mﬂ0m

— 00

(MY

> as t — —o0.
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where

< da
h = —_—
O(T) /r Ai2 (Oz)
We have that the source term

S(t) = v / AR (7 (ho(r) — ho(8))g(b7)dr

satisfies for b small and for all k € {0,1,2},t € (—o0, sb~2/3],
1S® (1) < b*°,

and for all t € (—o0, —1],

b1/6
(k)
ISYO1 < G
These estimates are consequences of the asymptotic behavior for ¢ < 0:
1 1 ) 1 C |Ai' (1) 1
— < JAI(t)]| < C——, |ho(t)] < B < — t)1/?
and for t > 0,
! 1+t12 *]Ai(r)?
AROR0) <. [ ARl < AR T | T < C.
c |AL'(t))] 1/2
l9(t)] < 755 2 < O3
(t)? |Ai(t)]

Indeed, for instance, for S(¢), we may write for ¢ < 0:

t
sl < [ AR

oo 1+ b%/37
t dr
< Cb4/3/
- o (L /Y 5P787)
t dr
4/3
s Ob /_OO 1+ (b4/97)3/2
7/9
o
1+ 4/t

For t > 0, we split the integral into two parts:

0
SO < 82| [ AR ho(r) ~ ho0)gt/r)ir

— 00

/0 AR (r)(ho(r) — ho(£))g(b*/*7)dr

< A+B.

As for t <0, the A term is controlled using the behavior of Ai at —oo:

0 dr
Al < cb4/3/
R S (v TR

< bl/s,
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We bound B by B < B; + Bs and write for ¢ > 0 using estimates mentioned above:

4/3
B < b /|A1 ||h0 )|(1—|—b2/37')3/2

< o / S —
= o (1+b2/3r)372

< pi/s,

For the By term, we have:

t
By < bY3ho(t) / AR (1) |g (6?37 dr
0
t
< Cb4/3|ho(t)|/ IA(r)|dr
0
< pl/s,

Summing the above estimates, we obtain the desired controls for S(¢). The deriva-
tives of S are controlled in the same way. This suggests to perform the fixed point
in the metric space

E = {uecz’(—oo,sob*?/ﬂ, VE € {0,1,2},Vt € (=00, 50b~ 23], [u® ()| < 201/6,
bl/ﬁ
o — (k) v
Wt € (—o0, 1], |u (t)|§2|t|1/2},

with the natural distance
2
dl,w) =Y sup (@) = o @) + sup (2B (e) — v @) |-
k=0 \t<s0b—2/3 t<—1

We set

t

d:R— (t — / Ai(7)(ho(T) — ho()) (b%g(b%T)(l + R(T))) dT) ,
and remark that from the estimates on S(t), ® maps F into itself and for b small
enough and u,v € F,
1
d(®(u), ®(v)) < §d(u,v).

By the Banach fixed point theorem, we thus construct a solution of () writing
Y (t) = Ai(t)(1+ R(t)) with R € E. In terms of variables r, Z, this gives a solution
of (@) which writes

(19) Z(r) = 8,(21_ o Ai (8(2();;””)) (1 +R (%)) .

We obtain a fundamental system of solutions of ([[3) by adding the complex conju-
gate to the latter solution Z Let us now define (p. For this, we first introduce Z;

the solution satisfying Z;(0) =1 Zl( = 0. We set:
- T2,
Z(r) = Z4( — | Z
(r) ( : Wr 7 Zl ) 1( < . Wr(Z,Z1)> (r),
and check that ¢, that we define as ¢ (1) = Z(r)exp(—ibr? /4) satifies the conclusion

of the lemma. Note that Wr(Z, Z;) is he Wronskian of Z and Z; and is constant
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in 7. Let us verify that ¢, satisfies the boundary conditions ¢} (0) = 0,¢, € H' or
equivalently Z’(0) = 0, Z(r)exp(—ibr?/4) € H'. Since Wy, is supported in [R; , Ry,
for r > Ry,
. 7w
Z(r)=Z(r b
) ) r; Wr(Z,Zy)
From the asymptotic properties of Ai, there exists a real number D # 0 independant

of b such that D
|Z(r)]? ~ 5, as r— +oo,

bsr
Ry R
/ Z1Vy
Ry

Jim_[y][G(w)|* = lim r|Z(r)* =T,

so that by setting
2
D
I'y=——7"—"——
Wr(Z, Z1) 203

)

we get

|
Let us prove ([[3)). We evaluate the Wronskian of Z, Z; at 0 and remark that

2 3 ™
~(s@)F =7,

to first deduce the equivalent for some C' > 0,
(20) Z'(0) ~ Cb'/5e3s
and then
1 s

|Wr(Z, Z1)| ~ Cbse.
To estimate the inner product between Z; and \i/b, let us introduce the solution J
to JJ"—J=0,J(0)=1,J(0) = 0ie. J(r) = cosh(r) which is formally the limit of
Z1 when b goes to 0. Using the expression of ¥, and an integration by parts, the

quantity
Ry . B _ b2r2 . B B
/ Z10,| = ‘/Z1 (Pg’—Pb+—4 Pb—Pb5>‘_ ‘/lef
Rb—

converges by Lebesgue theorem to |(.J,Q%)| > 0 since @, J > 0 and this shows ().
Now, let us prove the last point:

/

o (208) - ([ st ) o (%)

" lei/b 71-%
+ < nr Wr(Z,Z1)> O (Ze )
= A(r) + B(r).

At this point, we need bounds on Z; before the turning point. But Z; may be
written as Z; = 2Re(aZ) with

Oy (Z(T)e_#) ’2 dr <1}

We write

__Z'(0)
Wi (Z,Z)

(0%
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Using the behavior of Ai and Ai’ at —oo, we get
Wr(Z,7) = liIJP Wr(Z, Z)(r)
_21/3 9. (82 =br)\ = (s(2—0r) _ Ppl/3
=1b TEIJ'rnOO Im Ai <7b2/3 Ai s )= Db 7]

for some real constant D # 0. This together with (20) and (@) allow us to deduce
for r < 2/b:

|Z1(r)| +1Z3(r)| + |27 (r)] < CeBFem,
These estimates with || < exp(—(1 — Cn)m/2b) provide

Ry
/|A(T)|2dr < e % (1=Cm (/ |3TZ1|2+/ b2T2|Zl|2>
0 r<Ry
< e 7= Cn>(é%ez<r+0n>4_4ez<r+cn>>
1-C
< I,

On the other hand,

[Bopar < erocen [0
R

Computing with ([[d), we show that the above integral is finite with

bOL
< Cm

ibr

82——2

b

ibr

orZ(r) — 7Z(T)

for some « € R so that we obtain

/ B(r)|? < T=C

and this proves (). For the uniqueness of ¢, taking a generic solution Z of (I3),

writing down the variation of constants formula for this solution and imposing the

boundary conditions Z’(0) = 0, Z(r)exp(—ibr?/4) € H', we easily obtain Z = Z.
O

REMARK 5. In our case, we will only need the one dimensional version of
the lemma since from the assumption of radial symmetry, the problem will be
reduced to a one dimensional equation. For studying problems without assumption
of symmetry, we need to prove a multidimensional result; this is sketched in [I7].
Here, we have only detailed the one dimensional result. Note that if the dimension
d is equal to 2, the equation

2,2
7'+ 22y - 20y + 2y = 0
which is the d-dimensional analogue of ([[H), has two turning points of order 1/2
and 2/b when b tends to 0. If the dimension is bigger than 2, the equation is similar
to the one dimensional one with only one turning point of order 2/b. These facts
may be seen by looking at the equation for W (r) = r(¢=1/2 Z(r):

b2y d—1 (d—1)2\ 1

W'(r)+q(r)W(r) =0, where g¢(r)= e 1+ <T - T) ot

and the study of the sign and vanishing points of ¢(r).
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PROPOSITION 4 (Spectral property, [I8] ). Let L1 and Lo be the one dimen-
sional Schrodinger operators defined by

Ly = =0 + 10yQ°0,Q, Ly = —0; +2yQ°0,Q,
and H the quadratic form defined for e € H' |
H(e,e) = (Lie1,e1) + (Laga, e2).
Then there exists a contant § > 0 such that we have the property

Vee H'R), H(e,e)>o (/ 10,(y) 2y + / |£|26_|y|dy>

5 (1,07 + (1 2Q)?

+(E1,9Q) + (22, AQ) + (22, A%Q)° + (22.9,Q)%)

REMARK 6. We may claim a similar property in all dimensions but this is
proved only in the case of the dimension 1 using the explicit formula of the ground
state . In this paper, we will only use the one dimensional version.

3. Precise statement of the result

3.1. Statement of the Theorem. In the sequel, we will often see a radial
function f(z) on M as a function f(r) on [0, p); in terms of Sobolev spaces, this
representation is not isometric and the function h measures this fact. We introduce
the Sobolev spaces for s > 0 :

HP = {f € L2(M), f radial, f € Domain ((I—A)é)}
= {f eD'((0,00)), h*(I—A)ife L2(o,p)}.

Let us now give the precise statement of the result formulated in the introduc-
tion.

THEOREM 2. Let (M,g) be a rotationally symmetric surface satisfying {@).
Then there exists an open subset P of H2(M) such that if ug is in P, then the corre-
sponding solution u(t) blows up in finite time T < oo on a set {x € M, r(z) =r(T)}
for some r(T') € (0,p) at the log log speed. More precisely, u satisfies the following
properties. There exist parameters A(t) > 0, r(t) € (0,a), v(t) € R, b(t) € R, and
a(t) € H*(M) radially symmetric and u* € L*(M) such that

1) Decomposition of the solution:

w(t,r) = L, r—r(t) e 4oat,r
(t,r) = /\(t)Qb(t)( ) ) +alt,r)

with the convergence
a(t) — u* in L*(M), ast goes to T.

2) w blows up on a curve: the function r(t) has a limit (T € (0, p) when t goes to
T and

lu(t)|? — ||Q||%2(R)5T(T) +u*?, ast— T in the sense of measures
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where .ty is the normalized Riemannian measure on the curve {x € M,r(z) =
r(T)}. 3) w blows up at the log log speed: there exists C > 0 such that for all
t€0,T),

1 <log [log(T — t)|

C Tt

log |log(T — )|\ /*
3 loglogll = 1)1} "

1/2
)" < Ivu@ln < o (RelEl

3.2. Description of the set of blow up initial data. To prove our theorem
and without loss of generality, we will make the assumption that (M, g) is one of the
two model space (R?,g) or (52, g). We also assume h(1) = 1 so that the singular
curve will be around r =1 < p.

