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Dynamic boundary conditions as a singular limit of parabolic
problems with terms concentrating at the boundary
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ABSTRACT. We obtain nonhomogeneous dynamic boundary conditions as a
singular limit of a parabolic problem with null flux and potentials and reaction
terms concentrating at the boundary.
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1. Introduction

Dynamic boundary conditions have the main characteristic of involving the
time derivative of the unknown. They have been used, among others, as a model
of “boundary feedback” in stabilization and control problems of membranes and
plates, [3l, I3, T4, 12, 15 23], in phase transition problems, [22, [7], 18] [9], 17, 4], in
some hydrodynamic problems, [0} [21] or in population dynamics, [6]. They have
also been considered in the context of elliptic—parabolic problems, [5, I8]. Also
several of so called “transmission problems” have been described and analyzed in
[20], some of which lead, under some singular perturbation limits, to problems with
dynamical boundary conditions.
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FIGURE 1. The set w,

In this paper our goal is to prove that dynamic boundary conditions can be
obtained as the singular limit of elliptic/parabolic problems in which the time
derivative concentrates in a narrow region close to the boundary.

To be more precise, let 2 be an open bounded smooth set in IRY with a C?
boundary I' = 9. Define the strip of width & and base I" as

we ={x —o7i(z), x €T, o €[0,¢e)}

for sufficiently small e, say 0 < ¢ < &g, where 7i(z) denotes the outward normal
vector. We note that the set w. is a neighborhood of I" in Q, that collapses to the
boundary when the parameter € goes to zero.

Then we consider the following family of parabolic problems

X, uf — Auf 4+ Muf + 1, V(o' =f+1X, 9. inQ

(1.1) %15 =0 onT
u(0,z) =uf(x) in Q

where X,,_ is the characteristic function of the set w. and A € IR.

As w, shrinks to the boundary as ¢ — 0, the goal in this work is to show that
dynamic boundary conditions can be obtained as a result of this limiting process.
More precisely, the main result in this work is to prove that the family of solutions,
uf, converges in some sense, when the parameter € goes to zero, to a limit function
u?, which is given by the solution of the following parabolic problem with dynamic
boundary conditions

—Au’ + 0 = f in
(1.2) ud + %—%: +V()u® =g onTl
u?(0,2) =wo(x) onT

where vy, V and g are obtained as the limits of the concentrating terms
1 1 1

(1.3) — & ug —vo, ALV V, - ge —yg
€ € €

in some sense that we make precise below. In particular, we will obtain that the time
derivative of the solution concentrates to the time derivative of the restriction to
the boundary, as ¢ — 0. Notice that all concentrating terms in ([1I) are transferred,
in the limit, to the boundary condition in ().
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Related problems have been considered before. Paper [2] considered linear
elliptic problems with concentrating terms near the boundary. Also [IT] considered
nonlinear parabolic problems with linear and nonlinear terms concentrating near
the boundary and analyzed the proximity of the long time behavior of solutions by
studying the proximity of the the corresponding global attractors. In both [I1] and
in this paper the results in [2] provide some of the building blocks of the analysis.
Note however that the case considered here is more singular than the ones in the
references quoted above, because the singular limit affects the time derivative of
the solution. The reader is also referred to |20} [ and references therein for some
other cases in which similar singular limits arise.

As noted in [2], in the context of elliptic problems, the convergence results
obtained below, despite its intrinsic mathematical interest, have potential applica-
tions in developing approximation schemes for (LZ). Numerical solutions of ([
can be obtained by suitable spectral or finite element methods. In both cases the
setting gets rid of the zero flux condition. In fact, (I) has a natural and sim-
ple variational formulation not involving surface integrals or traces in I'. On the
other hand, solving (L) requires to use suitable sets of functions defined on the
boundary, whose trace evolves according to the second equation in (2)).

This approach becomes more subtle if the boundary of the domain is not smooth
enough. In fact if the domain is not smooth, it is troublesome to give a meaning to
the boundary condition in (L), although ([TI) has a natural and simple variational
formulation not involving surface integrals or traces. Hence the limit functions of
([CT) can be taken as proper way of defining solutions of (2.

Note that () is formally equivalent to solving

_A'LLE + )\U,5 = in Q \ L:}E
(1.4) %uf — Au® + M + %Vguj —f+ %gs n
81:1 =0 onlI
u(0,2) =uj(z)  inQ

and that in (L) boundary conditions are missing on I'c = dw. \T' = 9(Q\ @¢).
Since there would be several ways of connecting the solutions of the elliptic and
the parabolic equations in (L) along that boundary, we consider the boundary
conditions on I'c that ensure maximal smoothness of solutions. This is achieved by
imposing the classical transmissions conditions on I';, that is, no jump of the u®
and its normal derivate across I'., see [19],

Ou,

(15) uelr, = (52

Jr. =0.

Hence, ([C4) and ([C3) is a formulation of an elliptic—parabolic transmission problem,
see [16], Chapter 1, Section 9, for related problems. The well-posedness of (),
in the sense of (L), (CH), will be addressed in Section Xl following the techniques
in [19].

On the other hand, (C2) must be understood as an evolution problem on the
boundary I'; such that, for each time ¢ > 0, the solution must be lifted to the interior
of © by means of the elliptic equation in (). In this way the term %—f, which is
the so called Dirichlet Neumann operator, becomes a linear nonlocal operator for
functions defined on I'. The well-posedness of ([L2A) will be discussed in Section Z2

following the techniques in [I8].
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Concerning ([[T3)) the starting point are the results in [2] which state that if we
consider a family of functions in 2 such that for some p > 1

1
_ |h5|20§0
3

We
then, taking subsequences if necessary, one can assume that there exists ho € LP (I
such that for any smooth function ¢, defined in §2, we have

lim E hep = / hoe.
e—0 ¢ We r

In other words, the results above indicate that concentrating integrals near the
boundary behave as boundary integrals and the concentrating functions behave as
traces. Several results of this type for functions that also depend on time, will be
obtained in Section

These results will be used then in Section Blwhen proving that actually solutions
of ([T converge to solutions of ([L2); see Theorem Bl and Theorem EE3 which are
the two main results concerning convergence of solutions. It is worth noting that we
will not assume the linear potentials V. are nonnegative nor uniformly bounded, but
we will rather require the uniform integrability condition above for p =p > N — 1.
In fact, for € > 0 fixed, only p > N/2 is required in ([[TI)) for the elliptic part of
the equation to be well defined. However for dealing with that family of problems,
uniformly in €, we need p > N —1, since in the limit the interior potential behaves as
a boundary potential which requires this sort of integrability. Indeed for part of the
stronger convergence result in Theorem we will actually require p > 2(N — 1).
Although this may seem a technical restriction, we have fought unsuccesfuly to
remove it.

Acknowledgments The author would like to thank several comments from the
anonymous referee which greatly helped in improving several points in the paper.

