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ABSTRACT. Here we consider a Cahn-Hilliard-Navier-Stokes system character-
ized by a nonlocal Cahn-Hilliard equation with a singular (e.g., logarithmic)
potential. This system originates from a diffuse interface model for incompress-
ible isothermal mixtures of two immiscible fluids. We have already analyzed
the case of smooth potentials with arbitrary polynomial growth. Here, taking
advantage of the previous results, we study this more challenging (and physi-
cally relevant) case. We first establish the existence of a global weak solution
with no-slip and no-flux boundary conditions. Then we prove the existence of
the global attractor for the 2D generalized semiflow (in the sense of J.M. Ball).
We recall that uniqueness is still an open issue even in 2D. We also obtain,
as byproduct, the existence of a connected global attractor for the (convec-
tive) nonlocal Cahn-Hilliard equation. Finally, in the 3D case, we establish

the existence of a trajectory attractor (in the sense of V.V. Chepyzhov and

M.I. Vishik).
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1. Introduction

In [14] we have introduced and analyzed an evolution system which consists of
the Navier-Stokes equations for the fluid velocity u suitably coupled with a non-local
convective Cahn-Hilliard equation for the order parameter ¢ on a given (smooth)
bounded domain Q C R? d = 2,3. This system derives from a diffuse interface
model which describes the evolution of an incompressible mixture of two immiscible
fluids (see, e.g., [26, 28, 29, 30, 32] and references therein). We suppose that the
temperature variations are negligible and the density is constant and equal to one.
Thus v represents an average velocity and ¢ the relative concentration of one fluid
(or the difference of the two concentrations). Then the nonlocal Cahn-Hilliard-

Navier-Stokes system reads as follows

or+u- Vo =Apu,

uy — div(2v(p)Du) + (u - V)u + Vr = uVe + h,
p=ap—Jxp+F(p),

div(u) = 0,

in  x (0,400). We endow the system with the boundary and initial conditions

o B
(1.5) e 0, uw=0, on 0,
(16) ’LL(O) = Uy, 90(0) = Yo, in Qv

where n is the unit outward normal to 02. Here v is the viscosity, 7 the pressure,
h denotes an external force acting on the fluid mixture, J : R — R is a suitable
interaction kernel, a is a coefficient depending on J (see section below for the related
assumptions), F' is the configuration potential which accounts for the presence of
two phases.

Here we prove the existence of a global weak solution when the double-well
potential F' can be singular in (—1, 1), that is, its derivative is unbounded at the
endpoints. A typical situation of physical interest is the following (see [10])

(.7) F(s) = g((l +5)log(1 + 5) + (1 — 5) log(1 — s)) — %32,

where 0, 0. are the (absolute) temperature and the critical temperature, respec-
tively. If 0 < € < 6. then phase separation occurs, otherwise the mixed phase
is stable. We recall that the logarithmic terms are related to the entropy of the
system.

For the existence of a weak solution, we take advantage of our previous analysis
for regular potentials (i.e., defined on the whole R) with polynomially controlled
growth of arbitrary order (see [14]) and we use a suitable approximation procedure
inspired by [18]. Then, we extend to potentials like (1.7) the results obtained in

[21] for regular potentials. Such results are concerned with the global longtime
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behavior of (weak) solutions. More precisely, in the spirit of [5], we can define a
generalized semiflow in 2D and prove that it possesses a global (strong) attractor by
using the energy identity. Then we analyze the 3D case by means of the trajectory
approach introduced in [20] (see also [34]) and generalized in [11, 12]. In this
framework, we show the existence of a trajectory attractor.

We recall that the usual Cahn-Hilliard equation is characterized by the chem-
ical potential 4 = —Ap + F’(¢). However, this equation has a phenomenological
nature. On the contrary, the nonlocal one can be rigorously justified, viewing the
standard Cahn-Hilliard equation as its approximation (see [24, 25|, cf. also [14]
and references therein).

The standard (local) system with a singular potential has been analyzed in
[1, 2, 9] (for regular potentials see, e.g., [22, 23, 35, 37| and references therein).
Most of the results known for the Navier-Stokes equations essentially hold for the
(local) Cahn-Hilliard-Navier-Stokes system as well. On the contrary, in the non-
local case, due to the weaker smoothness of ¢, proving uniqueness and/or getting
higher-order estimates seem a non-trivial task even in dimension two (see [14, 21]).
A further interesting and challenging issue is to analyze the sharp interface limit of
the nonlocal system (see [3] for a rigorous result in the local case). It is worth men-
tioning that a nonlocal system for liquid-vapour phase transition has been proposed
and analyzed in [33] (see also [27]).

We conclude by observing that the technique we use in 2D can be easily adapted
to show that the 3D (convective) Cahn-Hilliard equation with a singular potential
has a connected global (strong) attractor (for regular potentials see [21] and refer-
ences therein, cf. also [4, 17] for results on the local case). To our knowledge this
is the first result on the existence of a global attractor for a nonlocal Cahn-Hilliard
equation with singular potential.

The plan goes as follows. In the next section, we introduce the weak formulation
of our problem. Then we state the existence theorem whose proof is given in
Section 3. Section 4 is devoted to the global attractor in 2D, while Section 5
is concerned with the existence of the trajectory attractor whose structural and

attraction properties are discussed in Section 6.

2. Weak solutions and existence theorem

Let us set H := L?(Q) and V := H(Q2). For every f € V' we denote by f the

average of f over (), i.e.,

— 1
= @<fa1>

Here || stands for the Lebesgue measure of €.

Then we introduce the spaces

Vo:={veV:v=0}, Vo:={feV' :f=0},
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and the operator A:V — V', A € L(V,V’) defined by
(Au,v) := / Vu- Vv Yu,v € V.
Q

We recall that A maps V onto V{j and the restriction of A to Vj maps V; onto Vj
isomorphically. Let us denote by N : Vj — V4 the inverse map defined by

ANf=Ff VfeVy and NAu=u, Yuel.

As is well known, for every f € V{j, N'f is the unique solution with zero mean value
of the Neumann problem

—Au = f, in
gu =, on 9N,

Furthermore, the following relations hold

(2.1) (Au, Nf) = (f,u), VueV, VfeVy,

22 NG = 0N = [ VNP VW), VeV

We also consider the standard Hilbert spaces for the Navier-Stokes equations (see,
.., [36])

G = {ue C @7 - divia) =0} ) Vi o= {u € HA(Q)®: div(u) = 0.

We denote by || - || and (-, ) the norm and the scalar product on both H and Gy,

respectively. We recall that Vy;, is endowed with the scalar product
(’U,, U)Vdiv = (Vu, V’U), Vu,v € Vyip.

We shall also use the definition of the Stokes operator S with no-slip boundary
condition. More precisely, S : D(S) C Ggiy — Gaip is defined as S := —PA with
domain D(S) = H?(2) N Vaip, where P : L?(Q)? — Gy, is the Leray projector.
Notice that we have

(Su,v) = (u,v)y,,, = (Vu, Vv), Yu € D(S), Vv € Vg

and S : Ggiv — Gaiv is a self-adjoint compact operator in Gg;,. Thus, according
with classical spectral theorems, it possesses a sequence {A;} with 0 < Ay < Ag <

- and \j; — oo, and a family {w;} C D(S) of eigenfunctions which is orthonormal
in Ggi,. It is also convenient to recall that the trilinear form b which appears in

the weak formulation of the Navier-Stokes equations is defined as follows
b(u, v, w) = /Q(u Vv - w, Yu, v, w € V.
We suppose that the potential F' can be written in the following form
F=F +F,

where F; € C(?t29)(—1,1), with ¢ a fixed positive integer, and Fy € C?([—1,1]).



CAHN-HILLIARD-NAVIER-STOKES SYSTEMS 277

We can now list the assumptions on the kernel J, on the viscosity v, on F}, F;

and on the forcing term h.

(A1): J e WHYRY),  J(z) = J(~z), a(x):= /Q J(x—y)dy >0, ae. x

Q.
(A2): The function v is locally Lipschitz on R and there exist vq,v9 > 0
such that

1 <v(s) <y, Vs € R.
(A3): There exist ¢; > 0 and €y > 0 such that
F1(2+2q)(s) > ¢, Vs e (=1,—1+ €] U[l —ep, 1).
(A4): There exists 9 > 0 such that, for each k = 0,1,---,2 4 2¢ and each
J=01,---,q,
FP(s)>0, Vse[l—eyl),
FP ) >0,  FP™(5) <0,  Vse(—1,—1+e).

(A5): There exists €9 > 0 such that F1(2+2Q) is non-decreasing in [1 — €, 1)
and non-increasing in (—1, —1 + €g].
: ere exist a, 0 € R with o + > —minj_4 ¢ such that
A6): Th i B € R with Ié] in[_ 1) F3 such th

F(s) > a, Vs e (-1,1), a(z) >0, a.e. x € .

(AT): limg_,1q F{(s) = £o0.
(A8): he L*0,T;Vy,,) for all T > 0.