For convenience, we will note dux.(y) or du(y) if the dependance in A,r is
explicit the measure

du(y) = h(Ay +r)1y>_zdy.
For a* > 0, we introduce the set P(a*) of initial data ug € H2(M) radially sym-

metric of the form
1 = r—r ) 5
uo(T) = \/—/\_OQbO (/\—00) e 4 UO(T)v

with %y € H2(M) and with the following properties:
A1. Closeness of o to 1:

[ro — 1| < o,
A2. Closeness of Qbo to @:

0<by<ar,

Orthogonality conditions:
(Re e, [y[*%) + (Im €0, [y[*0) = 0,
(Re €0, yX) + (Im £9,y0) =0,
(
(

(Re €0,AO) — (Im €9, AY) =0,
(Re €0, A%0) — (Im g9, A®%) = 0,
where ) -
 VAeem T ug(Aoy 4+ 10) — Que(y) if y > v
eoly) = 0 if y<—m
Y o’
and

S =Re(@),  ©=Im(Qs).
A3. Smallness of ¢y in a weighted norm:
6
10,200 sy + [ L [P0W)Pe My < T,
yl<3,

A4. Control of the energy and localized momentum:
2

M| Eol + Ao Im/w-wouo <7,
where
1 if L<pr<3
_ 2>T>9,
1/’(7")_{0 if rSianerZ
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0 < Ao < exp <—exp <§—;L)>,

[l L2 < @

A5. Log-Log regime:

AG6. L? smallness of @:

A7. H? and H* estimates, k = 2, 3, 4, outside the singular curve:

ol oy < (@0

HUOHH§(|T71|>1/2) < )\15—2'
AS8. H? smallness outside the blow-up curve:
[woll gz (jr—1)> ) <,

REMARK 7. In rescaled variable, the Sobolev space HZ(M) defined above is
transformed into a Sobolev space with weighted p(y); if ug € P(a*), then since
Qo € HZ, eg belongs to:

2 o pP—T0 2 9 To p—To
Hro,)\o - {E € D/(_A_Ov )\0 )7 &, ayfv 8y€ €L ((_)\_05 )\O )ad,u)} :

In particular, the first term in the left hand side of A3 is well defined. Moreover,

with A1, A2 and A5, the second term in A3 is also well defined.

PROPOSITION 5. The set P(a*) is nonempty and open in H2(M).

PROOF. The fact that the set is non empty is similar to the flat case. It
consists in choosing (Ao, 79, bg) close to (0, 1,0) so that A1, A2, A5 and next taking
eo(y) = vf for a well localized even function f and a parameter v small to choose so
that A3 and A4 hold. The support condition on f then implies that u is supported
near r = 1 and so A7, A8.

The fact that P(a*) is open reflects the stability with respect to initial data of the
log log regime. Let us detail this point. Let ug € P(a*) and u € H2(M) such that
[luo — ull gz < n, for some 1 > 0 to be chosen later. Then ug and u write

w0 = o (0 (52 12 ()
0 = oo (52)+(52)

for some ¢ and g, \g, 70, Y0, bo satisfying A1, A8 and the orthogonality conditions.
The function e certainly does not satisfy the orthogonality conditions but by mod-
ulation theory, we can slightly modify the parameters Ay, 79,70, bo to remove this
problem. This is state in the following lemma. First, we introduce a notation. For
0 >0, let

Vs = {v e Bl llo — Qllin.

LEMMA 2. There exist § > 0, a neighboohood V of (1,0,0,0) in (0,00) x R® and
a function (\,r,7,b) : Vs — V such that for every v € Vs, the function € defined by

e(y) = A2 (0)e" " u(A\()y + 7(v)) — Qo (¥),

0<5}.

A
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satisfies the orthogonality conditions
(817 |y|22) + (827 |y|26
(517 yE) + (827 y@
(81, A@) — (5‘2, AY
(81, A2®) - (52, A2E

—_— — — —
\
o O O O

where

€1 = Res, €9 = Ime.

The proof of this lemma is classical and relies on a perturbation argument near
the point (A, r,v,b,v) = (1,0,0,0, Q) using the implicit function theorem. See [16]
for details. Now, we apply the preceding lemma with the function

v(y) = /\éefi'you(/\oy +70)
which is in V5 (from A3, A6) for some ¢ > 0 if n, a* are small enough. Setting
A=AW)Xo, F=r@®Xo+710, F=7+7(), b=Db),

we deduce that the function

E(y) = VAW T u(Aw)y + () — Qo) (8) = VA Tu(y +7) — Quly)
satisfies the orthogonality conditions 22)-@4). Moreover, by continuity of (A, 7,7, b),

if n is small, the parameters (), 7,7, b) are close to (Mg, 70, Y0,0) so that A1-A8 are
true. We deduce v € P(a*). Therefore, P(a*) is open. O

Let up € P(a*) and u(t) the corresponding solution. Since P(a*) is open in
H? and u is a continuous function of time, u(t) stays in P(a*) at least for a small
time and in particular, we have the decomposition:

(21) u(t,r) = i(t) Qur) (T ;(:)(t)> e 4t r)

) = e (1 (S50 Y e

As for e¢, we extend e(t) by 0 for y < —A(t)/r(t). Moreover, by the local theory,
the following weaker estimates hold: for § > 0 to be chosen later,
B1.

with

r(t) = 1] < ()2,
B2.
0 < b(t) < (a)V/8,

Orthogonality conditions.

(22) (Re e(t), [y|*%) + (Im £(t), [y|*©) = 0,
(23) (Re e(t),yX) + (Im £(¢),y0) = 0,
(24) (Re (t), A®) — (Im e(t), AX) = 0,

(25) (Re £(t), A?0) — (Im (t), A®X) = 0,
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B3.
E(t) = / |8ya(t)|2u,\(t),r(t)dy + / <0 |€(t)|26_|y|d7" < Fi(/f)v
YI<5ey
B4.
N ()| Eo| < T,
B4’.
A(t) ’Im ( / Vi - Vu(t)ﬂ(t))’ <Th,
B5. .
0< /\(t) < e_elob(t) ,
B6.

la(®)llz= < (a¥)'*,
B7. For k = 2,3, 4,
O3 ooy -1151)
”u(t)”H%(z\r(x)fl\>%) < W
We denote t; = ¢1(d) > 0 the maximal time for which the estimates B1-B7 hold.

PROPOSITION 6. If § is small enough then the estimates B1-B7 hold for all
timet € [0,T) i.e. t1 =T.

A big part of this paper is devoted to prove proposition8 For this, we will show
that for ¢ € [0,t1), we can obtain better estimates than B1-B7 and so necessarily
t, = T. More precisely, we will prove the following.

C1.
r(#) = 1] < ()3,
c2.
0 < b(t) < (*)V/5,
C3.
/|ay5(t)|2,u>\(t),r(t)dy +/ [e(t) ey < T,
vl <58y
CA4.
N ()| Eo| < Ty,
c4’.
A(t) ’Im ( / Vi - Vu(t)ﬂ(t))’ < Ty
C5. .
0<A(t) <e ™,
C6.

C7. For k = 2,3, 4,

||U(t)||H§(‘T71‘>%) < 2/\(t)k72+(57k)6'
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Sketch of the proof. Let us sketch the proof of the theorem. Following the
work [25] in the Euclidean case, the idea is first to use the radial assumption of
the manifold and the functions to rewrite the equation in these coordonates (r,6)
and see the new equation as a one dimensional equation and then use the log log
L2-critical theory. In the new variables, the Laplace operator is not exactly the
one dimensional Laplacian 92 and there is an other term that we will treat as a
perturbation; for a radial function wu,

/
Ayu = Bfu + %&u.

The stability of the log log regime suggests that this term will be negligeable. Then
one may see the derivation of the log log speed as a consequence of modulation the-
ory and linearization of conservation laws or more generally remarquable identities
that solutions of Schrodinger equation satisfy. First, by modulation theory, we may
write our solution u(z) = u(r) as

1 <~ r—r(t) r—r(t) it
u(r) = VAT (Qb( 0 )+€(faw)>€ ®),

for some parameters A(t), r(t), b(t),v(t) and a rest € small in some sense. The study
of the modulation parameters does not rely on conservation laws and consists in
multiplying the equation for u by some well chosen quantities to extract relations
between the parameters under differential forms and the rest €. To exploit these
relations, we need dispersive properties of € that are consequences of the lineariza-
tion of a virial type identity for the one dimensional equation (i.e. in r variable)
and conservation laws. The linearization of the virial will make appear a quadratic
form which is positive except for a finite number of negative directions. Two ar-
guments allow to treat these directions. First, from modulation, we may impose
a certain number of orthogonality conditions to vanish some order one in € inner
products and by linearizing conservation laws, we deduce estimates on the other
negative directions. Note that the radial symmetry is an essential assumption to
see the two dimensional equation as a one dimensional one but we do not need
any other symmetry, except the classical ones: phase and translation in time. In
particular, no translation in space is required to have a momentum conservation
law. This approach is the same like for the study of stability of ground state for
NLS or solitary waves for KdV: we expand in € a conservation law, vanish order one
inner products and use the positivity of the second order term to bound the rest
in the decomposition of the solution. When linearizing the energy, we will need a
smallness of the critical norm H'/? of the rest @ outside the location of singularities.
In the case where the manifold is non compact, we may use the good dispersive
behavior of the linear flow to see this smallness as a consequence of the H'/? local
smoothing effect. In the general case, we use a strategy again based on (almost)
conservation laws and developped in [Z6]. It consists in introducing an H? energy
and proving that it is in some sense subcritical and this allows to first deduce an
H? estimate and then the H'/? smallness.

The paper is organized as follow. In sectionll we linearize the equation around
the modulated ground state Qb and thus deduce the equation satisfied by the rest
€. In the next section, we derive controls on some inner products using conservation
laws: conservation of mass, energy and momentum. The proof consists in linearizing
the conservation laws and deduce estimates on the dominant terms. Note that for
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this part, we need the smallness of the critical norm. In the section B, we treat the
finite dimensional part and derive estimates on the parameters under differential
form. In section [ we give the virial estimates which allow to treat the infinite
dimensional part . Combining the two previous sections, we may integrate the
differential inequalities to deduce the first estimates on the parameters. This is
done in section In the next section, we proved the refined virial estimate to
obtain the lower bound on the blow up rate. In section [[Il we prove the smallness
of the H'/2 norm outside the blow up curve. Once we have proved all the bootstrap
conclusions, we show that these estimates are sufficient to conclude the proof of the
theorem.

4. Linearization of the equation

In this section, we write the equation ([l) in term of e. We introduce the change
of time variable

¢
d Bm

(26) 5 =50+ | )\2—(:_), , avec sozebe.

The corresponding final time is s; = s(¢1). Remark that s; may eventually be

infinite depending on the value of ¢; and the behaviour of A(t). Then, Q) satisfies

65@17 + &ay@b — Qp +ibAQy + Qp|Qu|* = — Ty,
wy)
where /
Uy = Uy, — wAd, Qs, w=w(ty) = %

In the rest of the paper, we will often remove the b parameter and write for instance
Q for Qp. Thus starting from (), a direct computation gives

(27) 05X+ 0se1 — M_(e) + bAe; = (% +b> AY 4+ 7,0 + %Sayz

As - s
+ <7 + b) Aey 4+ Fse0 + %ayé‘l
+Im(0) — Ry(e)
Ts

£0,0

(28) 0O + Osez + My (e) +bAey = (% + b) AO — 3,8 +

A

~Re(P) + Ri(e)

AS ~ S
+ <— + b) Aey — 561 + %37;82

where we denote J(s) = —s + v(s), M = (M4, M_) the operators:

432 ~ ~
M+(€) = —8551 — )\’way51 +ée1— <@ + 1> |Q|451 - 4E®|Q|252;

2 _ -
R (% +1)1Ql'e: - 12610P=1

=

P

N
|
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and Rp, Ry the nonlinear terms defined by

Rile) = (e1+%)e+ 0 —S|0[ = <% + 1) 1021 — 450|0]2s,
Ro(e) = (e2+0)e+Q|*—0|Q)* - (% + 1) |Q[ ey — 420|Q|%e;.

