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Existence and nonexistence of solutions for quasilinear
elliptic systems
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ABSTRACT. In this paper, we are concerned with positive solutions of quasi-
linear elliptic systems with the homogeneous Dirichlet boundary condition. In
the case of a8 > (p — 1)(¢ — 1), under certain conditions we show that there
exists A* > 0 such that for any A € (0, A*) the boundary value problem has at
least two positive solutions. In the case of a8 < (p — 1)(¢ — 1), we establish a
priori estimates and the existence of positive solutions.

CONTENTS
1. Introduction 25
2. Preliminaries 29
3. Proof of Theorem 1 30
4. Proofs of Theorems 2 and 3 35
Acknowledgments 41
References 41

1. Introduction

Elliptic equations or systems, any of a class of partial differential equations
describes phenomena that do not change from moment to moment, as when a flow
of heat or fluid takes place within a medium with no accumulations. In addition
to satisfying a differential equation within the region, the elliptic equation is also
determined by its values (boundary values) along the boundary of the region, which
represent the effect from outside the region. These condition can be either those of
a fixed temperature distribution at points of the boundary (Dirichlet problem) or
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those in which heat is being supplied or removed across the boundary in such a way
as to maintain a constant temperature distribution throughout (Neumann problem)
[3, 17]. Nowadays, elliptic partial differential equations have applications in almost
all areas of mathematics, from harmonic analysis to geometry to Lie theory, as well
as numerous applications in physics and engineering with a well-developed theory
2, 4, 5, 7, 9, 13, 19, 20, 21].

Consider the quasilinear elliptic system

—Apu=Na+u’ +v*), z€Q,
A =Ab+u’ +v7), z€Q,
u>0, v>0, x € €,

(1.1)
u=1v=0, x € 01,

where a and b are two positive constants, and €2 is a bounded smooth domain. One
can see that system (1.1) has no variational structure. So it is difficult to study the
existence of the solution of system (1.1) by using variational methods. For certain
non-variational quasilinear elliptic systems, the existence of nontrivial solutions has
been studied extensively [2, 5, 19, 20].

Let us briefly review some related studies on the topic. In [5], Clément et al
considered positive radial solutions of the quasilinear elliptic system

—Apu = u*v®,  z € Bp,

—Agv = w0, x € Bp,

(1.2)

u>0, v>0, x € Bk,
u=uv=0, x € OBg,

and assumed the so-called globally superhomogeneous structure

By>p—-1-a)(g—1-4).

System (1.2) is unstable in the sense that possible solutions of (1.2) cannot be
obtained by iterative methods or the upper-lower solutions technique. A sufficient
condition was obtained for the existence of a positive radial solution of system (1.2)
in the nonvariational case.

In [2], Azizieh et al used continuation and moving hyperplane methods to prove
existence and a priori estimates for p-Laplace systems of the form

_Aplu:f(|v|)7 T €,
(1.3) —Ap,v = g(|ul]), r €,
u=uv=0, x € 09,

where 1 < p1, p2 < N, Q Cc RY is bounded and convex, and f,g : R — R* are
nondecreasing, locally Lipschitz continuous functions satisfying

Cils|™ < f(s) < Cofs|™, Dils|™ < g(s) < Das|”, Vs €RT

for some positive constants Cy, Ca, D1 and Do, and g1g2 > (p1 — 1)(p2 — 1).
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In [19], Wang dealt with the existence and nonexistence of positive radial so-
lutions for the weakly coupled quasilinear system

—Apu=Af(v), x¢€ B1(0),
—Ayv = Ag(u), =€ Bq(0),
u=v=0, x € 0B1(0).

It is shown that there is a positive radial solution of the problem for various intervals
of X\ in sublinear cases by the topological degree theory and fixed point theorems
in a cone.

We denote

W =Wy (Q) x Wy'(Q), E=Cj(Q) x CH(Q).
Bp is the ball in RY (N > 1) with center zero and radius R. A connected and closed
set ST C [0,00) x E is said to be a continuum of solutions of system (1.1) if ST
consists of solutions (\, u,v) of system (1.1). Generally, (u,v) € Wy () x Wy ()

is said to be a weak solution of system (1.1) if for any (¢1, 2) € W, P () x Wy ()
we have

/ |VuP~'VuVe, = /\/(a—i—u‘s +v¥) 1,
Q Q

/ |Vo|T 1 VoVee = )\/ (b+u’ +v7)po.
Q Q
Note that if 1 < p and ¢ < N, then it has

WyP(Q) x Wy 9(Q) < L®(Q) x L=(9).
Since

(=Ap) 71 L2(Q) = C(Q), (AT LR(Q) = G (R

are completely continuous (0 < n < 1) [18], any weak solution (u,v) of system (1.1)
is a solution belonging to C;™(Q) x Cat"(Q), namely, (u,v) € E. But in general
when p, ¢ > 1, the weak solution of system (1.1) may not necessarily belong to E.
Throughout this paper, if there is no special statement, a solution of system (1.1)
is considered to belong to E or Cy ™" (Q) x C; ().