REMARK 1. Assumptions (A3)-(A7) are satisfied in the case of the physically
relevant logarithmic double-well potential (1.7) for any fixed positive integer ¢. In
particular, setting

0 0.
Fi(s) = 5((1 + s)log(1+s) + (1 —s)log(1 — s)), Fy(s) = —532,
then (A6) is satisfied if and only if 3 > 6. — 6. However, note that other reasonable
potentials satisfy the above assumptions (e.g., the ones which are unbounded at
the endpoints).

REMARK 2. The requirement a(z) > § a.e x € Q is crucial (see [7, Rem.2.1],
cf. also [8]). For example, in the case of the double-well smooth potential F(s) =
(s2 — 1)%, which is usually taken as a fairly good smooth approximation of the

singular potential, the existence result in [14] requires the condition a(x) > 3 with
8> 4.

The notion of weak solution to problem (1.1)-(1.6) is given by

DEFINITION 1. Let ug € Gaiw, po € H with F(po) € L*(Q) and 0 < T < 400
be given. A couple [u, ] is a weak solution to (1.1)-(1.6) on [0,T] corresponding to

[U‘Ov <P0] Zf
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e u, ¢ and p satisfy
3) u € L0, T; Gaw) N L*(0,T; Vai),
1) w € LY3(0,T; V),  if d=3,
5) ug € L2(0,T;V50), if d=2,
6) 0 € L*>(0,T; H)N L*(0,T; V),
7) @ € L2(0,T; V"),
8) p=ap—Jxp+F(p) € L*0,T;V),
and
(2.9) v € L™(Q), lp(z,t)] <1 ae (x,t)€@Q:=Qx(0,T);
o for every v € V, every v € Vy;, and for almost any t € (0,T) we have
(2.10) (o, ¥) + (Viu, V) = (u, V1),
(2.11) (ug,v) + (2v(p)Du, Dv) + b(u, u,v) = —(Vu,v) + (h,v);
e the initial conditions u(0) = ug, ©(0) = o hold.
REMARK 3. Note that (2.3)—(2.7) imply u € Cy ([0, T]; Gaiv) (v € C([0,T); Gaiv)

if d =2)and ¢ € C([0,T); H), for all T > 0. Therefore, the initial conditions
u(0) = up and ¢(0) = ¢y make sense.

THEOREM 1. Assume that (A1)-(A8) are satisfied for some fized positive inte-
ger q. Let ug € Gaiw, po € L*°(Q) such that F(po) € LY(Q). In addition, assume
that [po| < 1. Then, for every T > 0 there exists a weak solution z := [u, ] to
(1.1)-(1.6) on [0,T] corresponding to [ug, po] such that B(t) = @g for allt € [0,T]
and

(2.12) @ € L>=(0,T; L*T21(Q)).
Furthermore, setting
Eult) o) = 51 + 5 [ [ T = n)letant) = et Pdady + [ Ploto),

the following energy inequality holds
Ew®). o) + [ (2VIRDu? + [ Tutr)|)dr
(2.13) < &(u(s) o) + [ (h(r).u(r)dr

for allt > s and for a.a. s € (0,00), including s = 0. If d = 2, the weak solution
z:= [u, ] satisfies
d
(2.14) € 9) + 2|V v(@) Dul]* + [|Vpl* = (h,w),
i.e., equality holds in (2.13) for everyt > 0.
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On account of [21, Corollary 1], the argument used to prove Theorem 1 also
yields an existence result for the convective nonlocal Cahn-Hilliard equation with a
given velocity field. Note that, in this case, the energy identity holds in 3D as well.
In addition, uniqueness goes as in [21, Proposition 5]. Thus we can summarize the
results in the following

PROPOSITION 1. Assume that (A1) and (A3)-(A7) are satisfied for some fized
positive integer q. Let u € LE ([0,00); Vain N L®(Q)4) be given and let o € L>(£)
such that F(po) € LY(Q). In addition, suppose that [pg| < 1. Then, for every
T > 0, there exists a unique ¢ € L*(0,T; V)N HY(0,T; V') which fulfills (2.9) and
(2.12), solves (2.10) on [0,T] with p given by (2.8) and initial condition p(0) = ¢g.
In addition, for all t > 0, we have (p(t),1) = (vo,1) and the following energy
identity holds

(2.15)
% (3] [ = ntete.0) - ctanasay + [ Fe)) + 1901 = (g V0,
REMARK 4. Note that, thanks to (2.6), (2.8) and (2.13), we have that

F'(p) € L*(0,T;V), F(p) € L>(0,T;L*(Q)), VT >0.

REMARK 5. Assumptions (A3)-(A6) ensure that, thanks to Lemma 1 and
Lemma 2, property (2.12) holds for some fixed ¢ > 1. Indeed, such assumptions al-
low us to obtain some estimates for the approximating (regular) potential F, which
are crucial in the approximation argument of the proof of Theorem 1 (see (3.9)
and (3.11) below). Actually, Theorem 1 states that for each ¢ > 1 there exists a
solution satisfying (2.12). Notice that, since the L>(0,T; L>°(2))-regularity of ¢ is
not guaranteed (since ¢ might not be measurable with values in L*°(£2)), we cannot
rely on such a regularity in order to choose some fixed ¢ (e.g., ¢ = 1) for F. (cf.
(3.10) below). Furthermore, (2.12) does not follow from (2.9). Indeed, recall that
L>(0,T; L>°(9Q)) C L*°(Q) with strict inclusion.

3. Proof of Theorem 1

We consider the following approximate problem P,: find a weak solution [ue, ]

to

(3.1) P+ ue - Vipe = Ae,

(3.2) ul — div(v(pe)2Due) + (ue - V)ue + Ve = ucVoe + h,
(3.3) fre = ape — J * pc + F(pe),

(3.4) div(u.) = 0,

(3.5) Ole _ o w. =0, onoq,

on
(36) U’E(O) = Uo, 906(0) =g, in Q.
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Problem P, is obtained from (1.1)-(1.6) by replacing the singular potential F' with
the smooth potential

Fe = Fle + F27
where Fi. is defined by
F1(2+2Q)(1 —€), s>1—¢
(3.7) FEP0(s) = § FEP0(s), s <1—e
F1(2+2q)(—1+6), s<—1+4c¢

and F1.(0) = Fy(0), F/(0) = F/(0),... F\!"?70) = F'29(0), while T, is a
C?(R)-extension of Fy on R with polynomial growth satisfying

(3.8) Fa(s) > [mlir}] F -1, Fy(s) > [Inliri] Fy, Vs € R.

The following elementary lemmas are basic to obtain uniform (w.r.t. €) esti-

mates for a weak solution to the approximate problem.

LEMMA 1. Suppose that (A3) and (A4) hold. Then, there exist cq,dq > 0,
which depend on q but are independent of €, and ¢y > 0 such that

(3.9) F.(s) > cqls]*™1 —d,, Vs €R, Ve e (0,e).
PRrOOF. By integrating (3.7) we get
SRl M s — (1—efF, s>1—¢

(3.10)  Fi(s) =1 Fi(s), |s| <1—¢
S AR -1+l — (14, s<-1+e

Due to (A4) we have, for e small enough,

1
Fs) 2 g =gl — (L=t > 1o,

so that, in particular,

1
Fs) 2 g =gl =DM s> 1,

and (A3) implies that (for e small enough)
Fie(s) > 2¢4(s — 1)2120 > ¢ 52721 — | Vs > 1,

where ¢, = ¢1/2(2 4 2¢)! and d, is another constant depending only on ¢. Fur-
thermore, we have Fi.(s) = Fi(s) > 0 > ¢;s*727 — d, for 0 < s < 1 — ¢, provided
we choose d, > ¢4, while for 1 — e < s < 1 we have Fi > 2¢,[s — (1 — €)]*T2¢ >
0 > ¢gs*72% — d,. Summing up, we deduce that there exists ¢y > 0 such that
Fi(s) > ¢gs®T24 — d,, for all s > 0 and for all € € (0,€p]. By using (3.8) we also

get (3.9) for s > 0. Similarly we obtain (3.9) for s < 0. O
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LEMMA 2. Suppose (A4) and (A6) hold. Then, setting co := a+B-+min;_y 3 Iy >
0, there exists €1 > 0 such that
(3.11) F!(s) + a(z) > co, VseR, ae x€Q, Veec (0,€].
PRrROOF. From (3.10) we have

BRI ls - (-, s>1-e
(312)  F(s)=1q F{'(s), [s|<1—e¢
iqozchl()(_1+6)[3—(—1+6)]k, s< —1+e.