2. On the well-posedness of the approximating and limit problems

In this section we describe the well-posedness results for (L)) and (CZ). For
this we will make use of minor variations of the results in [I8), [T9].

Here and below H*(Q)) denote, for s > 0, the standard Sobolev spaces and for
5 > 0 we denote

H™*(2) = (H*())".

Also Hy () will denote the dual space of H3(f2). Finally, we will consider below
traces on I' of functions defined in Q. Hence, we will denote either by ~(u) or by
ujp the trace of a function u. As above, H~'/2(T") will denote the dual space of
HY2(T).

2.1. Well-posedness of (LA]). Note that in [T9] a very similar problem to
([CA) was considered. In fact in [I9] Dirichlet boundary conditions were assumed
on I' instead as Neumann ones as in this paper. Also it was assumed V. = 0.
Therefore, we explain below how to modify the arguments in [T9] to apply them to
([C@). See Theorem 1.1, Theorem 4.9 and Proposition 4.10 in [T9].

Hence, we consider ([L4)). Since € > 0 is fixed, and in order to simplify the
notation, we do not make explicit the dependence on e. Also, we first concentrate
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in the time-independent, i.e. elliptic, equation associated with ()

—Au+X,Vu+Iu =h inQ
(2.1) { g—z =0 onl.

For this, we identify L?(Q) with its dual and denote by H~1(Q2) the dual space of
H(Q) and then H'(Q) C L?(Q) C H~(Q). Also, we define the bilinear symmetric
form in H*(Q)

= [ VeV \%4 A

a(e, ¢) /Q @ ¢+/w Pp+ /Qsasb
for every o, ¢ € H'(2). Assumed

(2.2) Ve LP(w), p>N/2,

this bilinear form defines an linear mapping, L, between H* () and its dual H ().

Now we show that solving [ZII) reduces naturally to solving some problems in
w and in Q \ @. For this, we also identify L?(w) with its dual and consider the
bilinear form restricted to H!(w), that is,

aw(s07¢)=/wv<pv¢+/wV<p¢>+>\/ws0¢

for every o, ¢ € H'(w) and denote by L, the corresponding linear mapping between
HY(w) and H 1(w).
Then, we have

DEFINITION 2.1. Denote I'y = 0w \T' = 0(Q2\ @) and A\ the first eignvalue
of the Laplacian operator with Dirichlet boundary conditions in 2\ @.

Finally assume A > —Ag\g-
i) For h € H=1(Q\ @) we define D(h) € H'(Q) as the weak solution of

—Av+I =h inQ\w
v =0 only
extended to Q) by zero in w.
ii) For a given function u € H'(w), we define Z(u) € H*(Q2\ @), as the solution of
{—Av+/\v =0 inQ\w

v =u onl,
in the sense that

VoV + )\/ vp =0

Q\& Q\@

for every ¢ € H}(2\ @) and v satisfies the boundary data on T ..
We also define

B(U):{ Z(w) inQ\o

U mw .

Therefore, B defines a linear mapping between H'(w) and H(Q).
1) Finally, for functions defined on Q0 we define the “restriction” operator to w by
R(u) = X, u.

With this notations observe that the solution u € H'(Q2) of [II) must satisfty
u= B(X,u)+ D(h) inQ
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so it is determined by R(u) = X,u € H'(w). Now it is easy to see that R(u) which,
abusing of the notations we write again u, must be a weak solution of the problem
inw

—Au+Vu+u =h n w
(2.3) g—Z =0 onT
du _ 0Zw) |, dD(h)
. On. On s on F*

where n, denotes the outward unit normal to w along I'.. Note that the last
boundary condition guarantees the smooth matching across Ty, see (CH).
Finally, the weak solution of (3) satisfies

/Vqu—l—/Vuv—FA/uv—/ 8Z(u)v:/hv—|—/ aD(h)v
w w w I, an* w I an*

for every v € H'(w). This can be written as
0Z (u) dD(h)
2.4 Aui= Lou— ( ) =ho+( )
(2.4) Y Y on,. /1. * On, /T,
Now for the parabolic problem (), observe that solving
Xour — Au+ X,Vu+ du = h(t) inQ,t>0,
(2.5) u - — onT
u(0,2) =wo(x) in

if we assume that for each ¢ > 0 we have u(t) € H'(2), we must have
u(t) = B(R(u(t))) + D(h(t)) in Q.
Also the smooth matching across I'y, [CH), now reads

ou  0Z(u) OD(h)
2.6 - i U2 T., t>0
(26) Oy Ony + Oy on -
where n, denotes the outward unit normal to w along I',.
Therefore, in view of the properties of the operator A in (Z4), to solve ([Z3)

we are led to solve an evolution problem of the form
u(t) = B(v(t)) + D(h(t)) inQ, t>0
(2.7) v + Av = hy, + (agn(*))p* inw, t>0
v(0) = vg inw

with A = L, — (g—nz*)r and assuming that h(t) € L?(Q). Note that in @7) we

have reduced (ZH) and EI?ZS]) to a nonhomogeneous evolution problem in w with a
well behaved operator A. Finally, note that for (L) we take h = f + X,g.

Then in a similar fashion as in Theorems 1.1 and 4.9 in [19], we have the
following result that states the well-posedness of [ZH), 7).

THEOREM 2.2. Assume X > —Ag\s, h € L*((0,T), L*(Q)) and ug € L*(w).
i) Then there exists a unique solution of (2-4), which satisfies

u € C([0,T), L*(w)) N L*((0,T), H*(R)), u(0) =up in w
and satisfies (Z3A) in the sense that
Xous +Lw)=h in HYQ), ae tec(0,T).

i) Assume moreover that either

a) h e WhH((0,T), L3(Q)) or
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b) h € L2((0,T), L*(w)) = L*((0,T) x w) and h € WHL((0,T), L3(2\ ©))
and ug € H'(Q) satisfies
(2.8) — Aug + dug = h(0)  in Q\@.
Then
ue C([0,T), HY(Q)) N L*((0,T), H*(Q)) u(0) = ug in Q
and u(t) satisfies (Z4) a.e. t € (0,T).

Also, as in Proposition 4.10 in [19], we get

PROPOSITION 2.3. Assume, as above, that A > —Ag\g and ug € HY(Q) satis-
fying 238) and h(t) € L*(Q) a.e. t € (0,T), are given.
i) If h € WHL((0,T), L3(S2)), then

t
IVl ey + [ V(R + Alueoy +2 [ [ ut

— Vol + [ Vi + Muolle +

(2.9) +2 ( /Q h(t)u(t) — /Q h(0)uo — /O t /Q htu>.

Therefore, the mapping
(u07 h) = (uv ut)
is Lipschitz from
HY(Q) x WH((0,T), L*(Q))
imnto
C([0,T), H'(Q)) x L*((0,T) x w).
ii) If h € L*((0,T) x w) and h € WH1((0,T), L*(2\ ©)), then

t
IVl ey + [ VelO? + Alua@leoy +2 | [ ot

— Vol + [ Vg + Mol +

(210) 2 </Ot/whut+/ﬂ\wh(t)u(t)—/Q\wh(O)uo—/ot /Q\whtu>.