In [20], the regularity (or partial regularity) of weak solutions to a quasilinear
elliptic system with lower-order terms was studied. The main aim of this paper is
to use topological methods to study the existence and nonexistence of solutions of
system (1.1) in the cases of a8 > (p—1)(¢—1) and a8 < (p—1)(¢—1), respectively.
Under the conditions that a8 > (p — 1)(¢ — 1) and Q is a ball, we will establish
a priori estimates of solutions by means of the blow-up method. Furthermore, we
obtain the following Theorem 1 by using the topological degree theory. For a single
equation, the similar problems have been studied in [10, 14]. For example, in [10],
Fleckinger and Reichel were concerned with global continua of positive solutions
for the equation

“Apu=AX1+u?), z€Q,
u =0, x € 08,

where ¢ > p— 1 and 1 < p < 2. By using a topological degree argument and a
weighted Poincaré inequality, they obtained that there exists an unbounded con-
tinuum of solutions for subcritical values of q. For supercritical exponents g it is
shown that the problem has a unique solution for the small values of A > 0.
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Motivated by these results, we obtain the following Theorem on an unbounded
continuum of solutions of system (1.1):

THEOREM 1. Suppose that ) = Br. Let

N — N —
max Nl— p,NQ— 4 ZO
p—1 q—1

and
(1.4) p—1<dé<(p—1)+p/Ni, ¢q—1<vy<(g—1)+¢q/Ns,

where

No—_gatpla—1) N, - PBtalp—1)
1= ; 2 = :
af—(p-1)g-1) af—(p-1)-1
Then, the following assertions hold.
(a) There exists an unbounded continuum St C [0,00) x C} () x C}(Q) of solutions
of system (1.1), which is bounded in the A-direction.
(b) There exists a positive value \* > 0 such that
(i) for any 0 < XA < \*, system (1.1) has at least two solutions on ST;
(ii) for A= \*, system (1.1) has at least one solution on S*;
(iii) for any A > X*, system (1.1) has no solution.

When af < (p—1)(¢—1) and  is a bounded smooth domain, we do not make
use of the blow-up method, since it is unclear whether there exists the corresponding
Liouville-type theorem in this case.

Let

Assume that

(H1) 0<d<p—land0<vy<qg-—1;

(Hy) Z+&<landt+2 <1
Under conditions (H;) and (Hz), we consider a priori estimates of weak solutions of
system (1.1) by the regularity arguments. Moreover, we have the following result:

THEOREM 2. Suppose that a8 < (p—1)(q — 1), and conditions (H1) and (Hz)
hold. Then for any A > 0, system (1.1) has at least one solution.

When § =p—1and v = ¢ — 1 in system (1.1), we have the following theorem:

THEOREM 3. Let § = p—1 and v = q¢ — 1 in system (1.1). Suppose that
af < (p—1)(q—1) and (Hz) holds. Then there exists \* > 0 such that

(i) system (1.1) has no solution for any A > A\*;

(i3) system (1.1) has at least one solution for any 0 < A < A*.
Furthermore, there exist a sequence {\,} and a sequence solutions {(ux, ,vx,)} of
system (1.1) satisfying A, — X* and |ux, |oo + [, |oo — 00 (as n — 0).

It is remarkable that under the assumption either § =p—1land0<y<qg—1
ory=¢—1land0<d <p—1insystem (1.1), when (Hz) holds, we can also derive
the same result as described in Theorem 3.

The rest of this paper is organized as follows. In Section 2 we present some
preliminary results which will be used in the proofs of our main results. In Section
3 we prove Theorem 1, and in Section 4 we prove Theorems 2 and 3, respectively.
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2. Preliminaries

In order to present proofs of our main results in a straightforward way, in this
section we recall some basic lemmas, which include the maximum principle for the
p-Laplacian operator [11]:

LEMMA 1. Assume that Q C RY is a bounded domain of class C1*t",0 < n < 1,
and suppose that a € L*>(Q). Then the following assertions are equivalent:

(i) & = —A, + ap, satisfies the mazimum principle, where ,(s) = |s|P~2s;

(i) £ = —A, + ap, satisfies the strong mazimum principle;

(ili) A1p(a) > 0, where A1 ,(a) denotes the first eigenvalue of £ with the ho-
mogeneous Dirichlet boundary condition;

(iv) there exists a positive and strict supersolution ¢ € WHP(Q) N L>(Q) of
Zu =0 in Q and u = 0 on 9N, such that —Ap¢d + a(z)p,(¢p) € L>(Q) and
?loa € Cl+"(6Q).

