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Existence of multidimensional phase transitions in a steady
Van Der Waals flow
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ABSTRACT. The purpose of this paper is to prove the existence of multi-
dimensional subsonic phase transitions in a steady supersonic flow with the
van der Waals type state function. The viscosity capillarity criterion [23] is
applied to seek physical admissible planar waves in stead of the Lax entropy
inequality [15], which is invalid under the subsonic condition. With the uni-
form stability result in [26], we shall proceed to establish the existence by
performing the iteration scheme [19].
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1. Introduction

In a fluid with non-monotonic state functions, say van der Waals fluid, nonlinear
waves with different characteristic feature usually appear, such as shock waves, rar-
efaction waves, contact discontinuities and subsonic phase transitions, among which
we shall be concerned with the subsonic phase transition in this paper. Roughly
speaking, the subsonic phase transition is a piecewise smooth solution to the Euler
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equations with a single discontinuity, on both sides of which the sound speed is less
than the fluid velocity in the normal direction to the discontinuity.

Due to the subsonic property, the well-known Lax entropy inequality for classi-
cal shock waves is violated. Hence, other admissible criterion is needed to assure the
physical admissibility of subsonic phase transitions. There are several candidates
available, among which the viscosity capillarity criterion is an important one. The
viscosity capillarity criterion was first introduced by Slemrod [23] to study phase
transitions in an unsteady van der Waals fluid. Ever since, the study of unsteady
van der Waals fluid, especially on problems in one dimensional spaces have be car-
ried out in many works. See [10], [16], [22], [23] and references therein. There
are also works concerning multidimensional problems in an unsteady van der Waals
fluid. See [3], [4], [5], [25], [27] and references therein.

However, in contrast with the unsteady flow, the knowledge on steady van der
Waals fluid is much less. In [26], the author proved the uniform stability of subsonic
phase boundaries in multi-dimensional spaces by showing the validity of Lopatinski
condition [13, 18]. The purpose of this paper is to proceed to establish the existence
of steady subsonic phase transitions. Since the stability result [26] indicates an L?
energy estimate for the linearized problem, we can expect to establish the existence
result by iteration as in [19]. To complete the work, we will show the validity of
compatibility conditions and fulfill the detail of the iteration.

The content of this paper is arranged as follows. The rest part of this section is
a brief introduction to the concept of subsonic phase transition in a steady flow. In
section 2, we will explain the viscosity-capillarity criterion and formulate the main
problem for multi-dimensional phase transitions. In section 3, the result of linear
estimates in [26] will be presented. Section 4 and 5 mainly deal with the existence
problem and the calculations of related compatibility conditions.

Let us briefly recall the equation of a steady van der Waals fluid and the concept
of subsonic phase transitions.

The motion of an isothermal (or isentropic) 3-dimensional steady flow is gov-
erned by the following well-known Euler equations

Oz (pu) + 0y(pv) + 0y(pw) = 0

L) 0z (pu® + p(p)) + 8y (puv) + 9y (puw) = 0
8 (puv) + 9y (pv® + p(p)) + Oy (pow) = 0

0z (puw) + 9y (pvw) + 8y (pw? +p(p)) = 0

where p is the density of the flow, (u,v,w)? is the velocity of the flow and p is the

pressure which is a function of p. Denote U = (p, u, v, w)?,
puU pU pw
2
. pu +p . puv . puw
Fo(U) = o , (U) = w2 tp | F(U) = ovw

puw pUw pw?* +p
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and
AU) = (Vok(U)) Vol (U)
puv —puw p?u? 0
_ 1 —uvc? puv —puc? 0
T opu(u =) | (W= 0 pv(u? — c?) 0 ’
0 0 0 pv(u? — %)
A(U) = (Vok(U)) 'VuB(U)
puw —p*uw 0 pu?
B 1 —uwc? putw 0 —puc?
 pu(u? —c?) 0 0 pw(u? — c?) 0 ’
(u? — c?)c? 0 0 pw(u? — c?)

where ¢? = d,p(p) is the sound speed and the Euler equations (1.1) can be rewritten
as

(1.2) 0 Fo(U) + 8,F1(U) + 8, F»(U) = 0
or
(1.3) 0.U + Ay (U)0,U + +Ay(U).U = 0.

When the flow is supersonic, namely
(1.4) u? 4+ 0% + w? > ¢,
the system (1.1) is a hyperbolic conservation law, which is the case we are concerned
with in this paper. In such case, nonlinear waves such as shock waves, rarefaction
waves and contact discontinuities usually appear in a y-pressure law flow. Rich
literatures have been devoted to such topics and there still remain interesting open
problems. See [6], [7], [17], [21], [28] and references therein.