Note that M is essentially the linearized operator close to the modified ground
state Qb for the quintic equation posed in R plus order one terms that we hope to
be negligeable. Formally, in the limit b — 0, M tends to the linearized operator
around @, L = (L+, L—), of the quintic equation in R where

Li=-0+1-5Q", L_=-0]+1-Q"

5. Linearization of the conservation laws

In the following proposition and in the rest of the paper, §(a*) is a quantity
that tends to 0 as a* goes to 0.

PROPOSITION 7. For all s € [sg, s1), we have the following controls

(i) Estimate induced by mass conservation:

(29) dob?(s) / [a(t))? < (a¥)

(i) Estimate induced by energy conservation:

l\)l»—‘

Q4|52|2
0

10
b

(30) 2(al,z)+2(52,@)—/|ay5|2u(y)dy+5/<m Q4|El|2+/<
YI=% y|<

< Ty 9 4 6(a%)E(t).

(iii) Estimate induced by the smallness of the localized momentum:
(31) [(22,0,%)| < 8(a")3 () + T,

PRrROOF. (i) Conservation of the mass. The proof of the estimate (29)
consists in using the conservation of the mass and expanding in terms of a* the
equality |[u(t)]|3: = ||uol|3.. We write using polar coordonates and the change of

variable y = Tﬁ(rt()t),

o2 = / G Parer ey () dy + 2Re / QW) )tircy oo (0)dy + 112

To treat the first term, we first use that the weight p is close to h(1) = 1 if |y| < 10/b.
From B1 and B5, we have if |y| < 10/b, |A(¢t)y + r(t) — 1| < inf{(a — 1)/2,1} so
that [h(A(t)y +7(t)) — 1| < CIA{t)y + r(t) — 1] < (a*)'/? and thus

[16wPuwdy = [ 10wy + 0.

Then, recall that the mass of Q verifies
Q172 = Q72 + dob® + ObY).
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From b < (a*)/8, we deduce

/IQ(y)IQu(y)dy = [QIIZ: +¥°(1) + O((a") ).

The second term is estimated from Cauchy-Schwarz and the control on £(t) given
by B3. This gives using |Q(y)| < Cexp(—|y|/2),

~ _ Clyl C .
\2Re / Q(y)a(t,y)u(y)‘ <c /ygm/f ey < £ < ()%

Summing all the above estimates, we obtain
[uoll7= = Q72 + dob®(t) + ||| 72 + O((a*)"/?).
But since the mass of the initial data is close to the mass of @:

0 < Juollrz = |1QlL2 < 7,

[N

we can conclude
_ o L
dob? (t) + [[al|7= < ()=,
In particular, this proves C2 and C6.

(ii) Conservation of the energy. We expand in ¢ the equality E(u(t)) =
E(up). A direct computation gives

C 6
(32) B(uo) = 13 @ > A

where

1 ~ 1 ~
A = 5 [10,QPutdy - 5 [ 1@ ntwis
A = e 0,02y~ [ 1Q1Re (G) n(v)d.

A = 5 [10ePutwy— 5 [1Q1Pawy ~2 [ 107Re? (%) ntw)ds
Ay = -2 [1QP1PRe (G2) nlwdy — 5 [ Re® (@) utv)as,

Ac = =5 [1QPEl nwdy — 2 [ PR (=) nto)dy,

A5 =~ [ F'Re (G2) ntws

As = —é/IEIGM(y)dy-

Now, we estimate each Ay. Remark that two of these terms are non localized in
space, in the sense that the integrande is not multiplied by a power of @), namely

1 1
Q/If?yflzu(y)d% —E/IEIGM(y)dy-

These terms will require a special treatment. For the other ones, we will use from
B5 the approximation p(y) = h(r(t)): for |y| < 10/b,

[u(y) = h(r(t))] < CT.
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For Ay, we find essentially the one dimensional energy of Q. Indeed, by B1 and
B5,

Ao = E(Q)(h(r(t)) + O(T))

= or,

For the linear term, using again u(r) ~ h(r(t)) and after integration by parts in
the first term, we get

Ay = — (h(r(1) + O(Ty) (Re [ (0,0 + 1@ aee) dy)

Using the equation on Q, we deduce

A1 == (1tr(0) + 0 (Re ([ Gizmtyay)

om0 2 fo24))

The second term is zero by the orthogonality condition () so that
Ay =—(h(r(t)) + O(T%)) ((E,al) +(©,22) + Re (/ W?dy)) .

At first sight, the third term is of size I‘;/281/2(t) but in fact, we can improve
this bound. We state the general result in the following lemma which will be used
several times in the sequel.

LEMMA 3. For every k,p € N,

/ syp(?;jkllb

PROOF. We first prove by density that for alle € H' and for all y € [—2/b,2/b],

2/t 1/2 2 1/2
(33) |a<y>|s</ 2/b|a<y>|2eydy> +%(/ g|ays<y>|2dy> .

Let & smooth and compactly supported and yo € [—2/b,2/b] depending on b and &

such that
2/t 1/2
|5(y0)|§</ |a<y>|2e-'y'dy> .
—2/b

By a contradiction argument, this point always exists since | e~1¥ldy > 1. Then by
writing for all y € [—2/b,2/b],

< S(a")EM) + T M.

e(y) = e(yo) + ’ dye(y)dy,

we obtain ([B3) by Cauchy-Schwarz. We apply this to our situation: we reintroduce
the function u since |y| < 2/b to first have:

R 1/2
2, © v 2 1% 1/2
le(y)] <E@)V° + 7 (/ |0yel dy) < (1+ \/5) E(t)
1/2 O

and then the lemma is proved by integration and using |y|P|0x Wy (y)| < T')/7.

2
b
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In particular:

Re/\llbgdy} < S(a™)E(t) + F;fcn,

and then
|4y + h(r (1) ((Z,e1) + (0,2))| < T3 " 4+ £(1).

For the quadratic term, we use the uniform closeness of Q to Q ®):
1
A = 3 [10,2Puto)dy

+(h(r(t)) + O(Tv)) (% / Qe dy +2 / Q*Re” (Q2) dy) :

so that

1 )
Ay — = / |0,e?u(y)dy — h(r(t)) (5 /|y|§1bo QYe1]? + /Iyl_lbo Q4|€2|2>
< 6(a)e(t) + T,

The terms As, A4 are treated the same way. For instance, for A4, we may write

A < Nz | 10PlePdy
|y|§m

< el [ e e
R UEUDY

bt

Now, we have to control the L> norm of €. For this, we apply the Sobolev inequality
to ¢1e where ¢, is a cut-off function satisfying

0 if y> <,
¢1(y):{1 if 322_

N

and the following bound on the derivative ||0y¢1||r < A,
lell e (irpy < lledallz

Hay(ﬁblf)”zznéblasz

(/.

Reintroducing the measure u(y) which is close to h(r(t)) if Jy| < 1/(2)\) and using
B3, B5, B6, we obtain the bound

lell oo (iyi<0) = (/y<&(I8y5|2+A|8|2)u(y)dy> (/y<1|€|2u(y)dy>

IN

IN

|Byel* + /\|€|2>

L
2X

N

S(a)EYA(H) + T,

IN

Therefore, A3 and Ay are negligible:
|A3| + |A4| < 5(@*)5(0 + FéfCeta.
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For As, we first write by Cauchy-Schwarz inequality and then the L> bound found
above :

45| < ((r(t)) + O(T)) </| » |s|8dy> ([1arER) < stao+rien
ygm

We now turn to the estimate of the non-localized term Ag. We cannot proceed as
before since we have no control of the L> norm of € on the whole space. We split
the space into two areas, one is localized near the singular curve r =~ 1 and the
other one near 0 and infinity. This splitting writes

/ al° < / il + / 2l

where x2 is a radial cut-off localized near r = 1 and x; outside:

o if re(3?, _f0 if refo,2uUlL,p),
b= { Lt re0.4UlEe 0 DT i refdd)

For the first integral, we use the 2D Gagliardo-Nirenberg inequality and the H'/2-
smallness estimate near the blow-up curve

[ hal® < 19000 il < 60%) (14 [VlE).
For the second integral, we use interpolation:
/|X2a|6 < Ietllfp Ixatllzs < 6(e) (1+[Vallg.) .
We deduce from the last estimates that
[l < d(a)N (1) (1 + Vi)
X2(0)+3(a") [ 10, utrydr
Ty + 0(a™)E(L).
Summing and using B4 and |h(r(t))] < 2, we conclude the proof of ([BI).

IN

IN

(iii) Estimate induced by the smallness of the localized momentum.
We expand in ¢ the local momentum

)\(t)Im/Vw -Vu(t)u(t).
Recall that 1 is such that

1if 1<
— 2 —
W”_{Oifr<

<
an

3

r> 2.

BN ]
o.olw

so that 9,1(\(t)y +7(t)) = 1 if y € Supp(Q). Using polar coordonates and change

of variables y = T;(t()t), this gives

/\(t)Im/VdJ - Vu(t)u(t)
= C’Im/(?yéé,u(y)dy—l—CIm/ayQE,u(y)dy

+ctmn [ 0,5Qu(widy +C [ 8,00y +r(0)0,2u(w)dy.
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Expanding p(y) as before:

lu(y) = h(r(t)| < T3,
and observing that Q is even, we have that the first term is bounded by 1"%. Again
by splitting the function p(y), the second term is such that

Im/ayQE,u(y)dy —h(r(t)) (0,2, e2) + (8y®,51))’ <T3.

Moreover, using () we also have
19,0, 21)| < 10,02 |12 llexe™ 2 [[12(—10/5,10/) < 3(a)E2 (1),
and then

Im/ayégu(y)dy — h(T‘(t)) (ayz, 52) < 5(@*)51/2 + 1.

The third term in the expansion of the localized momentum is estimated like the
second one. For the last one, using Cauchy-Schwarz and the control of 5( E

’/%waﬁu(y)dy‘ < (/I5 elPuly dy) (/IEI2 dy)
i 5(04*)!2'(?)2.

Finally, we deduce from B4’:
(9,5, 2)| < 6(a”)E (1) + T,

6. Estimates on the parameters under differential form

In this section, using our choice of orthogonality conditions [Z2)-(EH), we deduce
estimates involving the geometrical parameters or more precisely their derivatives.

PROPOSITION 8. For every s € [so, $1), we have the following estimates

As T _
(34) \ + 16l + |5 < CEM)+T, M.

- (e, L (A%Q)) ool e
(35) Vs — 1AQI ' <d(aM)E2(t)y+T, "

Proor. Estimate for 3= + b. We take the inner product of @) with |y|?S
and @8) with |y[?© and sum the two equalities. Next using the orthogonality
conditions ([22)-EH) and several integrations by parts, we can group terms together
to obtain

As ~ - - - -
(3 +0) 1@l = - 50, (W) -~ (D, Q. 7Q) + e, 70)

_ (% + b) RQ(E7A(y2Q)) _ %RG(E, au(y2c~2)) + bsRe(g, y26bQ)

+’751m(57 ?JQQ) - Im()\ways, y2Q) + (Rl (E)a y2®) - (RQ (E)a y22)
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Now, we estimate each term. First, for the left hand side, we have the lower bound
A 5112
(5 +0) iz
Next for the term 95||yQ||2., we write

(36) 35 |lyQl22 = bsRe(9Q, ¥*Q).

Using that 8,Q is close to 192Q and y2Q is close to y2Q and Re(442Q,4?Q) = 0,
we can bound B8) by §(a*)|bs|. For the term Im(e, *¥), we use Lemma Bland the
smallness of A B5 to deduce

[Im(e, y?0)| < T}~ " 4+ £().