Suppose that P is a cone of the real Banach space X and ‘<’ denotes the order
produced by P. We say that P is normal if and only if each order interval in X is
bounded. Let X’ C X. An operator A is said to be an increasing operator in X'
if any x1, 29 € X’ satisfying 1 < x5 implies Nz < Nas.

The following is a lemma regarding a fixed point for the increasing operator

1.

LEMMA 2. Suppose that xg, yo € X with zo < yo, and N : [xg,yo] — X is an
increasing operator satisfying

o < Nzo, Nyo < yo.

If P is normal and N is a completely continuous operator, then N has a minimal
fized point x,. and a mazimal fized point y* in the interval [xo,yo] such that

T, = lim x,, y*" = lim y,,
n—oo n—oo
where T, = Nxn_1 and yp, = Nyn_1 satisfy
20< 21 < S <L L2 <Y <<y < Sy < 9.

Consider a parameter-dependent problem of the form
(2.5) x—F\z)=0

in a Banach space X, where x € X and A € R. Solutions of equation (2.5) can be
described by the following global continuation theorem, which is actually a global
version of the implicit function theorem [3, 8].

LEMMA 3. Let F: R x X — X be completely continuous and (Ao, xo) be a
solution of equation (2.5). Suppose that U is a bounded and open set such that
g €U and

(i) for fized \o there is no other solution in U;

(ii) the Leray-Schauder degree deg(I — F(Xo,-), U, 0) # 0.

Then there exists a closed and connected (=continuum) ST C [Ag,00) x X of so-
lutions of system (2.5) with (Ao, zo) € ST and one of the following two alternative
holds:

(a) ST is unbounded,

() STN({Ao} x X \U) #0.
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To find a priori estimates for solutions of system (1.1), we need the lemma [16]:

LEMMA 4. Let1<p, ¢ <N and af > (p—1)(q —1). Suppose that

N — N -
max{ N, — ~— 2 N, 27905
p—1 q—1

Then the system
—Apu > cv®,  z eRN,
—Agv > e, z € RV,
u, v >0,
has no solution (u,v) € CH(RY) x CYH(RYN) satisfying |u|e < 1 and v < 1, where

c1 and co are two positive constants.

3. Proof of Theorem 1

In this section, our objective is to investigate the existence and nonexistence of
solutions of system (1.1) with Q = Bpg. It follows from the moving plane method
that any solutions of system (1.1) are all radially symmetric (see [15]). Denote

£(I,R) ={ue C,R) :u(R) =0}, D=2(I,R)x£&(IR),

where I = [0, R]. Apparently, D is a real Banach space induced by the maximum
norm and

P ={(u,v) € D: (u,v) > (0,0)}
is a normal cone in D. In order to show the branch of solutions of system (1.1), we
need to define the following solution-operator A/ associated with system (1.1) by

N u,v) = (4,0),

where hy(s) = |s|'sign(s), and

©6) 1= [ o (s [+ ol + oo )ar) s,

R s
(3.7) o(r) = / h1/(g-1) (sl—N/ tNTIND + [u(t)]® + |v(t)|7)dt) ds.
r 0
We denote the norm of the Banach space D by

(1, 0)|oo = [too + [V]oo-

By the Arzela-Ascoli Theorem, we know that A : [0,00) x D — D is completely con-
tinuous. It is easy to see that (u,v) € D solves system (1.1), namely, (u(|z|), v(|z|))
is a solution of system (1.1) if and only if (u,v) is a fixed point of N'(A, -, ).

PROPOSITION 1. Assume that 6 > p—1 or v > q— 1. Then system (1.1) has
no solution for sufficiently large A\ > 0.

PROOF OF PROPOSITION 1. The assumption § > p— 1 implies A(a+s° +t%) >
Ma + 5°) > A1 ,(0)sP~! for any s, t > 0 and large A\ > 0, where \; ,(0) denotes
the first eigenvalue of —A, with the homogeneous Dirichlet boundary condition.
Suppose that (u,v) is a solution of system (1.1), then we have

—Apu— A ,(0)wP~t >0, xeQ,
u =0, x € 0N.
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By the regularity argument, we have (u,v) € Cy"(Q) x Cy™(Q), where 0 < 7 < 1.
It follows from Lemma 1 that A; ,(—A1,(0)) > 0. This yields a contradiction to
M p(—A1,,(0)) = 0. For the case of v > ¢ — 1, the proof is closely similar, so we
omit it. 0

Since (0,0) is only one fixed point of A" at A = 0 and N(0,-,-) = 0, by the
normal property of the Leray-Schauder degree, it follows that

PROPOSITION 2.  For a bounded and open subset U C D and (0,0) € U, we
have

deg(f — N(0,-,-), U, 0) = 1.