However, in a van der Waals type flow, the above nonlinear waves are not all
the cases, subsonic phase transitions usually appear due to the non-monotonicity
of the state equation, which reads

(1.5) p(T):TT__g

where 7 = p~! is the specific volume of the fluid, 6 is the temperature of the fluid

which is assumed to be a constant in an isothermal fluid, R is the perfect gas
constant and a, b are positive constants. For 6 € (a/(4bR),8a/(27bR)), the state
equation (1.5) is not monotonic with respect to 7. Precisely speaking, we can find
T, TF € (b, +00) such that

{ d:p(t) <0 7€ (b1e)U(T*, +00)

(1.6) d:p(1) >0 7€ (7%, 7).

From the physical point of view, the fluid is in liquid phase for 7 € (b, 7y), while
it is in vapor phase for 7 € (7*,4+00). The state in the region (7., 7*) is highly
unstable, which doesn’t actually exist in the real world [10].

A subsonic phase transition is a discontinuous solution to the Euler equation
(1.1) with a single discontinuity, which changes phases across the discontinuity and
satisfies certain subsonic condition on both sides of the discontinuity. To explain
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the concept with more detail, let us consider the following planar subsonic phase
transition

U—:(p_,’u_,’l)_,’l,l)Q) y<ox
1.7 Ulz,y,z) =
7 (®:9,2) { Up = (p4, U, v4,w0) Yy >0
where p4,u4,v4,wy are constant states of the flow, o is the constant speed of
the discontinuity {y = oz} and p1 belong to different phases. The solution (1.7)
satisfies the Rankine-Hugoniot condition
(1.8) o[Fo(U)] = [F1(U)] =0,

and the subsonic condition

)

ou+ — U+
c+V1 4+ o2

where [-] denotes the difference of a function across the discontinuity {y = oz}, My
and ¢ = d,p(p+) are the Mach numbers and the sound speeds on each side of the
discontinuity {y = ox} respectively. Denote by uy = (cusr — vy)/vV1+ 02 and
ur = (ug + ovy)/vV1+ o2 the normal velocity and the tangential velocity on each
side of the discontinuity {y = oz} respectively, j = pyu, the mass transfer flux,
and m = p1 + j274. Then, the Rankine-Hugoniot condition (1.8) and the subsonic
condition (1.9) can be simplified as

(1.9) My = <1,

(1.10) [j]=0, [r]=0, [u]=0,
and
)
Unt J
1.11 — or |———| <1,
(L11) ct drp(T+)

respectively. Like subsonic phase transitions in an unsteady fluid, those in a steady
flow do not satisfy the Lax entropy inequality either. Considering the planar wave
(1.7), we assume that the following supersonic condition is always valid in the
coming arguments

(1.12) ul —ci > 0.
Denote by
1
+
)\1 = m(uivi — C+ Ai),
U4
N o= —
2 uy’
1
)\B)i = ﬁ(uivi + Ci\/Ai),
Uy —Cy
the eigenvalues of A;(UL) respectively with Ay =3 + v3 — ¢4, which satisfy
(1.13) A<\ < af
Obviously, the subsonic condition (1.9) yields the inequality
(1.14) M <o < AT,

which violates the Lax inequality for Ist-shocks (3rd-shocks),
M <o<AT (A <o<A).
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2. Admissible Criterion and the Main Problem

In order to seek physical admissible solution, Slemrod [23] proposed the vis-
cosity capillarity criterion for one dimensional unsteady fluids under Lagrange co-
ordinates. Motivated by the study of multidimensional problems, Benzoni-Gavage
[3, 4] applied this criterion to unsteady fluids under Euclid coordinates. In this sec-
tion, let’s recall the viscosity capillarity criterion to seek physical admissible phase
transitions in a steady flow.

2.1. Viscosity capillarity criterion. Analogue to the traveling wave method
for viscous shocks, the viscosity capillarity criterion picks the planar wave (1.7)
which admits the existence of the following traveling wave

(2.1) U =U( )
satisfying U(+o0) = Uy and the Navier-Stokes equations

Oa(pu) + 9y(pv) + 9:(pw) =0
Dz (pu? + p(p)) + 9, (puv) + 9, (puw) = evAu — €29, A (p™ )
Oz (puv) + 0y (pv* + p(p)) + 9y (pvw) = evLv — 29, (p~ 1)
Ou(puw) + By (o) + 0. (w? + p(p)) = eviw — EO.A(pY)

y—ox

(2.2)

where A = 92 4 97 + 92 is the Laplace operator, ev is the viscosity coefficient
and €2 is the capillarity coefficient with ¢ > 0, v > 0. Substituting (2.1) into
(2.2) and employing the Rankine-Hugoniot condition (1.10), we get the following
hecteroclinic problem for the unknown function 7(£) = 1/p(&)

{ " =vjr' + 7 —p(1) — 51

(2:3) T(+o0) = 714

where the prime ' denotes the derivative of a function with respect to . As in [4],
the admissibility of subsonic phase transitions can be defined by

DEFINITION 2.1. The planar subsonic phase transition (1.7) is admissible if and
only if the problem (2.8) has a solution. The solution T(§) is called the viscosity
capillarity profile or v-profile for simplicity. The pair (17—, 74) is called v-admissible.