Therefore, the mapping (uo, hw, ho\w) — (u,us) is Lipschitz from HY(Q) x
L2((0,T) x w) x WH1((0,T), L*(Q\ @)) into C([0,T], H'(2)) x L2((0,T) x w).
2.2. Well-posedness of (L2). We consider the parabolic problem (L2,
that is
—Au + Ml = f in 0
(2.11) w + 22 4 Vo(z)u® =g on T
u?(0,2) =wo(z) onT
for which we adapt the results in [I8]. Note that the setting for this problem is
pretty much in the spirit of the previous section, and therefore, we point out the

main differences. The reader is then referred to [I8] for full details.
In this case we define the bilinear symmetric form in H(Q)

ao<so,¢)=/QVs0w+/Fm¢+A/Qso¢
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for every ¢, ¢ € HY(). Assuming
VoeLfT), p>N-1.
this bilinear form defines a linear mapping, Lo, between H' () and its dual H ().

DEFINITION 2.4. Denote by \q the first eigenvalue of the Laplace operator in
Q with Dirichlet boundary conditions and assume A > —\q.
i) For h € Hy*(Q) we define Do(h) € H(Q) as the weak solution of

—Av+Xv =h in§
v =0 onl

ii) For a given function u defined on T, we define Bo(u) € HY(Q), as the weak
solution of
{ —Av+lv =0 inQ

v =u onl

in the sense that
VoV + )\/ vp =0
Q Q

for every ¢ € HE(Q) and v satisfies the boundary data on T.

With this, solving ([ZITI) is equivalent to solve

u(t) = Bo(y(u(t)) + Do(f(1)) in ©
(2.12) u? + 7830& O) 4 Voul =g — 781308(2(’5)) onT, t>0
u®(0) = wo onT

assuming f(t) € L*(Q) for ¢t > 0. Note that B%Léu) above is the standard Dirchlet—

Neumann operator which is well known to be a positive self-adjoint isomorphism
between H'Y/2(T') and H~'/?(T'). Thus we have reduced (ZII) to an evolution
problem on T'.

Now as in Corollary 3.3 in [I8] we have the following result that states the

well-posedness of [(ZI1)), ZI2).

PROPOSITION 2.5. Assume X > —Xq, f € L*((0,T),L*(Q)), g € L?((0,T)xT)
and vg € L*(T') are given.
i) Then there exists a unique solution of (ZIA) which satisfies

u’ € L*((0,7), H'(Q)), ~(u"): € L*((0,T) x T)
and satisfies (ZI1l) in the sense that
(2.13) Y(u®)e + Lo(u®) = fo + gr

as an equality in H=1(Q), a.e. t € (0,T). In particular v(u®) € C([0,T], L*(T))
and v(u®)(0) = vo.
ii) Moreover, if f € C([0,T),L*(Q)) and ug € H*(Q) satisfies

—Aug + Aug = f(0), inQ
then with vg = y(up) we have

u’ € C([0,T), H'(Q)), u°(0) = uo.
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REMARK 2.6. Note that in [(ZZI3) the time derivative is taken in distributional
sense. In particular, for any T > 0 and any smooth test function p(t, z) in [0, T] x Q
such that o(T,-) = 0 we have that (ZI3) is satisfied in the sense that

/v()(p //ugat—l—/ /vuoij/ﬂu%}
+/ /Vouocp=/ chp+/ /gso

REMARK 2.7. Note that given for f € L*((0,T),L?(Q)) and g € L*((0,T) x
), for (ZI3) uniquenes of solutions holds in the class L*((0,T), H*(Q)). In-
deed for such a solution satisfying u®(0) = 0, f = 0 = g, we have v(u°) €
L?((0,T), H/2(T)) while (Z13) gives v(u®); € L*((0,T), H='/2(T)). Hencey(u®) €
C([0,T), L*(T")), the function t — Huo(t)||%2(r) is absolutely continuous and its time
derwative is 2 [ u®(t)ul(t). Hence, taking u°(t) as a test function in (ZI3) and
using Gronwall’s inequality we get u® =0 in [0, T)].

3. Concentrating integrals

In this section we show several results that describe how different concentrated
integrals converge to surface integrals. Hereafter we denote by C' > 0 any positive
constant such that C is independent of £ and ¢. This constant may change from
line to line.

The following lemma a particular case of a result proved in [2] and basically
states that concentrated functions behave as traces.

LEMMA 3.1. A) Assume that v € H*(Q) with s > § and such that H*(Q) C

LUT), ie. s— % > =D " Then for sufficiently small €y, we have, for some
positive constant C' independent of ¢,

1
(3.1) = [l < el

We

and

q — q
(3.2) lim / o / o],

B) Consider a family f. defined on we, such that for some 1 < r < oo and a
positive constant C' independent of €,

[fel" < C.
We
Then, for every sequence converging to zero (that we still denote € — 0) there
exists a subsequence (that we still denote the same) and a function fo € L™(T') (or
a bounded Radon measure on T, fo € M(T) if r = 1) such that, for every s > %
and

(3.3) s— = >—

we have that
“Aofe— fo n H™*(Q) ase — 0
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where X,,_ is the characteristic function of the set w.. In particular, for any smooth
function ¢, defined in ), we have

!
hm—/ fswz/fow-
e—0 ¢ we r

weakly in H*(Q) or strongly in case of equal sign in (Z3),

1
1im—/ feu® :/fouo.
e—=0¢ we T

In particular, assume p € H?(Q) with o > %,

Moreover, if u® — u°

then

and denote g the trace of ¢ on

T'. Then
1
(3.4) EX%@ —wy mHQ)ase—0
for any s such that s > % and
N N
(3.5) (8—3)_4—(0’—3)_ > —N+1,

where x_ denotes the negative part of x. Finally if ¢ € C(Q), ([BF) holds for any
s > % 0

Also the following consequence will be used further below.
COROLLARY 3.2. Assume
4§l () < C-

Then, by taking subsequences if necessary, there exists ug € H(Q) such that, as
e—0,

1
u — ug  weakly in H'(Q), ngEug — uor  weakly in HY(Q)

1
lim—/ |u8|2:/|u0|2.
e—=0¢ We T

Proof From part A) in Lemma Bl with ¢ = 2, we have

1
> il < sl e < ©

and

Hence there exists ug € H*(Q) such that, as ¢ — 0, u§ — uo weakly in H(Q)
and by part B) in Lemma Bl with r = 2, there exists vy € L*(I") such that
1X, u§ — vo in H7H(Q).
Since ([B3)) is satisfied with s = 1, r = 2, again part B) in Lemma Bl implies

that

: 1 €12

lim — lugl :/uovo.

r

e—0 ¢ We

Therefore it remains to prove that v = ugr. For this note that if ¢ € H'()
we have, by @), BH) with s =1 = o,

1 . _
Ve = ng5<p—><p|p in H1(Q).
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Then <u8, cp€> = %fwg uge and the left hand side converges to <u0, g00> = fr e

while the right hand side converges to <v0,gp> = fr vop. Hence, vo = ugr as

claimedﬂ

Lemma Bl can now be extended to handle concentrating integrals including a
time dependence.