Now, we give a priori estimates for solutions of system (1.1) by using the scaling
argument, which plays a critical role in the proof of Theorem 1.

PROPOSITION 3. Let1 < p and g < N. Suppose that

aB > (p—1)(¢g—1),

N — N —
max < Ny — p,Nz— 1 >0,
p—1 q—1

and
0<d<(p—1)4+p/Ni, 0<v<(g—1)+gq/No.
Then for any X > A > 0, there exists M > 0 such that
|u)\|oo + |v)\|oo S M
holds for X\ € [\, A and any fived point (uy, vy) € D of N(},-,").

PROOF OF PROPOSITION 3. Suppose that there exists a sequence A, € [\, Al
such that the corresponding N (A, -, ) has a fixed point (u,,v,) € D satisfying

[tnloo + |Un]oo — 00 (N — 00).

From (3.6) and (3.7), it follows that u, and v, attain the maximum values at 0
and ul,(r), v}, (r) <0. Let (0,1) be the solution of the following linear system:

o(l—=p)—p+al=0,
(3.8) (1-p)—p
that is,
pq —q+ Bp pq—p+aq
l= >0, o= > 0.
af—(p—1)(¢g—1) af—(p—1)(¢g—1)
Denote

’U,n(o) = Hn, ’Un(o) =Tp, Cp= Mrlz/g + Ti/l'

It is clear that C,, — 0o as n — oo. Assume ,u,ll/a > T,ll/l and denote
n(C A7 W (C 1
() = e gy = (G D),
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where A,, = C¢ and B, = C!,. Thus, we have
—[FN " hypa (1, (7))
u, (FCL ) 0
A, Ch

= —ATPC PN T o (un, (FCL)))

= AP T o (u ()

= NOTTPTIATP D (a + [un (r)]° + Jua ()] )]

= VN aA, O PALP 4+ NG P AP N, C P AL TP BRDY).
Similarly, we have
— [N hg 1 (0, (7)) = TN (0AC, IBY I+ A C BT ) 4 N, B 1C, TAD ).

Without loss of generality, we assume \,, — Ag € [, 5\] as n — oo. It is clear

that

= _[FNilhpfl(

aM,CPANP 0 (n— o0),

bAC 9B — 0 (n — o).

Since
0<d<(p—1)+p/Ni, 0<y<(g¢—1)+q/No,
we have
o0 —p+(1—-po<0, (1-—q)—q+Ily<D0,
and

M CoPASTPHL 0 (n — o0),
M CTIBYI™ 1 0 (n — o0).
For the sake of conciseness, we denote
for each = € B, r(0), then we have that
(3.9) { —Apwy, = aX, O PALP 4 X, CP AP 4N, CPALTP B2

n=n?

—Ayzn = b\ CL 9B+ N, CIBY T Y 1N, C B 1 AR S,
Since 0 < w, and z, < 1, by regularity arguments for quasilinear elliptic equa-
tions [18], it follows that {(w, z,)} has a convergent subsequence in C}. (RY) x

loc
CL_.(RN). Without loss of generality, we assume that

Wy — W, zp — 2z (asn — 00)
in C}

loc

(R™). Since
Un(0) = .Un/(.ui/g + 7'71/[)07
we have .
7o Sw(0) <L
Using the maximum principle, we can deduce that
—Apw = Ng2®, xRN,
(3.10)
—Agz = Mow?,  zeRVN,

where |w]eo < 1, |2|ec < 1, w > 0 and z > 0, which gives a contradiction with
Lemma 4.
When Ti/ ! > u,lz/ 7. the argument is almost the same. O



EXISTENCE AND NONEXISTENCE OF SOLUTIONS 33

REMARK 1.  Proposition 3 gives a priori bounds of mazimum norm for so-
lutions. Indeed, for any A > A > 0, by combining with reqularity arguments for
quasilinear elliptic equations, there exists M' > 0 such that

[(ux; 03) oo + (), V) )|oo < M
for each X € [\, \| and any fived point (ux, vy) € D of N(\,-,-).