Assumption (A4) implies that for e small enough Fy.(s) > F/'(1 —¢€) for s > 1 —¢
and F’(s) > F{'(=1+¢) for s < —14e. Since F}.(s) = F{'(s) for |s| <1 —¢, (A6)
implies that there exists €; > 0 such that

(3.13) Fl'(s) > a, Vs eR, Vee (0,e].
This estimate together with (3.8) and (A6) imply (3.11). O

Due to the existence result proved in [14], for every T' > 0, Problem P, admits

a weak solution z. := [u,, ¢.] such that

(3.14) ue € L®(0,T; Gai) N L*(0,T; Vi),
(3.15) ul e LY3(0,T;Vy,,),  if d=3,
(3.16) ul € L*(0,T;Vy,,),  if d=2,
(3.17) @ € L>=(0,T; L**24(Q)) N L*(0,T; V),
(3.18) ol € L*(0,T; V"),

(3.19) pe € L*(0,T; V).

Indeed, it is immediate to check that all the assumptions of [14, Theorem 1]
and of [14, Corollary 1] are satisfied for Problem P,. In particular, we use Lemma
1, Lemma 2 and the fact that, due to the definition of Fj. and to the polynomial
growth assumption on Fa, assumption (H5) of [14, Theorem 1] is trivially satisfied
for each € > 0 (with some constants depending on ¢).

Furthermore, according to [14, Theorem 1] and using (A2), the approximate

solution z, := [ue, @] satisfies the following energy inequality
glecolF + 5 [ [ 7@ =)o@t = ety 0oty + [ Fulon(t)
+ [ Tl + 192y < gluol?

/Q/Q = y)(¢o() = po(y))*dwdy

(3.20) +/QF€(¢O)+/O (h,udr,  Vte[0,T).



282 SERGIO FRIGERI AND MAURIZIO GRASSELLI

From (A5) it is easy to see (cf. (3.33) and (3.34) below) that there exists e; > 0
such that

(321) FlE(S) < F (S), Vs € (—1, 1), Ve € (0,61].

Therefore, using the assumptions on g, ug and Lemma 1, from (3.20) we get the

following estimates

(3.22) Hué”L°°(O,T;de)ﬁLz(O,T;de) <ec
(3.23) l@ell o0, 131.2+20()) < ¢,
(3.24) Vel L2000y < c

Henceforth ¢ will denote a positive constant which depends on the initial data (i.e.,
on |luoll, [|¢oll, fQ F(pp)) and on HhHLz(O,T;Véw)v F, Q, J, vy, but is independent of
€.

We then take the gradient of (3.3) and multiply the resulting identity by V.
in L?(Q). Arguing as in [14, Proof of Theorem 1] and using (3.11), we get

2
c
IVpel® = Vel = Ellell?,
with k = 2||VJ||%,. This last estimate together with (3.23) and (3.24) yield

(3.25) [@ellL20. vy < e

As far as the bounds on the time derivatives {u.} and {¢.} are concerned, on
account of (3.1) and (3.2), arguing by comparison as in [14, Proof of Theorem 1],

one gets

(3.26) 16l L20.1v7) < e

(3.27) luellzz0,mvy, ) < ¢ d=2
(3.28) luellpars vy ) < ¢ d=3.

In order to obtain an estimate for {p.} we need to control the sequence of averages
{fic}. To this aim observe that equation (3.1) can be written in abstract form as
follows

(3.29) oL+ ue-Voe=—Au.  in V.

Let us test (3.29) by N (F!(p.) — F!(p.)) to get

<Fe/((pe) - Fe/((pe)vN(pD + <N(u6 : V@e)a Fe/(spe) - Fel((pe»
(3.30) = —<,LL€,F€/(</75) = Fl(pe))-

Recall that u. - Vo = 0. On the other hand, we have

(e, Fl(0e) — Fl(0c)) =

<a(p6 - J*(pﬁ —I—Fé((pe) - Fe/(spe)vFe/((pe) _FeI(SDE»
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1 — 1
> SIF(pe) = Fl(p)I” = S llage = T+ e ?
1 -
(3.31) > SIFL(pe) = File)I” = Clloel™.
Therefore, by means of (3.31) and (3.23), from (3.30) we deduce

1FL(e) = Fl(ee)ll < e(IN el + IV (e - Vi) + 1)
(3.32) < cllellvg + llue - Veoellvy +1).
Observe now that, due to (A4) and (A5), there holds
(3.33) |Fi.(s)] <|Fi(s)], Vse(=1,1), Vee (0,el],

for some €; > 0. Indeed, for s € [1 —¢,1) we have

()= 3 P - gls - (-
k=0 "

G PO - - g

2¢+ 1)1
1+2¢q 1

(3.34) >3 AT Aol — (1= 9 = F(s),
k=0

for € small enough, where £ € (1 — ¢, s) and where we have used the fact that, due

to (A5), F*T2P(¢) > F#T9 (1 — ¢). Arguing similarly, we get FJ_(s) > FI(s) for

s € (=1, —1+¢] and for e small enough. However, due to (A4) and (A7), for e small

enough we have that F|_(s) > F{(1—e€) > 0for s > 1—eand F{ (s) < F{(—=14€) <0

for s < —1+ €. Recalling also that FY_(s) = Fy(s) for |s|] < 1— €, we obtain (3.33).
Let so € (—1,1) be such that F'(sg) = 0 (cf. (A7)) and introduce

(3.35) H(s) :== F(s) + %“(s —s50)2,  H.(s):=F.(s)+ %“(s — 50)2,

for every s € (—1,1) and every s € R, respectively. We have set ao := ||al| o (q)-
Observe that, owing to (3.11), H! is monotone and (for € small enough) H.(sg) =
F'(s9) = 0. Since gg € (—1,1), we can apply an argument devised by Kenmochi et
al. [31] (see also [15]) and deduce the following estimate

(336)  OIH 9o < /Q (e — To)H. (00) — HI@) + K (%5)

where § depends on @y and K (o) depends on @g, F, |Q] and on as. For the
reader’s convenience let us recall briefly how (3.36) can be deduced. Fix my,ms €
(—=1,1) such that m; < sp < mg and m; < Pg < me. Introduce, for a.a. fixed
t € (0,7), the sets

Qg := {ml < 4/75($7t) < mQ}, O = {(pé(x,t) < ml}, Qy = {4%75(17;15) > m2}-
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Setting § := min{pg — m1, ma — Po} and 01 := max{Py — m1,mas — Yo}, then for e
small enough we have

SIH (00 = 6 /Q H. (p0)| + 6 /Q H. ()| + 6 /Q H. (0)]

< / (pelt) — To)H(00) + / (oelt) — ) (00) + [ |HI (0]
Q1 Qo Qo

< /Q (pelt) — T0) H! () + (81 + ) /Q H. (o))

0

< [ et -0 + G+ 0) [ {IFIGR01 + 1F 0]+l = ol

where we have used (3.33). We therefore get (3.36) with K (pg) given by

K (@) = (01 +0)IQ1( max (1] + |F]) +axa),

mi,ma]

with d2 := max{sg —m1,ma2 —sp}. On account of the definition of H, and recalling
(3.32) we obtain

(3.37)  H(pe) = H{po)ll < clllCllvg + llue - Ve lvg + 1) + aoolle — Bl

Therefore, by means of (3.36)-(3.37) and using the following bound (cf. (3.22)
and (3.23), see [14, Proof of Corollary 1])

”ue . vSDEHLQ(O,T;VO/) < c,

we infer that there exists

a constant L(g) depending on g such that
(3.38) I1F(pe)ll 20,z (@) < L(%0)-

Since [, pe = [ FL(@e), then ||| 20,7y < ¢. Hence by Poincaré-Wirtinger
inequality and (3.24) we get
(3.39) el z20,;v) < e

Estimates (3.22), (3.23), (3.25)-(3.28), (3.39) and well-known compactness re-
sults allow us to deduce that there exist functions u € L (0, T'; G i, )NL2(0, T; Vain ),
© € L*(0,T; L*T24(Q))NL*(0,T; V)NH(0,T; V'), and u € L*(0,T; V) such that,
up to a subsequence, we have

(3.40)  uc—wu  weakly® in L>®(0,T;Gain), weakly in L*(0,T; Vaiv),
(3.41)  ue—u strongly in L*(0,T; Ggi,), a.e. in Q x (0,7),

(3.42)  w! —w,  weakly in L¥3(0,T;V},,), d=S3,

(3.43)  ul —w;  weakly in L?(0,T;V};,), d=2,

(3.44) @ — ¢  weakly® in L>=(0,T; L*"%4(Q)), weakly in L?(0,T;V),
(3.45) e — strongly in L*(0,T; H), a.e. in Q x (0,7T),

(3.46)  ¢. — ¢y  weakly in L*(0,T; V"),
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(3.47)  pe —p  weakly in L*(0,T; V).

In order to pass to the limit in the variational formulation for Problem P, and
hence prove that z = [u, ] is a weak solution to the original problem, we need
to show that |¢] < 1 a.e. in @ = Q x (0,7). To this aim we adapt an argument
devised in [17] (cf. also [19]).