LEMMA 3.3. 4) C’onsider v e L((0,T), H*(Q)) with1 <r < oo, s > % and
H*(Q) € L), that is, s — ¥ > —=U - Then,

r 1 q r/a ’ r r
so [ |v|) <C [ ottt = 190 .m0

T T
. 1 r/q r/q ,
st (L) = L) = gy,

B) Consider a family g. defined on (0,T) X w., such that for some 1 < ¢ < oo,
1 <r < oo and a positive constant C' independent of ¢,

(3.9) /OT (é/w |g€(t,:c)|Td:v)%dt <c

or fOT SUPrew. |ge(t, 2)|2dt < C for the case r = co.

Then, for every s satisfying (), and for every sequence converging to zero
(that we still denote € — 0) there exists a subsequence (that we still denote the
same) and a function g € L9((0,T), L"(T")) (or a bounded Radon measure onT',g €
L0, T), M) if r = 1) such that

1
(3.9) ngEgg —g in LY9(0,T), H *(Q)), weakly as ¢ — 0,

where X,,_ is the characteristic function of the set we. In particular, for any smooth
function ¢, defined in [0,T] x Q, we have

(3.10) Ehi%g/ /wgsw //gsﬁ

Also, if u — u° strongly in LY ((0,T), H5(2)) then

1
(3.11) lim — / gsuaz/ /guo.
=08 Jo Jo. o Jr

C) Consider a family g. defined on (0,T) X we, and assume that for some
1< rg< oo, there exist h € LY(0,T), and g € L1((0,T),L"(T")) such that

(3.12) (é/w |gs(t,-)|r)%§h(t), ae. tel0,T]

1
(3.13) ngags(t, )= gt,) im H*(Q) ae te(0,T)
with s satisfying (Z3). Then

(3.14) %X%gs g i L((0,T), H-*().
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In particular, if ¢ € L1((0,T),H°()), with ¢ > 1,
£ Xo.p(t) and @o(t) = ¢[r(t). Then

1
(3.15) ngEg) — o in LIY((0,T),H *()) ase — 0

we consider ¢.(t) =

for o,s as in @3A). If ¢ € C([0,T] x Q), @BIA) holds for any q > 1 and s > .

Proof A) Observe that [B) gives B0 right away. Now, we note that for fixed
t € 10,T], from B2) we get
1 a)" T o L a q
(2 W@17) " < Cllott, i@y and lim = [ Jo(t, )| = [ Jo(t, )|
€ e=0¢€ We T

We

Then, applying Lebesgue’s dominated convergence theorem, we obtain (B).
B) Define, for s satisfying ([B3), the linear forms

1 T
Le(p) = g/ / getp
0 We

on L7 ((0,T), H*(Q)). By Hélder’s inequality we get

Lo(g)| s/j(é/% |g€|r)%(§/% o)

/

<[ CLun VI CLT

Hence using [BF)) and BH), we get

1

Ll =cl [ (¢ / )] < Ol oy ey

Hence L. is a bounded family in the dual space of L ((0,T), H*(2)). Therefore,
by the Banach-Alaouglu-Bourbaki theorem, and taking subsequences if necessary,

, !/
we have that there exists Ly € [Lq ((O,T),HS(Q))] = L((0,T),H *(Q)) such
that

(3.16)

L.(p) — Lo(p), forall ¢ € LY ((0,T), H*())

as € — 0 and the limit is uniform for ¢ in compact sets of L% ((0,T), H*(%)).
In particular, from the first inequality in BI8) and @), we get

ILo(@) < Cllell o 0,1y, ryy) ~ for every ¢ € LT((0,T), H*(2)).

Now taking into account that if X C Y is dense, then L7 ((0,T),X) is dense in
L9((0,T),Y) and since traces of H*(2) are dense in L" (T'), we get

L9 ((0,T), H*(Q)) is dense in LI ((0,T), L (T)).
Thus, Lo € (L4((0,T), L7 ("))’ and then there exists g € L9((0,T)), L"(T)) such

that Ly = g, i.e.
T
Lo(p) = / / g
0 T

which proves (B3), BI0) and BIT).
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C) First, we note that from BIA) together with @Il we have that for ¢ €
H(Q)

1 1 ir1 s
Z . < | = AT Z r < s
‘E/ws e (1, )w‘ < L /w lg=(t, )] } [6 /w ] } < Ch®) el as ()

that is )
1= Xe. g (2, ) = () < ChLY).

Next, taking into account (BI3) we can apply Lebesgue’s dominated convergence

theorem to get (BI4).

In particular, if ¢ € L((0,T), H°()), with o > 1, we consider g.(t) =

1X,.¢(t) and ¢o(t) = ¢|r(t). Then, by ), we have for a.e. t € (0,T)

1 1/r
(2] ler) " < Cligtt, Yo = hlt) € L0, T)

€ Juw,

and by (3,
1
lin% ngscp(t) —@o(t) imnH*(Q)ase—0
E—

for 0,5 as in ([B3). Then {@.I2) and ET3) are satisfied.
If p € C([0,T] x Q), denote h(t) = sup,cqle(t, z)|. Then for any 1 < r, ¢ < oo,
taking into account that |w.| < Ce for some C > 0, we obtain

1 G
(g/ |<p(t,x)|rd:c) < Ch(t) € LI(0, T).
Also, for fixed t € [0,T], by B4) we have
%stcp(t, )= wolt,), ase—0, in H*(Q).

for any s > % Then, we can choose r > 1 such that s — % > — NJl and then BI2)
and (BT3) are satisfied again.

REMARK 3.4. The results in parts, B) and C) of Lemma also hold with
minor changes when either 1 = 1 or ¢ = 1. Since in the proof above LY and L"
appear, in such a case some spaces of measures enter in the result. Also, when,
0 € C([0,T] x Q) it can be actually shown that (Z13) holds for r = .

For the sake of simplicity in the exposition we have not included these cases.

Now we prove the following result that will be used below in the analysis of
(I and ([CZ). Note that the assumption on the potentials below is, not only
uniform in &, but more restrictive in p than the one needed for fixed ¢, as in (232,
ie. p>N/2.