PROOF OF THEOREM 1. When A = 0, (0, -, -) has a unique fixed point (0, 0).
By Lemma 3 and Proposition 2, there exists an unbounded continuum S+ C
[0,00) x D of solutions of (u,v) = N (A, u,v). It follows from Proposition 1 that
the continuum SV is bounded in the A-direction, so it has to become unbounded in
the direction of the Banach space D. In virtue of Proposition 3, ST bends back to
A = 0 and becomes unbounded near A = 0. Let S C [0, 00) x D be the set containing
all solutions of (u,v) = N(\,u,v). In order to make ST maximally connected we
replace ST by the connected components of S containing S*. For our convenience,
we still denote it by S*. Let [0, \*] be the projection of ST onto the A-direction.
We still denote u(|x|) by u(x), and the other radially symmetric functions are also
denoted in this way.

Step 1 For any A > \*, system (1.1) has no radially symmetric solution.
Otherwise, there exists ¢ > A* such that system (1.1) with A = p has a radially
symmetric solution, and we denote it by (u,,v,). Since N(u,0,0) > (0,0) and
N (p, up, v,) = (up,vy), in virtue of Lemma 2, N (i, -, -) has a minimal fixed point
(u,, v,). Denote

V. = [0,u] x {(u,v) € Dy:0<u(z) <u,(r), 0<v(r)<y,(r), YreQ,
S R A T

where D consists of all radially symmetric functions in CZ(Q) x CZ(€). Since
(0,0,0) € ST, for sufficiently small A > 0, there exists the corresponding (\, ux, vy) €
ST such that

and 0>

Vre aQ},

Amax{(a+ ud +v$), (b+ uf +v))} < pmin{a, b}.

So, the strong comparison principle implies ST NV # (. If there exist A € (0, u)
and the corresponding solution (\,ux,vy) € S* satisfying (\,ux,vy) € V, then
by the strong comparison principle [6], we have (A, ux,vy) € V. Hence, ST stays
inside V, which is a contradiction to the unboundedness of S™.

Step 2 For any A € (0, \*), it holds that (\,u,,v,) € ST, where (u,,v,) is a
minimal fixed point of N'(},-,-). Suppose that there exists X' € (0, \*) such that
(N, uy,vy) € ST, where (uy/,v,,) is a minimal fixed point of A/(\,-, ). Denote

vV o= [0,N]x {(u,v) €Dy :0<u(z) <uy(r), 0<v(z)<uvy(r), Vzrel,
ou(x) _ Ouy (z) ov(z) _ Ouy(z)
and 0> £ > T 0> By > R v:ceagz}.

Using a similar argument as that given in Step 1, we can obtain a contradiction to
the unboundedness of ST too.
Step 3 For any A € (0, A\*), there exists (\, 4y, ?y) € ST such that

(ﬁAa 1_&) b4 (Q)\*a QA*),
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where (Upe, Uy«) I8 & minimal fixed point of N(\*,-,-). Otherwise, there exists
A € (0, \*) such that for any (\,@,?) € ST we have
(3.11) (T, D) < (Wpes Upw)-
Let
U=1[0,\) x{(u,v) € Dy : Fz € Q such that u(zx) > u,.(x) or v(z) >uv,.(x)}.

U is a relatively open set for [0, 00) x D. Since S* becomes unbounded near A = 0,
we have STNU # (. It is easy to see STNUC # () and connectedness of ST implies
STNOU # 0. So we have

U = ({A\} x Z) U ([0,)] x 82),
where
Z ={(u,v) € Dy : 3z € Q such that u(z) > uy.(z) or v(z) > uv,.(x)}.
Let

Z, = {(u,v) € D1 :dx € 90 such that du(z) < Oux- (z)
v ov
Ov(z) _ Ovy.(x)
<
T T ST ’
Zy = {(u,v) € Dy: 3z €Q such that u(x) > u,.(r) or v(z) > vy.(v)}

So we see that Z = Z1 U Zs.
By (3.11) and the strong comparison principle, we have
StNn({A} x Z2) =0,
which implies
([0,A] x 8Z) N ST # 0.
Clearly, it holds that Z¢ = Y; N Ys, where

Yi = {(u,v) € D1 :u(z) <up(z), v(z) <uvy.(z), YzeQ},
Y = {(u,v) €D 81(;5/3:) > 8@(%;(3:), 82(5) > 825;/(17), Vo € 89}.

Hence, we see 0Z = 9(Z¢). Using the strong comparison principle again gives
([0,A] x 8Z) N ST = 0, which is a contradiction.