A
>C =2 4 0.
> ]“}

For terms appearing with the function w, namely
Im(\wd, Q, y*Q), Im(Awdye, y*Q),

we use the bound B5 on A and the lower bound for |y| < 10/b:

h(A)y + T(t))‘ 22|

h(A(t)y + r(t)) h(1)
to estimate the first of these terms by

|Im(Aw8yQ,y2Q)| <TYy.

(37) w(y)| = \

For the second, using again (1) and also Cauchy-Schwarz, we have
IIm(Awdye, y>Q)| < THE2 (t) < Ty,
Now, for terms
Re(e, A(y°Q)), Re(e,0,(y°Q)), Re(e,y*0Q), Im(e,y*Q),

we estimate by & %(t) using the exponential decay of Q and ). It remains to
consider the nonlinear in € terms. These terms are treated exactly the same way
than Ag,k = 1,...,6 in the step of conservation of energy in the section This
gives

[(R1(e),470)| + |(Ra(e), y*)| < E(1).
Finally, putting together all these considerations, we obtain the first estimate
Ts
A

Estimate for . Taking the inner product of [£7) with y¥ and [8) with y© and

sum the two equalities, we obtain

_leQlze s
2 A

—sIm(e, yQ) — bsRe(e, y0hQ) + (% + b) Re(s, A(yQ)

+Im(Awdye, yQ) — (Ri(c),y0) + (Ra(e), y%).

As
—+b
(38) ‘ 2+ -

<E3(t) <‘%+b

; m) T 6(a")[bal + £(1) + 7O,

= Im(Wwd, Q. y@Q) — Im(e, y¥) + T Re(e, 9, (4Q)
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As before, we estimate each term of this relation. The same type of consideration
than for As/X + b yields the estimate

As
22 4h
/\+‘+

Ts

(39)

gE%(zﬁ)(

2]l 40 ) + 60 + T

Estimate for b;. We take the inner product of 1) with —A© and E8) with AX
and sum the two equalities to obtain

(40) bsIm(9,Q, AQ) = 2Re(e, Q — ¥) — Re(¥, AQ) + Re(\wdy, e, AQ)
+bsIm(e, ADQ) — (% + b) Im(e, A2Q) — %Shn(a, 9,AQ)

+7sRe(e, AQ) + (R1(e), AX) + (R2(e), AO).

All terms are treated the same way than before except the term 2Re(e, Q — W)
which needs a special treatment. Using the conservation of energy written in (B2)

6

A2 Eqy
= Z Ak7
¢ k=0
and the equality for A;:
o~ 2
2Re(€, v — Q) = _WAI + O(Fb),
we may write
~ 2 N E,
2 V—-Q)=—-——— | — - A Ty).
Re(e, Q) (D) C Z k| +O1s)

k#1

Therefore, using that h(r(t)) ~ 1 > 0, the different estimates of the Ay established
in the proof of (Bl), and the equality

E(Q) =0T, ),

which follows from (@), we successively have

2Re(e, ¥ — Q)

IN

M Eo| + E(Q) + E(t) + Ty
N2|Eo| + E(t) + T, M.

IN

Moreover, the approximation Bbe ~ —iy?/ 4Qb gives after integration by parts:
3 AA 1 213, 12
(41) m(@Q.AQ) = ; [ w1 Gl

We thus have

1 )\S Ts
< £2 — =
(42) [bs] < E2(¢) <‘ h —i—b' + \

+ |bs| + I%I> + N2|Eo| + E(t) + T,
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Estimate for J;. We take the inner product of @) with A?© and E]) with
—A2%y:

Fs|AQ|32 — (e1, L+ (A*Q)) = bs (Im(abQ,AQQ) — Im(e, 351\2@))
- (AT * b> Im(A%Q, AQ) + Re(¥y, A%Q) — Re(Awd, Q, A%Q)

2o (@,0,0%0) + (5 +) Inle Q) + .Re(e,4%Q)
+Tf1m(57 8yA2Q) - bIm(Ea Ag@) + ((M+ (E)a AQE) - (515 L+A2Q))
+(M-(c), A?0) = (Ru(e), A’Y) — (Ra(e), A”O).

We use the previous estimates together with
(M (), A*S) = (e1, Lo A?Q)| + |(M—(e), A*0)| < 6(a”)EV2(1)

to deduce

T IAQIZ> — (e1, L+ (A*Q))| < Clbs| + 6(a”)

+(|3

) s
h\ + ’+|7|+

% +b‘ +6(a”)

Ts

T's

A

) EX(t) + E3(1)0(a") + Ty

and that we can also rewrite to make appear the term %, [|AQ||%. — (1, L+ (A?Q))
as

RS AQIZ — (e1, L (A?Q))] < Clbs|+5(a*)( + (3 [AQIIZ

)\s+b+T5
A A

—(51,L+(A2Q))) +3(a)ER(t) + T,

Now, summing BY), ), E@2) and vEJ) for v small enough (to make the term
C|bs| in ) go in the left side) and using that £(t) goes to 0 as a* tends to 0, we
first have

As
—+b‘+

(44) -

TS ~
| sl + A lIAQNZ: — (61, L1 (A%Q))]

< 8(a*)E3 () +Th~ " + N2| By,

and this gives [B). Next, by summing the estimates ([BS), B9), @2 that do not
involve the phase parameter 7, and injecting (BH) in this new estimate, we get the
control of the other parameters (B2I). O

7. H! virial estimate

In the spirit of [16], [25], to derive dispersive properties of the rest e, we would
like to use the virial identity for the one dimensional Schrodinger equation. How-
ever, the classical virial identity is only defined in ¥ := {u € H!, [d(N,z)*|ul® <
oo} (where N is one of the pole) but an algebraic computation will show that we
may extend this identity to H'. The curvature of the manifold, which is reflected
in the additional term hA’/hO,u in the Laplace operator, is treated as a perturbation
due to the smallness of the parameter \. Let us give the computation in the case
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u € X. In this case, we see u as a function of r (that we extend to the rela line so
that u(r) is odd) and an almost solution of the Euclidean equation

i0su + 0%u ~ —|u|*u,

for which we apply the classical virial identity
d
Elm/aruﬂrdr =4F,.

Next, we expand in ¢ this relation and switch in (s, y) variables to obtain
Ag + A1 + Ay = AX2Ey,

where
d ~ T~
Ay = T (T(S)Im/&uﬂ+lm/y3beQb) )
A = 2Lim(AGy o)
1 = ds m b, €)s
d _
Ay = d—SIm/aysa.

But 7(s) ~ 1 and the momentum of u(r) is almost constant since u(r) is an almost
solution of the one dimesional equation so that after integration by parts in the
second term of Ay, we get Ag = —Db, +O(Fifcn) for a constant D > 0. A; is zero
by orthogonality conditions. For the third term, we use the equation satisfied by
¢ that we may see by the smallness of the parameters and removing the nonlinear
part as
i05e + Le = 0.

This gives

As = H(e,e) — 2Re/aA€+ O(I‘;_C").
Summing Ao, A1, A; and using the smallness of ¥ and the coercive property of H

modulo some negative directions that we control by orthogonality conditions and
conservation laws, we obtain the virial estimate:

Chy > E(t) — Ty M.

Since this estimate is well defined for v € H', we expect it to hold in the general
case. This is stated in the following proposition.

PROPOSITION 9 (H! virial estimate). There exist C > 0 and 6 > 0 such that
for all s >0,

(45) by > 6E(t) — T} .
PROOF. We go back to the relation (E):
(46) bsIm(9,Q, AQ) = 2Re(e, Q — ¥) — Re(¥, AQ) + Re(Mwdy,e, AQ)

+bsIm(e, ADQ) — (% + b) Im(e, A%2Q) — %Shn(a, 9,AQ)
+7sRe(e, AQ) — +(R1(¢),AX) + (Rz(e), AO).

To prove (), we need in particular to extract the quadratic in e term in the right
hand side of the last equality that we write as

bIm(9,Q, AQ) = F + G,
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where

F =2Re(e,Q — ¥) + ((R1(e),AX) + (Ra(e),AB)) = Fy + Fy.
First, the G term is easily estimated using the control of the parameters proved in
the previous section and estimates

(£,0°Q)] + |(2, AQ) | + (¥, AQ)| < E(1) + T,
This gives that G is negligible:
|G| < 6(a*)E() +T) M.

Now we focus on the F' term where we want to extract the quadratic in € term. Let
us first study the F; term. We use the conservation of energy that we can write
according to [B2):

and

Ay +As+ Ay + A5+ Ag = /|8 E|2 /Q4E%dy——/Q4E§
+O(I}~ C")+5( “E().

Therefore, we may write Fj as

P ey (et n et [d [ o)
+o(a")E(t) + Ty,

Next, by expanding R;(¢) and Ry (¢) and replacing @, by @ by [), we obtain

By = (Ri(e),AD) + (Ra(e), AO) = (£3,5Q" + 10yQ%9,Q) +
(3, Q" + 29Q°9,Q) + d(a")E(®).

We sum and obtain

47 F —/|8y5|2hl(t:zj)))dy+ ((5151,61) + (Lag2,€2) —/|8 5|2> C

A2E,
Ch(r(t))
+ O M) 4 5(a*)E(H).

Remark that since the term |d,¢]? is not localized in space, we cannot make the
approximation

1(y) ~ h(r(t))
with a good error. Moreover, we will need to control from below the quantity
(L1e1,e1) + (Loe2,e2) by E(t) plus some inner products. For this, we will need to
localize € to reintroduce the measure u(y). These two facts suggest to introduce ¢3
a cut-off such that .
Lo |y <Ty
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with 0 < ¢35 < 1 and the bound |9,¢3| < T';. Then we write

/ 10, 2uy)dy = / 10, PR u(y)dy + / 19,2 (1 — 62)(y)dy

The second term will not be a problem since it is positive. For the first term, we
write that the quantity

= ’/¢§|ay5|2ﬂ(y)dy—/|5y(¢3€)|2h(r(t))dy’

is bounded by

A < | [ Goernena - [ |ay<¢3s>|2h<r<t>>dy\
. ‘ [ Goeuway - [ ¢§|ays|2h<r<t>>dy}
< \ / G210, (WA + (1)) — h(r(t)))dy] N I a—
< B(aEW) + T

since when |y| < I, |hA®)y + (1)) — h(r(t))] < d(a*) according to B5 and
1/2 < p(y). At this point, for the F term, we obtain

Pz [l@f+ (@ee)+ @ - [10,67)
_ N Ey
A0

We may also localize the expression in parenthesis with a good error. Indeed, let
us give the argument for the term yQ39,Qe3:

} [1220,01 - [10*0,Q 00007

— 8(a*)E(t) — Ty .

IN

[ Wi
ly|>T,
TWE(t) < 5(a™)E(H).

IN

Thus with A4, we have:

F > (Li(p3e1), paer) + (La(pse2), p3e2) — d(a™)E(t) — F;—Cn_
Here, we use the spectral property (@) to obtain a lower bound on H (¢3¢, ¢s¢):

(48) H(¢3€7 ¢3€) 2
d ( / 10y (¢se)*dy + / |¢3sl2e—ydy) — (0521, @)% + (301, 7Q)?