LEMMA 3.5. Assume that the potentials V. satisfy

1

We
and assume, that after taking some subsequence, if necessary, we have

1
lim — Vagoz/ch
r

e—0 ¢ We

for any smooth function ¢ defined in Q and for some function V € LP(T); see
LemmalZd, part B). Then
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1) If we denote by (V.)_ the negative part of the potential, then we have that for
any 6 > 0 there exists Cs > 0, independent of ¢ > 0 such that

1
2 [ 016 < 816l ey + Call61 o

and
1
2 | 000167 < dlelngey + | 1ok

ii) Analogously, for any 6 > 0 there exists Cs > 0, such that

J )16 < bl613 ) + ool
and

[ )16k < 61+ Cs [ 1P
11i) There exists some \g € IR, independent of € > 0, such that for A > Ay the
elliptic operator, associated to the parabolic problems [Ll) and [LA), are positive.
w) If s is such that%—i—NQ—;l <s<1 and

u® — u® weakly in L*((0,T), H*(Q)),
then for any function p € L?((0,T), H*(Q)) we have

1 /7 T
S e ) v
€Jo Ju. o Jr
Proof:
i) Note that for every ¢ € Hl(Q) we have the bound

an L[ ool < (2 [ wp) [2 [ o] <cft [ o]

Now, since p > N —1, there exists =1 +1 < s < 1 such that H*(Q) C L2 (T)
and from part A) in Lemma Bl and 1nterpolat10n we have that

1 S
g/ (Vo)-16* < ClléllFr () < ClIglE @ I6]75 )

Finally using Young’s inequality, we get for any 6 > 0

1
2 [ 016 < 816l e + Call61 2o

and we get the first inequality.
For the second one, observe that starting from IM), using p > N — 1 and
interpolating the Lebesgue norms in w. we get

1 2(1-6)
) AR R L I ok
where 2** = Q(Jy:;) and 0§ € (0,1) such that 2%, = 22* + %. Using this last

condition and splitting the term with € between the two integrals above, Young’s
inequality leads, for any ¢ > 0 and Cy independent of ¢, to

1 , 6
2 0k < e

Cs
2 2
Ol () + ?||¢||L2(w5)-
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The right hand side above is

1 22T 1 )
(2 [ o) vz [

which, by @I can be bounded by

Cs
Sl oy + = [ 16F

which proves the claim.

ii) A similar argument using that V' € LA(T") and p > N — 1 gives an estimate
completely similar to (BI1), now with boundary integrals. The rest also follows as
above but using boundary integrals instead of concentrated integrals.

iii) Using parts i) and ii) it is clear that there exists Ag such that the bilinear forms
in H1(Q)

1
008 = [ vovea [ oe+ 2 [ vioe

€

a.nd

are uniformly coercive for A > \g. In fact, a-(¢, ¢), ao(é, ¢) can be bounded below
by

(1—6>/Q|v¢| +(>\—5—05)/Q|¢|-

iii) First, for s,0 > 1 and (s — §)_+ (0 — §)- > —%, we define the operators,

P.:H*(Q) - H7(Q) for 0 <e < gy by

< P.(u),p >= é/ Veue, < Po(u),p >= / Vue.
We T

Then from Lemma 2.5 in [2] we get P. — Py in L(X,Y) with X = H*(Q) and
Y =H7(Q).

Now we consider ¢ = s. This choice is possible provided 2(s — %)_ > —%,
which leads to the lower bound on s in the statement. Note that this lower bound
is compatible with s <1 because p > N — 1.

Then, by Lemma B8 below, we have that P.u® — Pyu® weakly in L2((0,T),Y).
In particular for any function ¢ € L2((0,T),Y’) = L%((0,T), H*(Q2)) we have

1 /T T
S vace [ e
€Jo Ju. o Jr

Now we prove the result used above.

and we conclude.D

LEMMA 3.6. Assume Xand Y are reflexive Banach spaces and P. — Py in
L(X)Y).
If u¢ — u® weakly in L?((0,T),X), then

P.u® — Pyu® weakly in L*((0,T),Y).
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: e (T
Proof First note that if [ [Ju®(t)||% = ||u€||%2((01T)1X) < C then

T
|@w—%mmm@wsén&—%ﬁwmww@ﬁ
< C||P- —P0||%(Xﬁy) —0ase—0.

Now assume u® — u® weakly in L?((0,T), X), and take ¢ € L*((0,7),Y"),
then

T
‘/ <Pl ¢ >yy — < Poul, ¢ >yyr | <
0

T
< ‘ / < Pt ¢ >yy £ < Pout, ¢ >yyr — < Pou’, ¢ >yye | < (1) +(2)
0

where T
(1) = ‘/ < Pouf, ¢ >yyr —Pou®, ¢ >vy }
0
and

T
(2) = ’/ <Pt ¢ >yyr — < P’ ¢ >vy |
0

Thus, we obtain

T T
W <| [ <Pt~ R v | < [P = Pl e
0 0

and we get (1) — 0 as € — 0. Moreover, we have that

T T
(2) < ‘/ <R —u’), ¢ >vy | = ‘/ <t —u B >xx0
0 0

with Pf¢ € L*((0,T), X’). Then using u® — u® weakly in L*((0,7T), X) we get also
(2) =0ase—0p

We also have the following result.

LEMMA 3.7. We consider a family of functions u® : [0,T] — H*(Q) such that
for some positive constant C independent of € and t, we have

(3.18) [u(t, Mm@ <C, te0,T]
and u§ € L*((0,T) x w.) with

1 T
(3.19) —/ / lus|? < C.
€ Jo We

Then, there exists a subsequence (that we still denote the same) and a function
u € L=((0,T), HY () with u?r € HY((0,T), L*(T")) such that as € — 0,
ut —u® w—=x in L=((0,T), HY(Q))
and
1

ngEug —ufp in H'((0,T), H ().

In particular, for every ¢ € L*((0,T), H () we have

1 /7 T
(3.20) lim—/ / uggpz/ /uogo,
e=0¢e Jo Jo. o Jr
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1 /7 T
(3.21) lim — ujp = udp.
e=0¢€ Jo Jo. o Jr

Finally

1
(3.22) ngEua —ujp i C([0,T],H(Q)) ife — 0
and

1 /T T
lim —/ / |u|? :/ /|u0|2.
e=0¢e Jo Jo. o Jr

Proof: We prove this result in several steps.
Step 1. First, since u® € L>((0,T), H'(2)) is bounded, by taking subsequences if
necessary, we can assume that it converges weak* in L>((0,T), H*(£2)) to u’; that
is

() = (Wp) ase—0 Ve L'((0.7),H Q).
Step 2. From BIX) and BH), with s =1, ¢ = r = 2, we have

1 /T T
—/ lus|? < C/ [ w71 0y < C-
€Jo Juw. 0

This and [BIJ) implies, using Part B) in Lemma (with ¢ = 2 = r), that
We = 1X, u° is uniformly bounded in H*((0,T), H*(€2)) c C([0,T], H ().
Therefore, by taking subsequences again, if necessary, we can assume that

We — WY  weakly in H'((0,7), H *(Q)).
At the same time from Part B) in Lemma B3 (with ¢ = 2 =), we get that
W e H'((0,T), L*(I)).
Step 3. We will prove that now W = uf. and then we get (E20) and (E2I).
For this, consider ¢ € L2((0,T), H'(2)) and then ([BI3) gives

1
e = —Xop = po=pr i L((0,T), H1(Q) ase—0

(o) =2 [ [ wo=(w0).