One can find that the hecteroclinic problem (2.3) is exactly the same one for
unsteady fluids [4]. Thus, the advantage of the known results in [4] is for us to take
and let us have a brief recall. Denote by {7, 7asr} the Maxwell equilibrium defined
by the equal area rule

/W@@m—mmw:u

m

Then, there exists 71 € (7ar, +00) such that the chord connecting (71,p(71)) and
(T, p(Tm)) is tangent to the graph of p = p(7) at (r1,p(m1)). With 7 and 7,,, we
define
o _ p(1) = p(7m)
n=——__-—""-
Tm — T1
When v = 0, the 0-profile satisfies

(2.4) { :’(’;07; - pT(iT) - j*r



84 SHU-YI ZHANG

As in [4], a O-profile T(&; j) satisfying the first equation of (2.4) can be found by
the generalized equal area rule, which means

/T+ (m — p(1) — §%7)dr = 0.

Moreover, for every j (0 < j2 < j?), a unique pair (7_(j),7+(j)) can be found such
that 7_ and 74 can be connected by the 0-profile with the parameters j. With the
above results, Benzoni-Gavage [4] proved the structural stability and the existence

of traveling waves for small v by the center manifold method.

THEOREM 2.1. For 0 < j2 < ji, there exist vy > 0 and neighborhoods %, %

of 3. (7=(3), 7+ (j)) respectively, such that, for (j,v) € Zo x 0,1y, there are unique
pair (7—,74+) € Y, for which 7— and 74 are v admissible with the parameters j.

Moreover, an additional jump condition can be derived from the above result
for the subsonic phase transition (1.7). As we can see from the subsonic condition
(1.9), a subsonic phase transition has one more characteristic going out of the
free boundary than a shock wave. Hence, the Rankine-Hugoniot condition is not
sufficient to guarantee the well-posedness of the corresponding initial boundary
value problem. Nevertheless, the viscosity capillarity criterion can provide the
following additional jump condition. By multiplying the equation in (2.3) with
7/(£) and integrating from —oo to 400 with respect to &, it follows

(2.5) [f + 7T — g#] = —va(j,v)

where f = —2 — ROIn(r — b) is the free energy of the fluid and

+oo
ao) =i [ (i)
with 7(&; j,v) being the v-profile. Noticing a(j,v) being a nonlocal term, the fol-
lowing lemma in [3] will be needed for linear estimate.

LEMMA 2.2. For all v € [0,v0], the functions a(j,v) is continuously differen-
tiable. Moreover, its derivatives are continuous with respect to v at v =0 and are
bounded depending on the bounds of Uy given in (1.7). There exists « > 0 such
that for all j € 7

(2.6) gli% (%a(j, v) > a>0.

2.2. Problems, assumptions and main results. Compared with the un-
steady fluid, in a steady supersonic flow, the variable x can be regarded as the time
variable [7]. Thus, endow the Euler equations with the initial data

Ug(yvz) y < <P0(Z)
@7) v0.5.2)= { UL(y,2) y>wol2)
which changes phases across the discontinuity {y = o(z)} and satisfies certain
compatibility conditions. We expect to construct the multidimensional subsonic
phase transition

U (z,y,2) y<eplz,2)
(2.8) Ulx,y,z) = { Uiley ) y> o)

)
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which satisfies the following nonlinear initial boundary value problem
ain + Al (Ui)a’ljUi + A?(Ui)azUi = 07 T > 07 :l:(y - QD((E, Z)) >0
pa[Fo(U)] — [F1(U)] + p:[F2(U)] = 0, y=e(z,2)
(2.9) SU =0+ pw)?
21+ 9% +¢2)
U:I:(anvz) = Ui(yvz)v QO(O,Z) = @O(Z)v
where the second equation is the Rankine-Hugoniot condition, the third equation
is a reformulation of the jump condition (2.5) with I(p) = f + p7 and a(j,v) =

§ SIS (&5, v))2dE with § = pa(patis — v + @aws)//T+ 92+ 92|y (o) and
7(&; 7, v) satisfying

:_I/a(jv V)v yZQp(JJ,Z)

{ " =vjt' + 7 —p(r) — j*7
7(£00) = Txly=p(a.2)
Following Majda’s approach [18], the following transformation

y=+y—¢(2), *y-e¢z)>0,
(2.10) .

U(z,5.2) = U(x,y,7)

maps the free boundary {y = ¢(x, 2)} to the fixed one {y = 0}. Then the problem
(2.9) becomes
(2.11)

0. U £ (A1(Ux) — 9ol — 0. A2(U1))0yUs + A2(U4)0, U+ =0, z,y >0

Pa[Fo(U)] = [F1(U)] + ¢z [F2(U)] = 0, y=0
(Pott — v + pow)?
I(p) +

A

Ui(oayuz) = U:?:(yuz)u 30(072) = QPO(Z)u
where the tildes has been dropped for simplicity. We shall mainly deal with the
above problem in the coming arguments.