By Lemma 2, for any A € (0, A*), we have (uy, vy) < (uy«, vy~). Consequently,
for any A € (0, A*), system (1.1) has at least two solutions. When A = \*, by virtue
of compact arguments, system (1.1) has a solution. Since solutions of system (1.1)
are all radially symmetric, From the discussion in Step 1 it indicates that system
(1.1) has no solution for any A > A\*. O

REMARK 2. From the above proof, one can see that the condition (1.4) can
actually be weakened. Theorem 1 still holds if (1.4) is replaced by the following
condition:

0<d<(p—1)+p/N1, 0<y<(qg—1)+q/No,
and
0>p—1 or y>q—1.
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REMARK 3. We can also apply the same idea to consider a more general prob-
lem

—Apu=ANar + fi(u) + 1(v)), z€Q,
—Agv = Mag + fa(u) + g2(v)), x € Q,
u>0, v>0, T €,
u=uv=0, x € 09,

(3.12)

where a1 and as are positive constants. If f1, fa, g1 and g are nondecreasing and
continuous functions, and there are ci, ca > 0 such that for any s > 0,

a18° < fi(s) S eas®, 157 < fa(s) < easP,
c15% < g1(s) < cas®, 187 < ga(s) < cas?,

hold, then Theorem 1 is true for system (3.12).

4. Proofs of Theorems 2 and 3

In this section, we assume that a3 < (p—1)(¢— 1) and Q is a bounded and
smooth domain. We denote the norm of W, **(€2) and Wy4(Q2) by || - ||, and || - ||
as follows, respectively

1 1
|u|p—</ |Vu|Pd:c) , ||v|q—</ |Vv|qd:c) .
Q Q

Ey = Co() x Co(Q),

where Co(Q) = {u € C(Q) : u|oq = 0}.

For any weak solution belonging to Ej, the regularity arguments imply that
the weak solution belongs to Cy™"(Q) x C;™"(Q), where 0 < n < 1. So, using a
similar argument to the proof of Proposition 1, we obtain

Let

PROPOSITION 4. Suppose that § =p—1 or v = q—1. Then there exists \y > 0
such that for any A > Ao system (1.1) has no weak solution belonging to Ey.

Let
Ao =sup{A > 0: syetem (1.1) has a solution}.

REMARK 4. Suppose that 6 = p —1 and v = q — 1. According to Proposition
4, if there exists some A > 0 such that the corresponding system (1.1) has a weak
solution belonging to Fy, then Ag < oco. Moreover, it follows from Lemma 1 that
)\0 S min{)\l,p(O), )\1),1(0)}.

PROPOSITION 5. Suppose that (H1) and (Hz) hold. Then for any X > 0, there
exists M > 0 such that

(4.1) luxllp < M, loallg < M

hold for X € [0, A] and each weak solution (uy, vy) of system (1.1).
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PROOF OF PROPOSITION 5. Suppose that A\ € [0,\] and (uy, vy) is an arbi-
trary weak solution of system (1.1). Then, we have

(4.2) /|Vu)\|p = )\/(a—ku‘;—l—vi‘)u)\ §5\/(a+u§+v§\‘)uA,
Q Q Q

(4.3) /Q|m|q _ A/Q(b+u§+v;)m < x/ﬂ(bﬂﬁﬂ;)w.

Denote by C(A) and ¢()) the constants only depending on ), € and the best Sobolev
constants for the embedding, but they may vary from lines to lines. Due to (4.2),
one can see

_ 1 _
ol < €O+ 5 [ 19uP 43 [ @3+ )
that is,
lullz < C(%) +2x/(u§+1 o).
Q

Since § + 1 < p, it follows Young’s inequality that

(4.4) lusllZ < O + (V) /Q s

PE
implies that

By L + & <1 (implies 1% + & < 1) and Hélder’s inequality, inequality (4.4)

=1

l[ully CA) + (V) </Q |u>\|p*>l+* </Q |v)\|q*> 5

<
(4.5) < CN) +eM)luallplloallg-
Similarly, we have
(4.6) loallg < CQ) + eV Juxlplloallg-

Suppose that (4.1) is not true, then there exist a sequence \,, € [0, \] and the
corresponding (uy, , v, ) such that

[ux,llp = o0 or o, llg — oc.