T (631, 9Q)” + (6322, AQ)? + (6922, A2Q) + (6322,0,Q) ).
First, by the property of the support of ¢3, we have

/ 10, (¢36) Py + / | acl2eWldy > £(t) —

Secondly, using orthogonality conditions and the estimates 29), @), BI) induced
by conservation laws, we can bound each of the six inner products in () by
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d(a*)E(t). Indeed, let us give the argument for the inner products (¢se1, Q) and
(¢3€1,4%Q). For the first, we use the conservation of energy (B to write

(P36, Q)] < [(e1, Q)] + (1 = h3)e1, Q)
< < (e, @ = X)) + (e, B)[ + T
< S(a")E(t) + 8(a*)E3 () +Th~ "
< SR () +T,M

For the second, we use the orthogonality condition [Z2). This yields

l(¢3e1,4°Q) < (1= d3)e1, ° Q)| + [(e1, 4 Q)
< S(a)ER () + (1, ¥3(Q — D) + |(e1,47D)]
< 5(a)EX() + 6(a*)E2 () + |(e2,y2O)]
< G(a)Ex(t).

All these considerations give
H(¢357 ¢3€) > 6g(t)7
and then
F>6&E(t) — Ty .
We obtain [) by summing F' and G for o* small enough and using the sign of the

quantity Im(9,Q, AQ) proved in (ET).
O

8. Estimates on geometrical parameters

In this section, we integrate estimates proved in the two previous sections. This
will give us informations on b, A and r. Using the virial estimate:

)\s 1/2
‘7+b +|bs| Sl—‘b/ ,
we get
d As dhs 5r
g()\265ﬂ—/b) = 2A2€5ﬂ'/b (7 +b—b— %) < —bA265b < 0.

Therefore, A2¢°™/? is a decreasing function of s and so of ¢, which gives using A5:
N2 (t)| Eol
Ty ()
and this proves C4.

< |EO|/\2(t)e57r/b(t) < |E0|)\2(0)657T/b(0) <1

Estimate for b. From the virial estimate X)), we obtain a differential in-
equality
by > —1I'.
that we solve by dividing by b2 and remarking that it implies
di.ls (63”/41’) <1.
Integrating this in time and using our choice for so [0l), we get

e37r/4b <s,
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and this gives the lower bound on b:
3T

(49) ~ 4logs’

Estimate for \. Using the estimate (Bl on the parameter A;/(A+b) and the
control on I'y, we get

As 12 _ b
— +b <T < —.
NS =3

We deduce from the the lower bound on b
As 2b T
—_— > — > .
A7 3 7 2logs
We integrate this inequality to deduce

S

T
—log A(s) > —log A(sp) +/ ——db,
so 2logt
and thus
“logA(s) > —logA(s )+z/51°g97_1d9
& - &AL 2/, log®#
>

T 0 1°
—log A\(so) + 5 [—logﬁ} .

S0 m™ S

™
> —logA -+ = .
- 0g A(s0) 2 log sg * 2 log s

Using A5 and our choice of so (which is large if o* is small enough), this gives
1 T S

—1 > 2] T_s

(50) 0gA(s) 2 — log Also) + 5 Tog s

and this prove for all s € [sg, s1),

(51) A(s) < v/ Age™ 2 Toes

The lower bound on b ([@d) implies in particular

T 1
b(s) > =
(s) 2 5 log s — loglog s
which is equivalent to
™
logs — P 5b(s)

This last inequality together with ([&1]) yield:
T T
< _ =
> < Ve (5o (57))
and therefore from the smallness of \g given by A5, we obtain the upper bound on
A C5. Estimate on r. The estimate @B4) on rs/A shows that if o* is small,

X
—| <1.
Sk
And thus, using the upper bound on A [B4) and the estimate on \g A5, we get
s s —+oo
[r(s) —ro| < / [rs|ds < / A(0)do < \/)\0/ exp (—E ) o < a”.
S0 S0 2 2 10g9

And by A1,
r(t) = 1] <o,
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and we obtain C1.

9. Smallness of the localized momentum

The goal of this section is to show C4”:

Im </E(t)V1/; : Vu(t)da:)’ <T}.

We first multiply the equation () by %Ad)ﬂ + V4 - Vu and take the real part and
then after several integration by parts

1 1 1
§6t1m/ﬂ V¢-Vu:/|6ru|26fz/1hdrd9— Z/|u|2A2¢+§/|u|6A¢.

We use the boundedness of ¥ and its derivative to control the two first terms in
the right hand side of the above equality and the Sobolev type inequality from
Proposition [l to control the LS norm of u. This gives

A(t)

1

o [wVe-Tul < IVl e +
< 2l + Julallul
< Cllul3.

Thus using the decomposition of u in term of Q and & to write | Vul|2 < 1/), we
deduce

(52) B&Im/ﬂ Vi - Vu

- 1
T
We then integrate (B2) in time between 0 and ¢ and use
t dr /S
- = df < s,

o M) Js T
to obtain for all ¢ € [0,¢1),
(53) A1) ‘Im / V- Vuu

But, A(2)eS™/b(1) < \geb7/% . Indeed,

Ds(Ae/b) = At/ <<% + b> —b— 67Tbs>

+ A(t)s(t).

< A(t) ‘Im/VU)-VUou_O

b2
and the term in parenthese is negative (equivalent to —b) since by (B4l and B3:
As bs 1
Y +b| + 22 <TIg.

We deduce using the estimate of the localized momentum at time ¢t = 0 A4:
A(t) [Im [ V4 - Vot |
r

6

ed(®

A(t) ‘Im / Vi - Vuolg

(54) efd < 1.

IN

Ao

Moreover from ) and (B), we may show
s(HA(t) <T7j.
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Injecting the last inequality together with (B4l into (B3], we get C4°.

10. Refined Virial estimate
The virial estimate X)) allowed us to get the bound EJ) on b(s)

3
b(s) > .
(s) 2 4log s

With this estimate, we will deduce the log log upper bound on the blow up rate

log |log(T — 1)\ ?
)
If we want to prove the log log lower bound on the blow up rate, we need to have
the converse inequality in (@) and this requires to improve the virial estimate ([HH).
This refinement consists in finding an expansion at first order of the rest € and this
term will be (; or more precisely a troncated version of (;. Therefore, we choose a
suitable parameter A > 0 such that in the area |y| < A, the radiation is close to €
and then get a virial type estimate for the new variable

IVu(t) 12 < c(

E=c—G,
where fb is the troncated radiation:
& = XA = Cre + iCim.
and where y 4 is a radial cut-off localized between 0 and 24: xa(y) = x(y/A) with

_p it i<t

We choose A as
(55) A=em@,

where a > 0 is a small constant to be chosen later. Using that ya(y) = 1 if
ly| < 2/b, we deduce the equation satisfied by the truncated radiation (p:

092Gy — G + ibAG, = Uy + F,

where

F= (agXA)Cb + 2(6yXA)(6y<b) + iby(ayXA)Cb-
Note that Supp F' C {y, A < |y| < 2A4}. Moreover, it is not difficult to see from
Lemma [0 that ¢, satisfies

(50) Jogr<rion [k <o
As for the first virial estimate, we may predict what kind of estimate we may
hope for €. Indeed, the equation for € is essentially:
10s€ + LE = I,
so that by rewriting the virial identity if it is defined, we obtain roughly:
bs > H(E,€) + Re(£, AC) + smaller terms.

In particular, we will need to estimate the inner product (&, AQ:) Let us now state
the precise virial estimate for the variable €.



BLOW UP ON A CURVE FOR NLS ON RIEMANNIAN SURFACES 135

LEMMA 4 (Refined virial estimate). There exist constants 61 > 0,¢ > 0 such
that the following holds. There exist n*,a* > 0 such that for all n € (0,n%),a €
(0,a*), there exists b*(n*,a*) > 0 such that for all |b] < b*(n*,a*), and for all
s € [s0,81),

d 1
(57) —f1(5) = 01€(s) + el - 5_/ P,
o 1 JAa<ly|<2A
where f1(s) ~ Cb:

58 i) = fQul+ i ( [0,0) + e2.0G0) = (1. Aun)

and

£(t) = / 10,2t y) Puy)dy + / B

10
‘U‘SW

PROOF. In a first step, as for the first virial estimate, the proof consists in
multiplying the e-equation by some suitable quantities; namely 1) by —A(@—i—&m)
and E8) by A(Z + C~Re) and summing. We do not rewrite this equality to avoid
surcharging the text. This relation is essentially the same as the one found to prove
the log log lower bound for the L2-critical equation (see this relation in [19]) plus
additionnal terms induced by the functions w and u. Among these terms, there
is only one which is non localized and which enter in the quadratic form H. The
others are localized and are controled using ([BH) and for |y| < 10/b, p(y) ~ 1 and
w(y) < C. After estimating these terms and controlling the negative directions of
H as in the proof of the first virial estimate, we obtain

(9 ()2 < [10,2utway+ [ |é|2e—ydy> ~ T3+ Re(&, AF).
ly| <28

We have to estimate the inner product Re(£, AF). To deduce the first virial esti-
mate, we have used the bound

Re(e, A®) > T} ",

Here we may obtain a better estimate by showing for some ¢ > 0,

1
(60) Re(&,AF) > c[', — —/ le]?.
A<|y|<2A

C

The proof of (@) does not make appear the measure p and therefore is the same
than the Euclidean L2-critical case [I9]. Let us recall quickly the argument, for
details see [T9]. It consists in splitting

(61) Re(&,AF) = Re(e, AF) — Re((, AF).
For the first term, we use Cauchy-Schwarz and the bound
24
| are<r,
A

consequence of properties of ¢, (Lemma[ll) to deduce for all 65 > 0,

1
2

1 1
[Re(e, AF)| < T} ( / |s|2> < 6Ty + 5 el
A<|y|<2A 2 JA<|y|<24
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The treatment of the second term consists in writing F' for A < |y| < 2A4 as
— 920 _ 4 ibAE
F =0,¢ — (+ibA(,
and using polar coordonates and integration by parts. Then from (B):
—Re((,AF) > Iy,

Finally, by summing and taking d2 small enough, we obtain the desired estimate:

d 1
D p(s) > 6 / 10,22 (y)dy + / EPelvl ) 4 ery — L / el
ds ly| <10 € JA<]y|<24

O

Remark that f1(s) ~ Cb so that the new virial estimate is almost an estimate

of the type:
< 1
bs > 01E(t) + Ty — —/ le]?,
0 Ja<pyl<2a

and this inequality is an improvement of the first virial estimate if we are able to
have a good estimate on the localized L?-norm of e. We denote by ¢4 a smooth,
increasing and radial cut-off satisfying 0 < ¢4 < 1 with ¢}(y) > 1/2 if y € [1,2]
and:

(0 if 0<y<1/2

LEMMA 5 (Localized L2-norm of ¢). For all s € [sg, s1),

b a
(  [on (5 etutan) = 5 [ R rE [logeRua -1t
Syl

PROOF. Let us denote by L the left hand side of the above inequality. Then

JTSP/Q(%”EFM(Z/)CZZH‘ %‘9)% (/¢4(%)I6I2u(y)dy>-

Using that u satisfies the equation (), we have after computations
d r—r(t) 9
i [ o (a0
r(t) rs  r—r(t) (A As
= —+——> —+4+ — | ) hdrdd
)\2A/||¢4< V) YTy vt r

—i——AIm / wd, ), ( ~ A(t)> hdrdo.