:—Va(j,lj), y:O

For convenience, let’s introduce several notations. Denote by w the part of a
neighborhood of the origin in {x = 0,y >0}, I =@ nN{y =0}, Q C {z,y >0} a
determinacy domain of w with respect to the problem (2.11) with Qr = Qn{z < T'}
wr =QN{z =7} and 0 = Qr N {y = 0}.

To solve the problem (2.11), we propose the following assumptions:

(A1) For any fized (yo,20) € Yo = {y = wo(2)}, there exists o(z9) € R such that
the problem (2.11) with the initial data frozen at (yo, z0), admits a planar subsonic
phase transition:

[ U%¢o(z0),20), x> o(z0)+ o(z0)z
U((E, Y, Z) - 0
UZ(¢o(20),20), @ < po(z0) + o(z0)x
satisfying the viscosity-capillarity criterion.
(A2) For any fized s > 9, U € H*t ' (w), wo € H*T3/2(I) satisfy the higher order
compatibility condition, which will be given in section 4.1, for 0 <k <s—1.
The main result of this paper is
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THEOREM 2.3. Suppose that the initial data (U, o) satisfies the assumptions
(A1) and (A2), the problem (2.11) has a solution locally in time.

3. Linear Estimates

In this section we briefly recall the linear stability result of subsonic phase
transitions in [26] and establish the energy estimate for the linear problem. First,
let us derive the linearized problem of (2.11) and introduce the weighted Sobolev
space.

3.1. Linearized problem. Consider the perturbation, (U{,U<,¢¢), of the
planar phase transition (1.7), which satisfies the problem (2.11) and

(Uiv Uia @€)|E:0 = (U+5 U*v O'CC).

Denote
d

(V+7 V—7 Q/J) = E(U-Tﬂ Ui? SOE)|€:O'

Then, the following linearized problem for the unknowns (V4, V_, %) can be derived
from (2.11),

0:Ve + (A1(Ux) — 01)0, Vi + A2(U3)0. Ve = fx, x,y>0
(3.1) bty + b1t), + MV + M _V_ =g, y=20

(Vi, Vo, t)loco  vanish,

where
_ [Fo(U)] _ [y (U))
b = ( 15z ([un] + Upy) ) b= ( Tz ([un] +7p4) ) ’
yan ( UFé(U+)l: Fi(Uy) >/// _ < —aFg(U,l)_+ Fl(U.) ) |
where

L, = (ci +Vj o(um +Upy)  um +Upy 0)
P+ Ni+o? T V1402 )]

2 O Uy U
(‘p__’ VIR Vito? ) '
with e = (cusx —ve)/V1+02, ur = (usr + ove)/V1+02, j = piuy and
v =wvd;a(j,v).

To establish the energy estimate for the problem (3.1), let us introduce the
following weighted norms. For any A > 0 and integer s > 0, we denote

T “+00
@2r = > / / N2 e=222 19097 9|2 dzd,
0 —00

a+pB+y=s

s 00 9
Z/o <a§f>s—k,)\,T dy,
k=0

17 =

[flaxr
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IV VN>
[(Vi, Vo, )2 = s+1)\T+Z << +> +< O > )
s—i\T s=3,\T

+)‘(|V+|§,)\,T + |V—|s,)\,T)'

We will simply denote (-), r, | - |s,7, || - ||s,7 the cases when the above norms are
independent of A and (-),, | - [, || - ||s the case T' = +o0.

and

3.2. Linear estimates. Let us recall the first main result of [26]. For the
problem (3.1), we have

THEOREM 3.1. There exists v1 > 0 depending on the bounds of Uy and o, such
that for 0 < v < vy, the subsonic phase transition (1.7) is stable with respect to
perturbations in the y-direction, which means the problem (3.1) without the variable
z being well-posed.

Denote by V = (V,,V_ )T and
Vi(s,w,y) / / ~(s2 W)Y (g y, 2)dzda
27T

the Laplace-Fourier transform of V' in (x,z) with Res > 0. Then from (3.1), w
know that V satisfies

ov ~ A~
(3.2) En = B(s,w)V + f
where
B(s,w) =
( —(A1(Uy) — o)~ (sI +iwAy(Uy)) 0 )
0 (A1 (U_) — o)~ (sl +iwAz(U_))

and f = ((A1(U}) — o) i, (AL (U-) — o)7L )T
Denote by {\; }2‘:1 all distinct eigenvalues of B(s,w) with multiplicity being
m;. Obviously, we have
!