Thus, we introduce the sets

By =) € Qipat) > 1—n}, B, i={(@.0) € Q: pula,t) < ~1+1},
where 7 € (0,1) is chosen so that s € (—=1+4n,1—n) with s such that F'(so) = 0.
For e small enough, recalling that H.(s) > 0 for s € [so,1) and H/(s) < 0 for
s € (=1, 0], we can write

(3.48)

H{(1 =B lan < [H plr@y  [H(=1+mIES ylats < [H(p) (@)
where |- |41 is the d+ 1-Lebesgue measure in @, and observe that || H/(¢c)| r1(q) <

cL(@g) + ¢ (cf. (3.23) and (3.38)). Furthermore, as a consequence of the pointwise
convergence (3.45) and by using Fatou’s lemma, it is easy to see that we have

(3.49) [Evplats < Hminf (B faer,  [Eoglapr < Hminf B3 [,
where

Ei,={(z,t) € Q:p(x,t) >1—n}, Es,:={(z,t) € Q:p(z,t) <—-1+n}
Hence, due to the pointwise convergence H.(s) — H'(s), for every s € (—1,1), we
get from (3.48) and (3.49)

- cL(%o) + ¢ cL(Po) + ¢
- H'(1-n) [H'(=1+n)|
Letting 7 — 0 and using (A7) we obtain [{(x,t) € Q : |¢(z,t)] > 1}| = 0 and
therefore |p(x,t)] < 1 for a.e. (z,t) € Q.
This bound, the pointwise convergence (3.45) in @ and the fact that F, — F”

uniformly on every compact interval included in (—1,1), entail that

(3.50) | B gl a1 : |E2plar1 <

(3.51) Fl(p.) = F'(p) a.e. in Q.

Convergences (3.40)-(3.47) and (3.51) allow us, by a standard argument, to
pass to the limit in the variational formulation of Problem P. and hence to prove
that z = [u, ¢] is a weak solution to (1.1)-(1.6).

Let us now establish the energy inequality (2.13). Let us first show that (2.13)
holds for s = 0 and ¢t > 0. Indeed, the energy inequality satisfied by the approximate
solution ze = [ue, @] can be written as follows

Sluc@I? + 5 IVae Ol

_ %(wﬁ(t),J*¢€(t)) +/QF6(<pe(t))
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t
+ [ (IVATI Dl + 90l ar
1, o 1 , 1
< 5 lluoll +§H\/5<P0H —5(9007J*900)

t
(3.52) —i—/ Fé(wo)—i-/ (h,ue)dr, vt > 0.
Q 0

We now use the strong convergences (3.41) and (3.45), the weak convergences
(3.40) and (3.47), the bound (3.21) for the approximate potential Fj., the fact
that Fe(pe(t)) — F(p(t)) a.e. in Q and for a.e. t € (0,T") (see (3.51)) and Fatou’s
lemma. Observe that, as a consequence of the uniform bound ||\/v(¢c)| < /72

(cf. assumption (A2)), of the strong convergence /v(pc) — \/v(p) in L*(0,T; H)
and of the weak convergence (3.40), we have (see, e.g., [14, Lemmal])

(3.53) V(pe)Due = /v(p)Du, weakly in L*(0,T; H).

By letting e — 0, from (3.52) we infer that (2.13) holds for almost every t >
0. Furthermore, due to the regularity properties of the solution, there exists a
representative z = [u, ] such that v € Cy([0,00); Gain) and ¢ € C([0,00); H)
(henceforth we shall always choose this representative). Therefore, (2.13) holds for
allt > 0 since the function £(z(+)) : [0,00) — R is lower semicontinuous. The lower
semicontinuity of £ is a consequence of the fact that F' is a quadratic perturbation of
a (strictly) convex function in (—1,1). Indeeed, by (A6) we have that F"'(s) > au,
for all s € (—=1,1), with a. = a +minj_; 1) F3'. Then F' can be written in the form
(3.54) F(s) = G(s) + %32,
with G convex on (—1,1) (see [21, Lemma 2]).

Let us now prove that the energy inequality (2.13) also holds between two

arbitrary times s and t. Indeed, setting

(3.55) Ezlt) = glucOI + 5 IVagd I = 5e0.7 s 00) + | Flet),

and applying [21, Lemma 3|, we deduce (see Remark 6) that the approximate
solution ze = [ue, | satisfies

(3:56) Euleclt) + [ (2VoTeIDudl? + [ VielP)dr < Exleclo)) + [ (hudar

for every ¢ > s and for a.e. s € (0,00), including s = 0.
Define G, in such a way that
Qs o

(3.57) Fi(s) = Gels) + 557,

with «, as in (3.54). Since, due to (3.13), G is convex on (—1,1), then we can

write

Ge(pe) < Ge() + Gilpe) (pe — ).
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Hence, for every non-negative 1 € D(0,t), we have

/ Ge(we)dfﬁ/ Ge(¢)¢+/ Ge(pe)(pe — @),
where Q; := Q x (0,¢). Thus, thanks to (3.39) and (3.41), we get

} o Gé(‘Pe)(‘Pe - 90)14 < CHGQ(%)||L2(0,T;H)H<P6 - 90||L2(0,T;H)

< cllge = ol 20, — 0,

as € — 0. Here we have used the fact that, since || F/(¢c)| 22 (0,7;1) < cand G¢(@e) =
Fl(@c) = awpe, then |GL(e) || 20,71y < ¢. Therefore, by using Lebesgue’s theorem
(recall (3.21) and the fact that |¢| < 1 a.e. in Q) we find

limsup [ Ge(pe)p <lim | Ge(p) = | Glp)o.
e—0 Qt TVJQ Qt

On the other hand, thanks to Fatou’s lemma and to the pointwise convergence
F.(pe) — F(p), we also have the liminf inequality. Then, on account of (3.54) and
(3.57), we deduce that

(3.58) / Rlogw— [ FW, W eDOD, v20

Let us multiply (3.56) by a non-negative ¢ € D(0,¢) and integrate the resulting
inequality w.r.t. s from 0 and ¢, where ¢ > 0 is fixed. We obtain

(alt /w ds+/ (s / (2RI Dl + Vel s
< / Ex(2e(s))p(s)ds + / () / ', ug)drds.

By using strong and weak convergences for the sequence {z.} and (3.58), passing

to the limit as € — 0 in the above inequality, we infer

(o) [ v+ [ wt)ts [ (2IVETIDUP + 1917)ir

s/s( ds+/¢ / updr,

which can be rewritten as follows

0 [ p(s)ds < / Ve (s)p(s)ds,

Vi(t) = £G) + [ (2VETDuE + 190l dr = [ i

Thus we have
t
/ (Va(s) = Va(@)ls)ds >0, ¥ € D(0,), 4 >0,
0

which implies that V() < V,(s) for a.e. s € (0,t). Therefore, (2.13) is proven.

where
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Finally, for d = 2, we can choose

p and v as test functions in (2.10) and (2.11), respectively,

due to their regularity properties,

and then we can proceed as in [14, Proof of Corollary 2] to deduce (2.14).
Indeed, when we consider the duality product {(p;, u), we are led to the duality
(o1, G'(p)), with the convex function G given by (3.54). Now, define the functional
G:H—RU{+oc0} as

Gp) == { Jo Glp) VoeH st G(p)e L'(Q)

+00 otherwise,

where G : R — R U {400} is given by G(s) := G(s) for all s € dom(G), and
G(s) = +oo for all s € R — dom(G). The function G is a lower-semicontinuous
proper convex function on R and, due to (A7), its subdifferential is given by dG(s) =
G'(s) for all s € int(dom(G)) = (=1,1), and AG(s) = @ for all s ¢ (—1,1). Then,
[6, Proposition 2.8, Chap. II] entails that G is lower-semicontinuous and convex on
H, and that & € 9G(y) iff £(z) € G (p(x)) for a.a z € Q. Notice that, if || < 1
a.e. in €2, the last condition is satisfied if and only if £(z) = G’(¢(x)) for a.a. = € Q.
Let us now apply [16, Proposition 4.2] to the functional G and to the ¢ component
of the weak solution z to (1.1)—(1.6). All conditions of this proposition are fulfilled,
since, in particular, we have G’(¢) € L?(0,T;V). Hence, we infer that G(¢(-)) is
absolutely continuous on [0, 7] and that

G60) = 5 [ Ge0) = e0).Ge0).  aate 1)

By exploiting this identity, the energy equation (2.14) can be obtained without
difficulties.

REMARK 6. In [21, Lemma 3] a growth assumption is made on the regular
potential (polynomial growth less then 6 when d = 3). Therefore, the application
of [21, Lemma 3] to obtain the approximate energy inequality (3.56) would require
the condition ¢ = 1 (recall that the approximate potential F, has polynomial growth
of order 2+ 2¢). Nevertheless, by exploiting an argument of the same kind as above
and by suitably approximating regular potentials of arbitrary polynomial growth by
a sequence of potentials of polynomial growth of order less then 6, it is not difficult
to improve [21, Lemma 3] and remove such growth assumption. Therefore [21,
Lemma 3] can be extended to regular potentials of arbitrary polynomial growth
and (3.56) also holds for ¢ > 1.