For our convenience, let u,, = uy, and v, = vy,. If ||uy||p — oo, by (4.5) it implies
lvnllg = 0. If ||vn|lq — o0, by (4.6) it implies ||uy||, — co. So, we have

(4.7) [tnlp — 00 and [jvnllg — oo
From (4.5)—(4.6), it follows that
(4.8) 1< o(1) +¢(N) nllfﬂﬂg“
Ty _Nunllp
(4.9) 1<o(l)+¢(N) o [T

In virtue of (4.8) and (4.9) and letting n be large enough, we have
1 1

4.10 S > —— w271 all? > —— v, ||

@10) ol = gl el > sl

It follows from (4.10) that

1 > (p—1+8)/B

(4.11) wmaz<%aj

||vn|‘((1qfl)(p*1)/ﬁ_
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Since (p — 1)(¢ — 1) > af, it becomes impossible for (4.11) as ||v, || — co. Conse-
quently, the proof is completed. O

PROPOSITION 6. If 6 = p—1, v = q— 1 and (Hz) holds, then for any given
0 < A < Ao, there exists M > 0 such that

lurll, < M, loallg <M
hold for X € [0, \] and each weak solution (uy,vy) of system (1.1).

PROOF OF PROPOSITION 6. By (Hz) and the regularity arguments, any weak
solution of system (1.1) belongs to Ey. From Remark 4, it follows that Ag <
min{A; ,(0), A1,4(0)}. So we have

(4.12) /|Vu>\|p = )\/(a—ku‘f\—l—vﬁ‘)u)\ §5\/(a+u§71+v§\‘)u%
Q Q Q

(4.13) /Q|m|q - )\/Q(b—l—uf—i-v:\y)v,\ < x/ﬂ(bﬂg*ﬂq)m.

By (4.12) and (4.13), we get

(4.14) (1 — A — 6) / |Vu)\|p < 0(5\) + 5\/ upvy,
A1p(0) o Q
A LY s
(4.15) 1- —€ [VoalP < CA)+ X [ oy,
A1,4(0) o Q
where B B
A A

0 < e <min{l —

11— :
S0 A0
By (4.14) and (4.15), a straightforward calculation leads to (4.5) and (4.6). The
rest proof is similar to that of Proposition 5, so we omit it. (|

The following proposition is a regularity result, which also gives a priori esti-
mates of the solution of system (1.1).

PROPOSITION 7. Suppose that § =p —1, v = q— 1, and (Hz) holds. Then for
any given X < Ao, there exists M such that

|u)\|oo§M; |v)\|oo§M

hold for X € [0,A] and any weak solution (ux,vy) € Wy (Q) x Wy 4(Q) of system
(1.1).

PROOF OF PROPOSITION 7. We will use the standard method of regularity
arguments. Due to (Hs), it follows that

po Ao
pq p q
Let
Zy = u,\ui(“fl), W = u,\u’z_l,
and

L, uy > L,
uyp, =
U, 0<uy<L.
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Since

/|ZL|p S/uiuf(“*l) < 400,
Q Q

/Q|DZL|p < C/Q|DU>\|p+C/Q|u>\|pu’L’2(#71)ip|DuL|p
< C1+C uf | Dur,|P
lux|<L
<

01+O/ |D’U,)\|p
Q
+00,

by the first equation of (1.1) we have
/ |Du,\|pui(”7l) = —pp— 1)/ u,\ui(”fl)fl|Du,\|p_2Du>\DuL
Q Q
(4.16) —l—)\a/ Zr, + )\/ u’;ui(”fl) + )\/ vﬁ‘u,\ui(“fl).
Q Q Q
From (4.16), it follows that

(4.17)/ |Du>\|pu1£(”_l) < /_\a/ Zr, + 5\/ uiui(”_l) + 5\/ uAui(”_l)vi‘.
Q Q Q Q

Since

/ \DW, P
Q

/Q ID(uru )P

/ |Durul ™" + (1 — Vuaul > Dur|P
Q

IN

C/ | Dux Pl + C(p — 1),,/ uf Y Duyf
Q Q

IN

Q

by the Sobolev inequality and (4.17), we have

_p_
(/ |WL|p*>p < C/ |DWL|”§CMP/ | Duy Pt~V
Q Q Q
S C;\,U'p/ (ZL—F’U};\’U,ZI)/(H_U +’UJ)\’U,ZI)/(H_1)'U§‘)
Q
= Cup/ (WLU(LP_U(H_U+W]LD+WLU(LP_1)(”_1)U§\‘)
Q
(4.18) < CMP/Q (ul;-i-(P—l)(M—l)+ul>fp+ul;+(p—l)(u—l)v§)'

Using % + o= =1 gives
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In virtue of Holder’s inequality and Proposition 6, from (4.18) we have

()"
Q

pt(p—1)(p—1) D pt(p—1)(p—1)
* p* p*
(4.19) Cp? (/ u’;)
Q

() ()