=P Ker[(\I - B(s,w)™].
j=1
Introduce
Ef(s,w) = {w; € Ker[(A\;I — B(s,w))™]|ReX; < 0,1 <j <}
the space of boundary values of all bounded solutions of the special form

mj—l

swy Z Jyz '/\I B(s,w))Pw;,

ReX; <0

to (3.2) with f = 0. The second main result of [26] is
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THEOREM 3.2. There exists v1 > 0 depending on the bounds of Uy and o given
in (1.7) such that for 0 < v < vy, the v-admissible subsonic phase transition (1.7)
is uniformly stable, i.e. there exists n > 0 such that the estimate

(3.3) inf - |(bos + ibiw)p + My Vi + VP 2P (VP + Vo + )
Is|2+w2=1
holds for all V = (Vy,V_) € Et(s,w) and p € R.
Therefore, for the linear problem with variable coefficients (3.1), we can prove
the following result by the same way as in [18]. Under assumption (A1) given at

section 2.2 on the initial data (U (y, z), U%(y, 2), ¢o(z)), there is 6 > 0 such that
for any smooth function (U (z,y, 2), U-(x,y, 2), p(t,y)) satisfying

(3.4) sup (|Us — UL| +[@ — @ol + @z — 0(2)| +10:(p — ¢0)]) <6

Qx,

the problem (3.1) is well-posed for (V, V_, ), which means

THEOREM 3.3. Suppose that the assumption (A1) is satisfied and (3.4) holds
for (U, U—, ). If we have

{ (f+, f—,9) vanishes for x <0 and x > Tj
£+l + 1713+ (9)g s finite,

then there is a unique strong solution (Vi,V_, ) to (3.1), and the estimate
(3.6)

1
Ve Vol < € (F08Bor + I Bar) + @) 0ST ST

holds for A > Cy, where C1,Cy > 0 depend only upon the quantities
(67 |U+7 U-, SD|5;T0)

(3.5)

for any fixed s > 9.
Additionally, if | f+ |2+ |f—|2 + () is finite for s > 9, and
(3.7) 9 fily=o = 02glo=0 =0
for any 0 < j < s —1, then the solution (Vi,V_, 1) belongs to
H*® x H® x H5t!
and satisfies
(3.8)

1
Vi, Vo, )5 s < Ch (X(|f+|§,A,T =) + <g>§,A,T) , 0T <To.

4. Compatibility conditions

Before proving the existence, we have to derive the compatibility conditions for
the initial data with which an approximate solution to the problem (2.11) can be
constructed.
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4.1. Compatibility conditions. In order to derive the compatibility condi-
tion up to order s — 1 with s being a given positive integer, let us perform the
formal Cauchy-Kowaleski computations. Assume that there is a smooth solution
(U4, U_, ) to (2.11). Then, from (Al) and (2.9), the zero-th order compatibility
condition is that at z = 0, the initial data satisfy

W o[Fo(U°)] — [F1(U°)) + ¢y [Fa(U°)] = 0
| [10°) + oo torebne) | — —va(jo,v)
where

J=pi(o(z)ud — o + ul)/\/1+0(2)? + ofly=o0
and a(jo,v) is defined similarly as in (2.5) with the parameter jo.

Next, let us derive relations among 9%*+1¢p|,—¢ and 8§U$|y:0. Differentiating
the second and third equations of (2.9) with respect to z at = y = 0, it follows

(42) [Fo(UN0y o + Ry (U)o, 0,Us + Fy(U2) /05U = gt

(43) a08§+1<p + lg_ag]:UJr + l(iag’jU, = g§

where o7y = (0l — A1(UL) + ¢y A2(UY)), g¥ and g smoothly depend on
{0L00lom0: 0 < j < kl+j<k+1},

and
{0,000 |y=0: 0<j <k —1,1+4j <k},
and
o ([un] + Pp4)
ag = ————=([up|+vpy),
0 Ci‘f’i] O'(U7y,.+§p+) Um_+§p+
l"" - ? y 70 )
P+ V1+02+¢2 1402+ of

0 c2 O Uy Uy 0
- P~ 1+02+ g J1+02+oF

with up = (ousr — v + phw)//1+ 0%+ 0F, ur = (ux + ovy)//1+ 0% + pF,

Jj = pxun and v = vd;a(j,v). On the other hand, from the equations of Uy in
(2.9) it follows

(4.4) UL |y = A:F0,UY + E
where h% smoothly depend on

{0809 ¢p|sm0: 0<j < k,i+j<k+1}

and
{0L00U%y=0: 0 < j <k —1,14j <k}.
Substituting (4.4) into (4.2) and (4.3), we obtain the following k — th order
compatibility conditions for the problem (2.9) at z =y =0
(4.5) { [Fo(U”))ok+ o + Fé(Uﬂ)ﬁk“a’%vﬂ + f;é(gﬂ){l”;a’y;Ug f{
a0y o+ 15 "0 UL + 12 "o U2 = fy,
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where f{ and f§ smoothly depend on {0.09¢|,—0:0 < j <k, l+j<k+1} and
{0,000 |y=0: 0<j<k—1,1+j <k},

4.2. Initial data satisfying the compatibility conditions. As in [19],
here we show that there exist large classes of initial data satisfying the compat-

ibility conditions. By simple calculation, we get the eigenvalues of (A;(UY) —
06 (2)A2(UY) — 0(2)I)|z=0 as the following

N(z) = HEAYES (o)

el
(4.6) M) =5 — o)
0 ~ 0
M (2) = S5 —o(2)

where . = (d,p(p}))?, 01 = of —gpuwl, Ax = (39)2+((uL)? = (1)) (1+(2h)?)-
Noting that )\f and /\3i are of multiplicity 1, )\Qi is of multiplicity 2, we denote by
ri, rf and ry, 7 the eigenvectors correspondingly.