4. Global attractor in 2D

In this section we first prove that in 2D we can define a generalized semiflow
on a suitable metric space X, which is point dissipative and eventually bounded.

Furthermore, we show that such generalized semiflow possesses a (unique) global
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attractor, provided that the potential F' is bounded in (—1,1) (like, e.g., (1.7)). The
argument is a generalization of the one used in [21] and based on [5]. Henceforth,
we refer to [5] for the basic definitions and results on the theory of generalized
semiflows.

Consider system (1.1)-(1.4) endowed with (1.5) for d = 2 and assume that the
external force h is time-independent, i.e.,

(A9): heVy,,.

The first step is to define a suitable metric space for the weak solutions and

consequently to construct a generalized semiflow. To this aim, fix mg € (0,1) and

introduce the metric space

(4.1) Ko 1= Gdiv X Vg

where

(4.2) Vg = {0 € L®(Q) : |p| < L ae. inQ, F(p) € LYQ), B <mo}.

The space &, is endowed with the metric

1/2
@3)  den) = fa =l + e =gl +] [ P - [ Pea| "
for every z1 := [u1, p1] and za := [ua, p2| in X,p,. Let us denote by G the set of all

weak solutions corresponding to all initial data zg = [ug, o] € Xpm,. We prove that

G is a generalized semiflow on X,,,.

PROPOSITION 2. Let d = 2 and suppose that (A1)-(A7) and (A9) hold. Then

G is a generalized semiflow on Xp,, .

PROOF. It can be seen immediately that hypotheses (H1), (H2) and (H3) of
the definition of generalized semiflow [5, Definition 2.1] are satisfied. It remains
to prove the upper semicontinuity with respect to initial data, i.e., that G satisfies
(H4) of [5, Definition 2.1]. We can argue as in [21, Proposition 3]. Thus we only
give the main steps of the proof. Consider a sequence {z;} C G, with z; := [u;, ¢;]
such that z;(0) := [ujo, pjo] — 20 := [0, o] in X,,. We have to show that there
exist a subsequence {z;, } and a weak solution z € G with z(0) = zy such that
2z, (t) — z(t) for each t > 0. Now, every weak solution z; satisfies the energy
identity (2.14) so that

(4.4)

e+ [ (Yrle) Du @R + 1 )dr = 0 + [ hwr)ar

0
where z;o := 2;(0). From this identity and using the assumptions on F' we deduce
estimates of the form (3.22)-(3.28). Furthermore, since |¢g;| < mg and mg € (0,1)

is fixed, we can repeat the argument used in the existence proof to control the
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sequence of the averages of the approximated chemical potentials (see (3.29)-(3.38))
and get

(4.5) I F" (@)l L2 (0,101 () < L(mo),

where L(myg) is a positive constant depending on mg. Hence, an estimate of the
form (3.39) for p; holds. From these estimates we deduce the existence of a couple
z = [u,¢] and of a function p with u, ¢ and p having the regularity properties
(2.3)-(2.8) and such that (3.40)-(3.47) hold for suitable subsequences of {u;}, {¢;}
and {y;}. In order to prove that z = [u, ¢] is a weak solution by passing to the limit
in the variational formulation for z; we need to know that (2.9) is satisfied for ¢.
To this aim we use the same argument we applied to the sequence of approximate
solutions {¢.} (cf. proof of Theorem 1).
More precisely, for n € (0, 1) fixed

we can introduce the sets

E{,n = {(.%‘,t) €Q: Spj(xat) >1 _77}7 Eg,n = {(.%‘,t) €Q: Spj(xvt) < _1+77}u

and so we have

H' (1= n0)|E] law1 < [H (0)llLr (@) |H' (=1 +n)|IES,,las1 < 1H (0)|21(@)

where H is defined as in (3.35). Therefore, recalling (4.5), by first letting j — oo
and then n — 0 we can deduce that

lo(x, t)] <1 for a.e. (z,t) € Q.
On the other hand, since we also have
uj(t) = u(t) weakly in G, ©;(t) = ¢(t) weakly in H, vt >0,

then z(0) = zp. It remains to prove the convergence of the sequence {z;(t)} to z(t)
in X, for each ¢ > 0. Reasoning as in [21], we represent the singular potential F

as follows

Co 52

F(s) = Gla,s) — (al@) = F) 5

where ¢g = a +  + minj_; ;) Fy' > 0. Here, due to (A6), the function G(z,-) is

strictly convex in (—1, 1) for a.e. x € Q. Therefore, the energy £ can still be written
as

5 1

71 2 Co
£(=) = 3 ull® + Zlell® = 5

(%M@+AGmﬂWM, Vz = [u, @] € Xy,

and the same argument used in [21, Proposition 3] applies. O

As done for regular potentials (see [21]), a dissipativity property of the gener-
alized semiflow G can be proven in the case of singular (bounded) potentials.

PROPOSITION 3. Let d = 2 and suppose that (A1)-(A7), (A9) hold. Then G is

point dissipative and eventually bounded.
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PROOF. Recalling the proof of [14, Corollary 2] a dissipative estimate can be
established, namely,

(4.6) E(z(t)) < E(zo)e ™ + F(@o)|Q + K, Yt >0,

where k, K are two positive constants which are independent of the initial data,
with K depending on Q, v1, J, F, ||h[ly; . From (4.6) we get (see [21, Proposition
4])

d*(2(t),0) < cE(z0)e M + cMpp, + ¢, vt >0,
which entails that the generalized semiflow G is point dissipative and eventually
bounded. (]

We can now state the main result of this section.

PROPOSITION 4. Let d = 2 and suppose that (A1)-(A7), (A9) hold. Further-

more, assume that F' is bounded in (—1,1). Then G possesses a global attractor.

PROOF. In light of Proposition 3 and by [5, Proposition 3.2] and [5, Theorem
3.3] we only need to show that G is compact. Let {z;} C G be a sequence with
{#;(0)} bounded in X,,,. We claim that there exists a subsequence {z;, } such that
zj, (t) converges in Xy, for every ¢ > 0. Indeed, the energy identity (4.4) entails the
existence of a subsequence (not relabeled) such that (see the proof of Proposition
2) for almost all t > 0

uj(t) — u(t) strongly in Ggiv, ©;(t) — ¢(t) strongly in H and a.e. in ,

where z = [u, ¢] is a weak solution. Since F' is bounded in (—1,1), by Lebesgue’s
theorem we therefore have

5 Flp;(t)) — 5 F(p(t),  ae t>0.
Hence £(z;(t)) — £(z(t)) for almost all ¢ > 0. Thus, arguing as in [21, Theorem 3,
Proposition 3], we deduce that z;(t) — z(t) in X,,, for all t > 0, which yields the

compactness of G. O

We can also prove the existence of the global attractor for the convective non-
local Cahn-Hilliard equation with v € L*>(Q)? N Vg, d = 2,3. Indeed, thanks
to Proposition 1, we can define a semigroup S(¢) on YV, (cf. (4.2)) endowed the
metric

1/2
dleren) = o=l +| [ Flen = [ P, Vergn €D,

Then we have

THEOREM 2. Let u € L®(Q)? N Vg, be given. Suppose that (A1), (A3)-(A7)
are satisfied and assume that F is bounded in (—1,1). Then the dynamical system

(Vimo, S(t)) possesses a connected global attractor.
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The proof goes as in [21, Proof of Theorem 4]. Note that, due to uniqueness,

the global attractor is connected.

5. Existence of a trajectory attractor

In this section, by relying on the theory developed in [11, 12] (see also [34]), we
prove that a trajectory attractor can be constructed for the nonlocal Cahn-Hilliard-
Navier-Stokes system (1.1)-(1.4) subject to (1.5) with F satisfying (A3)-(A7). The
construction of the trajectory attractor for problem (1.1)-(1.5) in the case of regular
potentials with polynomial growth has been done in [21]. We concentrate on the
3D case.

Let us first resume some basic definitions and results from the theory of tra-
jectory attractors for non-autonomous evolution equations (see [12, Chap. XI and
Chap. XIV] and [11] for details).

Consider an abstract nonlinear non-autonomous evolution equation with sym-
bol ¢ in a set 3. The symbol o is a functional parameter which represents all
time-dependent terms (like external forces) and coefficients of the equation.

For every M > 0, the solutions are sought in a topological (usually Banach)
space Fj; which consists of vector-valued functions z : [0, M] — E, where F is a
given Banach space. The space F)s is endowed with a given topology O, such that
(Fum,Onr) is a Hausdorff topological space with a countable base. By means of Fys
the space ;' _ is defined as 7' := {2 : [0,00) — E : Iljg aryz € Far, for all M > 0},

loc
where Iljg 57 is the restriction operator on the interval [0, M]. The space Fib s
+

endowed with a local convergence topology ©;7 _,

i.e., the topology that induces the

following definition of convergence for a sequence {z,} C F;} to z € F}},

Zn — 2z in OF

toc 1t oanzn — I anz  in O,

for every M > 0. It can be seen that the space (}Tgc, Oloc) is a Hausdorff topological

space with a countable base. On the space F;"

. the translation semigroup {7'(¢)}+>0

is defined, for every z € fl‘gc, as

T(t)z :=z(-+t),  Vt>0.