Then the left hand side converges to <u0, <p0> = fOT [ u¢ while the right hand

and then from Step 1

side converges to <W0, <p>. Hence, W0 = u?r as claimed.
Step 4. Now we prove [B22) and for this we use Ascoli-Arzela’s Theorem. First,
we note that W is uniformly bounded in L?((0,7), H=*(Q)) and then We(t,-)
is equicontinuous in H~1(Q),t € (0,T). Second, we will prove that We(t,-) is
uniformly bounded in H~*(Q) for some s < 1. Since H%(Q) C H~1(Q) is compact,
we conclude the proof.

For this, take r > 2 such that H'(Q) c L"(I') and s < 1 such that H*(Q) C
L7 (D), fe. =N <5 — ¥ <1—Z&. Then by part A) in Lemma B1J

1 £
2 e

1 REXS! E
<[2 [ W] 2] wer])” <l lmn el @ < Cliell-
That is, [[We(t, )|/ -+ () < C and we conclude.

We
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The last property in the statement follows from the weak convergence of u*®
and the strong convergence of %st ut. g

We will finally make use of the following result.

LEMMA 3.8. Assume the family of potentials V. is as in Lemma [Z3.  Also,
assume u® is as in Lemmal[3_], that is, satisfies (Z18) and ZI4), and let u°® be as
in the conclusion of Lemma[Z_}

Then if s is such that % + % < s, we have

(3.23) éXwEVEuE — Vup in C([0,T], H*(2)).
If, additionally,

(3.24) p>2(N—1)

then

1 T T
(3.25) —/ / V5|u5|2—>/ /V|u0|2.
€Jo Jo. o Jr

Proof To prove B2Z3) we use Ascoli-Arzela’s Theorem as in Lemma B For this,
denote W€ = %XMEVEUE. First, since as in Lemma B3 we have p > N — 1, then for

any 3 + N2—;1 < s* <1 we have H* (Q) ¢ L*'(I') and using (B1) in Lemma BTl

1 1 109 A2l e
‘<—Xw€VsuE,w>‘ < [—/ IVEI’T[—/ Iuslzpr [—/ Isﬁlr"”r
I & we g we g we

< COllu [l g () 1ol = ()

Therefore, from [EI8), W* is uniformly bounded in L>((0,T), H=* (Q)).
Now observe that from @IJ) we have that Wi = 1X,, V.u satisfies

(o) < [2 [ wr[2 [ ][z [ o]’
<cfs [ wr]'[2 [ ]’

with 2+ + 1 =1ie r= 25
Now, for any s such that 1 + % < s we have that H*(Q2) C L"(T), with

r= %, and then have that, integrating in time in the inequality above and using

Hoélder’s inequality

[ i =ef [l ([ ¢ )]

1

<ol [ ||sa||%p<m}§

where we have used BI9) and @I in Lemma Bl
Hence, for s > & + &=L We = 1x, Voug is uniformly bounded in
P e
L*((0,T), H*()).

In particular, W¢ is uniformly bounded in H((0,7), H=%(Q)) C C([0,T], H*(Q))
and W€ is equicontinuous with values in H~*(12).
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. . 1, N—1 : cofoing 1 N—1
Now if s satisfies 5 + - <s then there exists s* satisfying 5 + =5, < s* <

T+ % < s. Then from the first part of the proof above we have that We(t,-) is
uniformly bounded in H~*" (Q). Since H~*"(Q) € H—*() is compact, we conclude
the proof.

N-1

If we additionally assume B2, then we can take above % + - <s< L
Then since, by Lemma B, we have u® — u° |, w-* in L>((0,7T), H'()), we get

from B2Z3)),

1 (T 1 (T T
S [ =G ] vand) = vaa)y = [ [ viaep
€Jo Jw. €Jo Ju. o Jr
and we obtain (EZH). .

4. Singular limit as ¢ — 0

We analyze the limit of the solutions of the parabolic problems (), with
0 < & < gg. For this we will assume that the data of the problem satisfy, for each
£ > 0 the assumptions in the first part of Theorem B with h. = f- + 1 X,,_g. and
the following uniform bounds in € > 0:

1
(4.1) B V.| <C, somep>N—1,
5 1 1 £12
(4.2) uje H'(Q) and - [ P <C
T
(4.3) f. € L((0,T), L*(%)), and / 122 < C

and

1 T
(4.4) ! / / P <C
€Jo We

for some constant C' independent of €.

Observe that in Theorem EZ2 we require A > —Aq\ . and now Ag\i. > Ao and
Ao\w. — Aq as € — 0. Thus, if A > —Aq, then for sufficently small ¢ we have
A > —Ag\w.- Hence we will also assume hereafter that

(4.5) A> —Ao.

Then, by Lemma Bl and B3 by taking subsequences if necessary, we can
assume that there exists functions V' € L*(T), vy € L?(T'), f € L*((0,T),L?())
and g € L?((0,T), L*(T")) such that, as ¢ — 0

1 N N-—-1
(4.6) -X,. V. = V weakly in H™%(2) with s — 5 7T
€ P
1 A . 1
(4.7) ngEug — vg weakly in H™°(Q) with s > 3
(4.8) fe — f weakly in L*((0,T), L*(Q))

1 1
(4.9) —X,.g. — g weakly in L*((0,T), H*(Q)) with s > 3
g
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Also, observe that by ), using the first part of Proposition 223 the problem
() with initial data vg € L*(T), potential V € L?(T") and nonhomogeneous terms
f € L*(0,T),L*()) and g € L?((0,T), L*(T)) is well posed.

Now observe that our proofs below rely on a compactness method based on
suitable uniform estimates on solutions of ([Il). However assumption (H) alone
may not be enough to guarantee that the elliptic operators in ([CI) and (C2) are
uniformly coercive in €. Such uniform coercitivity is very helpful for estimates on
solutions and can be achieved for A > )¢ for some \g independent of ¢; see part
iii) in Lemma This can be however overcame in a standad way by the usual
change of variable v¢(t) = e*u(t) in ([, with a suitable a € IR. In fact the
equation for v is similar to ([CJ]) but with the added term €&, _v. Hence using
part i) in Lemma B3 « can be chosen, independent of € and in a suitable way such
that uniform coerciveness follows. Observe that this approach requires modifying
f- and g but the assumptions E3), @A) and @), EI) would still be satisfied
by the new nonhomogeneous terms.

Note again that we make no assumption whatsoever on the signs of the con-
centrating or limit potentials, VZ, V nor we assume they are bounded (not even for
fixed ¢).