Without loss of generality, we assume that the initial mass transfer flux

Jo = pLlo(2)ul — v + goul)/\/1+0(2)? + ¢ ly=o0
is positive, then from the subsonic condition (1.9) we have
(4.7) ME(2) <0< A (2) < AE(2).

Denote by P*(z) and P~(z) the smoothly varying projections onto the subspaces
spanned by the eigenvectors associated with eigenvalues A (2), A5 (2) and A] (2)
respectively. Similar to the Lemma 2.1 of Majda in [19], we have the following
result:

LEMMA 4.1. There exists vo depending on the bounds of U and M, such that
for 0 < v <uwp, if (vF,v7) € R* x R* satisfies

(4.8) Prot =0T, P7o” =0~
and [ is constant, then from the identity
(4.9)
_ Fo(UY] F(U%) ! EyU°)a/m N
G(B,vT,v7) = <[0 >+< o\Y4 )y vt ol - v =0
B ) =B aty) I§ (y) o7 Iy (y) 7+

we should have (B,vF,v™) = 0.
Proof. The basis of the set

{(5,1)+,1)7)|P+vJr =vT, Py = vf}
is given by

(1,0,0) U (0,73,0) U (0,75,0) U (0,r3,0) U (0,7 ,0).
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Obviously, we have

G(1,0,0) = <F°U0 )

corgo) = (R
G(0,7,0) = < ” I;TZOU” )
corfo - (! ” ),
G0 = (';H)ZO(UO)” ).

Therefore, we get that the following determinant
det (G(1,0,0),G(0,r5,0),G(0,75,0),G(0,75,0),G(0,0,r7))

RU°)] Fy(U)ry F(UO)f+ R U F(U°)ry
—\k+1 [Fo o\~ +)"2 0 2 0 3 0 1
= (()\;)2/\35\1 ) a _1gry 8 _l+r; 17

0 AT A* A AL

does not vanish for sufficiently small v and K according to Theorem 3.1.0

From the Lemma 4.1, now we can show that there exist large classes of initial
data satisfying the compatibility conditions. As in [19], we have the following
proposition

PROPOSITION 4.2. Assume that (V,V?, o) € Hs*2(I) and @y € H*T2(I) sat-
isfy the zero-th order compatibility condition (4.1), and git € H*T'=F(I) (k < s—1)
are arbitrary functions satisfying P*gif = 0. Then there are (U9 (y, 2), ¢%(x, 2)) €
H3 Y w) x HT2((—00,00) x I) so that

(1)

Ui(oa Z) = Vio(z)v <PO(07 Z) = 900(2)’ 81(/70(()’ Z) = U(Z)
and
(I = P9)93US o0 = gi (2)

for1<k<s-—1,;

(2)(UL(y, 2), #°(z, 2)) satisfies the compatibility condition (4.5) for any 0 <
kE<s—1.

5. Existence of the solution
In this section, we prove the existence of the solution to the problem (2.11).

For simplicity, let us denote the problem in the following abstract form
Li(Ui,QO)Ui:O, $7y>0

(51) B(UﬂLvU*a@zv(/)Z):Oa Ony:O
Utla=o = U2,  @le=0 = po

where

L*(Us,¢) = 0, £ (A1(Ux) — 9. As(Us) — 1)y + Aa(U+)0-

and B(-) = 0 represents the Rankine-Hugoniot condition and the viscosity-capillarity
admissibility criterion given in (2.11).
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First let us construct a approximate solution to (5.1).

5.1. Approximate solutions. We are going to construct the following func-
tions

s+1
(5.2) 09 € () €00, To], H*+' " (wy)) and & € H**2(Qr,)
§=0
such that
LigUi,pr)UjOE =19, z,y >0
(5.3) @(Uﬂ,Uﬂ,gog,cpg) =4q9, ony=0
ULle=0 =U2, ¢°lz=0= 0
and
(5.4) a%f:?:|x:0 =0, 8%9?“20 = 8%9(2”96:0 =0
for0<j<s-—1.
Denoting
109
— + <ji<
my A ) (0 7= S)

z=0
then from (5.3) and (5.4), we obtain

ml, e H**177  (0<j <s).