Remark that with the definition of A and the support of Qy,

~ (r—=r(t)) Lor=r() _1
Qb< NO) )_0 YO R

so that we can replace u by
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in the above formula and coming back to the (s,y) variable, this gives after writing
Ae = (3 +b)—b,

—/¢4 )elPu(y)dy = /||¢4 ( (%Hﬂr%))u(y)dy

—I 0 y)dy +b d
5 [ 0,z (Dutdy+ b [ 1665 S uto)dy
=B+ By + B3-
Using estimates on parameters [B), BH), and |A;/A] < |bs/b?| < T'¢, we have,
% Y
Bl <1f [ oilePuto)dy

For Bs, we write
y Y
Bl = 5 ([airutan+ 10,226 umay)

r# (/¢4 (L)) dy+/|c’%s|2 dy)
FZ/Q/be(Z)IaIQu(y)derFZ/ /|3y€|2u(y)dy

Remark that with our choice of ¢4, y/A > 1/2 and this provides a lower bound for
Bg:

A

IN

IN

b y
> — [ ¢h(5)|e)? :
By =5 /¢4(A)|€| (y)dy
Thus, we find using p(y) ~ 1 for o* small and ¢ (z) > 1/2:

b
(63) By + By + Bs > < / le[*dy.
A<|y|<24

Moreover from (B4),

s Y -
= [ osplePumay| < a [ P <2

The estimate above and (B3] conclude the proof of the lemma. O

LEMMA 6 (Lyapunov functional). There exists a functional J and a constant
¢ > 0 such that for every s € [so, 1),

(64) 0sJ < —cb(s) <Fb(s) +&(s) +/ |€|2> ;
AL |y|<2A

and

(65) |7 (5) — dob?®| < §(a*)b?

where dy > 0 is given by ). Moreover, J is given by the following expression:

g = -2 (bfl—/obf1+b1m<a,Aé>>+%/( —04() =P aty)dy

s (1@ - [1a2 4 2me [Quiay )



138 NICOLAS GODET

where
_ b —
F(6) = § 10l + 51 [ 10,&).

Proor. We multiply (B2) by ‘51b and sum with ([E2) to obtain

00) S5+ (7 [ o Putay) >

2
%5 O5lbrb—r2/|as|u (y)dy

b
+— le]?

-T2
16 Ja<y|<2a

We rearrange the left hand side to make appear the derivative of J; this gives using
the product rule:

< <bf1 /f1+b1m(€AC> /m%mu )

3t .
—1—6b51m(5, AQ).

We use the mass conservation:

/ ePu(y)dy + / 1Gul2u(y)dy + 2Re / eQpiily)dy = / o2,
to write

JoiplePutiay = [ 1w = [ 1Gutw)dy ~ 2Re [ Quntwiy

- [ (1= o) Pty
so that (G1) becomes

== gepmie ) = (5 (1wl = [102+ [102)) .

that we may rewrite according to (B), B3, B5, and ||AC||z> < Fb/ (see Lemma

m,

(67)

~J. +O(IT,'%).
In the right hand side of (), the only term that we need to control is

ry / |0y uly)dy;

that we may bound by (if a > 4Cn),

vf [1oePutiy < v ( 2y |3y5|2u(y)dy>
< ¢ <Ficn+/layél2u(y)dy)

< rittard / 19,20 (y)dy.
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This shows (@l). The last thing to do is to prove that J is of order b? ([BH). We
use that Qp has a supercritical mass [l so that

J(s) = dob* +b*5(a*) + %s) (2Re/a@u(y)dy + / (1 - ¢4(%)) |€|2,u(y)dy.>

& (- b N
7%Gﬁ—4ﬁ+mmaM0.

Now, we prove

[(1=6) lePutndy < o)

Indeed, let us denote by C the ring {z € M, —2AX+r(t) < r(x) < 2AN+r(t)} and
¢ a radial, smooth, positive cut-off such that ¢(z) =11if z € C, ¢(x) =0 if r(z) >
2AN + (AN)Y2 +1(t) or r(x) < —24AX — (AN)Y/2 4+ 7(t) with the bound ||V¢|/z~ <
C/(AA)/2. Then by Cauchy-Schwarz inequality, radial Sobolev embedding (see
Proposition ) H 1/4 <, L* and interpolation, we have

J (o) etuwivs [ e < [l

< Vol(C)® |l ill?.
2AN+T(t) 3

< (/ hrydr ) oal?
—2AN+r(t) H3

< C(ANE | oal 3. V(6w)] .

< oan? (vl llallf. + Va3 ) -

But, using on the one hand the bound on the derivative of ¢ and on the other hand

IVale = ([ EPu)” < et
u = — —

L2 b\ uly)ay =3¢
we obtain from B3 and B5

[ (1= 6:)) lePutwdy < can

Moreover, we have easily from (&4):

B
Wl

+ARE < (a2,

(e, A + |Re [ Qo)) < a0

6 (5 b
o <bf1 - /0 f1>

is also less than &§(a*)b? using the fact that we can choose §; arbitrarily small in
Lemma[l This proves Lemma O

The last term, namely

The following lemma is a consequence of the previous Lemmas; it gives in
particular C3 and the upper bound on b which will allow us to prove the log log
lower bound.
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LEMMA 7. There exists a constant C > 0 such that for all s € [sg, $1),

4
(68) bs) < g,
(69) £(s) < T},
(70) / ) (rb(g) + 5(0)) do < Ca*.

S0

PROOF. The proof of the upper bound on b is a consequence of (Gl and (E3);
indeed it imply:

LoV _ O frggtetVE 2

ds 8

We integrate the last inequality in time between s and sg = e and since J (s0) ~

dob?(sp), we have
s 57 d
esT\/iJD > S+(€TV J(go) —50) > g

or equivalently
J om 1
dop — 4 log(s)
We conclude using again (G3) and this proves the upper bound on b. Let us prove
@d). We will need to have a more precise error in the approximation J ~ dob?®.
Here the measure p(y)dy does not play an significant role so that the improvement
of ([E3) is the same than the Euclidean case. One can show that (see [T9] for a
detailed proof)
1
c
where f5 is the function defined by

fa(b) = (/IQbI —/Q2> - % (bfl(b) —/Ob fl(v)dv>

and satisfying

E—T}79 < J(s) - fa(b(s)) < CA%E + T},

d
%(0) > 0.
Let s € [s0,$1). If bs(s) < 0 then by the virial estimate ), @) holds. If bs(s) > 0,
then by continuity, b increases on an interval [s2, s] for some s > s¢ and we choose
for s the smallest time for which b increases on [sz, s]. Using the decay of J and
the growth of fy near b = 0, we have

Legs)

! < J(s) ~ fa(b(s) +TiC°
< J(s2) — falbls2) + T
< CA?%(s9)E(s2) + Fé(_sf)a + 1—‘l%(_S)Ca

But we will prove that

() E(s2) < T,
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Indeed, if s = sg, then () holds from A3 and if sy > s¢ then bs(s2) = 0 and ([
follows from the virial estimate X). Finally, using b(s2) < b(s),
1 g 1—-Ca 1—-Ca %
afB) < CA*(s2)0 o) + Doy + Doy “ < Tify-

This proves ). For [), we divide by /7 the inequality (B) and we integrate
between sg and s; this yields in particular

c/:b(l"b—l—g) < /T (0) — VT).

To conclude (), we use J(sg) < Cb%(sg) and A2. O

11. Smallness of the critical norm

We now prove that the critical norm of the solution is small outside the blow up
curve r ~ 1. This is the last part to prove Proposition Bl This smallness has been
proved in [25] in the Euclidean case using Strichartz estimates and local smoothing
properties of the flow. Indeed, in R? or more generally in RY, it is a classical
fact that the solutions of the linear Schrédinger equation have locally one half a
derivative more than the initial data. This smoothing effect relies on the good
dispersive behavior of the free equation in RY. In the case a = oo, the manifold
is non compact and we could use local smoothing properties for such manifolds.
However, if a < oo, the manifold is compact and this regularization is false because
of lack of dispersion due to the discrete spectrum of the Laplace operator. The
method we use to overcome this difficulty follows [26] where the use of an almost
conserved quantity at level H? allows to get estimate on the H2 norm of the solution
and then propagate this information to have estimates on H*® norms for s < 2 and
so deduce the smallness for s = 1/2. The counterpart of this method is that it
requires more regularity on the solution and so the stability holds in H2, and no
longer in H}ad where it is more natural.

To prove the smallness of the solution in the area |r —1| > 1/2, we will split the
problem into two parts: firstly, the smallness in the region r € [1/4,1/2]U[3/2,7/4]
and secondly the smallness for |r —1| > 3/4. In the first area, we will constantly use
radial Sobolev inequalities reflecting the fact that in this area, the equation looks
like the one dimensional L2-critical equation. In the second area, the point is the
introduction of the H? pseudo energy.

Let us recall that we have the bootstrap assumptions B7: for all ¢ € [0,¢1)

(72) [l g3 pogppyy S (@,
(73) Ol < 5
(74) WOy, oy < T
(75) la( 2 o153y < ﬁ

and we want to prove the improved bounds C7: for all ¢ € [0,¢1)
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(76) le®ll 3, yer, < (@

(77) lu@larr-1j>1) < 2/\(115)35,
(78) Oy, oy < T
(79) (DG T W

The main points to prove the H'/2 smallness outside the curve is the L2H*
integrability of the solution outside r ~ 1 and an almost monotonicity property of
the parameter A. These two properties are stated in the following lemmas.

LEMMA 8. The parameter X is almost decreasing in the sense that:
(80) for all sa, s3 € [s0,51) with s2 < s3, A(s3) < 3\(s2).

PRrROOF. This is a consequence of the first virial estimate (@) and B4); indeed,
combining these two inequalities, we deduce:

% +b<CTy " 4 b,

Using the sign and the smallness of b (@) and B2; we find by integrating the last
inequality

S3

/ < bsy) —b(52)+0/53 (=b+T377) < blss) — bls2) - %/ <.

S2 52

Computing the left hand side, we get &0). O

Let us now state the second lemma. Let x be a positive and smooth cut-off
function such that xy = 1 on [2/32,30/32] and x = 0 outside [1/32,31/32]. Then
the following lemma holds.

LEMMA 9. There exists a constant C' > 0 such that for all t € [0,t1),

t
/ Ixul%: < Co.
0

PROOF. This lemma is a consequence of (). Indeed, switching in polar coor-
donates and in s variable, we obtain for ¢ < t1,

t t s
(81) / IulZn < / 2 < a2 rs + / / 19y u(y)dy.
S0

But on the one hand, from the upper bound on A (&I and since sy can be made
arbitrary large ,

(82) t:/ /\Q(T)dTS/\O/ e” % s < aF,
s 2

0

and in particular t; < a* < co. On the other hand, from (), the second term
in the right hand side of ([l is less than Ca*. We conlude thanks to the L?
boundedness of «. O
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Let us now introduce the H? pseudo-energy. An important fact, that we will
prove later, is that this energy is controled from below by the H? norm and therefore
it allows us to get estimates on this norm.

LEMMA 10 (H? pseudo-energy). Let Ey be the following functional

) :/|Au|2 —3/|Vu|2|u|4—2Re/(Vu)2|u|2ﬂ2.

then Eo is an almost conserved quantity in the sense that there exists a constant

C > 0 such that for all t € [0,t1),

d c

PROOF. We first apply the operator V to the equation ([l). Then we multiply
by VA7 + V(|u|*7), integrate and take the imaginary part to obtain

0:Re/VutVAﬂ—i-Re/VutVﬂurlﬂ) = A+ B.