Then we have

THEOREM 4.1. Under the above notation, assume {-0), 1), B3 and -3
and consider u® the solutions of (L1l) as in the first part of Theorem[ZZA Moreover
assume \g > —Aq. Also, let u® be the solution of (LA) as in the first part of Propo-
sition 28 with initial data vy € L*(T'), potential V € LP(T') and nonhomogeneous
terms f € L2((0,T), L*(Q)) and g € L*((0,T), L*(T")).

Then, as ¢ — 0,

u® — u® weakly in L?((0,T), H'(Q))

and 1
Estua — u?r in L2((0,T), H1(Q)) weakly,

1

—XWEV u® — V’U,‘OF in L2((0,T), H1(Q)) weakly.

In particular, for any ¢ € L?((0,T), H*(Q))

e [ L
1 /T E
[ [ o o
€Jo Juw. o Jr

Proof We proceed in several steps. Observe that, as mentioned above, we can
assume without loss of generality that the elliptic operators in ([Il) and ([CZ) are
uniformly coercive in €. This happens for example if A > Ag as in part iii) in Lemma
Step 1. Uniform bounds for u®

Multiplying the equation by u® in L2(£2), we get

1d
553 [ wP) /|W|2+A/|u€|2
1
(4.10) +—/ Va|u€|2:/fau€+—/ geu®
€ Juw Q €Ju

€ =
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Now from the uniform coercitivity, see e,g, iii) in Lemma B3

1
Clu Ol < [ 90 P +a [ w42 [ Vil

We

for some C' > 0 independent of €.
Next, applying Young’s inequality, we obtain, for any § > 0,

1
|/Qfau€| < w2l fell L2 o) < 5H“€||%{1(Q) + 4_5||fa||%2(sz)

1 8 1 NE/1 L9\ ? 8 1 %
= [ g < (2 1eP) (2 | W) <Cletlme (< | loe?)” <

We

< Sl + 1o /|5F

Now, taking § enough small and integrating @I) in ¢ € (0,7) and using E32),
E3), EFN), we obtain that for 0 <t < T,

t
|w@F+cAnwmwn

z
<1 gt 2 [ + [ lopar<c
=2 o Ug % o fell7 L2(Q) 25 9e

Then, we have that
T 1
(4.11) / ||u8(t)||%p(mdt <C and sup —/ luf(t)]* < C.
0 teo,T] €

Step 2. Passing to the limit.
From T and Lemma B3 part B) with ¢ = r = 2, by taking subsequences if
necessary, there exists a subsequence which converges weakly to v in

L*((0,7), H' ()
and there exists w € L2((0,T), L*(T")) = L?((0,T) x T') such that

1
(4.12) —X, u* —w in L*((0,T), H'(Q)) weakly as ¢ — 0.
e

Now, we prove that w = wjp.. For this, note that for every ¢ € L*((0,T), H'(2))

1 1
<Xw5u,sﬁ / /uw X sﬁ>-

Then, using ([BIH) and taking another subsequence, if necessary, we obtain that

1 1 r
<w,<p> = hm < Xo.u ,<p> = lim <u5, -X, <p> = <u0,<p|p> = ul.
’ e=0 e o Jr

Thus w = u?F.
Step 3. Next, we prove that u" satisfies the problem with dynamic boundary
conditions (C2) as in Proposition ZA
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In order to get it, multiplying the equation from ([Jl) by any smooth function

(t, z) we obtain
1 T T
<—Xw5u§,ga>—|—/ /VUEV@—F/\/ /usgp
€ o Ja o Ja

1 /7 T 1 /7T
A e [ et ] o
€Jo Jo. o Ja €Jo Jw.

Now, assume ¢(T) = 0. Using Fubbini Theorem and integrating by parts, we
rewrite the term <%Xw5u§, <p> to get

1 /7 1 T T
——/ / upp — —/ u®(0, )¢(0, -) +/ / Vu*Ve + )\/ / u o+
€Jo Juw. € Juw. 0o Ja o Ja

1 T T 1 T
(4.13) +—/ %u%:/ f590+_/ / getp.
€Jo Juw. 0o Ja €Jo Juw.

Next, using @IA) where w = u?r and applying BI0) from Lemma part B)
with ¢ = r = 2, we have, as ¢ — 0,

1 /T T 1 /T T
£ 0
[ [ oo [ [ [ o
€Jo Juw. o Jr €Jo Juw. o Jr
1 /T T
[ e [t
€Jo Juw. o Jr

Thus, taking the limit as € goes to zero in [EI3), we get

T T
—/UOSD(Oa')_/ /Uo%-i-/ [ VuOVQO—i—)\/ uOQO]
r o Jr 0 Q Q
T T T
+/ /Vuocp:/ fga—i—/ /gcp.

o Jr o Ja o Jr

Thus, u" is a solution of ([CZ) in the distributional sense, see Remark ZZ6, and hence

uY is the solution in the first part of Proposition L3, see Remark B2

Step 4. Now we show that all the family u® converges and not only a subsequence.
In fact from the uniqueness for (C2) in Remark B we have that from any

subsequence in u® there is another subsequence that converges to the same u°.

Hence the claim. O

and

Now we impose stronger assumptions than I)—(Ed) on the data and obtain
stronger convergence of solutions than in Theorem ETl
More precisely, we assume now the initial conditions satisfy

(4.14) ||U8||§11(sz) <C,
and also the compatibility conditions on the initial data, 38) with h = f.+ 1 X.g.,

i.e.
(4.15) — Auf + Aug = f-(0) in Q\ @..

Recall that A > —Aq, see [E3), and A\ > Mg and A\, — Aq as € — 0. So for
sufficently small € we have A > —Aq\,. -
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We also assume
(4.16) fe € Hl((O,T),L2(Q)), and ||fa||H1((0,T),L2(Q)) <C
and @A), where C is a positive constant independent of e.
Hence using () in Lemma Bl we have that X f [ug|? < Cllugl|3 1o and

therefore (ELIl) and ETH) imply E2), E3) respectlvely
Then by taking subsequences if necessary, we can assume ), @), EX) and

E3). Moreover from Corollary B2 we have that in this case
1

(4.17) u§ — ug weakly in H'(Q) and ~X.u§ — ud|r weakly in H~1(Q).
€

In particular vo = ud|r in [@Z). Also, in @) we have f € H'((0,T), L?(2)) and
(4.18) fe — f weakly in H*((0,T), L*(Q)).
Then we first make the following remark.

LEMMA 4.2. Under the above assumptions, we have
(4.19) — Aud + M) = f(0) in Q.
Proof We first show that
fe(0) — f(0) in H=*(Q), 0<s<1
and for this we use Ascoli-Arzela’s Theorem. Observe that from (EIH) we have
that (f.); is uniformly bounded in L2((0,T), H*(Q2)) for 0 < s < 1 and then

fe is equicontinuous in H~*(Q2), t € (0,7). Second, from EIH), we have that
f- € HY((0,T), L*()) c C([0,T],L3(2)) and therefore

sup || fe(t)ll L2 < C.
0<t<T

Hence f-(t,-) is uniformly bounded in L?(£2).