+

The semigroup {7'(t)} is continuous in the topology ©}' . (see, e.g., [11, Proposition
2.2]).
For each o € ¥ let us denote by KM the set of some solutions from Fj; and

by K} the set of some solutions from F;' . The set I is said to be a trajectory

loc®
space of the evolution equation corresponding to the symbol o € 3.

We shall need a slightly more general functional setting than the one devised
in [11]. Indeed, in order to construct a trajectory attractor without any bound-
edness assumption on the potential F'; we must define a family of bounded sets of
trajectories with a suitable attraction property. The idea is to take a subspace .7:;r

of the space fl‘gc on which a metric df; is given and assume that the trajectory
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space K} corresponding to the symbol o € ¥ satisfies KT C F;", for every o € .
This approach is in the spirit of the theory of (M, T )—attractors in [12, Chap. XI,
Section 3], where 7 is a topological space where some metric is defined and M is
the corresponding metric space.

Consider the united trajectory space Ky, := UsexKF of the family {K}}sex.
We have Ky C F,7. Recall that the family {K}},ex is said to be translation-
coordinated if for any o € ¥ and any z € K we have T'(t)z € ICJTr(t)U, for all t > 0.
If {K} }seyx is translation-coordinated, then we have T'(t)Ky, C K, for every ¢ > 0,

i.e., the translation semigroup {7'(¢)} acts on K. Introduce now the family
. + . 0t :
Bs, == {B C K5, : B bounded in ;" w.r.t. the metric d}-;} .

We shall refer to this family in the definition of a uniformly (w.r.t o € ) attracting
set P C .7-?; for {K}},ex in the topology © and in the definition of the uniform

loc

(w.r.t. o € ¥) trajectory attractor Ay, of the translation semigroup {7'(¢)}.

DEFINITION 2. A set P C .7-?; is said to be a uniformly (w.r.t. o € %)
+

loc

o € X) attracting for the family B;, i.e. forany B € B; and for any neighbourhood
O(P) in O} there exists t; > 0 such that T(t)B C O(P), for every t > ti.

loc

attracting set for the family {KT},ex in the topology O  if P is uniformly (w.r.t.

DEFINITION 3. A set As C F,5_ is said to be a uniform (w.r.t. o € ¥)

trajectory attractor of the translation semigroup {T'(t)} in the topology O} . if As
+

bes As is a uniformly (w.r.t. o € X) attracting set for {K}oex
+

loc?

is compact in ©

in the topology © and As is the minimal compact and uniformly (w.r.t. c € )

attracting set for the family {K} }scx in the topology @l‘zc, i.e., if P is any compact

uniformly (w.r.t. o € X) attracting set for the family {K} }sex, then As, C P.

From the definition it follows that, if the trajectory attractor exists, then it is
unique.

To prove some properties of the trajectory attractor we need that the set IC;
be closed in 6;;0. Assume that X is a complete metric space. Recall that the family
{K$}oex is called (O; ., X)—closed if the graph set Uyex K} x {0} is closed in the

topological space O x %. If {KS},ex is (O, ,¥)—closed and ¥ is compact, then

loc loc?
+ : +
K5, is closed in ©;

(see, e.g., [11, Proposition 3.2]).

REMARK 7. We shall see that (cf. Proposition 6), although by means of the
topological-metric scheme above the boundedness assumption on the potential F'
can be avoided as far as the construction of the trajectory attractor for system
(1.1)-(1.5) with singular potential is concerned, it seems difficult to get rid of such

an assumption when one wants to prove the closedness of the trajectory space IC;.

We now state the main abstract result which can be established by applying
[12, Chap. XI, Theorem 2.1] to the topological space }'fgc, to the family By and
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to the family

B+

(s = {B C ’C:j(z) : B bounded in ]—';r w.r.t. the metric df;} ,

where IC:(Z) = Usew(x)KF and where w(X) is the w—limit set of X, defined as

w(X) = ﬂ [ U T(h)Z}2 ={oceX:3h, — 00,30, € L s.t. T(hp)on — 0}
>0 h>t

We also refer the reader to [11, Theorem 3.1].

+ o
THEOREM 3. Let the spaces (F,).,©

loc

) and (fljvd}‘lf) be as above, and the
family of trajectory spaces {Kt},es corresponding to the evolution equation with
symbols o € X be such that K} C .7:;', for every o € X. Assume there exists a subset
PcC fngc which is compact in O} S

loc loc

and uniformly (w.r.t. o € X2) attracting in ©
for the family {KI},ex in the topology @ltc. Then, the translation semigroup
{T(t)}i>0, which acts on Kf if the family {Kt},ex is translation-coordinated,
possesses a (unique) uniform (w.r.t. o € X) trajectory attractor A, C P which

is strictly invariant
T(t)As = Ay, vt > 0.

In addition, if the family {K}}yex is translation-coordinated and (O, %)~ closed,

loc?

with 3 a compact metric space, then As, C /C; and
As = Ay,

where Ay(xy is the uniform (w.r.t. o € w(X)) trajectory attractor for the family
B+

w(

) and A, sy C ’C::(x)'

Suppose that for a given abstract nonlinear non-autonomous evolution equation
a dissipative estimate of the following form can be established

(5.1) d]_—b+ (T(t)w, wp) < Ao (d]_—; (w, ’wo))e_kt + A4, YVt > to,

for every w € K3, for some fixed wy € F," and for some A : [0, 00) — [0, 00) locally
bounded and some constants A; > 0, k > 0, where k, Ay and A; are independent

of w. Furthermore, assume that the ball

B}-;r(’wo, 2A1) = {w S .7:;_ : d}-;(w,wo) < 2A1}

+

loc®

is compact in © By virtue of (5.1) such ball is a uniformly (w.r.t. o € %)

attracting set for the family {K},ex in the topology O} (actually, Bf; (wop, 2A1)
is uniformly (w.r.t. o € ¥) absorbing for the family Bs). Theorem 3 therefore
entails that the translation semigroup {T'(¢) }+>0 possesses a (unique) uniform (w.r.t.
o € X)) trajectory attractor Ay, C Byt (wo, 2A1).

Let us now turn to (1.1)-(1.5) and apply to this system the scheme described above.
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For ¢ > 1, mg € (0,1) and for any given M > 0 we set
Fu = {[U,w] € L°(0, M; Gaip x L¥T29(Q)) N L2(0, M; Vi x V) :
v € LY3(0,M; V), e € L2(0, M3 V'),

¥ € L®(Qu), [l < Lae. in Qur, [B] < mo},
where Qyr = Q2 x (0, M). We endow F); with the weak topology © s which induces

the following notion of weak convergence: a sequence {[vm,¥n]} C Far is said to
converge to [v,¢] € Far in Oy if

v, — v weakly® in L>(0, M; Gg;,) and weakly in L*(0, M; Vi),

(Un)¢ — v, weakly in LY3(0, M;V},,),

VY — ¢ weakly™ in L0, M; L*724(Q)) and weakly in L?(0, M; V),

(Yn)e = by weakly in L2(0, M; V).
Then, we can define the space

Fite = {[0,0] € L75.(10,50); Gaiw x L*24(2)) 01 L3,0([0,00); Vagw X V) :

loc

v € LY3([0,00); Vi), by € L2 ([0, 00): V'),

loc loc
¥ € L¥(Qu), [l < Lae. in Qur, YM >0, ] < mo},

endowed with the inductive limit weak topology ©; . In ]—?;C we consider the

loc*

following subset
Ff = {[v.4] € L7(0, 005 Gago x L¥+29(2)) N L3(0,00: Vagw x V)

v € Lyl (0,00 Vi ). e € L(0,003 V"),

¥ € L¥(Qu), Y] < Lae. in Que, [B] < mo, F(¥) € L*(0,00 L)) },
where Qoo 1= Q X (0,00), endowed with the following metric

drt(22,21) 2 = [l22 = 21l L (0,00:Guin xL2+20(2)) F [122 = 211l 22, (0,00, Vi x V)

F[(w2)e = (W1ell Lo o osvy ) F I1W2)e = (D1)ell 22, 0,00v7)

(5.2 ] [ - [ Fo|)

L5(0,00)

for all zo 1= [ve, 1], 21 := [v1,91] € .7-'b+. If X is a Banach space and 7 € R, we
denote by L (7,00; X), 1 < p < oo, the space of functions f € L] .([7,00); X) that

loc

are translation bounded in LY ([r,00); X), i.e. such that (see, e.g., [12])

loc

t+1
(53) 191 iy =500 [ s < oc.
thr T t>7 Jt

T

For the trajectory space IC,JLr corresponding to a symbol A we mean
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DEFINITION 4. For every h € L}, ([0,00); Vy..) the trajectory space K, is the
set of all weak solutions z = [v,1] to (1.1)-(1.5) with external force h which belong
to the space F;'

. and satisfy the energy inequality (2.13) for allt > s and for a.a.
s € (0,00).