Let P(0;,0y,0y) be a scalar linear hyperbolic operator of order s + 1, rhji €
H*+17J(R?) be an appropriate extension of m?, to {y < 0}, and
s+1
WP € () €70, To], H*' )
j=1
be the unique solution to the following Cauchy problem:
PWY =0, x>0
(5.5) 1170 o .
OIW o =M, 1<j<s.
Then the restriction
(5'6) U:OE = Wi|w>0
together with ¢° € H*T2(Qr,) given in Proposition 4.1 are the approximate so-

lutions satisfying (5.3) (5.4). Indeed, since the initial data (U, q) satisfy the
compatibility conditions up to s — 1, and from (4.5) we conclude (5.4).

5.2. The iteration scheme. Let us prove the existence of the solution to
(5.1).
Denote by Er the extension operator given in the Lemma 3.1 of [19]. More

precisely, for any fixed 0 < T < L2 (v, ,v_, ) satisfies ||(v4,v—, ¢)|[s,37 < 00 and

Dogle—o=0 0<j<s-—1
a%sp|m:020 OS]SS
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the extended function Er(vy,v_, ) satisfies
Er(vy,v—,p) = (vy,v_,9) for0<z<T
(5.7) Ep(vy,v_,¢) =0 for x < 0 and = > Ty
1Er (v, v— @)llsy e < Csll(vg, v, @)[ls, ar forany 0 < sy <s
with a constant Cy depending only on s.
As in [19], we introduce the iteration scheme for the problem (5.1). Let us
define the functions inductively as the following:
(5.8) o
(U, ur, o™ = (UL, U°, % + Br, (W, W™, ™) with (W, W2, 4°) = (0,0,0)
where (U?,U°,¢°) is the approximate solution constructed in section 5.1 and
(W, W, 4p™) is the unique solution for 0 < ¢t < T}, to the following problem
provided (Wffl, wnrt ¥"~1) being known already for 0 < x < T),_;:
LE(UE W = £
/ n n n n J— n
(59) B(U$*17U7:71)4p7z1717902*1)(W+7Wfawmuwz) _g
(W32, Wn 4p™) vanish for z < 0
where BEU%Uﬂ%)%)(WjL, W_, 4,1, ) denotes the Fréchet derivatives of By with
respect to their arguments at (Uy,U_, ¢, @), i.e.

BEU+,U7,@I,¢2)(W+5 w_ 3 1/115 ¢z) =
d

&B(U++€W+7U—+€W—7pr+6¢I7Qp2+ewz) )
e=0
and _
oo —LFUE e HUY, x>0
70 o, z<0 "’
gn = G(Uiil,Uffl,ép;ilﬁO?il)

(ETn—1W1+17 ETnfl WiH_lv (ETn71 (anrl)wv (ETnfl SDnJrl)z)
_G(U:ﬁilv Uilila 902_17 <Pn_l)-

4
As in [19], we expect to obtain the existence result by using the uniform stability
result, namely Theorem 3.3.
For any fixed s > 9, we denote by Cs the Sobolev embedding constant satisfying
o4l (@r) + 0=l (@) + [0lwr@0r) < Csll(vr, v @),z

for any (vy,v_,p) € H* x H® x H*T!' and ¢y > 0 a small quantity such that
(Us,U_, p) satisfies

(5.10) (U4 = U, U= = U2, = g4(y) — 20 ))ll3z, < o
we have the estimate (3.4) valid.
For the iteration scheme (5.8), let us define

T, =min {T| (W}, W" ™2 > €}

and

T,
(5.11) T, = min (70,T,;> .
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We have the following two propositions to prove Theorem 2.3:

PROPOSITION 5.1. (Boundness) For any fized s > 9, and eg > 0 being given in
(5.10), there are 3 € (0,1) and Ty > 0 such that the solution sequence (V*, W™, ¢™)
defined by (5.8) satisfies

(5.12) [(WEWE ") [sa.)m <€ (Vn €N)

where \(T) = CoT~P.

Proof. Let briefly recall the proof of Proposition 4.1 in [19]. We shall prove the
estimate (5.12) by induction on n. Obviously, it is true for n = 0. Assuming that
(5.12) holds for the case n — 1, we study the problem (5.9).

Employing Theorem 3.3 for (5.9), it follows
(5.13)
1

n n n n n n 2
(W2, W2 ™2 \ryr < Ch (W(Lﬁr a2y )+ (9 >5,A(T),T) :
Without loss of generality, we consider the case 0 < Ty < 1, which yields
67200 S e*QCofoﬁ S 1

forany0 < f<land 0<x<T<Tp<1.
From the definition, we can easily deduce

[fEE Ay < Co ijOT‘%(S"“’IfiIi,T

<gn>§))\(T),T < 02 kX_:O T*Qﬁ(sfk) <gn>i7T

(W, W2 )2 < Col(WE, W2, 40™) 12\ ) 1
with an absolute constant Cy > 0 when A\(T) = CoT 7.
Therefore, from (5.13) we get

(W, W, ™) |2 <

(5.14)  Co <TBZT_2B(S_’“)(|f1|i,T )+ Y TR <9">i,T> :

k=0 k=0
On the other hand, we have the following interpolation inequality:
n A n12k/s| pni2—2k/s
2R < CUFER 12l
2 A 2k/s 2—2k/s
(@i < Cslo)" @)or
for any 0 < T < Tp/2,0 < k < s with C, depending only upon s.