By making use of pup > p+ (p — 1)(p — 1), inequality (4.19) becomes

I

(/ |WL|p*>p SCMPmax{l,(/ u;})\*)p }7
Q Q

where C' is independent on L and C is only dependent on © and |vx||,. By the
Fatou Lemma we have

(4.20)  |ualupe < Copr max{|uxlp-, 1} < C i max{1, |uyp-}.
Similarly, let
2 2
WL = ’U,)\U,(LH _1), ZL = U)\’U}Z/(M _1),
then we obtain
L
«\ P
</ WP ) <
Q
(4.21) Cpr / (g TETOEID P D0 )
Q
Using ’;—ff + o+ = 1 again gives
2 — (-1
pe+(p *)(u )+%<1.
p q
From (4.21) and Hélder’s inequality, it follows that
N\ 7
()
Q
u2+(p71)*(u2*1) P u2+(pfll(u271)
P

o {([ )
Q

Due to the fact that

n (/ u'up*>p_* n (/ u'“p*> “p
A A
Q Q

pr-D@ -1 _ pp
pp*

p*’
2 L2
< |WL|;D*) < C,uzp max{l, </ u#}fP*) } .
Q Q

By virtue of the Fatou Lemma, we get

we have

(4.22) s l2pe < C77 3% max{1, |uy|p- }-
Combining (4.20) and (4.22) yields

1 2
+ 1iz
w2 w2

® =

12 1
[ualpzpe < €2 pr® max{|uxpp-, 1} < C I max{|ux|p-, 1}.
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Repeating the above procedure, we have

k . k .

ouTt YapTt
(4.23) [us]ppe < Ci=t pi=t max{|ux|p+, 1}
By Proposition 6 and (4.23), we obtain a priori estimates of maximum norm of {uy }.
Similarly, we can also derive a priori estimates for maximum norm of {vy}. O

Using a similar argument as well as Young’s inequality, we have

PROPOSITION 8. Suppose that (Hy) and (Hz) hold. Then for any X > 0, there
exists M > 0 such that
|’U,)\|OO<M, |1))\|OOSM

hold for X € [0, ] and each weak solution (uy, vy) of system (1.1).

To prove the existence of the solution of system (1.1), we define the operator
M such that if M(X\ w, z) = (u,v) if and only if

—Apu = MNa+ |wl’ +12%), zeQ,
A =Ab+ wl’ +127), z€Q,
u=uv=0, x € 8.

It is clear that any nontrivial fixed point of M is the solution of system (1.1).
Obviously, M is a completely continuous in Ry x Ejy, so we can apply the Leray-
Schauder degree to study the existence of the solution of system (1.1).

PROOF OF THEOREM 2. For any bounded and open U with inner point (0, 0)
in Ey, by the normal property of the Leray-Schauder degree we have

deg(I — M(0,-,-), U, 0) = 1.

Clearly, M(0,-,-) has a unique fixed point (0,0). By Lemma 3, it follows that
I — M(A,-,-) =0 has a continuum S; C [0,00) x Ej of solutions of system (1.1),
and ST is unbounded. Suppose that the projection of ST in the positive direction of
) is bounded, then the projection of S on the Banach space Ey is unbounded. By
Proposition 8, it follows that when A lies on a bounded interval, and the correspond-
ing solution-set must be bounded, which induces a contradiction. Consequently, S
is unbounded in the positive direction of A. In virtue of connection of ST, it follows
that for any A > 0, the operator M(], -, -) has at least a fixed point. O

PROOF OF THEOREM 3. For any bounded and open U with inner point (0, 0)

in Ey, it follows that
deg(I — M(0,-,-), U, 0) = 1.

Apparently, M(0, -,-) has a unique fixed point (0,0). By Lemma 3 it follows that
I — M(A,-,+) =0 has a continuum S C [0,00) x Ey of solutions of system (1.1),
and ST is unbounded. By Proposition 4, one can see that ST is bounded in the
positive A-direction, so ST has to become unbounded in the direction of the Banach
space Ey. Let S C [0,00) x Ey be the set containing all solutions of (u,v) =
M(A u,v). In order to make ST maximally connected, we replace ST by the
connected components of S containing S*. Without loss of generality, we still
denote it by ST. Let [0, A*] be the projection of ST onto the A-direction. By the
definition of A9, we have A* < ). Since the prejection of ST on the Banach space
Ej is unbounded, by Proposition 7 we see that it is impossible for A* < A°. Hence,
we have Ao = A\*. Using Proposition 7 again, we deduce that there exist a sequence
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{An} and a corresponding sequence solutions {(ux, , vy, )} of system (1.1) such that
An — A* and |uy, oo + |Ua, |0 — 00 (as n — 00). O
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