REMARK 8. Notice that in the definition of the trajectory space ICZ we do not
assume that the energy inequality (2.13) is satisfied also for s = 0. In this way
the family {K; }rex (X is a generic symbol space included in L? ([0, 00); V) is

translation-coordinated and therefore the semigroup {7T'(t)} acts on K.

According to Theorem 1, if (A1)-(A7) hold, then for every zo = [vo, o] such
that

Vo € Gdi’uu Q/JO S LOO(Q)a H¢O||oo S 17 F(Q/JO) S Ll(Q)u |EO| S mo,

and every h satisfying (A8) there exists a trajectory z € K, for which z(0) = 2.
Let us consider now
ho € L,(0,00; Vi, ),
and observe that hg is translation compact in L7, ,([0,00); Vj;,). Then, by defini-
tion, the hull
Hy(ho) == [{T(t)ho : t > 0}],,

foc,w ([

0,00);Vi;,)’
where [-]x denotes the closure in the space X, is compact in L7, ,,([0,00); Vj;,)
(see, e.g., [12, Section 6] and [11, Proposition 6.8]).

As symbol space ¥ we take the compact metric space given by X = H (ho).
Recall that every h € Hy (ho) is translation compact in L?OC’w([O, 00); Vi) as well

(see [11, Proposition 6.9]) and

(5.4) [7llz2,0,00v7,) < lhollz2, 0,00vy,), VR € Ho(ho).

t
Hence we can state the main result of this section.

iv

THEOREM 4. Let (A1)-(A7) hold and assume ho € L?(0,00;V}. ). Then,
the translation semigroup {T(t)} acting on K;fﬂ(ho) possesses the uniform (w.r.t.
h € K:;:l+(h0)) trajectory attractor Ay, (ny)- This set is strictly invariant, bounded
mn .7-';' and compact in @l";c. In addition, if the potential F' is bounded on (—1,1)

and ho € L?,(0,00; Gaiy) or hg is translation-compact in L7, ([0,00); V..),

then IC;L(hO) is closed in 9;;6, A, (ho) C /C,Jf(+(h0) and we have

Ar i (ho) = Aw(Hy (ho))-

The proof of Theorem 4 is based on two propositions. The first one establishes
a dissipative estimate of the form (5.1) for weak solutions to (1.1)-(1.5).

PROPOSITION 5. Let (A1)-(A7) hold and let hy € L?(0,00; V. ). Then, for
all h € Hy (ho), we have K;7 C F,\ and the following dissipative estimate holds

(5.5) A+ (T(t)2,0) < Ay (dfb+ (2, O))e_kt FA, W1,
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for all z € ;. Here Ay : [0,00) — [0,00) is a nonnegative monotone increasing
continuous function, k and A1 are two positive constants with k = min(1/2, \jvy),
A1 being the first eigenvalue of the Stokes operator S. Moreover, Ay, A1 depend on
vi,v2, A1, B JL|Q, and Ay also depends on [|hol| 12, (0,00;v, ) and on mo.

PROOF. The following estimate can be obtained by arguing as in the proof of
[14, Corollary 2] (see also the proof of [21, Theorem 5]). There exist two positive
constants ki, ko such that

1%
(5.6) E(=) < b (FNVVI + [Vpl?) + ke,

for every weak solution z = [v,%] to (1.1)-(1.5) satisfying ¢ = 0. Furthermore, it
can be shown that k1 = max(2,1/A\vy).

Take now z = [v,9] € K;7 with h € H (ho) and set Z = [v, ], where ¢ := 1h—1p.
Recall that ¢ = 1. It is easily seen that Z is a weak solution to the same system
where the potential F' and the viscosity v are replaced by, respectively,

F(s):= F(s + ) — F(o),  (s) := v(s + o).

Since z satisfies (2.13) for all ¢ > s and for a.a. s € (0, 00), then an energy inequality
of the same form as (2.13) also holds for z, namely,

(5.7) 5(5(t))+/ (2||\/5({/;)Dv||2+IIVﬁHz)dTSg@(S)H/ (h(1), v(T))dr,

for all ¢ > s and for a.a. s € ( , where we have set

EE) = o)l + // 2= 9) (e t) = () Pdady + | FG)

and i := ath — J*Q/J—i—F'(z/J =ayp— Jx1p+ F' () = p. The weak solution z fulfills
(1,1) = 0 and therefore (5.6) can be applied to Z. Such estimate and (5.7) entail
the inequality

. A ko I )
— < 2t - — ,
EE0) + 5 | EGrir < Ee= 9+ - [ I ar
~ 1[5~
+E(Z(s)) + k_/ E(Z(r))dr, Vi >s, aa.se€(0,00).
1
By means of the identity

E(Z(t)) = £(=(t)) — F(yo)€],

from the previous inequality we get
t
E(z(t)) + k/ E(z(m))dr <1t —s)
0
1 t S
(5.8) + 27/ Hh(T)H%,/ dr + E(z(s)) + k/ E(z(7))dr,
1Js div 0
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for all t > s and for a.a. s € (0,00), where k = 1/k; and | = ko /ky + F(3b0)|Q|/k1.
By applying [21, Lemma 1] from (5.8) we deduce that

t
E(e(0) < Ea(o)e ) 4 o [t (R, + ) dr
2V1 div

S

(5.9) <eb sup E(z(s))e M + K2,
s€(0,1)

for all £ > 1, where

l l ,

E 2v1(1 —e™F) ollZzz, 0.00:v;,,)-

Here we have used (5.4). Note that [1)g| < mo and therefore K can be estimated
by a constant depending on v1, A1, F, J, || and on hg, mg. Observe now that we

K? =

have

(P + 1))+ [ PG 1)
G10) <) < CIoe) P+ IO + [ o) +1).

and therefore

sup 5( (s )) < C2(||U||L°°(0 1;Gaiv) + ”@/’Hitozqo 1;L2+24()) + sup / F(¢(S)) + 1)

s€(0,1) s€(0,1)
(5.11) < Cad’12(2,0).
b
By combining (5.9) with (5.10) and (5.11) we get
(5.12)
o))+ I @)5E24, 0 + F <cd2+2q 200 e ML K2 pe V>,
22000

which yields

IT @0 000160y + ITEENTZ cipasnnien) + | / PO, o)
(5.13) < cdi?q(z, 0)e ™+ K2 +¢, vt > 1.
b

On account of the definition of the metric df;, (5.13) allows to estimate three terms
on the left hand side of (5.5). The remaining four terms on the left hand side of
(5.5) can be handled by performing the same kind of calculations done in the proof
of [21, Proposition 7]. In particular, the two terms in the L? (0, 00; Vi, )-norm of
T (t)v and in the L% (0, oo; V)-norm of T'(¢)1) can be estimated by writing the energy
inequality between ¢ and ¢ + 1 and by using the estimate

IVpll? = Es[V9II* = kall]1?,

where k3 = ¢§/2 and kg = 2||VJ|3,, with ¢co = o+ 4+ min_y1; F5' > 0. This
last estimate has been obtained in [14] for the case of regular potentials, but it still
holds for singular potentials satisfying assumption (A6). Finally, the two terms in
the L4/3(0, o0; V.. )-norm of T(t)v; and in the L2 (0,00; V')-norm of T'(¢)y; can



CAHN-HILLIARD-NAVIER-STOKES SYSTEMS 299

be estimated by comparison on account of (5.12), using also the estimates for the
L2,(0, 00; Vigiy)-norm of T'(t)v and the L (0, 00; V')-norm of T'(t)yp. We refer to [21,
Proposition 7] for the details. (]

The next proposition, which concerns with the (0, L(0, M; V), ))-closedness
property of the family {K}]y}heL%O,M;Vd’w) of trajectory spaces on [0, M|, requires
a boundedness assumption on the potential F'.

PROPOSITION 6. Let (A1)-(A7) hold and assume that the potential F is bounded
on (—=1,1). Let hy € L*(0,M;Vy,) and consider [vp,m] € K} such that
{[vm, ¥Ym]} converges to [v,] in Opr and {hm} converges to h strongly in

L2(07 M; Vd/w)
Then [v,1)] € KM.

PROOF. Observe that [vn,, ] € K

(i) belongs to Fps with ., satisfying (2.8);

(i) fulfills (2.10)-(2.11) together with piy, = athy, — J %+ F'(¢y,) and h = hyy,;

(iii) satisfies the energy inequality

EGn(0) + [ QIVITI D + [ i
(5.14) < Een(e) + [ (7)o (7)),

for each m € N, for a.a. s € [0, M] and for all ¢ € [0, M] with ¢ > s. Thus, due to
the convergence assumption on the sequence {[v,,, ¥} and to the boundedness of

F', it is immediate to see that there exists a constant ¢ > 0 such that
(5.15) I€(zm(s))] < ¢, Ym, a.a. s € [0, M].