We integrate by part the A term:
A=— AT =——— [ |Au®

V(|u[*n) = V(@*u?) = 3u*Vau? + 2uVua®,

Using the identity

we split B into two terms B; and By with

By = 3Re/VutVE|u|4,

_3(d 2,14 2 d | 14
3 (5 1ot [1vup gl
Using the expression of u; in (), we get d;|u|* = —4|u|*Im(wAu) and thus
Bi= 35 [19uPluft 46 [ [9uPluPim(@au),
With the same method, we obtain for Bs,

By = %Re/(w)QIulzﬂQ+3Re/(Vu)2ﬂ2u(iM+i|“|4ﬂ)

that we rewrite as

—Re/(Vu)Qﬂg(iAu + i|u|tu).
Summing A, B; and Bs, we get the identity:
d
EBy(u(t) = 12/|vu|2|u|21m(mu)+6Re/(vu)2a2u(ma+z'|u|4a)

_9Re / (V)23 (iAu + uful),

so that we deduce

(84) jt ) < C</|Vu| Juf? |Au|+/|Vu| |u|8>
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Let us now estimate the right hand side of (&).

Outside poles. We start by the region outside poles where we may use radial
Sobolev embeddings of Proposition [l as in a one dimensional setting. First we
prove

(55) [ vuPs [ vuplp <
T<r<? T<r<?

4 4

)\6+375 ’

Indeed, using Cauchy-Schwarz, radial Sobolev inequality, we have successively for
the first term

/ B0 = 2 PR O PR A PO 1 ey
ry 1

A

1 1 3 3
IVull g2 | Aull 2 | Aul| o[ Vull 22 [ul 72Vl 72

IN

Using mass conservation, control of the H! norm of the solution ||Vul[z> < A7t
and the bootstrap assumption [[3) on the H? norm, we get

1
RGN
lorcl A6
The second term is treated in the same way; we find

1
/ Vul?[uf® < [[VulZallullz: [ Vul 7. < 35
T<r<t A
Summing the two above estimate, we obtain (BH).

Near poles. We now prove that near poles, the estimate is better:

R

By Cauchy-Schwarz, 2D Sobolev embeddings H'*9 — L[>, H? < L* and inter-
polation between ([3)) and (), the left hand side in ([d) is bounded by

Vsl [ VPl <
3 1> \A+463

||VU|@4(‘T,1‘>%)HAUHN|\UH%0@(|T,1|>%) + ||VU|@2(‘T,1‘>%)HUHim(‘T,lb%)
1

2 3 8
= WHUHH%(‘T—H>%)||U||H1+6(IT_1I>%) + WHU|‘H1+5(‘T—1‘>%)
11 1 1\ 1 1 1 \°
= N2+ \2+46 | )\35(1-0) )\3(2+9) + N6\ \38(1=0) )\3(2+9)
1
= N\A+465
Summing ([BH) and (BHl), we obtain (&3). O

Now we prove that the Ey pseudo energy is essentially the square of the H?
norm. Indeed, first near poles, again by interpolation

1
/ . |V’u,|2|u|4 < HVU||%2(|T_1I>%)||U||§11+5(|T_1|>%) < W,
[r—1|>3%

for some C' > 0. In the area outside poles but including the blow up curve, we have
from the radial Sobolev embeddings

1
(87) ‘/1< <z |vu|2|u|4 S ”quiQ(i<T<§)||u||2L2(i<T<£) S F
31<T<7zg
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Therefore, summing the two above inequalities and from (B3):

1 bodr 1
2 2
)l < [ 18l < )+ 55 < ol + [ S+ g

The energy at time ¢t = 0 is controlled using the previous estimates on Fo, A7 and
the monotonicity of A ([B0):

1
Batwo)] < [ 18uof + 55 <

To treat the L' norm in time in the right hand side of [H), we will need the
following lemma which basically say that when integrating, A=! behaves like the
self similar rate.

LEMMA 11. Let o > 0. Then for allt € [0,t1),

t * -
d ! if  a<2
(89) / < | log A['* f
0 A7) Seer— if a>2
PROOF. If a < 2, we use the uniform smallness in o* of A\, A < exp(—1/a*)
from B5, B2 and the smallness in time from B5 and (B8), A < exp(—si0) and this

gives:
t d s s 3
T 7 2—a C2—a
/ —a:/ N <e 2a*/e T SN <t
0 )\ S0 S0

If a > 2, we use the monotonicity of A @) and A < exp(—s0) to write
/t@: S dr <Cs—so<|log)\|14'
0 A& s Ae—2 — =2 — Aa—2

This concludes the proof of the Lemma. O

Thus, Lemma [ allows us to write:

[log A|** 1 - 1

fulg, < & 4 HogA 11
NEE M T 2N

H2 = \4
This proves ([J).
Now we prove ([[@), [{0), Q). These estimates rely on the following lemma.

LEMMA 12. Let 0 < as < a1 < by < be and x a positive smooth cut-off function
such that x =1 on [ay,b1] and x = 0 outside [az,bo]. Let v = xu and s € (0, 3].
Then there exists a constant C > 0 such that for all t € [0,11),

(90)

S s S 4
D%l 2 < € (D70 + Tl by + 1Dl 1)

a2 [0,t)
where D® is the operator D* = (I — A)%/2.
PROOF. The function v satisfies the equation
i0pv + Av — uAyx — 2Vu - Vy = —ovlul*
so that

1d

§E||DSUH%2 ZRe/DSﬁstt zlm/DSU D*(uAx + 2Vu - Vx — v|u|?).
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For the first two terms, if s > %, we write using an integration by parts in the

second one and distributing the derivatives

/DSE D®(uAx +2Vu - Vx)‘

IN

1
1Dl ol oy + 1D 20l ey,

2
1 .
H*T2 (az,bs)

IN

[l
If s < %, we directly write

‘/ D®*v D*(ulAx +2Vu - V)

IN

1D el el as ) + D%l vy

IN

||U||§11(a2,b2)-

For the third term, we have easily

]/Dwm@wﬂ < (D]l | D (w]ul )]z

Finally, summing the above estimates, we have
1d
2 dt
We integrate the above estimate and use a basic inequality for a,b > 0 and £ > 0,

ID* 0]z < [|ul? , T 1Dl 221D (olul )l 2.

Hmax(l,s+ % ) (a2 ;b2

1
ab < ga® + —b2,
€
to get,

S S S 1 S
1D*0]| 2o 2 < [1D*0(0)][F2+ [l oy TEID V7o et 21D (@l 2o

L2Hmax(1,s+%) (112;

The result follows if we choose € small enough.
O

Bootstrap outside poles. Here we prove the estimates ([[8), ([Z), () in the
regions 1/4 <r <1/2and 3/2 <r < 7/4.

H? estimate. To prove the H 3 smallness outside poles, we first prove the H?
smallness for all o < % We begin by the area 1/4 < r < 1/2, the other region will

be treated in the same way. We apply Lemma @ with s = o, [a1,b1] = [55, 23] and
[az, ba] = [%, %] and x1 = 1 on [a1,as], x1 = 0 outside [ag,bs] and v1 = xju:

1D 01| g2 < [ D701 (0)l| 2 + l[ull 2 (g, 29) + 1D (viful*)l| 2 2o

20
?32
For the linear term, we use the L2H' smallness of
get from Lemma

outside the blow up curve to

. 1
lull popr (g,28) < lIxtll L2 < Cla”)3.

For the nonlinear term, we use fractional product rule to distrubute the o-derivative
on the product and Holder inequality with exponents (p, ¢) such that
2 1 1 1

1
-2 1T 3Ty
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Let x be a cut-off such that x = 1 on [3/32,29/32] and x = 0 outside [2/32,30/32].
Then using ¥*x1 = x1, we obtain
D7 (wilu[*)llz2 < D7 (valxa*)llzz < | D7vsl 2l Xa]
Hlxallz 1D (@) | o loal| o
Next, we apply the radial Sobolev inequality

1 SO Y L
Ixallz= < [Ixall L2 [IV(x@)l|Z2 < CllalF 2 0y

and the embeddings Hz « L%, H — LP which are allowed since o < % and
this gives

3
1D (uilulHlz: < [ID7villL2ll@lG 2 50y + 1@l 7

1o -
o 1D (%) 2| D70n | 2

2 30
3232

N

< [ID7ullzellalF 2 s0)-

Finally, we obtain the Gronwall type inequality

t1
(91) [[D7v1][peer> < [D701(0)][ L2 + [tll 252 (2, 59) +/0 1507 2, 50,1 D701 2,
that we may rewrite as

| D7v1 || poe 2 < [[D7v1(0)] 2 + ||ﬂ||L2H1( 0y + ||ng1||L°°L2||ﬂ”2L2H1(i 30y

2 30
32732 33139

Since [|@l 221 (2/32,30/32) < C(a*)/? again from Lemma B we deduce from A8:

1D7v1 )|z < C (ID7 01Oz + [ll 2 539 ) < C

Now, we can prove the H 3-smallness of u outside the blow up curve. We repeat the
proof of the H? smallness for ¢ < 1/2 but we treat the nonlinear term differently.
We reduce the support of x; by introducing a smooth cut-off x2 with 0 < x2 <1

and s o
1 on [3—, 2L
X2 = { 0 outside [g—é, g—%]

Let vy = xou, then we apply Lemma [ with o = 1/2,
1 1 1
D2 vs||poe 2 < [[DZ02(0)]| 22 + l[ull 2o (4 28y + 1 D= (v2lul) [ £ 2.
The nonlinear term is again controled with Holder inequality with exponents p =
¢ = 4 and radial Sobolev embeddings H%/8 — L and H'* — L* Note that
X2Xi = X2 so that

A

1 1 1
ID% (walu[H) [z < ID% (valxaul)l|z2 < [DZvallz2 [ xaullze

1
Hxaullz < l[vall 24| D= (xaw) [ s

IN

1 ~ 1 3
ID2val 2|l 5 20y + [xaull? g D3 vl 2| DT (xau)l 2.

By interpolation and using the smallness of the H norm of v; = xju for 0 =
1/8,3/8, we have

3
Ixaul? ¢ 1D% (xau)llz2 <

8 7\3 3 2 3 ~
(Ibcwull %, Il ) 102 awll 51V CawliFs < Cllald g o)
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so that the nonlinear term is now estimated by
1 1 -
ID= (valul )22 < D= ve]| 2l s 20
Thus, we obtain the same type of estimate as ([@):
t1
1 1 - ~ 1
D% valloe e < Db sl + lilom gz + [ Nilzaan D valo
that we solve identically to find
1 1 _
ID¥usllze < 1D u(0) 152 + [ Vill o g, 29 < (@)

In particular, this proves the bootstrap conclusion (@) i
treatment, the same estimate still holds in the region [%,

=}

[i, %] Using the same

IS

]

H? estimate. We reduce again the support of the cut-off functions with

X3:{1 on {3 2]

6
0 outside , —Z]

[\oeV)

glegile

[

and we go back to Lemma [ to estimate the H2 norm of vz = ysu:
D% 03| 2 < | D3 03(0)]| 2 + | D?ull 22 + D (vsful) | 1 2.
The linear term is known by ([[d) and Lemma [Tk

1
1 N? |log AT
[1D?ul|p2r2 < (/0 /\4+26) < N

For the nonlinear term, we write by distributing the derivative and since x3x3 = X3,

3
1D (uslulM)llz2 < lIxaull 3 Ix2ull7e

The L>-norm is bounded from the H 2 smallness of vy = x2u proved before. Indeed,
by interpolation

1
-5 )
(92) Ix2ullzee < lIxaull ;148 < IIXWH;% IVOeu)lz: < 55
Moreover,
1 1 1
Ixaull ;3 < llullz llullfe < FRIEE

Therefore, we can conclude

3 3 |10g)\|7 b 1 1
HDQ’U3HL°"L2 < ||D2v3(0)||L2 + A1+6 + 0 A%_i_% < 2)\1+257

and this proves the bootstrap conclusion ([[d) in [1/4,1/2] and as before the same
treatment gives the result in [3/2,7/4].