From the assumption (A2), and the induction assumption on (W}, W, "),
we have a constant C(eg) depending only upon €y > 0 such that

(5.16) |f2]sm < Cleo)

for fI given in (5.9).
Furthermore, by using f% ;<0 = 0 and || f2|lc1(ay,) < C, we have

(5.17) 2R < OT®,
Substituting (5.16) and (5.17) into (5.15), it follows
(5.18) [fiRr <CT* 7 (0<k<s)

(5.15)
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which implies

(5-19) ST 4 1) € O+ T )
k=0
when 0 < 8 < ﬁ

From the property of Newton iteration scheme, we get
g" = —B(ﬁfa, 097 8968007 8y¢0) + O(|ET77,71 (Wﬁilv Wﬁila 817/}7171, 3z1/1"71)|2)

which implies

~ ~ 2
(5:20) (g2 < C((BOL,T,0.¢°,0.¢°))

‘S)

o T OVETL WL 9 ) S).

Similar to (5.18), we obtain
n\2
(5:21) (9")or < CT?

by using g"[,—0 = 0 and ||g"||c1(a0,) < C.
Substituting (5.20) and (5.21) into (5.15), it follows

] ) ) k/s
(g)2 7 < CT3=3/s (<B(U$, 00, 0:4°,0:6")) _ + II(WflawnlaW_l)”iT)

)

which implies

Z T*Qﬁ(sfk) <gn>i7T <
k=0

~ ~ 2
(5:22) € (159 4 (B2, 0%,0,4°,0.%). +|0W2 LWL un D).

Substituting (5.19) and (5.22) into (5.14), we conclude

(Wi, W m|2, < C

- - 2
<T3—255 + TP+ T30 4 <B(U$, U2, 0:¢", az¢0)>

51

+||<W11,W"1,w"-1>||§,T).

which implies that there exist T\ > 0, ¢y > 0 such that if ||(W} ', W~ yn-1 127, <
€09, we have

(5.23) ||(W$7Wfﬂ/)n||§,ﬂ < €p
O

PROPOSITION 5.2. (Convergence) Under the same assumption as in Proposi-
tion 5.1, there are constants C1,Cy > 0 depending only on §, such that for any
A>Cy and T < Ty, we have

W, WL ) — (W W2 ™[5y <

1 n n o ,mn n— n— n—
(5.24) Ci(5 + TNV W2, 4m) — (W A S | R
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Proof. When T' < T, we can omit Er, , in the problem (5.9), from which we know
that (W — wr Wrth — wr gntl — ) satisfies the following problem
(5.25)
LEUL, ) (Wi — W) = [, 2 >0
Blyn v g oy WETH = W WL — W2 gt — g 24— i) = g
(WPt —wp, Wit — W ygn+t — ) vanishes for z < 0
where
FEft = —LE(U, MUY + LH(UL !, o102
H(LEULE ) = LU, ")) W

526 ~n+l1 _ n+1l _ n /
( ) g =9 g-+ (B(U«tflﬂf*l,«p’;*l,«p?*l)

_BEUﬁ,Uf,ga;,w;))(Wfa WZ 2, 47)
Employing Theorem 3.3 for the problem (5.25), it yields
||(W£+1 - W}rlu WnJrl - Wilu d]n+1 - djn)”%,)\,T

1 n n ~n 2
(5.27) <O (X(|f++1|g”\’T + |f—+l|g,)\,T) =+ <9 +1>0),\7T> .
On the other hand, from (5.26) we easily deduce

(528) { [F22 0 S Cal|(Wh — Wt wr — et g —yn= |2

<§n+1>§,>\,T < CQT? <(W}rl - W$71= wo— Wﬁilvwn - z/’n_l)>(2),>\,T

when T < T, be using Proposition 5.1. Thus, we immediately conclude (5.24) from
(5.27) and (5.28).0

With the above two propositions, we can prove Theorem 2.3.
The proof of Theorem 2.3 From Proposition 5.2 we know that there are T, €
(0,7.], @ € (0,1) and Mg > 0 such that
(5.29) [ — W, W W g g3
(5.30) <al| (W = Wpmh wE = wETh gt — g [ 7

From Proposition 5.1 we know that (W}, W" ™) is bounded in H® x H* x
H**1 for 0 < x < T.. Thus we obtain (W, W_,%) € H*(Qr,,) x H*(Qr,,)
H*TY (007, ,) such that

W —- Wy in H(Qr,,)
Y= in H™1(0Qr..)
for any 0 < r < s, and

as n — +oo

U =U8+ W, o=¢"+79
are the solutions to (5.1).0
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