Therefore, (5.14) and the convergence assumption on the sequence {h,,} imply the
control ||V i 220,05y < ¢ On the other hand, by exploiting the argument used
in the proof of Theorem 1 it is easy to find the bound

IF' (Ym) 20,01 )) < L(Wm),
with some constant L(),,) depending on v,,, and furthermore we also have [¢,,| <
mo, with mg € (0,1). Therefore, noting that [, ftm = [, F'(¢m), we deduce that
lTm 20,0y < ¢, with the constant ¢ depending on the fixed parameter mg. The
Poincaré-Wirtinger inequality then implies
(5.16) |temll L2007y < c.
As a consequence, there exists u € L2(0, M;V) such that up to a subsequence we

have

(5.17) fm — g, weakly in L*(0, M; V).
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Since, as a consequence of the convergence assumption on {[v,,, ¥.,]}, for a subse-
quence we have [V, ¥.,] — [v, ] strongly in L2(0, M ; G4;, x H) and hence t,,, — 1
also almost everywhere in Q x (0, M), then we get u = ap) — J x ¢ + F'(¢). Using
now the convergence assumptions on {[v.,, Y]} and on {h,, }, the above mentioned
strong convergence and (5.17), we can pass to the limit in the variational formula-
tion for the weak solution [vp,,¥.,] with external force h,, and deduce that [v, ]
is a weak solution with external force h.

Finally, in order to prove that the weak solution [v,] satisfies the energy
inequality on [0, M| with external force h we let m — oo in (5.14). In particu-
lar, we rely on the convergence \/v(¢y,) Dvm — /(1)) Dv weakly in L2(0, M; H)
(cf. (3.53)) and on Lebesgue’s theorem to pass to the limit in the nonlinear term
Joy F(1m(s)). Hence we conclude that [v, 1] € K" O

REMARK 9. It is not difficult to see, by arguing as in [12, Chap. XV, Prop.
1.1], that the same conclusion of Proposition 6 holds if the convergence assumption

on {h,,} is replaced with the weak convergence h,, — h in L*(0, M; Ggi,)-

PROOF OF THEOREM 4. In virtue of Proposition 5 the ball be* (0,2A¢) :=

{z e F}: dgt (2,0) < 2Ap} is a uniformly (w.r.t. h € Hy(ho)) absorbing set for
+

loc®

the family {IC,T} heH. (ho)- Such a ball is also precompact in © By applying the

first part of Theorem 3 we deduce the existence of the uniform (w.r.t. h € Hy(hg))
+

oe and, since

trajectory attractor Az, (n,) C Bx+(0,2A¢), which is compact in ©
b

. . . Jr
T'(t) is continuous in ©F _,

strictly invariant. Proposition 6 and the fact that H (ho)
is a compact metric space imply that the united trajectory space IC;L(hO) is closed

in 9?;6. The second part of Theorem 3 allows us to conclude the proof. O

6. Further properties of the trajectory attractor

Let us discuss first some structural properties of the trajectory attractor.

Denote by Z(ho) := Z(H4+(ho)) the set of all complete symbols in w(Hy (ho)).
Recall that a function ¢ : R — V. with ¢ € L7 .(R;V},,) is a complete symbol
in w(H4(ho)) if LT (t)¢ € w(H4(ho)) for all t € R, where T is the restriction
operator on the semiaxis [0, 00). It can be proved (see [11, Section 4] or [12, Chap.
XIV, Section 2]) that, due to the strict invariance of w(H4(ho)), given a symbol
h € w(H4(ho)) there exists at least one complete symbol h (not necessarily unique)
which is an extension of h on (—o00,0] and such that I, T(t)h € w(H4 (ho)) for all
t € R. Note that we have II1 Z(ho) = w(H4 (ho)).

To every complete symbol ( € Z(hg) there corresponds by [12, Chap. XIV,
Definition 2.5] (see also [11, Definition 4.4]) the kernel K¢ in F, which consists of
the union of all complete trajectories which belong to Fy, i.e., all weak solutions
z = [v,9] : R — G, x H with external force ¢ € Z(hg) (in the sense of Definition
1 with T € R) satisfying (2.13) on R (i.e., for all ¢ > s and for a.a. s € R) that
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belong to Fy. We recall that the space (Fp,dr,) is defined as the space (F, d}b)
with the time interval (0, 00) replaced by R in the definitions of F," and dfzf' The
space (Floc, Oloc) can be defined in the same way.
Set
Kzt = |J Ke
¢eZ(ho)

Then, if the assumptions of Theorem 4 hold with F bounded in (—1,1) and hgy €

2

L2(0, 00; Ggiy) or hg is translation-compact in L7 .

e.g., [11, Theorem 4.1])

([0,00); Vy,,), we also have (see,

Ars (ho) = Awty (ho)) = Tt Kz (ho)

and the set ICZ(hO) is compact in O;,. and bounded in F.

On the other hand, it is not difficult to see that, under the assumptions of
Theorem 4, K¢ # 0 for all ¢ € Z(ho). Indeed, by virtue of [11, Theorem 4.1] (see
also [12, Chap. XIV, Theorem 2.1]), this is a consequence of the fact that the
family {K; }ren L (ho) Of trajectory spaces satisfies the following condition: there
exists R > 0 such that B+ (0, R) NKC;F # 0 for all h € Hy(ho). In order to check
this condition fix an initial datum z§ = [v§, ¢¥§], with v, ¢ taken as in Theorem
1. We know that for every h € H. (ho) there exists a trajectory z; € IC?I' such that
25 (0) = 2§ and such that the energy inequality (2.13) holds for all t > s and for
a.a. s € (0,00), including s = 0. Arguing as in Proposition 5 (cf. (5.9) written
for s = 0 and all ¢ > 0) we get an estimate of the form A+ (2,0) < A(z5, ho)
(see also (5.4)), where the positive constant A depends on £(z§) and on the norm
holl L2, (0,00:v7,,)- The above condition is thus fulfilled by choosing R = A(z3, ho).

As far as the attraction properties are concerned, we observe that, due to
compactness results, the trajectory attractor attracts the subsets of the family

B;_Ll+ (ho) in some strong topologies. Indeed, setting
(6.18) X, 5, i= HO(Q)? x H?(Q), Y5, := H () x (H?2(Q)),
where 0 < d1,d2 < 1 and using the compact embeddings
L2(0, M3 Vazy x V) O WHY3(0, M; Vg, x V') s L2(0, M; X5, 5,),
L>(0, M; Gaio x H)NWE3(0, M3V, x V') s C([0, M]; Ys, 5,),
then Theorem 4 implies the following (see [12, Chap. XTIV, Theorem 2.2])

COROLLARY 1. Let (A1)-(A7) hold and assume ho € L? (0,00; V). ). Then,
for every 0 < 41,00 < 1 the trajectory attractor Ay (n,) from Theorem 4 is
compact in LE ([0,00); X5, 5,) N C([0,00); Ys,.5,), bounded in L?(0,00);Xs, 5,) N

Cy(]0,0); Ys, s,), and for every B € B;+<h0) and every M > 0 we have

distr2(0,M;%s, 5,) (H[O,M]T(t)B7 H[O,M]AHMho)) —0,
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Cm%wa%@(mwmﬂﬂﬂﬂmmA%mw)HQ

as t — +oo, where distx (A, B) denotes the Hausdorff semidistance in the Banach
space X between A, B C X, and g pp is the restriction operator to the interval
[0, M].

Let us now define, for every B C K, , the sections
Hy (ho)

MU:{M&¢@LMWEB}C%Mw £>0.
Similarly we set

A, (ho)(t) := {[U(t)aw(t)] A CRVINS Am(ho)} CYs 6., >0,

K:Z(ho)(t) = {[’U(f),’t/)(t)] v, ] € ICZ(ho)} C Y5, .60, t e R.

Then, as a further consequence of Theorem 4 we have (see [12, Chap. XIV, Defi-
nition 2.6, Corollary 2.2]) the following

COROLLARY 2. Let (A1)-(A7) hold and assume hy € L?(0,00; Gaip) or ho

translation-compact in L}, ([0,00); V].). Then the bounded subset
Ag = Art, (n) (0) = Kz(no) (0)

is the uniform (w.r.t. h € Hy(hg)) global attractor in Ys, 5,, 0 < 1,02 < 1,
of system (1.1)~(1.5), namely (i) Ag is compact in Ys, s,, (i1) Ag satisfies the
attracting property

disty, 5, (B(t), Ag) — 0, t — 400,
for every B € B;+(h0), and (i) Ag is the minimal set satisfying (i) and (ii).

REMARK 10. In the 2D case the energy identity might be exploited to show the
convergence to the trajectory attractor in the strong topology of the original phase

space. This was done in [13] for a reaction-diffusion system without uniqueness.
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