H' estimate. Let y4 be a positive and smooth cut-off satisfying
1 on [, 25
W= 0 oumae (B R
0 outside [53, 53]
and vy = ux4. Again with Lemma[[2 , we have

[Dva|poe 2 < [[Dva(0)][ 22 + [Jull y ID(valul)l| 122

3
256 26
LH2(32732
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Using the previous estimate on vs = y3u, we deduce

1
| 2 |log M7
||“||L2H%<%,§—g>§|X3“”L2H%SC(O m) <%

Injecting the L>° bound (@) in the nonlinear term, we obtain
ty
4 4 1 *
IDalul)lLrrz < [Ixsullzelixsullm |, < A=l
We sum the above estimates and get the desired control on the H' norm:

[log A" .
s TS 5y

This proves ([[Q) on [1/4,1/2] and as before also in [3/2,7/4].

[Dv|Loer> < [[Dva(0)] L2 +

Bootstrap near poles. Using again Lemma [[2 we have for k = 1,2, 3,
(93)

k k 4
108 ull ooy < @ Hlull pmn o+ IDE g el gy

1
We now inject the bootstrap assumptions ([2), ([[3) and () into the estimate

[@3) and this will give the bootstrap conclusions ([[@), [{d) and ([[&). Indeed, first

from (@), @), [@) and Lemma [T

(94)

p# < !
1D ull L2 221r-11>1) < || SFir@me

- o it k=1,
= log A" .

L2 % if k= 2, 3.
Moreover, by interpolation between (@) and ([[H), we have for some D > 0,

1
4 4
||U||Loo(|r_1|>%) < H“HH1+6(\T_1‘>%) < D3’

and therefore the nonlinear term is bounded as follow:
1

k 4 *
@) 0t by, < 5| <o
Summing (@) and @), we obtain
1
A (a*)5 if k=1
Dzuy sy < . ’
[ ||L2(|r 1>%) { m if k=23,

and this proves ([[d), (Z0) and @) in the region |r — 1] > 3/4.
This finishes the proof of the bootstrap conclusions ([[[@l), () and [X).

12. Conclusion

Thus, we have shown that C1-C7 are true until ¢; and then we deduce t; =T
and this proves Proposition @ In particular, the solution blows up since by (B2)
t1 < 0o. Let us now deduce from the B;’s the theorem

Proof of the log log speed. Let us begin by proving the log log blow up
speed. This relies on the integration of the differential equivalences

A

_1 s
by~ —e b, =25,
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We first prove the existence of C' > 0 such that

1
(96) S(T-t< A2(t)log |log A(t)| < C(T —t).
To prove this, it is sufficient to show
1

d
— < ——(\? <C.
o< dt()\ log|log\|) < C
Derivating this expression, using the smallness of A as o™ goes to 0 and the equality
As/A = A\, it is sufficient to prove
1 s
=< logllog | < O
or since C~1h < —\;/\ < COb,

(97) & < blog|logA| < C.

First, the lower bound is a consequence of C5. For the upper bound, integrating
the inequality

A gy © ,

AT 7 log(s)

between sg and s, we deduce for s large

[log A(s)| < |log A(so)] —i—/

S

dr < C .
o 1og(7) log(s)
Taking the log and using again the equivalence b ~ (log s)~!, we obtain for s large
C
log |log A| <logs —loglogs < C'logs < )
and this prove the upper bound in ([@). Then, the log log speed is deduced from
@) by remarking that the function f : A — A?log |log A| is monotone near 0 and

that
é(T— < f ((—1"g'1§gﬁ‘ t)|> ) < C(T —1).

Proof of the blow up on a curve. Now we prove that the location of
singularity is a curve. We verify that r(¢) has a limit when ¢ goes to T'. Indeed, for
t1,t2 € [0,T) with ¢; < to, since from log log behavior of A\ proved straight above,
1/ is integrable near T and from @) , we have

b2 dt

2| dr t2 ]
t1) —r(ta)| < < — -
r(t1) — r(tz)] < / < /tl 2 by

—dt
. |dt
and thus r(t) satisfies the Cauchy criterion near 7' and therefore has a limit r(T") €
[1—a*1+a*] C(0,a) as stated in 2) of Theorem &

dr

< *
o dt < 6(a™)

Proof of the convergence of u(t) to u*. Let us prove the convergence of
@(t) to u* in L2(M). This convergence does not depend on the metric and for the
sake of completeness, we give the proof which is similar to the Euclidean case [25].
This is a consequence of two things: first outside the blow up curve, we have

T T
/ / luff ~ / / [ < oo,
0 [r—r(T)|>R 0 [r—r(T)|>R
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This will allow us to extend @ until the time 7" in L?(]r — r(T")| > R). The second
fact in that the limit u* of @ is in L?(M) and we have conservation of the mass at
the limit i.e. ||@(t)||z2(ar) — ||u*||L2(ar) When t goes to T'. Equivalently, this means
that the weak convergence in L?(M) is in fact strong.

As in Lemma B we may prove an L2H"' bound on u: for R > 0 small enough

T
/0 IVl Ze(y—r(ry >y < C(R).

Moreover, we have

@l 172 () —r(ry > ) < C(R).
Indeed, we have already proved such a bound in the regions |r — 1| > 1/2 (see
bootstrap conclusion B7). Near the blow up curve, we may perform the same type
of argument as in the proof of the H'/2 smallness of @ outside poles in the section
smallness of the critical norm. This allows to get the boundedness as close to the
blow up curve as we want.

Now, let R > 0 and x be a smooth cut-off function such that x(r) = 0 if
|r —r(T)] < R and x(r) = 1if [r —r(T)| > 2R. Let t € [0,T) and s such that
t+s<T. Weset vs(t) = u(t+ s) — u(t) and € > 0. We introduce ¢ such that for

all s > 0 small enough:
/|vs(t0)|2 <e.
d

G0l = 2 [Ew@((ute+ )u(e

Then

—|u(®)*u(t)) + (Au(t + s) — Au(t))>
= A+ B.
We bound the A term as follow:

4] < /X6IU(t +5) = u®)] [Jult + 5)[*ut + 5) — [u(®)|*u(t)]

< [X(ute+ )+ u(o)).
But for all 7 € [0,T), from Gagliardo-Niremberg inequality:
[l < Il 19 O -
Therefore, with the H'/2 boundedness and conservation of the L? norm, we get

Al < C (1 + I Vult + )22 (r—rery > 1) + ||Vu(t)|\%2(\r7r(T)\>R)) :

By integration by parts, mass conservation and ab < a? + b?, we have for the B
term,

B

IN

} [7ute+) = Fule) (V0 + 10V

IN

c (1 + IVt + )12 (r—r(ry>r) + ||Vu(f)|\%2(|r—r(T)|>R)> :
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Finally, we have

d
EHX%s(f)H%2 <C (1 + I Vult + )22 (r—rery > 1) + CHVU(t)||%2(\T7T(T)\>R)) :

We integrate this inequality in time between ¢y and ¢ to deduce:

T
IxCvs (@)l < /|vs(t0)|2+O(T—t0)+O/t IV 2 (r—r(r) > R)
0
T
+C VU2 ()5 R)
to+s
< 2

if ¢o is close enough to T'. Thus wu(t) satisfies the Cauchy criteria in the area
|r —(T')| > 2R so that it converges. Since

L5, (1=r® e’ 0 in r—r
A@Qb( ) 0 in L2(lr — r(0) > 2R),

a(t) also converges to an element u* € L2(|r — r(T)| > 2R) for all R > 0. In

particular since %(t) is uniformly bounded in L?, we deduce u* € L*(M) and (t)
converges weakly to u* in L?(M). Moreover let R(t) = A(t)A(t) where A(t) is

defined in (BH so that R(t) — 0 as t — T. Let also ® be a smooth cut-off such that
O(r)=1ifr>1and &(r) =01if r <1/2 and 0 < ® < 1. Then for a fixed time ¢,
d r—r(t) 5 2 _ r—r(t)
o (ST ) o] = | [ vurmorve (S
C
R(t)
We integrate this inequality between ¢ and T' to have
C /T dr
< — | .
R(t) Jy A7)
But the right hand side of the above inequality goes to 0. Indeed, we know the log

after using the equation for u and integration by parts,
== IVu(r) L2 (ar -
r=r®Y, e / r—r(t) 2
98 ) - [ ® t
o) |[o ("5 o )"
log behavior of A and since

we deduce

>
"0 2 foafioa (T — )]

so that for some « > 0, A(t) > |log(T'—t)|*. Reinjecting this and the decay of A(t),
we conclude to the convergence to 0. But by Lebesgue theorem,

/cp(’”]_%égt)) |u*|2—>/|u*|2 ast—T,
/‘P(E{QY)) |u(t)|2—>/|u*|2 ast— T,

so that with (@),
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or equivalently since outside u — u is negligeable outside the blow up curve,

(99) /q> <T;z(’;§t>> (1) —>/|u*|2 ast—T.

Now, we treat the part near the blow up curve. Writing @ in term of e, we get

/ (1 -° (r 1‘{&5”)) aF /|r—r(t)§R(t) aF

< ¢ / et )%y,
ly|<A(t)

where in the last line we used the boundedness of u(y) for |y| < A(t). But the right
hand side may be controlled by £(¢). Indeed, we use the inequality: for all M > 1,

/ le(y)|?dy < CM? </ |8y€|2dy+/ |g(y)|2e|y|> ,
lyl<M ly|<2M ly|<1

We refer to [I7] for the proof. Therefore,

f (e () o

CA(t) ( / 10, [2dy + / |a<y>|2e'y'dy>
ly|<2A(t) ly|<1

< e E) < eﬁf)Fz‘w — 0.

IN

IN

This together with (@) gives the convergence

J1awr = [

and therefore we obtain the convergence of @ to u* in L?(M).

Proof of the convergence in the sense of measures. Let ¢ be a continuous
with compact support function on M. Then using polar coordonates and change
of variable

[ utoPots = [ (1P ume0@ + @), duas

+ [t Powr+2re ([ [ Qutnone+ro.0n()d)
= A+ Ay + As.
Since b(t) tends to 0, r(t) tends to r(T'), A(t) is much smaller than b(t) and using
the support of Qp, by Lebesgue theorem, the first term tends to

27
A1 — Q[ Z2h(r(t)) ; o(r(T),0)do = HQH%2/¢d5r(T)-

The second term converges to [ |u*(x)|?¢(x)dz. For the third term, since E(t) is
exponentially small in b, by Cauchy-Schwarz

1
A3| < CE(t)——=—— =0 t—T.
40l < CEW s =0 a5 1

This proves the second point of Theoreme ] and the proof is finished.
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