Finally, since L?(Q)) C H~*(f) is compact, we conclude that f. — f in
C(]0,T], H*(f2)), and the convergence of f(0) follows.

Now to prove IJ) we consider ¢ € D(2) and small enough e such that
supp(p) C 2\ we. Thus, from EIH) we have

/VUOV@—F/\/U()(;) /fs

and taking the limit ¢ — 0, using u§ — u weakly in H'(Q) and the convergence
of f-(0), we obtain that

/ VugVe + A/ uge = | f(0)p
Q Q Q
and we conclude. 0

Therefore, for each € > 0 we are under the assumptions in the second part of
Theorem 2 with h, = f. + %st ge. Also, for the limit problem ([C2) we are under
the assumptions of the second part of Proposition EZH, with initial data vo = ul|r €
L3(T), potential V € LP(T') and nonhomogeneous terms f € C([0,T], L*(Q)) and
g € L?((0,T),L%(T)).

Hence, we have the following result that improves the convergence in Theorem

ET
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THEOREM 4.3. Under the above notation, assume ([4)), @:ZA),HI1) and
#-10). Moreover assume A > —Aq.
By taking subsequences if necessary, we can assume that the data satisfies {Z.0),

@A), B3) and @) and moreover {14, @-13) and {I9).
Then if u® and u® are as in Theorem [_1, we have that in addition to the

convergence in Theorem 1] we have now that u® converges to u’, weak* in

L>((0,7), H'()

and )
gstuff — ujp € H'((0,T), L*(T))
weakly in HY((0,T), H=*(Q)) and strongly in C([0,T], H=*(Q)). Also
1 . s
g;'cwsvguff — Vu in C([0,T], H*())
for % + % < s.
If additionally p > 2(N — 1) then u® converges to u° also in L*((0,T), H*(Q2)).
Proof We proceed in several steps. Observe that, as mentioned above, we can

assume without loss of generality that the elliptic operators in ([[Il) and (C2) are
uniformly coercive in €. This happens for example if A > A as in part ii) in Lemma

Step 1. Uniform bounds on u®.

We note that we are under the assumptions of Theorem and Proposition
and from ([ZI0) with h = f. + 1X,,_g-, we have

2 [* 1
S [ [ [ v
€Jo Jw. 9
1
= [ e [ vie a2 [ [ g
Q Q € Juw. we
t t
(120 +2( / o + [ roww- [ row- [ [ o)
0 Q\e. N\&. 0o Jo\e.

Now, (f:): € L2((0 T), L2( )) and integrating by parts we obtain

Hence, using the uniform corecitivity, see e.g. part iii) in Lemma B3 from (E20)
we have

2 t 2 t
2 [ [ il Ol o) < Clliline + = [ [ i

(a21) w2 [ w0~ [ zowi- [ [ )

Next, applying Young’s inequality we get that

1 t
—//%w //mmﬁ//WW
€Jo We We
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for any § > 0. Using now

JRACTURY WU

gl 2 )| f(0) | 2 (@),
and applying again the Young inequality we get

| [ 0w = [ 5.00u] < sl 0l e +

1 1
g||fs(t)||%2(sz) + 0luglF o) + g||fs(0)||%2(sz)

and proceeding as above

[ [ P+ 3 [ 10l

Using these inequalities, from [ZII) we have that

2(1-19) [
220 [ i+ (€ - 201 O o

Ol 22 1w (O] 22 ()

2
< (C+ 26)||u8||§{1(m + g”fa(t)n%?(sz) +

2 t 2 t
IOy +20 [ Iy + 5 [ 10l

2 [t )
(422) +£/O /ws |ga| .

Now from (ETH), and denoting y(T') = supg<;<r ||u€(t)||§{1(ﬂ) we get

- 1
5 [ 10 oy + 3 [ 1M < T+ 0

Also from (EIH), we have that f. € H*((0,T), L*(Q)) c C([0,T], L*(2)) and there-
fore

OSHP Ilfe()]l 22y < C.

Thus, from 22 and using also ([@Al) we obtain

T_/o / g |2 + [C — 26(1 + T)y(T) < C.

Finally, taking 6 < min{1, ﬁ} we conclude that

1 T
(4.23) sup ||u€(t)||%[1(m <C, and —/ / |u§|2 <C.
0<t<T €Jo Juw.

Step 2. Passing to the limit.

First, note that we are under the assumptions of Theorem EEJl Hence u®
converges to some u” as in Theorem EZJl But since the limit problem is as in the
second part of Proposition EZH, we have that extra regularity for u°.

Next, from [EEZ3) we can apply Lemma B and then we have that u® also
converges to u® weak* in L>((0,T), H'(2)) and

éstua —ufp i H'((0,7), H(R)) C C([0,T], H'(2)).
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Also, from Lemma BX for % + % < s, we get BZJ), i.e
Yo vies vl C([0,T), H*(Q
c we Vell u|F m » b ( ))

Step 3. To conclude we prove the convergence in L?((0,7), H'(£2)) provided that

p > 2(N —1). For this, since we have weak convergence it is enough to prove

convergence of the norm, that is, ||u®|| 20, 1), 51 () — ||u0||L2((07T)7H1(Q)) ase — 0.
Integrating in ¢ € (0,T") the expression 1), we obtain that

T 1 T
5 [ we@ps [ pweyase [0 ] vier
g [ e [
_25 |u0| + Zfau +E ) wegau

where E(u®) = [, |Vu‘€|2 + A fq Jus?.
Now observe that from Corollary B2 we have

g2 — / o2,
We T
1 5 2 0 2
2 wear - ey
We I

For this last statement, observe that, from {Z3), ||u€(T)||§{1(Q) < C, and from the
convergence in Step 2, he have

1
EX% u (T) — u?F(T) strongly in H~ ().

while

Hence, the arguments in Corollary allow to conclude.
Next, assuming p > 2(N — 1) from (BZH) in Lemma BY we get

1 (7 T
[ [ o
€Jo Juw. o Jr

Therefore, passing to the limit in the energy equality above, we obtain that

/|u |2+hm / E(u / /V|u02
(4.24) = §/F|u0|2—|—/0 qu0+/0 /Fguo.

On the other hand, multiplying (CZ) by u” in L?(Q2) and integrating by parts,

we get
ld 02 012 —
ST | + E(u V|u fu + gu
with E(u®) = [, [Vu’ |2 + A [ [u®?. Integratlng in t € (0,7) the expression above,
we obtam that
1 T T
—/ |u®(T)|? —|—/ E(u®) —|—/ / V]u®|?
2 Jr 0 o Jr

1 T T
:§/|u0|2+/ /fuo—i—/ /guo.
r o Ja o Jr
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and comparing with ([Z24]) we conclude that

T

T
/ E(u®(s))ds = 5hir(l) E(u®(s))ds
0 0

and we get that u® converges to u” in L?((0,7T), H*(2)).
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